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Abstract

We construct two associative algebras from a vertex operator algebra V' and a
general automorphism g of V. The first, called g-twisted zero-mode algebra, is a
subquotient of what we call g-twisted universal enveloping algebra of V. These algebras
are generalizations of the corresponding algebras introduced and studied by Frenkel-
Zhu and Nagatomo-Tsuchiya in the (untwisted) case that g is the identity. The other is
a generalization of the g-twisted version of Zhu’s algebra for suitable g-twisted modules
constructed by Dong-Li-Mason when the order of g is finite. We are mainly interested in
g-twisted V-modules introduced by the first author in the case that g is of infinite order
and does not act on V semisimply. In this case, twisted vertex operators in general
involve the logarithm of the variable. We construct functors between categories of
suitable modules for these associative algebras and categories of suitable (logarithmic)
g-twisted V-modules. Using these functors, we prove that the g-twisted zero-mode
algebra and the g-twisted generalization of Zhu’s algebra are in fact isomorphic.

1 Introduction

Orbifold conformal field theories play an important role in mathematics and physics. They
are examples of conformal field theories constructed from known conformal field theories
and automorphisms of these known ones. Mathematically, the study of orbifold conformal
field theories can be reduced to the study of the twisted representation theory of vertex
operator algebras, that is, the theory of representations of vertex operator algebras twisted by
automorphisms. In fact, the first example of orbifold conformal field theories is the conformal
field theory corresponding to the moonshine module vertex operator algebra constructed by
Frenkel, Lepowsky and Meurman [FLM]. One conjecture proposed by the first author in
this twisted representation theory of vertex operator algebras is that g-twisted modules for
a vertex operator algebra V' satisfying suitable conditions and elements g of a group G of
automorphisms of V' equipped with twisted (logarithmic) intertwining operators among g-
twisted modules for g € G have a structure of G-equivariant intertwining operator algebras
satisfying a modular invariance property. This conjecture in fact implies that the category
of g-twisted V-modules for g € G has a structure of G-crossed (tensor) category in the sense
of Turaev [T].



Automorphisms of a vertex operator algebra can be of finite or infinite orders. An ele-
ment of the Monster group gives an automorphism of the moonshine module vertex operator
algebra [FLM]. Such an automorphism is of finite order. An element of a simply connected
finite-dimensional Lie group gives an automorphism of the vertex operator algebra associated
to the affine Lie algebra of the Lie algebra of the Lie group [FLM] [FZ]. Such an automor-
phism is in general of infinite order. Moreover, in general it might not act on the vertex
operator algebra semisimply.

Twisted modules for a vertex operator algebra associated to an automorphism of finite
orders were introduced in the construction of the moonshine module vertex operator algebra
in [FLM]. In [H3], the first author introduced a notion of twisted module associated to a
general automorphism whose order does not have to be finite. One important new feature
of twisted modules in the general case is that twisted vertex operators might involve the
logarithm of the variable (logarithmic g-twisted module). For a historical discussion of
twisted modules for vertex operator algebras and the relevant references, see [H3]. Here
we mention only that the first class of examples of logarithmic g-twisted modules satisfying
the definition in [H3] is in fact obtained for automorphisms g obtained by exponentiating
screening operators (see [H3] and [AM]). More examples of logarithmic g-twisted modules
are given in [B], [BS] and [Y]. See also [B] for the Jacobi identity for a suitable component
of the twisted vertex operators that we shall derive from the axioms in [H3] and use in this
paper.

In the representation theory of Lie algebras, one of the most important tools is the
universal enveloping algebra of a Lie algebra. The representation theory of a Lie algebra is
equivalent to the representation theory of its universal enveloping algebra. It is natural to
try to find associative algebras that play the similar roles in the representation theory of
vertex operator algebras.

Let V be a vertex operator algebra. Frenkel and Zhu in [FZ] first constructed the universal
enveloping algebra U(V) of V. V-modules of the weakest type (even more general than
the so called weak V modules) are equivalent to U(V)-modules. Though U(V) is very
natural, it is not very useful because in the representation theory of vertex operator algebras,
we are interested mostly in V-modules with suitable lower bounded gradings. In [Z], Zhu
constructed an associative algebra A(V') on a quotient of V' with the product obtained from
the vertex operator map. He also constructed implicitly functors between the category of
V-modules with suitable lower bounded gradings and the category of A(V')-modules. In
[H2], motivated by the geometry of vertex operator algebras, the first author constructed
an associative algebra fl(V) using a product and a quotient that look very different from
those defining A(V). Tt was also proved in [H2] that A(V) is in fact isomorphic to A(V) by
constructing explicitly an isomorphism between them using the conformal transformation
o log(1 + 2iz).

To study twisted modules for vertex operator algebras, we would also like to find suitable
associative algebras such that the study of twisted modules can be reduced to the study
of modules for these associative algebras. In the case that the automorphism g of the
vertex operator algebra V' is of finite order, Dong, Li and Mason in [DLM1]| generalized



Zhu’s construction to obtain an associative algebra A,(V') together with functors between
the categories of suitable g-twisted V-modules and A (V')-modules. This associative algebra
A, (V) is in fact a subalgebra of Zhu'’s algebra for the fixed point vertex operator algebra
under g. The construction in [DLM1] cannot be generalized directly to the case that the
order of g is infinite.

In the present paper, for a vertex operator algebra V' and an automorphism g of V', we
first construct a g-twisted universal enveloping algebra U, (V') such that g-twisted V-modules
of the weakest type (even more general than g-twisted weak V-modules) are equivalent to
U, (V)-modules. The construction is a straightforward generalization of the construction of
Frenkel-Zhu to the twisted case. We take the tensor algebra of the affinization of V' with
suitable powers of the variable and take a topological completion so that suitable infinite
sums are allowed, and then divide this algebra by all the relations corresponding to the
identities that should hold for any type of g-twisted modules.

Just as in the case of V-modules, Uy(V') is not very useful because we are interested
mostly in g-twisted V-modules with suitable lower bounded gradings. For g-twisted V-
modules graded by conformal weights, there exist lowest weight spaces. In the case that
such a g-twisted V-module is irreducible, the lowest weight space determines the module
completely. It is natural to expect that there exists an associative algebra obtained from
U,(V') such that the lowest weight space of an irreducible g-twisted V-module is a module
for this algebra.

In this paper, using Uy(V'), we construct an associative algebra Z,(V') satisfying this
property and call it g-twisted zero-mode algebra, although the more appropriate name for this
algebra is probably g-twisted imaginary-mode algebra or g-twisted zero-real-mode algebra.
In fact, Uy(V) is graded by conformal weights. Take the subalgebra of U,(V') generated
by elements of imaginary weights and then take the quotient of this algebra by the ideal
generated by elements of the form uv where u,v € Uy(V') have weights k + m and —m for
k € I (the set of imaginary numbers) and m € C satisfying R(m) > 0. This quotient algebra
is our g-twisted zero-mode algebra Z,(V').

We also construct an associative algebra A,(V), generalizing the algebra A(V) in [H2],
and an isomorphic algebra A,(V'), generalizing the algebra constructed in [DLM1] for ¢ of
finite order. In fact, in this case, A,(V) is more natural to work with. We give our construc-
tions and proofs mostly for A,(V'). The construction and results for A,(V) can be easily
derived from those for flg(V) using the isomorphism between them. One interesting feature
in the case that the order of g is infinite is that A,(V) is in general not a subalgebra of Zhu'’s
algebra for the fixed point vertex operator subalgebra under g. It is instead a subalgebra of
Zhu’s algebra for the fixed point vertex operator subalgebra under the semisimple part of g.

Our main results in this paper are the constructions of functors between the categories
of suitable g-twisted V-modules, suitable Z,(V)-modules and suitable A,(V)-modules (or
A, (V)-modules). As in the case that the order of ¢ is finite, a suitable g-twisted V-module
W has a subspace Qg4(W) on which the components of the twisted vertex operators whose
weights have negative real parts act as 0. It is easy to prove from the definitions that Q,(1V)

isa Zy(V)-, Ay(V)- or A;(V)-module. We then construct right inverses of these functors and



derive some consequences that will be useful for future study. Finally, using these results,
we prove that Z,(V), A,(V) and A,(V) are isomorphic to each other.

In the case that ¢ is the identity, the g-twisted zero-mode algebra becomes the zero-
mode algebra, which appeared first in physics (see [BN]) and introduced rigorously in [FZ].
In [NT], Nagatomo and Tsuchiya [NT| proved that the zero-mode algebra is isomorphic to
Zhu’s algebra. As a special case (the case that g is the identity), our proof that Z,(V)
and A, (V) are isomorphic gives in particular a different proof that the zero-mode algebra is
isomorphic to Zhu's algebra.

It seems to be easier to calculate Z,(V) than to calculate A,(V') or A,(V). On the other
hand, A,(V) is more natural for the study of modular invariance. A,(V) is in some sense a
bridge connecting them. We expect that Z, (V') will be especially useful for the construction
and study of twisted modules and twisted intertwining operators.

There are also higher zero-mode algebras Z,,(V) for n € N as the quotient of the
subalgebra of U, (V') generated by elements of imaginary weights by the ideal generated by
elements of the form uv where u,v € Uy(V) have weights k + m and —m for & € I and
m € C satisfying R(m) > n. The g-twisted zero-mode algebra Z, discussed above is in fact
Zy0(V). We can also generalize higher Zhu'’s algebras A, (V') introduced by Dong, Li and
Mason in [DLM2] to associative algebras A, , (V') for n € N such that A, (V) = A,(V) and
A1, (V) = A, (V) when g is the identity 1. There are also A,, (V) for n € N generalizing
flg(V). These algebras will be important for the study of twisted logarithmic intertwining
operators. But for simplicity, we shall study only Z,(V), A,(V) and A,(V) in this paper.
The general case will be discussed in another paper.

The definition of g-twisted module in [H3] was formulated using the duality properties
of the twisted vertex operators. It should be possible to use the duality properties and
immediate consequences to construct the associative algebras and functors above (see [HY]
for a construction of the functors between the category of modules for Zhu’s algebra A(V)
and the category of suitable V-modules without using the commutator formula for modules).
On the other hand, since twisted vertex operators are special (logarithmic) intertwining
operators, suitable components of twisted vertex operators might satisfy some Jacobi-type
identity as is discussed for intertwining operators by the first author in [H1]. A Jacobi-type
identity will give formulas that can be used to simplify our constructions. Indeed, a Jacobi
identity for suitable components of twisted vertex operators was obtained by Bakalov in
[B]. Bakalov gave in [B] a different definition of g-twisted V-module based on an associator
formula for the twisted vertex operators. From this definition, he derived a Jacobi identity
for the map obtained by taking the non-logarithmic component of the twisted vertex operator
map, that is, the constant term in the twisted vertex operator map when we view the twisted
vertex operator map as a polynomial in the logarithm of the variable. It was stated in [B]
that a g-twisted V-module satisfying the original definition given by the first author in [H3]
indeed satisfies the definition given in [B]. But no proof was given there.

Note that the twisted vertex operators given in the definition in [H3] are the objects that
we are interested in orbifold conformal field theory, not their non-logarithmic components.
For example, in the future, we would like to prove the modular invariance for the space of



g-(pseudo-)traces of twisted vertex operators for g-twisted V-modules, not for the space of
g-(pseudo-)traces of non-logarithmic components of twisted vertex operators for g-twisted
V-modules. Thus before we can use the Jacobi identity in [B], we need to first show that for
suitable g-twisted V-modules, these two definitions are equivalent. We give a proof of this
equivalence in this paper. We then use freely the formulas derived from this Jacobi identity
to give our constructions and proofs.

The results obtained in the present papers have been used by the second author to con-
struct suitable twisted modules for vertex operator algebras associated to affine Lie algebras
in [Y].

The present paper is organized as follows: In Section 2, we recall several variants of the
notion of g-twisted V-module. We derive Bakalov’s Jacobi identity for the non-logarithmic
components of twisted vertex operators and some other useful properties in this section.
In this section, we also prove that when the other conditions for (generalized) g-twisted V-
modules hold, the duality property for the twisted vertex operators given in [H3] is equivalent
to the Jacobi identity for non-logarithmic components of twisted vertex operators given in
[B]. We give the constructions of g-twisted universal enveloping algebra U,(V') and the zero-
mode algebra Z,(V) in Section 3. The constructions of A,(V') and A,(V') are given in Section
4. Our main results, the constructions of functors between different categories, are given in
Section 5. In Section 6, we give the proof that Z,(V), A,(V) and flg(V) are isomorphic to
each other.

Acknowledgments We would like to thank Robert McRae for comments on the formu-
lation of the duality property in the definition of twisted modules.

2 Twisted modules

In this paper, we fix a vertex operator algebra (V, Y, 1, w) and an automorphism g of V. Since
we often use 4 to denote an index in this paper, we shall use explicitly the notation v/—1 to
denote a fixed square root of —1. We shall use the convention that log z = log |z| +arg z¢/—1
where 0 < arg z < 27. We shall also use ,(z) to denote log z + 27py/—1 for p € Z. Besides
the usual notations C, R, Z, Z, and N for the sets of complex numbers, real numbers,
integers, positive integers and natural numbers, respectively, we also use I and C. to denote
the set of imaginary numbers and the closed right half complex plane.

