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Abstract

This is the eighth part in a series of papers in which we introduce and develop
a natural, general tensor category theory for suitable module categories for a vertex
(operator) algebra. In this paper (Part VIII), we construct the braided tensor category
structure, using the previously developed results.
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In this paper, Part VIII of a series of eight papers on logarithmic tensor category theory,
we construct the braided tensor category structure, using the previously developed results.
The sections, equations, theorems and so on are numbered globally in the series of papers
rather than within each paper, so that for example equation (a.b) is the b-th labeled equa-
tion in Section a, which is contained in the paper indicated as follows: In Part I [HLZ1],
which contains Sections 1 and 2, we give a detailed overview of our theory, state our main
results and introduce the basic objects that we shall study in this work. We include a brief
discussion of some of the recent applications of this theory, and also a discussion of some
recent literature. In Part IT [HLZ2], which contains Section 3, we develop logarithmic formal
calculus and study logarithmic intertwining operators. In Part 11T [HLZ3|, which contains
Section 4, we introduce and study intertwining maps and tensor product bifunctors. In
Part IV [HLZ4], which contains Sections 5 and 6, we give constructions of the P(z)- and



Q(z)-tensor product bifunctors using what we call “compatibility conditions” and certain
other conditions. In Part V [HLZ5|, which contains Sections 7 and 8, we study products and
iterates of intertwining maps and of logarithmic intertwining operators and we begin the
development of our analytic approach. In Part VI [HLZ6|, which contains Sections 9 and 10,
we construct the appropriate natural associativity isomorphisms between triple tensor prod-
uct functors. In Part VII [HLZ7], which contains Section 11, we give sufficient conditions
for the existence of the associativity isomorphisms. The present paper, Part VIII, contains
Section 12.
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12 The braided tensor category structure

In this section, we shall complete the formulations and proofs of our main theorems. We
construct a natural braided monoidal category structure on the category C. In particular,
when C is an abelian category, we obtain a natural braided tensor category structure on C.
The strategy and steps in our construction in this section are essentially the same as those
in [HL1], [HL5] and [H2| in the finitely reductive case but, instead of the corresponding con-
structions and results in [HL2], [HL3], [HL4] and [H1], we of course use all the constructions
and results we have obtained in this work except for those in Section 11. The present section
is independent of Section 11, which provided a method for verifying the relevant hypotheses.

Our constructions and proofs in this work actually give much more, namely, the vertex-
tensor-categorical structure, in the sense of [HL1], relevant for producing the desired braided
tensor category struture. We have constructed tensor product bifunctors depending on
a nonzero complex number z, along with associativity isomorphisms between suitable tri-
functors constructed from these bifunctors, and in this section, we shall first give natural
isomorphisms between certain additional functors constructed from them. These structures,
when enhanced by natural isomorphisms constructed from the Virasoro algebra operators,
actually give vertex tensor category structure (in the sense of [HL1]). Our construction of
braided tensor category structure in this section is simply a byproduct of this vertex tensor
categorical-type structure. In particular, we choose the tensor product bifunctor for our
braided tensor category structure to be the tensor product bifunctor associated to z = 1 and
we construct all the other necessary data from the natural isomorphisms mentioned above.
This process of specializing all our tensor product bifunctors to the bifunctor associated
with only one particular nonzero complex number “forgets” all of the essential complex-
analytic vertex-tensor-categorical structure developed in the present work, except for only
the “topological” information, which is what braided tensor category structure exhibits. But
even if we are interested only in constructing our braided tensor category structure, we are
still forced to construct the vertex-tensor-categorical structure first, because, for instance,



iterated tensor products of triples of elements are not defined in the braided tensor category
structure.

We now return to the setting and assumptions of Section 10, in particular, Assumption
10.1 and also Remark 10.2, in which we have made a choice Mp(,) = EI’P(Z) of the tensor
product bifunctors. In addition, we also make the following two assumptions, the second of
which implies the convergence condition for intertwining maps in C (where we take W3 =V,
My = Wy, Y3 = Yy, and w(s) = 1, and we invoke Proposition 7.3; see Definition 7.4):

Assumption 12.1 The vertex algebra V' as a V-module is an object of C.

Assumption 12.2 The expansion condition for intertwining maps in C holds (see Definition
9.28). Moreover, for objects Wy, Wy, W3, Wy, Wy, My and My of C, logarithmic intertwining
operators Yy, Yo and Y3 of types (Wvlv&l), (W];/[th) and (W];,41/2V4)’ respectively, zy,zs, 23 € C*
satisfying |z1| > |za] > |2z3] > 0, and way € Wi, wey € Wa, wy € Wi, wuy € Wy and

wis) € Wy, the series

Z (Wigy, V1(wy, 20)Tm (Vo (w(2y, 22) T (Vs (w(3), 23)w(a)))) ws (12.1)

m,neR

1s absolutely convergent and can be analytically extended to a multivalued analytic function
on the region given by z1,29,23 # 0, 21 # 23, 21 # 23 and zy # 23, such that for any set of
possible singular points with either z1 =0, 2o =0, 23 =0, 21 = 00, 29 = 00, 23 = 00, 2] = 23,
z1 = 23 Or 29 = z3, this multivalued analytic function can be expanded near the singularity
as a series having the same form as the expansion near the singular points of a solution of
a system of differential equations with reqular singular points (as defined in Appendix B of
[Kn]; recall Section 11.2).

Remark 12.3 By Theorems 11.6 and 11.8 (see also Remark 11.7), when A and A are
trivial, Assumption 12.2 holds if every object of C satisfies the C-cofiniteness condition and
the quasi-finite dimensionality condition, or, when C is in M, if every object of C is a
direct sum of irreducible objects of C and there are only finitely many irreducible C-cofinite
objects of C (up to equivalence).

The main result of this work is Theorem 12.15, which states that if V' is a Mobius or
conformal vertex algebra and C is a full subcategory of M, or G M, satistfying Assumptions
10.1, 12.1 and 12.2, then the category C, equipped with the tensor product bifunctor X, the
unit object V', the braiding isomorphisms R, the associativity isomorphisms A, and the left
and right unit isomorphisms [ and r, is an additive braided monoidal category. In particular,
if C is an abelian category, then equipped with the data above, it is a braided tensor category.

12.1 More on tensor products of elements

Let Wy, W5 and W3 be objects of C. In Section 7, using the convergence condition, for
21, 29, 23, 24 € C* satisfying |z1] > |22] > 0 and |z3] > |24] > 0, we have defined the tensor
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product elements

wy Mp(zy) (W) Mpey) wig)) € Wi Wpi,y (W Mp.,) Ws)

and

(way Mp(zy) wezy) Mpay) wiz) € (Wi Rpey) Wa) Mp(a,) Ws,

respectively, for wny € Wi, we) € Wy and wiy € Wi, In the proof of the commutativity
of the hexagon diagrams below, we shall also need tensor products of elements w(;) € Wi,
w(2) S W2 and w(3) € W3 in W1 &P(zl) (W2 IEP(ZQ) W3) and in (W1 IXP(ZU WQ) @p(%) W3 when
21, 29, 23, 24 € C* satisfy z; # 2o and z3 # z4 but do not necessarily satisfy the inequality
|21] > |22| > 0 or |z3| > |24] > 0. Here we first define these elements.

Let Vi = Mapy00 V2 = Yipp 00 V3 = Vip.,y0 and Vo = Vi, 0 be intertwining

operators of types
<W1 Xp(zy) (W Kp(zy) Ws))
Wy Wy Mp(.,) W3 ’

(W2 gP(Zz) W3>

Wy Wi
((Wl Mp(.) Wa) Bp(y) Ws)
Wi Rp,y) Wo Ws

and

W1 Wp(z,) Wa
Wi Wy ’

respectively, corresponding to the intertwining maps Mp(.,), Mp(.,), Mp(,) and Mp(,), re-
spectively, as in (4.17) and (4.18). Then by Assumption 12.2,

(W', V1 (wy, 1) Vo (wiz), G2)wis))

and

(@', Y5(Va(wry, Ca)way, G3)w))

are absolutely convergent for
w' € (Wi Bp(zy) (W Wp(e,) Wa))'

and
ni S ((Wl ®P(z4) WQ) IEP(Z3) W3)/7

when |(;] > |¢2| > 0 and when |(3] > |(4] > 0, respectively, and can be analytically extended
to multivalued analytic functions in the regions given by (y, (s # 0 and (; # (; and by (3, (4 #
0 and (3 # —(4, respectively. If we cut these regions along (1, > Ry and (3,{y € R,
respectively, we obtain simply-connected regions and we can choose single-valued branches
of these multivalued analytic functions. In particular, we have the branches of these two



multivalued analytic functions such that their values at points satisfying |(;| > |(3| > 0 and
|Cs| > [Ca| > 0 are

(W', Vi(wy, C1) Vo (wizy, G)ws))
and

(@', V3 (Va(wqry, Ca)wiay, (3)ws)),

respectively.
We immediately have:

