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Abstract

This is the seventh part in a series of papers in which we introduce and develop
a natural, general tensor category theory for suitable module categories for a vertex
(operator) algebra. In this paper (Part VII), we give sufficient conditions for the
existence of the associativity isomorphisms.
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In this paper, Part VII of a series of eight papers on logarithmic tensor category theory,
we give sufficient conditions for the existence of the associativity isomorphisms. The sec-
tions, equations, theorems and so on are numbered globally in the series of papers rather
than within each paper, so that for example equation (a.b) is the b-th labeled equation in
Section a, which is contained in the paper indicated as follows: In Part I [HLZ1], which con-
tains Sections 1 and 2, we give a detailed overview of our theory, state our main results and
introduce the basic objects that we shall study in this work. We include a brief discussion of
some of the recent applications of this theory, and also a discussion of some recent literature.
In Part II [HLZ2], which contains Section 3, we develop logarithmic formal calculus and
study logarithmic intertwining operators. In Part 111 [HLZ3|, which contains Section 4, we
introduce and study intertwining maps and tensor product bifunctors. In Part IV [HLZ4],
which contains Sections 5 and 6, we give constructions of the P(z)- and (Q(z)-tensor product
bifunctors using what we call “compatibility conditions” and certain other conditions. In
Part V [HLZ5], which contains Sections 7 and 8, we study products and iterates of inter-
twining maps and of logarithmic intertwining operators and we begin the development of our



analytic approach. In Part VI [HLZ6], which contains Sections 9 and 10, we construct the
appropriate natural associativity isomorphisms between triple tensor product functors. The
present paper, Part VII, contains Section 11. In Part VIII [HLZ7], which contains Section
12, we construct braided tensor category structure.
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11 The convergence and extension properties and dif-
ferential equations

In the construction of the associativity isomorphisms we have needed, and assumed, the con-
vergence and expansion conditions for intertwining maps in C. In this section we will follow
[H1] to give certain sufficient conditions for a category C to have these properties. In Section
11.1, by exhibiting explicitly the shapes of products and iterates of logarithmic intertwining
operators as analytic functions, we give what we call, as in [H1], the “convergence and ex-
tension properties” and show that they imply the convergence and expansion conditions for
intertwining maps in C. In our general setting, these properties in general involve both the
logarithm function and the abelian group gradings. These properties are formulated globally
using analytic functions defined on the regions |z1| > |z2] > 0 and |z3] > |21 — 22| > 0,
while the expansion condition is formulated locally near a point (21, z2) in the intersection
of these regions, that is, such that |z;| > |22] > |21 — 22| > 0. In Section 11.2, we show
that the proofs in [H2], deriving and using differential equations, can be adapted to gener-
alize the results of [H2] to results in the logarithmic generality. In particular, we will see
that two purely algebraic conditions, the “Ci-cofiniteness condition” and the “quasi-finite-
dimensionality condition,” for all objects of C imply the convergence and extension properties
and thus also imply the convergence and expansion conditions for intertwining maps in C.

11.1 The convergence and extension properties

Given objects Wy, Wa, Wy, Wy, M, and M, of the category C, let Vi, Vo, V! and )? be
logarithmic intertwining operators of types (Wvlv&l), (ngl/li/g)’ ( MI;V{}V3) and (W];/IVQ%), respectively.
We now consider certain natural conditions on the product of ); and ), and on the iterate
of V' and Y?. These conditions require that the product of }; and ), (respectively, the
iterate of V' and Y?) be absolutely convergent in the region |z;| > |23 > 0 (respectively,
|22] > |21 — 22| > 0) and that it can be analytically extended to a function of the same shape
as (finite) sums of iterates (respectively, products) of logarithmic intertwining operators in
the region |z3| > |21 — 22| > 0 (respectively, |z1| > |z2| > 0) with finitely-generated “lower
bounded doubly-graded generalized V-modules” as intermediate generalized V-modules (see



Definition 11.3 below). In fact, when the intermediate generalized V-module M, is a finitely-
generated lower bounded doubly-graded generalized V-module, the sum defining the iterate
(11.7) in the region |z3] > |21 — 22| > 0 is a branch of a multivalued analytic function of the
form (11.4), and analogously, when the intermediate generalized V-module M is a finitely-
generated lower bounded doubly-graded generalized V-module, the sum defining the product
(11.3) in the region |z1| > |22| > 0 is a branch of a multivalued analytic function of the form
(11.8). In the following conditions, we recall from the beginning of Section 7, in particular,
(7.1), (7.2), (7.5) and (7.8), the meaning of the absolute convergence of (11.3) and (11.7)
below; as in (7.13) and (7.14), we are taking p = 0 in the notation of (4.12).

Convergence and extension property for products For any g € A, there exists an

integer N depending only on Vi, Vs and 3, and for any weight-homogeneous elements
way € (W1)P) and wgy € (W2)¥2) (B4, B2 € A) and any wz) € Wj and wiyy € Wy such

that
B+ B2 =, (11.1)
there exist M € N, ry, s, € R, i, jr € N, bk =1,...,M; K € Z, independent of w(y)
and w(z) such that each i, < K’; and analytic functions fi(2) on |2| <1, k=1,..., M,
satisfying
wt wy + wt wey + s, > Ng, k=1,...,M, (11.2)
such that

(11.3)

<w24), Vi (w(1), 561)372(?11(2)7 sz)w(3)>w4

T1=21, T2=22

is absolutely convergent when |z1]| > |z2| > 0 and can be analytically extended to the
multivalued analytic function

M

25K (21 — 29)* (log 20) " (log (21 — 22))7* f (Zl — ZQ) (11.4)

k=1 22
(here log(z; — 22) and log 23, and in particular, the powers of the variables, mean the
multivalued functions, not the particular branch we have been using) in the region
|2’2| > |21 — 2'2| > 0.

Convergence and extension property without logarithms for products When i}, =
Je = 0 for k = 1,..., M, we call the property above the convergence and extension
property without logarithms for products.

