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Abstract

This is the sixth part in a series of papers in which we introduce and develop
a natural, general tensor category theory for suitable module categories for a vertex
(operator) algebra. In this paper (Part VI), we construct the appropriate natural as-
sociativity isomorphisms between triple tensor product functors. In fact, we establish
a “logarithmic operator product expansion” theorem for logarithmic intertwining op-
erators. In this part, a great deal of analytic reasoning is needed; the statements of
the main theorems themselves involve convergence assertions.
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In this paper, Part VI of a series of eight papers on logarithmic tensor category theory, we
construct the appropriate natural associativity isomorphisms between triple tensor product
functors. The sections, equations, theorems and so on are numbered globally in the series of
papers rather than within each paper, so that for example equation (a.b) is the b-th labeled
equation in Section a, which is contained in the paper indicated as follows: In Part I [HLZ1],
which contains Sections 1 and 2, we give a detailed overview of our theory, state our main
results and introduce the basic objects that we shall study in this work. We include a brief
discussion of some of the recent applications of this theory, and also a discussion of some
recent literature. In Part IT [HLZ2], which contains Section 3, we develop logarithmic formal
calculus and study logarithmic intertwining operators. In Part III [HLZ3|, which contains
Section 4, we introduce and study intertwining maps and tensor product bifunctors. In
Part IV [HLZ4], which contains Sections 5 and 6, we give constructions of the P(z)- and
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Q(z)-tensor product bifunctors using what we call “compatibility conditions” and certain
other conditions. In Part V [HLZ5], which contains Sections 7 and 8, we study products
and iterates of intertwining maps and of logarithmic intertwining operators and we begin
the development of our analytic approach. The present paper, Part VI, contains Sections 9
and 10. In Part VII [HLZ6], which contains Section 11, we give sufficient conditions for the
existence of the associativity isomorphisms. In Part VIII [HLZ7], which contains Section 12,
we construct braided tensor category structure.
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9 The expansion condition for intertwining maps and
the associativity of logarithmic intertwining opera-
tors

In the present section, we establish results, especially Theorem 9.17, that form the crucial
technical foundation of the construction of the natural associativity isomorphisms in Sec-
tion 10. In Section 7 we have studied the conditions necessary for products and iterates of
certain intertwining maps to exist. In Section 8 we have proved that products and iterates
of such intertwining maps give elements of the dual space of the vector space tensor prod-
uct of the three objects involved that satisfy the P(z1, 2)-compatibility condition and the
P(z1, z2)-local grading restriction condition. In Theorem 5.50, we have given a characteriza-
tion of WiSp(,yWW5 in terms of the P(z)-compatibility condition and the P(z)-local grading
restriction condition. It is natural to also try to characterize the subspaces of the dual space
mentioned above by means of the P(zy, z3)-compatibility condition and the P(z, z3)-local
grading restriction condition, but this time, these two conditions are not enough. We have
to find additional conditions such that the elements satisfying all of the appropriate condi-
tions can be obtained from both products and iterates of suitable intertwining maps. These
additional conditions constitute what we will call the “expansion condition.”

Assuming that the convergence condition in Section 7 is satisfied, in this section we study
the conditions for the products of suitable intertwining maps to be expressible as the iterates
of some suitable intertwining maps, and vice versa. To do this, following the idea in [H],
we first study certain properties satisfied by the product, and separately, the iterate, of two
intertwining maps. Then we obtain the deeper result that if a product satisfies the proper-
ties naturally satisfied by iterates, it can indeed be expressed as an iterate, and vice versa
for an iterate. Using these results, we prove near the end of this section that the condition
that products satisfy the properties for iterates and the condition that iterates satisfy the
properties for products are equivalent to each other, and we introduce the term “expansion
condition for intertwining maps” for either of these equivalent conditions (Definition 9.28).



We show that under the assumption of the convergence condition and the expansion condi-
tion, along with certain “minor” conditions, a product or iterate of two intertwining maps
can be expressed as an iterate or product, respectively. Using the correspondence between in-
tertwining maps and logarithmic intertwining operators, these results give the “associativity
of logarithmic intertwining operators,” which says that a product of logarithmic intertwining
operators can be expressed as an iterate of logarithmic intertwining operators. This asso-
ciativity of logarithmic intertwining operators is in fact a strong version of the “logarithmic
operator product expansion,” which in turn is the starting point of “logarithmic conformal
field theory,” studied extensively by physicists and mathematicians, as we have discussed in
the Introduction. In this section, this logarithmic operator product expansion is established
as a mathematical theorem. These results are also viewed as saying that products or iter-
ates of intertwining maps or of logarithmic intertwining operators uniquely “factor through”
suitable tensor product generalized modules.

The results in the present section are generalizations to the logarithmic setting of the
corresponding results in the finitely reductive case obtained in [H]. See Remark 9.18 for a
comparison of the main results in the present section with the corresponding results in [H],
including the corrections of some minor mistakes. The most crucial results are Theorem 9.17,
which essentially constructs the intermediate generalized module, and Lemma 9.22, which
essentially constructs the corresponding intertwining map. The main difficult aspect of the
proofs of these results is that we have to prove that certain iterated series converge and that
their sums are equal to the sums of iterated series obtained by changing the order of summa-
tion. These difficulties, embedding in “formal calculus,” are overcome either by proving the
absolute convergence of the associated double or triple series or by using the convergence of
suitable Taylor expansions. The reasoning requires considerable use of analytic methods.

We again recall our Assumptions 4.1, 5.30 and 7.11 concerning our category C.

In this section z; and zo will be distinct nonzero complex numbers, and

20 = 21 — 22,

we shall make various assumptions on these numbers below.

For objects Wy, Wy, W3, Wy, My and My of C, let Iy, I, I' and I* be P(z1)-, P(22)-, P(22)-
and P(z)-intertwining maps of types (W?V%), (Wy‘%), ( MZV{fVS) and (le\%@), respectively.
Then under the assumption of the convergence condition for intertwining maps in C (recall
Proposition 7.3 and Definition 7.4), when |z1| > |z2| > |20| > 0, both the product I; o (1, ®
I,) and the iterate I' o (I? @ lyy,) exist and are P(zy, 20)-intertwining maps, by Proposition
8.5. In this section we will consider when such a product can be expressed as such an iterate
and vice versa. To compare these two types of maps, we shall study some conditions specific
to each type.

Here and below, we let Wiy, Wy and W3 be arbitrary generalized V-modules. (Later,
these modules will be assumed to be objects of C.) We start with the following:

Definition 9.1 Let
A€ (Wl ®Q Wy ® Wg)*



For w(;) € Wi, we define the evaluation of A at w(;) to be the element
1 *
M(A,Lm € (W@ Ws)

given by
(1)

Hawg, (W) @ W) = AMw) ® we) @ w)
for w9 € Wy and w(zy € Ws. For wsy € Wi, we define the evaluation of A at w(s) to be the
element
M(f,q)ﬂ(g) € (W @ W)

given by

2
Sy (W(1) @ W(2)) = A(wia) ® wia) @ wis)

for ’lU(l) S Wl and w(z) € WQ.

Remark 9.2 Given A € (W, ® Wy ® Ws)*, way € Wy and wz) € Wi, it is natural to ask
whether the evaluations ;) € (Wy® W3)* and HE\Q,L@) € (W1 @ Wh)* of A satisfy the P(z)-

AWy
compatibility condition (reca(ll) (5.141)) for some suitable nonzero complex numbers z, under
suitable conditions. In fact, the formal computations underlying the next lemma suggest that
when \ satisfies the P(zy, z9)-compatibility condition (recall (8.44)), these evaluations of A
“almost” satisfy the P(z5)-compatibility condition and the P(zp)-compatibility condition,
respectively. However, even when A\ does satisfy the P(z,2z9)-compatibility condition, in
general these evaluations of A do not even satisfy the P(zy)-lower truncation condition (Part

(a) of the P(z)-compatibility condition) or the P(zg)-lower truncation condition (Part (a)

(1)

of the P(zp)-compatibility condition). In particular, when A in (5.141) is replaced by Fxo

and z = 29, the right-hand side of (5.141) might not exist in the usual algebraic sense, and
similarly, when A in (5.141) is replaced by NE\%L}(S) and z = 2, the right-hand side of (5.141)

might not exist algebraically, and for this reason /LE\BU(D and ,ugi)u(s) do not in general satisfy

the P(z9)-compatibility condition or the P(zp)-compatibility condition. But the next result,
which generalizes Lemma 14.3 in [H], asserts that if A satisfies the P(z1, z2)-compatibility
condition, then in both cases, under the natural assumptions on the complex numbers, the
right-hand side of (5.141) exists analytically and (5.141) holds analytically, in the sense of
weak absolute convergence, as discussed in Remark 7.24.

Lemma 9.3 Assume that A\ € (W, @Wo®@W3)* satisfies the P(z1, z2)-compatibility condition

(recall (8.44)). If |z2| > |z0| (> 0), then for any v € V and way € Wi, wey € Wy and
w3 € Wg,

2
Qﬁm@wMﬁmﬁWn®Ww

-1
= Resx51 (Tp(217z2) (x5<T> )



-Yt<<—x3>L<°>e—m°L<1>emL<”<—x—2>“°>w%))A) (wa) ® we) @ W)

_ —1
0 €x—
AMwa) @ wigy @ V(e (—272) Ov, 25 w)), (9.1)

the coefficients of the monomials in x and xq in
T = 2 2
Ly 16(1:—1) (YIID(ZO)<U7 SC)M(A,BU(S)) (way ® w))
are absolutely convergent, and we have

(Tt = 2
(Tng) (:vl ' (—)Yt(u w))u&,zu(g)) (W) © )

T
ot =2 2
=70 <a:—1> (YJQ(ZO)("U, -’B)M(A,L(BJ (W) © W) (9.2)

Analogously, if |z1| > |z2| (> 0), then for any v € V and any w) € W,

1
(YIID(ZQ) (’U, x)ﬂf\,q)u(l)) (w(2) ® U)(g))

= (Yp(a1,2) (0 T0) N) (w(1) @ wig) @ wiz))
2+ _ s
_Resxll‘OCS( 11,71 1))\(}/1((—1‘0 Q)L(O)e 0 L(l)v, $1)IU(1) @ W) & w(g)), (9.3)
0

the coefficients of the monomials in x and x1 in

(v = 1
w0 <—x1 ) ( P(ea) (U IIJ)M(A,LUJ (W) @ we)

are absolutely convergent, and we have
(=2 1
(TP(zz) (371 15(33—1) Yi (v, x)):ug\ﬂ)uu)) (we) @ we)

T =2 1
=X 15(—) (YJ/:(Z2)(U, JZ)ME\L(I)) (w(g) (%9 w(3)>. (94)
I

Proof First, for our distinct nonzero complex numbers z; and zy with zg = 21 — 29, by
definition of the action 7p(., .,) (8.29) we have

21t x _ Z0+ x B o
$06< 1:671 1)1‘2 15( 0 - 1 > )\(}/1((_1'0 Q)L(O)e 0 L(l)’U’ Il)w(l) ® w(Q) ® w(g))
0 2

+x06<z2 —:x2>x1_15<_20—_|—‘762

Z L1

_ xol— 2 _ xol— 2
= (TP(Zl,Zz) (ml 1(5<0—1>x2 1(5<0—2>Y}(U, .To)) )\) (way ® wey @ we))

15 T2

-1
>/\(w(1) ® Ya((—ap )"0 F W, 5 )uwa) @ wiy)

R o e A e T o
- 15<4>I2 16(#))\(11)(1) @ W) & Ys (U, xo)w(g)) (95)



for any v € V, wy € Wi, wey) € W and wz) € Ws. Replacing v by
(_l,g)L(O)e—zoL(l)erz_lL(l)(_xg)L(O)U,

using formula (5.3.1) in [FHL], and then taking Res, -1 we get:

1(%0t+ T -
x216< on 1>)\(Yv1(6x21L(1)(_:L,3)L(0),U’w1)w(l) ® wig) ® wz))

—Z20 + X9
I

—1 —1
_ X — 21 _ €T — 29
- Resxal (Tp(zm) (xl 15(093—1)% 15<0$—2> .
-1
.Y;((—x%)L(O)e*xoL(l)exz L) (—g2) L)y, xo)) )\> (W) @ we) @ we)))

—21 + xg — 29 + x5}
—Reszfleé(—l 0 ):U2_15<—2 0 )
0 1 To

-1
+$1_15< )A(wu) ® Ya(e™ MW (=a3) Vv, 25)w (o) @ wi)

—1

AMway @ wezy ® Ya(e2 PO (—22) Oy, 5w ). (9.6)
By (5.86), the left-hand side of (9.6) is equal to

_ Ty — % _
(W ( (P2 il 1>) u&%) (w) ® we)). (9.7)

x

Taking Res,, gives

_ 2 _ 2
(7o) Va0, 23 ) )W) @ wie) = Vi (0,23 )il wn @ we). (9.8)

By the P(z1, 22)-compatibility condition and formula (8.51) in Remark 8.18, the first
term on the right-hand side of (9.6) equals

1
- T2 — 20 - Lo — 22
7] 16( . )Res%_l <Tp(z1122) (x2 15(—0 - )

—1
Y ((—af) Ot et L(l)(—wi)L(O)v,xo)>A) (W) @ wi ®we)).  (9.9)

Now suppose that |z2| > |29 (> 0). Then formula (8.7) holds. From this and (9.9), the
right-hand side of (9.6) becomes

—1
“1c( T2 — 20 _1¢( Ty — %2
T 6( o )ReSx(;l(Tp(zl,@) <:c2 5<$—2)

-1
Vi((—a)HO 0L EO) (o200, a:o>) A) (wiy ® w2y ® )

_ _ —1
—xflé(@ Zo)ResxamQ_l(S(M) :

1 X2
1
AMwy ® wey ® Ya(e™ PV (—23) v, 25 w,)).
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To — 2o
€
exactly the right-hand side of (9.1) with z replaced by z;' (thus proving (9.1)) and, while
T2 — 20

By taking Res,,, we erase the two factors xflé( ), leaving an expression which is

not lower truncated in z; ', can still be multiplied by xl_lcS( ) (when |zo| > |z0| > 0),

in the sense of absolute convergence, yielding this expression again. That is, let X be either
side of (9.6). Then

T2 — 2o

X = xl_15< )ResxlX,

€

in this sense of convergence. Applying this to (9.7) and (9.8) gives

_ Ty — 20 — 2
(TP(Z(,) <x1 15( - )Yt(v, 5 1)) M(A,Zu(g)) (W) © W)

1

_ T2 — 20 _ 2
=T 15( 1 > (Ylg(zo)(u ) l)ug\,q)u(g,)) (w(l) ® w(2))7 (9.10)

proving (9.2) (with o in (9.2) replaced by z; ).
Analogously, for our distinct nonzero complex numbers z; and 2z, with 2y = 21 — 29, we
can also write the definition of 7p(, .,) as

Zo+ X\ 4 (—Z0tT - —og
xo5< 2x—1 2)% 15(%>)\(w(1) ® Ya((—a5*) e H Wy, 2 )wig) @ wis))
5 1

I i o A R .
+a; 15(%)% 15(%%(%) ® w(z) @ Yy (v, 20)ws)
1 2

_ xol— 2 _ xol— 2
= (TP(ZLQ) <x1 15<OTl>x2 1(5<0$—2>Yt(v, a:o)) )\) (w(1) @ wzy @ w(3))

1 2

21+ _ 20+ _ S
_$0(5< 11,—1 1)1:2 15( OZE I)A(n((—xOQ)L(O)e 0 L(l)v’xl)w(l) @ wz) & UJ(3))
0 2

(9.11)

forv eV, wy) € Wi, we) € Wy and wzy € W3. Taking Res,, we get

2o+ — —xy
x05< 2gg-l 2))\(10(1) ® Ya((—g?)H Ve 0y, T2)w(9) @ w(3)
0

-1
—2s +
T2

-1
i — Z
= (TP(21,2’2) (%_15(01—22)3@(”: $0)> )‘) (W) ® wiz) © w)

_Resmm(S(Z1 —:x1>:£2_15<20 . a:1> )

Lo i)
MY ((—z52)E@em20 L)y, )W) ® Wiy @ ws))- (9.12)

+15 15( ) Mw(y @ wey @ Y3 (v, z0)w(z))




By the definition of 7p(.,) (5.86) and formula (5.3.1) in [FHL], the left-hand side of (9.12)

is equal to
(%o — %2 1)
TP(ZQ) x2 5( )}/;(1)7 ‘/L‘O) /’L)\;u)(l) (U)(Q) ® w(g))7

X2

and taking Res,, gives

1 1
(7o(e0) (Ya(0, 20) 15, ) (02) @ W) = (Vo) (v, 20) 11500 ) (W) @ i),

Now suppose that |z1] > |z2| > 0. Then (8.4) holds, and by (8.50), which follows from
the P(z1, 22)-compatibility condition, the right-hand side of (9.12) becomes

-1
— Ty — 22
5 15(0x—2) (Y (21,20 (0, 0) M) (win) @ wie) @ wiz))

1 —
_x2_15 <u) Resmlxo(s (M) .

T2 .1'61

AV (=252 O Mo, 21wy © wiey @ we)-
Just as in the proof of (9.2), we take Res,, to obtain the right-hand side of (9.3) (thus proving

—1 o
(9.3)) and then multiply by x5 '6 (M)) yielding the same expression, and we obtain
T2

-1
_ Lo — 22

T2

—1
_ Ty — 22 1
=250 <Ox—2> (Y/»(Zz)(v, xo)ui,fvm) (wiz) @ w), (9.13)

proving (9.4). O

Remark 9.4 As we discussed above, Lemma 9.3 says that under the appropriate condi-
tions, NE\Q,L@) and ,uf\l’zv(l) satisfy natural analytic analogues of the P(z)-compatibility condi-

tion and the P(zy)-compatibility condition, respectively. Note that from the proof of (9.2),
— 2 « : : » 1s <2 «
(Y (v, 23 1)M&7L(3))(w(1)®w(2)) behaves qualitatively” like 5(_—@) and so (9.10) “behaves

(EZ (),

L1 —T2

suggesting the expected convergence when |z3| > |29|. Analogously, from the proof of (9.4),
(1) « S b 1 <1 @

Y}’,(zQ)(U,xo)uA’wm(w@) ® ws)) “behaves qualitatively” like (5(5) and so (9.13) “behaves

qualitatively” like

qualitatively” like
1

x215<x5 m; z2>5<x?1>,

again suggesting the expected convergence, this time when |z;| > |z5|. (By the P(z1, z2)-lower
truncation condition, Res,, of (9.7) is upper-truncated in x5, independently of w1, ws) and
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w(z), and Resg, of the first term on the right-hand side of (9.12), (Yp,, _, (v, 20)A)(w) ®
W) ® wegy), is lower truncated in xg, independently of the wy;).)

Remark 9.5 Given
Ae (W @ Wy ® Ws)™,

wy € Wi and wg) € Ws, it is also natural to ask whether, under suitable conditions,

the evaluations u(;ﬂ)u(l) € (Wy ® W3)* and ,ugfzjj@ € (W @ Wy)* of X satisfy the P(z9)-local

grading restriction condition and the P(zj)-local grading restriction condition, respectively.
In general, even for A obtained from a product or an iterate of intertwining maps, these

conditions are not satisfied by ,ug\lzuu) or u(ffu(g), but as we will see below, for such A, the

(1) )

)\,w(l) ’LU(3

evaluations p and ,uf\2 ) satisfy certain analytic analogues of these conditions. These
analogues motivate the next four important conditions on A € (W; @ Wy ® W3)*. On the
spaces (5.142) and (5.143) for W; ® W, and for Wy ® W3, the considerations of Remark 2.21

concerning the semisimple part of L(0)s of L(0) hold, and in particular, on these spaces,

and so

Hence

eVFr) (O — oVlp (o) (0)s g (Lp) (0= L) (0)s)

)

where y is a formal variable, and

e )0 — o7 Loy (0 o7 (Lp(o) (00~ Lp() (0)s)

for 2/ € C. (A complex number denoted z’ or —z" will play this role in the considerations
below.) Thus ¢ “»© maps any P(z)-generalized weight vector v in (W @ W3)* or (W ®

W3)* to a P(z)-generalized weight vector of the same generalized weight. An element \ €
)

(W1 @Wo®Ws)* satisfying one of the conditions below means essentially that either u gy €
(Wy @ W3)* or u&%L(S) € (W, ® Wa)* is the value at 2/ = 0 of the sum of a series, weakly

absolutely convergent in the sense of Remark 7.24 for 2’ in a neighborhood of 2’ = 0, rather
than just a finite sum, of the images under the map e of P(z)-generalized weight
vectors or of ordinary weight vectors satisfying the P(z)-local grading restriction condition
or the L(0)-semisimple P(z)-local grading restriction condition in Section 5, and that all of
the summands lie in the same subspace whose grading is restricted. (For the four stronger

conditions, the restriction on the grading is analogous to (2.89).) We shall typically use these

(1) (2)

" . . 2
conditions for z = z» when we consider p, w and for z = z; when we consider p, wizy”

Recall the spaces (5.142) and (5.143) and recall that

eyL;:(Z>(O) — eyL'P<Z)(O)Sey(L;D<Z)(0)*L'P<z)(0)s)



and

e Lr)(0) = #'Lp(z)(0)s o2 (Lp(o) (0)=Lp(,) (0)s)

on these spaces; on the spaces (5.143),

Consider formal series ) . A ALY and Y nec A with

and

AP e [T (e @ Wy
BeA

A e Ty @ wa))
BeA

for n € C. Then there exist KS), K? €N for n € C such that

and

Remark 9.6 The formulas (9.14) and (9.15) also hold with y replaced by 2’ € C.