In this section, we recall the definition of several variants of the notion of g-twisted V-
module and prove a number of useful properties for these g-twisted V-modules. Many of the
formulas proved in this section were obtained first by Bakalov [B] from a different definition
of g-twisted V-module. Here we prove them starting from the original definition in [H3]. We
also prove that when the other conditions for suitable g-twisted V-modules hold, the duality
property for the twisted vertex operators given in [H3| is equivalent to the Jacobi identity
for non-logarithmic components of twisted vertex operators given in [B].



For a € C/Z, we denote by
Vil = fu e V| (g — ™V = 0 for some A € Z, }

the generalized eigenspace with eigenvalue e2™V=1¢ for g. For @ € C /Z, there is a unique

a € [0,1) + I such that a + Z = a. We call a € [0,1) + I a g-weight of V if VIa+Zl £ 0. We
. o [a+Z]

use P(V) to denote the set of all the g-weights of V. Then V' = [],ccoepy Viny - Let

Ay : V — V be the linear map defined by Ayv = av for v € V12 and a € P(V).

Definition 2.1 A C,-graded weak g-twisted V-module is a C, x C/Z-graded vector space
w=1I, €T, acC/Z el (graded by C.-degrees and g-weights) equipped with a linear map

Y. VoW — W{z}logz],
vRw = YI(v,x)w

and an action of g satisfying the following conditions:

1. The equivariance property: For p € Z, 2 € C*, v € V and w € W, Y97 (gv, 2)w =
Y 9P (v, z)w, where for p € Z,

YIP(v, z)w = YI(v, z)w

xn=er(?) log x=I,(z2)
is the p-th analytic branch of Y9.

2. The identity property: For w € W, Y9(1, x)w = w.

3. The duality property: Let W' = Hne@,aewz (WT[LQ]Y and, forne C, m, - W — W, =

HQE(C/Z WJLQ] be the projection. For any u,v € V, w € W and w" € W', there exists a
multivalued analytic function of the form

N

f(z1,22) = Z iz 2y (logz1 ) (logza ) (21 — 29) ™"
.5k, 1=0

for Ne N, mqy,...,mn, ny,...,ny € Cand t € Z,, such that the series

(W', YIP (u, 21) Y 9P (v, z9)w) = Z(w,, YIP(u, 21)m, Y9 (v, 29)w),

neC

<'lU/, Yg;p(,U’ ZQ)Yg;p(ua Zl)w> = Z<w,7 Yg;p(,U’ ZQ)Wan;p<u> Zl)w>7

neC

(W, Y (Y (u, 2 — 22)v, 20)w) = Z(w', YIP(m,Y (u, 21 — 29)v, 20)w)

neC



are absolutely convergent in the regions |z1| > |29 > 0, |22] > |21| > 0, |22| > |21 — 22| >
0, respectively, and are convergent to the branch

N

D e e () () (21— 22)

i7j7k7l:0

of f(z1,22) when arg z; and arg zo are sufficiently close (more precisely, when |arg z; —
arg zp| < 7).

4. The C, - and g-grading conditions: For v € Vim) andw € W), = Haec/z W,Ea] where m €
Z and p € Cy, write Y9(v,2)w =Y, > nec Yook ~"!(logz)*. Then Y7 (v)w is
0 when m—n—1+p € C, (or R(m—n—1+p) < 0), isin W,,_, 14, when m—n—1+p €
C, and for r € R, [], .y W, is equal to the subspace of W consisting of w € W such
that when V7, (v)w = 0 for v € V), n € C, k =0,...,N, m—n—1¢ C,. For
a€C/Z,we Wkl = [z, 1ol there exists A € Z+ such that (g—e2™V=1*)Ay = 0.
Moreover, gY9(u, x)v = Y9(qu, x)gv.

(v)wzx

5. The L(—1)-derivative property. For v € V,

d yg —y9
%Y (v,2) =YI(L(-1)v,x).

A lower bounded generalized g-twisted V-module or simply a lower bounded g-twisted V -
module is a C,-graded weak g-twisted V-module W together with a decomposition of W
as a direct sum W = [ .- Wy of generalized eigenspaces Wi, with eigenvalues n € C for

the operator L9(0) = Res,xY9(w, x) such that for each n € C and each o € C/Z, W[SJ]FI =

Wingg N Wl = 0 for sufficiently negative real number [. A lower bounded generalized g¢-
twisted V-module is said to be strongly C/Z-graded or grading-restrictedif it is lower bounded

and for each n € C, a € C/Z, dim W[[ ]] = dim W, N Wl < oo,

In the twisted representation theory of vertex operator algebras, we are mainly interested
in strongly C/Z-graded or grading-restricted generalized g-twisted modules. For simplicity,
we shall call them simply g-twisted V-modules. In the case that g does not act on V
semisimply, since the twisted vertex operators involve not only powers of the variable but also
the logarithm of the variable, we shall also call such a g-twisted V-module a logarithmic g-
twisted V -module. Lower bounded g-twisted V-modules also often appear in the formulations
of certain conditions and assumptions. C,-weak g-twisted V-modules are not really needed
in the twisted representation theory of vertex operator algebras. They are not introduced in
[H3] because of this reason. But in this paper, they are needed in the proof of the theorem
that Z,(V') and A,(V') are isomorphic. Because of this reason, we prove all the results in this
paper for C,-weak g-twisted V-modules and then derive the corresponding results for lower
bounded g-twisted V-modules and g-twisted V-modules (including logarithmic g-twisted
V-modules) as special cases.



Let W = Hne@,aec /7 W be a C,-graded weak g-twisted V-module with the twisted
vertex operator map Y9. For a € C/Z, let Wl = HnE(C . When W is a (lower
bounded) g-twisted V-module, we also have Wl =] _. W[ As in the case of V', we call
a € [0,1)+1 a g-weight of W if We+2l £ 0. Let P(W) be the set of all g-weights of . Then
W = ]_[nE@”aeP(W W[[::]JFZ] Let Ay : W — W be the linear map defined by Ay w = aw for

w € Wt and a € P(W). 1t is clear that for a € P(V) and b € P(W), either a+b € P(W)
ora+b—1¢e P(W).
For v € V', we have

ZZij “log z)*.

k=0 neC
Let
Y (v, ) ZYngk L
neC
Then

N
ZY v, z)(log ).
k=0

Denote the formal variable logx by y and let

(v,2,y) ZYQ v, )Y ZZYik(v)x’”’lyk (2.1)

for v € V. Taking u in the duality property to be 1, we see that Yrﬁk(v)w =0fork=0,...,N
when R(n) is sufficiently negative, that is, Y}/(v, z)w for k = 0,..., N are lower truncated.
We say that V!, k= 0,..., N, are lower truncated.

Since the homogeneous subspaces of V' are finite dimensional and g preserves the homo-
geneous subspaces of V', by the multiplicative Jordan-Chevalley decomposition, there exist
a unique semisimple automorphism o of V' and a unique locally unipotent operator g, such
that o and g, commute with each other and g = og,. Here by locally unipotent operator,
we mean that g, — 1y is locally nilpotent, that is, for v € V, (g, — 1y)?v = 0 when j is
sufficiently large. Let

log g,,
N =
2w/ —1
log(1y + (g — 1v))
2y —1

_ (=17 (gu — 1v)
= j; T (2.2)




Note that since g, is locally unipotent, the right-hand side of (2.2) is a finite sum when
acting on v € V and is locally nilpotent. From the definition of N, we have

627r\/ —1N

o 2ryTINY
-y @Iy

J!

Gu

jEN

Thus we have g = ge2™V WV,

Let (W,Y9) be a C,-graded weak g-twisted V-module. We now use the multiplicative
Jordan-Chevalley decomposition of g above to derive some formulas. For n € Z, consider
the space Y9(V,y,z,y) of elements of (End W){z}[y] of the form Y9(v,z,y) for v € V(.
Then Y9(-,z,y) is a surjective homomorphism from V,y to Y9(V(,),z,y). In particular,
Y9(Vin), ®,y) is finite dimensional. Since g preserve weights, g acts on V(). Thus g also acts
on Y9V, z,y) by g-Y9(v,z,y) = Y9(gv,z,y) for v € Viy). Since on V,y, g = oe2™V=IN
we obtain a decomposition of this action of g on Y9(V(,), x,y) which, for simplicity, we shall
still write as g = €™~V where o and N are the corresponding operators on YI(Viny, 2, y).

On the other hand, from the equivariance property,

Y9(gu,x,y) = e’Qﬂﬁxa/a‘”e’%ﬁa/ang(v, z,y) (2.3)
for v € V. By (2.3), the action of g on Y9(V,y, 2, y) is equal to e=27V~120/0z=2nV=10/9y _f
Y9(Viny, z, ) is invariant under e=27V=120/9% and ¢=2mV=19/9y then e~ 27V~ 120/0z¢=2mV=10/9y
is a Jordan-Chevalley decomposition of g on Y9(V{,), z,y). By the uniqueness of the Jordan-
Chevalley decomposition, we obtain o = e~ 27V ~120/0x gnd e2nV=IN — o=27v~10/9y  GQince

log(lYg(V(n),x,y) + (6—2wﬁa/6y — 1Yg(v(n)717y))
Iy = o/ 1

(_1)j+1 (G—Qﬂﬁa/ay . 1Yg
JEL+

(‘/(n)vzry) )J

—2my/—1j ’

by the definition of A, we obtain N' = —9/0y on Y9(V{,,),z,y). Since we do not assume
that Y9(V(,), z,y) is invariant under e 2V =120/0z and ¢=27V=10/9y e have to prove o =
e~ 2V =120/0z g d 27VIN = =27V =10/0y directly, without using the uniqueness of the Jordan-
Chevalley decomposition for an operator on a finite-dimensional space.
Letv € V(Ef‘)], a € C/Z. Since the action of g on Y9(V{,,, z, y) is equal to e~ 2mV/~120/0z o—2m/~18/0y

and Y9(v, z,y) is a generalized eigenvector of g with eigenvalue e?™V 1o there exists M € Z.

such that
(e~2mV/=120/0m o =2my/=10/0y _ 2mV/=Ta)Myg(yy 2 0y = (), (2.4)



From (2.1) and (2.4), we obtain

Z Z Yg 7271’\/7( —-1) 727r\/j18/8y _ eZﬂlea)fomflyk
k=0 meC
N
Z Z 7271'\/?128/8:1:67271'\/?18/831 o 627r\/jla>Mx7mflyk
k=0 me
=0.

(2.5)

From (2.5), we see that the coefficients of the left-hand side of (2.5) as a formal series in

powers of x must be 0, that is,

N
Z YTZ k(v) (6—2WJT1(—m—1)6—2ﬂJj18/6y _ 627r\/?1a)Myk -0 (26)
k=0
for m € C. Rewriting (2.6), we obtain
N
(e—Qwﬁa/ay . 627r\/—71(04—m—1))M Z Yrik(,v)yk =0
k=0
for m € C. Let m € C such that ¢>™V-Ho—m=1) £ 1 [f Y7 (v) # 0 for some k, then
Z,]:;O Yn’iyk(v)yk is a nonzero polynomial in y. Since 27V -Tila=m=1) _£ 1
N
(e—2w¢j18/8y _ eQﬂ\/j(oz—m—l))M Z Y{Z’k(U)yk
k=0

cannot be equal to 0. Contradiction with (2.5). Thus for suchm, Y} , (v) =0fork =0,.. .,

and we have

Y9(v,2,y) =

IPICACE

k=0 mea
In particular,

T 0, ) = ATV (0, 1,)
- O-Yg(vwray)'

Since v is an arbitrary element of V{,,
67271'\/?18/83/.

Since n is arbitrary, we have proved the following formulas:

Lemma 2.2 Forv eV,

N

e~2mV=1e0/0r — 5 op Y9(Vin), 2, y) and thus e2mVIN —

Y9(ov, 2,y)
Y9(Nv,z,y)
Yg(627riNU, x, y)

o~ 2mizd/dry g (v,2,y),
—0/0yY 9 (v, z,y),
e IOy I(y xy). N

10



From (2.7), (2.8) and (2.9), for v € VIe+Z g € P(V) and w € W, Y9(v,2)w €
27 *W ((x))[logz]. Then for v € VI w e W,

Y, 2)w = Z Y (vwz™"

nea+7Z

Ng(v)
YI(v,2)w = ZYkg(U,x)w(log:v)k,
k=0

where N,(v) € N depends only on N and v. For convenience, we shall use u(n) to denote
the operator Y,/ (u).
From (2.8), we have the following relation between Y9 and Y{:

Lemma 2.3 Forv eV,
Y?(v,2) = Y{(z Vv, ), (2.10)

where x=N = e~ Nlogz,

Proof. From (2.8) and the formal Taylor’s theorem, we obtain

Y9N zy) = e (BRyI(y g y)
Ny(v)
_ Z e—(logx)@/@yykg(v’x)yk
k=0
Ng(v)
= Y (v, 7)(y — log x)*. (2.11)
k=0
Substituting log « for y in (2.11) and then substituting 2=v for v, we obtain (2.10). |
We also need the following lemma:
Lemma 2.4 Foru €V, we have
oY9(u,z) = Y9(ou,z)o, (2.12)
N, Y90, 2)] = YO(Nu,z), (2.13)
eNYI(u,x) = YI(eNu,x)etV. (2.14)

Proof. Let v € VI and v € VI, Then v and v are generalized eigenvectors for g with

eigenvalues e2™V =1 and €218 In particular, there exist M, N € Z, such that (g —
GQW\HO‘)MU — (g . 62“/?15)]\[11 —=0.

