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Abstract

For a grading-restricted vertex superalgebra V and an automorphism g of V', we
give a linearly independent set of generators of the universal lower-bounded generalized
g-twisted V-module M g’} constructed by the author in [H7]. We prove that there
exist irreducible lower-bounded generalized g-twisted V-modules by showing that there
exists a maximal proper submodule of M ][_g?] for a one-dimensional space M. We then
give several spanning sets of M ][éq} and discuss the relations among elements of the
spanning sets. Assuming that V' is a Mobius vertex superalgebra (to make sure that
lowest weights make sense) and that P(V) (the set of all numbers of the form R(«) €
[0,1) for a € C such that e?™* is an eigenvalue of g) has no accumulation point in
R (to make sure that irreducible lower-bounded generalized g-twisted V-modules have
lowest weights). Under suitable additional conditions, which hold when the twisted
zero-mode algebra or the twisted Zhu’s algebra is finite dimensional, we prove that
there exists an irreducible grading-restricted generalized g-twisted V-module, which is
in fact an irreducible ordinary g-twisted V-module when g is of finite order. We also
prove that every lower-bounded generalized module with an action of ¢ for the fixed-
point subalgebra V9 of V under g can be extended to a lower-bounded generalized
g-twisted V-module.

1 Introduction

In the representation theory of vertex operator algebras and orbifold conformal field theory,
the existence of twisted modules associated to an automorphism of a vertex operator algebra
has been an explicitly stated conjecture since mid 1990’s. While there exists at least one
module for a vertex operator algebra (the vertex operator algebra itself), it is not obvious
at all why there must be a twisted module for a general vertex operator algebra.

Assuming that the vertex operator algebra is simple and Cs-cofinite and the automor-
phism is of finite order, Dong, Li and Mason proved the existence of an irreducible twisted
module [DLM2]. But no progress has been made in the general case for more than twenty
years. Recently, mathematicians and physicists have discovered that some classes of vertex



operator algebras that are not Cy-cofinite have a very rich and exciting representation theory.
For example, vertex operator algebras associated to affine Lie algebras at admissible levels
are not Cy-cofinite. But the category of ordinary modules for such a vertex operator algebra
still has finitely many irreducible modules and every such module is completely reducible
(see [AM1] for the conjecture and a proof in the case of sl and [A] for a proof in the general
case). Moreover, this category has a ribbon category structure and in many cases even has
a modular tensor category structure (see [CHY] for a proof in the case of sl, and the con-
jectures in the general case and see [C] for a proof of the rigidity in the simply-laced case).
The simple W-algebas at nondegenerate admissible level can also be realized as cosets by
such a vertex operator algebra (see [ACL]) and this realization plays an important role in
the proof of the rigidity in the simply-laced case in [C]. The characters of modules for such
a vertex operator algebra also have a certain modular invariance property (see [AK]). Tt is
thus important to study vertex operator algebras that are not Cs-cofinite.

Twisted modules are important for the study of orbifold conformal field theories. See
for example [H3] for two orbifold theory conjectures on the associativity, commutativity and
modular invariance of twisted intertwining operators among twisted modules introduced in
[H1] and on the G-crossed tensor category structure (see [T]) on the category of twisted mod-
ules. On the other hand, the triplet vertex operator algebras W (p, q) are kernels of so-called
screening operators (see [FGST], [AM2] and [H1]). These kernels can be reinterpreted as the
fixed-point subalgebras of some vertex operator (super)algebras under the automorphisms
obtained by exponentiating the screening operators. Note that the automorphism given by
the exponential of the screening operator for a triplet vertex operator algebra is of infinite
order and not semisimple. If every module for the fixed point subalgebra is a submodule of a
twisted module for the larger verex operator (super)algebra, we can study the representation
theory of these vertex operator algebras using the twisted representation theory of the larger
vertex operator (super)algebras. This connection is another sign that the study of twisted
modules associated to nonsemisimple automorphisms of infinite orders for vertex operator
(super)algebras that are not Cs-cofinite might lead us to truly deep mathematics.

The method used in [DLM2] cannot be adapted to prove the existence of twisted modules
in the general case since some results on genus-one 1-point correlation functions are used
there. Note that Cy-cofinitess is needed in the construction of these genus-one 1-point cor-
relation functions. Without the Cs-cofiniteness, we will not be able to use such correlation
functions. This might be one of the main reasons why there has not been much progress on
the existence conjecture in the general case for so many years.

In the present paper, we prove several conjectures on the existence of various types of
g-twisted V-modules for a grading-restricted vertex superalgebra or a Mdbius vertex algebra
V and an automorphism g of V. The automorphism g does not have to be of finite order.
Our approach is based on the universal lower-bounded generalized g-twisted V-modules con-
structed by the author in Section 5 of [H7]. In fact, although these modules are constructed
explicitly, the author did not establish in [H7] that they are not 0. In this paper, we give
explicitly a linearly independent set of generators for such a module. In particular, these
modules are indeed not 0 and thus the conjecture that there exist nonzero lower-bounded



generalized g-twisted V-modules is valid. One immediate consequence of this result is a proof
of another conjecture stating that the twisted Zhu’s algebra (introduced in [DLM1] when g is
of finite order and in [HY] when g is general), or equivalently, the twisted zero-mode algebra
(introduced in [HY]) is not 0. The conjecture that there are irreducible lower-bounded gen-
eralized g-twisted V-modules follows easily since a standard augument shows that there exist
maximal proper submodules of these nonzero universal lower-bounded generalized g-twisted
V-modules.

Though we obtain a set of generators of the universal lower-bounded generalized g-twisted
V-module M g’] constructed in [H7], the study of spanning sets for M [Bf’] are much more
difficult. We initiate this study in this paper. We first prove that the weak commutativity
for twisted fields in the assumption of Theorem 4.3 in [H7] is in fact a consequence of the
other assumptions. Then we give several spanning sets of M }99] and discuss their relations.

To discuss the existence of irreducible grading-restricted generalized or ordinary g-twisted
V-modules, we need to assume that the grading-restricted vertex (super)algebra V be a
Mébius vertex (super)algebra or quasi-vertex (super)algebra (see [FHL|, [HLZ]| and [H6]).
Note that for a Mobius vertex (super)algebra V| a lower-bounded generalized g-twisted
V-module must have a compatible sly-module structure. Using one of the spanning set
mentioned above, we are able to construct nonzero universal lower-bounded generalized g-
twisted V-modules for a Mobius vertex algebra V' by constructing a compatible sly-module
structure on M][Bg]. Let P(V) be the set of all numbers a € [0,1) + iR for @ € C such that
e?™ is an eigenvalue of g. We assume in addition that P(V') has no accumulation point in
R to make sure that irreducible lower-bounded generalized g-twisted V-modules have lowest
weights. Then under the conditions that the set of the real parts of the lowest weights of
the irreducible lower-bounded generalized g-twisted V-modules has a maximum and that
the lowest weight subspace of an irreducible lower-bounded generalized g-twisted V-module
with this maximum as its weight is finite dimensional, we prove the conjecture that there
exists an irreducible grading-restricted generalized g-twisted VV-module. In particular, when
the twisted zero-mode algebra or the twisted Zhu’s algebra is finite dimensional, we prove as
a consequence the conjecture that there exists an irreducible grading-restricted generalized
g-twisted V-module. In the case that the automorphism is of finite order, the irreducible
grading-restricted generalized g-twisted V-module is in fact an ordinary g-twisted V-module.
Note that our existence result removes the conditions that A, is not 0 in Theorem 9.1 in
[DLM1], the simplicity of V' and Csy-cofiniteness in Theorem 9.1 in [DLM2] and weakens the
conditions that V has a conformal vector and g is of finite order in these results in [DLM1]
and [DLM2].

Under some strong conditions on V' and the fixed point subalgebra V¢ under a finite
group G of automorphisms of V, including in particular, the conditions that both V and V¢
are (-cofinite and reductive in the sense that every N-gradable modules is a direct sum of
irreducible module, Dong, Ren and Xu proved in [DRX] that every irreducible V¢-module
can be extended to an irreducible g-twisted V-module for some g € GG. Using the universal
lower-bounded generalized twisted modules constructed in Section 5 of [H7], we also prove
another existence result that every lower-bounded generalized module with an action of g for



the fixed-point subalgebra V9 of V' under g can be extended to a lower-bounded generalized
g-twisted V-module. This result allows us to construct and study lower-bounded generalized
V9-modules using lower-bounded generalized g-twisted V-modules. Note that we do not
assume any conditions on V or V9 and the condition in our result is in fact necessary.

In this paper, we fix a grading-restricted vertex superalgebra V' and an automorphism
g of V. In Section 6, V' is a fixed Mobius vertex superalgebra. For the precise meaning
of these notions of vertex algebra and various notions of modules used in this paper, see
[H6]. We shall call a grading-restricted generalized g-twisted V-module on which L(0) acts
semisimply an ordinary g-twisted V-module. Note that as in [H2], [H6] and [H7], grading-
restricted vertex algebras and Mobius vertex algebras are special cases of grading-restricted
vertex superalgebras and Mobius vertex superalgebras, respectively. We always work in
the general setting of vertex superalgebras instead of just vertex algebras because there
is a canonical involution of a vertex superalgebra and twisted modules associated to this
involution are particularly important. But we would like to emphasize that the results in
this series of papers are new even for vertex algebras, not merely generalizations to the super
case of some results on vertex algebras.

The present paper is organized as follows: In the next section, we give a review of
the construction in [H7]. In Section 3, we give a linearly independent set of generators of
the lower-bounded generalized g-twisted V-module M. ][5] constructed in Section 5 of [H7]. In
Section 4, we obtain the consequence that the twisted Zhu’s algebra or the twisted zero-mode
algebra is not 0. The main result of this section is the existence of irreducible lower-bounded
generalized g-twisted V-modules. In Section 5, we prove that the weak commutativity for
twisted fields in the assumption of Theorem 4.3 in [H7] is in fact a consequence of the other
assumptions. In Section 6, we give several spanning sets of lower-bounded generalized g-
twisted V-modules and discuss relations among elements of these spanning sets. We prove
in Section 7 the existence of an irreducible grading-restricted generalized g-twisted V-module
(an irreducible ordinary twisted module if the automorphism is of finite order) when V' is a
Mobius vertex algebra and satisfies some conditions. In Section 8, we prove that a lower-
bounded generalized V9-module with an action of g can be extended to a lower-bounded
generalized g-twisted V-module.

2 Review of the construction of lower-bounded gener-
alized g-twisted V-modules

Since the results in this paper depend heavily on the construction of lower-bounded gen-
eralized g-twisted V-modules given in [H7|, we give a review of this construction in this
section.

We fix a grading-restricted vertex superalgebra V' and an automorphism g of V' in this
paper. Then V' =[] . Py Vil where V19 is the generalized eigenspace for ¢ with eigenvalue
e?™@ and Py is the set {a € C | R(a) € [0,1), e*™ is an eigenvalue of g}. Then g = ™9 =
e2mi(SotNg)  wwhere L, is an operator on V and S, and N, are the semisimple and nilpotent



parts, respectively, of £,. We assume that V' is generated by ¢'(z) = Yy (¢",1,z) for i € I,
where ¢'(z) or ¢ ;1 for i € I are homogeneous with respect to weights and Z,-fermion
numbers and where ¢ | is the constant term of ¢*(z) and ¢ ;1 = lim, 0 ¢'(x)1 (see [H2]
for more details.) For ¢ € I, ¢* 1 is a generalized eigenvector of g with eigenvalue e?™:.
We also assume that for ¢ € I, either M;¢" ;1 = 0 or there exists NVy(i) € I such that
Ny 1 = g5 1.

To formulate the construction theorem in [H7], we need some data and properties satisfied
by these data.

Data 2.1 (a) Let

(d)

w= I w= II wr

n€C,s€Zsa,[a]eC/Z n€C,s€Zs,a€ Py

be a C x Zy x C/Z-graded vector space such that Wi, = [l,cz, acpy W[:][a] =0

when the real part of n is sufficiently negative, where Py is the subset of the set
{a € C| R(cv) € ]0,1)} such that W[‘:Z][a] # 0 for a € Py .

Let

Gy« W — 27" W((x))[log ]
w i Pl (z)w = Z Z (P ) nxwz ™" (log )"

keEN nea’i+7Z

for i« € I be a set of linear maps called the generating twisted field maps. Since
i (z)w € x=*W((x))[log z], we must have (¢i;),,w = 0 when n — o' is sufficiently
negative and k is sufficiently large. These linear maps correspond to multivalued
analytic maps with the preferred branch ¢§}9 and labeled branches ¢§j{,’ for p € Z from
C* to Hom(W, W),

Let

Yy V. — Z W ((z))[log x]

v Yy (z)v = Z Z (V&) xvr " (log )"

keN ae Py, nea+Z

for a € A be a set of linear maps called the generator twist field maps such that
¢4 (x)v € 27 W (())[log 2] for a € Py and v € VI, Since ¢, (z)v € 27*W ((z))[log z]
for v € VI we must have (& ),sv = 0 when n — « is sufficiently negative and k is
sufficiently large. These linear maps corresponds to multivalued analytic maps with
preferred branch 1)%° and labeled branches ¢%? for p € Z from C* to Hom(V, W).