We shall be restricting our attention to n € R; we shall use the subspace

of (W1 ® Wa)*)(¢)

of ((Wy ® Wa)*)(z)

Z eyL;D(z) )\'511) — Z e P(z z)( ) )eyL;D(z)(O)S )\’gll)
neC neC
K(l) .
= D e Z (L) b= (0) = n) ALY
neC =0

neC neC
K?
= Z e Z E(Llp(z)(o) —n)' A
neC =0

(W@ W) = [T JT (W @ wa)*

n€R ge A

and the correspondingly defined subspace

(W @ W) = [T T (v @ wa)*

neR ge A

10

(recall (5.142) and (5.143)), and similarly for W, ® Wi,

(9.14)

(9.15)

(9.16)

(9.17)



We next introduce the four conditions on
Ae (W @ Wy ® Ws)*.

These conditions are motivated by certain properties of such elements obtained from products
or iterates of intertwining maps (see Proposition 9.13 below) Essentially there are really
only two conditions, with the designations PM(z) and P®(z), but each of them has a
non-semisimple version and a semisimple version. These four conditions will enter into the
formulation of the “expansion condition.”

The P"(z)-local grading restriction condition
(a) The PW(z)-grading condition: For any wg)y € Wi, there exists a formal series
Y neRr ALY with
*\ (B
A e TT(W, @ W) )En])
BeA

for n € R, an open neighborhood of ' = 0, and NV € N such that for wg) € W and
w(z) € W3, the series

3 (@ Hr o OAD) (wi) © w)

neR

(recall (9.14) and Remark 9.6; here we evaluate at w2 ® w(s)) has the following prop-
erties:

(i) The series can be written as the iterated series

oy ( (Z (j;>’< () (0) — n)%ﬂ)) (W) @ w<3>>>

neR =0

(recall from Proposition 7.8 that R x {0,..., N} is a unique expansion set).

(ii) It is absolutely convergent for 2’ € C in the open neighborhood of 2’ = 0 above.

(iii) It is absolutely convergent to /Lf\{zu(l>(w(2) ® w(z)) when 2’ = 0:

DM (we @ we) = iy, (we) © we) = Alwa) © we) © we).

neR

(b) For any w(;y € Wi, let W () he the smallest doubly graded (or equivalently, A-

Asw(r) -
graded- recall Remark 5.40) subspace of (Wy ® W3)* )R] , or equivalently, of (W5 ®

W3)* )[C] , containing all the terms A in the formal series in (a) and stable under the
component operators 7p(.)(v ® t™) of the operators Y]’D(Z) (v,z) forv € V, m € Z, and

under the operators L\ (—1), Lp,)(0) and L, (1). (In view of Remark 5.42, WA(BJ@)

11



indeed exists, just as in the case of the P(z)-local grading restriction condition.) Then

o

) has the properties

)(5)

dim(W(l) ] < 90,

>\,IU(1)

(W)%m)ffik} =0 for k€ Z sufficiently negative

for any n € R and 3 € A, where the subscripts denote the R-grading by L’P(Z)(O)—

(generalized) eigenvalues and the superscripts denote the A-grading.

The L(0)-semisimple P™)(z)-local grading restriction condition
(a) The L(0)-semisimple P (2)-grading condition: For any way € Wi, there exists a

formal series ) _p AW with

AV e [[(mne W:%)*)Ei;

BeA

for n € R and an open neighborhood of 2z’ = 0 such that for wg) € W5 and w) € Wi,

the series .
3 (€ HOAD) (1w @ wi)

neR

has the following properties:

(i) It can be written as
DAY (we) ® w)

neR
(recall from Proposition 7.8 that R x {0} is a unique expansion set).
(i) It is absolutely convergent for 2’ € C in the neighborhood of 2’ = 0 above.
(iii) It is absolutely convergent to uf\lﬂ)ﬂ(l)(w@) ® w(g)) when 2’ = 0:

1
DM (Wi ® we) = wi, (we) ® we) = M © we) © w).

neR

(Note that such an element A also satisfies the P(V)(z)-grading condition above with

the same elements AS).)
(b) For any w(;y € W1, consider the space Wiz(l) as above, which in this case is in fact

the smallest doubly graded (or equivalently, A-graded) subspace of (We® Wg)*)gé)) (or
of (Wy® W3>*)Eé))) containing all the terms A in the formal series in (a) and stable

under the component operators Tp(.)(v ® ¢™) of the operators Yy, (v,z) for v € V,
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m € Z, and under the operators L, \(—1), L,)(0) and Lp,(1). Then WSL(U has
the properties

)(5)

dim(W ! (n) < 0,

A,W(l)

(WA(BJ(U)gng) =0 for ke Z sufficiently negative

for any n € R and 3 € A, where the subscripts denote the R-grading by L,P(z) (0)-

eigenvalues and the superscripts denote the fl—grading.

The P®(z)-local grading restriction condition
(a) The P®(z)-grading condition: For any wg, € Wi, there exists a formal series
S ep A with
*\ (B
AP e [T @ wy) )En})
BeA
for n € R, an open neighborhood of 2’ = 0, and NV € N such that for w(;y € W; and
wz) € Wa, the series
Z(GZ/LIP(Z)(O))\gE))(w(l) ® w(Q))
neR
has the following properties:

(i) It can be written as the iterated series

Z e <(Z %( P()(0) — ”)iAg)) (wa) @ w(2))>

neR =0
(recall that R x {0,..., N} is a unique expansion set).

(ii) It is absolutely convergent for 2’ € C in the neighborhood of 2’ = 0 above.

(2)

Aw(3) (w(l) ® w(2)> when 2/ = 0:

(iii) It is absolutely convergent to u

DA (way @ we) = i, (W) © ) = Alwa) © we) © w).

neR

(b) For any w) € Ws, let Wﬁ)u(s) be the smallest doubly graded (or eq?ivalently, A-
graded) subspace of (W) ® Wg)*)fﬂg), or equivalently, of ((W; ® Wg)*)fa), containing
all the terms A\ in the formal series in (a) and stable under the component operators
Tp(z) (v ® t™) of the operators Y]/D(Z)(U, x) for v € V, m € Z, and under the operators

29) . : 2
Ly (=1), Lp,y(0) and L} )(1). (As above, WA(;}(S) indeed exists.) Then Wi;(g) has
the properties
: (2) (B
dlm(W/\’w(S))[n] < 00,
(WA(?)“))EE lk} =0 for k€ Z sufficiently negative
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for any n € R and 3 € A, where the subscripts denote the R-grading by L’P(z)(O)—

(generalized) eigenvalues and the superscripts denote the A-grading.

The L(0)-semisimple P(®)(z)-local grading restriction condition
(a) The L(0)-semisimple P®(2)-grading condition: For any wz)y € Wi, there exists a

formal series ) g A with

A2 e TT(m e wa)))
BeA

for n € R and an open neighborhood of ' = 0 such that for wuy € Wi and w) € Ws,

the series .
D (PO OAD) (w) ® we)
neR

has the following properties:

(i) It can be written as
YA (wa) © wiz))
neR

(recall that R x {0} is a unique expansion set).

(i) It is absolutely convergent for 2’ € C in the neighborhood of 2’ = 0 above.

(iii) It is absolutely convergent to /LE\Q’L(?)) (w(1) ® w()) when 2’ = 0:

DA (way @ we) = iy, (W) © ) = Alwa) © we) © w).

neR

(Note that such an element \ also satisfies the P(®)(z)-grading condition above with

the same elements )\%2).)

b) For any w3y € W3, consider the space W
3) A

wgg &S above, which in this case is in fact

the smallest doubly graded (or equivalently, A-graded) subspace of ((W; ®W2)*)E§; (or
of (W1 ® Wz)*)gé)) containing all the terms A in the formal series in (a) and stable

under the component operators 7p(,) (v ® t™) of the operators YI’D(Z) (v,z) for v € V,
m € Z, and under the operators L, \(—1), L,)(0) and Lp,(1). Then W/Ei)u(s) has
the properties

dim(W7%, )7} < oo,
(W/Sz&(?)))gi lk) =0 for k€ Z sufficiently negative

for any n € R and 8 € A, where the subscripts denote the R-grading by L’P(Z) (0)-

eigenvalues and the superscripts denote the A-grading.
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Remark 9.7 Part (a) of each of these conditions says in particular that there exists N € N
(N =0 in the semisimple case) such that when applied to an arbitrary element of W5 @ Wj
or Wi @ Wa, (Lipy(0) = Lpy (0)) VAL or (L, (0) = Lip(,(0))¥ AP becomes 0 for
n € R. Thus Part (a) of each of these conditions implies:

or
D (O OAD) (g @ wig) =D AN (wie) @ w)
s neR
or
3 (€0 OAD) () © wia)
neR
N
=D e ((Z (L) (0) = n)A; )> (way ® w<2)>>
neR =0
or

Y (@ FOOND) (way @ we) =D AP (way @ w).

neR neR
Part (a) of each of these conditions also asserts in particular, in the language of weak absolute
convergence (recall Remark 7.24), that, for example, for any w() € Wi, ,ugu(l) is the sum of

a weakly absolutely convergent series . _p AP with A € [Hpca((W2 @ Wg)*)[(f})
While the grading restriction conditions above asserting the existence of the elements A
or A2 do not say anything about the uniqueness of these elements, they are indeed unique:

Proposition 9.8 The elements AS), n € R, in the PY(z)-local grading restriction condition
(or the L(0)-semisimple PW(z)-local grading restriction condition) and the elements AP,
n € R, in the PP (2)-local grading restriction condition (or the L(0)-semisimple P®(z)-
local grading restriction condition) are uniquely determined by the properties indicated in
Part (a) of the conditions.

Since the proof of this result follows easily from certain facts established in the proof of
Theorem 9.17 below, we defer it to Remark 9.19. This uniqueness result implies the following
bilinearity result for the elements AP and AP:

Corollary 9.9 The set of A € (W, @ Wy ® W3)* satisfying any of the four local grading
restriction conditions forms a linear subspace. The elements )\511), n € R, wn the P(l)(z)—
local grading restriction condition (or the L(0)-semisimple PW(z)-local grading restriction
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condition) are bilinear in X\ and wy, and the elements AP neR, in the P®(2)-local grading
restriction condition (or the L(0)-semisimple P (2)-local grading restriction condition) are
bilinear in A and ws).

Proof We prove only the case of the P(l)(z)-local grading restriction condition; the other
cases are handled the same way.

We shall use the notation )\g)()\, w(y)), n € R, to denote A in the PW(2)-local grading
restriction condition to exhibit the dependence of these elements on A and w(;). Let A and

A be elements of (W, @ Wy @ Ws)* satisfying the P()(z)-local grading restriction condition,
w(yy and W) elements of W, and a, b, c and d complex numbers. Then the formal series

Z(CLC)\,(})()\, w(l)) + aqugl)(A, UNJ(l)> + bc)\gll)(j\, w(l)) + bd)\gll)(j\, ﬁ)(l)))

neR

satisfies (i) (ii) and (iii) in Part (a) of the PM(z)-local grading restriction condition for
a\ + b\ € (W1 @ Wo @ W3)* and cw(ry + diqy € Wi, where we use the intersection of the
four open neighborhoods of 2z = 0 and the maximum of the relevant nonnegative integers
N. The summands (for n € R) also satisfy Part (b) of the condition. Thus a + b\ satisfies
the P (2)-local grading restriction condition, and by Proposition 9.8 we have

AD(aX + bA, cw) + dib))
= acA) (X way) + adAP (X @) + beA (A, wy) + bdAD (N, wiy)

forneR. O

Using the uniqueness and recalling the A-homogeneous subspaces (5.88) and (8.43), we
obtain the following natural A-properties of the elements A, in each of the four conditions:

Proposition 9.10 Suppose that
A e (Wr @ Wy @ Wy)")W,
with B € A, satisfies the PW(z)-local grading restriction condition, and suppose that
w(y € I/Vl(ﬁ 2
with By € A. Then for each n € R,
AD € (We @ Wa)")i ™).
The analogous statement holds for each of the other three conditions; for instance, if
X E (W @ Wa @ Wy)*)@
satisfies the L(0)-semisimple P®)(z)-local grading restriction condition and
w) € W:_)Sﬁg)),

with B3 € A, then
)\22) c ((WI ® WQ)*)EB+63)-

n)
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Proof We prove only the first case mentioned, the proofs in the other cases being similar.
We have
1 *
N(AL(D € (W @ Wy)*)B+5),

since for s, B3 € A such that s + 35 # —3 — 1 and for W) € WQ(ﬁQ), we) € ngﬂ?’),

1
Hne, (W) ® W) = Mwa) ® wie) ® wiz) =0,

so that we have the absolutely convergent sum

1
> AV (we) ®@ w) = M(A,iu(l) (wiz) ® we)) = 0.

neR

For each n € R, let A be the projection of AY to (W2 ® Wg)*)%wl):

< A(l)(w Quwegy) if fo+fz=—-B-p

3D (@ @ w :{ n (W) ®we) i P+ Fs 1
e S ) =4 if B+ s # 06— Bu.

Then clearly the AY for n € R also satisfy Part (a) of the P(Y)(2)-local grading restriction
condition, and so by the uniqueness (Proposition 9.8),

AD =30,

so that
)‘7(11) c ((W2 ® W3>*)E'8+Bl)

n]

forneR. O

In the rest of this section, we shall focus on the case that the convergence condition
for intertwining maps in C holds and that the generalized V-modules that we start with
are objects of C. Recall the categories M, and GM,, from Notation 2.36, and recall
Assumptions 4.1, 5.30 and 7.11 on the category C.

Remark 9.11 Let Wy, W5, W3 and Wy be generalized V-modules. Given an fl—compatible
map

F:W1®W2®W3—>W4

as in Remark 8.12, there is a canonical A-compatible map G from W) to (W; @ Wy ® Ws)*
corresponding to F' under the indicated canonical isomorphism between the spaces of such
maps. We shall denote the map G corresponding to F' by F:

F/:GW4/—><W1®W2®W3)*

Assume the convergence condition for intertwining maps in C and that all generalized V-
modules considered are objects of C. Let Iy, I, I' and I? be P(z1)-, P(z)-, P(22)- and
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P(zp)-intertwining maps of types (Wzvfll)’ (WTVIV3), (M‘;V;‘%) and (W]YVQVQ), respectively. Then
the maps

(Il o <1W1 X [2))/ : Wi — (Wl X W2 X Wg)* (918)

for |z1] > |z2| > 0 and
(I'o (P 1w,)) W, = (W1 @ Wy @ Ws)* (9.19)

for |zo| > |20| > 0 are well-defined A-compatible maps. In particular, for wE4) € W}, we have
the elements
(I o (lwy © 1)) (wy) € (Wy © W @ Wa)' (920

and
(I' o (I* @ 1wy)) (wy)) € (W1 @ Wy @ W)™, (9.21)

Proposition 9.10 applies to such elements A when wE g 18 A-homogeneous, since for

with 84 € A, we have
e (W @ Wy @ Ws))E)

for A either of the elements (9.20), (9.21), by the A-compatibility. This yields the natural
A-properties of the corresponding elements )\, in each of the four conditions (the complex
numbers z being chosen in the ways that they arise naturally in the theory):

Proposition 9.12 Assume that the convergence condition for intertwining maps in C holds.
Let Wy, Wo, W5, Wy, My and My be objects of C and let Iy, I, I' and I* be P(z)-,
P(z3)-, P(z9)- and P(zo)-intertwining maps of types (WVIV&I), (W];/[vlvg)7 (szévg) and ( ]i/b ).
respectively. Let
Wiy € (WP,
with
B4 € A.

Assume that |z1| > |z2| > 0 and let
A= (Lo (Im, ® ) (wiy))-

Suppose that X\ satisifies the P(l)(zg)-local grading restriction condition or, respectively, the
P (zy)-local grading restriction condition. Then for wey € Wl(ﬁl) or, respectively, w) €
Wéﬁg’), with B; € A, we have

A € ((Wy @ Wy)) P

or, respectively,
)\7(12) c ((WI ® W2>*)Ef]4+ﬁ3)

18



for each n € R. When C is in M, suppose instead that \ satisfies the L(0)-semisimple
PW(zy)-local grading restriction condition or, respectively, the L(0)-semisimple P®(zy)-local
grading restriction condition. Then for way and we) as above, we have

D € (W © Wa)")oy ™)

or, respectively,
)\7(12) c ((Wl ® WZ)*)E54+53)

n)
for each n € R. The analogous conclusions hold if, instead, |z3| > |20| > 0 and (I' o (I* ®
L)) (wiy)) satisfies the P (25)-local grading restriction condition (or the L(0)-semisimple
PW(zy)-local grading restriction condition when C is in My,) or the P®(z)-local grading
restriction condition (or the L(0)-semisimple P\®) (zy)-local grading restriction condition when

C is in M) O

In the next result, we prove that for the product of a P(z1)-intertwining map I; and a
P(zy)-intertwining map I, each element (9.20) of the image of the map (9.18) satisfies the
PW(z;)-local grading restriction condition and that for the iterate of a P(zp)-intertwining
map I' and a P(z)-intertwining map I?, each element (9.21) of the image of the map (9.19)
satisfies the P()(z)-local grading restriction condition.

Proposition 9.13 Assume that the convergence condition for intertwining maps in C holds.
Let Wy, Wo, W5, Wy, My and My be objects of C and let Iy, I, I' and I? be P(z)-,
P(zz)—,‘ P(z3)- and P(z)-intertwining maps of types (WVIV&I), (W];/[vlvg)f (szt;lvg) and ( ]i/b ).
respectively. Let w(,y € Wi. If |z1]| > [22] > 0, then

(I o (Lw, ® 1)) (W) € (W1 ® W @ Wa)*

satisfies the PW (zy)-local grading restriction condition (or the L(0)-semisimple P™(2y)-local
grading restriction condition when C is in Ms,), and if |za| > |20] > 0, then

(I' o (I ® 1wy,)) (wiyy) € (W1 @ Wo @ W)

satisfies the P (z)-local grading restriction condition (or the L(0)-semisimple P (z)-local
grading restriction condition when C is in My,). Moreover, suppose that C is closed under
images (recall Definition 5.35). Let way € Wi and wey € Ws. Take

A e (W, @ Wa)*

and
)\,(12) € (W1 X W2>*,

n € R, to be the elements constructed in the proof below. Then the corresponding spaces

(1) .
W(Ilo(lwl®12))/(w24))’w(1) - (Wg & Wg)
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and

w® c (W) @ Wa)*

(IIO(I2®1W3)),(w24))7w(3)

(constructed using these elements )\%1) and )\%2) ), equipped with the vertex operator maps given
by Y . and YI’D( . respectively, and the operators L P )(j) and L}(zo)(j), respectively, for
] = 1 ,0,1, are generalized V -submodules of objects of C included in (Wy @ W3)* and
(W1 @ Wa)*, respectively. In particular, for any n € R, the doubly-graded subspaces

W)\gll) - W(110(1W1®]2)) (w(4)) w(1)

and

(2)
WA%Q) C W(Ilo(12®1w3))/(wf4))7w(3)

(recall the notation Wy in the P(z)-local grading restriction condition in Section 5) are also
generalized V -submodules of objects of C included in (Wo@W3)* and (W1 @Ws)*, respectively;
W, is the generalized V -submodule generated by )\%1) (the smallest generalized V -submodule

containing )\S) ), and analogously for )\%2)

Proof Let wy € Wy. For n € R, let m’(l)yn € M7 be defined by

My, (ma)) = Wiy, L (way @ m(ma))))

for m) € M. Since w(;) and w£4) are finite sums of fl—homogeneous elements and I; is
A-compatible, m’(l) ,, 1s also a finite sum of fl—homogeneous elements. Since by definition, for
my € (Mi)m), miyy,,(ma)) = 0 when m # n, we see that my,, , € (Mj)[n).

Let

A(l):ml) O[QE(WQ@WE}) .

n

!/
(
From Notation 5.25, we have A = I 5(mfy) ), where I : My — (W @ W5)" is as indicated
in Notation 5.25. Since my,,, € (Mj)n), by Proposition 5.33(b),

MY = Iy(miy),) € (Wa ® Wa)*)p

for n € R. In addition, since I} is A-compatible and m’(l) ,, is a finite sum of A-homogeneous

elements, )\%1) is also a finite sum of A-homogeneous elements. By Proposition 7.12, the set
{(n,i) € Cx N | (L(0) — n)"(M{)f # 0} is included in a (unique expansion) set of the
form R x {0, ..., N}, and its subset {(n,i) € C x N | (L},,(0) — n)")\g) # 0} is included
in the same set (recall that [}, intertwines the various actions, including those of L(0) and
Lp.,)(0)).