Using the fact that ¢ is an automorphism of V', we have

(9 — TNy 3, 2y = YA((g — Y Tu,w)gu + V(Y T, 2)(g — VP,

11



Then
(g _ 6277\/771(0&5))MJrNY'g(u7 ZL’)U

M+N
=3 (M +N > Y9 (2 TIMAN=Da( g 2V =IayTy gy g (g — 27V IBYMAN=],,
J

j=0
=0.

Thus Y9(u, z)v € VIerAl[[z, x71]]. This proves (2.12).
Using (2.12) together with the fact that ¢ is an automorphism of V| we obtain

€2W\/T1NY9 (U, .CL’) _ }/9(6271'\/771./\/'u7 x)eZW\/le

or
Yg(e27r\/—71/\/'u7 J]) _ 62W\/TINY9(U’ x)e—QTr\/TIN
ATV (4, 2)).
Thus by the definition of N/,

YI(Nu,x) = ZW\l/__lYg(log(e%ﬁN)u,ﬁ)

1
2w/ —1

(log(Ad(e*™ ™)) (Y (u, 2))

1
= 27T\/__laud(27r\/—1./\f)(Yg(u,a:))
= W, Y9(u, )], (2.15)
proving (2.13). The formula (2.14) follows immediately from (2.13). n

As consequences of Lemmas 2.3 and 2.4, we have the following properties:

Proposition 2.5 Forn € Z andv €V,

W, L) = o, (2.16)
dNL(n) = L(n)aV, (2.17)
YO(L(-Dua) = Vi) — Y (W, ). 2.18)

Proof. Since gw = w, we have Nw = w. Then (2.16) follows from (2.13) and (2.17) is an
immediate consequence of (2.16).

The formula (2.18) is obtained by taking derivative with respect to = on both sides of
(2.10), using the L(—1)-derivative property for Y9 and then take the 0-th power of log x on
both sides of the resulting equality. [
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Using the the formulas obtained above, we prove a duality property for the map Yy. For
u € V', in the region |2z > |21 — 22| > 0, we use

Z1 — & N
(1+ : 2) u (2.19)
zZ2

21—22

to denote the power series in the variable with coefficients in V' obtained by using the
binomial expansion. This series can also be obtained by writing (2.19) as

exp (log (1 + 2 ;2 Z2) N) u, (2.20)

expanding (2.20) as a power series in

log (1 + 32 22) (2.21)

Z9

and then expanding powers of (2.21) as powers series in -2 in the region |zo| > |21 — 22| > 0.
Since N is locally nilpotent, this series is in fact obtained from a polynomial in (2.21) with
coefficients in V' by expanding powers of (2.21) as powers series in =22 in |z;| > |21 — 2| > 0.
In other words, (2.19) is a finite sum of elements of V' multiplied by powers of (2.21), which
as power series in 22 are absolutely convergent in the region |z9] > |21 — 22| > 0.

Theorem 2.6 Let W be a C-graded weak g-twisted V-module. Then for u € VIetZ o ¢
VI b e P(V),
(W', Y (u, 21) Yy (v, z2)w), (2.22)
<U)/, YE)g(Uv ZQ)}/OQ(U’ Zl>w>v (2'23)

N
<w',YOg (Y <<1 4+ 2 22) u, 2 — 22) v, 22> w> (2.24)
)

are absolutely convergent in the region |z1| > |z2| > 0, |22] > |21] > 0, |z2| > |21 — 22| > 0,
respectively, to a function of z1 and zy of the form

—blog z2 9(217 22) - (225)
7123(21 — 22)

—alog z1

(& e

where g(z1, z2) is a polynomial in z; and z, r,s,t € Z.

Proof. Since u € Vo2 o ¢ VI+Z g b € P(V), by the duality property,

(W', Y9(u, 21)Y9 (v, z9)w), (2.26)
(W, Y9(v,229)Y9(u, x1)w), (2.27)
(W', YI(Y (u, 21 — 22)v, 22)w) (2.28)
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are absolutely convergent in the region |z1| > |2z2] > 0, |22| > |z1] > 0, |22 > |21 — 22| > 0,
respectively, and are convegent when |arg z; — arg z;| < 7 to a function of 2; and 2, of the
form

N
Z aijkle(—a—ri)logzle(—b—s]-)logZQ (log zl)k(log 22)l(z1 o ZQ>_t
,4,k,0=0
N
_ _ 21 22)
—e alogzle blog z2 Z gkl( ) log21 k 10g22 1
et ZIOZSO (Zl — Zg)t( ) ( )

where 74, s;,t € Z satisfying r; < 7,1 and s; < sj_1 and g(21, 22) are polynomials in z; and
zo. In particular, in the region |z1| > |z2| > 0,

N
Z (W', Y2 (u, 21)Y, (v, z0)w) (log 21 )* (log 25)"
e, l=0
= (w',Y9(u, z1)Y?(v, z2)w)
N

— e—alogz1e—blogz2 § : gk’l<zla22)

L (log 21 )" (log 2,)".
ke 1=0

By Proposition 7.8 in [HLZ], we obtain

900(217 22)

0 S0

/ Yg YQ — —alogzy ,—blog zo ]
(W', Y (u, 21)Y? (v, z0)w) = e e gy po——"

Taking ¢(z1, 22) to be goo(21,22) and r, s to be rg, s, we see that (2.22) indeed converges
absolutely to a function of the form (2.25).

Similarly we can prove that (2.23) converges absolutely to a function of the form (2.25).
Since (2.26) and (2.27) converge to the same function in |z;| > |z2| > 0 and |z3| > |z1] >
0, respectively, from the argument above, the fact that the powers of z; and zy in these
expressions are congruent to a and b, respectively, and Proposition 7.8 in [HLZ], we see that
(2.22) and (2.23) converge absolutely to the same function of the form (2.25) in |z;| > |23 > 0
and |2 > |z1| > 0, respectively.

The same argument above shows that

(W', Y7 (Y (u, 21 = 22)v, 22)w)

converges absolutely in the region |z5| > |21 — 23] > 0. As is discussed above, (2.19) is a
finite sum of elements of V' multiplied by powers of (2.21), which as power series in =2 are
absolutely convergent in the region |za| > |21 — 22| > 0, (2.24) is absolutely convergent in the
same region. We shall use the associativity for Y9 and (2.10) to show that (2.24) converges
to the same function that (2.22) converges to.

14



By (2.10), (2.14) and the associativity for Y9, in the region |z1| > |z2| > |21 — 22| > 0, we

have
21— 2\
<w’,YOg (Y ((1 4+ 2 2) U,z — 22> v,22> w>
22
e N
= <w',Y9 (zévY <(—1) u, 2 — 22) v,22> w>
22

= (W, YIY (2N, 21 — 20) 20, z)w)
= (', Y?((20)Nu, 21) Y (0, 20)w)
- <w/7)/()g<u>zl)}/0g(va Z2>w>'

In [B], Bakalov derived a Jacobi identity for the map Yy from an associator formula for
twisted V-modules. From Theorem 2.6, we obtain the Jacobi identity immediately.

Theorem 2.7 (Bakalov [B]) Let W be a C,-graded weak g-twisted V-module. Then we
have the tunsted Jacobi identity

1510 (951; mQ) Y (u, 1) Y (v, 29) — 2516 (ﬂ> Y§ (v, 22) Yy (u, 1)

0 Zo

To+ T o+ 20\ " o\ Y
= xflé( = 0) ( 2 O) Yy (Y ((1—1— —0) u,a:0> "U,.CEQ) (2.29)
I x )

or equivalently, the component form of the twisted Jacobi identity

> (-1)F (li)u(l —k+m)v(k+n) =Y (1) (Dv(z — k4 n)u(k +m)

keN keN

_§<(<Z+N) )jv) (m+n—j) (2.30)

foru € VI v e VO m € a+7Z, n € b+ Z and | € Z, where u(p) = Y y(u) and
v(q) =Y)o(v) forp € a+7Z and g € b+ Z. |

As a consequence of Jacobi identity, we have the commutator formulas:
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Corollary 2.8 Foru e VIt oy e V2 m ca+7Z and n € b+ Z, we have

Y§ (u, 1), Yy (v,25)] = Resgyzy 10 (952+370) <x2+%) :

T X

Yy (Y ((1 + Z—Z)Nu,%) v,a:2> . (2.31)

ulm), Y0, 22)] = imy (")) o). (2.32)

J
G +N ,
[u(m),v(n)] = Z ((m , )u) v] (m+n-—j). (2.33)
j=0 J J
j
We also have the associator formula and weak associativity:
Corollary 2.9 Foru € VIer2 v eV and w € W,

T1 — X9 —T2 + X1

) V80003 (002 Ress, g s ) Vi ¥ )
Zo

— (2 + 70)°Y? (y ((1 + i—Z)NU g;()) v, x2> . (2.34)

Forue VIetZ o c V and w € W, let | € a + Z such that u(n)w = 0 for n > 1. Then

Res,, 79256 (

Zo

N
(20 + 22) Y (u, 20 + 22) Y (0, 22)w = (29 + 20)' Y7 (Y ((1 + @> u,a:o) v,x2> w. (2.35)

T2

Finally we have the following equivalence of the main properties of C,-graded weak
g-twisted modules:

Theorem 2.10 The following properties for a C . -graded weak g-twisted V -module are equiv-
alent:

(1) The duality property for Y9 in Definition 2.1.
(2) The duality property for Yy in Theorem 2.6.
(3) The property that Yy is lower truncated and the twisted Jacobi identity (2.29).

(4) The property that Yy is lower truncated, the commutator formula (2.31) and the weak
associativity (2.35).

Proof. 'We have shown that (1) = (2) = (3) = (4). The same method as that for ordinary
modules shows that (4) = (2). Using (2.10), we see that (2) = (1). |
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Remark 2.11 By Theorem 2.10, the notion of C,-graded weak g-twisted V-module given
by Definition 2.1 is equivalent to the notion of twisted module satisfying the definition in
[B] equipped with a C,-grading satisfying the axioms related to the C,-grading given in
Definition 2.1. In the representation theory of vertex (operator) algebras and conformal
field theory, gradings and the axioms satisfied by them play an important role. Without
the gradings and their properties, we will not be able to obtain any substantial result. For
example, we even cannot define correlation functions in general. This is the reason why in
[H3] and in this paper, we discuss only twisted modules with such gradings and having the
relevant properties.

3 The g-twisted universal enveloping algebra and g-
twisted zero-mode algebra

In this section, we construct two associative algebras associated with V' and the automor-
phism g, one is called the “g-twisted universal algebra of V" and the other is called the
“g-twisted zero-mode algebra associated to V7.
Let
L(V,g)= [ V™ &eCltt ).
acP(V)
For u € VIo*Z and m € a + Z, we use u(m) to denote the element u ® t™ € L(V, g).

Let T'(L(V, g)) be the tensor algebra of L(V, g). Then T'(L(V, g)) is spanned by elements
of the form
U1 (1) ® -+ @ up(in)

for uy, € VIest2 4. ¢ a, + Z. For simplicity, we omit the tensor symbols for the elements.
Then the multiplication is given by

(ur(in) - -t (i) ) (1. (G1) - - 0n(Gin)) = w2 (2) -+ U (I )01 (51) - - - U (i) -
Define a grading called weight on T'(L(V, g)) as follows: For A € C,
wt A =0

and for A\ € C, homogeneous u, € VI%+2 and i, € a, + Z,

n

wt (Mg (i) -ty (i) = Y (Wt ug — iy — 1).

s=1

Let P(V) be the subset of [0,1) + I such that P(V) + Z is the subgroup of C/Z generated
by P(V)+ Z. Then the weight of a homogeneous element of T(L(V, g)) is in P(V) + Z. Let
T(L(V, g))x denote the subspace of T'(L(V, g)) consisting of the elements of weight k. Then
we have
T(LV.9)= [[ TV, 9k
keP(V)+7Z
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and

T(L(V, g)kT(L(V, 9))e C T(L(V, 9)) k41
For k € P(V) 4+ Z and n € Z, let

TV, 9= [ TEV.g)ktariT(LV,g))-ami-

acP(V),ien+N

Then we have
T(L(V,g)i™ C T(L(V, 9))k

and also

TV, = 0,

nel

UTEWV.9)k = T(LV, ).

neL

Hence, {T'(L(V,g)) | n € Z} is a fundamental neighborhood system of T'(L(V, g));. Denote
by T(L(V, g))x its completion and let

T(L(V,9)= I TEV.g)s
keP(V)+Z

Then T(L(V, g)) is a complete topological vector space.

Proposition 3.1 The multiplication for T(L(V, g)) is continuous under the topology given
by the fundamental neighborhood system above. In particular, its topological completion

T(L(V,q)) is a complete topological ring.