Proposition 12.4 Let wy € Wi, wi) € Wy and wegy € Ws. Then for any 21, 22, 23, 24 € C*
satisfying z1 # zo and z3 # —z4, there exist unique elements

Wy Bp(ey) (Wi2) Kp(zy) W) € Wi Kp,) (Wa Bpi,) Ws)

and

(way Mp(zy) wezy) Mpeyy wig) € (Wi Wpz,) Wa) Mp.,y Ws

such that for any
w' € (W, Xp(ey (Wa Rp(zy) Ws))'

and

W' e (Wy Rp(,y Wa) Rp.,) Wa),

the numbers

(W', wi) Bpesy) (we) Bpe,) we)) (12.2)
and

(@, (W) Wp(ey) wea)) Bp(z) w) (12.3)
are the values at ({1, () = (21, 22) and ((3,C4) = (23, 24), respectively, of the branches of the
multivalued analytic functions above of (1 and (5 and of (3 and (4 above, respectively. 0

Remark 12.5 From the definition of

w1y Mp(zy) (W2) Kpe,) wes))
and
(way Bp(ey) W) Bp(eg) W),

we see that when |z;]| = |zo| (with 21 # 29) or |z3] = |z4| (with 23 # z4), they are uniquely
determined by

(W', way Wp(zy) (W) Rpe,) wes)))
= lim (w', Vi (wry, G) Vo (wizy, G)wz))

C1—z1, Ca—rz2, [C1[>[¢2]>0
and

(W', (way Kp () we) B we)
= lim (ﬁ/, ys(y4(w(1)7 C4)w(2))C3)w(3)>

(324, Ca—rz4, |(3]>[C4]|>0



for

(Wl IXP (z1) (WQ &P (22) W3))

and
0" e (Wi Bpsy) W) Bpay) Ws),

where the limits take place in the complex plane with a cut along R, .

Propositions 7.16 and 7.18, Corollaries 7.17 and 7.19 and the definitions of tensor products
of three elements above immediately give:

Proposition 12.6 For any z1, 29, 23, 24 € C* satisfying z1 # z3 and z3 # —z4, the elements
of the form

T (W) Bpz) (We) Mpy) W),
T (W) Mpay) W) Bp(sy) we)

forn e R, wqy € Wi, wey € Wa, wsy € Wi span

Wi Bpy) (Wo Mp(,) Ws),
(W1 Wp(zy) Wa) Mp(zy) Wi,

respectively. O

Next we discuss tensor products of four elements. These are needed in the proof of the
commutativity of the pentagon diagram below.

Proposition 12.7 1. Let Wy, Wy, W3, Wy, Wy, My and My be objects of C, z1, 2o, 23
nonzero complex numbers satisfying |z1| > |z2] > |z3| > 0, and I, Ir and I3 P(z)-,

P(z3)- and P(z3)-intertwining maps of type (WZV&I) (Wy&) and (W]Z[‘fm), respectively.

Then for wy € Wi, wig) € Wa, wiz) € Ws, wu) € Wy and w ) € W, the series
> (wisy, I (way ® T (I (wie) @ ma(Is(wis) @ wiw))))hws (12.4)
m,neER

15 absolutely convergent.

2. Let Wy, Wy, Wi, Wy, Wy, M3 and My be objects of C, z1, 223, 23 nonzero complex
numbers satisfying |z3| > |z23| > 0 and |z1| > |z3] + |223] > 0, and I, Iy and I3 P(z)-,
P(z3)- and P(zq3)-intertwining maps of type (W%WS) (M]ﬁf’v) and (W Ws ), respectively.
Then for wy € Wi, wig) € Wa, wiz) € Ws, wu) € Wy and w ) € Wi, the series

Z (Wigy, I (W) @ T (La(mn (I3 (wi2) ® W) @ way))))ws (12.5)

m,neER

15 absolutely convergent.



3. Let Wy, Wy, W3, Wy, W5, M5 and Mg be objects of C, z3, 213, 223 nonzero complex
numbers satisfying |z3| > |z13] > |z03] > 0, and I, Iy and I3 P(z3)-, P(z13)- and
P(z23) intertwining maps of type (wafw) (W]\l/li\sds) and (WMW) respectively. Then for

) € Wi, wiz) € Wy, wiz) € Wi, wuy € Wy and w ) € W:, the series

D (wisy, D (7 (I(way @ T (I3(wie) ® ws))))) @ wiay))w, (12.6)

m,neR

15 absolutely convergent.

4. Let Wy, Wy, W3, Wy, W5, M; and Mg be objects of C, z3, 293, 212 nonzero complex
numbers satisfying |zo3] > |212| > 0 and |23] > |z93] + |212] > 0, and I, I and
I3 P(z;)—, P(z23)- and P(z15)-intertwining maps of type (M%Vz;)’ (MJfI:Vg) and (W1W2)
respectively. Then for way € Wi, wee) € Wa, wiz) € Ws, wuy € Wy and w(5) e Wi, the
series

> Wiy, (mm(Ia(mn(Is(w) © W) © we)) @ we ) ws (12.7)
m,neER

15 absolutely convergent.

5. Let Wy, Wy, W3, Wy, W5, Mg and Mg be objects of C, z1a, 20, 23 nonzero complex
numbers satisfying |za| > |z12| + |z3] > 0, and I, Iy and I3 P(z)-, P(z12)- and
P(z;;) -intertwining maps of type (Mg\jm) (W%’VQ) and (VIJ/\;I%); respectively. Then for

y € Wi, wey € Wa, wigy € W, wyy € Wy and w ) € W, the series

> Wiy, hi(mn(Ia(way ® we)) @ Ta(la(wi) ® wiw))))ws (12.8)

m,neR

15 absolutely convergent.

Proof The absolute convergence of (12.4) follows immediately from Assumption 12.2 and
Proposition 4.8.

To prove the absolute convergence of (12.5), let i, Vs and )5 be the intertwining oper-
ators corresponding to I, Is and I3, using p = 0 as usual, that is, )/1 = V0, Y2 =V, and

Vs = YV, 0. We would like to prove that for wuy € Wy, we) € Wa, wiy € Wi, wyy € Wy and
w25) e Wi,
> (W), Vi(wiy, 20) T (Vo (Vs w2y, 223)ws), 28)wi))))ws (12.9)
m,neR

is absolutely convergent when |z3| > |203] > 0 and |z1] > |2z3] + |223] > 0. By the L(0)-
conjugation property for intertwining operators, (12.9) is equal to

m,neR
T (Vo (0 (Vs (e —(log z3) L(0) (2),22323_1)6_(10g23)L(0)w(3)), 1)6_(1°g23)L(°)w(4)))W5.
(12.10)



Since (12.9) is equal to (12.10), we see that proving that for wy € Wi, w) € Wa, w) €
Ws, wy € Wy and wizy € Wy, (12.9) is absolutely convergent when [z3] > |z03] > 0 and
|z1] > |z3| 4 |223] > 0 is equivalent to proving that for wy € Wi, wp) € W, wiy € W,
Wy € Wy and wi, € Wi,

> (W), Va(way, C)m (Vo (Vs(wiz), Cas)ws), Dwy))ws (12.11)

m,neR

is absolutely convergent when 1 > |(o3] > 0 and |(1]| > 1 + [(a3| > 0.

Using Corollary 9.30 (the associativity of intertwining operators), we know that there
exist an object M of C and intertwining operators ), and )5 of types (Wj\ﬁi) and (Wyw4),
respectively, such that for w’ € M, when 1 > |(a3] > 0, the series

> (W, Vo(mn(Vs(wiay, Gas)ws), Dweay)ar, = (W', Vo(Vs(wiay, Gos)wes)), 1wy ary

neR

is absolutely convergent and, when 1 > |(o3] > 0 and [(23 + 1| > 1, its sum is equal to

(W', Ya(wizy, Co3 + 1) Vs (wis), 1)wiay) i,

By Assumption 12.2, we know that

Z (Wig), Vi(wy, Q) Tm(Va(wiz), Gz + D)7 (Vs (wiz), Dway))) wy (12.12)

m,neR

is absolutely convergent and can be analytically extended to a multivalued analytic function
f(Cla <23> on the region given by Cl, C23 +1 # 0, Cl 7£ <23 + 1, Cl % 1 and <23 +1 7£ 1 such that
for any set of possible singular points with either (; =0, (o5 +1 =10, (1 = (o3 + 1, (1 = 1,
(o3 = 0, (1 = o0 or (o3 + 1 = 00, this multivalued analytic function can be expanded near its
singularity as a series having the same form as the expansion near the singular points of a
solution of a system of differential equations with regular singular points (again, as defined
in Appendix B of [Kn]; recall Section 11.2). Since ((1,¢23) = (00,0) gives such a set of
possible singular points of f((1,(23), and since for fixed (7, (o3 satisfying |(;| > [(a3] + 1 and
0 < |C23] < 1, there exists a positive real number r < 1 such that |(;| > r+1and 0 < |Co3] < 7,
f(¢1,¢a3) can be expanded as a series in powers of (; and (53 and in nonnegative integral
powers of log ¢; and log (a3 when [(1]| > [Ca3]|+1 and 0 < |(o3] < 1. Thus we see that (12.11) is
in fact one value of this expansion of f((j, (23), proving that (12.11) is absolutely convergent
when |(;| > [Ca3| + 1 and 0 < |(os] < 1.
The proofs of the absolute convergence of (12.6)—(12.8) are similar. [