When |2z;| > |22 > 0, the product of I; and I, exists. For w) € Wy and w) € Wi we
have

1)
Lol 1)) () )y (W) @ W)
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= (Wiy), [1(w) ® I2(we) ® w)))
= Z<w£4)7 Li(way @ T (2(we) ® ws)))))

neR

= miyy (Ta(we) @ we))

neR

=Y AP (we) ® w),

neR

an absolutely convergent series.
Let Y1 = Y5, 0 and Vs = Yp, 0 (recall Proposition 4.8) so that

L(wy ®@w) = Vi(way, z1)w,
Iz(w(2)®w(3)) = Na(we), 22)w)

for way € Wi, w) € Wy, wey € Wy and w € M, (recall the “substitution” notation from
(4.12), where we choose p = 0). By Proposition 5.33(b), the map I, preserves generalized
weights. For 2’ € C, we also have, using (3.61) (recall (3.8) and Remark 3.34),

GZ/L(O) I (w(g) (%9 w(g))
LO Y, (wia), T9)w s

!/
yMm=e™m* logy=2', x'=e™ log 22 Jog zo=log 22

= y2(yL(0)w(2), ny)yL(O)w(

/
ym=em?  logy=2', xi'=e™ log 22 log xo=log 23

— y2 (ez/L(O)w(2) 7 l’)ezlL(O)UJ(:’,)

wm:em((log z2)+z’)7 logm:(logzz)—i-z’.

Thus
> (e e OAD) (i) © wi)
neR

0)
= Z Lpay)(0) (Iy(m mg ),n)))(w(g) ®w(3))

neR
— Z(Ié(ez L(O)ml(l),n))(w(Q) (29 IU(3))
neR
= > (€ Oy ) (e © w))
neR
=D min (e OL(we) © w))
neR
= {wiyy, hi(way @ m(e” MO I (wee) @ w))))
neR

7Tn(yQ(ez’L(O),w@), :C)eZIL(O)w(3))>

z=e™ 108 21 og x1=log 21, xm=em((log 22)+2")  log x=(log z2)+2'
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and when 2/ is in a small open neighborhood of 0 such that in particular |z;| > |e* 2| > 0,
this series is absolutely convergent for all wy € Wi, wey € Wa, ws) € Wa, and w24) e w;

(note that there exists p € Z such that (log zp) + 2’ = ,(20¢); in fact, if 2y is not a positive
real number, then (log z5) + 2’ = log(ze¢') for 2’ sufficiently near 0 and if z, is a positive
real number, then either (log z5) + 2’ = log(z2¢*') or (log z3) + 2" = I_1(2¢*) (recall (4.10))).
Hence (11 o (1w, ® I5))'(wy,,) satisfies the PW(z,)-grading condition.

We know that the map I, preserves generalized weights, and I} is also A-compatible.
Thus the image under I} of the generalized V-submodule of the generalized V-module Mj
generated by the elements mj,)  forn € R (that is, the smallest (strongly A-graded) general-
ized V-submodule containing these elements) satisfies the two grading restriction conditions

. 1 . ..
(5.144) and (5.145). Since W((Il)o(lwl®Iz))’(wg4)),w<1) is this image, Part (b) of the P(M)(z;)-local

grading restriction condition holds.
When C is in My, the same arguments show that (11 o (1y, ® I3))'(w(,) satisfies the

L(0)-semisimple PM)(z,)-local grading restriction condition.

Moreover, I5(M]) and I/V((Ill)O (L £1)) (a2 generalized V-modules, and so is W)

for each n € R. If C is closed under images, then I5(M/) is an object of C included in

(Wy ® W3)*, since M, € ob(C, and so W((Ill)o(lwl®I2)),(w24))7w(1) and W« for each n € R are
generalized submodules of objects of C included in (W5 ® W3)*.
Now we handle the other case analogously. Let w) € W3. For n € R, let m’(Q)’n € M

be defined by
!/

Mgy (M(2) = (W), ' (M0 ((2)) @ w(3)))

for m) € M. Then m/(2),n is a finite sum of fl—homogeneous elements and is an element of
(Mé>[n]‘ Let
)\7(12) = m/(2),n e} 12 € (Wl X Wg)*

Then
A = (Y (m) € (W @ Wo)" )i

for n € R and is a finite sum of A-homogeneous elements, where (12)" : M} — (Wy ® Wa)*
is as indicated in Notation 5.25. By Proposition 7.12, the set {(n,i) € C x N | (L(0) —
n)"(M3)m) # 0} is included in a (unique expansion) set of the form R x {0,..., N}, and its
subset {(n,i) € Cx N[ (L, ,(0) — n)’)g) # 0} is included in the same set.
When |z5| > |%] > 0, the iterate of I' and I? exists. For w1y € Wi and w) € Wa,
(2
o121y (] ) (W) @ wz))

/

= (wigy, I'(I*(w) ® () @ w))
= Z<w24), [1(7rn(12(w(1) X w(g))) ® w(g))>

neR

= My (IP(way ® w)))

neR
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Let V' = Yn g and Y? = Vp2 ¢ so that

Il(w@w(g)) = yl(W,Zz)w(g),
IQ(w(1)®w(2)) = y2(w(1),zo)w(2)

for way € Wi, wey € Wa, wiy € Wy and w € M,. By Proposition 5.33(b), the map (1%)’
preserves generalized weights. For 2z’ € C, we also have

62/L(0)]2(w(1) ® UJ(Q))

= yL(O)yQ(wu), To)W(2)

!/
ym=em*  logy=z', rg'=e™ log 20 Jog z9=log 2o

L(0)

=)’ (?/L(O)wu), ToY)Y wW(2)

ym:emzl, log y=2', x{'=e™ log 20 log xg=log zo

_ y2(€Z/L(O)’LU(2), x)ez’L(O)w(Q)

xm—em((log ZO)+Z/)7 log 2= (log 20)+2’ .
Hence

S (P OND) (wiy @ wiz)

neR

= (e (12) (miy) ) (wi) ® wz)

neR

=D () (€ Omiy) ) (wny @ wee))
neR

=D (€ Omiy) ) (P (w) ® w))
neR

- Z m/(Q)’n(ez’L(O)]Q(w(l) % W)
neR

=Y (wiyy, I'(m (7O (w) @ W) @ wi))
neR

= <wE4)a % (70 (yQ(GZ,L(O)w(l)a x)ezlL(O)w(z) ), x2) -
neR

w(3)> TP =e™198 %2 log zo=log 2o, =" ((log 20)+2")  log z=(log zo)Jrz”
which is absolutely convergent for all w() € Wi, wey € Wa, w(g) € W3, and w24) e Wy, when
2 is in a small open neighborhood of 0 such that in particular, |z| > |e*'20| > 0. Thus
(I' o (I* @ 1w)) (w],)) satisfies the PW(zy)-grading condition.

Since the map (I?)’ preserves generalized weights and is also A-compatible, the image
under (I%)’ of the (strongly A-graded) generalized V-submodule of the generalized V-module
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M} generated by the elements m’(z) ,, for n € R satisfies the two grading restriction conditions
. 2 . ..
(5.144) and (5.145). Since W((Il)o(12®1w3))'(wg4)),w(3) is this image, Part (b) of the P (z)-local

grading restriction condition holds.
The rest of the proof proceeds as above. [

We will often need to prove that certain generalized V-modules (or ordinary V-modules),
in the original sense of Definitions 2.9, 2.11 and 2.12 (without the assumption of being
strongly graded) are indeed strongly graded, and the main nontrivial properties to verify
will often be the grading-restriction conditions (2.85) and (2.86). Thus we shall find the
following definition useful, in particular in the next result:

Definition 9.14 In the setting of Definition 2.25 (the definition of “strongly graded”), a
generalized V-module or a V-module (not necessarily strongly graded, of course) is doubly
graded if it satisfies all the conditions in Definition 2.25 except perhaps for (2.85) and (2.86).
The doubly-graded generalized V-submodule generated by given elements of a doubly-graded
generalized V-module is (of course) the smallest doubly-graded (or equivalently, A-graded)
generalized V-submodule containing the elements; similarly for doubly-graded V-modules.

Remark 9.15 A doubly-graded generalized V-submodule of a generalized V-module is of
course strongly graded; similarly for V-modules. (Recall that a generalized V-module and a
V-module are A-graded, and in addition strongly graded, by our conventions.)

Remark 9.16 Such structures have arisen in Propositions 5.33 and 5.67.

In general, for the product of a P(z;)-intertwining map I; and a P(zy)-intertwining
map I, the elements of the image of the map (9.18) might not satisfy the P®)(z)-local
grading restriction condition and for the iterate of a P(z)-intertwining map I' and a P(z)-
intertwining map I2, the elements of the image of the map (9.19) might not satisfy the
PW(z)-local grading restriction condition. But if they do, we have important consequences.
In the theorem below, we shall prove a fundamental consequence, which plays an essential
role in the rest of this section and in our construction of the associativity isomorphisms
in the next section. The content of this theorem is essentially this: Given a product, and
assuming the relevant condition, we construct a certain generalized V-module which will
become (by virtue of Lemma 9.22 below) an intermediate module for a suitable iterate.
This will allow us to express the product as an iterate, and vice versa when we start with
an iterate. The hard part of the proof is to show that each term in the series given by
the P®(z)- or P (z)-local grading restriction condition satisfies the P(z)- or P(z)-
compatibility condition, respectively.

Theorem 9.17 Assume that the convergence condition for intertwining maps in C holds
and that
|21| > |ZQ| > |Z()| > 0.
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(Recall that zg = 2y — 29.) Let Wy, Wy, W3, Wy, My and My be objects of C and let Iy, I,

Ilwimd I? be P(zl)- P(25)-, P(22)- and P(zp)-intertwining maps of types (th&l), (W%VB),
(atyiv,) and (i)

Mo W respectively. Let wi, € Wj.

W Wa ).
1. Suppose that (I, o (1w, ® 1)) (wy,)) satisfies Part (a) of the P (zy)-local grading
restriction condition, that is, the P®(zy)-grading condition (or the L(0)- semisz’mple

P®)(2y)-grading condition when C is in M,). For any wey € Wi, let Y
series weakly absolutely convergent to

neR be a

(2 *
o, ©12) (ufy gy € (W1 ® W2)

as indicated in the P® (zy)-grading condition (or the L(0)-semisimple P® (zy)-grading

condition), and suppose in addition that the elements 22 e (Wi @Ws)*, n € R, satisfy

the P(zo)-lower truncation condition (Part (a) of the P(zy)-compatibility condition in

Section 5). Then each AP satisfies the (full) P(zo)-compatibility condition. Moreover,
the corresponding space

2 .
W(Ilo(lwl®I2))’(w24)),w(3) C (W1 (29 WQ) ,

equipped with the vertex operator map given by YF',(ZO) and the operators L ( ) for
7 =—1,0,1, is a doubly-graded generalized V -module, and when C is in /\/lsg, a doubly-
graded V-module. In particular, if (I o (1w, ® 1)) (wyy,) satisfies the full P (zy)-local
grading restriction condition (or the L(O) semisimple P (zy)-local grading restriction
condition when C is in M,,), then VVI10 (L, ®12)) (] )0s

that is, an object of GMs, (or a V-module, that is, an object of My,, when C is in

My, ); in this case, the assumption that each A satisfies the P(zp)-lower truncation
condition 1s redundant.

1s a generalized V -module,

2. Analogously, suppose that (I' o (I* ® lwy)) (wiy)) satisfies Part (a) of the PW(z)-
local grading restriction condition, that is, the P (zy)-grading condition (or the L(0)-
semisimple P (2y)-grading condition when C is in M,,). For any way € Wi, let
Y neR 2D be a series weakly absolutely convergent to

(1) %

M(Ilo(12®1w3))/(wE4))7w(l> €M ®Ws)
as indicated in the PW(zy)-grading condition (or the L(0)-semisimple PW(z,)-grading
condition), and suppose in addition that the elements )\7(11) e Wy @ W3)*, n € R,
satisfy the P(z)-lower truncation condition (Part (a) of the P(z3)-compatibility con-

dition). Then each AV satisfies the (full) P(zs)-compatibility condition. Moreover, the
corresponding space

w C (Wo @ W3)*,

(Ilo(I2@ 1w, )Y (] ) away
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equipped with the vertex operator map given by YI’D(ZZ) and the operators L’P(ZQ)(j) for
Jj=—1,0,1, is a doubly-graded generalized V -module, and when C is in My, a doubly-
graded V-module. In particular, if (I' o (I ©1w,)) (w],)) satisfies the full P1)(zy)-local
grading restriction condition (or the L(0)-semisimple P (2y)-local grading restriction
condition when C 1s in Msg), then W((Ill)o(12®1w3))’(wE4>),w(1) 15 a generalized V-module,
that is, an object of GM,, (or a V-module, that is, an object of My,, when C is in

My, ); in this case, the assumption that each AL satisfies the P(zy)-lower truncation
condition 1s redundant.

Proof We will prove only Part 1 of the theorem, involving I; o (1y, ® I3); Part 2 is proved
entirely analogously.

2)
To prove that W(Ilo(lwl ®12))/(wz4))7w(3)

C is in My, a doubly-graded V-module), we claim that it is sufficient to prove that each
AP n e R, satisfies Part (b) of the P(zp)-compatibility condition (and hence the P(z)-
compatibility condition itself, since these elements are assumed to satisfy Part (a)). Indeed
by Lemma 5.41, the space

is a doubly-graded generalized V-module (and when

(COMP pog) (W1 ® W2)")) 0 ((Wh @ Wa)") D
is A-graded, and hence so is its intersection

M = (COMP p(op) (W1 ® Wa)*)) N (Wy © Wa))&)

with the A-graded space (W ® Wg)*>[(é]). By Theorem 5.45, this space M is also L}D(zo)(O)—
stable and hence C-graded and therefore doubly graded. By Theorem 5.48 and Remark 5.42,
M is a weak V-module and hence in fact a doubly-graded generalized V-module; when C is
in M,,, we replace the subscript [C] by (C), and M is a doubly-graded V-module. By our
hypothesis that each )\%2) satisfies the P(zg)-compatibility condition, we have that )\7(12) eM,
and so .

(o, ®T)) (! sy M

proving our claim.

The proof below of Part (b) of the P(zp)-compatibility condition is a generalization of
the proof of (14.51) in [H]. The proof here is (necessarily) much more elaborate. When C is
in My, the proof below of course simplifies to a certain extent, but even in this case, our
setting is more general than that in [H], and the proof here is correspondingly more delicate.

Let Y1 = Y5, 0 and Y5 = Yp, 0 (recall Proposition 4.8) so that

L(way @ w) = Mi(way, 21)w, (9.22)
L(we ®we) = Va(we), 22)ws) (9.23)

for way € Wi, we) € Wa, wzy € Wy and w € M, (recall the “substitution” notation
from (4.12), where we choose p = 0). For z € C*, let I§ and I be the P(zy + 222)- and
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P(zz)-intertwining maps Iy, o and Iy, o, respectively (assuming that zy + 222 # 0), so that

IF(way @ w) = Ni(way, 20 + 222)w, (9.24)
L(we @we) = Va(we), 222)ws) (9.25)
for way € Wi, wey € Wy, wiy € Wi and w € My; these maps are “deformations” of (9.22)

and (9 23) Wthh correspond to z = 1. Since |z1| > |z2| > |20] > 0, there exists a sufficiently
small neighborhood of z = 1 such that

|20 + z22| > |z22| > |20] > 0

(recall that
21 = 20 + 22).

Since
D (wiyy, I (way @ (I3 (i) @ wz)))) = > _(wiay, Vi(w), 20 + 222) 10 (Va(wia), 222)w(s))
neR neR

(9.26)
is absolutely convergent when |2y 4 22| > |222| > 0 for wuy € Wi, wy € Wa, wi) € Wi

and wi,, € Wy, the product I7 o (1w, ® I5) exists for z in a sufﬁciently small neighborhood
of z =1.

We shall establish a relationship between (9.26) and a certain Taylor series expansion in
log z.

The case j =0, z = zp and A = M(130(1W1®12))( R of (5.110) gives

(2)
(Lp(e0) OV no(1im, @)y (g )s)) (P0) © W)
_ (2
= M(Ilo(lwl®I2))’(w24))1w(3) (”LU(l) & L(O)W(Q) + (L(0) + zOL(—l))w(l) & w(g)). (9.27)

Let x be a formal variable. Then recalling the notation from (4.12) with p = 0 and Remark
9.11, and using Definition 7.1, (9.22) and (9.23), we have

—L%, (0) (2)
(L —=) P pi, o(lw, ®12)) (w ;4))w(3))(w(1)®w(2))

_ (o los(1—2) L7, 1 (0) (2)
= (6 2( M([10(1W1®[2)) (W(4); w(g))<w(1) ® W(Q))

_ (2 log(1—x)(—z0L(—1)—L(0)) —log(1—z)L(0)
/J“(I1o(lwl®12)) (w(4)) w<3)(e ¢ ’ W(1) ®e 8 w

= “Ezio(ml@z))'(wém wigy (1= 2) 72 HE Oy @ (1 = 2) 7 Oy
= (I o (lwy ® I))' (wigy)) (1 — )70 Oy @ (1 = 2) ™ Owg) @ w)
= (Wi, (I o (L, ® 12))((1 ) POy @ (1= 2) Ve @ w))
= (way, H((1 = 2) 72Oy @ L((1 - 2) 7" Owe) @ w))
= (wiyy, V(1 = 2) 2P0y 2) V(1 = 2) " Owia), 22)wis) ) w, )

T1=21, T2=22

(9.28)

@)
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where, because of Proposition 7.20, the coefficient of each power of x on the right-hand side
of (9.28) has any of the meanings discussed in Remark 7.21, and in particular, means an
absolutely convergent multisum or an analytic function of z; and z. The equality (9.28)
says that the coefficient of each power of x on the left-hand side of (9.28) is equal to such an
absolutely convergent multisum or such an analytic function obtained from the coefficient of
the same power of x on the right-hand side.

Using Remark 3.42, we have

V(1 =)~ e EDE Oy 2) V(1 — 2) HOwig), )
— (1 _ x)—(L(O)—fch(—l))yl (w(l), xl)y2(w(2)7 x2)(1 - I)L(O)—sz(—l)'
Then by Proposition 7.20, we see that the right-hand side of (9.28) is equal to
<w24), (1— x)—(L(O)—sz(—l))yl (w(1), )

.yQ(U)@)’ x2>(1 _ x)L(O)*mQL(*l)w(3)>W4 ) (929)

T1=21, T2=22

Lemma 9.3 in [HL2|, which used only the bracket formula for L(0) and L(—1), gives the

formula
(1- x)L(o)—ng(—n _ 6mgmL(—1)(1 . x)L(O)

and so by (3.60), (9.29) is equal to
<w24), (1- $>7L(0)67z2xL(71)y1 (w(yy, z1)-

Ya(wz), q)e™2* LD (1 — x)L(O)w(3)>W4

r1=21, T2=22
=((1- x)iL/(O)szL)a Vi(w(y, ¥1 — 227) -

L (9.30)

Yo(wizy, 2 — o) (1 — )" Pwe))w,

T1=21, T2=22

Thus the left-hand side of (9.28) is equal to the right-hand side of (9.30) (as formal power
series in ).
Let

log 2z 0<argz <
0 o =
F(z) = { logz —2mi 7 <argz <2m ’ (9-31)

which is a single-valued branch of the logarithm of z in the complex plane with a cut along
the negative real line. We use this region to choose a branch because we will need a single-
valued branch such that z = 1 is in the interior of the region. By Proposition 7.14 and
(3.71),

9(Cr, Gy 2) = (e PO Ol V1 (wiay, 1) Va(wizy, m2)e” O Oweg) )y, (9.32)

z1=C1, T2=C2

is a single-valued function of (i, (; and z defined on |(;| > |(3| > 0, argz # 7 and analytic
when arg (1, (s # 0. The restriction of ¢((i, (s, 2) to the subregion

1G] > [Ca] >0, 0 <arg(y,argle <, argz #
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can be analytically extended (i) to a single-valued function ¢;((1, (s, z) defined on the regions
given by [(1| > |(2] > 0, arg (1 # 7, arg z # 7w and analytic when arg (» # 0; (ii) to a single-
valued function ¢5((1, (2, z) defined on the region given by [(1]| > |(a| > 0, arg (; # 7, arg z #
7 and analytic when arg(; # 0; and (iii) to a single-valued analytic function gs((i, (s, 2)
defined on the region given by |(1]| > |(2] > 0, arg (1, arg (s # 7, arg z # 7 (recall Proposition
7.14). For convenience, we shall use h((y, (2, 2) to denote g((i, (2, z) when arg z;, arg zo # 0,
to denote ¢1((1, (s, 2) when argz; = 0, argzs # 0, to denote g2((1, (s, 2) when arg z; # 0,
arg zo = 0 and to denote g3((1, (2, 2) when arg z; = arg zo = 0. Then in particular, h((1, (o, 2)
is analytic near (; = 21, (o = 2o and z = 1 and we see that there exists a sufficiently small
open neighborhood of z = 1 such that in this neighborhood, as the composition of the
single-valued analytic function h((y, (s, 2) of (1, (s and z with the analytic functions

G = 20+ 22
and

C2 = 222

of z, h(zo + 229, 229, 2) is a single-valued analytic function of z. For z satisfying
|20 + 222| > |222] > 0,

0 < arg(zp + 222), arg(zz2) < m, (9.33)
arg z # T,

by definition, we have

h(zo + 222, 222, 2)

= g(z0 + 229, 229, 2)

= (e " Oufyy, Y1 (wi), @1)Va(wiz), 22)e" O Owi ), ;(934)

r1=20tz222, T2=222

moreover, m can be increased to 27 in (9.33) if arg z; and/or arg z is positive, according to
the cases discussed above.
In the region arg z # , the analytic function

is single-valued and univalent and 2z’ = 0 is in the image of the region. So the composition
of the function h(zy + 222, 229, z) with the inverse function

z=¢e"

of the function 2’ = [%(2) gives us a single-valued analytic function

!

f(Z/) = h‘<Z0 + eZIZ% €ZIZ2> ez ) (935)
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of 2/ in a sufficiently small open neighborhood of 2’ = 0. In particular, we can expand f(2’)
as a power series in z’. Since the power series expansion of any function analytic at 2’ = 0
is uniquely determined by its derivatives at z’ = 0, we can find the power series expansion
of f(2') as follows: Since h(zy + 229, 229, 2) is analytic at z = 1, we first expand it as a
power series in z — 1 in a sufficiently small open neighborhood of z = 1. Then the power
series expansion of f(2’) in a sufficiently small open neighborhood U of 2’ = 0 is obtained by
replacing each nonnegative integral power of z—1 by the corresponding power of keZ, (Zk;,)k
Since the convergence of the power series expansion of f(2') is independent of w(y € Wh,
we) € Wy, w) € Wi and w24) € Wy, we can choose U to be independent of these elements.