Convergence and extension property for iterates For any § € A, there exists an in-
teger Ng depending only on V', Y2 and 3, and for any way € Wi, wey € (Wa)?),
W) € (W3)B3) (By, B3 € 121) and wz4) € Wy, with wey and ws) weight-homogeneous,
such that
B2+ B3 = —f3, (11.5)



there exist M € N, fk,ék € R, %k,jk eN k=1,. M K e Z independent of w @)
and ws) such that each i, < K; and analytic functlons frlz)on|z| <1, k=1,..., M,
satisfying . )

wt w(2)+Wt w(3)+§k>Ng, k=1,..., M, (116)
such that

(wigy, V'V (wqy, o) wiz), T2)w(s))w,

is absolutely convergent when |z3| > |21 — 23] > 0 and can be analytically extended to
the multivalued analytic function

M
Tk lk k <
Z “1 10g21 (10gz2)J fr (;) (11.8)

k=1 1

(11.7)

To=21—72, L2=22

(here log z; and log z5, and in particular, the powers of the variables, mean the mul-
tivalued functions, not the particular branches we have been using) in the region
|Zl| > |2’2’ > 0.

Convergence and extension property without logarithms for iterates When ¢, =
jr = 0 for k = 1,..., M, we call the property above the convergence and extension
property without logarithms for iterates.

If the convergence and extension property (with or without logarithms) for products
holds for any objects Wy, Wy, W3, Wy and M; of C and any logarithmic intertwining op-
erators Vi and ) of the types as above, we say that the (corresponding) convergence and
extension property for products holds in C. We similarly define the meaning of the phrase
the (corresponding) convergence and extension property for iterates holds in C.

Remark 11.1 When we verify these properties using differential equations below, we will
actually be verifying stronger absolute convergence assertions than as in (11.3) and (11.7)
(that is, as in (7.5) and (7.8)): When all four vectors are weight-homogeneous, (11.3) and
(11.7) will be proved to be absolutely convergent in the substitution-sense described in the
statement of Proposition 7.20, and this implies the absolute convergence of (11.3) and (11.7)
as above (again, as in (7.5) and (7.8)), because the absolute convergence of the triple series
(7.46) implies the absolute convergence of the corresponding iterated series.

Lemma 11.2 If the convergence and extension property for products holds, then, with all
four vectors assumed weight-homogeneous, we can always find M, 1y, Sk, ix, jr and fr(z),
k=1,...,M, such that

T’k—l—Sk:A, k‘:l,...,M, (119)

where
A = —wt wy — Wt we) — Wt w) + Wt wy. (11.10)

Analogously, if the convergence and extension property for iterates holds, then, with all four
vectors assumed weight-homogeneous, we can always find M, 7y, Sk, i, jr and fk( ), k=
1,..., M, such that

Fe+S=A, k=1,...,M. (11.11)



Proof Here we prove the assertion for products; the proof for iterates is entirely analogous.
By (3.61), the expression (11.3) but without the evaluation at z; and zj is

(Wiay, Vi(wry, 21) Vo (wiz), 22)ws))
= (y¥'© w(4),y1(y Dway, 21y~ ) Va(y " Owey, 22y )y "),

and we know that this formal series in zi, logxy, x2, logxs, y and logy is constant with
respect to the formal variables y and logy. This formal series equals

wt w(

—L(0)

<y ve logy(L'(0)—wt w(4> yl( —Wt w(y) e log y(L(0)—wt w(l))w(1)7 w1y71)~

‘yz(y—wt W(z) o= log y(L( ) —wt w(a)) :Egy_l)y_Wt W(3) o log y(L(0)—wt w(s))

wz), wz))
Wy yl<e—10gy(L(0)—wt w(”)w(l),xly_l) .

'y2 (67 log y(L(0)—wt 111(2)),11)(2)7 l’gyil)ei log y(L(0)—wt 'Lu<3)),w(3)>7

_ yA<elog y(L'(0)—wt w(4))

and the coefficient of each monomial z*z% (m,n € R) in z; and 5 is a real power of y times
a polynomial in logx{, logxs and logy, and is in fact constant with respect to y and logy;
in particular, m + n = A in each nonzero term. Thus this expression equals the result of
specializing y to zo, with logy specialized to log z5 (using our usual branch of log), namely,

eAlngg <€(log22)(L’(0) —wt w(4)) yl( (log z2)(L(0)—wt w(l))w(l)’ G_IOgZQZL‘l)'

.y2(e—(log 22)(L(0)—wt w(g)) —1lo gzzx2)€—(log 22)(L(0)—wt w(3))

w(2), € w(3)>7
using the notation (3.76) for each of ) and )». Thus, using the notation (7.14) with p = 0,
we have that

<w(4 Vi (w(1), $1)y2( 2)w(3)>W4

Y
T1=21, L2=22

an absolutely convergent sum dictated by the monomials in x; and x5, equals

e log 22 <e(log22)(L’(0) —wt w(4>) W ),y1<e—(logz2)(L( )—wt w(l) fl)
. (log z2)(L(0)—wt w (log z2) (L(0)—wt w3y)
Vo(eloe= @) 2, Eg)e o822 3) w(3)> ’g oo gy’

Thus (11.3) as an analytic function defined on |z1]| > |22| > 0 can be analytically extended

to the analytic function

eAlogzg <6(logzz)(L’(0)—wt w24))w24)7 yl(e(logzz)(—L( )Wt w) ) way, 1+ (Zl B Zg)/Zz)

W), 1)eloe2) CLOwEwe))y) o) (11.12)

on the same region, where as usual, we are using the particular branch of log and the
corresponding branch of each power function.

On the other hand, by the convergence and extension property for products, (11.3) can
be analytically extended to the multivalued function

M
Zz;”“(zl — )% (log 22)™* (log(2z1 — 22))%* fx (2’1 — 22>
k=

zZ9

y2 (e(lOg 22)(_L(0)+Wt 'UJ(Q))

i et ( ZQ)Sk (log 22) (log(z1 — 22))* fi (Zl — 22) (11.13)

2
k=1 2



in the region |z3| > |21 — 23] > 0. Thus the right-hand side of (11.12) can be analytically
extended to the right-hand side of (11.13) in the region |zo| > |21 — 25| > 0. Fix w € C such
that |1 4+ w| > 1 > |w| > 0. Then for any 2z, € C*, if we let z; = 25 + 20w, we have

21| = [22]|1 + w| > |22] > |zo[w] = |21 — 29| > 0,
and thus

eAlog 29 <e(log 29) (L' (0)—wt w(4))w(4) yl( (log z2)(—L(0)+wt w(l))u)(l)7 1+ U))