Proof. Tt suffices to prove that given m € P(V) 4 Z and n € Z and given k,l € P(V) + Z
satisfying k + [ = m, there exist nq,no € Z such that

T(L(V, 9))" T(L(V, g))i + T(L(V, 9)xT(L(V, 9))* € T(L(V. 9))im- (3.1)

Let | = ¢+ 1 where ¢ € P(V) and I’ € Z. We take ny = n+1' + 1 and ny = n. Elements
of T(L(V,g))i*" are finite sums of elements of the form @i where ¢ € T(L(V, g))r1ars and
Y € T(L(V,g))—a_ifora € P(V),i € n+I'+1+N. Let n € T(L(V, g));. When a—cé€ P(V),
¢ € T(L(V, 9)) 41+ (a—c)+(i—v) and ¥n € T(L(V, g))~(a-o—(i-1)- Since a — ¢ € P(V) and
i—l'en+1+NCn+N,

oyn € T(LV,9))tt)+a—c)+i-nT (L(V, 9)) = (a—c)(i-11)
C T(L<V7 g))ZJrl

= T(LV,9)m
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When a—c ¢ P(V), we must have a—c+1 € P(V). Then ¢ € T(L(V, 9)) (k1) +(a—ct 1)+ (i—t'—1)
and ¢mn € T(L(V, 9))—(a—ct+1)—(i—v—1)- Sincea —c+1€ P(V)andi—1'—1€n+N,

€ T(L(V> g))(k+l)+(afc+1)+(ifl/fl)T(L(Vva g))f(achrl)f(ifl’fl)
- T(L(V, g))ZJrl
= T(L(V,9))m-

oYn

Since the addition is continuous with respect to the topology and elements of T'(L(V, g))r*"

are finite sums of elements of the form (1) above, we have shown that
T(L(V, 9))i' T(L(V.9)) € T(L(V, 9))in- (3.2)

Similarly, elements of T'(L(V,g)); are finite sums of elements of the form i where
w0 € T(L(V,9))itari and ¥ € T(L(V,g))—q—i for a € P(V), i € n+ N. Let n € T(L(V, g) ).
Then ny € T(L(V, 9))k+i+a+i and

ned € T(LV,9))ksiratiT(L(V, g)) i
C TV, 9)is
= T(L(V,9))m
Thus
T(L(V,9)sT(L(V, 9))i* € T(L(V, 9))m- (3.3)
Combining (3.2) and (3.3), we obtain (3.1). |

Proposition 3.2 For k € P(V)+Z, elements of T(L(V, g))x are of the form uy + uy where
uy € T(L(V, g))x and us is in the topological completion of

[T TEV9)krarT(LV,g)) -ami

acP(V) i€l

Proof. The topological completion T(L(V, ¢))x of T(L(V,g))x is the space of all Cauchy
sequences or equivalently all Cauchy series in T'(L(V, g))x. Assuming that >, w;, where
Wy, € T(L(V, g))k is such a Cauchy series. Then for any n € Z,

M+N

Z W € H T(LV, 9)k+ariT (L(V, 9))—a—i

aeP(V),ien+N

for sufficiently large M € Z, and N € Z,. In particular, if we take n = 1, then there

exists M € Z, such that wm € [1,cpwvyicz, T(L(V,9))ktariT (L(V,g))-a—i for m > M. Let
U = 2%21 W, and uy = Z;C’:MH wWp,. Then u; as a finite sum of elements of T'(L(V, g))x
is still an element of T'(L(V, g))x. Since >°, ;. wy, is a Cauchy series, ug = 3750 /1wy, is
also a Cauchy series. Since wy, € [[,cpp, T(L(V,9)ktariT(L(V,g))—q—i when m > M,

1€Z4
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it is in fact a Cauchy series in [],cpy ez, T(L(V: 9))k+atiT(L(V, g))—a—i and thus is in its
topological completion. |

Note that the two terms in the left-hand side of (2.30) and the right-hand side of (2.30)
both correspond to well defined elements of T (L(V,g)). Taking the difference between the
sum of the two elements of T(L(V, g)) corresponding to the two terms in the left-hand side
of (2.30) and the element of T(L(V, g)) corresponding to the right-hand side of (2.30), we
obtain an element of T(L(V,g)). These are the elements of T(L(V,g)) corresponding to
the Jacobi identity (2.30). Let J be the two-sided ideal in T'(L(V, g)) generated by these
clements of T(L(V, g)) corresponding to the Jacobi identity (2.30), the elements 1(n) — 4, _;
for n € Z corresponding to the identity property for Yy, and the elements

(L(=D)u)(n) + (n + N)u(n — 1) (3.4)
for n € Z and u € V corresponding to the L(—1)-derivative property (2.18).

Definition 3.3 The g-twisted universal enveloping algebra U,(V') of V is the quotient alge-
bra T(L(V, g))/J of T(L(V,g)) by the two-sided ideal J. Since J is generated by homoge-
neous elements, the grading on T(L(V, g)) induces a grading on U,(V) and we still call the
degree of an element of Uy(V) its weight. The homogeneous subspace of Uy(V') of weight
n € C is denoted by Uy(V),.

In the special case that g = 1y, the g-twisted universal enveloping algebra Uy (V') of V is
the universal enveloping algebra U(V') of V' introduced by Frenkel and Zhu [FZ].

The action of g on V[°! for @ € C/Z induces an action of g on L(V, g). This action of g on
L(V, g) induces an action of g on T'(L(V, g)) such that this action in fact gives an automor-
phism of the associative algebra T'(L(V, g)). By the definition of the topological completion
of T(L(V,g)), this action of g on T(L(V,g)) extends continuously to an automorphism of
the topological completion T(L(V,g)). Since the elements of T(L(V,g)) corresponding to
(2.30), the elements 1(n) — 6, —1 and (3.4) for n € Z and u in generalized eigenspaces for g
are also in generalized eigenspaces for g in T(L(V, g)), U,(V) as the quotient of T(L(V, g))
by the ideal generated by these elements also has an action of g. Moreover, the action of g
on Uy(V) is an automorphism of U, (V).

The following result follows immediately from Proposition 3.2:

Proposition 3.4 For k € C, let my v, be the projections from T(L(V, g))y to Uy(V)y.
Then elements of Uy(V)y are of the form uy 4 uy where uy € my, (/T (L(V, g))k, and uy is in
the topological completion of

I Go.onTEV.9)kars) To,0n TV, 9)) ). M

a€P(V)i€Zy

Proposition 3.5 Let W be a C.-graded weak V-module. Then W has a natural structure of
a Uy(V)-module such that the Uy(V')-module structure is compatible with the action of g on
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Uy(V) and W in the sense that for w € Uy(V) and w € W, g(uw) = (gu)(gw). Conversely,
let W = Hn€@+7aec/z W[%] I?e a Ug(V)—deule eqyipped with gradings by C,. and C/7 and
an action of g on W satisfying the following conditions:

1. The Uy(V')-module structure is compatible with the action of g on Uy(V') and W in the
sense that for uw € Uy(V) and w € W, g(uw) = (gu)(gw).

2. Foru € VIerZ (¢ € P(V)) and m € Z and w € W, u(a + m)w = 0 when m is
sufficiently large.

8. Foru € Vi) and w € W, = [ ez Wi where m € Z and p € Ty, u(n)w is
0 whenm —n—1+p & C,, is in Wy_p14p when m —n — 14+ p € C, and for
r € R, [],cg W=, is equal to the subspace of W consisting of w € W such that
when u(n)w = 0 foruw € Vi, m € Z, n € C, m—n—-1¢ C,. For a € C/Z,
we W =1] & Wi there exists A € Z, such that (g — e*™ 1)\ = 0, where
L,(0) = w(1) € U, (V).

Then W is a C,-graded weak g-twisted V-module. In particular, the category of C.-graded
weak g-twisted V -modules and the category of U,(V')-modules satisfying three conditions above
are isomorphic (not just equivalent since the underlying vector spaces are the same). Un-
der this isomorphism, lower bounded generalized g-twisted V -modules correspond to Uy(V')-

modules of the form W = T[], cc aec/z W[[ﬁ] such that Winy = [l,ec;z W[[ﬁ] for n € C are

generalized eigenspaces of L,(0), satisfying the three conditions above and the lower bounded

condition that for each n € C and each o € C/Z, W[[ﬁrl] = 0 for sufficiently negative real
number [. Under this isomorphism, grading-restricted generalized g-twisted V -modules (or
simply g-twisted V -modules as we have called them) correspond to U,(V')-modules of the form
above, satisfying the three conditions above, the lower bounded condition and the condition

that for each n € C, a € C/Z, dim W[[;? < 00.

Proof. The first conclusion is clear from the construction of U, (V).

For its converse, we define Yy (u, z)w =Y, . ., u(n)wz™""" for u € V and w € W and
Y9(u, 2)w = YI(2Nu, 2)w. Foru € VI, m € a+7Z and w € WP we have u(m)w €
Wletb+Zl Thus gV (u, 2)w = Y (gu,z)gw and ¢gY9(u,z)w = Y9(gu,z)gw. Since u(a +
m)w = 0 when m € Z is sufficiently large, Yy (u,z)w is lower truncated. Since W is a
U,(V)-module, the Jacobi identity (2.29) and the L(—1)-derivative property (2.18) hold. By
Theorem 2.10, the duality property for Y9 holds. It is also clear that all the other axioms
for a g-twisted generalized V-module hold.

The other conclusions are all clear. [

It is clear that the subspace Uy (V)1 = [1,,c; Ug(V)n spanned by elements of Uy (V') whose
weights are imaginary numbers is a subalgebra of U,(V'). Let N(U,(V)1) be the two-sided
ideal in U,(V'); generated by

H Ug(v)n+a+iUg(V)—a—i-

nel,ae P(V),ieN,R(a+i)>0
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Definition 3.6 The g-twisted zero-mode algebra associated to V' is the quotient algebra
Zg(V) = Ug(V)r/N(Ug(V)1).

For weight homogeneous v € VI“*Z g € P(V) N1, we write o,(v) for v(wt v+a—1) €
Uy (V)1, denote by [o4(v)] the image of o,4(v) in the quotient Z,(V'), and extend [o,(v)] to all
v € V by linearity.

From the definition of Z,(V') and Proposition 3.4, we have the following useful result:

Proposition 3.7 The g-twisted zero-mode algebra Z,(V') is spanned by elements of the form

[og(u1)] - - - [og ()]
foruy,...,up €V and k € N.

Proof. By Proposition 3.4, elements of Uy(V), for n € I are of the form u; + uy where
u1 € Ty, v)T'(L(V, g))n, and uy is in the topological completion of

T oo TV, 9))nsari) (mv,0n0 TL(V, 9))—ami).

a€P(V)iely

Since (7y, YT (L(V, 9))ntati) (Tu,0n T (L(V, 9))—a—i) C Ug(V)nta4iUg(V)—a—i, we see that uy
is in the topological completion of [[ ¢ 5y ez, Ug(V)nta+iUg(V)—a—i. Since R(a+1i) > 0 for
a € P(V)and i € Z, we have [{,cp)icz. Us(V)ntarilUg(V)—azi C N(Ug(V)r). Thus uy €
N(Uy(V)1) and elements of Z, (V') are of the form u; + N (Uy(V)1) for wy € my, /)T (L(V, g))n,
n €. But T(L(V,g)), is spanned by elements of the form uy(my)---ux(my) for & € N,
homogeneous u; € VIt € VIt g ap € P(V), my € a1+7Z, ..., my € ap+7Z
such that SF (wt u; — m; — 1) = n. For simplicity, we shall also use the same notation to
denote the images of such elements in Uy(V),, under the map Ty, vy- Since the commutator
formula holds for elements in U,(V'), these elements in Uy(V'), are linear combinations of
elements of the same form but satisfying the additional condition ®(wt w; —m; —1) > -+ >
R(wt u; —my — 1), If R(wt u; —m; — 1) < 0 for some ¢, then R(wt up —my — 1) < 0
and uy(my) - - - ug(my) is in Ug(v)n+ak+(—wt uk+mk—ak+1)Ug(v)—ak—(—Wt u+my—ap+1) Satisfying
R(ag + (—wt ug +my — ax + 1)) = R(—wt ug +my + 1) > 0. Hence uy(mq) - - - up(my) is
in N(U,(V)r). Thus if uy(my)---ug(my) is not in N(Uy(V)1), R(wt w; — m; — 1) > 0 for
i=1,...,k Since Y5 (wt u; —m; — 1) =n € I, we must have R(wt u; —m; — 1) = 0 or
R(m;) = wt u; — 1 fori = 1,... k. Since m; € a; + Z, we see that R(a;) = 0 and hence
a; € I. Moreover, m; = wt u; + a; — 1. Thus

uy(my) -+ ug(my) + N(Ug(V)1) = [og(ur)] - - - [og(u)].
N

We shall discuss modules for Uy(V') and for Z,(V') and their connections with suitable
g-twisted V-modules in Section 5. In Section 6, Proposition 3.7 is needed in the proof
that Z,(V) and A,(V)( (to be constructed in the next section) are isomorphic. Then as a
consequence of the isomorphism, we obtain in turn an improvement of Proposition 3.7.
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4 A generalization of Zhu’s algebra to the g-twisted
case for g of infinite order

In [DLM1], Dong, Li and Mason introduced a generalization of Zhu’s algebra for suitable
g-twisted V-modules when g is of finite order. But their generalization does not generalize
straightforwardly to the case of a general automorphism g, especially in the case that ¢
does not act on V' semisimply. In this section, we give such a generalization. When ¢ does
not act on V semisimply, the definition of this associative algebra involves the operator
N obtained from the multiplicative Jordan-Chevalley decomposition of g. Moreover, this
associative algebra is not a quotient of the fixed point subalgebra; instead, it is a quotient of
the generalized eigenspace of eigenvalue 1 of g. This means that when g does not act on V'
semisimply (in this case the order of g must be infinite), this generalization of Zhu’s algebra
might have some interesting new features.