We now want to give this power series explicitly (first, in powers of z — 1) using the
right-hand side of (9.34). To do this, we have to restrict z to be in a subset such that
h(zo + 229, 229, z) is equal to the right-hand side of (9.34).

Let

0 =éY.

Then O is an open subset, containing 1, of the domain of the analytic function h(zy +
229, 2%, %) of z, and is independent of w1y, wa), ws) and wE4). We choose U to be small
enough so that the power series expansion of h(zg + 222, 229,2) near z = 1 is absolutely

convergent for z € O.
Let P be (i) the set of z € C with

0 < arg(zo + 222),arg(zz2) < 27 (9.36)
when arg z1, arg zo # 0 (so that in this case, P simply equals C); or (ii) the set of z with
0 <arg(zg+ 222) <, 0 <arg(zz) <27
when arg z; = 0 but arg z # 0; or (iii) the set of z with
0 <arg(zg+ 229) <27, 0 < arg(zz) <
when arg z; # 0 but arg zo = 0; or (iv) the set of z with
0 < arg(zo + 222),arg(zz) <7
when arg z; = arg 2o = 0. Then by definition, for
z2€0ONP,

we have
h(zo + 229, 229, 2) = g(20 + 222, 229, 2), (9.37)

which is given by the right-hand side of (9.34). Note that

1leONP.
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For
=012 eU
(z € O), the power series expansion of f(z') can be obtained explicitly from the right-hand
side of (9.34) as follows:
By Propositions 7.12 and 7.20 (and in particular, (7.46)), (3.71) and Remark 7.21, one
of the equivalent meanings of (9.32) is an absolutely convergent series in the region |(;| >
|C2] > 0 of the form

S T K L
SN ST ST bepae? 5 (log )t log ) e (19(2))', (9.38)

s=0 t=0 p,qeR k=0 [=0

where bs; 46, € C and ¢ € R. By Lemma 7.7, the derivatives of (9.38) are given by the
absolutely convergent series

ST b S (2 s e o e ) )

s=0 t=0 p,geR k=0 [=0
(9.39)

for i, 5,n € N.

On the other hand, the coefficients of the expansion of h(zg+ 229, 229, z) as a power series
in z — 1 are given by its derivatives at z = 1. By the chain rule, there exist ay,; , € C
(depending on z3) such that for any analytic function F((y, (2, 2) of (1, (s, z near ¢; = z,
(2 = 29 and z = 1 (in particular, for F((1, (s, 2) = h((1, (o, 2)),

o ot o1 o
—F(20 + 222, 229, 2) = E O"”’i’f’”_agi 5 9o ~F(GLGs2)
i+j+n=m, i,jneN 1063 0% G=E =a, 2=

ozm
(9.40)
For z € O N P, h(zy + 222, 229, 2) is equal to the right-hand side of (9.34). But one of the
meanings of the right-hand side of (9.34) is the absolutely convergent series

z=1

T

33 5 35 bt o+ 222) T () 1))

s=0 t=0 p,geR k=0 1=0
(9.41)

(see (9.32) and (9.38)). Using (9.39), (9.40) and (9.41), we see that the m-th derivative of
h(zo + 229,229, 2) at z = 1 is equal to the absolutely convergent series

S T K L
: : : : : : : : : :bs7t7p7q7k7l : : am7i7j7n‘

s=0 t=0 p,qeR k=0 =0 i+j+n=m, i,j,nEN

% ] n
O (o5 (1o )5 105 o) e (1(2))')

35 (9.42)

(1=21, (2=22, z=1

for m € N. (Note that when arg z; or argz; is 0, 1 is not in the interior of O N P and we
have to calculate the derivatives above using only z € O N P. But the result is the same.)
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Thus we see that the coefficients of the expansion of h(zg + 222, 229, 2) as a power series in
z — 1 are given by (9.42) divided by m/!.

By (9.40) and (9.41), we see that the coefficients of this power series in z — 1 are also
equal to the coefficients of the power series in z — 1 obtained from (9.41) by replacing

eplog(20+222)(10g(20 + 222))k _ eplog(mﬂzfl)zQ)(log(Zl +(z— 1)22)>k7
etlo8(z22) (Jog(225))! = 1182 E=D2) (Jog (2 4 (2 — 1)29))},
ecSlo(z)(ZO(2>>t _ ecslo(1+(zfl))(lo(1 + (2 — 1)))t (9.43)

by their power series expansions near z = 1. We have shown that the power series obtained
in this way has the indicated sums of absolutely convergent series as coefficients and is
absolutely convergent to h(zy + 222, 222,2) when z € O (since we chose U and O small
enough, above). We have succeeded in giving this power series in z — 1 explicitly. Finally,
as above, we replace each nonnegative integral power of z — 1 by the corresponding power
of > ez, (Zk;,)k to obtain the power series expansion of f(z') for 2/ € U.

Note that the constant terms of both the power series expansion of

() =114+ (2 -1))

near z = 1 and the formal power series log(1 + z) are 0, and in fact, this expansion of {°(z)
is obtained by substituting z — 1 for = in the formal series log(1 + x). (This is of course a
reflection of the fact that the formal power series notation “log(1+ x)” is in effect choosing
a branch of a multivalued function.) Thus from the explicit expansion procedure obtaining
the power series in z — 1 above and the precise meaning of the right-hand side of (9.30), we
see that, as sums of absolutely convergent series, the coefficient of the n-th power of z in the
formal power series in x given by the right-hand side of (9.30) is exactly the same as (—1)"
times the coefficient of the n-th power of z — 1 in the power series in z — 1 obtained above.
Thus, if we substitute —(z — 1) for = in the right-hand side of (9.30), we obtain the explicit
expansion above of the right-hand side of (9.34) as a power series in z — 1.

Because of the explicit calculations and discussions above, when 2’ € U, the power series
expansion of f(z) can be obtained using the right-hand side of (9.30) and the following two
steps: (i) Substitute 1 — e? € —y + y>C|[[y]] for = in the right-hand side of (9.30) and (ii)
substitute 2z’ for y in the resulting series. This power series in 2’ as the expansion of f(2')
must be absolutely convergent in the neighborhood U of 2’ = 0 and its sum is equal to the
single-valued analytic function h(zy + e 29, €% 29, ezl). In particular, for 2’ € U and z € P,
this power series in 2’ = [°(z) is absolutely convergent to the right-hand side of (9.34).

Applying the same steps (i) and (ii) above to the left-hand side of (9.28), we also obtain
a power series S(z') in z’. Since the left-hand side of (9.28) is equal to the right-hand side
of (9.30) as formal power series in x, we see that the power series expansion of f(z’) and
the power series S(2’) are the same. In particular, in the neighborhood U of 2’ = 0, S(2/)
is absolutely convergent to f(z’). Since f(z') is equal to the right-hand side of (9.34) when
2 =1%2) € U and z € P, S(2') is absolutely convergent to the right-hand side of (9.34)
when 2/ = [%(2) € U and z € P, that is, when z € O N P. (Recall from (9.36) that in case

32



arg z; # 0 and arg zo # 0, P = C, so that in this case, S(2’) is absolutely convergent to the
right-hand side of (9.34) whenever 2’ € U.)
By assumption, for w(y € Wi and wp) € W, the series

D AP (wa) @ we) (9.44)
neR
converges absolutely to
M(Ilo(lwl®12))’(w24)),w<3) (w(l) ® w(2))a

and
2L 0
> (e AD) (wh) ® wi)

neR
is absolutely convergent for 2z’ in an open neighborhood of 2’ = 0 independent of w(;) and

w(z). (Note that the elements AP for n € R depend on wiyy € Wi and wes) € Ws.)
Let
Q={ze€C|0<argz <7}

Note that for z € Q,

1°(z) =log z.
We will show that the series
Z(e_(lo(z))L}(zo)(O) /\512))(10(1) ® w@))’ (945)

neR

which is absolutely convergent in an open neighborhood of z = 1 independent of w(;) and
w(z) and absolutely convergent to

(2)
M(ho(lwl®12))’(w24)),w(3) (w(l) ® w(2))

for z = 1, gives a double series of the form ) _p SN anie” 8% (— log z)" absolutely con-
vergent to f(logz) for z in a nonempty open subset of O N P N @), and since by Proposition

78 R x {0,..., N} is a unique expansion set, the coefficients a,; and related numbers are
uniquely determined.
Since

AP e [[me W2)*)Ef])a
BeA
we have
L/P(zo)(o)sAg) = n)\f)
(recall Remarks 2.21 and 9.5).
In the case that C is in My, (110 (1w, ® I2))'(w]y,) satisfies the L(0)-semisimple P (z)-
grading condition, so that
AP e [[me W2)*)E§§a
BeA
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and we have

Lp(20)(0)s = Lip(,(0)
and

Lip(ey (AP = nAl.

In particular, the proof below will give the desired result, and is in fact simpler, in this case.
From the P®)(z)-grading condition, we have, for z in an open neighborhood of 1 inde-
pendent of w(y € W) and w(y) € W, and with N independent of w(;) and wy),

- Z e_n(lO(Z)) ((Z %( %(zo)(o) - ;3(2'0) (O)S>ZA£L2)) (w(l) ® w@))> ’

neR =0

(9.46)

The derivative with respect to 2’ = [Y(2) of the iterated series (9.46) is

0

—(19(2)) L, 0
g« A )

+) e ( (Z %( P (0) = L%<zo)(0)s)iA£2)) (wa) ® w(z)))

' <<Z (_l-—W(LIP(zo)(O) — Lip(.)(0)s)’ /ID(zO)(O)S)‘q(zQ)) (wa) ® w(z)))

_ Z e~ (%) ((Z %(LIP(%)(O) - L,P(zo)(O)S)Hl)‘v(f)) (w(l) @ w@)))

neR
N .
(=1°(2))’ i
: ((Z TLIP(ZO)(O)(LIP(ZO)(O) = Lip() (0):)' A | (wy @ wia))
i=0 ’
—(0(2))L!
= = (Lp(y)(0)e 0 DN (1) @ w(z))
neR
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= _ Z P(zo)(O))\ (2) )(w(l) (24 L(O)w(g) + (L(O) -+ ZOL(—l))w(l) &® w(g)) (947)

neR

(recall (5.110)). Since (9.45) is absolutely convergent for 2’ = [°(z2) in an open neighborhood
of 2/ = 0 independent of wny € W; and w) € Wa, so is the left-hand side of (9.46).
Thus the right-hand side of (9.47) and consequently the left-hand side of (9.47) is absolutely
convergent for 2/ = [(2) in the same neighborhood of 2z’ = 0. Since the map [° is univalent
in a neighborhood of z = 1, we see that there exists an open neighborhood II of z = 1
independent of wy € Wi and w) € Wy such that both sides of (9.46) and of (9.47) are
absolutely convergent. For later use, we may and do choose II to be a small open disk
centered at 1. The same calculation and argument show that all the higher derivatives with
respect to 2 = [°(z) of the iterated series (9.46) are also absolutely convergent for z € II.
Since 1°(z) = log z for z € Q, we see by Proposition 7.9 that

Ze_n (log=)( ((L'pa)(0) = Lip(,y(0)s)" A (wiy ® wz)

neR
is absolutely convergent for z € IIN Q, for each ¢ =0,..., N. Since n € R, we have

|e(082)| = |G| = | (°)))

for z € C*, and since II = 11, for z € II,

—n(%z %
Ze (e ))((L/P(zo)(o) - L/P(zo)(o)s) )\7(12))(1”(1) ® w(z)) (9.48)
neR
is absolutely convergent for ¢ = 0,..., N. Thus the double series

S e D (1 0) - L 00w ) (049

neR =0

is absolutely convergent for z € II. Since for any z € C*,

ST e PO (Lpy (0) = Lipgay) (0)s) A (wiy © wiz))

neR

can be written as a series of the form of 3" _ a,e™"1°¢), by Lemma 7.7 the sums of (9.48)
give analytic functions of z € Il for ¢ = 0,..., N. Thus the sum of (9.46), or equivalently,
the sum of (9.49), gives an analytic function of z € II. Using (9.47) repeatedly, we see that
for k € N, the k-th derivative with respective to z’ = [Y(2) of this analytic function is given
by the absolutely convergent series

(1) S (L (0)) e o0 OND) (i) @ wiey) (9.50)

neR
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for z € II, and its k-th derivative with respect to 2’ at 2/ = 0 or equivalently at z = 1 is
given by the absolutely convergent series

(1" > (Lp(ag) (0)AD) (wiy @ wa)). (9.51)
Since

>

is weakly absolutely convergent to

(2)
M(Ilo(lwl ®12))/(’U)E4)),w(3) ?

using (9.27) we have, starting as in (9.28),

—Lp.y(0) (2)
(S Pnow, o)y (wig), w(s))(w(l) @ w(2))

_ log(1—z) L, 1(0)  (2)
= (6 ) P(z0) ,u(ho(lwl®12))/(w24))7w(3>)(U}(l) & U)(Q))
_,,® log(1—x)(—z0L(—1)—L(0)) —log(1—z)L(0)
= H(ro(1w, @12)) (uf )y (€ ’ wa) e W)
_ Z )\7(12) elog 171)(7z0L(71)7L(0))w(1) ® eflog(lfa:)L(O)wQ))
neR
_ Z —log(1—=) P(zo) 0)/\ (2) )(w(l) ® w(2))
neR
=D (1= ) AR (wo) @ wiy), (9.52)
neR

where the absolute convergence holds for the coefficient of each power of x in the formal
power series in x in (9.52). We also have

(1 =0y a0
_ e—log(l—I)Llp(zo)(O))\@)

- e—log(l—x)(L;,(z())(0)—L’P(ZO)(0)5)6—log(l—:c)L;,(ZU)(O)SA;Q)

- (—log(1 — )’
= e—nlog(l—cc)z . (Lp(e)(0) = ;3(7;0)(0)8)1)\(2)

n

— 7!
= (- 3 EREE D o) - mya? (9.53)

where K,, € N; cf. (9.15). From (9.52) and (9.53), we obtain
—Lp,0y(0) (2)
(1 =) PO o1, @Ry () sy ) (W) ® W)

36



=Y > T ()~ AR i © i),

(9.54)

with absolute convergence for each power of z, as in (9.52).

Recall that we have proved that if we substitute 1 — e¥ for x in the left-hand side of
(9.28), which is the same as the left-hand side of (9.54), and then substitute {°(z) for y, we
obtain an absolutely convergent power series S(I°(z2)) in [°(z) for z € O, and for z € ONQ,
so that [°(2) = log z, the sum of this series S(log z) is equal to f(logz), that is, if we also
use S(log z) to denote its sum, then

S(log z) = f(log z)

(recall (9.35)). Moreover, for
ze0NPNQ,

this is also equal to the right-hand side of (9.34) (recall (9.37)).

The same substitution steps in the right-hand side of (9.54) give the same absolutely
convergent series S(1°(z)). Substituting 1 — €¥ for z in (9.54) and using Remark 9.7, we
obtain

—yL'p, 1(0) (2)
(e PCo) M(ho(lwl@12))'(wg4)),w(3))(w(l)®w(2))

- Z(e—yL’p(Zo)(O))\g))(w(l) ® wz))

neR
= ()’
=Dy (L (0) = n)AP) () © we), (9.55)
neR =0

where the absolute convergence holds for the coefficient of each power of y in the formal
power series in y in (9.55). Thus S(I°(2)) is equal to the series obtained by substituting
1°(2) for y in (9.55). In particular, for k¥ € N, the k-th derivative with respect to 1°(z) of
S(1°(2)) at 1°(z) = 0 (or equivalently at 2 = 1) is equal to the constant term of the k-th
derivative with respect to y of (9.55), and this is equal to (9.51). We know that S(I°(2))
is an absolutely convergent power series in {°(z) for z € O. In particular, for k& € N, the
sum of the k-th derivative at {°(z) = 0 of the series S(I°(2)) is equal to the k-th derivative
at [°(z) = 0 of the analytic function given by the sum of S(I°(z)). Since for k € N, the
k-th derivative at [°(2) = 0 of the analytic function given by the sum of (9.46) and the k-th
derivative at [°(z) = 0 of the analytic function given by the sum of S(I°(z)) are equal, these
two analytic functions must be equal on an open neighborhood I'" of z = 1 in the intersection
of their domains. Clearly we can choose I' to be independent of w(y € Wi and w) € Ws.
Then for
ze0ONPNQNINT,
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S el (Z BB (L (0) ~ m) Ay @ w<z>>> (9:56)

7!
neR i=0

is absolutely convergent to the right-hand side of (9.34) and in fact, we have proved that the
corresponding double series, namely,

S emwse COBD g 0) = ) ), (9.57)

neR =0

is also absolutely convergent to the right-hand side of (9.34).
But using (9.24)-(9.26) and Definition 7.1, and recalling Remark 9.11, we obtain, when
|20 + 222| > |2z22| > 0,

(e 1B Oy (IF 0 (1w, ® I5)) (wiay ® wizy ® e8I Oy ) ))

= ((Ij o ﬂwﬂgﬁﬁxéﬂ%”yww@ﬂﬁwn®Umﬂ®ém”mmw@)

)

_(,,2
= <’u(llzo(1w1®I2Z))’(67(l°gZ)L/(O)wg4>)7€(l°gZ)L(O)’UJ<3))(w(l) ® w(2))7 (958)

and for
:e0ONPNQNINT,
the left-hand side equals (9.34). Thus for

zeO0ONPNQNIINT

such that |zg + z25] > |229],

(2
(:u’(IzO(lwl ®Iz))/(€7(logz)L’(0)wE )) e(log z)L(O)w<3))(w(1) ® w(2))

Sy s CIE ) D) w059

neR =0

Since O, P, @, II and I are all independent of wny € Wi and wg) € W, (9.59) holds for
z€ ONPNENIINT such that |29 4+ 222 > |225| and for all wuy € Wi and wey € Wa.
Thus for z € ON PN EQNIINT such that |zg + z22| > |222], we have

(2)

/’L(Izo(lwl ®Iz))/( —(log z)L’(O)wE )

_ Z Z —nlogz log Z) ((L/P(zo)<0) B n)i}\g))’ (960)

neR =0

) €108 )L Oy )

where the right-hand side is understood as the sum of the weakly absolutely convergent
(double) series denoted by the same notation (recall Remark 7.24).
Now I} and I are P(zp + 222)- and P(zz3)-intertwining maps, and when

|20 + 222] > |z22| > 0,
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Ifo(lw, ®13) is a P(zp+ 222, 222)-intertwining map, by Proposition 8.5. Thus by Proposition
8.17,
(I o (1w, ® I5)) (e 12 Ofy ) € (W) @ Wa @ Wa)* (9.61)

satisfies the P(zg 4 222, 229)-compatibility condition, and
(20 + 222) — 229 = 20.
Then by Lemma 9.3, when
|20 + 222| > |z22| > |20] > 0,
for v € V the coefficients of the monomials in x and x; in

-1 2

1
~1 x / (2)
Ty 0 (—x1 ) (Yp(zo)(%l’)ﬂ(lfo(lwl®12z))/(6—<1ogz)Lf(O)wE4)),e<logz>L<o>w(3)) (W) @ w)

are absolutely convergent and we have

-1
—15(* T % ©)
(TP(Z()) <.’L’1 6<x—1)§/t(v7 x>)u(120(lwl ®Iz)) ( (IOgZ)L/(O)wE4)),G(Ing)L(O)’w(g,)) (w(l) ® w(z))

-1 — <0 / (2)
- 5<x—1> (Voo ‘W(Ifo(lwl@@))'(e<1°gz)L’<°>w24)>,e<logZ>L<°>w<3>) (we) ® we):
(9.62)
As we previewed in (9.26), let R be a sufficiently small open neighborhood of z = 1 such

that
|Zo —|—222’ > |ZZQ| > ’Z()| >0 (963)

for z € R. Then for
zeONPNQNIINTNR,

(9.62) holds. From (9.60) and (9.62), we obtain

(m» (lea(%f’)mx))
(ZZ oD 4 0) - ) )y )

neR =0
1

_3;11(5(%).

for
zeONPNENIINTNR,
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a set that is independent of w1y and w(z), and as in (9.62), the meaning of the right-hand side
is that the coefficient of each monomial in z and x; is the sum of an absolutely convergent
series, each term of which now involves the weakly absolutely convergent double sum over
neRand?2=0,...,N.