Y, (e(log 22)(—L(0)+wt w(z)) W), 1)6(10g 22)(—L(0)+wt w(g))w(3)>

as an analytic function of 25 in the region zo € C* can be analytically extended to the
multivalued analytic function

ZZ”“’“ “(log 22)" (log(zaw))’* fi(w)

in the same region. In particular, we can change f; if necessary so that
eA log z2 <e(log 22) (L' (0)—wt w(4) yl( (log z2)(—L(0)+wt w(l))w(1)7 1+ w)

y2(6(10g22)(—13(0)+wt w(z))w@% 1) (log 22)(—L(0)+wt w(s))w(3)>
M
= Z elretsi)loe 22y sk (Jog 20 ) (log(zw))* fi(w) (11.14)
k=1

in the region zo € C*. By Proposition 7.8 (applied to a finite sum), we obtain from (11.14)
that for [ # A,
> w(log 2,)* (log(zpw))* fir(w) = 0
ret+sp=l
in the region z; € C*. Thus we see that (11.3) can be analytically extended to the multi-
valued function (11.4) where ry + s, = A. O

Recall the notion of lower bounded (strongly A-graded) generalized V-module in Defini-
tion 2.25. We also need the following more general notion, for which we recall the notions
of doubly-graded generalized V-module and doubly-graded V-module in Definition 9.14 (for
which the grading restrictions (2.85) and (2.86) are not assumed):

Definition 11.3 If a doubly-graded generalized V-module W = || sed e W, ]) satisfies

the condition that for 3 € A, W[(nﬁ]) = 0 for n sufficiently negative, we say that W is a lower
bounded doubly-graded generalized V -module. We define the notion of lower bounded doubly-

graded V-module W =[] Bed [L.er W, '8 ) analogously. Such a structure is a lower bounded

generalized V-module (respectively, lower bounded V-module) if and only if each space W[(n’é]))

(respectively, W((f))) is finite dimensional.



We use such lower boundedness to give conditions for insuring that the convergence and
the expansion condition for intertwining maps in C hold:

Theorem 11.4 Suppose that the following two conditions are satisfied:

1. Every finitely-generated lower bounded doubly-graded generalized V -module is an object
of C (or every finitely-generated lower bounded doubly-graded V-module is an object of
C, when C is in Mg,).

2. The convergence and extension property for either products or iterates holds in C (or the
convergence and extension property without logarithms for either products or iterates
holds in C, when C is in Myg,).

Then the convergence and expansion conditions for intertwining maps in C both hold (recall
Definitions 7.4 and 9.28).

Proof By the convergence and extension property for either products or iterates, the con-
vergence condition for intertwining maps in C holds (recall Definition 7.4).

We shall now use the convergence and extension property for products to prove the first
of the two equivalent conditions in Theorem 9.27; the convergence and extension property
for iterates can be used analogously to prove the second condition in Theorem 9.27. We shall
work in the general (logarithmic) case; the argument for the case C in M, is analogous (and
shorter). That is, we shall prove: For any objects Wy, Wy, W3, Wy and M, of C, any nonzero
complex numbers z; and zp satisfying |z1| > |z2] > |21 — 22| > 0, any P(z;)-intertwining
map I; of type (WW&) and P(zy)-intertwining map I of type (WJZ}Vg), and any w24) e Wy,
(L1 0 (Tw, ® I2)) (wiy)) € (Wi @ Wa ® Ws)* satisfies the P®(z; — z)-local grading restriction
condition Moreover for any wez) € W3 and n € R, the smallest doubly graded subspace

of W containing the term A of the (unique) series g A weakly

110 (lw, ®12)) (wy) ) w(s)

absolutely convergent to ,uEQ) as indicated in the P®)(z,)-grading condition

Iio(lw, ®12)) (wiy) ) w(s)
and stable under the action of V' and of sl(2) is a generalized V-submodule of some object
of C included in (W; ® Wa)*.

We may and do take the elements w1y € Wi, wp) € Wa,ws) € Wg,w@) € Wj to be
weight-homogeneous, since it is enough to prove the required properties for such elements.
We also recall the notation A from Lemma 11.2. Let V) = Y50 and Vo = V0. By
Condition 2 (for products) and Lemma 11.2, for € A, there exists N3 € Z and for any

way € (Wl) ], W) € (Wg) nz], € (W3)png), wigy € (W) such that (11.1) holds, there
exist M € N e, Sk € R, 1k, Jk € N k=1,...,M; K € Z, independent of w(;) and wy)
such that each i, < K; and analytic functions fe(z) on |z| <1, k =1,..., M, such that
(11.9) holds and (11.3) is absolutely convergent when |z1| > |22 > 0 and can be analytically
extended to the multivalued analytic function (11.4) in the region |z3| > |21 — 22| > 0. Then
we can always find fi(z) for k =1,..., M such that (11.3) is equal to (11.4) when we choose
the values of log zo and log(z; — 29) to be log |z2| + i arg z; and log |21 — 25| + i arg(z; — 29)
where 0 < argzy,arg(z; — 22) < 27 and the values of 25 and (z; — 20)% to be e"+!0&22

7



and e+ 1°8(z1722) (recalling that in the convergence and extension properties for products and
iterates, log z; and log(z; — 2) mean the multivalued logarithm functions).

Expanding fx(2), k = 1,..., M, we see that in the region |z| > |z2| > |21 — 22| > 0,
(11.3) is equal to the absolutely convergent sum

M
D Coplwiyy, wiry, ez, wis):

k=1 meN
.e(Th—m)log 2z o (sktm) 1og(zl_”)(log 29)"* (log(z1 — 22))7*, (11.15)

where, as in this work except in a few identified places, log 2, and log(z; — z3) are the values
of the logarithm function at 2z, and z; — 25 such that 0 < arg 2o, arg(z; — 29) < 2.
The expression (11.15) can be written as