Let Ly (0) and Ly (—1) be operators on W.



(e) An action of g on W, denoted still by g, and an operator, still denoted by £, and its

semisimple and nilpotent parts, still denoted by S, and N, respectively, on W such
that g = e2™Ls = ¢2mi(Se+tNo) on W,

These data are assumed to satisfy the following properties:

Assumption 2.2 The space W, the generating twisted field maps @iy, fori € I, the gener-
ator twist field maps ¢y, for a € A, the operators Lw (0), Lw(—1), g, L4, Sy and Ny on W
i Data 2.1 have the following properties:

1.

There exist semisimple and nilpotent operators Ly (0)s and Lw (0)ny on W such that
Ly (0) = Lw(0)s + Lw (0)n. Fori € I, [Lw(0), ¢y (z)] = 2oy (z) + (Wt ¢")oiy ().
For a € A, there exists (wtf,) € C and, when Ly (0)ny§, (z) # 0, there exists

L (0)n(a) € A such that Ly (0)¢fy, (2) — 9 (2) Ly (0) = & Zobfy (2) + (wt gy )iy, (2) +
Lw O 2y “where b OV (1) = 0 when Ly (0) 5% (z) = 0.

Fori €I, [Lw(-1),diy(2)] = fdiy(z) and fora € A, Lw (=1)vfy (x) =iy (2) Ly (~1) =
d$¢W( )

For a € A, ¥, (x)1 € W][[z]] and its constant terms lim,_,o 1, ()1 is homogeneous
with respect to weights, Zso-fermion number and g-weights.

The vector space W is spanned by elements of the form (¢i%)n, 1y - (6% )y iy (V8 Va0
foriy,...,ir€l,a€ Aandn, €a* +Z,...,n, €a* +Z, neC,l,...,Is,l €N,
veV.

(i) Fori € I, goi?™ (2)g~" = ¢tP(2). (ii) Fori € I, ¢y (x) = 2 No(¢iy )o(2)2™Ns and
fora € A, Y& (2) = (W& )o(z)x™Ne where (¢iy)o(x) and (V& )o(z) are the constant
terms of ¢i () and Y, (z), respectively, viewed as power series of logx (with coeffi-

cients being series in powers of ). (i) For i € I, e2™Sogi, (z)e 28 = 27" i ()
and [Ny, oy (2)] = Ng( )( ). () For a € A, there exists a* € Py such that (¥ )n0l
forne —N—1 are genemlized eigenvectors of g with eigenvalue e* " .

For,j € I, there exists M;; € Z such that
(21 — 22) M By (21) Sy (22) = (21 — 22) M (=))W g (22) B}y (1)
Forie I and a € A, there exists M,, € Z, such that

(21 — @2) Mo (21 — 20Ny (21) (21 — @2) Nofy (22)

= (=g 4 @) M ()OIl () (— + 210N (1) (— 2 + 20) Mo



We want to define a twisted vertex operator map

Y : VoW — W{z}logz],
u®@w— Y (u, z)w.

Such a map is equivalent to a multivalued analytic map (denoted using the same notation)

Yy, 1 C* — Hom(V @ W, W),
2= Y5 (L 2) ru®@w e Yy (u, 2)w

with labeled branches

(Y2)P : C* — Hom(V @ W, W),
s (VP 2) 5w w s (V)P 2

forp e Z. Forw' e W', we W, iy, ....ip € I, my,...,my € Z, we define (Y3)? by

(W (Y@, 6,1 ) |
= Resg—a- - Resguof" -+ 1 FY(w/, ) (61 + 2) -+ 6l (6 + ),

where FP((w', ¢iL (&4 2) - - - % (€ + 2)w)) is the branch labeled by p € Z of the multivalued
function obtained from the analytic extension of the absolutely convergent sum of the series

(W, dup (€1 +2) -+ O (& + 2)w).
Then the following construction theorem is proved in [H7] (see Theorem 4.3 in [H7]):

Theorem 2.3 The pair (W,Y,) is a lower-bounded generalized g-twisted V-module gener-
ated by (V& )pxv fora € A, n € a+Z, k € N, v € Vel and a € Pyy. Moreover, this is the
unique lower-bounded generalized g-twisted V -module structure on W generated by (5 )n kv
forac A,nca+7Z,keN, ve Ve and a € Py such that Yy (¢° 11, 2) = ¢y (2) fori € 1.

In Section 5 of [H7], a universal lower-bounded generalized g-twisted V-module M, l[gg] is
constructed explicitly by applying this theorem to the data obtained from a suitable vector
space and a real number. We also need this construction in this paper.

Let M be a Zy-graded vector space (graded by Zs-fermion numbers). Assume that g acts
on M and there is an operator Ly;(0) on M. Assume that there exist operators £,, S,, N,
such that on M, g = €9 and S, and N, are the semisimple and nilpotent, respectively,
parts of £,. Assume also that M is a direct sum of generalized eigenspaces for the operator
L (0) and Ly (0) can be decomposed as the sum of its semisimple part Lj,(0)s and nilpotent
part Ly (0)y. Moreover, assume that the real parts of the eigenvalues of Ly;(0) has a lower
bound. Let {w},ca be a basis of M consisting of vectors homogeneous in weights, Zo-
fermion numbers and g-weights (eigenvalues of ¢) such that for a € A, either Ly (0)yw® =0
or there exists Ly (0)n(a) € A such that Ly/(0)yw® = wEaOx@  For simplicity, when
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Ly (0)yw® = 0, we shall use w©~@ to denote 0. Then for a € A, we always have
L (0)yw® = whvOn@)  For g € A, let a® € C such that R(a®) € [0,1) and > is the
eigenvalue of ¢ for the generalized eigenvector w®.
Let
vl = ] cAfe' 1@ t'Clt, ¢! @ CLo® CL,,
i€l,keN

where Ly and L_; are fixed abstract basis elements of a vector space CLy & CL_;. Let
T (f/qgg]) be the tensor algebra of Vf] and let

Gy (2) = D (@00l 1) @)zt €V [0 | log ]

neat+7

fori e I.
For i,j € I, we can always find M;; € Z, such that xg/f“ij(gbi 1,20)¢’ ;1 is a power
series in xy. For each pair ¢, j € I, we choose M, ; to be the smallest of such positive integers.

Let J (f/(gg]) be the ideal of T(V(gg]) generated by the coefficients of the formal series

(@2) = (1)1 (@1 = 22) 501 (@) (),

, : d ‘
Lo#‘/dgg] (z) — (b%/ég](x)l’o N x%qﬁ%y] (@) = (wt ¢") %Eg](x),

(21 — @2)™ ¢i7¢£g] (551)#751 142

L—1¢V¢£g](flf) ~ P ()Ly — az % (z)

for i, j € I, where the tensor product symbol ® is omitted. Let U(V[g) (V[g )/J( .
Let
ME =TT vV & (M @ toClt,t™"]) @ V.

ac Py
For ¢ € I, we have the formal series of operators on MU
Qbij\/j[g] (z) = Z ((x_Ngﬁbi—ll) @)z
nea‘+7
For a € A and v € VI, let
Vg (T)v = Z (w® @tz Nopg ™1,
nea+z

Let B € R such that B < R(wtw) for any generalized eigenvector w € M of Ly(0). Let
JB(M 1) be the U(V[g]) submodule of M generated by elements of the following forms: (i)
(iﬁ%/fg Jnolfora e A andn ¢ —N— 1, (i) (3.1) foriy,...,iy € [,ny € a"+Z,...,n € "+ 7,
0<k <K% .. 0<k<Ki'm=0-l,acAnca+Z, 0<k<K,veVl acp,
such that

Rwto" —my — 14+ +¢"—n—1—m+wtw* —n—1+wtv) < B.
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Consider the quotient U (V g]) module M1 /J B( gl
Forielanda€ A, let M;, € Zy be the smallest of m € Z such that m > wt ¢! — 1 +
R(wtw?) — B — R(a?). Let J(MY/J5(M9)) be the U(v[g) submodule of M /(M)
generated by the coefficients of the formal series
(z1— $2)ai+Mi’“(fU1 - $2)N"¢ o (1) (21 — xz)ngwﬁmg] (z2)v

— (_1>|u||w|(_x2 + .’Ifl)a +Ml’awi~4[g] (.TQ)(—JIQ —+ Jll)Ng(bi(.Tl)(—l’Q + 5131)7'/\/’91},

for i € I, a € A and v € VI* and the coefficients of the formal series
a a d a a L a
Lz (0)¥5710 (2)v = Uiz (2) Ly (0)v — 2 iz (@) — (Wt w)9z, (2) — P ON )y,

Lz (=170 ()0 = 575 (2) Ly (=1)v — —wM[g (z)v
forac€ Aand v e V. Let
M[g] (M[g /Jg(M 9]))/J(M[9]/JB(M[9]))

We shall use gzﬁ’ﬁg](a:), @/)%Zg] (), L=

the operators on M g’] induced from the corresponding series of operators and operators on

Ml
Using Theorem 4.3 in [H7] (Theorem 2.3 above), the following result is proved in [H7]
(see Theorem 5.1 in [H7]):

gl 1(0) and LM[q (—1) to denote the series of operators and

Theorem 2.4 The twisted fields gzﬁiﬁ[g] for 1 € I generate a twisted vertex operator map
B
Vi Ve MY — MZa}log ]

such that (Mg MY Yi[g]) 15 a lower-bounded generalized g-twisted V-module. Moreover, this is

the unique genemlzzed g-twisted V -module structure on J/\ﬂg] generated by the coefficients of

W?W)( x)v fora € A and v € V such that Yg g (041, 2) = gzﬁiﬁ[g](z) foriel.
B B

The lower-bounded generalized g-twisted V-module (]\/4\ g’}, Yj\%g]) has the following uni-
versal property (Theorem 5.2 in [H7)): }

Theorem 2.5 Let (W,Y}],) be a lower-bounded generalized g-twisted V-module and My a
Zy-graded subspace of W invariant under the actions of g, Sy, Ny, Lw(0), Lw(0)s and
Lw(0)y. Let B € R such that Wi, = 0 when R(n) < B. Assume that there is a linear map
f M — M, preserving the Zo-fermion number grading and commuting with the actions

of g, Sy, Ny, Lw(0) (LJE[;’] (0)), Lw(0)s (Lﬁg] (0)s) and Ly (0)y (LJ/\Z,[;’] (0)n). Then there

exists a unique module map f J/\/[\g’] — W such that f|M = f. If f is surjective and (W, Y3)
is generated by the coefficients of (Y)W (wo, z)v for wy € My and v € V', where (YW, is
the twist vertex operator map obtained from Yy, (see [H6]), then f is surjective.
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An immediate consequence of Theorem 2.5 is:

Corollary 2.6 Let (W,Y}]) be a lower-bounded generalized g-twisted V -module generated by
the coefficients of (Y9){y (w, x)v for w € M, where (Y9)V+, is the twist vertex operator map
obtained from Yy, (see [H6]) and M is a Zy-graded subspace of W invariant under the actions
of g, Sg, Ny, Lw(0), Lw(0)s and Ly (0)n. Let B € R such that Wi,y = 0 when R(n) < B.
Then there is a generalized g-twisted V -submodule J of J\/Zj[gg] such that W is equivalent as a
lower-bounded generalized g-twisted V -module to the quotient module J/W\JBQ]/J.

3 A linearly independent set of generators

In this section, we first give a set of generators for the lower-bounded generalized g-twisted
V-module given by Theorem 4.3 in [H7] (Theorem 2.3 above). Then we prove that this
set of generators is in fact linearly independent for the lower-bounded generalized g-twisted
V-module M g’] constructed in Section 5 of [H7] (see the preceding section for a brief review).

For a vertex operator superalgebra or a vertex superalgebra V' with a conformal vector
w, a g-twisted generalized V-module W being generated by a subset M of W means that
W is spanned by elements of the form (Y )n, &, (v1) -« (YW )k, (v)w for vy, ... ;o € V,
ny,...,ng € C, ky,..., k€ Nand w € M. Using the associativity for Yy, it is easy to see
that in this case, W is also spanned by the coefficients of Yy (v, x)w for v € V and w € M.
Since w € V, Ly (0)w and Ly (—1)w for w € W are coefficients of Yy (w, z)w.