We shall need to bring the double sums over n and ¢ to the outside, on both sides of
(9.64).

First we do this for the left-hand side of (9.64). Using the definition (5.86) of 7p(.,) and
the definition (2.57) of the opposite vertex operator Y°, we can write the definition of 7p(.,)
more explicitly as

15 A 20 v A\
e (T O\ T (v, ) JA ) (wa) @ we)
L X
=210 <z—1> )\(Yl(exL(l)(—x’Q)L(o)v, T1)way @ wez))
0
e |
+ayls <%) AMwr) ® Ya(e™ D (—z72)2 0y g7 ) (9.65)

&1

for v eV, way € Wi, we € Wy and A € (W7 ® Ws)*. In particular, the left-hand side of
(9.62) is equal to

-1

_ r - — X

o —— ).
20

(2 zL(1 —2\L(0
./’L(Ifo(lwl®12z))/(e—(logz)L’(0)w/ )76(logz)L(0)w(3> (1/1 (e ( )(_'/'C ) ( )/07 xl)w(l) ® w(?))

@
20—z}
-1
+%5(————>-

(2 xzL(1)( . —2\L(0) -1
/’L(Ilzo(lwl ®I2z))/(e—(log z)L/(O)wz4))’e(log z)L(O)w(S) (w(l) ® }6(6 ( z ) U’ T )w(2)>
(9.66)

For
2eONPNQRNIINTNR,

by (9.60), the coefficients of the monomials in z and z; in

ZZ 7nlogz 10gZ>

neR =0
-<<L'p<zg)<o> — ) AP (Vi (€O (22 O, 1wy © we)  (9.67)

and

N
—1
Ze nlogz ng)

-((Lﬁa<z0)(0) n) AP (wiy @ Ya(e ™ (—272) Vv, 27 uwy))
(9.68)
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are absolutely convergent to the corresponding coefficients of the monomials in x and z; in

(2) zL(1 —2\L(0
lu(jlzo(lwl®122))/(ef(10gZ)L’(0>w24)),@(logZ)L(O)w(B)(Yl(e ( )(_x ) ( )Uvml)w(l) X w(2))

and

(2) zL(1)( _,.—2\L(0) -1
M(Ilzo(lwl ®[5))/(ef(logz)L’(O)wEZl))’e(log z)L(O),w(3> (w(l) ® }/2<6 ( T ) v, T )w(2))7

respectively. Then, as finite linear combinations of the coefficients of the monomials in x
and x; in (9.67) and (9.68), the coefficients of the monomials in z and z; in

1(5( ) (Zzenlogz 10g2)

neR =0

‘((Llp(zo)(o) - n)i)\g))(yl(eﬂ(l)(—$_2)L(O)U, T1)w() @ w(z)))

29—z} al log 2)"
+.’L'1_15 ( ) ( Ze nlogz— .

neR =0

((Lp(a) (0) = n)'AD) (wiy @ Ya (e (=2 %), fv_l)w@)))

(9.69)
are absolutely convergent to the corresponding coefficients of the monomials in x and x; in
(9.66).

Now for

2eONPNQNIINTNR,

we consider the coefficients of the monomials in x and x; in

ZZ —nlogz logz)

neR i=0

(( p<z0)( ) = ) AP (Vi (e (=22 v, an)way @ wi)

Al —1lo z) 20— !
ZZ nlogz g 1_15( 0—351 )

-((Lﬁvm)(o) n)AD) (wa) ® Ya(e W (—a=?) 00, 2™ Hwe)),
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where we have used (9.65). The coefficient of each monomial in z and z; in the right-hand
side of (9.70) is the sum over n and ¢ of the sum of the corresponding monomial in z and z;

in
i -1
efnlogz(_lcl)gz> 2615 (I —I1> )
7! 20
((Llp(y)(0) = n) AP (Vi (€™ (—27) X O, 21wy @ wzy) (9.71)
and in

A -1
efnlogz(_ IO'gZ) l’;ld (ZO - T ) .

1! T
((Lp(g) (0) = n) AD) (wiay @ Yo" (—a72) Vv, 27 ). (9.72)

Thus since finite linear combinations of the coefficients of the monomials in x and z; in
(9.67) and (9.68) are absolutely convergent, the coefficients of the monomials in z and x;
in the right-hand side of (9.70) are also absolutely convergent. Moreover, these (absolutely
convergent) coefficients are equal to the (absolutely convergent) coefficients of the monomials
in z and z; in (9.69). Thus by (9.70), for

zeONPNQNIINTNR,

the coefficient of each monomial in z and z; in

ZZ —nlogz IOgZ)

neR =0
-1

(e 15(—_20)Y;(v,x>)(( b 0) = A iy 0 i)

T

(9.73)

is an absolutely convergent (double) series and converges to the coefficient of the correspond-
ing monomial in x and z; in the left-hand side of (9.62) (or of (9.64)).
Now we need to bring the double sum over n and i on the right-hand side of (9.64) to
the outside, and in the process, we shall need to increase N and restrict the range of z.
Taking Res,, in (9.73) and using (5.21), we see that the coefficient of each monomial in
Z in
S emons CIE (L) — A iy Su) (9078
neR =0
is an absolutely convergent series and that it converges to the coefficient of the corresponding

monomial in z in the result of applying Res,, to the left-hand side of (9.62) (or of (9.64)),
namely,

(Euovx(E:Z:”m“ l%d(@Hmm%ﬂﬁﬂﬂ)ywm®wm) (9.75)

neR =0
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N
D e T P(zo)(’U ) (Lp(ay) (0) = ) M) (wiy @ wie)

R 5 _Zz2+x51 I? 1 7)Y —(log z)L'(0),, ./
+Res; 120 — ——— (I o (Iw, ® 13))'(e wiy)) (W) ® w)

®YE;( mL(l)(_x—2>L(0)v xal) (logz)L(O)w(3))

- ( by (0 (ZZ —nog | logz) " ((Lp)(0) —n)’)ﬁf))D(w(l) ® w(z)

neR =0
—RZ2 +Q?71 z z —(log 2) L'
"’Resxglx(S(TO) ((I7 o (lwy, © I3))' (e~ 82" (0)w24)))(w(1) ® w(2)
®}/;3(exL(l) (_mfZ)L(O)U’ xal)e(logz)L(O)w(S))
_ (2
= (Y]/D(zo)<v7 Q:)/’[/(Ilzo(lwl ®I§))’(6_(10gZ)L/(O)w24)),6(10g z)L(O)w(g))(w(l) ® w(Z))

5 —222‘1‘3751 I? 1Y —(log 2)L'(0), 1
+Res, 120 ———=—— ) (I o (lw, @ I3)) (e wig)) (W) @ we)

®YE§(6$L(1) (—$_2)L(O)’U, $51)6(10g Z)L(O)W(g))
-1

Ty — 2% a . _
= Res, 1 <TP(ZO+ZZQ,ZZQ) (:C(S(OfIQ)Y;((—xg)L(O)e 0LV gzL(1) (g 2)L(0)U,3;0)) .

X
((If o (1w, ® 15))'(6_(10“)”(0)1024)))) (wi1) ® wizy ®@ 2 Owg)),
(9.76)

where the equalities include the information that the coefficient of each monomial in each
expression involving a double sum is absolutely convergent.

Recall from the P®(z)-grading condition that the elements A2 for n € R depend on
wys)y (and on wz 4)) and that the sets I and I' cannot be assumed independent of ws), nor can

our integer N € N. Since we now need to use )\%2), n € R, for different ws), we denote )\%2) by

AP [w(z)] for n € R and we denote II, I" and N by I[w)], I'[w)] and N|w)], respectively.
Then with these notations, the convergence properties and formulas that we have proved
hold for all ws) € Wi.

In order to handle the second term in the left-hand side of (9.76), we shall need to consider
the following application of a certain conjugated operator to w(s), and to treat this element
as an analogue of w3,

X = 67(10gz)L(0)Y33<6xL(1)(_fo)L(O)U xfl)e(logz)L(O)w( 3)

— %<€7(10gz)L(0)€xL(1)(_fo)L(O)U,e logz 0 )’U)(g) (977>

where we obtain the second expression by using the conjugation formula (3.86). Since
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et (=)0 € Viz, 2] and Y3(u,y)w € Wi((y)) for u € V and y a formal vari-
able, the right-hand side of (9.77) is of the form

}g(z_L(o)e””L(l)(—x_Q)L(O) (zxo Z Z Z s+l lmxéxm

I<L m=—M s=—S

for certain integers L, M > 0 and S > 0 and certain (determined) elements wé’m € Ws. That
is,
s
X=Y 3 3 et
I<L m=—M s=—S
With this notation, for z € R (recall (9.63) and (9.58)), the second term in the left-hand
side of (9.76) equals

. —1
Res 1a8( 221 %0 ) 7 (9.78)
Ty l’_l ?
where
Z = (If o (lw, ® I3))' (e "8 Ol )) (wiay @ wizy @ €8O X)), (9.79)

The coefficient of z{x™ in (9.79) is the precisely determined expression

S
(I o (1w, ® I3))' (e~ (oe=)H Oyt ) (w(l) ® W) @ e8I (Z ZSHwi’m))

s=—3S
S

= 37 2 o (L, © 1) (e Oufy)) (i @ iy @ 15O,
s=—95

which by (9.58) equals

S

s+, (2)
Z z (’u([fo(lwl®]2Z))/(e—(logZ)L/(O)wz4))7e(logz)L(O)wi’m)<w(1) ® w(g)) (980)
s=—5

(with z € R, as we have assumed above). In particular,

+H( 2)
Z = Z Z <Z s N(Izo(lwl(glzz))/(e—(logz)L’(O)wE4))7e(logz)L(O)wlS,m)( ()®w(2)))$01}

ISL m=—M *s=-8§
(9.81)
Now the residue (9.78) involves only finitely many powers of x( in (9.81), and in particular,
the coefficient of each monomial in z in (9.78) is a finite linear combination of expressions
of the form (9.80), involving only finitely many [, independently of the power of x in (9.78).
We apply our results above to the corresponding finite family of elements w’™ that arise in

bm] T[wh™], T[wh™] and N[w™], as defined above. Let

this way, and we use AL [wy ; .

N = max{N[w}"]},
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and let o
zeONPNNIINTNR. (9.82)

Then by (9.60),

(2
Fizo o(lw, ®1z))/(67<logz>L’<0>w/ o) el LOwl™

= Z logz) 8 (Lo (0) = ) AR ™), (9.83)

neR =0

where the right-hand side is understood as the sum of a weakly absolutely convergent double
series. For n € R, form the formal Laurent series

s
AP (z0, 73 2) Z Z (Z st)\?(f)[wé’m]) rhr™. (9.84)

I<L m=—M \s=-—S

Then the coefficient of each power of x in the second term in the left-hand side of (9.76)
equals its coefficient in

_ —1
Res 71x5(zz’2—+xo> 7
x -1
M

:Resz51x6< Zz2+x0 )Z Z Zz

I<L m=—M s=—S

N
i low s (—log 2)° i m m
A e —<< o) (0) = ) AP [t ™)) (wir)y ® weay) | ahe

neR =0

— Res ,m;(M) :

xr—1

—nlo z 1Og Z) A
> Z M08 =BT (Llpagy (0) = )" A (0, 75 2)) (W) @ wiz))

neER =0
N —1
ZZ ~niog s (108.2)" logz) Res _1.755(—222ij )
X
eR =0
((Lpz) (0) — n)’A;”(xo,x;z))(wm®w<2>>, (9.85)

where we have double absolute convergence; recall that N and the range (9.82) of z are
independent of the power of x.
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In order to reach our goal of bringing the double sum over n and 7 to the outside on
the right-hand side of (9.64), we need to multiply (9.74), (9.75) and the other expressions in
(9.76) by

-1
T — 2
x;lé(—o); (9.86)
T
in particular, we need to show that we can do this for each of the expressions.

First we do this for the expressions in (9.85), which are equal to the second term in the
left-hand side of (9.76). Since |zz2| > ||, by Lemma 8.1, formula (8.7),

rita (TR (A (987

xr1

is a formal Laurent series in x, x1 and xg each of whose coefficients is an absolutely convergent
series of the form } . ya; (a; € C). Thus for

zeONPNONIINTNR,

the coefficient of each monomial in z and z; in

15< - —ZO>ZZ “nlog: logz) Z98%) Res, 1x5< zz;jx(}l)_

neR =0
'«L%uwﬂn-nVAfwxmﬂﬂzﬁ(wu)®1W%)
1 -1
g — 20 —2Zo + T
=X 6(x—1)ReS$_1$5<T) .

(S e CIE (1 0) = AP a2 © )

neR =0

1 . -1
T

r—1

(o3 B2 (L (0) = mYAD 0, 52)) 0 i)

neR =0

(9.88)

is a finite linear combination of products of pairs of absolutely convergent series and hence
is a finite linear combination of absolutely convergent triple series (over j € N, n € R and
i=0,...,N ). In particular, the second term in the left-hand side of (9.76) can be multiplied
by (9.86), in the sense of absolute convergence, and moreover, for

zeO0ONPNQNIINTNR,
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the coefficient of each monomial in z and z; in

ZZ —nlogz logz)

neR =0
-1

[T —Z —z2z + xp ! i
-Resxalx1 16<x—0>$6<%> (( ;D(ZO)(O) —n) Ag)(xg, 75 2)) (W) @ wz))
1
(9.89)
is absolutely convergent to the coefficient of the corresponding monomial in (9.88).

We now re-express (9.88) and (9.89) by using the explicit dependence of (9.84) on z.
Since the coefficient of each power of z( in (9.84) is a finite sum, we have

xl =2 —zzy +apt . .
1u15< - O)x5( - >«LP®@UD'_H)Agm$mlnz»(wﬂ)®lW®)

1

(s (.
T x
M S
> D M Ly (0) = n) AP [l ™) (wiy ® wigy)ahe™
I<L m=—M s=-S
M S

_ Z Z Z Zs+l$1_15<x_lx: zo)gjd(—zz;—t %1) ‘

I<KL m=—M s=-5
((Llp(ag) (0) = n) AP [wl™) (wr) @ wiz))ahz™

Thus for L
ze0ONPNQNIINTNR,

the coefficient of each monomial in x and 7 in (9.89), written as

ZZ —nlogz logz)

neR =0
S

O D S S L =

I<L m=—M s=-S

(Llp(agy (0) = n) AP [wh ™) (wiry @ wiz))zha™

S

N log 2’
Z Z Z e (n—s— l)logz (Z)’gz .

M S
neR i=0 I<L m=—M s=—S5
0

7l — 2 ZZ —i—x
.Resmalzzcl_1 0>x5< 210 >

'«L%@@UD-— n) AP wh D(wu)®1Wmﬁ%$m
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N M

:ZZ Z Z —plogz logz) )

peER =0 I<KL m=—M s=—-S5

-1 _ _
.Reszaxl_l(?(x ZO)xé( “at T > .
0 1

1

((Lpa) (0) = (0 + s + DY AZ 0™ (wiy © wiey)apa™

N
_ Zemgzﬂ,

7!

xl— 2 —zz9 + 27}
.Res$_1xf15( O)xé( 2 - 0 >
0 1 -

T

ST ST (W) (0) = (n+ 5+ DYAZ) L [wh™) (i) @ wie)zha™

I<KL m=—M s=—S

(9.90)

is absolutely convergent to the coefficient of the corresponding monomial in (9.88), written

as
1

1 — 2 — 229 + a7}
(),
T X

ZZ —nlogz IOgZ) .

neR =0

M S
DD Y (L) (0) = n) AP [wh ™)) (wiy @ wee )z

I<KL m=—M s=—S
1

_ xfl(;(%)msxlm(ﬂ) .
1

1}:71
ZZ —nlogz lOgZ) .

neR =0

M S
SN S (W (0) = (4 5+ DYAE) L [wh™) (wy © wey)wha™.

I<L m=—M s=—S

(9.91)

Moreover, recall that (9.88), and hence (9.91), is equal to the product, in the sense of absolute
convergence, of (9.86) and the second term in the left-hand side of (9.76).

Next we show that we can multiply the right-hand side of (9.76) by (9.86), by using the
P(zo + 229, z29)-compatibility condition. Since the expression (9.61) satisfies this condition,
we have

—1 —1

_ Ty — (20 + 22 Ty — 2% —z x -

(TP(ZO+ZZQ,ZZQ) (1,115< 0 (xo 2>>x5< 0 — 2>Y;<< )L(O)e oL(1), L(l)(_x 2)L(0)U’x0))_
1
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(I o (lw, @ I7)) (e o8 Z)L/(O)w24)))> (W) ® wizy ® 8O0y q))

-1 -1
(T — (20 + 222) Ty — 2% ,x . _
=T 15( ° T >.Z'(5< ° -1 ) ( ]ID(zo—i—ZZQ,zzz)((_xg)L(O)e OL(l)e L(l)(_x Q)L(O)U7 .ZC()) ’

(05 o (1w, @ I5)) (%9 Ol ) (wiry @ wiey @ 08Oy,

and taking Res,, and using Remark 8.18 (and in particular, (8.50)), and then applying
Resxal, we obtain

1
2
Resxal (TP(20+2z2,zz2) (‘T(S(x—Z) }/t(( )L(O)e—moL(l)exL(l) (_x_Z)L(O)Ua $0)) '
(17 o (Iny, ® 13))'(e (logz)y(o)w@)))) (i) ® wigy @ D))

-1
2z L) . ~
— Res 71966(72) <Y],3(20+z22,zz2)((_x(Q))L(O)e 0L # L0 (_p=2)EO)yy Y.

((If o (1w, ® I5)) (e~ 18 Oy, ))))(w(l) ® wezy @ 1By 4)
x4 22

= Resxalw()é(?) < ],D(Z0+ZZ27zZ2)((—ZL'(%)L(O)G_xOL(l)BxL(l)(—x_Q)L(O)’U, ajO) .
0

(T o (1w, ® B)) (e8I Ouf))) (wsy ® wiy © 09O
(9.92)

The right-hand side of (9.92) and thus the left-hand side, which is the right-hand side of
(9.76), involves only finitely many negative powers of x. In particular, the sum of the two
terms on the left-hand side of (9.76) involves only finitely many negative powers of z and
hence lies in 2™ C[[z]] for some my € Z, so that the coefficients of ™ for m < my in the

left-hand side of (9.76) cancel. Moreover, we can multiply the right-hand side of (9.76) by
(9.86), to obtain

xr—1

-1 _ -1
+16 (f”’m_lZO> Res, 1 (TP(ZWZQ,ZZQ) (xa (M) Yy (=2 L0 gm0 L(D) gL (1) (5 =2) L), 5150)) .

(I o (1w, ® 15))’(6“‘)gz)”mw@)))) (wiy ® wigy ® X Ow)).
(9.93)

The first term in the left-hand side of (9.76) is equal to

ZZ —nlogz lOgZ) gnz( )

neR =0
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where A
Ini(2) = Vo) (0, ) (Dp (g (0) = n) AP [ws)]) (wy © wia)) (9.94)
forn € Rand i =0,..., N, where we have double absolute convergence for

zeONPNEN H[w(g)] N F[w(g)] N R.