In [H2], the first author found a natural definition of Zhu’s algebra in connection with
the modular invariance. Besides its geometric meaning in connection with the modular
invariance, the advantage of this definition is that one can separate vertex operators from
other formal series or analytic functions in the proofs of the properties of the algebra. This
advantage makes it particularly simple for our generalization such that all the proofs are
identical to those in [H2] except for some properties of the operator N/. Because of this
reason, we give our generalization by generalizing the definition in [H2]. Just as in [H2],
the difference between the definition given in this section and a direct generalization of
the definitions of Zhu and Dong-Li-Mason is given by an isomorphism obtained from the
conformal transformation 2m1ﬂ log(1+ 2m/—12), the geometry underlying vertex operators
and the Virasoro operators.

For weight homogeneous u € VI+Z q € P(V), let [(u) € a+Z such that R(wt u—n—1) <
0forn € a+Zand n—a > l(u) —a. Then l(u) = wt u+ a when a € P(V)NT and
l(u) =wt u+a—1whena e P(V)N((0,1) +1I). We define a linear operator L on V' by
Lu = I(u)u for weight homogeneous u € VI**2l and linearity. We define a product e, in V/
as follows: For u,v € V,

1
ue,v = Res,y 'V [ (14 y)L Oy, log(1 + Y
g vY (( v) 2my/—1 81 +9)
2/ — 2™V -1z Y(egn\/flx(L_L(o)JrN)

= Rese— 7

u, T)v.

Recall the operator Ay defined in Section 2. Let O,(V) be the subspace of V spanned
elements of the form

1
Res,y™"Y <yL(0)_L+AV(1 + y)L_L(0)+Nu, 27r—\/—_1 log(1 + y)) v

— 27y 1z L(0)—L+Ay
— Res 2my/ —1le v 1 G2V Te(L=LO+N) 2 | o
z <e27r\/j1:v _ 1>n 627r\/j1x -1 ’
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for n > 1, u,v € V. Note that by definition, when u € VI, a &1, U,V € OQ(V). Also note
that

n _ 1
Res,y Y ((1 ) L0, I log(1 + y)) veOyV) (4.1)

for n > 1 since for homogeneous u, (L(0) — L + Ay )u is either 0 or u.
Let Ay(V) =V/O4,(V).

Theorem 4.1 The product e, in V induces a product (denoted still by e,) in A, (V) such
that flg(V) together with this product and the equivalence class of the vacuum 1 € V 1is
an associative algebra with identity. Moreover, for u € VI“*Z o ¢ P(V)NI, v € V,
(L(=1) + 27v/=1(a + N))u) o, v € Oy(V) and for u € VIer?A v e VI+Z o b e P(V) NI,

ue,v—ve,u = 2my/—1Res,Y (2™ Ny 1)y mod Oy(V)
2my/—1 -
= o/ 1y T (W + a)u)e. (4.2)

i€EN

In particular, w ey v —veyw = (2ry/—1)*>Nv mod O,(V) for ve VI b e P(V)NI, and
w+ Oy (V) brackets with v+ O4(V') sufficiently many times in A,(V') is 0 forv e V.

Proof. The proof of the first part is the same as the proof of the corresponding part in
Proposition 6.1 in [H2] except that we need to use (2.14) to take care of the additional
operator e2mV—1eN appearing in the definition and to take care of those factors involving
a € P(V) just as in [DLM1]. To convince the reader that the same proof together with
(2.14) and with the adjustments involving a € P(V') indeed works, we give as examples the
proof that

/7 .2m/ 1z L(0)—L+Ay
(Resx 2m le Y <<;) eQmch(L—L(O)Jr/\/)ul7 :v) u2) o, U3

(627r\/jlar _ 1)71 627r\/jlx —1

27T\/__1€2wﬁax e
= (Resx (/T _ 1) Y (e VL Nm,a:)uQ o, U3 (4.3)

is in Oy(V) when u; € VI (4 #0), ug,us € V and n > 1.
In the case that uy € VP4 and b # 1 — a,

QW\/__1€2ﬂleax
(6271'\/?11 _ 1)71

Res, Y (2™ TNy x)uy € VIeH T L 0]

Thus by definition, (4.3) is in O4(V). The only case we need to consider is uy € V=92,
Using the definition of e, (2.14), the Jacobi identity for the vertex operator for V' and
the property of the formal delta function, we modify the first step in (6.8) in [H2] to obtain
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that (4.3) is equal to

2w/ — Le2mV~lazo 21/ — Te2rv=—laz Y(€2wﬁx2Ny(62w¢?1zoN
(62W\/?1I0 _ 1>n eQﬂ'\/j(EQ -1

27‘(’\/—_1627“/?1(1“ 27.[.\/__16271'\/—71332
(627r\/—71z0 _ 1)n 627r\/—71z2 -1 '
ug, ﬂfo)e%ﬁmNUa, To)us

27“" / _16277\/?1(“50 271-\/__162#\/?1332
(e2mV=Tmo — 1)n  2mv/~lma _ ]

Res,,Resg, Uy, To)Usa, T2)u3

= Res,,Res,,

.Y(Y(GQWﬁ(I2+zo)N

= Res,, Resg, Res,,

5o <a:1 I—O xz) Y (2T TNy 0 VY (2PN ) oy

27T\/__1€2W¢?1ax0 27‘(\/—_1627“/?1332
<62ﬂ\/jlaro _ 1)n eQﬂﬁwQ -1 '

2516 (Lf) Y(GQWleszu2’xz)y(GQﬂﬁ($2+zo)NU17xl)u?)
—40

27.‘_\/__162#\/?1(1330 271.\/__16271'\/?12:2

(627r\/jlxo _ 1)71 e27r\/jl:1:2 -1

rT — I
21:615 < 1 2) Yv(6271'\/71361./\/’1“7 xl)Y(eQﬂ\/flmzN’,UQ’ Q?Q)Ug

—Res,, Resg, Resy,

= Res,, Res,,Res,,

Zo

QW\/__leQW\/TIQIO 271'\/—_1627[—\/?13:2
(GQW\/?lIO _ 1)71 627r\/—71z2 -1 '

) (:1:2_;&::1) V(™12 N )Y (@I Ny ) ug. (4.4)

—Res;, Res,, Res,,

Then using the same remaining steps in (6.8) in [H2], we see that the right-hand side of (4.4)
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is equal to

Z (—l;l) R,ele ReSx227T\/__1€27r\/j1a(:rlfx2)(6277\/jlx1 o 1)7717]667271'\/?1(771*1’6)!172_
keN

.(6*277\/?112 o 1)k27r\/__162ﬂ\/jlm
6271'\/?19:2 -1

_ Z (—kn> ResleeSxQQﬂ_\/__16—27r\/—71a(:c2—w1)(6—27r\/—71x2 . 1)—n—k62ﬂﬁ(—n—k)z1 .
keN

Y(€27r\/jlm2./\/'u1’ l’l)Y(@Qﬂ-\/jlgmNUQ, l’g)’dg

(2T _ )k 2my/— TVl
627r\/jlatz -1

= -n Res 6_27r\/—71a:c26_27r\/—71(—n—k)x2 (e_gﬂ\/fle _ 1)k27r\/__1627r\/_71$2 .
keN k T2 €2Wm$2 .

Y(62Wﬁz2Nu2’ I'Q)Y(BQW\/TMQNUM fL’l)Ug

27T\/__1€2wﬁam1

'Rele (62w¢?1x1 _ 1)n+k

Y(62ﬂ—\/jl$2NU17 xl)Y(GQWlengUZ, $2)U3

B Z (—kn> ReSaHGQW\/?l(wl (_1)—n—k627r\/—71(—n—k)331 (62me1 . 1)k .

27T\/__162wﬁ(1—a)x2 o/ T ()
<€2w\/jlxz _ 1>1+n+k

‘Res,, w2y (21 Ny a0 Y (21N Yy Jus.

(4.5)
The first term in the right-hand side of (4.5) is in O,(V). Since uy € VI=o+2 £ VIO and
2™V =1n+k)e2 can he written as a polynomial in €™V ~12 — 1 with degree less than or equal
to n + k, the second term in the right-hand side of (4.5) is also in O (V).
Next we prove ((L(—1) + 2mv/—1(a+ N))u) e, v € O,(V) for u € VIe+Zl o € P(V) N1
and v € V. Using the properties of the vertex operator map Y and (2.16), we have
(L(—1)u) o5 v
2my/—1e?V 1z
€2w\/jlx -1
2my/—1e2™V-1z ¢
e2mV=lr 1 dx

2/ —1 2my/—1z
7T2 \/7:3 . Y (21 AN 9 /T (0 + N)u, z)v
e ™/ —1lr __

= Res,

Y(e%mx(wN)L(—l)u, ZE)U

= Res, Y (™10t Ny )

—Res,

d 21/ —1 2my/— 1z
= —Res, (% Z%\/_Tez — > Y (210 Ny )y — 20/ =1 ((a + N)u) e v

—1\2 .27V -1z
= Res, (2?;/\/_2 ‘ e Y (2™ Ny )1 — 20v/=1((a 4+ N)u) e v. (4.6)
e T —1lr __
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Since the first term in (4.6) is in O,(V'), we obtain ((L(—1)42mv/—1(a+N))u)e,v € Oy(V).
Now we prove (4.2). For u € VIe+Z 4 € V2 o b e P(V) N1,

w ey v — 2my/—1Res, Y (€™ 120N )y gy

= Res, ng__ﬁlii\/ix}/(e%ﬁx(ﬁmu, 2)v — 2/ —1Res, Y (2™ 120Ny 1)y
= —Res, 27;\_/21_5251\/?:8 Y(e%\/jlx(“ﬂv u, z)v

— _Res, 27;/21_525”_‘/?“’ 2TV TN (4 ) 2mV TR,

= —Res, 225;251736 e VY (0, 2)e V120N, mod O, (V)

= —Res, 277\_/22_525”_\/?‘” Y (e 2V 0Ny gy

~ Res, 27;{;_;9;”_‘/?@’ Y (21N )y

=ve,u,

where we have used (2.14), the fact that the coefficients of Y (u,z)e 27V~=1#(0+N)y g in
V0e+b+Z] (4.6) with a replaced by a + b and the skew-symmetry of Y.

Take u = w and note that Nw = 0, a = 0 and wy = L(—1). Then we obtain we,v—ve,w =
L(—1)v = —27v/=1Nv mod O,(V). Since N is nilpotent, we see that the last conclusion
is true. [

We now derive a generalization of the algebra A,(V') introduced in [DLM1]. Recall the
invertible operator
U) = (2ry/—1)H0e L+

on V introduced in [H2], where L (A) = 3 ., A;L(j) and the coefficients A; for j € Z,
are uniquely determined by

1
2ty —1

Note that N' commutes with all the Virasoro operators (see (2.16)). Thus (1.5) in [H2] gives

1 0
(VW _1) = [exp | - Z Ajyﬁla—y Y.

JEL+

1
U(1)Res,y Y ((1 +y)Vu, /T log(1 + y)) v
= Res,y Y (1 + )" O"™NUQ)u,y) U(1)v. (4.7)
We define a product x on V' by

u*gv=Res,z™ 'Y ((1+ z)E Ny, z) v
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for u,v € V. Let Oy4(V) be the subspace of V' spanned by elements of the form
Res,z™"Y (mL(O)_L+AV(1 + z)E Ny, T)v
for n > 1, u,v € V. By (4.7), we obtain the following result:

Corollary 4.2 Let Ay(V) =V/Oy(V). Then Ay(V) is an associative algebra isomorphic to
A, (V). The isomorphism from A,(V) to A,(V) is given by the map induced from U(1). N

Because of Corollary 4.2, the categories of A,(V')-modules and A,(V')-modules are equiv-
alent.

Note that the conformal transformation w — eV~ maps a parallellogram in the
complex plane to an annulus centered at 0 in the sphere C U {oo}. Then w is the standard
coordinate vanishing at 0 on the parallellogram and w' = e¥V~1* — 1 is the standard
coordinate vanishing at 1 on the annulus. The coordinate change from the coordinate w’
to the coordinate w is given by w = %—\lﬁ log(1 + w'). The map U(1) corresponds exactly

to this coordinate change (see [H2]). Thus the algebra A (V) defined using this coordinate
change is most suitable for the study of the modular invariance.

5 Functors between module categories

In this section, we construct functors between suitable categories of Z,(V)-modules, A,(V)-
modules, A,(V)-modules and g-twisted V-modules.

We are interested only in Z,(V')-modules that have compatible actions of g and can be
written as direct sums of generalized eigenspaces of the actions of g. Recall the notation
log(v)] for v € V in Section 3. We are also interested in such Z,(V')-modules with another
grading given by the generalized eigenspaces of [o,(w)] € Z,(V).

Definition 5.1 Let M be a Zy(V)-module. If M =][,.c/z M where M for o € C/Z
are the generalized eigenspaces of the action of g, we call M a g-graded Z,(V')-module.

Let M = [L,ccaccz Mfs| be a Zy(V)-module with double gradings by C and by C/Z

(or equivalently, by a subset of [0,1)). If M, = ], ¢ 1z M[[na]} for n € C are generalized
eigenspaces of the action of [o4(w)] on M with eigenvalues n (called weights) and the C/Z-
grading is given by the generalized eigenspaces of an action of g compatible with the Z,(V')-
module structure, then we call M a doubly-graded Z,(V')-module or simply graded Z,(V')-

module. Let M = 11, cc pec/z M[[na}] be a graded Z,(V')-module, if for each n € C and each

o]
aeC/zZ, My y

module. A lower bounded Z,(V)-module M =[], c¢ nec/z M[[na]] is called grading restricted if

dimM[[na]} < oo forneC,aecC/Z.