But for a grading-restricted vertex (super)algebra V' which does not have a specified
conformal vector but does have two operators Ly (0) and Ly (—1), we have the the following
definition:

Definition 3.1 We say that a lower-bounded generalized g-twisted generalized V-module
W is generated by a subset M of W if W is spanned by

(Y50 Dk (V1) ==+ (Y7 Img s (00) L (= 1) Loy (0) w0

for vy,...,u, € V,ny,....ng € C, ky,...,k;,p,q € N and w € M, or equivalently, by the
coefficients of Y}], (v, ) Ly (—1)? Ly (0)w for v € V, p,q € N, and w € M.

Remark 3.2 Note that if Ly (0)%w € M for ¢ € N, W is in fact spanned by elements of the
form

(Yl/?/)nl,kl (U1> T (Ylg/)nl,kz (UI)LW(_l)pw
or the coefficients of Y}}, (v, x) Ly (—1)Pw.

Theorem 3.3 Let W be the lower-bounded g-twisted V-module given by Theorem 4.3 in
[H7] (for example, Mg’] constructed in Section 5 of [H7], see Theorem 2.3 and Section 2).

Then W (in particular, ]/\4\][391) 18 spanned by elements of the form
( ﬁ/’)m,/ﬂ T ( %)nz7k1LW(_1>k<w%)—l,01 (31)

foriy,..., i €l,mM€a*+7Z, ... m " +7Z,0<k <K .. 0<k<K" acA,
k € N. In particular, W is generated by (¥f,)-101 for a € A.
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Proof. Let Wy be the space spanned by elements the form (3.1). Since V' is generated by
¢'(z) for i € I, by the associativity of V;J,, Wy is the submodule of W generated by (1{,)_101
for w € M and k € N. We need to prove that W = W,.

From Section 4 of [H7] (see also Section 2), we know that W is generated by elements of
the forms (¢,), v for a € A, v € VI, n € a+7Z and k € N. We need only prove that such
elements are in W. Since V' is spanned by elements of the form illl x gbf{ll 1, we need only
consider v of this form.

We use induction on [. By construction, we have (¢f,),x1 =0forn ¢ —N—1 or k # 0.
By the commutator formula

Dy (=1 (2) = ¥y () (1) = -4, (2),

we obtain 1
(Vi) —n-1,01 = EL(_l)n(wsv)fl,ol
for n € N. Thus when [ =0, (¢}, )nx1 =0 for n ¢ =N —1 or k£ # 0 and

(Vy)—n-1,01 = %L(—l)n(w%)l,ol e Wy

fora € A and n € N.

Now assume that (¢,), v is in Wy for a € A, n € C and k € N. We need to show that
(w%)nkgbﬁnv fori e I, m € Z and v € V is also in W;. We use the induction on m. Since V
is lower bounded, there exists N € —N such that V{,,) = 0 for n < N. Then for homogeneous
velV, qb?n/g(i)v =0 for p € Nand m > m;, = wt ¢’ — 1 + wtv — N. By the generalized weak
commutativity for v}j,, we obtain

(21 — @) Mo () — )Mo gl (1) (21 — ) Mo (wa)v

= (=) (— gy 4 ) Mol (29) (— 2 + 210 (1) (— 22 + 21) Now

= (_1)\¢i\|w"|<_$2 + xl)a¢+Mi,a¢%/(x2> Z %(log(—:@ + )P NG, - [Ng‘, ¢i(a‘31)] o
— 1)l llw| ; -
= D )Mo gt () (2 + 20) PO (). (3.2)

We use induction on the smallest p € Z, such that N?(i) = 0. In the case that N?(i) =0

—My; . —

for p € Z,, the coefficient of x, " in the right-hand side of (3.2) is

(— 1)/l NV
)p—,<—a:2> Mo (2a) .

Since the coefficients of the left-hand side of (3.2) are in Wy, by taking the coefficient of

T, " in both sides of (3.2), we see that the coefficients of Uiy (02) P, v is in Wo. Assume
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that (Vf )nk @, v is in Wy when NP(i) = 0 for p > ¢ € Z,. Then in the case that N?(i) = 0
for p> g+ 1 € Z,, the coefficient of z; ™" in the right-hand side of (3.2) is

_ 1)l w"] . ,
%<—m>“’*“¢%<x2)¢zi,w
WHwaI )
+Z (—g)" Mot () (log (—2) P od Do, (3.3)

By assumption, the coefficients of the second term in (3.3) are in Wj. Since the coefficients
of the left-hand side of (3.2) are also in W, the coefficients of the first term in (3.3) are in
Wo. This finishes the proof that (¢} )nxdh,, v € Wy.

Now assume that (¢, ), xd%,0 € Wy for mw > m > mgy. We have to prove (@D%V)nkqbﬁnov €
Wo. Again we use induction on the smallest p € Z, such that N?(i) = 0. In the case that
NE(i) =0 for p € Z., the coefficient of 27"°~" in the right-hand side of (3.2) is

(=)l () M il (29) B v
e ai+Mi,a ot i a— a %
N Z 1y |( ) )(_@) Mok (2)d . (3.4)

By assumption, the coefficients of the second term in (3.4) is in Wjy. Since the coefficients of
the left-hand side of (3.2) are also in Wy, the coefficients of the first term in (3.4) are in Wj,.
Assume that (¢f ), x¢h,,v is in Wy when NP(i) = 0 for p > ¢ € Z,. Then in the case that
NP(i) = 0 for p > g+ 1 € Zy, the coefficient of 7™~ in the right-hand side of (3.2) is

(_1)\¢>i\|w“|<_$2)ai+M¢,a¢gV(x2) qz’nov
) |w® a’ + Mi,a al+M; a i
T A L AT

kEZ+

] Sl 4 Mg o0 N
DR P I (M Yt () b ()3

p=1 keN neN
(3.5)

where ¢, (22,1log z2) for p,n € N are the coefficients of (log(—zs + x1))? as a powers series
in xq, that is,

Z Cpon (22, log o)} = (log(—z2 + 21))P.

neN
By assumption, the coefficients of the second and third terms in (3.5) are in W. Since the
coefficients of the left-hand side of (3.2) are also in Wy, the coefficients of the first term in

(3.5) are in Wy. This finishes the proof that (i{, ), kgb’ v € Wy and thus also finishes the
proof of our theorem. |

We now prove that the elements (¢%4\[9J)—k_1,01 of ]/\/[\g] for a € A and k € N are in fact
B

linearly independent.
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Theorem 3.4 The elements

a 1 a
(¢ﬁg1 )-k-101 = 5 Lyjta (—1)k(¢ﬁg1 )-101

fork € N and a € A of ]\7,[39} are linearly independent.

Proof. Since w® for a € A is a basis of M, they are in particular linearly independent. So
in
ME =TT vV & (M @ toClt,t™"]) @ VI,
OZGPV

the elements (Y% ) —k-101 = (w “@t* 1 ®1 fora € Aand k € N are linearly independent.

Next we prove that (% i)—k—101 for k € N and a € A are linearly independent in
M[g]/JB(M[g]). Assume that a finite linear combination w of (¢*)77,))-k—1,01 for a € A and
k € Nis in Jp(M)). From the definition in Section 5 of [H7] (see also Section 2), Jp(M9)

is the U (Vég])—submodule of M9 generated by elements of the forms (V5 In0l for a € A,
n ¢ —N—1 and

((Zﬁ%l\j/[g])nlykl T ((ﬁi]’\‘lj[g])nz,kzl-’ﬁ[g] (O)I)LM[Q] (—1)(1(%7[9]%,16“

foriy,....,yu €I, €a"+7Z,... mea +7Z,0<k <K" ... 0<k<K" pqécN,
acAneca+7Z, 0<k<K,veVll ae P, where K € N satisfying ./\/'gK“v = 0, such
that ' '

Rwtpt —ng — 14 +¢" —m—1—m+wtw*® —n—1+wtv) < B.
Since for a € A and k € N, the weight of (w%ﬂg]),k,wl is wtw® + k > B, w can only be in
the U(V[g])-submodule of M) generated by elements of the form (V5 Inol for a € A, n &

—N — 1. But the intersection of the U (V[g]) submodules of M) generated by (%) -k-101
for a € A and k € N and generated by (w gnol fora€ Aandn ¢ —N—1 are 0. Thus
w as an element of this intersection must be 0 Since we have proved that (@ZJM[Q]) r—1,01 for

a € A and k € N are linearly independent in M 9 the coefficients of w expressed as a linear
combination of these linearly independent elements must be 0.
Finally we prove that (% )_x_101 for a € A and k € N are indeed linearly independent

Y M[g])
in M ][391. By definition,
MY = (M) Jp(M9)) /T (M9 ) J5(M9))),

where J(M¥/ J5(M9)) is the U(V g]) submodule of M) /.J5(M) generated by the coeffi-
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cients of the formal series

(21 — @) Moo (21 — 2Nl (1) (w1 — 22) Mo ()
—(=1)Ml (=g 4 ) Moo M[g]( 2) (=2 + 21) V0 (1) (w2 + 1) Now, (3.6)
i (O (2)0 = Yy (2 (O — gt (2o = (wt )i (2o — 920 o,
(3.7)
Lo (=S, (2)v — P55, () Ly (—1)v — —W |(z)v (3.8)

fori € I, a € Aand v € VI°l o € P(V). Assume that a linear combination w of
(%) —k—101 € MU/ J5(M9) for a € A and k € N is in J(M/J5(MY))). Note that
(3.6) contains gbz o (r1) but not Lyz,(0) and Ly, (—1), (3.7) contains Ly, (0) but not
‘bém [(z1) and LM[g]( 1), and (3.8) contains Lgzz,(—1) but not gbl ( 1) and LM[g (0). In
particular, nonzero elements of the U(V¢ )-submodule J(M[g]/JB( M)y of M /JB(M[Q])
generated by the coefficients of (3.6), (3.7) and (3.8) must contain coefficients of (/5 2 (T1),
L15(0) or Lz (=1). If w # 0 in M) /Js(M g]) then w is not in J(M[g]/JB(M[g])) since w
does not contain coefficients of ¢Mg (#1), L3710 (0) or Lyzy(—1). Contradiction. So w must
be 0 in ]T/[/[g]/JB(M[g]). Since we have proved that (4% )-k-101 for a € A and k € N are
linearly independent in M) /.J5(M), the coefficients of w expressed as a linear combina-
tion of (Y% []) k—101 for a € A and £ € N must be 0, proving the linear independence of

(V%) —#—1,01 for a € A and k € N in Mg]_ ;

4 Existence of irreducible lower-bounded generalized
twisted modules

One immediate consequence of Theorems 3.4 is the nontrivial result that the lower-bounded
generalized g-twisted V-module M g} is not 0. In this section, using this result, we prove
the conjectures that the twisted Zhu'’s algebra or the twisted zero-mode algebra is not 0 and
that there exist irreducible lower-bounded generalized twisted modules.

First, we have the following result:

Theorem 4.1 The lower-bounded generalized g-twisted V-module ]\/Zg] 1s not 0. In partic-
ular, there exist nonzero lower-bounded generalized g-twisted V -modules.

Proof. Since (¢%4\[g])—k—1,01 for a € A and k € N are linearly independent by Theorem 3.4,
B

they are certainly not 0. In particular, M g’] is not 0. [ |
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Before we show that the twisted Zhu’s algebra A (V') or equivalently the twisted zero-
mode algebra Z,(V') are not 0, we need to discuss the relation between the notion of lower-
bounded generalized V-module and the notion of C,-graded weak g-twisted V-module. To
do this, we first need to give the correct notions of module map and equivalence between
lower-bounded generalized g-twisted V-module.

Given a lower-bounded generalized g-twisted V-module W, let L§,(0) = Ly (0) + C for
C € C. Then W equipped with the same twisted vertex operator map Yy and the same
operator Ly (—1) but with Ly, (0) replaced by L§,(0) = Ly (0) + C' is also a lower-bounded
generalized g-twisted V-module. Therefore we should view W equipped with Ly (0) and W
equipped with LS, (0) as equivalent. In view of this, we have the following notions of module
map and equivalence between lower-bounded generalized g-twisted V-modules:

Definition 4.2 Let W; and W, be lower-bounded generalized g-twisted V-modules. In the
case that W is indecomposable, a module map from Wy to Wy is a linear map f : W7, — W,
preserving the Zs-fermion number grading, commuting with the actions of g and satisfying
F OV (w,2)w) = Vil (u,2) £ (), £ (L, (0)) = Ly (0) F(w) + Cy f(w) and F(Luy, (—1)w)
Lw,(—1) f(w) for w € W; and some Cy € C independent of w. In the general case that W,
is a direct sum of indecomposable submodules, a module map from Wy to W5 is a linear map
f Wy — W5 such that f composed with the projections to the indecomposable submodules
are module maps to these submodules. A module map f is said to be an equivalence if f is
invertible.