Z Z an;i,j(w@;)a W), W2y, W(3))-

i,jeN neR
(At log(e1—22) o(-n=D10g 22 (105 - Vi(log (2, — 2,) ), (11.16)
where
an;zpj(w@;)a w1y, W2), wz)y) = 0 (11.17)
whenever
n#-—-rg—1=—-A+sy—1 or i1#1i or J#jp (11.18)

for each k = 1,---,M. Also, if wyy € (W1)P), wey € (W), we € (W3)P) and
Wiy € (W5)B) and
B+ B2+ B3+ Bs # 0, (11.19)

then (11.17) holds. From (11.18), (11.19), (11.2), (11.9) we see that for n € R, if
n 414wt wiyy — wt we) < Npgyp,, (11.20)

then (11.17) holds.
Since |z1| > |z2| > |21 — 22| > 0, we know that

DD g (Way, way, wezy, ws)-

i,jEN neR
_e(A-i-n-l—l)log(Z1—22)e(—n—1)logzg (10g zz)i(log(zl N ZQ))j (11‘21)

converges absolutely to (11.3). For i,j € N, wE4) € Wy, wgy € W, let ﬁn;iyj(w@),w(g)) €
(W1 ® Wa)* be defined by

(Brsij (way, W) (wiay @ wiz))

(eL(O)s 10g(z1—22)w24)’ G_L(O)S log(z1—22) 7 e—L(O)s 10g(z1—zg) —L(O)s log(z1—22)

w(s))
(11.22)

w() wz), €

= Qnyij



for all wy € Wi and w,) € Ws. By definition, the series

DD B (Way, wes)) (way @ wig))e"TIBE==2) oo (log 29) (log (2 — 29))

i,7EN nER

is absolutely convergent to “gl(lwg®Iz))’(w(4)),w(3) (way ® wey) for way € Wy and w) € Wa.

Also since (11.17) holds when (11.19) holds, we have
Brsii (Way wez)) € (Wr @ Wy)*) et (11.23)

for w() € (W3)¥) and wiy) € (W})Ba),
To show that (17 o (1w, ® I))(w(,)) satisfies the P®(z; — zy)-local grading restriction
condition, we need to calculate

(V1)my -+ (Ur)mrﬁn;i7j<wz4)a w(3))

and its weight for any r € N, vy, ..., v, € V,my,...,m, € Z,n € R, where (v1)m, - (Ur)m,.»
mi, -+, m, € Z, are the components of Y}, (v1, @), ..., Vi . (vr, @), respectively, on
(W1 ® Wa)*. As in [H1], for convenience, we instead calculate

(V] )my - (Ug)mrﬂn;i,j(w@)y w)),

where (V9)mys- -5 (V)m,., M1, -+, m, € Z, are the components of the opposite vertex opera-
tors Y50, (vi,2), ..., Yp(, ., (v, ), respectively.

By the definition (5.87) of Yy, (v, ) and

Y];O (’U,.T) = YIID(

(z1—22) )(el‘L(l)(_fo)L(O),U’x*l)’

21—29

we have

(Yp(ay 20 (05 @) Brsi j (W(ay, wi3)) ) (wiay @ wiz))
= (Busij (Wiay w(z))) (way @ Ya(v, 1)wg))

+ReSx0 (21 — 22)715 i

=) Gy v V(0,0 @ i)
21 z9

(eL(O)s log(zl—zQ)w —L(O)s IOg(Zl_ZQ)UJ(l), e—L(O)s log(zl—zg)}/Q (U7 l')w(z), G_L(O)S 10g(z1—22)w(3))

4)76

r — TIg
21 — 22

(eL(O)S 10g(z1_22)w24), e—L(O)S log(Zl—ZQ)Yl(,U’ Io)w(l), e—L(O)s IOg(Zl_ZQ)U}(Q), e—L(O)S log(zl—zz)w

~~

= Onsij

+Resy, (21 — 29) 716

VR

3))-
(11.24)

"Angi,j

On the other hand, since (11.21) is absolutely convergent to (11.3) when |z| > |z >
|21 — 22| > 0, we have

Do D elmntrm el % (og 2))(log (21 — 22))-

i,jEN neR



(eL(O)s log(21—22)

(4)

'an;i,j G_L(O)s IOg(Zl_ZZ)w(l), e—L(O)s log(zl—zg)}/Q(,U7 Jf)w(z), G_L(O)S 10g(z1_z2)'lU(3))

+Resy, (21 — 22)7 10 (x — 1’0> Z Z e(n+1)log(nfzz)e(*nfl)logm(log 29)"(log(z1 — 22))7 -

21— 2
L™ =2/ ; ieNneR

i j (eL(O)S log(zlf,ZQ)wELl), e*L(O)s log(zlfzz)y'l ('U, fo)wu), e*L(O)s log(zlfzz)w@), e*L(O)s 10g(21722)w(3))

= (wigy, Vi(wqy, 21) Vo (Y2 (v, 2)w(a), T2)w(z)) w,

L1=21,L2=22

Res,, (11— 29)-15 (—_> .

r1 — T2

(wigy, V1 (Y1 (v, mo)wry, 21) Vo lw(z), w2)ws) ) w,

T1=21,L2=22

= <w24),y1(w(1),1171)y2(y2(%x)w(2)7372)w(3)>w4

(z + 23) —:1:0) _

X

T1=21,L2=22

+Resg, 176 (

(11.25)

{(wiay, Vi(Y1(v, 2o)wry, #1) Vo (wz), 22)wis) w,

I1221,$2222'
Using the Jacobi identity for the logarithmic intertwining operators ), and ), and the
properties of the formal J-function, the right-hand side of (11.25) is equal to

Yy — X2
T

T1=21,02=22

Res,z "6 < ) (Wiay, V1(wy, 21)Y5(v, y) Va(wizy, 22)wiz))w,

Tog — Y
—x

T1=21,T2=22

~Res,216 ( ) (1, V1 (007, 22) Vo w2y, 2) Y, )i

(Wi, Ya(v, 2 + 22) Vi (wiy, £1) Va(wiz), 22)wi)) w,

T1=71,L2=722

—<’LUE4), yl(w(l)a Il)}%(v7 T+ x2>y2(w(2)7 IQ)W(3)>W4

T1=21,L2=22

= (wiy), Ya(v, 2 + 22) V1 (war), #1) Yo (wiz), 22)wi))w,

T1=21,T2=22
To—Y
-z

—Res,z7'§ ( ) (Wiay, V1(wiy, 1) Va(way, 22) Y3 (v, y)ws))w,

T1=21,L2=22

T1=21,T2=22

_ — X
= Res,x s (y - 2) <wz4),n(v,y)yl(w(l),xl)yg(w@),mg)w(g)>w4

To — Y
-z

_Resyxilé ( ) <w24)7 yl (w(l)v xl)y2 (w(2)7 1'2)}/3(1)7 y)w(3)>W4

T1=21,L2=22

(11.26)
From (11.25) and (11.26), we obtain

Do D elmntrm el % (og 2))(log (21 — 22))-

i,jEN neR

10



Ui g (eL(O)s log(zl—zg)w24 G_L(O)s log;(zl—zg)w(l)7 e—L(O)s 10g(z1—z2)}/2(v7 x)w(z), G_L(O)S log(z1—z2)w(3))