By (9.84) and (9.85), which we rewrite as in (9.91), the second term in the left-hand side of
(9.76) is equal to

ZZ ~niog:z logz) 8 (), (9.95)

neR =0
where
_ -1
hni(z) = Resqué('z@—ﬁxo) :
0 x—
M s
YD (L (0) = (n 4 s + D)2 [wh™) (wa) @ wee))wha™
I<KL m=—M s=—S
(9.96)
formeRandi=0,..., N ; here we have double absolute convergence for

zeONPNONIINTNR.

For N < i < max(N,N), set gpi(z) = 0 and for N < i < max(N,N), set hy;(z) = 0.
Let

forn € Rand i =0,..., max(N, N). Then the left-hand side of (9.76) is equal to

max(N, N log Z)
Sy el ) (9.97)
neR =0

with double absolute convergence for each power of x for
2€0NPNQNweg] NN T[weg] NTNR.
That is, for each m € Z,

N log 2)¢
S e ”bgzz—gResx —m=l¢ (z) (9.98)

neR =0

is absolutely convergent for z in this set.
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Recall that the left-hand side of (9.76) in fact lies in ™°C[[z]]. Thus for m < my,

S erh I e () o

neR =0

for
ZEOﬂPﬂQﬂH[w(g)]ﬂHﬂF[w(g)]ﬂFﬂR.

Since by Proposition 7.8 R x {0, ..., max(N, N)} is a unique expansion set,
Resgczn_m_lfm(av) =0
for m <mg,mn€e€Randi=0,... ,maX(N,N), and so
Faslz) € 2™ Cfa]
forneRandi=0,... ,maX(N,N). Thus for
2€0NPNQNweg] NN T[we] NTNR,

max(N,N)

Z Z e"logZ% 46( - )fm() (9.99)

is a formal Laurent series in = and z; whose coefficients, as finite linear combinations of the
coefficients of powers of x in (9.97), are equal to the corresponding (absolutely convergent)
coefficients in

_ —ZO max(N,N) 1 lOgZ)
()X Y e e
ne 1=

This expression equals the product of (9.86) and the left-hand side of (9.76), and hence (9.99)
is absolutely convergent to (9.93).
Moreover, from (9.88)—(9.91), (9.97) and (9.98), for
zeO0ONPNQNIINTNR,

the coeflicient of each monomial in  and z; in

Z Z efnlogz IOg Z) 16(1:;1_ ZO)hn,i(l’)

neR =0
max(N,N) _
—1 1 -
_ E E 7nlogz ng) $I15<x ZO)hn,i(l')
T
neR 1=0

o1



is absolutely convergent to the corresponding coefficient in

g

neR =0
_, max(N,N) log Z)l
_ 0 —n z
—ats(TE) Y Y e )
neR =0

Assume that _ _
ZEOﬂPﬂQﬂH[w(g)]ﬂHﬂF[w(g)]ﬂFﬂR.

We are now ready to bring the double sum over n and i in the right-hand side of (9.64) to
the outside. This right-hand side equals

1
=2
x] 1(5(—)-

T

(Va2 (ZZ o X8 () - A ura]) ) oy 0 i)

neR =0

(9.100)

we recall that the coefficient of each monomial in z and z; in (9.100) is the sum of an
absolutely convergent series, each term of which involves the weakly absolutely convergent
double sum over n and 7. Using the absolute convergence of the coefficients in (9.74) to those
n (9.75), we rewrite (9.100) as

15( ZO) ZZ@”W 1ng) Ini(@). (9.101)

neR =0

What we need to show is that the coefficient of each monomial in z and z; in

ZZ —nlogz logz)

neR =0
_ T =2 i
Ty 15(:6—1) ( IID(zO)(Ua l’)((L’P(zO)(O) —n) AP [w(3)])> (W) ®@ w)
N .
—1 @ -1 _
= Ze‘”logz“(,)—'gz)mfé(%)gn,i(x) (9.102)
neR i=0 ' !

is absolutely convergent and that it converges to the corresponding (absolutely convergent)
coefficient in (9.101). We have:

I R e B Sl ity P

o
neR =0
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—1 i -1 _
_ Z Z efnlogz( (Z)'gz) ZEII(;(I - ZO)gnﬂ(x)

neR 1=0
max(N,N)
—n log z —lOgZ - o
=3y e (T e
‘ 2! T
neR =0
max(N,N) i -1
—1 g -
—Z Z e—nlogzwxfl(S(u)hn,i(x)a
neR 1=0 " "

and the coefficient of each monomial in x and x; is absolutely convergent to the corresponding
coefficient in

max(N,N)

15< - —ZO>Z Z —nlogz logz) (Z082) 4 (x)

neR 1=0
max(N,N)

(T Y —)<>

neR =0
max(N,N)

=" <x’ _ZO> Z Z nlogz—li;gz)lgn,z’(x)

neRrR =0

(- ‘ZO)ZZ R )

neR =0

as desired. (Note that in particular, the coefficient of each monomial in the inner expression
70 (J”f;—l_lzv gni(z) in (9.102) is absolutely convergent, since it is essentially a sub-sum of

the relevant absolutely convergent series.)
We have succeeded in bringing the double sums on both sides of (9.64) to the outside:
For
ze ONPNQNHwe NIINT[we]NT AR,

ZZ —nlogz logz)

neR i=0
1
— 20 / i
(Tp o (718 () V0. 2) ) (Ll (0) = m) A [w<3>]>) (w) @ wiz)
_ZZ —nlogz IOgZ) .
neR =0

xll(;(xx—l_Z()) (Yfl’(zo)(U? x)((L;D(zo)m) - n)i)‘g) [w(3)])) (w(l) ® w@))ﬂ (9'103)
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where the coefficients of the monomials in # and x; in the double sums on both sides of
(9.103) are absolutely convergent and are equal.

Now we are able to apply Proposition 7.8. Since Rx {0, ..., N} is a unique expansion set,
we conclude that the expansion coefficients of the double sums on the left- and right-hand
sides of (9.103) are equal. In particular, taking i = 0, we obtain

L
<Tp(zo) <-751 K <TO> Yi(v, 95)) Aﬁf) [w(3)]) (wa) ® wz))
1
=70 <—x1 )(Y’ (o) (0, AP Twi)]) (Wi @ wez))

for each n € R, and so we have proved that each A = AP [ws)] satisfies Part (b) of the

P(z)-compatibility condition.
This completes the proof. [

Remark 9.18 Here we relate the proof of Theorem 9.17 to the corresponding analysis for
the special case treated in [H]. The proof above of Part (b) of the P(zp)-compatibility
condition is a generalization of the proof of (14.51) in [H]. In the proof of (14.51) in [H], for

a series of the form
> (9.104)

neD

where D is a strictly increasing sequence in R, in order to determine the coefficients a,, € C
uniquely from the sum of the series, the series is required to be absolutely convergent in an
open set of the form 0 < |27!| < r because Lemma 14.5 in [H] was proved in [H] only for
such a series. (Here the first author would like to correct some minor mistakes in [H]: First,
in the P(zy)-local grading-restriction condition (respectively, in the P(z; — z3)-local grading-
restriction condition) in [H], we should require that the series depending on 2’ obtained
by applying e* rn) () (respectively, ezng’<21—z2>(0)) to each term of the weakly absolutely
convergent series of P(zp)-weight vectors in (W, ® W3)* (respectively, in (W @ W5)*) be
weakly absolutely convergent for 2’ in a neighborhood of 2’ = 0. This is implicitly used in
the proof of (14.51) in [H] and follows easily from the convergence and extension property
n [H]. But it is not clear to the first author whether this can be proved by assuming the
(z )-local grading-restriction condition or the P(z; — z3)-local grading-restriction condition
in [H] for all z; and 2z satisfying |z1| > |z2| > |21 — 22| > 0. Second, in the proof of (14.51)
in [H], the domain
REE

0<|z] < =—
2|z

should be replaced by the intersection of

22|

0<|z7<

o4



and
|20 + 222| > |222] > 0;

since the expansion (14.48) and consequently the series in (14.49) is of the form (9.104)
rather than ) _, a,2", the correct domain is

0<|z7! < @
|20

The reason why the right-hand side of (14.48) is absolutely convergent in this domain and
not just in its intersection with

|20 + 222| > |z22] > 0

is that when D is a strictly increasing sequence in R, the absolute convergence of (9.104) at

one particular z such that
= =r#0

implies that it is also absolutely convergent at any z satisfying
0< |zt <)

However, in our proof of Theorem 9.17 above, because R x {0, ..., N} is a unique expansion
set, the double absolute convergence of

N
Z Z iz "(—log 2)"

neR =0

for z in any nonempty open subset of C*, not necessarily containing an open subset of the
form 0 < |27! < r, implies that the coefficients a,,; are uniquely determined by the sum of
the series; here we do not need the absolute convergence of the series for z=! near 0. But
our convergence-condition assumption gives only the absolute convergence of iterated series

of the form
N
Z (Z iz " (—log z)’)

neR =0

in a nonempty open set, and we had to prove the absolute convergence of the corresponding

double series
N
3 i (- log2)

neR =0
in the same open set using Proposition 7.9 (or Corollary 7.10). This proof of the absolute
convergence of these double series is one of the hard parts of the proof of Theorem 9.17,
and this was not needed in the proof of (14.51) in [H] because there we have no finite sum
over powers of log z. Another hard part of the proof above is to show that (9.64) implies

that each \\? satisfies the P (20)-compatibility condition. This part of the proof amounts to
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a proof that certain triple series are absolutely convergent, so that suitable iterated sums
exist and are equal. (In fact, this part of the proof was also needed in the proof of (14.51)
in [H] (with double rather than triple sums, since there are no finite sums over powers of
log z) but was not given there. The last part of the proof of Theorem 9.17 above gives this
missing detail, in our present much more general case.) Also, even in the case considered in
[H], the proof of Theorem 9.17 above establishes a stronger statement than (14.51) in [H]:
For each n € R, A satisfies the P(z0)-compatibility condition even if (I3 o (1, ® I2))"(wiy)
is not assumed to satisfy Part (b) of the P(zg)-local grading restriction condition. Finally,
we comment that the proof above certainly also proves (14.51) in [H] as a special case.

Remark 9.19 We now use the part of the proof of Theorem 9.17 from (9.46) to (9.51) to
prove the part of Proposition 9.8 on the uniqueness of the elements )\ , n € R, with the
properties indicated in Part (a) of the P®)(z)-local grading restriction condition; the other
three cases are handled the same way. Using the proof from (9.46) to (9.51) with zy and
—1°(2) replaced by z and 2/, respectively, we have that the sum of

Z(ez/L;)(z) )\(2))( W ® w( ))

— L/P(z)<0)8)i)‘£z2)> (way ® w(2>)> (9.105)

is an analytic function of 2’ for 2’ in an open neighborhood of 0, that its k-th derivative with
respect to 2" at 2z’ = 0 is the sum of the absolutely convergent series

Z( gv(z)(o)k)‘g))(w(l) ® wez)), (9.106)
neR

and that the iterated sum on the right-hand side of (9.105) equals the corresponding double
sum, absolutely convergent in a suitably small neighborhood of 2z’ = 0 independent of wy)
and w(g). Using (5.110) repeatedly and then using (iii) of Part (a) of the P®)(z)-local grading
restriction condition, we see that (9.106) is equal to

Z < ) Z )\(2) (L(O) + ZL(—l))k_iw(l) & L(O)iw(g))

=2 (lf) W2, (L(0) + 2L(~1) gy @ L(0)uge). (9.107)

Since the right-hand side of (9.107) is independent of A2 , n € R, the analytic function
obtained from the double sum correspondmg to (9 105) is also independent of )\7(12), n € R,
that is, if the formal series ZneR P and 3O 2 both satisfy Part (a) of the P®)(z)-local
grading restriction condition, then

Z(e "Lip,)(0 )/\f))(wu) ® w(Q))

neR

nER
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and

Z(e P 5\2)( 1) © we)

neR

are analytic functions equal to each other in a suitably small open neighborhood of z/ = 0.
Thus in this neighborhood,

Zzem'(j)

Lip(0) — L'p(z)(O)s)i(Af) — M) (wa) © we)

neR i=0
= > (OO 0D = AD)) (we) @ w)
neR
=0, (9.108)
and so by Proposition 7.8, R x {0,..., N} being a unique expansion set, we have

((L/P(z) (O) - L/P(z) (O)S)iO‘g) - 5‘7(12)))(1”(1) ® w(2)) =0

forn € R and ¢ =0,..., N. In particular (for i = 0),

for n € R, proving the uniqueness.

We will be invoking the uniqueness (Proposition 9.8) and the bilinearity (Corollary 9.9)

of the elements /\(1) and /\(2) below.

We now relate Proposition 9.13 and Theorem 9.17 to Op(,) and Kp(.) for suitable 2 € C*;
recall Definitions 5.31 and 4.15. We will sometimes use Definition 9. 14 and Remark 9.15.
First we relate Proposition 9.13 to Sp.), and this will serve as motivation for Corollary 9.21,
in which we relate Theorem 9.17 to Sp(;).

Remark 9.20 Assume that C is closed under images. In the setting and under all the
assumptions of Proposition 9.13, we have (according to this result): If A = (I3 o (1y, ®

1)) (] (respectively, A = (I' o (7 @ 1) (wf))), then WY, (respectively, Wi,

) is
a generalized V-submodule of an object of C included in (Wy ® W3)* (respectively, included
in (W, ® W3)*), and in particular, for each n € R the P(z3)-generalized weight vector A
(respectively, the P(zg)-generalized weight vector )\%2)), which generates a generalized V-
submodule of WS&)U) (respectively, of Wiil(g)), also generates a generalized V-submodule of
an object of C included in (W, ® W3)* (respectively, (W ® W3)*). Hence by Proposition
5.36,

AV € Wysp., W
and

A2 € Witlp() W

for each n € R.
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Invoking the last assertion of Proposition 5.36, we have the following corollary of Theorem

9.17:

Corollary 9.21 Assume that the convergence condition for intertwining maps in C holds
and that

|21’ > |22‘ > ’ZO| > 0.
Let Wy, Wy, Wy, Wy, My and My be objects of C and let Iy, I, I' and I* be P(z)-,
P(ZQ)-,. P(25)- and P(zy)-intertwining maps of types (Wvlv&l), (W%V?)), (MI;V{}V3) and ( Mo ),
respectively. Let w£4) e Wj.

1. Suppose that
A= (I o (lw, ® D)) (uwfy)

satisfies the (full) P (zy)-local grading restriction condition (or the L(0)-semisimple
P®(2q)-local grading restriction condition when C is in My,). For any we), € Ws, let

Y oneRr M2 be the (unique) series weakly absolutely convergent to
2 *
M(A,ZU@ € (W@ W)

as indicated in the P (z)-grading condition (or the L(0)-semisimple P®)(z)-grading
condition). If for each n € R the generalized V -submodule of the generalized V -module
W)Eil(?)) (given by Theorem 9.17) generated by A s a generalized V -submodule of some
object of C (depending on n) included in (W, @ Wa)*, then

/\%2) S ngp(zg) W.

2. Analogously, suppose that
A= (I"o (I @ 1wy)) (wiy))

satisfies the (full) P (zy)-local grading restriction condition (or the L(0)-semisimple
PW(zy)-local grading restriction condition when C is in Myg). For any wy € Wh, let

Y oner A be the (unique) series weakly absolutely convergent to
1 *
Hiong, € (Wa @ W)

as indicated in the P (2y)-grading condition (or the L(0)-semisimple P (2y)-grading
condition). If for each n € R the generalized V -submodule of the generalized V -module
WSJJ(D (given by Theorem 9.17) generated by A s a generalized V -submodule of some

object of C (depending on n) included in (Wy @ W3)*, then
/\7(11) S WQ&P(ZQ)Wg.
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Next we shall express a product of suitable intertwining maps as an iterate and vice
versa. This is accomplished in Theorem 9.23 below. We shall actually carry this out only
for the case of expressing a product as an iterate, which is Part 1 of Theorem 9.23; this case
is based on Lemma 9.22 below. Expresing an iterate as a product (Part 2 of the theorem) is
proved analogously. We start with hypotheses for the lemma and the theorem.

Assume that C is closed under images, that the convergence condition for intertwining
maps in C holds, and that

|21’ > ‘ZQ‘ > ’Zo| > 0.

Let Wy, Wy, W3, W, and M; be objects of C and let I and I be P(z1)- and P(zs)-intertwining

maps of types (WZVJ%) and (WJ‘Q/[I}IQ)’ respectively. Set

G = ([1 o} (1W1 (24 [2))/ € Hom(Wi, (Wl X W2 X Wg)*)

(cf. Remark 9.11). Suppose that Wi Kp(.,) W> exists in C and that for each wi, € Wi,
G(wiy), as in Corollary 9.21, satisfies the P®(z)-local grading restriction condition (or
the L(0)-semisimple P®(z)-local grading restriction condition when C is in M,,). For
w(3) € Wg, let

> AP (wiy, wis) (9.109)

neR

be the (unique) series weakly absolutely convergent to
2) *

as indicated in the P®)(z;)-grading condition (or the L(0)-semisimple P®)(z;)-grading con-
dition). Suppose further that for each n € R, w24) € Wy and wg) € W, the generalized

V-submodule of W&LE )
4 bl

some object of C included in (W; ® W3)*. Using Part 1 of Corollary 9.21, which is based on
and follows from Part 1 of Theorem 9.17, we shall now prove that the product I; o (1y, ® I)
of the intertwining maps /; and I can be written as an iterate of suitable intertwining maps,
which is Part 1 of Theorem 9.23 below. First we formulate and prove a lemma under these
assumptions. This lemma is the core of the proof of the theorem.

Recall from Proposition 5.37 that since C is closed under images, the existence of W1Xp..)
Wy in C implies that Wi5p(.,) W5 is an object of C and that

ws) generated by )\f)(w@),w(g)) is a generalized V-submodule of

W1 Rp(zg) Wa = (Witp() Wa)'. (9.111)

By Corollary 9.21, for any wy,, € Wy and wg) € W, /\7(12)(1024),10(3)) is an element (of
generalized weight n) of
WIEP(ZO)WQ C (Wl & Wg)*

for n € R. Thus we have the element

~(2) 7 A= 7 T
HG w4y ) € Willp(z) W2, (9.112)
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the formal completion of the generalized V-module (and object of C) Witp(.,)Wa2, whose
homogeneous components are the P(z)-generalized weight vectors

/\(2)(71124)7 w(3)) € Willp(.o) W,

n

n € R. Recalling the notation
T - Wlﬁp(zo)WQ — Wlﬁp(ZO)Wg
from Definition 2.18, we have

(2
AP (Wiay, W) = Wn(ug;()w@)),w(g)), (9.113)

and so from (9.109) and (9.110) we have the weakly absolutely convergent series
(2) B
/“LG( (4>),w(3) o Z (MG(w(4)) w(3) Z )\ w (4) , W ) (9114)
TLER TZER

Note the distinction between the different sums (9.112) and (9.114) of the same elements

A (w(yy, w()); they take place in different spaces. Recall from Definition 2.32 and (9.111)
that we have a canonical pairing

<'7 .>W1&P(20)W2

between Wy NMp(.,) Wa and Witlp(.,\Ws. By Corollary 9.9, the element (9.112) depends
bilinearly on w( 2) and w(s), so that we have a linear map

G - Wy Rpgy) Wa — (W) @ Wy)*
determined by the condition

G(w)(w@) ® we)) = (w, ME;()w(4))w<3)>W1EP<ZO)W2 (9.115)

for w € Wi Mp(.) Wa. Moreover, generalizing the corresponding lemma in [H|, we have the
following lemma, in which 7¢(.,) (recall Section 5.1, in particular, Definition 5.51) appears
naturally:

Lemma 9.22 Under these assumptions, the linear map
é € HOIIl(Wl &p(zg) WQ, (Wi & Wg)*>
intertwines the actions Tw,m, . w, and To() of V@ tyClt,t7", (20 +¢)7'], and also the

corresponding sl(2) actions, on W1 N p(.) Wy and on (Wi® Ws)* (recall Section 5.1 for these
actions).
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Proof We shall prove the assertion about 7y, w, and 7g(,), and at the end of this
proof we shall briefly comment that one can similarly prove the assertion about s[(2) by
considering appropriate aspects of the case v = w.