From the discussion and definition above, we see that even for an indecomposable lower-
bounded generalized g-twisted V-module W, the weights of elements of W can be shifted by
any complex number and only the differences of the eigenvalues of Ly (0) are meaningful.

Let W be a lower-bounded generalized g-twisted VV-module. We also need formulas for the
commutators of Ly (0)s and Ly (0)nx with Y (u,z) for u € V, where Ly (0)s and Ly (0)y
are the semisimple part and nilpotent part of Ly (0), respectively. For v € V| we have

Yy (v, x) ZZ 7" (log x)*.

keN neC
Let
o) = 3 S0 sl
keN neC
forveV.

Proposition 4.3 Let W be a lower-bounded generalized g-twisted V -module. Then we have

[Lw(0)s, Y (v, x)] = x%yvgv(v, x,y) e + Y (Ly(0)v, z), (4.1)
L O Vi (0,) = L ¥Elo)| . (42)
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Proof.  From the L(0)-commutator formula

Ly (0), Y5 (0, 2)] = 2 Yy (0,2) + Yo (Ly (0)v, ), (43)
we obtain

(LW(O) —wtv —wtw — zt:di> Y (v, 2)w = Y (v, 2)(Lw (0) — wt w)w

T

nfl(

for homogeneous v € V. Taking the coefficient of x~ log x)*, we obtain

(Lw(0) — (wtv —n —1) — wtw)(Y}] ) ns(v)w
= —(Lw(0) —wtv —wtw + k + 1) (Y] )npr1(0)w + (Vi )nk(v) (L (0) — wt w)w.

Thus we have

(L (0) = (wtv —n — 1) — wtw)?(Vi{ )i (v)w

= <f> H(—(Lw(O) —wtv —wtw+k + §) (V) nsri(0) (L (0) — wt w)?P " 'w

(4.4)

for p € N. Let K be a positive integer such that (Ly (0) — wtw)5 1w = 0. We also know
that there exists Ky € N such that (Y{{)nx+i(v)@ = 0 when ¢ > K, for all w of the form
(L (0) — wtw)P~w. Let p = K; + K, in (4.4). Then the right-hand side of (4.4) is 0
and by (4.4), the left-hand side is also 0 . This shows that the weight of (Y}])nx(v)w is
—(wtv —n —1) — wtw. Thus we have

Lw(0)s(Yy) )ng(v)w = (—(wtv —n — 1) — wtw)(Yi{)nr(v)w.

Since this formula holds for all w, n and k, we obtain (4.1). Together with (4.3), (4.1) implies
(4.2). |

The following result is needed in Section 7:

Proposition 4.4 Let W be an irreducible lower-bounded generalized g-twisted V -module.
Then Ly (0) acts on W semisimply if and only if g acts on W semisimply.

Proof. Assume that g acts on W semisimply. Then from the equivariance property, there
cannot be terms containing the logarithm of the variable in the twisted vertex operators.
In particular, the right-hand side of (4.2) is 0. Thus by (4.2), Ly (0)y commutes with the
twisted vertex operators. It is also clear that Ly (0)xy commute with Ly (0) and Ly (—1).
The kernel of Ly (0)y is not 0 since Ly (0)y is nilpotent. Since Ly (0)y commutes with
the twisted vertex operators, Ly (0) and Ly (—1), its kernel is a submodule of W. But W
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is irreducible and the kernel of Ly (0)y is not 0, the kernel of Ly (0)y must be W. Thus
Assume that Ly (0) acts on W semisimply. Then Ly (0)y = 0 and Lw (0) = Lw(0)s.
The L(0)-commutator formula (4.3) gives

(Y )P (u, z) = WO (y:9)0(=lo(2)Lw ©0) 1) e=ln(z)Lw (0) (4.5)

for u € V and p € Z. Since the right-hand side of (4.5) has no terms containing the logarithm
of z, so does the left-hand side. Thus Y (u,z) € W{z}. By the equivariance property, g
must acts on W semisimply. |

We now give the relation between the notion of lower-bounded generalized g-twisted V-
module (see [H6]) and the notion of C,-graded weak g-twisted V-module (see [HY]). Note
that in general a lower-bounded generalized g-twisted V-module with the given weight-
grading might not be a C,-graded weak g-twisted V-module. But we can always shift the
weight-grading.

Proposition 4.5 A lower-bounded generalized g-twisted V-module is equivalent to a C, -
graded weak g-twisted V-module by changing the weight-grading by a real number. For a
C.-graded weak g-twisted V-module W = Hne@ W, with the twisted vertex operator map
Yy, let Ly (0)s be the operator on W defined by Ly (0)sw = nw for w € W, and Lw (0)n
and Ly, (—1) be operators on W such that Ly (0)y is nilpotent and preserving the C.-grading
of W and (4.2) and the L(—1)-commutator formula for Y, (u,z) holds for u € V. Then
W equipped with the twisted vertex operator map Y, and the operators Ly (0) = Ly (0)s +
Lw(0)y and Ly (—1) is a lower-bounded generalized g-twisted V-module.

Proof. Let W be a lower-bounded generalized g-twisted V-module with the real parts of
the weights of the homogeneous elements being larger than or equal to h. We change Ly (0)
to Ly (0) = Ly (0) — k. Then W equipped with Ly;/(0) is a lower-bounded generalized g-
twisted V-module equivalent to W but with the real parts of the weights of the homogeneous
elements being larger than or equal to 0 so that the weights of its homogeneous subspaces are
all in C, (the closed right-half plane in the complex plane). In particular, it is a C,-graded
weak g-twisted V-module.

Let W be a C,-graded weak g-twisted V-module. From the C,-grading condition, (4.1)
holds. Adding (4.1) and (4.2), we obtain the L(0)-commutator formula for W. Thus W
equipped with Yi{,, Ly (0) = Lw (0)s + Lw (0)x and Ly (—1) is a lower-bounded generalized
g-twisted V-module. |

In [DLM1], Dong, Li and Mason generalized Zhu's algebra A(V') associated to V' to a
twisted Zhu’s algebra A, (V') associated to V' and an automorphism g of V' of finite order. In
[HY], Yang and the author introduced twisted zero-mode algebra Z,(V') associated to V" and
an automorphism of V' not necessarily of finite order and also generalized the twisted Zhu’s
algebra A,(V') to the case that g is not of finite order. These two associative algebras are in
fact isomorphic (see [HY]). In the case that g is of finite order, A, # 0 is stated explicitly as
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a conjecture in the beginning of Section 9 of the arxiv version of [DLM1]. In the case that V'
is Cy-cofinite and ¢ is of finite order, Dong, Li and Mason proved this conjecture in [DLM2].
But in general, this conjecture has been open. The corollary below validates this conjecture:

Corollary 4.6 The twisted Zhu’s algebra A,(V'), or equivalently, the twisted zero-mode al-
gebra Z,(V'), is not 0.

Proof. Take M in Section 5 of [H7] (see also Section 2) to be Cw® for a € A = {a} such

that wtw® = B € C,. Then M ][5] is a C,-graded weak g-twisted V-module. By Theorem

4.1, (1/137[g])_1701 is not 0. By definition, W;?[g])—l,ol € Qg(Mg”). So Qg(Mg’]) is not 0. Since
B B

Qg(]\//fg’]) are nonzero A,(V)- and Z,(V)-modules, A (V) and Z,(V') cannot be 0. |
Next we prove the existence of irreducible lower-bounded generalized g-twisted V-module.

Theorem 4.7 Let W be a lower-bounded generalized g-twisted V-module generated by a
nonzero element w (for example, Mg} when M s a one dimensional space and B is less than
or equal to the real part of the weight of the elements of M ). Then there exists a maximal
submodule J of W such that J does not contain w and the quotient W/.J is irreducible.

Proof. The set of submodules of W not containing w equipped with the relation of sub-
modules is a partially ordered set. For every totally ordered subset of this set, the union of
all submodules in this subset is an upper bound in this set. Thus Zorn’s lemma says that
there must be a maximal submodule J in this set of submodules.

Since w is not 0 and J does not contain w, W/J is also not 0. If there is a proper
submodule of W/ J, this submodule cannot contain w + J since w + J would generate W/J.
Since J also does not contain w, the inverse image of this proper submodule in W/J under
the projection from W to W/J must be a submodule of W that does not contain w but
contains J. Since J is maximal, this inverse image must be in J and thus must be equal to
J. So the only proper submodule of W/.J is 0. |

5 Weak commutativity for twisted fields as a conse-
quence

We prove in this section that the weak commutativity for twisted fields in the assumption
of Theorem 4.3 in [H7] (Theorem 2.3) is in fact a consequence of the other assumptions.
We first give a conceptual motivation of this result. As is mentioned in [H6], the axioms
for lower-bounded generalized g-twisted V-modules are not independent. In fact, the com-
mutativity for twisted vertex operators follows from the associativity for twisted vertex op-
erators, the commutativity for vertex operators for V' and other axioms. On the other hand,
the associativity for twisted vertex operators is in fact equivalent to the commtativity involv-
ing one twist vertex operator under the assumption that the other axioms hold. Thus this
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commutativity and the commutativity for vertex operators for V' imply the commutativity
for twisted vertex operators when the other axioms hold. Also the commutativity involving
one twist vertex operator follows from the generalized weak commutativity involving one
twist vertex operator. Moreover, the form of the correlation functions and commutativity
for twisted vertex operators imply the weak commutativity for twisted vertex operators. It
is well known that the weak commutativity for vertex operators for V' implies the commu-
tativity for vertex operators for V. Thus we see that the generalized weak commutativity
involving one twist vertex operator, the weak commutativity for vertex operators for V' and
other axioms imply the weak commutativity for twisted vertex operators.

Assumption 2.3 in [H7] (Assumption 2.2 in Section 2) is the condition for Theorem 4.3 in
[H7] (Theorem 2.3 in Section 2) to be true. Assumption 2.3 in [H7] (Assumption 2.2) includes
in particular both the weak commutativity for twisted generating fields ¢}, (z) (Property 6
in Assumption 2.2) and the generalized weak commutativity involving one twist field ¥, (z)
(Property 7 in Assumption 2.2). Motivated by the discussion above, it is reasonable to expect
that Property 6 in Assumption 2.2 is a consequence of Property 7, the weak commutativity
for the generating fields ¢(z) for V and other properties in Assumption 2.2. We now prove
that this is indeed true.

Theorem 5.1 Assuming that Data 2.2 in [H7] (Data 2.1 in Section 2) satisfying Properties
1-5 and 7 in Assumption 2.3 in [H7] (Assumption 2.2). Then Property 6 in Assumption 2.3
in [H7] (the weak commutativity of ¢, (), see Assumption 2.2) holds.

Proof. For i € I, there exists K* € Z, such that ./\/g’“(@) =0 for k > K For i,j € I, there
exists IV;; € Z4 such that

(w1 — 22) 99" (1)@ (2) = (w1 — 2) V9@ (w2) (31).

Let M;; be the maximum of the positive integers NNgk(i)Né(j) for k =0,...,K' and | =
0,...,K’. Let K¥% = max(K*, K7). Then for 4, j,i1,...,i, € [ and a € A, by Property 7 in

19



Assumption 2.2 (the generalized weak commutativity for ¢, ), we have

Mij( ai"!‘Mia( ad+Mjq

(x_y $—$n+1> y_xn—H)

)
(@ = )0 Bl () (2 — 1) V(Y — 2N B () (Y — Tga) N

' H(xp - xn—l-l)alp—i_Mipa (2p — l’n—l-l)Nngg/(xp) (2p — xn—&-l)_NgwIC/LI/(xn—l-l)l
p=1
= (*T - y)Mij(_xn—H + x)al+Mia(_xn+1 + y)aJ+Mja'
iy (@) (=21 + )G (1) (— 2+ 2) N (—ann + )V (0) (— s +y) TN

' H(_an + -xp)alp—i_Mipa(_xnﬁ-l + xp)Ng¢ip (2p) (= Tny1 + xp)_Ngl
p=1
K4 1
- Z W(log(—%wrl +2)) " (log(=Tni1 + y)) (—@ni1 + ) M (=g + y)* T e
Eil=0 """

P (1) (@ — y) Mo N D (2) N0 ().

T+ 220 (s + )V (@) (~@gs + )01
p=1
K9
- Z W<log(_$n+1 +2)) " (log(—2nt1 + ) (—nar + 2)* Mo (—ag g 4 )@ e
El=0 "

Y (T1) (2 — )Mo Mo () N5 D ().