)
+Resy, (21 — 22)7 10 (x — 1’0> Z Z e(n+1)log(nfzz)e(*nfl)logm(log 29)"(log(z1 — 22))7 -

1 — R/ =
i,JEN neR
i j (eL(O)S log(zlf,ZQ)wELl), e*L(O)s log(zlfzz)y*l(vj fo)wu), e*L(O)s log(zlfzz)w@), efL(O)Slog(zlf,ZQ)w(B,))

— T
- Resyx_l(S (y - 2) <w24),Y(U7y)y1(w(1),xl)yg(w(g),xg)w(3)>w4

T1=Z21,T2=%22
T2 —Y
T

T1=21,L2=22

—Res, 2710 < ) (Wiay, V1(way, 1) Vo (wiay, 22)Y (v, ) wiz)) w,

=> > (-1 (T) 27l (W, Vm i1 (Wi, 21) Va(wia), T2)wis))w,

meZ leN

T1=21,T2=22

m /
- Z Z(—l)l+m< ] )x—m—lx;n—l<w(4)’ Vi(way, 1) Vo(wiay, 22)viw(s)) w,

meZ leN

_ Z Z(_l)l (T;L) 1 Z Ze(n+1)log(z1722)€(lfn71)logz2 (log ZQ)i(IOg(Zl _ ZZ))j .

meZ IEN i,jEN neR

.a’n'ij(eL(O)Slog(Z1_22)U13”L—l —L(0)s log(z1—22) w(g))

_ Z Z(_l)l—i—m <7) x—m—l Z Z e(n—i—l)10g(2'1—zz)6(m—l—n—1)logzg(log ZQ)i(log(zl _ 22))j .

meZ leN i,jEN neR
(eL(O)s 10g(21—22)w24)7 e—L(O)s log(z1—22)

T1=21,L2=22

w24)7 e w(1>7 6—L(0)Slog(zl—z2)w(2)’ e—L(O)S log(z1—22)

w(l)’ €_L(0)Slog(zl_22)’w<2), €_L(0)5lOg(Zl_zz)UﬂU(g)).

(11.27)

Qi

The intermediate steps in the equality (11.27) hold only when |z1| > |z2| > |21 — 22| > 0. But
since both sides of (11.27) can be analytically extended to the region |z3| > |21 — 23] > 0,
(11.27) must hold when |z5| > |21 — 22| > 0. By Proposition 7.8, the coefficients of both
sides of (11.27) in powers of €!°6*2_ log 2, and log(z; — 2) are equal, that is,

i j (eL(O)S log(z1 722)w24)7 G*L(O)s log(zlfzz)w(l)’ e*L(O)s 10g(z1722)Y'2(v’ iL‘)U)(Q), efL(O)S log(zleQ)w(g))

+ReSy(21 — ZQ)_15 ( tTY ) .

21 — 22

Ui (eL(O)s log(21—zz)w24), e~ L0)s log(m—zz)yl(v’ y)w(l), e~ L(0)s log(Z1—22)w(2)’ e~ L(0)s 10g(Z1—22)w(3))
m\ .

=SS () -

meZ leN
'an+l;i,j<€L(0)S log(zl*2’2)1}21411)24)7 e L(0)s 10g(21722)w(1)’ e L(0)s log(zlfzz)w@)7 e L(0)s 10g(21722)w(3))

m —m— m—
_ZZ(_l)Hm(l)x 1(21_22) !
meZ leN
A1 (eL(O)s 10@;('21—z32)7“024)7 e~ L(0)s 10g(21—22)w(1)7 e~ L(0)s 10g(21—z2)w(2), e~ L(0)s 10g(21—22)vlw(3))_
(11.28)
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By (11.24) and (11.28), we obtain
(U%Bn;i,j(wz4)u w(3)))<w(1) ® w(Q))
m o
=> (-1 < l ) (Bt 5 (Vi W(ays w(3))) (way, wizy) (21 — 22)'

leN

-3 ”m( )<ﬁn+m_z;i,j<wz4),vlw@)))(wm,w@))(zl—zm-l. (11.29)

leN

By induction, we obtain
(O)my = (V) B (W(ay, wes) ) (way @ wizy) =

= > 37wt D ) Mg\ (T
I I,

—0 . . b 1030
® J1> > g Lyengbr 2

o~

Js41 > > Jr

’ (ﬁn+mjs+1 cetmyg it Hls—ls 1= —lrsiyg

(V5 )y, 10+ (V5 )my, 1, W0y Uty * - 01, 0(3)) ) (W) @ Wia)) -
‘(Zl . 22)l1+~-+l5+(ms+1*ls+1)+~-+(mr*lr) (11‘30)

for mq,...,m, € Z, and any v,...,v, € V. In particular, when V is a conformal vertex
algebra,

(L'p(zr@)((])ﬁn;u(w@), w<3>))(’w (1) @ we)
= (B g (L' (0)w(y), wz))) (wi) @ wia
(Bn-‘rlz]([/(]-) Wy, W(3 ) (W) ®
~(Busij (wiay, L(0)w(z ))(%Uu)@w())
+(Brgig(w 247[1( Dw))) (wa) @)+ (21 — 22)
= (Wt wigy — Wt wz) (Basig (wlay, w ))( W) © W)
+(Brsii (L'(0) — Wt wigy)wigy, ()))(W(>®w( )
—(Busij (wiay, (L(0) — wt w<3>)w<3>>>( (1) © W)
~ (B (L (Dwiyy, w
+ (Bt 11,5 (Wiays L(— 1)

l\')

)
)
w)) - (21 — 22)

) (way @ wez) - (21 — 22)
3)) (W) @ wez)) - (21 — 22); (11.31)

by a similar argument, (11.31) holds for a Mobius VerteX algebra as well. From (11. 30) and
(11.23), we see that when v; € Vm JreeesUr € V(( , we) € (Ws)y,, ’83) and wi,, € (W4)

TL4] )