The special case that the P(-)-intertwining maps considered are Mp(. gives the following:

Corollary 12.8 Let Wy, Wy, W3, Wy be objects of C and wny € Wi, wey € Wa, wey € W,
w(y € Wy. Then we have:



. For z1, 29, 23 € C* satisfying |z1| > |22 > |23] > 0 and
w' € (W1 Rpeyy (Wa Bpe,) (Ws Bpeyy Wa))) = Witpe,) (Wa R,y (Ws Bp,) W),

the series
Z <’LU/, w(l) &p(zl) ﬂm(w@) &p(zﬂ 7Tn(w(3) X’p(zg) w(4)))> (12.13)

m,neR

15 absolutely convergent.
. For zy, 203, z3 € C* satisfying |z3] > |z23] > 0 and |z1| > |z3| + |223]| > 0 and
w' € (W1 Bp(y) (Wa Rp(ay) Wa) Mpiy) Wi)) = Witlpe,) (Wa Kp(ay) W) Bp(y) Wa),

the series
Z (w', w(l) &p(zﬂ Wm(ﬂn(w(z) X,P(Z%) w(g)) &p(%) w(4))) (12.14)

m,neR

15 absolutely convergent.
. For z3, 213, 205 € C* satisfying |z3| > |z13] > |223] > 0 and
w' € (W1 Rp(g) (WaRp(apy) Wa)) Rp(eg) Wa)' = (W1 Rp(.5) (Wa Rp(ayy) Wa))Ep(e) W,

the series
D (W) Bp(ar) (W) Bpa) w) R w) (12.15)

m,neR

1s absolutely convergent.
. For z3, 203, 219 € C* satisfying |za3] > |z12| > 0 and |z3] > |z23] + |212| > 0 and
w' € (W1 Rpayy) Wa) Bp () Wa) Ry W) = (W1 Bpy,) Wa) Bpay) Wa)Sps) Wa,

the series
Z (w’, Wm(ﬂn(w(l) IXP(ZIQ) w(Q)) IXP(ZQ3) w(3)> &p(@)) w(4)> (12.16)

m,neR

15 absolutely convergent.
. For z19, 29, z3 € C* satisfying |ze| > |z12| + |23] > 0 and

w € (W1 Bp(syy) Wa) Bp(ayy) (Wa Rp(ayy) Wa))) = (Wi Bp(ayy) Wa)Spay) (Ws Bp(ay) W),

the series
Z <U)/, Wm(w(l) &p(Zm) w(g)) IEP(22) 7Tn<w(3) &p(zg)) w(4))) (1217)
m,neR

15 absolutely convergent. U



Note that the sums of (12.13), (12.14), (12.15), (12.16), (12.17) define elements of

Wi Bp(ay) (W Bp(ay) (Ws Bp(ey) W), (12.18)
Wi Wp(ayy (W Bp(agy) Ws) Mpayy) Wa), (12.19)
(W1 Bp(as) (Wa Bp(ays) W) Bp(ay) Wi, (12.20)
(W1 Bp(e1p) Wa) Mp(ays) W3) Wp(zy) Wa, (12.21)
<W1 IEP(2,12 W2) gP (22) (W3 &P (23) W4) (12.22)

respectively, for z1, 29, 23, 212, 213, 223 satisfying the corresponding inequalities. We shall de-
note these five elements by

w() Wp() (W) Wp(sy) (W) Bpey) wi)),
W) Mpezy) ((wi2) Wp () W) Wpee) w<4)),
(W) Bp(ai) (W(2) WP (o) w<3>)) DMp(zy) w
((wer) Bp(z10) W(2)) WP (agy) W(3)) Bp(ay) w
(W) Wp(z10) W(z2)) WP () (W) Wp(zy) i),

(4)
(4);

respectively.
Proposition 12.9 The elements of the form

Tn(W(1) Wp(a) (W@) Bp() (We) Bpe) ww))),
T (W) Mpe) (W) Rp(es) UJ(a)) Xp) wa)),
((w1y Mp(zys) (W) Wp(an) W(3))) Mp(zy) w(4)),
T (W) Wp(,) w) &P(Z%) 3)) Bp(zs) W),
T ((W(1) Bp(ary) Wi2)) Bp(ay) (W(3) Bp(ay) wia)))

T

Jorn e R, wqy € Wi, wpy € Wa, ws)y € Wi, wyy € Wy span

Wy X’P (21) (Wz XIP (22) (W:s |XP (23) W4>>

W1 Bp(y) (Wa Rp(zpg) Wa) Rp(ay) Wa),
(W1 Rp(zyy) (Wa Wp(ay Wa)) Mp(ay) W),
(W1 W p(zyp) Wa) Mp(zg) Wa) Kp(zy) Wy)
(W1 pry) Wa) Mp(ay) (Wa Kp.y) Wa)),

?

respectively.

Proof The proof is essentially the same as those of Corollaries 7.17 and 7.19. [

Proposition 12.10 Let Wy, Wy, W3, Wy be objects of C, wuy € Wi, wig) € Wa, wig) € Wi,
wuy € Wy and 2,290,253 € C* such that z1p = 21 — 20 # 0, 213 = 21 — 23 # 0, and
Z93 = 29 — 23 # 0. Then:
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. When |z1| > |z2| > |2z12| + |23] > 0, we have

P(z12),P(z
AR () Bp(ay) (W) Bp(e,) (wie Bp(s) wa)))

= (W) Wp(z10) W(2)) Bp(zy) (wiz) Kp(g) wia), (12.23)

where A 212) P(2) s the natural extension of.A zm 22 to (12.18).

P(z2)

. When |za| > |z12| + |23] > 0, |23] > |212] + |223] > 0 and |z23] > |z12] > 0, we have

P(z23),P(z
ApCh ) (1) Bp(ers) () Bp(ey) (w(a) Bp(sy) )

- <<w(1) ®P(312) w(Q)) gP(zzzs) w(3)) X,P(zg) wW(a), (1224)

where .A 223) P(3) s the natural extension ofA Z23 (S) to (12.22).

P(z3)

. When |z1| > |22 > |23] > |223] > 0, |21] > |23]| + |223\ > 0, we have

P(z P(z
L, Bp(er) Ap e (wia) Bp(ey) (w(z) Bp(sy) (w(e) Bps,) w)))
= W) gP (z1) (( ®P (223) (3)) gP(z;g) w(4)), (12.25)

where 1y, Mp(.,) AI;EZ‘;’) (i ) s the natural extension of 1y, Xp ZI)AI;EZS (25 ) to (12.18).

. When |z3| > |z13] > |223] > 0 and |z1| > |z3] + |223] > 0, we have

P(z13),P(z
AR (winy Bpe,) () Bp(ass) W) Bp(ey) W)

= (W) Wp(ey5) (W) Mp(as) W3))) Bp(zg) Wiay, (12.26)

where A zlg) P2 s the natural extension of.A 213 ) to (12.19).

P(z3)

. When |z3| > |z13] > |223] > |212] > 0 and |z3| > \212\ + \223| > 0, we have

P(z12),P(z
APEzi;,PEzzg &P(Zs) 1W4((w(1) IXP(ZIS) (w(Q) g13(223) w(3))) X’P(z3) w(4))

= ((w) ®p(z15) W(2)) WP(20g) W3)) Bp(zg) Wia), (12.27)

where Aﬁg:g%igzig Rp(ey) lw, is the natural extension of AL 23;52 ; Xp(z) 1w, to

(12.20).