’ H(_xn+1 + m1))062.?—’_]\/[1“(_"En-i-l + Ip)Ngﬁbip (zp)(—Tnt1 + xp)_Ngl

p=1
= ([L’ - y)Mij(_xn-i-l + 1’) —Tn+1 + Yy
Py (1) (—Tny1 + y)Ng¢{A/(y)(_1’n+1 + Z/)ng(—an + m)Ng%V(x)(_an + $)7Ng'

n

' H(_xnﬂ + xp)aierMipa(_an + mp)Ng (bip (xp>(_37n+1 + xp>7Ng1

Oéi"l‘Mia, Oéj+Mja,.
( )

p=1
= (z — )M (2 — 2py1)* M (y — @) M
(Y = 20) N (W) (Y = Tng1) N (@ — 20NVl (1) (3 — )N
’ H(xp — T yq) " Mipe (@p — xn—i—l)Nggbﬁ/(xp) (wp — xn-&-l)_Ng@ZJ%/(xn-i-l)l' (5.1)
p=1

Dividing both sides of (5.1) by

n .
i ) j ) o*P+M;
:L,Oé -‘rM“lyOé +M]a H xp ipa
p=1
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and then taking the constant term in logz, logy and logx, for p = 1,...,n in both sides,
we obtain

Oéi"l‘MicL aj+Mja
(ZL‘ . y)M”' (1 . xn-i—l) (1 . an_:,_l) .

z Y

(1 W)W()(l xnﬂ)‘“" RN Y RS R
. —_ x —_— J— J—

n Tt oﬁp—&-Mipa Tt Ny 0 Tpit —Ng .
: H 1 - - L= T wlzp) | 1- Vi (Tn11)1
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Note that by the definition of M;;, (5.2) still holds when we replace ¢ and j by N7 (i) and
NL(j), respectively.
We now prove
(& =)™ iy (2) 0 (V) S1p- (1) - -~ D () (Vi) —g-1.01
= (@ = )" &y (y) by ()1 (1) - G1f (@) (Vi) 1,01 (5.3)

for ¢ € N by using induction on g. Note that ¢, (z,41)1 is a power series in z,,;. Taking
the constant term in x,; of both sides of (5.2), we obtain

(z — y)Mij¢%v($)¢]ﬂv(y) (@) - O () (Ufy) -1,01
= (z — )" 3l (y)diy ()i (1) - - Py () (¥ ) -1 01 (5.4)

This is (5.3) in the case ¢ = 0. Assume that (5.3) holds when ¢ < ¢o. Then in the case
q = qo, taking the coefficients of =’ ; in both sides of (5.2), we obtain

(z =)™ S ()01 (y)drpy (1) - - O3 (20) (Vfy)—g0-101

) J4M;
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ko—1
: (Z (¢$V)q1,01$$z+1>

q=0

= (z = )" oy () Dy (@)1} (21) - -~ B4f () (Vi) —gp-1,01

) J+M;
T a'+M;q T « Je
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(ZwW) Y 1) (5.5)

q=0

If the second terms in the two sides of (5.5) are equal, we obtain (5.3).

We now use the induction assumption to prove that the second terms in the two sides
of (5.5) are equal. The second terms in the left-hand side and right-hand side of (5.5) are
equal to
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) _ aj—l—M-
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x x
P P
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respectively. By the induction assumption, (5.6) and (5.7) are indeed equal. This finishes
our proof. ]

6 Spanning sets

In this section, we give several spanning sets of M g] ! and discuss the relations among elements
of these sets. e

In Theorem 3.3, we obtain a spanning set of M }Bg] consisting of elements of the form (3.1).
This spanning set is certainly not linearly independent. But we still have the following result:

Proposition 6.1 For a € A and k € N, let ]\/Zgg}aﬁk be the subspace of ]\/4\1[_5} spanned by
elements of the form (3.1). Then for ag € A and ko € N, the intersection of M\][Sg;]aom with
the subspace 3, o0 kzk, J\/ij[gg;]avk spanned by elements of the form (3.1) for a # ag and k # ko
15 0. In particular, ]\/4\1[5] is equal to the direct sum of M][gg}a’k fora e A and k € N.

Proof. This proof is in fact a refinement of the proof of Theorem 3.4.
In M [9] for a € A and k£ € N, we have the subspace M C[Lgll spanned by elements of the

same form as (3.1). For ap € A and ky € N, the intersection of M [g]k with the subspace

D astag ko Mg}a’k spanned by elements of the form (3.1) in MU for a # ao and k # ko is
certainly 0. . . — .
Next we prove that the intersection of the subspace M, ] oo T Jp (M 91y of M/ Jp(MId))

with the subspace >, 1, MB okt J5(M)) is still 0 in M[g /(M) Let w+ Jp(M9))
be in this intersection. We can take w to be in Mig]k Then there exists w; € JB(M[Q])
such that w+w1 € 3, zp, M}Bak If w is not in J(M9)), then w + wy is not 0. Hence
w+wy ¢ Mg] Since w € Mgko, we see that w; & MC[Lg]k On the other hand, from the

definition in Section 5 of [H7] (see Section 2), JB(M 91y is the U(V[g]) submodule of M1l
generated by elements of the form (Q/JM Jnol for a € A, n € N and

(¢%[g]>n1,k1 T (gbé\’l‘j[g])nz,kzLM[y] (0)p Ml (—1)q(¢37[g])n,kv

foriy,....,i €l,ny€a"+7Z,....m € +7Z,0<k <K" ....0<k <K% pqeN,
a€Anea+7Z 0<k<K,veVW aecpy, where K € N satisfying NJ**'v = 0, such
that

Rwtp" —ny — 14+ ¢ —n—1—m+wtw* —n—1+wtv) < B.
vt

Then it is clear that we cannot add an element w; of the form above but not in M ko to w
to obtain an element of > . ;. Mgak. Contradiction. Thus w must be in JB(ML‘”) or

equivalently, w + Jg(M9)) is 0 in M /J5(M9). This proves that the intersection is 0.
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Finally we prove that the intersection of M, }f,]ao’ko and Y- rsk M. [Bg']a,k is 0. By defini-
tion,

MY = (MP ) J5(MYY))/J(M9 ] Jp(M19))),

where J(MU/J5(M9)) is the U(V¢[g )-submodule of M¥!/J5(M)) generated by the coef-
ficients of the formal series (3.6), (3.7) and (3.8) fori € I, a € A and v € VIl a € P(V).
For elements of the form (3.1), the only relevant formal series are those with v = 1. But
(3.6) has a term in which ¢'(z) is to the right of ¢, (x3) so that it will not give any re-
lations for elements of the form (3.1). The series (3.7) contain L;(0) but elements of
the form (3.1) does not contain this operator. So these series also do not give any rela-
tions for elements of the form (3.1). Finally the series (3.8) in fact gives only the relations
Lﬁg](—l)(w?ﬁ[g )—k—101 = (wA 1)—(k+1)-1,01 for & € N so that it also does not give relations

for elements of the form (3.1). Hence adding elements of J(M MU /(M [9])) to elements of
M[g]k + Jp(M9) does not give elements of D astag ko Ml[;q}a,k + J(M¥). Thus the inter-

section of Mgﬁao,ko and >, o0 ks, Mg}a,k is 0. |

From Proposition 6.1, we see that all the relations among elements of the form (3.1) are
given by the relations among products of coefficients of gzﬁ"ﬂ[g] (x) for i € I. In particular, we
B

can discuss such relations for fixed a € A and k € N.

In the general setting of the present paper, since the relations among ¢‘(z) for i € I are
not given explicitly, it is impossible to explicitly write down the relations among elements of
this spanning set. But we can still give the existence of these relations corresponding to the
relations among ¢'(x) for i € I.

Relations among the coefficients of ¢‘(z) for i € I are of the form

qus“ ok y1=0 (6.1)
Z

for some A\, € C and k € Z, i € I (recall from Section 4 of [H7] that [ = I U {0}) and
my € Zforv=1,...,M,j=1,...,k, such that |¢;§;|+"'+|¢;§;’ forv=1,...,M are

either all even or are all odd. In particular, for each @ € A and n € o’ + --- + aﬁf + 7, we

have the relation N

D MWt 0By b1 =0 (6.2)

v=1

in M| g]. By Theorem 3.3, the left-hand side of (6.2) can be rewritten as a linear combination
of elements of the form (3.1) such that

Rwtops —nj — 1+ +¢" —m—1+wtw+k) > B

for j =1,...,1. Thus the relation (6.2) can be rewritten as
N . .
> g g V)01 =0 (63)
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f0r77/eC?]l”?"‘?jgej’mlfeaji/+Z7"'7m;GQ];—'—Z)OSQIVSij?""OSqZSQJ;7
q € N such that

ﬂ%(wtgbjry—m7’f—1+---+¢j5—mZ—l+wtw“+Q)ZB

forv=1,...,N, r = 1,...,p. Since there are in general more than one way to rewrite
the left-hand side of (6.2) as linear combinations of elements of the form (3.1), there are in
general more than one relations of the form (6.3) corresponding to each relation of the form
(6.1).

Thus we have the following result:

Theorem 6.2 The relations among the elements of the form (3.1) are all of the form (6.3),
forjl”,...,j]’;ef, my el +7Z,....omhear +7,0<q/ <Q,... 0<q<Q% qgeN
such that

R(wt ¢ —ml =1+ + ¢ —my — 1+ wtw®+q) > B

forv=1,...,N,r=1,...,p, corresponding to all the relations of the form (6.1) in V.

Proof. We have proved that all the relations of the form (6.3) are indeed satisfied by the

elements of the form (3.1). There are apparently also another type of relations among

elements of the form (3.1) given by the coefficients of the weak commutativity for ¢iﬁ[g](x)
B

for © € 1. But by Theorem 5.1, these relations are obtained from the relations in V' given
by the coefficients of the weak commutativity for ¢‘(z) for i € I. So the relations given by
the coefficients of the weak commutativity for ¢%Z[g] (x) for i € I are also of the form (6.3)

B
corresponding to the relations in V' given by (6.1). Thus these are the only relations among
such elements. [

Using the weak commutativity for gzﬁiﬁgﬂ (x) for i € I, we now reduce the spanning set in

Proposition 3.3 to a smaller spanning set. We choose a total order on the index set I.

Lemma 6.3 For il,igfe\[ such that iy > i, ny € & +7Z, ne € a2 +7, 0 < k; < K%,
0<ky<K?2andwée Mj[gg], the element

( %}[Bg])ﬂl,h ((b%g])nmkzw € Ml[g] (64>

can be written as a linear combination of elements of the form

( %24\][5]>m2’k2 (gb%g}])ml,klw (65)

for my € o't +7Z and my € o’ + 7 such that m; — o' < nqy — a’, my — a2 > ny — a2 and
mi+mg =nq1 + noy.
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Proof. We use induction on ny — 2. Since M }99] is lower bounded, there exists N € Z such
that (gzﬁ g])m,;€2 =0 for ng —a® > N.

In the case ny = a’ + N,
( 3\141[9])”1%31 (QSA ) 2 4 N,k W

—n1—1
is the coefficient of x; Miiz=m (

a2N1(

log z1)" s log z2)" in

(Il — [EQ) i1i9 gb%g] (:El)qs%g] (JIQ)U)

By the weak commutativity for gb%g] (1) and gzﬁ%g] (x2), we see that this coefficient is equal

M’iliQ —nl—l(

to the coefficient of x; ai?—N—l(

log x1)*1 25 log 25)*2 in

(xl — $2)Mi1i2 ¢Z/]\ZZE] (.1'2) E\[g] (lj)w

This coeflicient is

Miyiq
M. -
Z < ;”2)(¢3\24][3])a 2+N+p,k‘2(¢’\g])n1 p,kl

p=0
and is indeed a linear combination of elements of the form (6.5).
Now assume that for ny € a'2 + Z such that n — a’? < ny — a® < N, elements of the
form (6.4) are linear combinations of elements of the form (6.5). In the case ny = n, the

—ni1—1
coefficient of z; iz (

log 71 )"y, " (log 2)*2 in
(21 — @z) M2 ¢%g] (5’31)¢%g] (w2)w

18
M,

12 MZN 7 )
(ﬁbA[g])m k1 (¢Ag1 ke W + ’ (% [g])nl—P7k1(¢i[g])n+p,k2w‘ (6-6)
D My Mg

By the weak commutativity for qb (xl) and qﬁA[g](xg) we see that (6.6) is equal to the

Miniz == l(logavl)klx2 '(log z5)*2 in

(21 — $2)Mi”2 ¢%g] (x2)¢%5] (z1)w.

coefficient of z;

This coeflicient is
M; 4

12 M .
1112 3 3
pZO ( P ) (Qﬁ%l[?m )n+p7k2 (¢%1[3g])n1—p,k1w

and is in fact a linear combination of elements of the form (6.5). Therefore (6.6) is also such
a linear combination. But by the induction assumption the second term in (6.6) is a linear
combination of elements of the form (6.5). Thus the first term in (6.6) is a linear combination
of elements of the form (6.5). By the principle of induction, the lemma is proved. |
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Theorem 6.4 The lower-bounded generalized g-twisted V-module ]\/4\1[31 s spanned by ele-
ments of the form (3.1) foriy, ..., i€ Iny € A" +Z,....my € a"+Z,0 <k < K", ...,0<
k<K@ acA, keN such thati; < --- <14, and

Rwto —nj —1+---+¢" —nm—1+wtw* + k) > B

forj=1,...,1 and a € A. Moreover, the relations among these elements are of the form
(6.3), for jy,....jr eI, m{ € & +Z,....my ol +7,0<qf <QI,....0<q<Qh,
q € N such that jy < --- < j; forv=1,...,N and

R(wt /" —ml —1+---+ ¢ —m) —1+wtw" +¢) > B
forv=1,...,N,r=1,...,p, corresponding to all the relations of the form (6.1) in V.

