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1. Vertex operator algebras (VOAs, chiral algebras)
Symmetry algebras for conformal field theories

Conformal field theory can be viewed as the representation
theory of vertex operator algebras

Vertex operator algebras are analogues of both commutative
associative algebras and Lie algeberas

Commutative associative algebras:

A vector space: C

Multiplication: « , b€ C | abe C
ldentity: -« ¢« C

Associativity: (at)c = aCbc)
Commutativity: abp = vx

Identity property: 4 a = a1 =«

Examples:
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(i) The space of functions on a manifold, e.g., space-time.



Lie algebras:

A vector space: 0{(
A Lie bracket: & ,.€ 7, Ta,bl€ 9

Skew-symmetry: Eﬁ\oj_ - E\omj
Jacobiidentity: Tz 1, ¢77- T, Ta,<c3)= L Ta,b], <]

Vertex operator algebras are analogues of both commutative
associative algebras and Lie algebras.
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Associativity or (meromorphic) operator product expansion:
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Properties for the conformal element or the stress-energy
tensor:
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(i) Trivial examples: Commutative associative algebras
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(iii) Affine Lie algebras:
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(iv) Virasoro algebra:
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Jacobi identity for vertex operator algebras:
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Special cases:

(i) Commutator formular:
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2. Modules for vertex operator algebras:
Let V be a vertex operator algebra.

Module for V:

A vector space: W :“@C W

Vertor operators: \~yc ¢\ the e ists & Vortay OfWJW

Y 2)=V@ = Z\Y O
satisfying all the propertles for VOAs that still make sense, that
is:
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Properties for the conformal element:
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Vectors in modules can have noninteger conformal dimensions
but vertex operators for modues are still meromorphic.
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3. Intertwining operators and intertwining operator algebras:
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Commutativity:

<N;/ \/We(u ':2'> %(\JUQO Wa D

G J

<wy, W20 Y (w20

ace a(‘)%w@\a mmogd whov 12,5 [2.]7 0 o d
12,5125 0 )QSQMCJN@)H\ s thilc Sums as oma%'c
&mm%s-, RQ W\»(ﬁfc LY Fonsions oS 4ach o”r/u/a/_

L(-1)-derivative property

002 = Y (Laeov, )

Examples:

Freeboson: |+ W, W. Ma Vs awsdwles $or Yre Ht2e
\oystm VaxTex 6(&@«\«6 a{ﬂgé\ow\ \( Constructed ot |k >,
ko> \¥5>,Y05Qaa%\f0v\/g‘ [ ot \46’/ Lt b \We defme

%(H&J,%Nkﬁ ks

S e I L
k&S&(%)o\Q o — é [g(hfo n Py W N =) 1‘k67

—_—

0
0 Y



% (Q’V\(“ Q,\MH&‘) ,23

Wg— | '
et l At b Sq{;z) 12
) | - — / ( 2
- om kz\‘,\qg) “'(\l\g’\)l‘ A\Zhg \ OQ(;}) 2 o

Intertwining operators of type (N\\[\E > form a vector space.
\ 2

Question: Do we have associativity or operator product
expansion for the product of two arbitrary intertwining operators?

Yes, if the vertex operator algebra satisfies some additional
conditions.

Modules: N:‘\?C \l\)@) ) &m \UQ)<\><>) \AL\):O uleon
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Generalized modules: Do not require that these two conditions
hold.
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Theorem [H]: Let V be a vertex operator algebra satisfying the
following conditions:

(i) There are only finitely many irreducible V-modules whose
conformal dimensions are all real numbers.

(i) Every generalized module for V is completely reducible.
(iii) Every irreducible module for V is C _cofinite.

(
Then the following associativity (operator product expansion)

and commutativity (braiding relation) of intertwining operators
hold:
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Differential equations of regular singular points: The proof of
the theorem above is based on some differential equations
satisfied by the products or iterates of intertwining operators.

For affine Lie algebras, there are the famous KZ equations. For
minimal models the Virasoro algebra case, there are BPZ
equations. In general, the (C -cofiniteness allows us to derive
differential equations satified by the products and iterates. These
equations have singular points but they are all regular singular
points.
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Intertwining operator algebras describe nonabelian anyons.



4. Fusion rules and tensor products:
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Question: Is there a tensor product operation for moules for V

such that the fusion rules can be calculated using the tensor
products as in the Lie algebra case.

Answer: Yes, if V satisfies the three conditions in the theorem
giving the operator product expansion of intertwining operators.
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Theorem [H]: Let V be a vertex operator algebra satisfying the
following conditions:

(i) There are only finitely many irreducible V-modules whose
conformal dimensions are all real numbers.

(i) Every generalized module for V is completely reducible.

(iii) Every irreducible module for V is Q\»cofinite.

Then the category of modules for V is a braided tensor
category.

5. Modular invariance, the Verlinde conjecture and the rigidity

We need stronger conditions now.
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Theorem[Y. Zhu] Let V be a vertex operator algebra satisfying
the following conditions:

(i) \/(h)‘- 0 QM nN< 0O

(i) Every logarithmic generalized module for V is completely
reducible.

(iii) Every irreducible module for V is agofinite.

Then there are only finitely many irreducible modules for V and
the finite-dimensional vector space spanned by
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are invariant under the modular transformations

< ZE8 e () e S, T)

YLD
%Mr\s, L BESEL , oy~ BUS
bor a @‘ (g:‘:i) ¢ aw elomed of t



VQC%\( S"Kacc 5§“V»VW¢( \4‘6 C‘A\,\IC\(Z> %( Q¢ 1 -i()
Huve exist AQ\D cC Gy 6 LET such Frat

<7 4 — b
dﬂw_h/gf’—):;z A» Ch, (=)

R o - Q ~ 0 — | . )
thﬂﬁwm)@(\(; ,()0))ﬂd’\5,
N /W fW\aon\m ’WWSWMM T —> "/(_/: ) we have
S&\\"CC Q\/ 0\)\)6‘1 émo\n’—H\ﬂ+

C\NA(%’>’~ z Sk CL‘WGZ)

beT

Theorem[H] Let V be a vertex operator algebra satisfying the
following conditions:

(i) Vo= 0 foc n< 0, V as amodule is irreducible and is
equivalent to the contragredient module V'

(i) Every logarithmic generalized module for V is completely
reducible.

(iii) Every irreducible module for V is (_\Z _cofinite.

Then the following Verlinde conjecture is true:
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6. Modular tensor category structures:
Using all the results above, we have the following main theorem:

Theorem[H] Under the assumption of the previous theorem, the
category of modules for V is a modular tensor category.

| would like to mention that the material presented here are
based on the works of many physicists and many
mathematicians for more than 30 years, especially the works of
Goddard, Belavin-polyakov-Zamolodchikov, Friedan-Shenker,
Witten, Borcherds, Frenkel-Lepowsky-Meurman, Verlinde,
Moore-Seiberg, Zhu and Lepowsky-Huang.