Proof To prove (12.23), we note that when |2z1| > |z2| > |z12| + |23] > 0, by Corollary 12.8,

€ (W1 Kp(zy,) Wa) Kp(ay) (W3 Bp(g) Wa),

11



we have the absolutely convergent series

(W', wiry Bpsy) (W) Bpy) (W) Bpe,) we)))
= > (W' wa) Koy (we) Bpey) mn(we) Beey) w)))

meR

and

(W', (W) Bp(ar) W) Bp(s) (wie) Bpe) wa))
= (W, (W) Bp(erg) W) Bp(y) Ton(wiz) Rp(zy) wia)).

meR

P(z12),P(22)
P(z1),P(z2)

/
Using the map (A ) , we have

P(z P(z
(W', AREIRE (wiay By (w) Bp(e (1) Bp(ey w0))) )
P(z12),P(z !
= <<«4pgzi§,)p<§5)> (W), wiay Bpeey) (W) Bp(sy) (i) Bp() W<4>)>>

(z P(z
=2, << o §2§)> (w'), wiay Bpeey) (Wez) Bp(ay) T (W(z) Bp(zy) W<4>))>

meR

= Z<w AREITE (w0 Bpes) () Bp(ey Ton 08 Bp(es) w))) )
meR

= (W', (W) Bpary) W) Bp(z) Tn(w() Bp(zy) wi))
meR

= (W', (1) Bp(a1p) W2)) Bp(zy) (W3) Mp(ay) wiay))-

Since w’ is arbitrary, we obtain (12.23).
The equalities (12.24)—(12.27) are proved similarly. [

12.2 The data of the braided monoidal category structure

We choose the tensor product bifunctor of the braided tensor category that we are construct-
ing to be the bifunctor Xp(;), and we shall write it simply as:

& = &P(l)-

We take the unit object to be V. For any z € C* and any object (W, Yy ) of C, we take the
left P(z)-unit isomorphism

to be the unique module map from V ™p. W to W such that
L o ®p(o) = Iy 0,

12



where Iy, o = Iy, , for p € Z is the unique P(z)-intertwining map associated to the inter-
twining operator Yy of type (VM‘;,); the existence and uniqueness of [, are guaranteed by
the universal property of the P(z)-tensor product Mp). It is characterized by

Lw(1Xp) w) =w

for w € W. (Here we do not need the natural extension W because 1 Mpyw € V Mp(,
W.) The isomorphisms ly., for W € obC give a natural isomorphism [, from the functor
V Mp(.) - to the identity functor 1¢ of C; the naturality of [, follows immediately from the
characterization of l.;y and (10.1). The right P(z)-unit isomorphism

Taw ! W&p(Z)V%W
is the unique module map from W Xp(,) V to W such that

Tow © Mpz) = Loy (vin).0;

where Iogvip),0 = Loovip)p for p € Z is the unique P(z)-intertwining map associated to the
intertwining operator Qo(Yyr) of type (1) (recall (3.77)). It is characterized by

L(-1)

T (w Npy 1) = € w

for w € W. The isomorphisms 7,.;y for W € obC give a natural isomorphism r, from the
functor - Xp(,) V' to the identity functor 1¢. In particular, we have the left unit isomorphism

=L : VK- — 1,
and the right unit isomorphism
r=r;:-XV = 1..

To give the braiding and associativity isomorphisms, we need “parallel transport isomor-
phisms” between P(z)-tensor products with different z. Let W; and W3 be objects of C, let
21,29 € C* and let v be a path in C* from 2; to z,. Let ) be the logarithmic intertwining
operator associated to the P(2;)-tensor product Wi Xp.,) W5 and [(2;) the value of the loga-
rithm of z; determined uniquely by log 2, and the path v. Then we have a P(z;)-intertwining
map [ defined by

Iway ® we)) = Y(wa), €)we)
for w;y € Wy and w(e) € Wy. The parallel transport isomorphism

Ty = T ws : Wi Bpiy) Wa — Wi Kp,) W
associated to ~y is defined to be the unique module map such that
I = T’Y @) |Ep(21)7

13



where 7, is the natural extension of 7, to the formal completion W Wp(.,) W5 of W Mp(,,)
Wj. As in the definition of the left P(z)-unit isomorphism, the existence and uniqueness
are guaranteed by the universal property of the P(z;)-tensor product Mp.,). The parallel
transport isomorphism 7, is characterized by

T (way Bpeey) we) = V(Way, )W) logomi(zr), ar—entton, new

for wyy € Wy and wep) € W,. These isomorphisms give a natural isomorphism, denoted
using the same notation 75, from Mp(,,) to Mp.,); the naturality of 7, follows immediately
from this characterization and (10.1). Since the intertwining map I depends only on the
homotopy class of v, from the definition we see that the parallel transport isomorphism also
depends only on the homotopy class of ~.
. - Rp(_s
For z € C*, let I be the P(z)-intertwining map of type (WQW’f(W)ZWI) defined by
I(wi ® wy) = e (we) Bp(—) wir))

for w; € Wy and we € Wy, We define a commutativity isomorphism between the P(z)- and
P(—2z)-tensor products to be the unique module map

Rp) = Reewiws - Wi Rlp) Wo — Wy Kp_,) W)
such that
I'=TRp() o Mpe).

The existence and uniqueness of R p(.) are guaranteed by the universal property of the P(z)-
tensor product. By definition, the commutativity isomorphism Rp(.) is characterized by

Rp() (W) Bpee) wey) = e (wi) Bp) wiy)

for wuy € Wi, wee) € Wy, These isomorphisms give a natural isomorphism, denoted using
the same notation Rp(.),
Rpe) : Wpi) = Mp,) 0012,

where o5 is the permutation functor on C x C; the naturality of Rp(.) follows immediately
from this characterization and (10.1).

Let 77 be a (“counterclockwise”) path from —1 to 1 in the closed upper half plane with
0 deleted, 7;1- the corresponding parallel transport isomorphism. We define the braiding
isomorphism

R:Rwl;WQ : W1®W2—>WQ|XW1
for our braided tensor category to be
R = 7;1— e} Rp(l).

This braiding isomorphism R can also be defined directly as follows: Let I be the P(1)-
intertwining map of type (WQVEP %)/:Vl) defined by
I(wy @ ws) = " IT L (wie) Bp(1) win)

14



for w(;y € Wi and wee) € Wa. Then R is the unique module map
R: Wi KWy — Wo XKW,

such that
I =RokK.

It is characterized by

R(wa) Bpa) we) = VT - (we) Kpy wi)

for wey € Wi, w) € W, We have a natural isomorphism R from X to X o oy,.

Let 21 and z9 be complex numbers satisfying |z1| > |22] > |21 — 22| > 0 and let Wy, Wy
and W3 be objects of C. Then the associativity isomorphism (corresponding to the indicated
geometric data)

OfPEZ) ;2(),22) : (W1 |EP (21—22) WQ) gP(,zQ W3 — W, @P (21) (W2 @P (22) W3)

and its inverse

AJZEZ) 1232(,22 : W1 Bp(z) (W Xp(z) W3) = (Wi Xp(z—20) Wa) XNp(z) Ws
have been constructed in Section 10 and are determined uniquely by (10.13) and (10.5),
respectively.
Let z1, 29, 23 and z4 be any nonzero complex numbers (with no restrictions other than
being nonzero; they may all be equal, for example) and let W7, W5 and W3 be objects of C.
In this generality, we define a natural associativity isomorphism

AP(Z??&; Wi Bp(ay) (Wa Bp(s,) Wa) — (Wi Kp(y) Wa) Bpsy) Ws

using the already-constructed associativity and parallel transport isomorphisms as follows:
Let ¢; and (» be nonzero complex numbers satisfying |(1]| > [Ca] > |¢1 — (2| > 0. Let v, and
v, be paths from z; and 2 to (7 and (s, respectively, in the complex plane with a cut along
the positive real line, and let 3 and 74 be paths from (; and (; — (s to 23 and z4, respectively,
also in the complex plane with a cut along the positive real line. Then we define

P(z4),P(23) _ P(C2)
‘AP(z;l),P(zz) - T (7;4 &P (¢2) 1W3> © 'AP(C )P 42) “o (1W1 ®P(C1) 722) © 7—71,

that is, AIIEEZ)’P(Q; is given by the commutative diagram

P(¢1—22),P(¢2)

A
Wi Bpey (Wa Bp(yy Wa) — 272 (W) Bpe, - o) Wo) Bpe,) W

(1W1&P(<1)7;2)°7Z/1T lﬂso(ﬂzL&P(Cz)le)

P(z4),P(23)

Wi Bpyy (Wa Rppy Wa)  —2252 (W) Rip(.,y Wa) Rpa) Wa

15



The inverse of Allzg'z‘l‘gigz; is denoted aigfgigzzg These isomorphisms certainly generalize
the previously-constructed ones (when the appropriate inequalities hold).

In particular, when z; = z5 = 23 = 24 = 1, we call the corresponding natural associativity
isomorphism

A pa) s Wi R (Wa B Ws) — (W) K W,) KV,

the associativity isomorphism (for the braided tensor category structure) and denote it simply
by A. Its inverse is denoted by «. Because of the importance of this special case, we rewrite
the definition of A explicitly. Let r; and ry be real numbers satisfying r; > ry > 1y — 19 > 0.
Let v; and 7, be paths in (0,00) from 1 to r and to ry, respectively, and let 73 and 74 be
paths in (0, 00) from ry and from r; — 7o to 1, respectively. Then

P(ry—rg2),P(r
A=T,o0 (7;4 Xp(r,) Ly) o ‘APEri),PQ()rz)( o (1w, Xp(r) TY2> o Ty,

that is, A is given by the commutative diagram

P(ri—rg),P(r2)

A r1),P(r
Wi &P(rl) (Wy @P(m) W) % (WI &P(rl—rg) W) IE19(r2) Wi
Awy Bp () Ty )0 Ty, T lTvg (T4 ®p(ry)lwy)
Wy R (W, X Ws) SN (W & W) B W

Remark 12.11 It is important to note that in this case, or more generally, whenever z; = 25
or z3 = z; (or both), the corresponding tensor products of elements fail to exist; for instance,
the symbol w1y Mpa) (wee) Xpa)ywes)) has no meaning. Because of this, it has been necessary
for us to develop our whole theory for general nonzero complex numbers (and this in turn
has required the theory of the logarithmic operator product expansion and so on).