Proof. 'This result follows immediately from Lemma 6.3 and the fact that the real parts of
the weights of the elements of M };ﬂ are greater than or equal to B. The proof of the second
part is the same as the proof of Theorem 6.2. |

These spanning sets consist of elements where the operators (¢M[g])_k_1,0 are to the right
B
of all the other operators. We shall also give a spanning set where the operators (1[1]\7[_(,])”7;9
B

are to the left of all the other operators appearing in the elements. But we first need to give
a spanning set of a different type.

Proposition 6.5 Let W be a lower-bounded generalized g-twisted V -module generated by a
set S of homogeneous elements of W. Then W is spanned by the coefficients of the formal
series of the form

Y (v, ) Ly (—1)Fw (6.7)

forveV, keNandweS.

Proof. Let Wy be the subspace of W spanned by elements of the form (6.7). We prove that
Wy =W.

If Wy is not equal to W, then there exists w € W but not in Wy. Let w’ € W’ such that
(W', wy) = 0 for wg € Wy and (w',w) = 1. Then for vy,...,u, € V, k € Nand w € S, using
the associativity, we have

FP((w', Vit (v, 21) -+ Vi (v, 20) L (—1)w))
= FP((w', Y (Yy (v1, 21 — 21) -+ Yo (v, 21 — 2o, 20) L (—1)Fw)). (6.8)

But for fixed z1,..., 2 such that |z| > |21 — z| > -+ > |z.1 — 2| > 0,
Y (Y (v, 21 — 21) - Yy (0imt, zi-1 — 20)o, 20) L (—1)Fw € W,

So by the definition of w’, the right-hand side of (6.8) is 0. By (6.8), the left-hand side of
(6.8) is also 0. Thus

(W', Y (v, 21) - Y (v, 1) L (= 1)*w) = 0 (6.9)
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for vy,...,uy € V, k € Nand w € S. Since W is generated by S, (6.9) for vy,...,uy € V,
k € N and w € S implies that v’ = 0. But (w’,w) = 1 so that w’ # 0. Contradiction. Thus
WO = W [ |

Theorem 6.6 The lower-bounded generalized g-twisted V' module ]\//_7}[5“?] 1s spanned by the
coefficients of the formal series

Y (v, 2) (Y g0) k101 = Yy (v, 2) Ly (=1 (¥iy)-1,01 (6.10)

forveV,keNandae A. In terms of the generating fields ¢(x) of V, ]\//Tl[gg] s spanned
by the coefficients of the formal series

Yj\%[g]( ;11 Tt ¢i§l1; ) (Vg ) —k-1,01 (6.11)
B

foriy,....ip € I, ny,...,ny € Z, k € N and a € A. Moreover, the relations among the
coefficients of the formal series of the form (6.10) are all induced from the relations among
v’s in 'V and the relations among the coefficients of the formal series (6.11) are all induced
from the relations among elements of the form qbﬁlll e gbf{ll, that is, of the form (6.1).

Proof. Since M ][Bg] is generated by applying twisted vertex operators to (¢f,)_x_101, by
Proposition 6.5, we see that the coefficients of the formal series (6.10) for v € V| k € N and
a € A span M]gg]. Since V' is spanned by elements of the form gbﬁ;l e (bﬁgll for iy,...,1, € I,

ni,...,n €7, ]/\/[\][Bg] is also spanned by elements of the form (6.11).

By Proposition 6.1, the relations among the coefficients of the formal series (6.11) are
all induced from the relations among elements of the form ¢, --- ¢! 1, that is, of the form
(6.1). This implies that the relations among the coefficients of the formal series of the form
(6.10) are all induced from the relations in V. |

Theorem 6.7 Let W be a lower-bounded generalized g-twisted V-module. Let {¢'(z)}ier be
a set of generating fields of V' and {1, (x)}aca a set of generator twist fields of W. Then
W is spanned by elements of the form

(V5 )n gy - i1
forac€ A iy,...,ucl,n€a"+---+a"+7Z, keN,ny,....,.ny_1 €Z,ny € -N—1.

Proof.  From the definition of the twist vertex operators in Section 4 of [H6], for a € A,
m € N and v € V', we have

Vit (v, 2) (V) —m-1,01
= Yi§ (v, 2) L (—=1)" (Yfy) —1,01
= (=PI -rotlerbw U (y9) T (Lyy (= 1)™ (4 ) =101, y)v

yt=e~"™ign logy=log x—mi

. gy dm .
= (1)) ool (D (Y (0) 01, ) (6.12)

yh=e~"nixn logy=log x—mi
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By Proposition 6.5, the coefficients of the left-hand side of (6.12) span W. So the coefficients
of the right-hand side of (6.12) also span W. But the coefficients of the right-hand side
of (6.12) are linear combinations of Ly (—1)"(¢f )nxu for m € N, n € a +Z, k € N,
u € Vel and o € Py. From the L(—1)-commutator formula for the twist fields ¢, (z),
we see that Ly (—1)™(f, ) ku is equal to a linear combination of elements of the form
(V& ) e Ly (= 1) u for n' € a +Z, k¥ € N and 0 < m’ < m. Thus elements of the form
(Vi )npuforn € a+Z, k€ Nyu e Vel and a € Py span W. Since u is spanned by elements
of the form ¢ --- ¢ 1 foriy,...,5 € I, ny,...,m_y € Z, iy € =N — 1, the result is proved.

|

7 Existence of irreducible grading-restricted general-
ized and ordinary twisted modules

In this section, as an application of Theorems 4.7 and 6.6, we prove the existence of irreducible
grading-restricted generalized and ordinary g-twisted V'-modules when V' is a Mobius vertex
algebra and the twisted Zhu's algebra A (V') or twisted zero-mode algebra Z,(V') is finite
dimensional. In the case that V is a vertex operator algebra (meaning the existence of a
conformal vector) and ¢ is of finite order, our result removed the assumption that A (V') # 0
in Theorem 9.1 in [DLM1] and the assumption that V' is simple and Cs-cofinite in Theorem
9.1 in [DLM2]. Our result is also much more general since V' does not have to have a
conformal vector (a Mobius structure or a compatible sly-module structure is enough) and
g can be of infinite order.

Note that Theorems 4.1 and 4.7 are about the existences of lower-bounded generalized g-
twisted V-modules. We do not need any condition to prove these existences. We now want to
discuss the existence of irreducible grading-restricted generalized g-twisted V-modules. As is
mentioned in the end of the introduction (Section 1), we call a grading-restricted generalized
g-twisted V-module such that L(0) acts semisimply an ordinary g-twisted V-module. We
would also like to discuss the existence of irreducible ordinary g-twisted V-modules.

To discuss these existences, we need to use contragredient modules and lowest weight
subspaces. In particular, we need to assume that our vertex superalgebra V is a Mobius
vertex superalgebra or a quasi-vertex superalgebra introduced in [FHL] and [HLZ] (see also
[H6]) to discuss the existence of lowest weights and lowest weight subspaces. We first recall
the definition of Mobius vertex superalgebra.

Definition 7.1 A Mdbius vertex superalgebra is a grading-restricted vertex superalgebra V'
equipped with an operator Ly (1) satisfying
[Lv (1), Ly (0)] = Ly (1),

[Lv (1), Ly (=1)] = 2Ly (0),
[Lv(1>, Yv(U7 l‘)] = Yv<Lv(1)U, l’) + 2$Yv(Lv(O)U, JI) + ZEZYV(Lv(—l)U, .T)
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for v € V. Let V4 and V5, be Mobius vertex superalgebras. A homomorphism Vi to V5 is
a homomorphism f from V; to V5 when V) and V; are viewed as grading-restricted vertex
superalgebras such that f(Ly,(1)v) = Ly, (1)f(v). An isomorphism from Vi to V, is an
invertible homomorphism from Vj to Vo. An automorphism of a Mobius vertex superalgebra
V' is an isomorphism from V' to itself.

In this section, V' is a Mobius vertex superalgebra and g is an automorphism of V. In this
case, a lower-bounded generalized g-twisted V-module should also have an operator Ly (1)
and satisfies the corresponding properties. Thus we need the following definition:

Definition 7.2 Let V be a Mobius vertex superalgebra. A lower-bounded generalized g-
twisted V -module is a lower-bounded generalized g-twisted V-module for the underlying
grading-restricted vertex superalgebra of V' equipped with an operator Ly, (1) on W satisfying

[Lw (1), Lw (0)] = Lw (1),
[Lw (1), Lw(—1)] = 2Lw(0),
[Lw (1), Y (v, 2)] = Vil (Ly (v, z) + 22Y (Ly (0)v, 2) + 22V (Ly (—1)u, 2)

for v € V. Let W; and W5 be lower-bounded generalized g-twisted V-module. A module
map from Wi to W5 is a module map f from Wi to Wy when W; and W5 are viewed as
lower-bounded generalized g-twisted V-modules for the underlying grading-restricted vertex
superalgebra of V' such that f(Lyw,(1)w) = Lw,(1)f(w). An equivalence from Wy to Wy is
an invertible module map from W; to Ws.

Remark 7.3 Note that for a lower-bounded generalized g-twisted V-module W, because
Ly (0) appears in the right-hand side of the commutator formula between Ly, (1) and Ly (—1),
we cannot redefine Ly, (0) by adding a number to obtain a lower-bounded generalized g-
twisted V-module with a different Ly/(0). Thus in this case, the values, not just the dif-
ferences, of the weights (the eigenvalues of Ly (0)) are meaningful. In particular, a module

map f: Wp — Wy must satisfy f(Lw, (0)w) = Ly, (0) f(w) for w € W;.

Remark 7.4 For a Mobius vertex superalgebra V| Ly (—1), Ly(0) and Ly (1) give a struc-
ture of slo-module to V. Similarly, for a lower-bounded generalized g-twisted V-module,
Ly (—1), Lw(0) and Ly (1) give a structure of an sly-module to W.

Remark 7.5 Theorem 4.7 still holds for lower-bounded generalized g-twisted V-module
W in this case. In fact the same proof works except that submodules means submodules
invariant under Ly, (1).

We also need to modify Definition 3.1 when V' is a Mobius vertex superalgebra.

Definition 7.6 Let VV be a Mobius vertex superalgebra and ¢ an automorphism of V. We
say that a lower-bounded generalized g-twisted generalized V-module W is generated by a
subset M of W if W is spanned by

(Y58 ) ks (V1) = (Vi Dy (00) Ly (= 1)P Ly (0) Ly (1)"w
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for vi,...,0p € V,ny,...,ny € C, ky,...,k;,p,q,7 € Nand w € M, or equivalently, by the
coefficients of Yi{,(v, ) Lw (—1)? Ly (0)Ly (1) w for v € V, p,q,r € N, and w € M.

Now we use the construction of lower-bounded generalized twisted modules for a grading-
restricted vertex superalgebra in [H7] (see Section 2) to give a construction of lower-bounded
generalized g-twisted modules for the Mobius vertex superalgebra V. We assume that the
space M in Section 5 of [H7] (see Section 2) has an additional operator Ly (1) of weight —1
and fermion number 0 and commuting with £,, S, and N,. We also assume that there is a
basis {w“}4eca of homogeneous basis of M satisfying the condition given in Section 5 of [H7]
(that is, Ly (0)yw® = wEmO~@ for g € A, where either Ly(0)y(a) € A or wEm(On(@) =
see Section 2) and in addition satisfying the condition that Ly (1)w® = w™ M@ for a € A,
where either Ly;(1)(a) € A or w®™M)(@ = (0. Then we have the lower-bounded generalized
g-twisted V-module M g] when V' is viewed as a grading-restricted vertex superalgebra. We
now define an operator L@g] (1) on ]\/4\5}.