(V) - - - (Ug)mrgm.’jm@)? w(g)) e (W ® W2)*)(a1+...+ar+ﬂs+ﬂ4)‘ (11.32)

12



Let zg = 21 — z2. When |z1] > |22] > |20 > 0,

=Y g (L (Dwiyy, way, wey, wes))-
i,jEN neR

_e((A—l)-i-n—i-l) log(z1 —zz)e(—n—l) log z2 (10g ZQ)i(log(zl . 22))]'

+ Z Z an;i,j(w@)v W), W(2), L(—l)UJ(g)) '
i,JEN neR

_e((A—l)-l-n—l-l) log(z1 —zg)e(—n—l) log 22 (10g Zg)i(lOg(Zl . 22))]'

= _<L,(1)UJE4)7 Vi (w(l)a 351)3}2(10(2), $2)w(3)>w4

r1=22+20, T2=22

H(wigy, Vi(way, £1)Va(wizy, 22) L(—1)ws) )w,

(11.33)

r1=22+20, T2=22

By the commutator formula for L(—1) and intertwining operators and the L(—1)-derivative
property for intertwining operators, the right-hand side of (11.33) is equal to

p d
_ <UJ(4)7 (dl‘l (yl(w(l), 1’1))) yg(w(g), l‘g)w(g))>w4

d
_ <w24)7y1(w(1),x1) (d—m(yg(w(g),@)) w(3))>

9 /
_8_22 (<w(4)7 (yl (w(l), J}l)y2(w(2)7 x2>w(3)>>W4

0
S (Z D i (Wiays way, Wiy, W)

i,JEN neR

r1=22+20, T2=22

Wi Tr1=22+20, T2=22

r1=22+20, 962:22)

.p(BFnt1)log 2o ,(—n—1)log 22 (log )" (log zo)j)

= — 3 > (1= Dagg (W, way, wee), w) -

1,JEN neR
.e(B+n+1)log 2o ,(—n—2)log 22 (log z2)*(log zo)’
i,jEN nER
B, . .
.6(A+n+1)10g206(*n*1)10g22 <_<10g Z2>Z> (log 20)3, (1134)
822
where 8%2 is partial differentiation with respect to 2z, acting on functions of 2y and z; rather

than on functions of z; and zs.
From (11.33) and (11.34), we obtain

=Y Buig (L (D, wis) (wi) © wia))-

1,JEN neR

.e(nt1) log(z1—22) ,(—n—1) log z (log zg)i(log(zl _ 22))1'
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+ YD B (wiay, L(=1)wis) (wa) @ w) -
i,jEN neR

. (n+1)10g(z1*z2)e(7n71)10gz2 (log ZQ)i(lOg<Zl i ZQ))j

= 3 S e Bl iy © i)

1,JEN neR
(n+1)log(z1—z2)e(—n—2) log 2o (log ZQ)i(log(zl o ZQ))j
=2 D Buid (way, we) (W) ®wz) -
1,JEN neR

0 . )
e(nt1)log(z1-22) o(=n—1) log 22 (_8 (log 2’2)2) (log(z1 — 22))’
)
(11.35)

when |21| > |2z2| > |21 — 22| > 0. Since both sides of (11.35) can be analytically extended to
the region |z9| > |21 — 23] > 0, it also holds when |z3| > |21 — 22| > 0. Thus the expansion
coefficients of the two sides of (11.35) as series in 2z, and z; — 29 are equal. So for i,j € N|
(21— Zz)( - 5n+1~ij(L/(1)w(4)>w(3))( (1) @ w2 ) + B, u( Wigy, L(—l)w(B))(w(l) ® w(2))>
—(=n = 1) B j (Wigy, wez)) (wa) @ wizy) — (0 + 1) Briirr (Wi, W) (Way @ wez).

(11.36)
From (11.31) and (11.36), we obtain
(Lpay—2) (0) = Wt wiyy — 1 — 14 Wt wz)) Bnsi j (Wiay, ( )))( (1) ® W)
= (Busii (L'(0) — Wt wig) )wiay, wes))) (w @)
~(Bnsij(wigy, (L(0) — wt w(s))w(s)))(wu) ® w(2))
— (i + 1) B (wigy, (L(0) — Wt wiz))we))) (wa) @ wez). (11.37)

From (11.37), we see that there exists N € Z, independent of wuy € Wiy and w) € Wiy
such that for n € R and ¢,5 € N,

( ;D(Zl_zz)(()) —wt wE4) + wt wgy —n — 1)Nﬂn;i7j(wz4), wz)) = 0. (11.38)
Thus we obtain the following conclusion: For v, € V((Tf:ll)), c., Uy € V(mT), ws) € (W;;)Ef :]) and

€ (Wi)ffj]), the element

(V)i =+ (0 B (Wiays Wi3))
is homogeneous of (generalized) weight

—(wWt v —my —1) = — (Wt v, —m, — 1) + Wt wigy +n+1—wt wg (11.39)

and of A-degree
arp+ -+ ap + B3+ B,
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and we have

(00 )ma ==+ (V0 )me B (Wiay, wiz) = 0
when wt (07)m, -+ (U?)mrﬁn;i,j(w@)aw(i’))) < Noy+dar+Bs+84- (11.40)

In particular, the (generalized) weight of B, ;(w(y), we)) is Wt wiyy +n+1— wt w).
For n € R, let /\%2)(10%4), wzy) € (W1 ® Wa)* be defined by

(AP (wiyy, wis))) (wir) @ wi)
= Z (ﬁn—wt Wiy —14WE w35, (U)E4), w(3))) (’LU(1) ® w(2)) )
1,jJEN
‘e(n—wt wg4)+wt w(g)) log(zl—zg)e(—n—i—wt wz4)—wt w(g)) log 22 (IOg Zg)i(log(zl . 22))]‘
(11.41)

for homogeneous w24) € Wy and weg) € W3. Then

>R Wiy, we) (W ® we)

is absolutely convergent to “830(1%®12))'(w24)),w(3> (way ® wg)) for wey € Wy and wey € Wa.
Since (11.38) holds for n € R and 7,5 € N,

(L/P(zl—zg)(o) - n)N)V(’LQ) (U}E4), w(?))) =0

for n € R.
Moreover, by (11.41) and (11.38),

ez/L/P(z]_*Z2)(O)>\(2) w/ ’w 3 w 1 ® w 2
n \W(a), W3) @ @

neR

= Z Z (€ Lp<z17zz)(0)ﬁn_wt W]y~ Lt i (w24), wz)))(way @ wz)) -
neR i,jEN

‘e(n—wt w24)+wt wg)) log(z1—22) (—n+twt wE4)—Wt w(g)) log 22 (

e log ;)" (log(z — Zg))j

N-1
1
=> > > 71 (L2, (0) = 1) Bt w1t sy (Way W) (W) ® wiz))
neR i,7eN [=0

" (Z/)le(n_m Wiy Wt W) log(z1=22) o (—nbwt wiy) —wh w(g)) log 22 (log z2)"(log (21 — 22))’.