12.3 Actions of the associativity and commutativity isomorphisms
on tensor products of elements

Proposition 12.12 For any z1, 2z, € C* such that z; # zo but |z1| = |z2| = |21 — 22|, we
have

P(z1—22),P(z
APEzi),PQ()zg)( 2)(w(l) Xp(z) (w(z) Xp(zy) w(g))) = (w(l) X p(z—z) w(z)) X p(zn) ws) (12.28)

Jor way € Wi, wi) € Wy and wy € Wi, where

P(z1—22),P(z
APEzi),PZ()ZQ)( D W1 Bp(ary (Wa Rp(ay) Wa) — (Wi Bp(zy—sy) We) Bp(ey) Wi

is the natural extension of Aig:; ;2(1’5(22)

Proof We need only prove the case that w() and wy) are homogeneous with respect to the
generalized-weight grading. So we now assume that they are homogeneous.
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We can always find €; € C such that

|Zl + €1| > |€1|, (1229)
|21 +e1] > |zo| > (21 +€1) — 22| > 0. (12.30)

Let Y, = ygp(m,o and )V, = ng(ZQ),O be intertwining operators of types

(Wl Mp(z) (Wa Kp(zy) Ws))
Wi WoNp(.,) Ws

and

Wy Rp(z,) Wi
Wy Wiy ’

respectively, corresponding to the intertwining maps Mp.,) and Xp(.,), respectively. Then
the series
(W', i (e w), 21 + ) Va(ma(wi2)), 22)wis))

is absolutely convergent for m,n € R and
w' € (W1 Bpz,y (Wa Bps,) Ws))'

and the sums of these series define elements

Vi (T (e D)), 21+ €) Valwiay, 22)wzy € Wi Rpray) (Wa Kp(oy) Wa).

By the definition of the parallel transport isomorphism, for any path v from z; + ¢; to
z1 in the complex plane with a cut along the nonnegative real line, we have

T (T (e Dw)) Bp(ey 1) (wiz) Rpy) wis))

= Vi (T (e wy), 21+ €0) Vo (wia), 22)w(z). (12.31)
By definition, we know that
T =T

so that (12.31) can be written as

T, (o (e wy ), 21+ €) Va(wia), 20)w(z))

—e1L(—1)

= 7Tm(€ w(l)) &p(zﬁ_q) (w(z) &p(@) w(g)). (12.32)

Since (12.30) holds, by (10.5), we have

P((z1+€1)—21),P(z —e —
A o (e M w0) Bpgay ey (we) Bpgey) wi3))
= (Wm(e_elL(_l)w(1)> XP((21+61)—Z2) w(2)> &p(zz) W(3).- (1233)
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Let V3 = y@},wo and YV, = yg},(mzwo be intertwining operators of types

((Wl X p(z—20) Wa) Mp(zy) Wg)
(Wl IXP(zleQ) WQ) W3

and

Wl IXP(zleQ) W2
Wi Wy ’

respectively, corresponding to the intertwining maps Xp(.,) and Mp(;, _.,), respectively. Then
the series
(', ys(yz;(ﬂm(@fqufl)w(l)), (21 + €1) — 22)w(2), 22)W(3))

is absolutely convergent for m,n € R and
12), € ((Wl &P(zl—zg) W?) IXP(zz) W3)/7
and the sums of these series define elements

Vs(Va(mn (e Dwg), (21 + @) = 22w, 22)we
€ (W1 Mp(zy—z) Wa) Kp(y) W.

We can always choose v such that the path v — 25 from (21 + €;) — 25 to 21 — 23 is also in
the complex plane with a cut along the nonnegative real line. Then by the definition of the
parallel transport isomorphism, we have

T (T (™ TV w0)) Bp((2y 1) —2) Wi2)) Bp(zg) w(3))

_ y3(y4(7Tm(6_61L(_1)w(1))7 (21 + 51) — 22)11}(2), z2)w(3).
(12.34)

Combining (12.32)—(12.34) and using the definition of the associativity isomorphism

AP(zl —22),P(z2)

P(21).P(s) » We Obtain

AR i Wy (i (e D wy)), 21 + €0) Va(wiz), 22)wis))
= V3(Va(mm(e” D)), (21 + €1) — 22)w), 22)w).-
(12.35)

Since (12.30) holds, both the series
Z (W, V1 (T (e wiy), 21 + €1) Va(wia), 20)wz))
meR

and
Z(ﬁ/, V3(Va(mm (e Hw)), (21 + €1) — 22)w(a), 22)wi3))

meR

18



are absolutely convergent for
= (Wl @p(zl) (WQ IZP(Z2) Wg)),

and

w e ((Wl &P(z1—z2) Wg) &p(@) W3)/.

We know that

(W', Vi (way, 21 + €1) Vo (w(ay, 22)w(s))

and
(@', Va(Va(w(ry, (21 + €1) — 22)w(ay, 22)w(3))

are the values of single-valued analytic functions

F(w', wy, weay, wey; G, C2)

and

G(u?’, W(1), W(2), W(3); G, Cz)
of ¢; and (s in a neighborhood of the point ({1, (s) = (21 + €1, 22) which contains the point
(C1,¢2) = (21, 22). Then by the definition of the tensor product elements w1)XMp(.,) (w2) X p(z,)
w(g)) and (w(l) &p(zl_;&) w(g)) &P(Z2) w(g), we have

(W', way Mpey) (we) Kpe,) we)) = F(w', way, we), we); 21, 22) (12.36)

and

(@', (W) Wy —2) we2) Bpay) wi) = GO, way, wez), we); 21, 22).- (12.37)
On the other hand, since F/(w', wq), w(2), ws); ¢, ¢2) and G(0', w(y, wz), wes); C1, (2) are ana-
lytic extensions of matrix elements of products and iterates of intertwining maps, properties
of these products and iterates also hold for these functions if they still make sense. In
particular, they satisfy the L(—1)-derivative property:

0

8—C1F(w/>w(1),w(2),w(3);Cl;@) = F(u', L(—1)wqy, wey, we); €1, G), (12.38)
0 . -

%G(w',wu),w&),w(s);Cl,CQ) = G, L(=1)way, wey, we); 6, ), (12.39)

From the Taylor theorem (which applies since (12.29) holds) and (12.38)—(12.39), we have

F(w', way, wey, we); 21, 22) = Z F(w, (e "N wpy, wiay, wes); 21 + €1, 22), (12.40)
meR

G0, way, weey, wes); 21, 22) = Z G(w’,wm(e’q”’l))w(l),w(g),w(3); 21 + €1, 22). (12.41)
meR

Thus by the definitions of

F(w', T (e wy, wiay, wiay; 21 + €1, 22),

G, T (€™ NNy, wiay, wiay; 21+ €1, 22),
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and by (12.40), (12.41), (12.36) and (12.37), we obtain

> W, V(e ), 21+ €)Va(wi), 2)w)

meR
= <u/7 w(y) &P(21) (w(2) &P(Zz) w(3))>

and

Z(IE', Vi(Va(mm (e D wy), (21 + €1) — 22)wi2y, 22)ws) )

meR
= (@', (w() Bp(zy - 2) W2)) Kp(z) We3))-

Since w’ and W are arbitrary, (12.42) and (12.43) gives

Z Vi (o (e T w)), 21 + €0) Va(wiay, 22)wis)

= w) Wpy) (W) Rp(ey) ws))

and

Z y3(y4(7Tm(€761L(71)w(1))7 (21 + €1) — 22)w(2), 22)W(3)

meR
= (W) Mp(sy—2) W(2)) Bp(z) W)

(12.42)

(12.43)

(12.44)

(12.45)

Taking the sum ) on both sides of (12.35) and then using (12.44) and (12.45), we

obtain (12.28). [

We also have:

Proposition 12.13 Let z1, 2y be nonzero complexr numbers such that zy # z but |z =
|zo| = |21 — 22|. Let v be a path from zy to z; in the complex plane with a cut along the

nonnegative real line. Then we have

T3 0 (Rp(z1—2) Bp) Iwy) (W) Bpz, —20) wi2)) Wpeep) wesy) = (wioy Mpey—z) way) Mpe) ws)

for way € Wi, wey € Wy and wy € Wi.
Proof We can find e such that |z| > |,

|22 + €| > |21 — 22| > 0.

(12.46)

Let Y, = ygp(zz),o, 571 = yg%),o and Yy = ng(zl—sz be intertwining operators of types

((W1 Xp(zy—20) Wa) Bp(zy) W3>
(Wl IXP(zl—ZQ) WQ) WS ’
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((Wz N p(zy—21) W1) Bpiay) W3>
(WQ IEP(zg—zl) Wl) WS ’

and

Wl IEP(zl—zg) W2
Wi W ’

respectively, corresponding to the intertwining maps XMp(.,), Xp(.,) and Kp(,,), respectively.