As in Proposition 5.37, we shall denote the vertex operator map for Wy Xp(.,y Wy by
Yp(z)- By (9.115) and the definition (5.154) of the 7¢.,)-action (see also (5.156)), we need
to show that

22

:T@m(%w<m“”w>m@ﬂm>ém) (9.116)

Z9

xr1 — X ~
2;5(1 O)Ga@%xux@w)

forv eV and w € Wi Xp(,,) Wa, or equivalently, that

_ Tr1 — X
<Z2 15 ( ) Yp(zo)<v JI())IU /UL(G() )) w(3)>
22 Wi=p(z9)W2

- (TQ(@) (z;lé (ml — xo) Yi(v,xo))é(w)) (Wiay) © wz) (9.117)

22

forveV, we W Kp,) Wa, wy, € Wy, w) € Ws. Note that the left-hand sides of (9.116)

and of (9.117) involve only ﬁmtely many negative powers of xg.
By Proposition 4.23, we need only prove our assertion for

w = 1, (W) Mp(z) W2))

for any n € R and wgy € Wi, we) € W, (Again recall the notation m, from Definition 2.18.)
By (5.139), for n € R we have

(AP (wiyy, wis))) (wi) @ wia))
<)‘( (w(4 w(3)) w1y Wp(zy) wee )>W1®P(ZO)W2
= (AP (wiyy, wz)), T (wiay Mpez) wez)))

~(2
= <“(G)u/ iy MWy Mpeg) W), (9.118)
( (4)) (3)

where the last pairing is between WiSp(.,)W2 and Wy Xp(.,) Ws.
Recalling (5.24), (2.57), (2.73) and the definition (5.85) of Yp, | (see also (5.87)), we
define
Pl (0, 20) = (Wh @ Wa)* — (Wy @ Wa)*[[20, 25 ']

by

YI/;,(ZZO)(U,xO)/VL = TP(ZO)(Y;O(%*TO)):U
Yy (O (=g V0, a5 (9.119)

20
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for p € (W7 ® Wy)*. Then

/o

Pz0) (Vs T0) e = Yttt wa (s 0)- (9.120)
20

We have natural maps

Y (o) (v, 70) : WiEp(og) Wo — WiSp (o) Wal [0, 25 ']

and

Vi) (05 20) 1 Willp(zg)Wa = Willp(y) Wal[20, 5 ]];

and

0 ~(2
T (V50 (0, 20 e, ) (W) ® wz)

(1)) W(3)

o ~(2
= (0 (V) (02 20 ) o)) 20) BGa) 012)
o ~(2
= (Yp(o) (v, fo)ﬂ(c;ng4)),w(3)7 T (W) Mp(z) We2))) (9.121)

for n € R (cf. (9.118)).
Now taking

w = o (W) Mp() W)
in the left-hand side of (9.117) and using the definition of Yp(.,) (see Proposition 5.37),

(9.121) and (9.120) (and, as we have done above, dropping the subscripts for the pairings),
we see that the left-hand side of (9.117) becomes

“1c [ F1 — Xo ~(2)
<22 ) ( = ) YP(zo)(U,xo)(Wn(w(l) &P(zo) w(Q)))’MG(wE4)),w(3)>

_ 15 (%1~ %o 0 ~(2)

_ 1 — T o ~(2
=20 < = ) 7Tn<YI/3(z0)(Uaxo)u(c;()w24))7w(3>>(w(l) ® w(z))-

(9.122)

Recall that this expression involves only finitely many negative powers of xg.
Taking
w = T (W(1) Mp(zg) wi2)
in the right-hand side of (9.117) and using the definition (5.156) of 7¢(.,), (9.115) and (9.118),
we obtain

[T —x ~ ,
<TQ(22) <22 Ls ( ! O) Y%(%ifo)) G (Tn(w(1y Mp(z) w<2)))> (Wig) ® wez)

22

1/ X1— 22\, o
= 28 ) (Glma () Bpe) wen) DY (0, 21)ufyy © i)
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_ — T =~ /
15( 1)(G(7Tn<w(l) &P(zo) w(z))))(w(4) X YE),(U,ZL’l)’UJ(g))

_ 1 — 22
= Ty 15( 7o ><7Tn( &P (#0) ’LU(Q)) :u(G()Y’ °(v,z1)w >
—n ~(2)
_5(;0 5( — )<7Tn<w(1) &P(zo) w(2))a /ig(w24))’y3(v7xl)w(3)>
_ X1 — 22 0
= Ty 15(95—0) (AQ) (Y4/ (v, xl)w@)? w(S)))(w(l) ® w(z))

-z ’
—Ty 5( 1)(/\n2)<w(4)7Y},(U,$1>w(3)))(w(1) ®w(2)). (9.123)

(4)) w(3)

In order to prove the equality of (9.122) and (9.123), we will consider the sums of both
expressions over n € R.
By the definitions (9.119) and (5.87) of Y75, ) and Y}, ), we have, using (5.25),

(YE(a0) (0, o) p) (w1) @ wiz))
= (Yp(agy (€7D (=25 %) X0, 25 ) (wia) © wiz))
= w(wa) ® Ya(v, 20)w(z))
—|—Resx2z0_15<xo - x2>#(y1(v, T2) w1y ® w(g)) (9.124)

20
for ne (Wl X Wg)*, w(1) € W1 and w (2) S WQ. Takmg

(2)
M= MG(w(4)) w3y’

we thus have

)
(YP{en) (Vs 20 iy ) gy ) (W01) © W (2)

2
= M(Cl()w24)),w(3) (wiy @ Ya(v, z0)w(z)

—1¢fT0o — T2\ (2)
+Res,, 2, 5( " >,uG(wE4))7w(3)(Y1(v, T2)wy @ wez)).

From (9.114), whose right-hand side is weakly absolutely convergent,

o ~(2
(Vi) (v, 70) Y wnlficy ) (W) @ W)

/
(4)”

neR
(@ 2
= (malii) wia gy (W) @ Y2 (0, Zo)wiz)))
neR
_ To — T2 ~(2
+Resy, 2 1(5<Z—0> Z(%(ﬂ(c() (4))@(3))(1/1(”0, T2)w) @ wz)))
neR
(@ 2
- Z ( ) Wiay)» w(3))(w(1) @ Ya(v, 20)ue))
neR
1 To— T2 ~(2)
+ ZRRessz 5( - )(Wn(,ug( W), w(d))(Yl(v, T2)w(n) @ w(z))),
ne
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since in the second term, the coefficient of each monomial in x5 involves only the single
: : : -1 To—x2
infinite sum ), and so we can switch z, ¢ (—ZO ) and ) p. Thus

~ 2
(zo (v, 7o Zﬂn : ) w(3>>>(w(1) ® w)

neR

- Z Pla0) (Vs Z0) Wn(ﬂg;() )7w(3)))(w(1) ® wez)), (9.125)

(4)
neR

with absolute convergence for the coefficient of each monomial in x.
Now the product of the first term in the right-hand side of (9.124) with z;'§ (%)
exists algebraically, and since the product

Sy (TLTT0) g0 T T2 12
22 < Z9 ZO ( 20 ) (9 6)

exists in the sense of absolute convergence, by (8.5) in Proposition 8.1 (since |zo| > |zo| > 0),
the product of the second term in the right-hand side of (9.124) with z;'§ <11;2x0> exists in

the sense of absolute convergence. (That is, the sum over the integral powers of 2y obtained
from extracting the coefficient of any monomial in ¢, x; and z5 is absolutely convergent.)

Thus the product of the left-hand side of (9.124) with 2,8 <’“Z;2‘”0> also exists in the sense
of absolute convergence. Again taking

we thus have

_ Ty — Zo 0 2
216 < ) (Y]J(ZO)(v,xo)uﬁ;()wg@),w(?,))(w(n R w()

)

S B B S U W ¢))
=2 (P2 g (0 @ Vo)

T — To To— T
+2; 16 ( ! ) Res,, 2y 15( 0 . 2>u(2) , (Y1(v, z2)way @ way),(9.127)
0

29 G(w(4)),w(3)

in the sense of absolute convergence. We will need a variant of this formula, with the left-
hand side replaced by ) applied to (9.122) (see (9.131) below).
From (9.114), the right-hand side of (9.127) is equal to

Tr1 — X "’
_15 ( 1 0) Zﬂ-n (2) w(3>>(w(1) ® YQ(U’ZEO)U}(Z))

neR

_ 1 — Zo — T2 ~(2
#2180 ) R () S i 0 )y 9 00)

z Z
2 0 neR
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_ T1 — o ~(2
=20 < oy ) Z Wn(uﬁ;f%),w@)(wu) ® Yo (v, 2o)w(2))
neR

_ T — 2o _ Ty — T2 ~(2)
+Res,, 25 L5 < ) 25 15( ) Z W”<”G(w24)),w(3))(yl(v7 :Eg)w(1) &® w(g)),

#2 0 neR

(9.128)

where the sums over n € R are absolutely convergent.
In the first term in the right-hand side of (9.128), the coefficient of each monomial in

and z; involves only the single infinite sum ) _p, and so we can switch z, s (%) and
> ner in this term. In the second term, both (9.126) and

~(2
> Wn(u(g()%),w(?,))(yl(v, T2)w() @ W)

neR

are formal series in x(, x; and x, each of whose coefficients is an absolutely convergent
series, and both series are truncated from below in powers of x5. Thus the double sums
obtained from the coefficients of the product of these two formal series in xq, x1 and 25 are
also absolutely convergent and in particular, we can switch (9.126) and . in the second
term. So we see, using (9.124), that the right-hand side of (9.128) is equal to

_ 1 — Zo ~(2
558 () ) ) © Vo )

Z
neR 2

_ Iy — X _ To— X ~
+22215( = O)Res@zola( ) (5, ) (Vi (0, 22)001) @ 1)

~ 2 20 ()
_ T — 2o o ~(2
= 3510 (T ) (0 0000 (g D0 0, (9.120)
neRrR

and the corresponding double sums in the two terms in the left-hand side and thus the
corresponding double sums in the right-hand side are all absolutely convergent. Hence,
using the fact that the coefficient of each monomial in the right-hand side of (9.125) is
absolutely convergent, we obtain that the right-hand side of (9.129) is equal to

—1¢ (%1 — Zo 1o ~(2)
52510 (P57 0 00 D 0

_ Ty — To o ~(2
=20 ( > D VB (0. 20) T By sy ) (00) © W0(2)

Z (
2 neR

_ -1 L1 — %o 0 ~(2)
_ 5( - )Zmy,s(%)(v,xomG(ww,w(g))(wm®w<2>>
neR

- L1 — 2o 0 ~(2
= Z 2y Ls < ) Wn(Y}/D(zO)(U? J70)M(G()w24))’w(3)>(w(1) X w(g)), (9130)

z
neR 2
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and we continue to have multiple absolute convergence. Note that on the right-hand side,
for each n € R the sum over the integral powers of xg is a finite sum, in view of our comment
after (9.122).

By the results from (9.128) to (9.130) we obtain

_ T1 — o (°) ~(2
> 216 ( - ) Tn(Yp(zg) (V) xo)u(g()%)),w(g))(w(l) ® w(z))
neR

_ 1 [T To\ (2
= 58 (220 W 0 ® Vo o))

1 T1 — Xo —1c{To— T2\ (2
+2, 6( - >Resx220 (5( = )ug(wé4))’w(3)(Yl(v,xg)w(l)®w(2))

(9.131)

(with absolute convergence). Note that in this variant of (9.127), the left-hand side is the
sum over n € R of the right-hand side of (9.122).)

We now relate the right-hand side of (9.131) to (9.123). By the definitions of “g()YL{“(v,xl)wg v
(2) )
and HGut ), s w1 (cf. (9.110); recall (2.57) and (2.73)), we have

“1e(T1— 22\ (2
*o 5< T )MG(YJO(”’II)W@))M@)(w(l)®w(2)>

1 Z9 — X1 (2)
—o 5( —Xg )MG(WE4))7Y3(%$1)U}(3) (w(l) ® w(2))

xr1 — 2
= a8 (T ) (1o (w, © 1) (wgy © wiey © i)

Z9 — X
_xalé( Q_xo 1) <w24), (II o (1W1 X 12))(11)(1) X wgy @ Yé(v, :cl)w(3))>

r1 — 2
= 255 ) Gl Yilo, ) (5 © (1w, © ) (i) @ wiy @ )

2o — T
g O ) (il (1o (L, © 1) iy © wiey © Vi, ma)uy). (9.152)

Now using the formula obtained by taking Res,, of (8.9) then replacing o by z; and x5 by
xg, we see that the right-hand side of (9.132) is equal to

1 — T
2’2_15( : 0) (Wigys (L1 0 (Iwy, ® L2))(wiay @ Ya(v, mo)w(z) ® wez)))

22
T — 2 T —x
a5 8 (2 YResa, 20 (T ) (wlays (T 0 (Lws, © 1)) (Vi (v, 22)uwiy  wis) € i)
0 1
“1s( %1 — To\ (2
~ 2 15( 29 )N(G()WZ@)»W(@ (i) @ Ya(v, 0)wz))

—1¢fT1 — 22 _1ef %1 — X2 2)

+x, 5( o )Reswz1 5( - >,uG(w£4))7w(3)(Y1(v, T2)wy @ wez)). (9.133)
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Using (8.5) and (8.4), we obtain
2516 (I1—$0>2015($0—J}2) _ l‘;lé (21+JI2> x615<Zo+I2>
) 20 1 Lo

_ 1 — T2\ _ T — 22
= 2 15( >x015< ,
21 Zo

so that the right-hand side of (9.133) is equal to

“1¢{T1 —To\ (2
%2 6( 29 )MG(“’@))»“’(:&) (w(l) ® YZ(U’ xo)w@))
e[ T1— X0 —15( %0 — L2\ (2)
+25 (5( - >Resx2z0 (5( - )MG(wE4)),w<3>(E(U>352)“’(1) ® w(2))
(9.134)
From (9.132), (9.133) and (9.134), we obtain that the right-hand side of (9.131) equals
1 T1— 22\ (2
Zg 5( 7 )MG(Yio(v,x1)wE4))7w<3) (U)(l) ® U)(Z))
—1e(”2 —T1\ (2
—To 6( —Z0 )MG(ME4)),Y3(U,.Z‘1)1U(3)<w(1) ® w(2))’
so that by (9.131),
_ X1 — Zo ° ~(2
Z %10 ( > ) Wn(ng(zo)(Ua J/‘o)ﬂg;()w@)),w@))(wu) ® w(z))
neR 2
_ o1 T T 22 (2
=z 5( 7 )MG(Yio(v,xl)w@)),w(g) (w(l) 0%y w(2))
_1e(”2 —T1\ (2
—x, (5( — )MG(wE4)),Y3(v,x1)w(3) (w(l) ® w(g)) (9.135)
for all wey € Wy and wee) € Wa. The right-hand side of (9.135) is equal to
(T — 2 o
o 15( 1% 2) D AP (v, 21wy, wes)) (i) © w)
neR
1 [Z2—x
g 15(2_—%1) 3D (wly, Ya(v, 21 )wi) (wiy @ wiz) (9.136)
neR

(recall (9.114)). Since the only infinite sums in (9.136) are those over n € R, we can move
> ner to the left to obtain from (9.135)

_ T1 — Zo 0 ~(2
> %' < ) T (Yp(z0) (v, xo)ﬂ(c:gw;4>),w(3))(W<1> ® wz)

z
neR 2

- Ty — 22
= Z T 15<T0> AD(vie(v, T1) Wiy, W) (W) @ W)

neR
_ Z9 — X
— Z Zg 1(5( Q_xo 1 ) )\%2) (w24), }/3(1), xl)w(g))(w(l) & w(Q)) (9137)
neR
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for w1y € Wy and w(y) € Wy. That is, the sums over n € R of (9.122) and (9.123) are equal.

We now set up an application of Proposition 7.8, by first establishing from (9.137) an
equality of formal power series in y (see (9.143) below) and then specializing y to 2z’ and
proving and using certain convergence assertions. For k € N,

236015(:01;)22)-

neR

-
VR
™

i)wnmﬁzzo)(v, TO i gy (A0) F 20L(=1)* )  L(0) i),

that is (by (5.110)),

X — 2 .
2%15( : 2>L}>(z0)(0)'“(>\53)(yi (v 21wy, wez))) (W) @ wz))

Lo
neR
- z2 — X1
=D 5 (P ) Ll (0 AR (wfay, Yalw, 2w iy © i)
neR
= 3050 () Ly 0 Yy (0 200 ) (@0) © 12
= 2 Py P(z0) n\L P(z)\Vs L0 Mg(%)),w@ (1) )
neR

which gives

xr1 — & !
Zxal5( lx Z)GyLP<ZO)(O)()\£L2)<YZO(U, Il)w@l), w(g)))((w(l) ® w(Q))
0
neR

- 2 — L1\ yL 0
=D (P ) e OO (i, Voo, i) (e © )

neR
— Tr1 — o L 0 0 ~(2
_ Z 516 (2—2) VP )(Wn(Y]’D(ZO)(U,xo)ué()w@)’w(?))))(w(l) ® w(a))-
neR
(9.138)

Now both sides of (9.138) are formal Laurent series in xy and z; with coefficients in C[[y]],
and on the left-hand side, the coefficient of each monomial in xg and x; involves only finitely
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many pairs of vectors in Wy and Ws. Also, since Witip(.,)Ws is an object of C, by (9.112)
and Assumption 7.11 there exists K € N such that

0 ~(2
( ,P(zo)(O) - n)K+1 (ﬂ-n(YIID(zO)(U7 $0)M(C¥2w24)),w(3))) =0 (9139)
for n € R. Thus by Remark 9.7 and (9.139), for each pair p, ¢ € Z there exists N, , € N with
Npg > K (9.140)

such that

Res,Res,, oot 3 a0 (F——2 ) e oo @ D (1 (0, an )y, wia)) ((wn) @ wie)
0

neR
20— X /
~Rese Ress, ohe] D g '8 ) o DO (whyy, Vi, za)u) (i @ wi)
neR
= Res,,Res,, xhx] Z x516<x1 — Zz)g"y :
neR Lo
Npq 4
y_ / 0) — i )\(2) Y/o /
12 (e (0) = ) (A7 (Y (v, 21wy, i) (wa) @ wez))
i=0
—Res,,Res,, vhxd Z x516<22 — xl)g”y :
neR —to
Np,q yl 4
7 (Loa) (0) = ) (A2 (wly, Ya (v, 20)wis))) (w) @ weey) (9.141)
i=0

and

_ 1 — Zo L 0 o ~(2
Res. R 3 2570 (2220 ) o0 (Y (0 00,y D00 00)

neR
_ 1 — X
= Res,,Res,, 7] '6 "
esz,Res lxoxlne%zg ( . ) e
il yi i 2)
(L) (0) = 1) (0 (VE) (0,20 )0 @ wiy)- (9.142)
i=0

In particular, we obtain from (9.138), (9.141) and (9.142)

—15(T1— %2
Res,,Res,, x4z E ) (—) eV

Xz
neR 0

=

)

<

(L) (0) = n) (AP (Vi (v, 21)w]yy, wis)) (wy @ wiz)

ol

I
o
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1R — 21
—Res,,Res,, zhxd g z, 15( )e”y :

neR —%o
Npq 4
Yy i
D 57 (Lo (0) = ) (N2 (wly, Ya (v, 20)wis)) (wiy @ weey)
i=0

_ T — Zo
= Res, Res,, zhz? 210 e .
0 1T Tq 2

neR 22
Np,q ‘
Yy i o ~(2
D (L) (0) = ) (Y (0, 20) ugg%),%)))(w@) ® w(y). (9.143)
i=0

We shall substitute 2’ for y in the two sides of (9.143), thus obtaining a common power
series in 2’, and we shall show that this common power series is the power series expansion
of two analytic functions, which must then be equal. We start with the left-hand side.

Using the part of the proof of Theorem 9.17 from (9.46) to (9.51) with —I°(z) replaced
by 2’ (as we did earlier in Remark 9.19), we see using Proposition 7.9 that for each i =
0,...,N,gq, the series

— xl - 22 /
Res,, Res,, abrizto( ——2 ).
0 10170

neR Lo
(Llp(ag) (0) = n) (AP (Y (v, 21)way, wiz)))) (win) @ wiz))

_ 22 - Qj]_ /
— E ResxOResmlxgx‘fx()lé(—)e”Z :

neR
((Lp(ag) (0) = n) (AP (W], Ya(v, 21)wiz)))) (wiay © wia)) (9.144)

is absolutely convergent in an open neighborhood of 2’ = 0, and that by Lemma 7.7, (9.144)
is in fact absolutely convergent to an analytic function of 2’ in this neighborhood.