(11.42)
By (11.37), forn € R, i,j e Nand [ =0,..., N — 1,

(Lp(z—2(0) = 1) Bt g, —14wt it (Ways W) (W) © wea))
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is a linear combination of
(5nfwt w24)71+wt w<3);i’,j((L/(O) —wt wE4))pwE4)7 (L(()) —wt w(3))qw(3)))(w(1) ® w(z))

for 7, p,q € N such that p,¢ < N — 1. For p,q € N,

DD (Buig (L(0) = wt wy)Pwiyy, (L(0) — wt w(s)wes))) (w) @ w)-

i,jEN neR

-6(n+1)10g(zl_z2)€(_n_1)((log22)_’2/)((log ZQ) o z’)i(log(zl o Zg))j

= > ani i (L(0) = Wt wiyy)Pwyy, wy, wiz), (L(0) = Wb wis) w) -
i,jEN neR
.e(A+n+1)10g(21—22)e(—n—1)((10gzz)—Z’)((1Og 2) — z’)i(log(zl _ 22))j
is absolutely convergent when 2’ is in a sufficiently small neighborhood of 2z = 0 such that
e 23| > |20| > 0. In particular, for i,j,1 € N and p,q € N such that p,q < N — 1,

Z 5n—wt w24)—1+wt w<3);i,j(<L/(O) —wt w£4)>pw24)7 (L(O) —wt w?S)w(3)))(w(1) ® w(2)>
neR
na' (Z/)le(n—wt w24)+wt w(s)) 10g(z1—zg)€(—n+wt w24)—wt w(s)) log z2<

e log ZQ)i(lOg(Zl — 22))j

is absolutely convergent in the same neighborhood of z/ = 0. Thus the right-hand side of
(11.42) is absolutely convergent. Hence the left-hand side of (11.42) is absolutely convergent,
completing the proof that (11 o (1w, ® F»))'(w(,,) satisfies Part (a) of the P® (2 — z;)-local
grading restriction condition.

Recall the space Wy for A € (W) ® W3)* in the P(z)-local grading restriction condi-
tion in Section 5 and the space Wx(il(g,) for A € (Wq7 ® Wo @ W3)* and wz) € Ws in the
(Bs)

[ns]

and wy,) € (Wi)ffj]), (11.39) and (11.40) show that for 3 € A, the homogeneous subspace
(W, W of W
n € R, satisfies the P(z; — z3)-lower truncation condition. By Theorem 9.17, W)\@)

P®)(z)-local grading restriction condition in Section 9. For fixed n € R, wg) € (W)

5?>(w24)7w<3)))[l] /\512>(wz4)»w<3>) is 0 when { < Ng. In particular, each )‘512)(7“024)’7“0(3))7

(Wigyw(3))
is a doubly-graded generalized V-module (a doubly-graded V-module when C is in My,).

Since for § € A, (W, )(B) = 0 when [ < Njg, it is in fact lower bounded. Thus

(1
W, @ (Wl w)’ generated by A%Q)(w@),w(g)), is a finitely-generated lower bounded doubly-
T (4)7

graded generalized V-module (or V-module), and so by assumption it is in fact an object of
C. Thus W

(110(1W2 ®[2)),(w24))7w(3)

L ) : . (2)
by assumption, is an object of C. Since C is a subcategory of GM,,, W(ho(lw2®12)),(w24))7w(3),

as a generalized V-module of WiHp(,, _.,)WWs, satisfies the two grading-restriction conditions,
proving that the element [; o (1w, ® I2))"(wy,)) of (W1 @ Wo® W3)* satisfies the PO (z) — z)-
local grading-restriction condition. [

(W) ()

, as a sum of these objects of C, lies in Witp,, —.,)Wa, which,
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11.2 Differential equations

In this section, we assume for simplicity that A and A are trivial. We would like to emphasize
that this assumption is not essential since all the results can be generalized to the case that A
and A are not trivial. To avoid spending too many pages to straighforwardly generalize many
definitions and results to the general case (for example, the definition of Ci-cofiniteness),
and to allow the use of most of the arguments in [H2], for which both A and A are trivial,
we choose to simply assume that A and A are trivial.

We use differential equations to prove the convergence and extension property, given
in the preceding section, when the objects of C satisfy natural conditions. The results
and the proofs here are in fact the same as those in [H2], except that in this section, we
consider objects of C, not just ordinary V-modules, and we consider logarithmic intertwining
operators, not just ordinary intertwining operators. So in the proofs of the results in this
section, we shall indicate only how the proofs here differ from the corresponding ones in [H2]
and refer the reader to [H2] for more details.

Let V' be a Mobius or conformal vertex algebra with A the trivial group and let

n>0

For a generalized V-module W set
Ci(W) =span{u_jw |u e V,, we W}

Definition 11.5 If W/C\ (V) is finite dimensional, we say that W is C-cofinite or satisfies
the Cy-cofiniteness condition. If for any N € R, [, _y Wiy is finite dimensional, we say that
W is quasi-finite dimensional or satisfies the quasi-finite-dimensionality condition.