= 0 for sufficiently negative real number [, we call M a lower bounded Z,(V')-
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Note that in particular, Z,(V) itself is a g-graded Z,(V')-module.
Let W = Hne@,aec Iz Wi be a C,-graded weak g-twisted V-module. Recall the set

P(W) of all g-weights of W. In particular, W = [z, .epun 1 Tt is clear that for
ac€ P(V)and be P(W), eithera+be P(W)ora+b—1¢€ P(W). Let

QW) ={we W | u(k)w =0 for homogeneous u € V,R(wt u —k — 1) < 0}.

Then by the C,-grading condition in Definition 2.1 and (2.10), Q4(W) = [, Wn =
HneLaE POW) W#JFZ]. In the case that W is a lower bounded g-twisted V-module, the gradings
on W also induce gradings on Q9(W). In particular, we have

W) =[J@W)w= [T @o)=+2="TJ[ @)™

neC acP(W) neC,aeP(W)

By Theorem 3.5, W is a U,(V')-module and hence also a U, (V)-module. In particular,
Q9(W) generates a Uy(V)-submodule of W. By the commutator formula (2.33), Q9(WW) is
invariant under the action of v(wt v+a—1) for weight homogeneous v € VI*+%4 ¢ ¢ P(V)NL.
In particular, the restriction of v(wt v+a—1) to Q9(W) gives us a linear operator oy (v) on
Q9(W). Also by the commutator formula (2.33), uy(mq) - - - ug(my)w = 0 for homogeneous
u; € V14l w e QI(W) and m; € a; + 7Z satisfying R(wt ug —my — 1+ -+ wt up —my — 1+
wt w) < 0. Thus N(U,(V)1) acts on Q9(W) as 0. In particular, Q9(W) is a U,(V );-module
and moreover (W) is a Z,(V')-module with the action of Z,(V') given by [o,(v)|w = ow (v)w
for v € V and w € Q9(W). Note that the weight of the operator v(wt v + a — 1) for weight
homogeneous v € V1972 where a € P(V) N1 is —a € I. Thus we have:

Proposition 5.2 The action of Z,(V') on QI(W) given by [o4(v)|w = o (v)w gives (W) a
g-graded Z,(V')-module structure. When W is a lower bounded g-twisted V-module, Q29(W)
is a lower bounded Z,(V')-module. In this case, 1], c, . 1(X0(W))m) for v € R are Zy,(V)-
submodules of QI(W). |

Theorem 5.3 The functor ), from the category of C..-graded weak g-twisted V -modules to
the category of g-graded Z,(V')-modules given by W — Q,(W) has the following properties:

1. The functor 1y has a right inverse, that is, there exists a functor H, from the category
of g-graded Z,(V')-modules to the category of C-graded weak g-twisted V -modules such
that Q, 0 Hy = 1, where 1 is the identity functors on the category of g-graded Z,(V)-
modules.

2. We can find such H, such that for any @Jr—g_mded weak g-twisted V -module W, there
exists a natural surjective homomorphism of C -graded weak g-twisted V-modules from
H,(Q2,(W)) to the C,-graded weak g-twisted V -submodule of W generated by Q,(W).

3. The restriction of Q, to the category of lower bounded g-twisted V -modules (or (grading-
restricted generalized) g-twisted V-modules) is a functor from this subcategory to the
category of lower bounded Z,(V')-modules (or grading-restricted Z,(V')-modules).
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4. The restrictions of Hy to the category of lower bounded Z,(V')-modules (or grading-
restricted Z,(V')-modules) is the right inverse of the restriction of €, to the category
of lower bounded g-twisted V -modules (or (grading-restricted generalized) g-twisted V -
modules) such that for any object W in the category, there exists a natural surjective
homomorphism in the category from H,(Q,(W)) to the lower bounded g-twisted V-
submodule (or the (grading-restricted generalized) g-twisted V -submodule) of W gen-
erated by Qu(W).

Proof. Let M = [[,cc/z M be a g-graded Z,(V)-module. We now construct a U,(V)-

module Hy(M) = [,z sec/z Hg(M)lf‘] equipped with gradings by C, and C/Z and an
action of g on W satisfying Conditions 1 to 3 in Theorem 3.5. Then by Theorem 3.5, we see
that H,(M) is a C,-graded weak g-twisted V-module.

From the definition of Uy(V), Uy(V)- = [l.cpwv)ienmari=o Us(V)-a—i is a subalgebra
of Uy(V). Since M is a Zy(V)-module, it is also a Uy(V);-module. We define the action
of Uy(V)- on M to be 0. Then M becomes a U,(V)_ @ Uy(V);-module. Let H,(M) =
Ug(V) ®u,(v)_au,v), M. Then Hy(M) is a Uy(V)-module. By Proposition 3.4, elements of
Ug(V)i are of the form u; + uy where u; € my,1)T'(L(V, g))k, and uy is in the topological
completion of

I GV, 9)kars) To,0n T(LV, 9)) —ams)-

acP(V) i€l

Since (7, \T(L(V,9))-a-i) C Uy(V)—ai C Uy(V)_ for a € P(V) and i € N satisfying
R(a+1i) > 0, it acts on M as 0 and thus upw = 0 for w € M. Since uy € 7y, v)T(L(V, g)), it
is a linear combination of elements of the form wu;(m;) - - - uy(my,) for u; € Vet q; € P(V),
m; € a; + Z. Thus elements of H (M) are finite linear combinations of elements of the
form wui(my) - - - up(my)w for u; € VIetZ a; € P(V), m; € a; + 7 and w € M. Using the
commutator formula repeatedly and the actions of Uy(V)_ and Uy(V); on M, we see that
H,(M) is spanned by elements of the same form for homogeneous u; € VI%+Z q; € P(V),
m; € a; + Z and w € M, satisfying R(wt u; —m; — 1) > 0.

For an element of the form u;(m;) - - - ux(my) for weight homogeneous u; € VI%+%4 g, €
P(V), m; € a; + Z, we define its @Jr—degree tobe wt uy —mqy — 1+ - +wt up — mp — 1.
This gives a C,-grading on H,(M). The actions of g on U,(V) and M also induce an action
of g on Hy(M). Moreover, the C/Z-gradings by generalized eigenspaces for the actions of
g on Uy(V) and M give a C/Z-grading by generalized eigenspaces for the action of g on
H,(M). The C/Z-grading of H,(M) can also be given explicitly by defining the C/Z degree
of uy(my) - - ug(my)w to be S a; + b+ Z when w € WP,

Condition 1 in Theorem 3.5 is satisfied by H, (M) because of the definition of the action
of g on Hy(M). Condition 2 in Theorem 3.5 is also satisfied by H,(M) because u(a +
m)(uy(my) - - - ug(my)w) = 0 when m > R(wt u —a — 1+ Zle(wt u; —m; — 1)). It is clear

that u,, changes the C -degree by wt u —n — 1 and the degree 0 homogeneous subspace of

H,(M) is M which is also the subspace of H,(M) annihilated by U,(V)_. Moreover, H,(M)
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is a direct sum of generalized eigenspaces for the action of g on H,(M). Thus Condition 3
is satisfied.

Since our construction is natural, we obtain a functor H, from the category of Z,(V')-
modules to the category of C-graded weak g-twisted V-modules.

By definition, M C Q,(H,(M)). Since H,(M) is spanned by elements of the form
uy(my) - - - up(my)w for homogeneous u; € VI4+Z a, € P(V), m; € a; +7Z and w € M
satisfying wt u; —m; — 1 > 0, we see that Q,(H,(M)) = M. Thus we have Q, 0 H, = 1.

Now let W be a C,-graded weak g-twisted V-module. Then the C,-graded weak
g-twisted V-submodule of W generated by Qg(W) is spanned by elements of the form
uy(my) -+ ug(my)w for v; € VIets q, € P(V), m; € a; +Z and w € Q,(W). Define a
linear map from H,(£2,(W)) to this submodule of W by sending the elements of the same
form in H,(Q,(WW)) to these corresponding elements in this submodule. This linear map is
well defined because the only relations among these elements in H,(€2,(1V)) are given by the
commutator formula, the weak associativity, the L(—1)-derivative property, the properties
for the vacuum and the Virasoro relations and these relations are all satisfied by the cor-
responding elements in the submodule of W. By definition, this linear map is a surjective
module map from H,(€,(1V)) to this submodule of W.

The other conclusions follows immediately. |

We now discuss A,(V)- and A,(V)-modules and C,-graded weak g-twisted V-modules.
As in the case of Z,(V)-modules, we also discuss only A,(V)- and A,(V)-modules with
actions of g and are direct sums of generalized eigenspaces of the actions of g. As in the case
of Z,(V)-modules, we are also interested in g-graded flg(V)—modules with another grading

given by the generalized eigenspaces of w + O, (V) € A, (V).

Definition 5.4 Let M be an A,(V)- or A,(V)-module. If M = Hoecsz M where M for
a € C/Z are the generalized eigenspaces of the action of g, then we call M a g-graded A,(V)-
and Ay(V)-module. Let M =11, cc sec/z M[[na]] be an A,(V)-module with double gradings by
C and by C/Z (or equivalently, by a subset of [0, 1) +1). If My, = [[,cc/z M[[na]] forn € C are
generalized eigenspaces of the action of w + O4(V') on M with eigenvalues n (called weights)

and the C/Z-grading is given by the generalized eigenspaces of an action of g compatible
with the A,(V)-module structure, then we call M a doubly-graded A,(V')-module or simply

a graded A (V)-module. Let M = [ ccaccsz M[[na]] be a graded A,(V)-module, if for each

n € C and each a € C/Z, M[[,ﬂr”

a lower bounded A,(V)-module. A lower bounded A,(V)-module M = [ ccaccsz M[[na]] is
called grading restricted if dim M <« o forneC,ace C/Z. The notions of graded A,(V')-

[n]

= 0 for sufficiently negative real number [, we call M

module, lower bounded A,(V')-module and grading-restricted Ay(V')-module are defined in the
same way.

Note that in particular, A, (V) (A,(V)) itself is a g-graded A,(V)-module (4,(V)-module).
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Let W = Hne@r,aec /7 W[Eﬁ] be a C,-graded weak g-twisted V-module. Define two linear
maps oy and pw = ow oU(1) from V to End Q9(W) by v — ow(v) and v — ow (U(1)v),
respectively, for v € V| where

ow (v)w = Res, 22 Yy (zX Vv, 2)w = v(wt v + a — Dw
for a € P(V) N1, weight homogeneous v € VIe+2 4w € Q9(W) and
ow(v)w =0

when a ¢ I, v € VItZ € QI(W). By definition, oy and py are determined by their
restrictions t0 [,e peyynr VI
We have the following:

Theorem 5.5 The spaces O,(V) and Oy(V) are in the kernels of ow and pyw, respectively,
and the maps given by u+ Og(V) = ow (u) and u+ O,(V) = pw(u) for u € V give Q (W)
g-graded A,(V)- and A,(V)-module structures, respectively. When W is a lower bounded
g-twisted 'V -module, Q9(W) is a lower bounded A,(V)- or A,(V)-module. In particular,
et (W) for r € R are Ag(V)- or A, (V)-submodules of QI(W) .

Proof. As in the proofs of Theorem 4.1 and Corollary 4.2, the proofs of the first statement
for O,(V) and A,(V) are the same as the corresponding proofs of the first statement in
Proposition 6.4 in [H2] except for the use of (2.14) and for the adjustments involving a €
P(V). The proofs for O,(V) and A,(V) can be obtained either from those for O,(V) and
A, (V) using the map U(1) or by directly generalizing the proof in [Z] and [DLM1].

Here we give only the proof of the statement that

It /_16271'\/—71(1930 e
pw <Res,,g0 (@t — Ty V(2™ Ny 2o | =0 (5.8)

for u € VIors q € P(V), 0 < R(a) < 1, and v € VI+2,
Ifat+b—1¢I Y(e2VT1m0Ny z0)v € VIert+2[z 4] where a + b+ Z ¢ 1+ Z. Then
by definition,
pw (Y (V710N 0)w) = 0

and thus (5.8) holds. So we need only consider the case a + b — 1 € 1. In this case, for
n € Z; and w € Qg (W), using the definitions, (1.5) in [H2], the L(0)-conjugation formula,
(2.16), the basic property of the formal delta-function and the Jacobi identity (2.29) for Yj,
we have

o /_1627r\/jlaa:0 e
pw (ReszO (2 Tm _ 1) Y (e VTmoNy, xo)v | w

1 27/ —Te?mV~lamo

x(l—a—b)-{—l RGS;UO (e2wﬁr0 _ 1)n

2

Yo(U ()Y (2™ 12Ny 20)0, 25)w

= Res,,
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= Res,,R 2my/—Te?my oo
= hes,, nes,, xg_a_b(egﬂﬁxo . ]_)n

-Yo(xf(O)Y(L{(e%mxo)ezﬂﬁxONu, e2™V=IR0 _ DY (1), 29)w
= Res,, Res,, QQWFB%HMO .
37 (e2mVlmo  1)n
-Y()(Y(:cg(o)l/{(ezﬂﬁxo)e%ﬁ“ONu, Lo (e2TV 1m0 1))%5(0)2/{(1)7}, T )W

27‘[’\/—_1627“/?1(1%
= ResteSxo x%—a—b(e%r\/jlﬂﬂo — 1)” ‘

'YE)(Y(Q%F\/jlwoN.fg(O)U(GQW\/ij)U, x2<€27r\/—71:z:0 _ ].)).%5(0)2/{(1)’0, Ig)w

a—1
1
= Res,, Resy, (1 + @)

v2) @t Typ

Yy (y ((1 v i—z)Nu(xz + yo)u,y0> Z/{(xz)v,x2> w

a _b—24n
x x x
= Res,,Res, Res,, {1278 ( 2+ y0> < 2+ yo) 2 .