By Theorem 3.3, ]\//Tg’} is generated by (¢{,)_101 for a € A. By Theorem 6.6, ]\/4\][39] is
spanned by the coefficients of the formal series of the form (6.10) for v € V|, k € N and
a € A. We define L (1) by

B

Lﬁ}[g](l)yj\%g] (U,x)Lﬁg](—l)k(lﬁ%g])—l,ol
- YA%g] (Ly (1) + 22Ly(0) + 2 Ly (=1))v, ) Lo (—1)k(¢37g1)—1,01
 k(k = DY (v, 2) Ly (_1)k_1(¢%{\]{§;})—1,01

+ 2k(wt w“)YA%g] (0, %) L g710 (—1)k_1(¢;7g1 )-1,01

9 k() La(1)(a)
+YJ\7}[§71(U7$)L1\7§1(_1) ( ]/\Z]Eq] )-1,01

forv eV, ke Nand a € A. By Theorem 6.6, the only relations among elements of the
form (6.10) are given by the relations among v’s. Thus Ls(1) is well defined.
B

Theorem 7.7 Let V' be a Mobius vertex superalgebra. Then M gﬂ equipped with Lﬁ[g](l) 18
B

a lower-bounded generalized g-twisted V -module. Moreover, M 1[?} has the universal property
stated as in Theorem 5.2 in [H7] (Theorem 2.5) except that now V is a Mébius vertex super-
algebra. Also every lower-bounded generalized g-twisted V -module generated by a Zs-graded
subspace M invariant under the actions of g,8,, Ny, L (0), Ly (0)s, Lw (0)x and bounded

below in the real parts of the weights by B € R is a quotient of 1\7}99].
Proof. From the definition, we have
L3z (1) Lz (0)] = Liziar (1),
[Lztar (1), Lzt (=1)] = 2L5510 (0),

Lz (1, Y0 (0,2)] = Y (Lv (D)o, 2) 4+ 20V 2oy (L (0)0,2) + 2%V 2 (Lv (=)0, ).
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By Definition 7.2, M 1[39] equipped with L, (1) is a lower-bounded generalized g-twisted
B
V-module.
The universal properties and the statement that a lower-bounded generalized g-twisted

V-module is a quotient follows immediately from the construction of M Bg], Theorem 5.2 and
Corollary 5.3 in [H7] (see Section 2). |

Remark 7.8 Since by Theorem 4.1, M }39] is not 0, Theorem 7.7 in particular shows that
there are nonzero lower-bounded generalized g-twisted V-modules when V' is a Mobius vertex
superalgebra.

We also need to discuss the existence of lowest weights and lowest weight subspaces of
lower-bounded generalized g-twisted V-modules.

Definition 7.9 A complex number nq is called a lowest weight of a lower-bounded general-
ized g-twisted V-module W if Wy, # 0 and Wy, = 0 for n € C satisfying R(n) < R(ny).
When lowest weights exist, we shall call the subspace of W spanned by all homogeneous
elements whose weights are lowest weights the lowest weight space of W. In general, we call
the infimum of the real parts of the weights of elements of W the weight infimum of W.

Remark 7.10 Note that in general, lowest weights might not exist. Even if they exist, in
general they might not be unique; they can be differed by imaginary numbers. In particular,
the imaginary parts of the weights of the elements of the lowest weight space can be different.

We need a result on the existence of the lowest weights of irreducible lower-bounded
generalized g-twisted V-module. Recall that P(V) is the set of a € [0, 1) + R such that e*™
is an eigenvalue of g (on V).

Proposition 7.11 Let V' be a Mobius vertex superalgebra and g an automorphism of V.
Assume that the set of real parts of the numbers in P(V) has no accumulation point in
R. Then a finitely-generated lower-bounded generalized g-twisted V-module has a lowest
weight. In particular, an irreducible lower-bounded generalized g-twisted V-module has a
lowest weight.

Proof. We need only prove that a lower-bounded generalized g-twisted V-module W gen-
erated by one homogeneous element w has a lowest weight. By Definition 7.6, W is spanned
by the coefficients of formal series of the form Y (v, z) Ly (—1)? Ly (0)Lw (1) w for v € V,
p,q,7 € N. When v € V1o,

Yg U CE ZZ a+sk a_s_l(logx>k‘

s€Z keN

So W is spanned by elements of the form
(Y% Jass (0) Lw (=1)” Ly (0)* Ly (1) w (7.1)
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forv e VIl o € P(V), s € Z, k,p,q,7 € N. When v is also homogeneous, the weight of such
an element is wtv —a—s—1+p—r+wtw. Sincewtv—a—s—1+p—r € —(P(V)+2Z),
the real part of wtv —a—s—1+p—r+wtwisin —(R(P(V)) + Z) + R(wt w).

Let S be the set of the real parts of the weights of the nonzero homogeneous subspaces of
W. Since W is lower bounded, there exists a weight infimum A € R of W, which by definition
is the infimum of S. Since wtv—R(a) —s—1+p—r+R(wtw) > h, wtv—R(a)—s—1+p—1 >
h —R(wtw). In any neighborhood of h, there is at least one element of W such that the real
part of its weight is in the neighborhood. Let n € Z satisfying n — 1 < h — R(wtw) < n.
Then for any nonzero element of the form (7.1) of weight wtv —a —s—1+p—7r+ wtw
such that wtv —R(a) —s—1+p—r <n, we also have n — 1 < wtv —R(a) —s—1+p—r.
So we obtain

n—1l-wtv+s+1l—p+r<—-Ra)<n—wtv+s+1—p+r.

Since —1 < —R(a) <0, n—1 < wtv—s—14+p—r < n+1. But wtv—s—1+4p—r is an integer.
So we obtain wtv —s — 14 p —r = n. Thus the weight of (7.1) in this case is n — o+ wtw.
Since h is the infimum of S, there must be a sequence of elements of W of the form (7.1) such
that limit of the real parts of the weights of the elements in the sequence is h. In particular,
we can assume that the real parts of the weights of the elements in the sequence is less than
or equal to n. Then these real parts must be of the form n — R(a,,) + R(wt w) for m € Z,
and a,,, € P(V). Since these real parts form a sequence whose limit is A, the limit of the
sequence {—R(am) }mez, exists and is equal to h —n — R(wt w). If there are infinitely many
different —¥(cv,,) in the sequence, the limit of the sequence is an accumulation point of the
set of the real parts of P(V'). But by our assumption, this set has no accumulation point in
R. Contradiction. So when m is sufficiently large, —R(a,) are all equal and must be equal
to the limit A —n — R(wtw) of the sequence {—R(am)}mez, . Thus h =n — R(am,) + wtw
for m sufficiently large. This proves that n — a,, + wtw are lowest weights of W for m
sufficiently large. |

Example 7.12 Let V be a Mdbius vertexr superalgebra and g an automorphism of V' such
that there are only finitely many distinct eigenvalues of g. Then P(V') is a finite set. In
particular, the set of the real parts of the elements of P(V') does not have an accumulation
point. So by Proposition 7.11, in this case, a finitely-generated lower-bounded generalized
g-twisted V -module has a lowest weight. When the semisimple part e2™Ss of g is of finite
order (including the case that g is of finite order), there are only finitely many distinct
eigenvalues of g. Thus by Proposition 7.11, a finitely-generated lower-bounded generalized g-
twisted V -module has a lowest weight when the semisimple part €25 of g is of finite order (in
particular, when g is of finite order). We see that Proposition 7.11 is indeed a generalization
of the well-known fact that a finitely-generated lower-bounded generalized g-twisted V -module
has a lowest weight when g is of finite order.

Let W be a lower-bounded generalized g-twisted V-module. Then by Proposition 3.3 in
[H5], W’ has a structure of a lower-bounded generalized g~'-twisted V-module called the
contragredient module of 1W. We have a functor ’ called the contragredient functor.

33



Lemma 7.13 Let V be a Mdbius vertex superalgebra and g an automorphism of V. Assume
that the set of real parts of the numbers in P(V') has no accumulation point in R. Then
the set of the lowest weights of the irreducible lower-bounded generalized g-twisted V -modules
and the set of the lowest weights of the irreducible lower-bounded generalized g~ '-twisted
V-modules are the same.

Proof. By Proposition 7.11, an irreducible lower-bounded generalized g-twisted V-module
W has lowest weights. Given a lowest weight h of W, the dual space of the subspace of
W of weight h is the subspace of W' of the same weight h. Let W, be the submodule of
W' generated by an element w’ of this subspace of W’. By Remark 7.5 and Theorem 4.7,
there exists a maximal submodule J of Wj such that J does not contain w’ and the quotient
Wo/J is irreducible. It is clear that a lowest weight of Wy/J is h, the weight of w’. But
h is a lowest weight of W. Therefore the set of the lowest weights of the irreducible lower-
bounded generalized g-twisted V-modules is contained in the set of the lowest weights of the
irreducible lower-bounded generalized g~ !-twisted V-modules. Similarly, we see that the set
of the lowest weights of the irreducible lower-bounded generalized ¢~!-twisted V-modules
is contained in the set of the lowest weights of the irreducible lower-bounded generalized
g-twisted V-modules. Thus these two sets are the same. |

We are now ready to study the existence of irreducible grading-restricted generalized or
ordinary g-twisted V-module.

Theorem 7.14 Let V be a Mobius vertex superalgebra and g an automorphism of V. As-
sume that the set of real parts of the numbers in P(V') has no accumulation point in R. Also
assume that the set of the real parts of the lowest weights of the irreducible lower-bounded
generalized g-twisted V -modules has a maximum such that the lowest weight subspace of an
irreducible lower-bounded generalized g-twisted V -module with this maximum as the real part
of its lowest weight is finite dimensional. Then there exists an irreducible grading-restricted
generalized g-twisted V -module. Such an irreducible grading-restricted generalized g-twisted
V-module is an irreducible ordinary g-twisted V-module if g acts on it semisimply. In par-
ticular, if g is of finite order, there exists an irreducible ordinary g-twisted V -module.

Proof. By Proposition 7.11, every irreducible lower-bounded generalized g-twisted V-module
has a lowest weight. Let W be an irreducible lower-bounded generalized g-twisted V-module
such that the real part of its lowest weights is the maximum of the set of the real parts
of the lowest weights of the irreducible lower-bounded generalized g-twisted V-modules and
such that the lowest weight subspace of W is finite dimensional. Then W’ also has a lowest
weight equal to the lowest weight of W and the lowest weight subspace of W’ is also finite
dimensional. By Lemma 7.13, the real part of the lowest weights of W’ is equal to the
maximum of the set of the real parts of the lowest weights of the irreducible lower-bounded
generalized ¢~ !-twisted V-modules. If W’ is not generated by its lowest weight subspace,
then the quotient of W’ by the submodule of W’ generated by its lowest weight space must
be a lower-bounded generalized g !-twisted V-module such that the real part of the lowest
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weight is larger than the maximum above. But by Theorem 4.7, the real part of the lowest
weights of this quotient of W’ must be equal to the real part of the lowest weights of an
irreducible lower-bounded generalized g~!'-twisted V-module. Contradiction. Thus W' is
generated by its lowest weight subspace. Thus W’ is a quotient of M g’] with M being its
lowest weight subspace and with B being its lowest weight. Since M is finite dimensional
and M j[gg] is spanned by elements of the form (3.1), the homogeneous subspaces of M gﬂ are of
at most countable dimensions. Thus homogeneous subspaces of W’ must also be of at most
countable dimensions. This is possible only when the homogeneous subspaces of W are finite
dimensional. Thus W is an irreducible grading-restricted generalized g-twisted V-module.
By Proposition 4.4, such a grading-restricted generalized g-twisted V-module is an ordi-
nary g-twisted V-module if g acts on it semisimply. |

Remark 7.15 We assume in Theorem 7.14 that the set of real parts of the numbers in P(V)
has no accumulation point in R to make sure that every irreducible lower-bounded generalized
g-twisted V-module has a lowest weight. We can certainly replace this assumption by the
weaker assumption that every irreducible lower-bounded generalized g-twisted V-module has
a lowest weight.