Note that since |29 + €| > |21 — 29| > 0,

Vi(way Mp, - 22) W(2), 22 + €)w(s)

=2 Z T (w(1) Bp(2y—2) W) It wie ™"~ EE ) (log (2 + )"

m,neR k=1

For n € R,

N
D0 (W) Bp, ) wi) 2w e 1% (log 25)"

m k=1
= (T (W) Wpezy—z) W2))) Bp(ey) wes).

But by the definition of Rp(.,—z,) Mpry) 1wy,

(Rp(21-20) Mp(zg) Lwy) (Mn (W) Mp(z,—20) we2))) Mpeay) wis))
= Rp(z1—2) (T (W(1) Mp(z,—2) W(2))) Mp(zg) wes)
= T (RP(z1-20) (W(1) WPz —2) W2))) Bp(g) wi3)

for n € R. From (12.48), (12.49) and the definitions of J; and )i, we obtain

(Rp(1—22) Bp(zg) Lw) (T (w(1) Rp(z, —20) Wi2y) o W(3))
= (WH(RP(Q—@)(U)(U IEP(Z1—Z2) w(Q))))%lkw( 3)
= (m (e D (wig) Bp(ayay) winy))) ot

form € R and k=1,...,N. Using (12.47) and (12.50), we obtain

(RP(z1-22) ®P(zs) L) (V1 (W) Bp(zy —2) W2y, 22 + €)w(z)
= (RP(ZI —22) IXP(ZQ) 1W3>

( 2 Z (T (w(1) Bp(ey—2p) W) gz e 85 (log (25 + €))
m,neR k=1

N
= D> (Rt —2) Wiy L) (T (w(a) Koz, —2) wea))otsts) -

mneR k=1
.e(—m=1)log(z2+¢) (log(z2 + €>)k

21
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N
Z D (e 2D (wig) Bpay s i) 2w -

R k=1
elmm=1)log(z2+€) (log(z + €))F
= V1 (e 7LD (9) Rz, oy winy), 22 + €)wiz)-

Let V3 = V. )0 be the intertwining operator of type

(<W2 M p(z—z) W) Mpa) Wg).
(WQ IEP(Z2—21) Wl) W3

Then by the definition of the parallel transport isomorphism, for m € R we have

o
<,

Wm(e(zl—zz)L(—l)(w@) X p(z3—21) W(1))), 22 + €)W(z))
yl (egL(fl)ﬂ_m(e(Zlf,ZQ)L(*l) (w(2) IEP(Zz—Zl) w(l)))7

(66L(—1)7Tm(6(21fz2)L(71)(w(z) &P(zz—a) wﬂ)))) X

z1—22)L(—1)( )

z
B(

2)W(3))
w(

22
- 7Tm(€( w(2) gp(zz—fq) w(l)))7 <2 3)

Wm(e(zl_z2)L(_1)(w(2) ®P(22_Zl) w(1)>>, 29 + 6)10(3).

) W(3))

(12.51)

(12.52)

Since |29 + €| > |21 — 22| > 0, the sums of both sides of (12.52) for m € R are absolutely
convergent (in the sense that the series obtained by paring it with elements of ((W5Xp.,_.,)

W1) Mp(.,) W3)' are absolutely convergent) and we have

Z Ty( ~1 (ﬂ'm(e(ZliZQ)L(il)(w(?) IEP(ZQ_ZI) w(l)))a Z9 + 6)w(3))

= T, (V1(e 2P (wig) Rp(ay—yy wiy), 22 + €)wis)
and

V3 (0 (€ 72D (w0 Rp(ay oy w(y)), 22 + €)wis
meR

= V3((w2) Mp(zy—z) Wi)), 22 + € + (21 — 22))w(3)
= Vs((we2)y Wp(zy—2) way), 21 + €)wes).

From (12.52)—(12.54), we obtain

f(j} (e == L= (g W2y Mp(zy—2) Wa)), 22 + €)wz))
= y3(( xP(z2 z) Wa ))7 21+ E)w(?))-

From (12.51) and (12.55), we obtain

Ty 0 (Rp(z - ) Xp(z) 1) V1 (w) Bz —2) Wa), 22 + €)w(z))
7;(371( (z1=22) (_1)(10(2) X p(zy—21) W), 22 + €)wz))
= V3((wi2) Mpz—2) w))s 21 + €)wz).

22
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Then for any
w e (W, X p(zo—21) W) Xp() Ws),

we have

(W', Ty 0 (Rp(21—20) Bpza) L) (V1 (w(1) Wpay—20) W), 22 + €)w(z)))
= (W', Vs((w(2) Bp(zy—2) (1)), 21 + €)w(z)),

or equivalently,

((Rp(zy—2) By Tw) 0 T) (W), Vi(wy Bp(zy —2p) w2y, 22 + €)wis))
= (', V3((wiz) ®p(z—z) w1))s 21 + €)wiz)), (12.56)

The left- and right-hand sides of (12.56) are values at ((1,(2) = (21 + €, 22 + €) of some
single-valued analytic functions of ¢; and (5 defined in the region

{(6, L) €C? [ G #0, & #0, G # G, 0<arg(,arg (o, arg(¢r — (o) < 27}

Also, by the definition of tensor product of three elements above, the values of these analytic
functions at (1, (2) = (21, 22) are equal to

(Rp(z1—2) By Tw) 0 T) ('), (win) Bpzy—2) wi2) Rp(z) wis))

and
(W', (wie) Bp(zy—21) W) Bp(e) wes)),
respectively. Thus we can take the limit € — 0 on both sides of (12.56) and obtain

((Rp(21-20) Bp(zy) 1) 0 T)) (W), (way Bp(z; —z) Wi2y) Bp(ay) wis))
= (w', (w(g) &p(@,zl) w(l)) X’P(m) w(3)>. (12.57)

Since w' is arbitrary, (12.57) is equivalent to (12.46). O

We also prove:

Proposition 12.14 Let z1, 29 be nonzero complexr numbers such that z1 # zy but |z| =
|29| = |21 — 22|. Let v be a path from zy to zo — z1 in the complex plane with a cut along the
nonnegative real line. Then we have

T 0 (Lwy, Mp(zy) Rp(a)) (Wi2) Kp(zy) (W) Rp(y) ws)))
= 621L(71)<w(2) @p(@_zl) (w(g) &p(_zﬂ w(l))) (12.58)

fO’F w(l) S Wl, ’UJ(Q) € W2 and w(g) c W3.
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Proof We can find € such that |z| > |e],
|20 + €|, |22 — 21 + €| > |2z1| > 0.
Let Y, = ygp(z2>,o, V= yxmm,o and Y, = ygpwo be intertwining operators of types

<W2 &P(ZQ) (Wl &P(zl) W3))
Wy (W1 Mpe.,) Ws) ’

<W2 Xp() (Ws Xpz)) W1>>
Wo (W3 Kp_zy) Wh)

and

Wi Rp(.,) W3
Wy Ws ’

respectively, corresponding to the intertwining maps Mp(.,), Mp(.,) and Kp(,,), respectively.

Since |zo + €| > |z1] > 0,

Y (w(g), Z9 + 6) (w(1) IEP(Zl) w(s))

N
= ) D (we) P (way Ry wis))e "V (log (2 + ). (12.59)

m,neR k=1
For n € R,

N

DD (W) ma(wa) g, wig)e ™ D152 (log 2)*

meR k=1

= w(z) &p(ZQ) Wn(w(l) &p(zl) w(3)). (12.60)

But by the definition of Ly, &p(z2) RP(2’1)7

(Iw, Mp(zg) Rp(en) (Wi2) Mp () Tn(way Mpey) wes)))
= w(2) Wp(z) Rp(a) (Ta(wy Mpz,) wes))

= W(2) Mp(zy) Tn(Rp () (W) Mpey) we))) (12.61)

for n € R. From (12.60), (12.61) and the definitions of J; and ), we obtain

(Iw, Bp(s) R(e) (W) o (W) Mpay) wiz))
= (W) kT (Rp(en) (w(1) Bp(ay) w(s)))

= (w(2))%I;Mn(ezw(*l)(w(?)) Np—2) way)) (12.62)
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formeRand k=1,...,N. Using (12.59) and (12.62), we obtain

(Lw, Mp(zy) Rper)) (Vi(wig), 22 + €)(way Mpe,) wis)))
= (1w, Mp(ey) Rp(a) )

(Z 3 (o Rt B ) e

m,neER k=1

= > Z Liv, Bp () Rp(a)) (W) e (W) Bpay) wea))) -

m,neR k=1
.e(fmfl)log(zﬁf)(log(zz + 6))k

=2 Z D€ (wig) Rp( sy winy))el 1829 (log (25 + €)'

m,neR k=1
= yl( w(2), 22 + €)(e 1L(_l)(w(?)) Xp(—zy) w(1)))- (12.63)
Let Vs = Vi, )0 be the intertwining operator of type
Wa Wp(zy—zy) (W1 Rp_zy) W3)
Wy Wi K.y Wi '
Then by the definition of the parallel transport isomorphism, for m € R we have
T (D1 (w Z2 + )1 (e (wg) Bp(ey) w))))
7;( >y1 (way, 22)e 1)7rm(ezlL(_1)(w(3) Xp(—2) wy)))
= To(e Vg Mp(sy) eV (e (wis) Mp(sy) wny)))
= e DY (wi), z2)e D m (D (wig) Bp(ay) winy))
= Vs(w(), 22 + 6) (€D (wia) Bpay) way))- (12.64)