T Ty Yo

vy (Y ((1 + i—Z)NU(xQ + o), y0> L{(xg)v,xg) w

T9 + Ty + @ gb2n
:RestesyoRelex‘l‘_lxl_l(S( 2 yo)( 2 Z/o) 2 .

T T Yo

Y, (Y ((1 + %’)Nu(xl)u, y()) U(zs)v, x2> w

a—1,_b—2+n .
= ReSIQResyOResm%yo’l& <I1 1:2) .
0 Yo
YoU (2 + yo)u, 1) Yo(U (z2)v, T2)w

Res. Res. R gy tab 2 15 (T2
—Res,,Res, Res,, ————1, :

n
0 —%Yo

Yo (U (22)v, 22)Yo(U (22 + yo)u, z1)w
x§ a2
= ResteSzleO(U(xl)u, x1)Yo(U(x2)v, 20)w
1— T2
a—1_b—2+n

i
—Res,,Res,, m%@{(m)v, 29)Yo(U(x1)u, 1)w. (5.9)

Since w € Qg4(W), the right-hand side of (5.9) is 0.
Since the weight of the operator pw (u) is I, [,c,,1(€27(W))p for r € R are invariant

under py (u) and thus are A(V)-submodules of Q9(W). The compatibility with the action
of g clear. B

33



Theorem 5.6 The functor Qy from the category of C..-graded weak g-twisted V -modules to
the category of g-graded A,(V')-modules or A,(V)-modules given by W — Q (W) has the
following properties:

1. The functor €1, has a right inverse, that is, there exist functors S, and Sg from the
categories of g-graded A,(V')-modules and flg(V)—modules, respectively, to the category
of C,-graded weak g-twisted V -modules such that QyoS, =1 and Qg0 gg =1, where 1
and 1 are the identity functors on the categories of Ay(V)-modules and A,(V)-modules,
respectively.

2. We can find such Sy, and S’g such that for any C,-graded weak g-twisted V-module
W, there exists a natural surjective homomorphism of C-graded weak g-twisted V -
modules from S,(Q,(W)) or S,(Q,(W)) to the C-graded weak g-twisted V -submodule
of W generated by Qu(W).

3. The restriction of 1, to the category of lower bounded g-twisted V -modules (or (grading-
restricted) g-twisted V-mdoules) is a functor from this subcategory to the category of
lower bounded (or grading-restricted) A,(V')-modules or Ay(V')-modules.

4. The restrictions of S, and gg to the categories of lower bounded (or grading-restricted)
A (V)-modules and flg(V)-modules, respectively, are right inverses of the restriction of
Q, to the categories of lower bounded (or grading-restricted) g-twisted V -modules such
that for any lower bounded (or grading-restricted) g-twisted V-module W, there ezists
a natural surjective homomorphism of such g-twisted V-modules from S,(Q,(W)) or
Sy(Q,(W)) to the lower bounded (or grading-restricted) g-twisted V -submodule of W
generated by Q,(W).

Proof. We prove only the results for A,(V). The proofs of the results for A,(V) can be
derived from the results for flg(V). The proofs of these results are the same as the proofs of
the second and third statements of Proposition 6.4 in [H2] except that instead of expressions
corresponding to the commutator formula, the L(—1)-derivative property and the associator
formula for V-modules, here we use the expressions corresponding to (2.31), (2.18) and
(2.35).

We need to construct a C,-graded weak g-twisted V-module from a g-graded flg(V)—
module. Recall the space L(V,g), the tensor algebra T'(L(V, g)) and the notations we have
used in Section 3.

Let M = [l,cc/z M be a g-graded A,(V)-module and let p: A, (V) — End M be the
map giving the representation of A,(V) on M. Consider T(L(V, g))®M. Again for simplicity
we shall omit the tensor product sign. So T'(L(V, g)) ® M is spanned by elements of the form
uy(my) - - - up(mg)w for u; € VIOt m, € a; +Z, a; € P(V),i=1,...,k, and w € M[[sfrz},
be[0,1)+1,neC. Forue VIets m € a+Z where a € P(V), u(m) acts from the left on
T(L(V,g))® M. In the case that u; are homogeneous with respect to the grading by weights,

we define the C, -degree of ui(my) - - - ug(my)w to be (Wt ug —my — 1)+ -+ (wt up —my — 1)
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and its C/Z degree by a; + - - - + ay + b+ Z. For any u € VI Jet
Yo (u,2) : T(L(V,9)) © M — T(L(V, g))[[x,27]]

be defined by
Yi(u,z) = Z u(m)x~™ L.
mea+7Z

For a homogeneous element u € V12 o € P(V) N1, let 0;(u) = u(wt u + a — 1). Using
linearity, we extend o;(u) to inhomogeneous u € [[,c pyyr Vie+2],

Let Z be the graded T'(L(V, g))-submodule of T'(L(V,g)) ® M generated by elements
of the forms u(m)w (v € VI*™ a0 € P(V), m € a+Z, wtu—m—1 <0, w € M),
oU(Lu)w — p(u+ O(V)w (v € [,cppar VIetZl 4y € M) and the coefficients in z; and
9 of

Yg(“? ml)YE)t(vv xZ)w - YOt(U> ‘732)}/3(“7 ml)w

To+ X o + 29\ " T N
—Resg, 270 < 2 0) ( 2 0> Yy (Y ((1 - —0> u,x()) v,x2> w (5.10)
o T T2

(u € VI+Zly € V, a € P(V) and w € T(L(V,g)) ® M). Note that as in the proof
of Proposition 6.4 in [H2|, the coefficients of the formal expression above are indeed in
T(L(V,g))®M. Let Sy (M) = (T(L(V,g))®M)/Z. Then S;(M) is also a graded T'(L(V, g))-
module. In fact, by the definition of Z, we see that S;(M) is spanned by elements of the
form uy(my) - - - up(mp)w + T for k € N, homogeneous u; € VI“+2 m; € a; + Z, a; € P(V),
i=1,....k and w € M2 b c[0,1) +1, satisfying R(wt u; —mq —1) > -+ > R(wt uy, —
my —1) > 0. In particular, S;(M) is doubly graded by C, and C/Z. Thus for homogeneous
u eV and w e S;(M), u(m)w = 0 when the real part of m is sufficiently large. Moreover,
Sy(M) = Si (M) @ S,(M)o, where S} (M), is the subspace of S;(M) spanned by elements
of the form above for k € Z, and S;(M )o is spanned by the elements of the form w + Z for
w e M.

We show that S (M)q is linearly isomorphic to M. We need only show that if S p(ul+
OWV)) -+ p(ul + O(V))w # 0 in M, then S5 p(ui +O(V)) -+ p(ul + O(V))w + T # 0 in
Sy (M), or equivalently, S o U()ud) - - o U(1)ul)w & Z. Assume that this is not true,
that is, ¢, o/U(1)ul) - - - 0 (U(1)u)w € Z. Since S°F_ | p(ui +O(V)) - - p(u,+O(V))w # 0
in M, SF  o/U(1)ul)--- o (U(1)ul)w cannot be in the graded T(L(V,g))-submodule of
T(L(V,g)) ® M generated by elements of the forms o,(U(1)u)w — p(u + O(V))w (u €
Hacpymr VI, w € M), Clearly, S o U(D)ud) -+ - o(U(1)ul)w is not in the graded
T(L(V, g))-submodule of T(L(V,g)) ® M generated by elements of the forms u(m)w (u €
VIerZ g e P(V),m € a+Z, wtu—m—1 < 0,w € M). Thus 2%, o,U(1)ul) - - - 0,(U(1)u )w
is in fact in the the graded T(L(V, g))-submodule Z of T(L(V, g)) ® M generated by the coef-
ficients in z; and xy of (5.10) (u € VI8 v € V, a € P(V) and w € T(L(V, g)) ® M). Then
by the definition of Z, S o U(D)uy) - - - 0,(U(1)uy) must be in the subalgebra of T(L(V, g))
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spanned by products of at least one element of the form
o U(D)v1) o (U1 )vs) — 0, (U(D)vg) oy (U1 )vy) — 2/ —1Resg, 00 (U1)Y (2™ 12014y 3:0)05)

for v; € VItZl q; € P(V)NI for j = 1,2, and elements of the form o (U(1)v) for v € VIa+Z]
a € P(V)N1L So the element %  p(ui + O(V))--- p(ui, + O(V))w of M corresponding
to Zle oi(U)ul) -+ o (U(1)ut )w must be a sum of elements obtained by applying at least
one operator of the form

p(v1 +O(V))p(va + O(V)) = p(vy + O(V)) p(v1 + O(V))
—2m/—1Res,, p(Y (21N 20)oy + O(V))
= p(vy @, vy — Vg @, V] — 27r\/—1Resx0Y(62”‘/j1x(“1+N)vl, To)vg + O(V))

and operators of the form p(v) for v € VIet4 q € P(V) N1 to w. By (4.2),
V1 8, Vg — Vg @, V) — 27r\/—1Resx0Y(62”mx(“1+Mv1, xo)vg + O(V) = 0.

Thus Zle p(ui + O(V)) - p(ui + O(V))w = 0. We have a contradiction. So Sy (M) is
linearly isomorphic to M. We shall identify S, (M)o with M. Then S;(M) = Si (M), ® M.

Let J be the Cy x C/Z-graded T(L(V, g))-submodule of S}(M) generated by the coef-
ficients in z of

Yy (L(—1)u, z)w — diYOt(u, z)w + 7Y (N, z)w
T

and the coeflicients in g and x5 of

N
(20 + ) Y (u, 2o + 22) Y (v, m0)w — (29 + 20)'Y{ (Y ((1 + @> u,x()) v, x2> w

X2

(which are indeed in S;(M)) for u € VItZ v e V, w € Sy(M) and [ € a + 7Z satisfying
u(n)w =0 for n € a + Z such that n —a > [ — a.

Let Sy(M) = SY(M)/J. Then Sy(M) is also a C, x C/Z-graded T(L(V,g))-module.
We can still use elements of T(L(V,g)) ® M to represent elements of Sy(M). But note
that these elements now satisfy relations. We equip Sy(M) with the vertex operator map
YY) 0 V@ Sy(M) = Sy(M)[[z,x ] given by u @ w — Y{(u,z2)w = Y{(u,z)w. As in
Sy (M), for u € VIt m € a4+ Z and w € S,(M), we also have u(m)w = 0 when the
real part of wt u —m — 1 is sufficiently negative. Clearly Y{(1,2) = 1g,(a) (where 1g, )
is the identity operator on Sy(M)). By definition, we know that the commutator formula,
the weak associativity and the L(—1)-derivative property for Y7 all hold. The C,-grading
condition is also clear. Thus S,(M) is a C,-graded weak g-twisted V-module.

We still need to show that €,(S,(M)) = M. To prove this fact, we need only prove that
the relations given by J already hold in M. Let 7, be the projection from S;(M ) to M.
we need only prove that

d
Yy (L(=1)u, z)w — WM%YJ(U, z)w + Ty Y (Nu, 2)w = 0 (5.11)
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and

N
(xo + :vg)lWMYOt(u, To + xg)YOt(v, To)w = (9 + a:o)lWMYOt (Y <(1 + @> u, x0> v, xg) w
o)

(5.12)
hold in S}(M) for homogeneous u € V™ v € V, w € SYM). Recall l(u) € a+Z in
Section 4 defined by wt v —n — 1 < 0 (thus u(n)w = 0 for w € M) for n € a + 7Z satisfying
n —a>l(u) — a. We first prove these formulas for w € M C S;(M) and | = I(u).

Since u is homogeneous with respect to the C-grading (weight grading), the terms whose
weights are in I in the series Y{(L(—1)u,z) , LY{(u,z) and 27 'Y{(Nu,z) are 0 when
a g P(V)NTand are (L(—1)u)(wt u+a)z™™" “*7 1 (—wt u — a)u(wt u+a — 1)z~ "t vl
and (Nu)(wt u +a — 1)a~"* “7*~1 respectively, when a € P(V) NI Then in S}(M), for
ac P(V)NI,

d
Yo (L(=1)us w)w — mg Yo (u, 2w + T YN, )w

(L(=Du)(wt u+a) + (Wt u+ a)u(wt u+a —1) + (Nu)(wt u+a — 1))wz " “7o!
or((L(=1) + L(0) + a + N)u)wz " “7o7!
0 ((L(—1) + L(0) + a + MU(L)(U(1)) u)wa ™ o1, (5.13)

By (1.15) in [H2] ((L(—1)+L(0))U(1) =U(1) ZLW(\;%) and the fact that the Virasoro operators
commutes with N, we have

(L(=1) + L(0) + a + MU(1) = U(1) (2[7’?(\/2 +a +N)

Thus the right-hand side of (5.15) is equal to

o <U(1)(L( S +N)( (1)) 1u) wa™ vmed

2my/—1
_ L( ]') lu 2 wx—wt u—a—1
—p((%ﬁ/_—i- +N)( (1))~ +Og(V)> . (5.14)
Since (L(\/ﬂ +a+N) v € Oy(V) for v € V (by Theorem 4.1) and p(u + O,(V)) = 0 for

u € Oy(V), the right-hand side of (5.14) and thus the right-hand side of (5.15) are 0 in
S, (M), proving (5.11) in the case w € M.