Dong, Li and Mason proved in [DLM1] (Theorem 9.1) that if g is of finite order and the
twisted Zhu's algebra A (V') is not 0 and finite dimensional, then there exists an irreducible
ordinary g-twisted V-module. In Theorem 9.1 in [DLM?2], Dong, Li and Mason proved that if
V' is a Cs-cofinite simple vertex operator algebra and ¢ is of finite order, then there exists an
irreducible ordinary g-twisted V-module. In the following consequence of Theorem 7.14, we
are able to remove the conditions that A, is not 0 in Theorem 9.1 in [DLM1], the simplicity
of V' and Cy-cofiniteness in Theorem 9.1 in [DLM2] and weaken the conditions that V' has a
conformal vector and g is of finite order in these results in [DLM1] and [DLMZ2]:

Corollary 7.16 Let V' be a Mobius verter superalgebra and g an automorphism of V. As-
sume that the set of real parts of the numbers in P(V') has no accumulation point in R. If
Zy(V') (or, equivalently, A,(V')) is finite dimensional, then there exists an irreducible grading-
restricted generalized g-twisted V -module. Such an irreducible grading-restricted generalized
g-twisted V -module is an irreducible ordinary g-twisted V-module if g acts on it semisimply.
In particular, if g is of finite order, there exists an irreducible ordinary g-twisted V -module.

Proof. In this case, there are only finitely many inequivalent irreducible Z,(V')-modules.
Moreover, these Z,(V)-modules are all finite dimensional. Then using the functor H, in
[HY] from the category of lower-bounded Z,(V')-modules to the category of lower-bounded
generalized g-twisted V-modules and Theorem 4.7, we see that each irreducible Z,(V)-
module gives an irreducible lower-bounded generalized g-twisted V'-module. By Proposition
7.11, irreducible lower-bounded generalized g-twisted V-modules have nonzero lowest weight
spaces. Taking the lowest weight spaces of irreducible lower-bounded generalized g-twisted
V-modules, we recover the irreducible Z,(V)-modules that we start with. Thus we obtain
a bijection between the set of equivalence classes of irreducible lower-bounded generalized
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g-twisted V-modules and the set of irreducible Z,(V')-modules. Since there are only finitely
many inequivalent irreducible Z,(V')-modules, there are also only finitely many inequivalent
irreducible lower-bounded generalized g-twisted V-modules. In particular, there exists a
maximum of the real parts of the lowest weights of the irreducible lower-bounded general-
ized g-twisted V-modules. Also the lowest weight subspaces of irreducible lower-bounded
generalized g-twisted V-modules are irreducible Z,(V')-modules which are finite dimensional.
By Theorem 7.14, there exists a grading-restricted generalized g-twisted V-module. [

Remark 7.17 In Theorem 7.16, we assume that V' is a Mobius vertex superalgebra and
that the set of real parts of the numbers in P(V') has no accumulation point in R. But a
vertex operator superalgebra is certainly a Mobius vertex superalgebra. Also by Remark
7.12, the assumption that g is of finite order implies that the set of real parts of the numbers
in P(V) has no accumulation point in R. Thus Theorem 7.16 is indeed a generalization of
Theorem 9.1 in [DLM1] and Theorem 9.1 in [DLMZ2].

Remark 7.18 Our proofs of Theorem 7.14 and Corollary 7.16 do not need the results on
genus-one 1-point correlation functions. This fact shows that the existence of irreducible
grading-restricted generalized or ordinary g-twisted V-module is not a genus-one property.

8 Twisted extensions of modules for the fixed-point
subalgebra

In this section, using the lower-bounded generalized twisted module M ][39] constructed in
Section 5 of [H7] (see Section 2), we prove another result on the existence of certain lower-
bounded generalized twisted modules.

Let V be a grading-restricted vertex algebra and g an automorphism of V. Let V9 be
the fixed-point subalgebra of V' under g. Let W be a lower-bounded generalized g-twisted

V-module. Then it is clear that W equipped with the vertex operator map Yjj, :
VIQW
V9@ W — Wlx,27Y] is a lower-bounded generalized V9-module. Recall from [H6] that

W = Tlacp, Wl where Py is the set consisting of complex numbers a such that R(a) €
[0,1) and €?™* is an eigenvalue of g on W. Then we also know that W for a € Py are
lower-bounded generalized V9-modules.

One obvious question is: For a lower-bounded generalized V9-module Wy, does there
exist a lower-bounded generalized g-twisted V-module W such that W is a submodule of W
when W is viewed as a lower-bounded generalized V9-module? Unde the strong conditions
on V and the fixed point subalgebra V& under a finite group of automorphisms of V' that
both V and V& are Cs-cofinite and reductive in the sense that every N-gradable modules is
a direct sum of irreducible module and all irreducible g-twisted V-modules (except for V')
have positive weights, Dong, Ren and Xu proved in [DRX] that every irreducible V¢-module
can be viewed as a submodule of an irreducible g-twisted V-module for some g € G. Note
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that a lower-bounded generalized g-twisted V-module in our definition always has an action
of g which can be written as g = e*™9 where £, = S, + N, and S, and N, are semisimple
and nilpotent operators on W. Thus one necessary condition for Wy to be a submodule of
W is that we should also have actions of g, £,, S, and N, on W,. In this section we prove
that for such a lower-bounded generalized V9-module Wy, the answer to the question above
is positive. Note that the only condition in our result below is the necessary condition above.

Theorem 8.1 Let Wy be a lower-bounded generalized V9-module (in particular, Wy has a
lower-bounded grading by C (graded by weights) and a grading by Zs (graded by fermion
numbers)). Assume that g acts on Wy and there are semisimple and nilpotent operators S,
and Ny, respectively, on Wy such that g = €*™*s where L, = S, + N,. Then Wy can be
extended to a lower-bounded generalized g-twisted V-module, that is, there exists a lower-
bounded generalized g-twisted V-module W and an injective module map f : Wy — W of
V9-modules.

Proof. By assumption, Wj is a direct sum of generalized eigenspaces of g. So we can
assume that W is a generalized eigenspace of ¢ with eigenvalue e*™®. Let B be the largest
real number such that for nonzero homogeneous w € Wy, R(wtw) > B. Let M be a space
of homogeneous generators of Wy invariant under the action of Ly, (0), Ly, (0)s, Lw,(0)x,
g, Sgy Ny Let {w},ca be a basis of M such that Ly, (0)yw?® = w "o (@O~@  where either
L, (0)n(a) € A or wEm©On(@) = (. By Proposition 6.5, W is spanned by coefficients of the
formal series of the form Yy, (v, z)Lw,(—1)*w® for v € V9, k € Nand a € A.

From Section 5 of [H7] (see Section 2), we have a lower-bounded generalized g-twisted

V-module M g]]. In particular, M g’] is a lower-bounded generalized V9-module. Let W; be
the V9-submodule of Mg] generated by (¢X4[9])_1’01 for a € A. Then by Proposition 6.5

again, Wy is spanned by the coefficients of the formal series of the form
Y, (v, x)Lwl(—l)kW?wl[?g})—l,ol =Yyl (Uvx)LMg1(—1)k(¢X41[§1)—1,01
forve V9 keNandae A
We define a linear map f, : W7 — Wy using
fO <YW1 (U7 $>LW1(_1)k(¢;4][§7]>—1,01> = YWo (U7 x)LWO(_l)kwa
for v € V9 k€ Nand a € A. We first have to show that f; is well defined since there are
relations among elements of the form Yy, (v, ) Ly, (—1)’“(1#;4[9] )-1,01. But from Theorem 6.6,

the only relations among elements of the form (6.10) are all irfduced from the relations among
v’s. Hence these relations must also hold for any V9-module, in particular for elements of
the form Yy, (v, x) Ly, (—1)kw?. Thus f; is well defined.

Clearly fy preserves gradings. By definition,

Fo(510)-101) = w*,
fO(LW1<—1)k(¢X7g1)71,01) = LW0<_1)kwa7
fO(YWI (U7 x)w) = YWO(U>x)f0<w)
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for a € A, k € N and w € W;. Using these formulas, we see that fy is a module map
from W; to Wy. Clearly, fy is surjective. Thus there exists a lower-bounded generalized
V9-submodule J(W7) of Wy such that W, /J(W;) is equivalent to Wj.

Now let J be the lower-bounded generalized g-twisted V-submodule of M g’] generated by

J(Wy). Then W = M ][391/ J is a lower-bounded generalized g-twisted V-module containing a
lower-bounded generalized V9-submodule Wy = {w + J | w € W;}. We now prove that this
lower-bounded generalized V9-module W is isomorphic to Wy/J(W;). We define a linear
map f1 : Wo — Wy /J(Wy) by fi(w+ J) = w+ J(W;) for w € Wi. But we first need to
prove that f; is well defined. This is equivalent to prove Wy N J C J(Wh).

Let w € Wy N J. Since J is the lower-bounded generalized g-twisted V-submodule of
Ml[f] generated by J(W;) and LMg](—l) acts on J, by Proposition 6.5, we can take w to

be a coefficient of Y;[[g] (u,z)wy for u € V and wy; € J(wy) C Wi, But w is also in Wj.
B

Note that W; is a V9-submodule of M g] generated by (w&[g]),l’ol for a € A and, by the
B .
assumption that Wy is a generalized eigenspace of g with eigenvalue 2™, (wL[g]),Lol for
B

a € A are generalized eigenvalues of g with eigenvalue e?™®. So e>™Sow = 2™y, If u € VI
for 5 € P(V), by (3.10) in [H6], coefficients of Y]\“Z o (u, x)wy are generalized eigenvectors of
B

g with eigenvalue e?7(@+8)  So if we take w to be a coefficient of Y]\i[g] (u, z)wy, u must be in

Vi, ’

If u € VI is not in V9, then Myu # 0. On the other hand, since w;, € J(W;) C Wy, we
can take w; to be a linear combination of coefficients of Yy, (v, x)LWl(—l)k(w%g])_Lol for
v € VI, with k € N and a € A to be fixed. We know that for a € A, there exi]sgts K, eN
such that Nf”l(wi/ﬂg]),ml = 0 but N (¥ 1a)-101 # 0. Using (3.12) in [H6], Nyv = 0

B B

for v € V9 and the fact that N, commutes with Ly, (—1) which in turn follows from (3.12)
in [H6] and the L(—1)-derivative property for Yy, , we obtain

NQYW1 ('U,x)LWI(_l)k<T/J?Mg])
= YWl (Ngv,x)Lwl(—l)k(z/z 9])—1,01 + YW1 (U, x)Nngl(—l)k(W [9])—1,01

Z/IB Mg
= YWl (U,.I)Lwl(—l)k (w;d

—101

[
w)-1,01. (8.1)

B

Then by (8.1),

NGy (v, ) Ly (=1)" (9

MJ[BQ] ),1701 = 0

But there exists v such that

YW1<U,x)Lwl(—l)ka(l/ng])—l,ol # 0.

Thus there exist an element w; of J(W;) of the form of a linear combination of coefficients of
Yiv, (v, x)LWl(—l)k(wL[g])_Lol for v € V9, with fixed & € Nand a € A such that N« w, =
B

0 but 2w, # 0.
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Now for v € VI and w; of the form above, by (3.12) in [H6],
NY? (u,x)wy =Y (Nyu, x)wy + Y7 (u, 2) Nyw;.
g M,[g]( Jw M1[3g]< g Jwy M}[;]]( ) gl

Then

Kat1
Nt inl[g] (u, z)w, = E
B

=0

Fatl (Ka +1
7

)YJ\‘ZE]] (/\/'gK“H_iu,x)./\/';wl. (8.2)

If there exists u € VI such that Myu # 0, then we can always find K, € N such that
NyNfeu) = 0 but Nfu # 0. Taking u to be Nju if K, # 0, we see that we can
always find u € VI such that NZu = 0 but Nyu # 0. Then the right-hand side of (8.2)

become Y]Zl[g] (Ngu, 2)NJw;. From the construction of MY Yﬂil[gg] (Nyu, )N Fowy # 0 if

Nyu and NXaw; are not 0 because M is universal. Since A,u and NEaw, are not 0,
g g B 9 g
Y9 (Nyu, 2)NEew, cannot be 0 in M9 So the right-hand side of (8.1) is not 0. In partic-

ular, there exist nonzero coefficients of the right-hand side of (8.1). But when a coefficient
of Y]\Z o (u, 2)wy is in Wi, from our discussion above, we must have
B
Ko+1 —
Nt Y]\*‘i[g] (u, z)w; = 0.

Contradiction. So Myu = 0, that is, u € V9. Thus coefficients of Y;’J[Q] (u,x)w; are in the

generalized V9-module generated by elements of J(1/). But this gene?alized V9-module is
exactly J(W7) itself. This shows that w € WiNJ must be in J(W)), that is, WiNJ C J(W).
This shows that f; is well defined.

Clearly, f; is injective and surjective and preserves the gradings. So it is a grading-
preserving linear isomorphism. By definition, fi(Yuw, (v,2)w + J) = Yw, (v,z)w + J(W)).
Thus f; is an equivalence.

Now we can view W;/J(W;) as a lower-bounded generalized V9-module of W. Let
[ Wy — Wy /J(W7) be an equivalence of V9-modules. Then f can be viewed as an injective

module map from Wy to W = Mg]]/(]. |
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