Since |22 + €| > |z1| > 0, the sums of both sides of (12.64) over m € R are absolutely
convergent. Note also that |zo — 21 + €| > |21 > 0. Thus we have

and

Z fd}l(w@), 22 + E)Wm(€Z1L<_1)(w(3) Mp(-2) w))))

=T, (V1 (wea), 22 + €)™ XD (wezy Rp_.py wy))
= Ty(ezlL(_l)yl (w(Q), 29— 21 + 6) (w(g) &p(,zl) w(l))) (12.65)

Z 3w, 22 + )T (€D (wig) Kp(—ay) wiy))
me

= Va(w(2), 22 + €)Y (wg) Kp(sy) wiy)
= enH(= 1)3)3(11}(2), 2 — 21+ €)(wz) Mp—zy) w)). (12.66)
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From (12.64)-(12.66), we obtain

T, (e H =Dy, (w2), 22 — 21 + €) (W) Wp(—2y) wa)))
= MDYy (wa), 20 — 21 + €) (W) Bp(y) w)- (12.67)

From (12.63) and (12.67), we obtain

T (1W2 &P (#2) RP(ZI )(yl (w(Q Zp + 6) (w(l) &P(zl) ’LU(3)))
= MDYy (wa), 20 — 21 + €) (W) Bp(zy) w))- (12.68)

For any
€ Wy Bp(ay—szy (Wi Bpsy) W),

we have

(W', Ty o (Twy, Mp(ey) Rp(a)) (Vi(wz), 22 + €)(wy Bpey) ws))))
= (', e "D Y3(wi), 20 — 21 + €) (wiz) Bp—zy) wpy)),

or equivalently,

<((1W2 P(ZQ) RP(Zl)) o T)(w)/7 yl(w(2)7 29 + 6)(’(1)(1) P(Zl) U)(g))>
= <w/ ezlL y3( , 29 — 21+ 6)(10(3) IZ]P(—m) w(l))), (12.69)

The left- and right-hand sides of (12.69) are values at ((1,(2) = (21, 22 + €) of single-valued
analytic functions of (; and (, defined in the region

{(C, L) €C G #0, G#0, G # G, 0<argy,arg G, arg(G — &) < 27}

Also, by the definition of tensor product of three elements above, the values of these analytic
functions at (¢1,(2) = (21, 22) are equal to

((Twy, Mp(ay) Rpayy) © To) (W), wizy Mp(zy) (way Bpea) wis)))

and

(w', ezlLH)w@) X p(zp—21) (Wezy Rp—z) W),

respectively. Thus we can take the limit € — 0 on both sides of (12.69) and obtain

<((1W2 IZP(ZQ) RP (21) ) ° 7;)( ) gp(@) (w(l) &P(zl) U)(g))>

= <w' ezlL( l)w @p (22—21) (w(g) p(_zl) w(1)>>. (1270)

Since w’ is arbitrary, (12.70) is equivalent to (12.58). [
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12.4 The coherence properties

We shall use the following terminology concerning tensor categories; cf. [M], [T] and [BK]:

A preadditive category (or Ab-category) is a category in which each hom-set is an additive
abelian group such that the composition of morphisms is bilinear. An additive category is
a preadditive category which has a zero object and a biproduct for each pair of objects.
An abelian category is an additive category such that every morphism has a kernel and a
cokernel, every monic morphism is a kernel and every epic morphism is a cokernel.

A monoidal category is a category C equipped with a monoidal or tensor product bifunctor
X :C xC — C, a unit object V, a natural associativity isomorphism A : Ko (1¢ x K) —
Ko (K x 1¢), a natural left identity isomorphism | : V K- — 1¢, and a natural right identity
tsomorphism r : - AV — 1¢, such that the pentagon diagram

Wy X (W, X (W3 K Wy))

/ \

(W) K W) B (W K W)) Wy K (Wy K W3) & W)
(W, B W) B W;) KW, = (W, & (W B W3)) B W, (12.71)

and the triangle diagram

J l (12.72)

Wi XK W, f) Wi KW,

commute and such that the morphisms [y, : VXV — V and ry : VKV — V are equal.
A braided monoidal category is a monoidal category with a natural braiding isomorphism

RZ&—)X'OOjQ,

where 012 is the permutation functor on C x C, such that the two hexagon diagrams (with
R:I:l)
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(W1 R Wa) B Wy

R X 1y, AL
(Wy R W) B Ws Wi R (Wy X W3)
Afl Ril
' )
Wy B (W) X W) (Wy B W3) B W,
1w, M R*! AL
Wy B (W3 X W) (12.73)

commute.

An additive braided monoidal category is an additive category with a compatible braided
monoidal category structure. A tensor category is an abelian category with a compatible
monoidal category structure. A braided tensor category is an abelian category with a com-
patible braided monoidal category structure, that is, a tensor category with a compatible
braiding structure.

Theorem 12.15 Let V be a Mdbius or conformal vertex algebra and C a full subcategory
of Mgy or GM, (recall Notation 2.36) satisfying Assumptions 10.1, 12.1 and 12.2. Then
the category C, equipped with the tensor product bifunctor X, the unit object V , the braiding
isomorphisms R, the associativity isomorphisms A, and the left and right unit isomorphisms
[ and r, s an additive braided monoidal category.

Proof We need only prove the coherence properties. We prove the commutativity of the
pentagon diagram first. Let Wi, W5, W3 and W, be objects of C and let 21, 29, 23 € R such
that

|21] > |22 > |z3] > |z13] > |203] > |212| > O,
|21| > |z3] + |223] > 0,
|22] > [z12] + |23] > 0,
23] > |228] + |212] > O, (12.74)
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where 219 = 21 — 29, 213 = 21 — 23 and 293 = 25 — z3. For example, we can take zy =7, 20 =6
and z3 = 4. We first prove the commutativity of the following diagram:

W1 Mpey) (Wa Bp(zyy (Ws Mp(.,) Wa)).

/\

(W1 R p(z) Wa) Kp(zy) (W Rp(zy) Wa) W1 Rpeyy (We Rpz,q) Wa) Rp.,) Wa)

| |

((Wl &p(zm) WQ) IXP(Z%) W3) gp(%) Wy ~— (Wl &p(zls) (W2 ®P(223) W3)) IXP(23) Wy

(12.75)
For wy € Wi, wig) € Wa, w) € W3 and wyy € Wy, we consider
Wiy Mp(zy) (Wi2) Rp(ey) (wiz) Bpey) wiay)) € Wi Bpeyy (Wo Bp(y) (Ws Rpy) Wa)).

By the characterizations of the associativity isomorphisms, we see that the compositions
of the natural extensions of the module maps in the two routes in (12.75) applied to this
element both give

(W) Bp(arg) W) Wp(aps) w3)) Bp(zg) wiay € (W1 Mp(eyy) Wa) Rp(ays) W3) Rp(.y) Wi

Since the homogeneous components of

Wty Mpeey) (Wez) Mp(zy) (wis) Mps) wi))
for wy € Wi, wey € Wy, wiz) € Wi and wy) € Wy span
Wi Bp() (Wa Kp(y) (Ws Bp(y) Wa)),

the diagram (12.75) above commutes.
On the other hand, by the definition of A, the diagrams

Wi Mp(ey (WaBpio,)y (Ws Rpe,) W) —— (W1 Rp(.,,) Wa) Rp,) (Ws Rp.,) W)

|

Wy R (Wa B (W3 & Wy)) - (W1 B W) B (W5 K Wy)
(12.76)
(W1 B p(z10) Wa) Bp(zy) (W3 Bp(ayy Wa) — (W1 Mp(ay,) Wa) Mp(a,y) W3) Mp,) Wi
(W1 B Wa) R (W3 K Wy) - (W, R W) B Ws) R W,
(12.77)
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W1 Rpeyy (WaBp(ayy (WaBpay) Wa)) —— Wi Rp,y (We Bp(.,q) Wa) Mp.,) Wa)

| |

Wi R (W X (W3 K W,)) - W X (Wy B W3) K Wy)
(12.78)
Wi Rpeyy (Wo Rp(zyy) Wa) Bp(zy) Wa)) —— (W1 Rp(z,,) (Wa Rp(zy,) W3)) Mp(.,) Wa
Wy K (Wy W) K W,) - (WX (W2 X W3)) KW,
(12.79)
(Wl |X|P(213) (W2 &p(z23) W3)) IX'P(Zg) Wy— ((WI &P(zlz) WQ) |X|P(Z23) W3) &P(Za) Wy
(W1 R (Wy B W3)) KWy - (W R W) K W) KW,
(12.80)

all commute. Combining all the diagrams (12.75)—(12.80) above, we see that the pentagon
diagram

Wi K (W K (W5 K Wy))

/\.