We have:

Theorem 11.6 Let W; for i« = 0,...,n + 1 be generalized V-modules satisfying the C-
cofiniteness condition and the quasi-finite-dimensionality condition. Then for any wEO) e Wi,
wey € Wi, .., wingr) € Wiy, there exist

ag 1(21,. .., 2n) € C[zfd, . ,z,jfl, (21— 2) Y (21— 23) 7, (Zne1 — 20) 7,

Jork =1,...,m andl = 1,...,n, such that the following holds: For any generalized V -
modules Wi, ..., W,_1, and any logarithmic intertwining operators

y17y27"'7yn—17yn

of types

—~ —_—~

(o) o)+ (o) o)
Wi, ’ WaWs Y WoaWh1 ’ Wan+1 ’
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respectively, the series

(Wioy, Vi(way, 21) -+ Yo (Wny, 20) Wen1)) (11.43)

satisfies the system of differential equations

am 8m—k(p
+ Ly . ap 1(z1,...,2p))——— =0, [=1,...,n
82 ; |z1]>->| n|>0( k, l( 1 )) azlm_k
in the region |z1| > -+ > |z,| > 0, where
Uy [>>lzn>0(k, 1(215 5 20))
fork=1,....mandl=1,... ,n are the (unique) Laurent expansions of ax (1, ..., 2,) in
the region |z1| > -+ > |z,| > 0. Moreover, for any set of possible singular points of the
system,
=2y Z )am_% 0, I=1 (11.44)
ag,1(z1,. .., % =0, [=1,...,n .
such that either z; = 0 or z; = oo for some i or z; = z; for some i # j, the ax, (21, ..., %)
can be chosen fork=1,...,m andl=1,...,n so that these singular points are regqular.

Proof Proposition 1.1, Corollary 1.2 and Corollary 1.3 in [H2] and their proofs still hold
when all V-modules are replaced by strongly-graded generalized V-modules. Theorem 1.4 in
[H2] also still holds, except that in its proof all V-modules are replaced by strongly-graded
generalized V-modules and the spaces

AC({ze/z )z 227,
ZZA(C({(Zl — 2)/za}) 5" (21— 22)*,
$C{z1 /2l 2]

are replaced by

2 C({z2/z1 )2, 25 'log z1,10g 2],
22 C({(z1 — Zz)/zl})[zz , (71 — z2) ™! [log 22, log (21 — 22)],
$C({z1/ 2}z, 2 1[log 21, 1og 2],

respectively. Theorem 1.6 and its proof also still hold in our setting here. Thus the first

conclusion holds.
Proposition 2.1, Lemma 2.2, Theorem 2.3, Remark 2.4 and Theorem 2.5 in [H2] and their
proofs still hold here. Thus the second conclusion holds. [
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Remark 11.7 In [H2] and in Theorem 11.6 above, we are using the definition of the notion
of system of differential equations with regular singular points (or regular singularities) given
in Appendix B of the book [Kn|. This definition defines such a system in terms of the form of
the expansions of the solutions at the singular points. What we need in the present section
is precisely this form of the expansions of the solutions of such a system. However, we warn
the reader that in some books and papers, a system of differential equations with regular
singular points is instead defined in terms of the coefficients of the system. In fact, there
are systems with regular singular points that do not satisfy the definition in terms of the
coefficients of the system. See for example [Lut] for a study of the problem of analyzing
under what conditions the singular points of a system of differential equations that do not
satisfy the regularity condition in terms of the coefficients are still regular. In Section B.5
of [Kn], systems with simple singular points (called simple sigularities there and defined in
terms of the coefficients) are discussed and it is proved there that simple singular points are
indeed regular singular points. From Theorem B.16 in Section B.5 of [Kn|, together with
(2.2) and (2.3) in [H2] and their obvious extensions to the case of more than two intertwining
operators, it is clear that for any set of possible of singular points of (11.44) of any of the
indicated types, the ay (21,...,2,) can be chosen for k =1,...,mand [ =1,...,n so that
these singular points are simple singular points and thus are regular singular points.

We now have:

Theorem 11.8 Suppose that all generalized V -modules in C satisfy the C-cofiniteness con-
dition and the quasi-finite-dimensionality condition. Then:

1. The convergence and extension properties for products and iterates hold in C. If C is
in Mgy and if every object of C is a direct sum of irreducible objects of C and there
are only finitely many irreducible objects of C (up to equivalence), then the convergence
and extension properties without logarithms for products and iterates hold in C.

2. For any n € Z,, any objects Wy, ... , W11 and Wl, e ,Wn_l of C, any logarithmic
ntertwining operators

y17y27-~';yn717yn

(o) )+ (o) G
Wil ’ Wyl Y W aWyh1 7 Wan-H ’

respectively, and any wEO) e Wy, way € Wi, ..., wWnt1) € Wi, the series

of types

(Wioy, V1(wy, 21) -+ Yo (Winys 20)Wins1)) (11.45)

is absolutely convergent in the region |z1| > -+ > |z,| > 0 and its sum can be an-
alytically extended to a multivalued analytic function on the region given by z; # 0,
t=1,...,n, z; # z;, 1 # J, such that for any set of possible singular points with either
2i =0, z; = 00 or z; = z; fori # j, this multivalued analytic function can be expanded
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near the singularity as a series having the same form as the expansion near the singular
points of a solution of a system of differential equations with reqular singular points
(as defined in Appendix B of [Kn/; recall Remark 11.7).

Proof The first statement in the first part, except for the existence of the upper bound K
for 45, and the statement in the second part of the theorem follow directly from Theorem 11.6
and the theory of differential equations with regular singular points. To prove the existence
of K, note that in [H2], T/J is a finitely generated R-module and the map ¢y, y, with
domain T induces a map ¢y, y, with domain 7'/.J such that in particular the image of ¢y, y,

is equal to the image of ¢y, y,. Since T'/J is a finitely-generated Clzitt, 257, (21 — 20)7 Y-

module, its image under @y, y, is also a finitely-generated C[z, 25, (21 — 22)~]-module.
Any set of generators of this image has been proved to have analytic extensions in the region
|za| > |21 — 22| > 0 of the form (11.4), and for finitely many such generators, we have an
upper bound K for the powers of log 25 in their analytic extensions in this region. Thus
the powers of log z; in the analytic extension of any element of the image of the map ¢y, y,

in this region, as a linear combination of the analytic extensions of these generators with

coefficients in C[2!, 25!, (21 — 22)7'], are also less than K.
The second statement in the first part was in fact proved in [H2]. O

Remark 11.9 Note that the first statement in the first part of Theorem 11.8 follows im-
mediately from Theorem 11.6. To prove the second statement in the first part of Theorem
11.8, we start with the product of two intertwining operators without logarithms in the
region |z1| > |z2] > 0, and we have to prove that its analytic extension in the region
|22] > |21 — 22| > 0 has no terms involving logarithms. This is the main hard part of the
proof of Theorem 3.5 in [H2].
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