For the same v and v but for w € S;(V)Jr, by straightforward calculations using the
commutator formula for Y{, the properties of the formal d-function and Res and the L(—1)-
derivative property for Y, it is easy to show that

d
Y{(L(—1)u, z)w — %Yot(u, z)w + 2 YE(Nu, z)
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commutes with Y{ (v, %) for v € V and thus also commutes with v(n) for v € VI+Z b € P(V)
and n € b+ Z. Here we omit the calculations. Now let w = vy (my) - - - vg (my)wo € Sy (M)
for v; € Vet m, € a; + Z, wy € M such that wt v; —m; — 1 > 0. Then

o (YJ(L(—l)u,x)w — %Yg’(u, r)w + 7Y (N, x)) w

=Ty (Yot(L(—l)u, T)w — %Yot(u, z)w + 7Y (N, x)) vy (my) - - - vg(mg)wo

= mpvr(my) - - v (my) (Yot(L(—l)u, T)w — %Yot(u, r)w + 7Y (N, x)) wo.

(5.15)

Since the weight of vy(my)---vg(my) is bigger than 0 and wy € M, the right-hand side of
(5.15) must be 0, proving (5.11) in this case.

We now prove (5.12) in the case w € M. To prove (5.12) in this case, we need only prove
that coefficients in xg of the two sides of (5.12) are equal, that is, for n € Z,

Resg, 20 (x0 + 22)! W my Vi (u, 2o + 22) Y (v, 22)w

N
= Resy, 2l (2 + x0) Wy Yy (Y ((1 + @) u,x()) "U,ZEQ) w. (5.16)

o)
For n € Z, by changing the variable from x4 to 1, we obtain

Resg, 20 (z0 + 22)! W ma Y (u, 2o + 22) Y (v, 22)w

= Resy, (21 — 22)" 2"y Ve (u, 21) Y (0, 20)w. (5.17)

For n € N, using the commutator formula for Y{ for S; (M), we see that the right-hand side
of (5.17) is equal to

Res,, (z1 — xg)”xll(u)ﬂMYg(v, 29)Yd (u, 71 )w

+Res,, Res,, (1 — Iz)”xll(“)xflé (wz + xo) (x2 + $o)

L1 21
T N
T Y (Y ((1 + ﬂU_Z) u,x()) v,x2> w. (5.18)

Res,, 23" Y (u, 21)w = 0

for 0 < i < n. Thus the first term in the right-hand side of (5.18) is 0. The second term in
the right-hand side of (5.18) is equal to

N
Res,, 20 (19 4 20) W Y <Y ((1 + @> u, :1:0> v,x2> w. (5.19)

Since u(l(u))w = 0,

T2

38



From (5.18) and (5.19), we obtain (5.16) in the case n € N.

Forn € —Z;—1, Res,, (xl—xg)"mll(u)Y(f(u, x1) contains terms proportional to u(l(u)+n—1i)
for i € N. Recall from Section 4 that {(u) = wt u+a when a € I and I(u) = a+wt u — 1
when a € P(V) N ((0,1) + I). Together with n € —Z, — 1 and ¢ € N, we have myu(l(u) +
n —i)v(k)w = 0 for k € C. Thus the right-hand side of (5.17) is 0. We now show that the
right-hand side of (5.16) is also 0. First note that for homogeneous u € V142 and w € M,
T Y (2P Ou, 2)w = u(wt u+a — 1wz~ = o;(u)wz™® if a € P(V) NI and is 0 if otherwise.
Now come back to u,v,w as above. Recall the operator L introduced in Section 3. By
changing the variable xq to y = i—g, we obtain

N
Resy, x4 (g + :Bo)l(“)ﬁMYg (Y ((1 + @> u,:ro) v,x2> w
T

= Res,@2(22y)" (22 + 229)' W ma Yy (Y (1 + y)Nu, 3oy) v, 20) w

_ xl2(u)+n+1+wt utwt U7TM§/0t (xg(O)Resyy"Y ((1 + y)L+NU, y) v, Ig) w

— :pé(“HnJrHWt Y0, (Res, yY (1+ y)F N, y) v)w

= gy (1) T Res, Y (14 1) 5N, y) v+ Op(V))w.  (5.20)
By (4.7) and (4.1),

U(1)'Res,y"Y ((1 + y)L+Nu, y) v
1
= Res, y"Y ((1 + ) B EOFN (1)L, /T log(1 + y)) U)o

€ O,(V). (5.21)

Thus the right-hand side of (5.20) is 0.

We still need to prove (5.16) in the case n = —1. We first prove this formula when
ae P(V)N((0,1)+1). Since l(u) = wt u+a—1 and mpu(l(u) — 1 —i)v(k)w = mpu(wt u+
a—2—1i)v(k)w=0forieNandkeC,

Resz, 2y (20 4 22) W Y (u, w0 + 22) Y (v, 20)w

= Res,, (z1 — xg)’lxll(u)ﬂMth(u, 21)Yg (v, 22w

— 0. (5.22)

On the other hand, the same calculation as in (5.20) and (5.21) gives

N
Res,, 2y ' (12 + xo)l(“)wMYOt (Y ((1 + @) u,:z:0> v,x2> w
X2

= xé(“)JrWt utwt vp(L{(l)_lResyy_lY ((1 + y)L+Nu, y) v+ OQ(V))w
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_ xlg(u)ert u+wt vp (Resyy_zY <yL(0)—L+A<1 + y)L—L(O)—H\/' .

U1 %—\1/__1 log(1 + y))U(l)lv + Og(V)> w
=0 (5.23)

because a € P(V)N((0,1)41), proving (5.16) in this case (n = —1 and a € P(V)N((0,1)41)).

In the case a € P(V) N1, since l(u) = wt u + a, we have myu(l(u) — 1 — )v(k)w =
Tyu(wt u+a—1—1d)v(k)w =0 fori € Z; and k € C, myu(l(u) — 1)v(k)w = 0 for either
ve VPl be PVYN(0,1)+0),keCorveVl be PV)NL k# wtv+b—1 and
mu(l(u) — Do(wt v +b— 1w = u(wt u+a—1v(wt v+b—1)w forve VI be P(V)NIL
Using these formulas, we see that in the case v € VIl and b € P(V) N ((0,1) + 1), the
right-hand side of (5.17) is equal to 0. But in this case,

N
Yy (Y ((1 + @) u,x0> v,x2> w = 0.
)

Thus (5.16) holds in this case (n = —1,a € P(V)NITand b € P(V) N ((0,1) +1I)). In the
case v € VI and b € P(V) N1, the right-hand side of (5.17) is equal to

2" Yu(wt w4+ a — v(wt v +b— 1w
= 25" Yoy (u)or(v)w
= 23" "pUD) " u+ Oy (V))p(pU (1) 0
= 23" "p((U(1) M u ey U(1) ™M) + Oy (V))w
= l’z_m pUL)H(wxg v) + Oy(V))w

= 25" Yop(u *, v)w

+O0,(V))w

= 25" U Vi (a5 O (w g 0), )

= 23" “Res,y mar Y (x5 OV (1 + ) 2O N, y)o, z0)w

2\ FO+N
= Res,,xg oy ™ Vmp Yy (xg(O)Y ((1 + —0) u, —0> v,xg) w
i) i)
T N
= Resy, 2 (19 + 20) ' mar Y (Y ((1 + —0) u, xo) v, x2> w,
X2

proving (5.16) in the case n = —1, a,b € P(V)NL

We now prove (5.12) for the same u and v but for w € S;(V);. By straightforward
calculations generalizing the last part of the calculations in the proof of Proposition 6.1 in
[DLM1], for u € VI*+Z q € P(V), v € V, v, € VIu+Z q, € P(V), m; € a; + Z such that
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R(wt v —my —1) >0, w € S;(V), | € a+Z such that u(n)v(mi)w = 0 for n € a + Z and
n—a > 10— a, we have

((ZUO + 29) Yy (u, o + 2) Yy (v, 22)

— (@2 + 70)' V! (Y ((1 + i—Z)NU,x()) U,x2)>vl(m1)w

= vy (my) ((xo + 20) 'Y (u, 20 4 22) Y{ (v, 22)

— (29 + 20)' Y <Y ((1 + %)Nu x()) v,x2>>w (5.24)

Here we omit the detailed calculations. Now let w = vy (my) - - - v (mg)wy where v; € V02,
m; € a; + Z satisfying ®(wt v; — m; — 1) > 0 and wy € M. Then by (5.24), for | € a + Z
such that u(n)vy(my) - vg(mg)wy =0 for n € a+Z and n —a > | — a, we have

™M (@0 + 22)"'Y{ (u, m9 + 32) Yy (v, 72)

— (22 + 20)'Y! (y ((1 + i—i)Nu,%) v,x2>)v1(m1) v (ma)wo

= Tprvr(my) - - v (my) ((xo + 22) Y (u, o + 22) Y (v, 22)

N
_(1‘2 + $0)lYg (Y ((1 + %) U,ﬁo) v, I’Q))UJ()
2

where the last step uses the fact that R(wt v; —m; — 1) > 0 for i = 1,..., k together with
the projection 7y, force us to take only components of

=0,

N
(20 + 22) Y (u, 2o + 22) Y (v, 9) — (w9 + 1) VY (Y ((1 + @> u, xo) v, x2>

X2

of negative weights. This proves (5.12) in the case that w € Sy (V).
Let W be a C,-graded weak g-twisted V-module. We define a linear map from S, (Q,(W))
to W by mapping u; (my) - - - up,(my)w of Sy(M) to uy(my) - - - up(my)w of W for u; € VI0ai+zl,
m; € a;,+Z (i =1,...,k)andw € Q4(W). Note that the only relations among u; (my) - - - ug(mg)w
foru; e V,m; € Z (i =1,...,k) and w € Q4(W) are given by the action of V' on Qg (W),
the commutator formula, the weak associativity and the L(—1)-derivative property for Yy .
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These relations also hold in W. Thus this map is well-defined. Clearly, this is a surjec-
tive homomorphism of C,-graded weak g-twisted V-modules from S,(€,(W)) to C,-graded
weak g-twisted V-submodule of W generated by €, (V).

The other statements follow immediately. [

6 Isomorphisms between Z,(V), flg(V) and A,(V)

In this section, using the results obtained in the preceding sections, we prove that the algebras
Zy(V), Ay(V) and A,(V) are isomorphic to each other.

Theorem 6.1 The associative algebras Z,(V') and A,(V') are isomorphic.

Proof. We view A, (V) as an A,(V)-module. By Theorem 5.6, S,(A4,(V)) is a C,-graded
g-twisted V-module such that ©,(5,(A,(V))) = A,(V). Then by Proposition 5.2, A,(V) is
a Z4(V)-module and, by definition, the action of Z,(V') on A,(V') is given by the homomor-
phism from Z,(V') to the endomorphism algebra of A,(V") determined by [04(v)] = v+O,4 (V)
for v € V, where v+ O,4(V) is viewed as an element of the endomorphism algebra of A,(V).
Here we have also used Proposition 3.7. Since the image of this homomorphsim is in fact in
A,(V), it is a homomorphism f : Z,(V)) — A, (V) of associative algebras.

Conversely, we view Z,(V) as a Z,(V)-module. By Theorem 5.3, H,(Z,(V)) is a C,-
graded g-twisted V-module such that Qg (H,(Z,(V))) = Z,(V). Then by Theorem 5.5,
Z4(V) is an Ay(V)-module and, by definition, the action of A,(V') on Z,(V) is given by the
homomorphism from A, (V') to the endomorphism algebra of Z,(V') defined by v+ O, (V) —
log(v)] for v € V, where [0,(v)] is viewed as an element of the endomorphism algebra of
Z4(V). Since the image of this homomorphsim is in fact in Z,(V), it is a homomorphism
g:A,(V)— Z,(V) of associative algebras.

Clearly f and g are inverse to each other. Thus they are isomorphisms of associative
algebras. |

Corollary 6.2 The associative algebras Z,(V') and A,(V') are isomorphic. |
From Theorem 6.1, we also obtain an improvement of Proposition 3.7:

Corollary 6.3 The elements of Z,(V') are of the form [o,(v)] for v e V.

Proof. Since an element of A,(V) is of the form v + Oy4(V) for v € V and under the

isomorphism from A, (V') to Z,(V'), such an element is mapped to [o4(v)] for v € V, the
conclusion follows. n
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Remark 6.4 Because of Theorem 6.1, if we have results for the algebra Z,(V') (or A4,(V)),
we can immediately conclude that the same results hold for A (V') (or Z,(V)). In particular,
we can derive the results in Section 5 on A, (V) (or Z,(V)) from the corresponding results
on Zy(V) (or Ay(V)). But since our proof of Theorem 6.1 has used the results in Section 5
for both Z,(V') and A,4(V'), the proofs of the results in Section 5 are all needed.

Remark 6.5 In many cases, using Corollary 6.3, it is easier to calculate Z,(V') than to
calculate A (V) or A,(V). The algebra A,(V) is more natural for the study of modular
invariance. The algebra A,(V) is in some sense a bridge between Z,(V) and A,(V). We
expect that Z, (V') will play an important role in the future construction and study of twisted
modules and twisted intertwining operators.
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