(W1 X W) K (W3 X Wy) W K (W K W3) K Wy)

(W1 R W) B W) KW, < (W1 R (W, B Ws)) KW,

also commutes.

Next we prove the commutativity of the hexagon diagrams. We prove only the commu-
tativity of the hexagon diagram involving R; the proof of the commutativity of the other
hexagon diagram is the same. Let Wi, Wy and W3 be objects of C and let z1,2, € C*
satisfying |z1| = |22] = |21 — 22| and let 219 = 2; — z5. We first prove the commutativity of
the following diagram:
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(W1 Rpzy,) W) Bp(.,) Wi

1
P(z12),P(z
RP(z12) WP(z2) 1wy (Apézii?péj)
(WaBp(—2,,) W1) Mp(,) Ws Wi Mp(.,) (W2 Rp(.,) Ws)
T
Y
(W2 Bp(,,) Wh) Bp(z,) Ws Rp(ar)
P(=212),P(s1)) "}
('AP(Zz)t;(Zl) ' )
v Y

Wa Bp(.,) (W1 Mp(.,) Ws) (W2 Kp(z,) W3) Bp(—.,) W1

P(z),P(=z1) 7!
/(AP(Qzlg),P(z1)>

Iw, Mp(z,) Rpz) Wo Rp_,,) (W3 Mp_.,) Wi)
e
WaBp(,y (Wa Rp.,) W) (12.81)

where v, and 7, are paths from 25 to z; and from —z15 to 25, respectively, in C with a cut
along the nonnegative real line.

Let wey € Wi, wz)y € Wy and wz) € W3. By the results proved in the preceding section,
we see that the images of the element

(W) Bp(ar) we2)) Bp(z) W)

under the natural extension to

(W1 Rp(zyy) Wa) Mp(o,) Ws
of the compositions of the maps in both the left and right routes in (12.81) from
(W1 Wp(zyy) Wa) Wp(z,) Wa

to
Wo Bpay) (Ws Mp_.,) Wh)

are
wiz) Bp(zy) (€ (wig) Bp.y) wy)).-

Since the homogeneous components of
(W) Bp(zr) W) Bp(z) W)
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for wey € Wi, wey € Wy and wy € W3 span
(W1 Bp (s Wa) Bp(zy) W,

the diagram (12.81) commutes.
Now we consider the following diagrams:

(Wl &p(zm) WQ) &p(m) W3 E— (Wl X W2> X W3

| |

(W2 @p(_zlz) Wl) &p(@) Wg — (W2 X W1> X W3

(Wg IXP(*Z12) Wl) &p(@) W3 —_— (W2 X Wl) X W3

l |

(Wg &P(*le) Wl) &p(zl) W3 — (Wg X Wl) X W3

(W Wp(—zyy) W1) Bpiyy Wy —— (Wa RIW,) R W

| |

W IEP(@) (Wl xP(z1) W3> — Wy (Wl DX W3)

Wo Rpyy (Wi Mpay W) —— Wo (W, B W)

| |

Wo Mp(y) (Ws Wp(zp) Wh) —— W B(W3 K W)

(Wl &p(Zu) WQ) |Zp(22) W3 — (W1 X WQ) X W3

| l

Wi Rpy) (Wo Wp,y) W) —— Wi X (W K Ws)

Wy &P(zﬂ (W2 &p(@) Wg) — WX (Wl X Wg)

| |

(W2 &p(@) Wg) IEP(*ZI) w, —— (WQ X Wg) X Wy

<W2 &p(ZQ) Wg) &p(_zl) W, — <W2 X Wg) X Wi

l l

W Wp(—zy) (Ws Bp(—zp) Wh) —— W (W5 KIIW,)
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(12.88)



W2 &p(_zm) (W3 &p(_Z1) W1> — W2 X (Wg X Wl)

l l (12.89)

W2 xP(ZQ) (W3 IXP(—Zl) Wl) — W2 & (W3 IE Wl)

The commutativity of the diagrams (12.82), (12.85) and (12.87) follows from the definition of
the commutativity isomorphism for the braided tensor category structure and the naturality
of the parallel transport isomorphisms. The commutativity of (12.84), (12.86) and (12.88)
follows from the definition of the associativity isomorphism for the braided tensor product
structure. The commutativity of (12.83) and (12.89) follows from the facts that composi-
tions of parallel transport isomorphisms are equal to the parallel transport isomorphisms
associated to the products of the paths and that parallel transport isomorphisms associated
to homotopically equivalent paths are equal. The commutativity of the hexagon diagram
involving R follows from (12.81)—(12.89).

Finally, we prove the commutativity of the triangle diagram for the unit isomorphisms.
Let z; and z9 be complex numbers such that |z1| > |22] > |21 — 22| > 0 and let z15 = 21 — 25.
Also let v be a path from z3 to z; in C with a cut along the nonnegative real line. We first
prove the commutativity of the following diagram:

( P(Z12),P(zz))71

(Wy Rp(ayy) V) Rpiay Wy —222 5 Wy Rpay) (V Rpay) Wa)
TZlQ;WlIEP(ZQ)lWQl llwlxp(ﬂ)lWQ (1290)

Wi Np(.,) W T> Wi Kp(.,) Wa.

Let wq) € Wi and w2y € Wy. Then we have

P(z1—22),P(z
(Iwy Mpeay) Leyiwe) © (Ap El) ST (Wi Bp(ers) 1) Bpey) we)

(1W1 &P (z1) 22 Wz)( &P (z1) (1 IEP(ZQ) w(Q))
= w(l) &p (21) w(g). (12.91)

But

T210;W1 X,P(Zz) 1W2((w(1) ®P(212) 1) ®P(22) w@))
= (esz(_l)w(l)) gp(@) w()- (12.92)

Let YV = V,. 0 be the intertwining operator of type (ngP(zv%)WQ) corresponding to the

P(z)-intertwining map Xp.,). Then by the definition of the parallel transport isomorphism
and the L(—1)-derivative property for intertwining operators, we have

T (2 V) Bpey we) = V(e Dwny, z)wp)
= V(way, 21)w)
= w(l) &p(zM w(g). (12.93)
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Since the elements (w(1) Mp(.,,) 1) Mp(.,) wesy for way € Wy and wey € W span (W Mpy.,,)
V) Mp(zy) Wi, (12.91)(12.93) give the commutativity of (12.90).

Let 71 be a path from 2; to 1 in C with a cut along the nonnegative real line. Let v, be
the product of v and ~;. In particular, 75 is a path from 2, to 1 in C with a cut along the
nonnegative real line. Also let 715 be a path from 25 = 27 — 25 to 1 in C with a cut along
the nonnegative real line. Then we have the following commutative diagrams:

Afl

(W, R V) R W, A, Wy K (VK W,)
ﬂ;lomz;&pwlwl l’fffo(lwlgﬂznﬂ?) (12.94)
(W1 Rp(ayy) V) Rpy) Wa F— Wi Rp(,) (V Kp,) Wa).
(Ap(y)p(g) )
W B V)R W, LT gy ) R, W
B, | [rwiBeen i, (12.95)
W, B W,y — Wy Rp(.y) Wo.
72

Tr 0w, Bpzy) Ty

LW R (VR )
Twy gP(q)lWQl J{lW1MW2 (12.96)

Wy &p(zl) Wa 7_—> Wy X Ws.

Wi Mp(zy) (Wa Mp(,) Wa)

7fy
Wi Rpp) Wo —— Wi Np,) Ws
T”l lﬂl (12.97)

Wi X W, = Wi X Ws.

The commutativity of (12.94) follows from the definition of A. The commutativity of (12.95)
and (12.96) follows from the definition of the left and right unit isomorphisms and the parallel
transport isomorphisms. The commutativity of (12.97) follows from the fact that 7, is the
product of v and 7;. Combining (12.90) and (12.94)—(12.97), we obtain the commutativity
of the triangle diagram for the unit isomorphisms.

It is clear from the definition that lyy = ry.

Thus we have proved that the category C equipped with the data given in Section 12.2
is a braided monoidal category. [

In the case that C is an abelian category, we have:

Corollary 12.16 If the category C is an abelian category, then C, equipped with the tensor
product bifunctor X, the unit object V', the braiding isomorphism R, the associativity iso-

morphism A, and the left and right unit isomorphisms | and r, is a braided tensor category.
O
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Remark 12.17 As we mentioned at the beginning of this section, this braided tensor cat-
egory structure has “forgotten” the underlying complex-analytic vertex-tensor-categorical
structure that has in fact been developed in this work, retaining only its “topological” part,
but our proof has needed the vertex-tensor-categorical structure, essentially because iterated
tensor products of triples of elements are not defined in the braided tensor category structure
(recall Remark 12.11). Also, our category has a contragredient functor (which we have been
using extensively), although in the present generality, we do not have rigidity.
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