The sum of (9.144) as an analytic function of 2z’ has an expansion as a power series in 2’
in a small disk centered at z’ = 0 and the coefficients of the expansion are determined by its
derivatives at 2/ = 0. By Lemma 7.7, for each k € N the k-th derivative at 2’ = 0 of the sum
of (9.144) is the sum of the absolutely convergent series

_ Ty — 22
Res, Res, xPziz o —== ) nt.
0 170170 T
0

neR
(Llp(ag) (0) = n) (AP (Y (v, 21wy, wis)))) (wia) @ wiz))
— Z Res,, Res,, thaixy'o (M>nk :
neR —To
(Llp(ay)(0) = n) (A2 (wy), Y3(v, 21)ws))) () @ wez)
for each i = 0,..., N, ,. Thus we see that the expansion of the sum of (9.144) as a power
series in 2’ is
_ k
Z Z ResxOResxlxgx(fxalé(xl ZQ) .
i k!
keN “neR
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((Lp(ag) (0) = ) (AP (Y (v, 1)y, wiz))) (wiy @ w(2))> ()"

k

_ Z9 — L1\ M
— Z <Z Res,,Res,, xhzix, 15( - > T

keN “neR

((Lp(ag) (0) = ) (AP (w]ay, Ya(v, 21)w(z)))) (wiay @ w<2>)> ()" (9.145)

for each i = 0,...,N,,. In particular, the power series obtained by substituting 2’ for y in
the left-hand side of (9.143) is absolutely convergent to the sum of the doubly absolutely
convergent series

_ xl - 22 /
Res,, Res, 2Pzlz- o e
0 10170

X
neR 0

Z

< () i 10 /
il ((LP(ZO)(O) - TZ) (/\n2) (Yzl ('U, xl)w(4)7 U)(3))))(w(1) & w(2))

=1

_ Z9 — X1 /
- g Res,Res,, xgr{z, 15( )e”z :

neR —to
S A
Z ] (Lp(2)(0) = ) (A7 (wiyy, Ya(v, 21)w) ) (way @ wy)  (9.146)
i=1

for 2/ in the small disk above.
We now consider the right-hand side of (9.143) analogously. Since G(wy,) satisfies the

P®(z)-local grading restriction condition, for 2’ in a neighborhood of 2’ = 0, the series
2L 0 ~(2 Z/L/ 0
> (DO m (i D (w0 ®wi) = Y (€ PPN (wly), wie) (w) @ wiz)

/
(4)
neR neR

(recall (9.113) and (9.114)) is absolutely convergent for wgy € Wi and w) € Ws, and for 2’
in this neighborhood, the sums of these series for w(;) € W, and w) € W5 give an element

2 . .
“E;()w@)),w@)('z/) of (W, @ Wy)*. Taking

- ,® /
= 16y, )y (7)
in (9.124), we obtain

0 2)
(YJID(ZO) (v, $0)MG(wE4)),w<3) () (wa) ® wez)

2
= (/”L(G()WEM“@ () (wa) © Ya(v, 7o) w(z))

_ Ty — T2 (2)
+ReSx220 1(5< o ) (MG(w24)),w(3> (Z/))O/I (U, x2)w(1) ® w(2))
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= (e PAD (wiy) we)) (wa) @ Ya(v, z0)we)

neR

_ xron — T S
—I—Resx2201(5< 0 2)Z(e FrenON® (wiy), wee)) (Yi (0, 22)w) ® wee)

Z|
0 neR

= Y (e OAD (wiy, wis) (wa) @ Ya(v, zo)we)

neR

1 (To—T L
—|—R68x2 Z 2 15< 0 2> (6 LP(zO)(O))\g) (w24)7 w(3)))(Y1 (U, l‘Q)UJ(l) & UJ(Q)),

Z|
neR 0

(9.147)

where in the second term, the coefficient of each monomial in xy involves only the single
infinite sum ) _p, so that ) . can be switched with 2516(“302;09”2). Thus we obtain

0 2L’ 0
( I/D(ZO)(%:UO) Z(e Plag)( ))\7(12) (w24),w(3)))> (way ® weay)

neR

Z Plx0) (v, 0)e LP(ZO)(O)Ag)(w@)aw(3)))(w(1) ® w(a)), (9.148)

neR

with absolute convergence for the coefficient of each monomial in x.
Let

~(2) W .
MG(w24))»w<3)(Z/) € Wil s

be the element whose homogeneous components of generalized weight n € R are
¢? Vrig)©) /\7(12) (w24), w(z)).

In particular, we have

~(2) N — #Lp)(0)~(2)
/LG(w@),w(?’)(z)—e PO Ty ) (9.149)

Since |za| > |20| > 0, |7 22| > |20| > 0 for |#| sufficiently small. Then the exact same

arguments from (9.126) to (9.130) with z; replaced by e % 2z, v by e #0O)

by

(2)
v and Hé () os)

@)
1= B )(3)(2’)

show that the coefficient of each monomial in ¢ and x; in

(4)

— _ Ty — ) —z
Z(e z9) 716 (—2) (Vi) (e 1Oy 950)7Tn(ﬂ(c()w )w(g)('zl)))(w(l) ® w))

— _ T — _ L
= (e7z) 15( = 2 ) (Vi (MO0, )™ 0 OND (wly), wi))(wp) © wiz)
(9.150)
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is doubly absolutely convergent for 2’ in a neighborhood of ' = 0 independent of w(;) and
w(z) and that

s _ 1 — X o ! ~(2
Z(e 2) 716 (—2> Tn(Yp(x) (€ L(O)U,xo)ﬂ(c;()wz4>),w(3>(Z/))(w(l) ® w(z)

o _ 1 — X o o ~(2
=2 () ( 'z ) (Y];(ZO)(Q ’ L(O)U’xo)ﬂ”<u(6‘()wé4))7w(3)(2,)))(w(1) ® W)
(9.151)
for 2’ in this same neighborhood, again with double absolute convergence. Replacing x; and

7o in (9.150) and (9.151) by e *'x; and e~* z, respectively, and dividing both sides by e,
we see that the coefficient of each monomial in zy and z; in

o xr1 — T o s ! P
22215( 1 O)( ooy (€7 MO0, e g )e™ e OAD (i), wis)) (wa) @ we) (9.152)

z
neR 2

is doubly absolutely convergent in the same neighborhood of 2z’ = 0 and that

_ Ty — Zo 0 — —2  \~(2
> ( )wnms(zo)(e 00, 6™ 20) iy () (W01) © i)

z
neR 2

2222_15 (£U1Z

neR 2

o o _ ! ~(2
) (Y ay (€00, 07 20) 0 (B 0 () (w001) @ wi2)
(9.153)

for 2z’ in this same neighborhood, with double absolute convergence.
Using (9.120), (2.62) and (2.65), we have, as in (3.86) but for Y° (or by invoking (3.86),
(2.73) and (2.75))
€ZILIP(ZO)(O)Y1,DO(ZO) (v, xo))\(2) (w24), w(s))

n

= Yi0) (e #LOy, e’zlxo)eZ/LlP@o)(O))\(Q) (Wiay, w3)) (9.154)

n
for each n € R, and so

'L > (ORV ms
e” “P(z) YP(ZO)<U>$0)“G(w24))7w(3)

Z'L 0)~(2
ro)e e Op (9.155)

__vlo —2'L(0) -z
= P(ZO)(e v, e

Also, by definition, P commutes with m, for n € R. From these formulas, we obtain

_ ry — 2'L 0 ~
Z P ( 1 0) (e LP(ZO)(O)Wn(YJID(ZO)(Ua xO):u(G2()wE4)),w(3)))(w(1) ® w(a))

z
neR 2
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_ Iy — Zo 2L 0)x /0 ~(2
= Z Zq 1(5 ( ) 77”(6 P(zo)( ) ]ID(ZO)O}’ x(])/L(G()w&)),w(S))(w(l) & w(g))

_ T1 — Xo ! — 'L, 0)~(2
- E o ( ) Wn( }/)O(ZO)(Q ’ L(O)U7 € m)e P(Z())( )M(G()w@))vw(s))(w(l) ® w@))
neR

_ Iy — Zo 0 — —2  \~(2
=Y %' ( - ) (Vi) (700, xO)H(G()wE4)),w(3)(Z/))(w(l) ®w(), (9.156)

with double absolute convergence in the same neighborhood of 2z’ = 0 for each coefficient
in g and x; for each sum, since we know that the right-hand side has double absolute
convergence. (We recall that the double sums are over n € R and over the integral powers
of xg. The operator “ Lren©® g applied to the indicated vectors, and in each case, it
acts as a convergent sum of operators on a suitable finite-dimensional vector space because
Witlp(.0)Ws is a generalized module.)

From (9.139), (9.140) and (9.142) and this double absolute convergence for the left-hand
side of (9.156), we have, for each pair p,q € Z,

1 T1 — Xg 2'L .y(0) 0 ~(2)
RGSIORGSMISZ‘({ E < Z9 5( 29 )(6 P(z0) W”(YI/D(ZO)(U7 xO)MG(wE4))7w<3)))(w(1) ® w(z))
ne
— T — :U() /
= Resg,Resy, 2fz{ Y 2,10 e
€S0 NESy, Ty Z9 ( Py ) (&

neR

| (Z (i (0) = ) 0 VB 00 D 00 “’(2”) ;

— 7! (
(9.157)

on the right-hand side, each summand of the doubly absolutely convergent sum (in the
neighborhood of 2’ = 0 above) has been replaced by a finite sum over i.

Since both sides of (9.157) are doubly absolutely convergent, we can write (9.157) with
the sums over n € R on the outside and the sums over the integral powers of xy on the
inside:

_ T1 — Zo
Res, Res, zPxiz;16 .
o x1v0 172 P
2

neR

2L, 0 ~(2
'(6 Peo) )Wn(ylgo(zo)(v? "EO)M(G()w'@)vw(:s)))(w(l) ® W(Q)))

(
—_ 1 — o !
= Res,, Res, xPziz 16 ——=)e* .
0 170172

neR “2
Npq )
- (Z,)Z / i ) ~(2)
(D B (L (0) = 1) (M (VB (0, 20)ii ) 010) © 0)
i=0 ’
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Np,q

= e (B (g ) -

1=0

_ 1 — Xo 0 ~(2
.(ResxoResmxgx?zg ) ( ) T (Y (o) (V5 xo)ﬂg;()%))@(g)))) (way ® w(g))>,

)
(9.158)

where the last equality follows from the finiteness of the sum over integral powers of zy on
the right-hand side of (9.130) for each n € R; in particular, on the right-hand side of (9.158),
for each n € R the sum is finite, and thus the same is true of the left-hand side of (9.158),
the powers of xg entering into the inner sum being the same on the two sides. The outer
sums (over n € R) are of course absolutely convergent in our neighborhood of 2’ = 0, which,
we recall, is independent of w(;) € W) and wy) € Ws.

We again use the part of the proof of Theorem 9.17 from (9.46) to (9.51) with —°(z)
replaced by z’ (as in Remark 9.19 and (9.144); what follows is a variant of the argument
in (9.144)—(9.146)): Since the left-hand side of (9.158) is absolutely convergent in a neigh-
borhood of 2z’ = 0 independent of wgy € Wy and w) € Wa, from (5.110), for £ € N the
series

— T — Zo 2L 0
§:<R%WR%md@%2w( )((%mﬂmﬁe re©).

Z
neR 2

o ~(2
.7Tn<Y1/3(z0)(U; xo)/i(c()w@),ww))) (w(1) & w(z)))

o 1 T1 — Xo 2'L,, 1(0) 0 ~(2)
= Z (ResxOResmxgx'fzg (5(—) (e P(z0) Wn(YJIJ(ZO)(U, xo)ug(wz4))7w<3))> .

z
neR 2

' (Zk: <k) (L(0) + z0L(=1))"wq) ® (L(O))k_iw@))) (9.159)

im0 \'
obtained by summing the term-by-term k-th derivatives with respect to 2z’ on the left-hand
side of (9.158) is absolutely convergent in the same neighborhood. By (9.158), equivalently,
the series of term-by-term k-th derivatives with respect to 2’ for the right-hand side of (9.158)
is absolutely convergent (as an iterated series) in the same neighborhood, for £ € N. Thus
by Proposition 7.9, for each i = 0,..., N,

y 4Vp.qs
ij’QLam«»—nﬂ

neR

_ T1 — Zo o ~(2
(R stz s (220 ) (0 (0 0 ) ) ) 00 9 00)
(9.160)

is absolutely convergent in the same neighborhood. From Lemma 7.7, (9.160) is an analytic
function in this neighborhood, and thus so is the right-hand side of (9.158), which equals
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the sum of the absolutely convergent double series

i

5% e EE (e -

neR =0
1 — 2o

_ 0 ~(2
(R sy it s (2220 ) 0 (0 0 ) ) ) 00 9 0

(9.161)

22

Moreover, the k-th derivative of (9.161) with respect to with respect to 2’ at z/ = 0 is the
sum of the absolutely convergent series obtained by setting z’ = 0 in the left-hand side of
(9.159), namely,

1 — Zo

Res, Res,, 2Pzl
0 10172

neR

) (e O (V) (05 20) Ty ) 00 © ).

(9.162)

This information determines a power series expansion of the analytic function (9.161) in
a small disk centered at 2z’ = 0, and in fact we know that it is obtained as follows: The right-
hand side of (9.143), which is a formal power series in y whose coefficients are absolutely
convergent sums over n € R, is obtained by applying Res,,Res,, zhx{ to the right-hand side
of (9.138), and the coefficient of */k! in this formal power series is exactly (9.162). Hence in
a small disk centered at 2’ = 0, the substitution of 2’ for y in the right-hand side of (9.143)
gives a convergent power series expansion of the analytic function (9.161), or equivalently,
(9.158).

We have shown that the left- and right-hand sides of (9.143) with y replaced by 2z’ are
absolutely convergent to the sums of (9.146) and of (9.161), respectively, for 2’ in small disks
centered at 2z’ = 0. Thus the analytic functions (9.146) and (9.161) must be equal in the
intersection of these disks. That is, for p,q € Z,

)

NP»‘Z 3
nz' (ZI)Z p.a, . —1s( %17 22
E E " —=Resy, Resy, 1yz125 0 :
2!

neR i=0 Lo
(Llp(ag)(0) = n) (AP (Y (v, 21wy, wis)))) (wia) @ wiz))

a i
(2 (P2 T
- E g e'? #ResxoResxlxgm({xo 16( ) :
; i

((Lp(z) (0) = n) (AP (W, Ya(v, 21)w(z))) (wiry @ wiz)

=y e <o ((L’P(ZO)(O) )i

1 — 2o

/N

_ o ~(2
Res, Rtz (20 ) Vg 020 ) ) ) 00 8 0,

(9.163)

22
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with double absolute convergence for 2z’ in a small disk centered at 2z’ = 0.
We can now apply Proposition 7.8. Since R x {0,..., N, ,} is a unique expansion set for
any p,q € Z, we obtain from (9.163), taking i = 0, that

1ofT1—Z o
Resy, Res, ohefag '3 (2 ) O (V1 (0, 0wl wi)) iy © i)

_ 29 — X
—Res,,Res,, whriag ' < 2_% : ) (NP (way, Ya(v, 1)) (wiy @ wz)

_ T1 — Zo 0 ~(2
= Resy,Res, ayrz; 0 ( > ) T (Y(z) (¥, xO)H(C?()wE4>),w(3))(w(1) ® w(z)

for n € R and p,q € Z, or equivalently, that

_ T — 22 o
;5 15(1:—0) (AP (Y} (0, 21 )wiyy, wis))) (wi) @ wi))

-~ 29— X
—ZL’O 15<2——3§'01> ()\;2) (w24)7 YE’)(Ua ZEl)W(g)))(w(l) ® w(2))

T —x
=2z,'0 ( 1 - 0) ﬂ'n(YF,)O(ZO)<U,xo)ﬁg()wz4))7w<3))(w(1) ® w(a))
for n € R.

We have thus proved the equality of (9.122) and (9.123), and this proves (9.117) and
hence (9.116).

Similarly, one can prove that G intertwines the corresponding sl(2) actions; in fact,
the appropriate argument arises from setting v = w above, and taking the relevant three
components at each step. [

Recalling the assumptions given before Lemma 9.22, we see that the map G is A-
compatible (recall Definition 5.16 and (5.88)), from the definitions, Remark 9.11 and Propo-
sition 9.12. Thus by Lemma 9.22 and Proposition 5.60 there is a unique @)(z2)-intertwining

map I of type (WEV’T(;([J/QWQ) such that
4
G(w)(wigy ® ws) = (W, I(wiy) @ w)))
for w € Wi Kp(.) Wa, w24) € Wj and wez) € W3. By Corollary 4.42, there exists a unique

P(zo)-intertwining map I of type (WI&P(W?W2 W3) such that
20

(w, I(w(yy ® we))) = (Wiyy, [(w @ we)),

or equivalently,

G(w)(w@) ® wy) = <w24), I(w @ w))),
or equivalently (by (9.115)),

~(2
<wa M(CJ()wE4)),w(3)>W1NP(ZO>W2 = <wE4), ](w ® U)(g))>
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for w € Wi Rp(.,) Wa, wE4) € Wy and wg) € Ws. Taking

w = 1, (W) Wp(zg) W(2))

for w() € Wi, wiz) € Wy and n € R and invoking Proposition 4.23, we see that [ is unique
such that

~(2)

(mn (W01) Bp(ao) W) g, ) oy WiTp g We = (Wiays L (T (W) Bpo) wie) @ we)),

or equivalently (by (9.118)),

(A2 (W), W) (W @ wezy) = (wigy, L(ma(wi) Bpg) wee) © we)) (9.164)

for all w(;) € W; and wi,, € Wj.
Now we sum (9.164) over n € R to obtain the equality

~(2)

G(w€4)),w(3)<w(1) R w) = <w24)’ I{(we) Bpe) W) @ w))

of absolutely convergent sums; for the left-hand side we recall (9.109) and (9.110) and for
the right-hand side we invoke the convergence condition for intertwining maps in C for the
P(zy)-intertwining map Xp.,). That is, from Definition 7.1, Remarks 8.12 and 9.11 and
Definition 9.1,

(wiay, [ (wiy ® L(wez) ® w))))
= (Wiy), (110 (Iw, ® I2)) () ® wez) ® w)))
= (G(wig))(wa) @ we) ® w)
= (wigy, I((w) Mpzg) wi2)) @ wiz)))-

Moreover, by Proposition 8.19, this equality,
(Wiays T (wiy @ Ia(wiz) @ we)))) = (Wi, [((wa) Bpey) we) @ w))) (9.165)

for all wi;) € W; and wy,y € Wy determines the P(z)-intertwining map I uniquely.

We have now proved Part 1 of the theorem below, which states in particular that under the
assumptions above, this product of intertwining maps can be written as an iterate of certain
intertwining maps. Moreover, as is guaranteed by Proposition 8.19 and proved directly
above, the intermediate module can always be taken as Wi Xp(.) Ws. Part 2 of this theorem
is proved analogously.

Theorem 9.23 Assume that C is closed under images, that the convergence condition for
intertwining maps in C holds and that

|21] > |z2] > |20] > 0.

Let Wy, Wa, W3, Wy, My and M, be objects of C. Assume also that Wi Wp(.,y Wa and
Wy Mp(.y) W3 exist in C.
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1. Let Iy and Iy be P(z)- and P(z)-intertwining maps of types (WKV&I) and ( ];41 ),
respectively. Suppose that for each w24) e Wy,

A= (Lo (lw, ® 1)) (wiy) € (W1 @ Wa @ Ws)*

satisfies the P®(z)-local grading restriction condition (or the L(0)-semisimple P (z)-
local grading restriction condition when C is in Ms,). For wE4) € Wy and we) € Ws,
(2)

Mgy 45 indicated

let >, cr 2D be the (unique) series weakly absolutely convergent to
in the P?(zy)-grading condition (or the L(0)-semisimple P®(zy)-grading condition).
Suppose also that for each n € R, w24) € Wy and wg € Ws, the generalized V-

submodule of the generalized V -module ng)@ (given by Theorem 9.17) generated by

A s a generalized V -submodule of some object of C included in (W7 @ Wy)*. Then
the product

]1 (] (]-W1 ® ]2)

can be expressed as an iterate, and in fact, there ezists a unique P(zq)-intertwining

map I' of type (me(?:?wz W3) such that

(wlay, I () ® L(wie) @ w)))) = (Wigy, I' (W) Bpeg) we) @ ws))

for all wyy € Wy, wey € W, wig) € Wi and wE4) e wj.
. Analogously, let I* and I? be P(z)- and P(zq)-intertwining maps of types (MI;V;‘VS) and
(i

W1W2)7 respectively. Suppose that for each wE4) e Wy,

A= (10 (12 © L)) (wfy) € (Wr & Wy @ Wy)"

satisfies the PY)(zy)-local grading restriction condition (or the L(0)-semisimple P™M (z,)-
local grading restriction condition when C is in Ms,). For wE4) c Wy and wy € Wi,

(1)

g, 08 indicated

let Y, cr AD be the (unique) series weakly absolutely convergent to u

in the P (zy)-grading condition (or the L(0)-semisimple P (z)-grading condition).
Suppose also that for each n € R, w24) € Wy and way € Wi, the generalized V-

submodule of the generalized V -module WA(BJ(U (given by Theorem 9.17) generated by

AY s a generalized V -submodule of some object of C included in (Wy @ W3)*. Then
the iterate
[1 (] ([2 ® 1W3)

can be expressed as a product, and in fact, there exists a unique P(z)-intertwining

W.
map I, of type (W1 WM;(Q)WP,) such that

(wiay, T (W) @ wz)) @ ws))) = (Wigy, [i(way © (W) Bpey) w))))

for all way € Wi, wey € Wa, wsy € Wi and wE4) e Wj. O
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We know from Section 4, in particular, Proposition 4.8, in which we shall take p = 0, that
P(z)-intertwining maps are equivalent to suitable evaluations of logarithmic intertwining
operators or ordinary intertwining operators at z. Thus Theorem 9.23 in fact says that
under all of the assumptions in the theorem, the following associativity of logarithmic and
of ordinary intertwining operators holds:

Corollary 9.24 Assume that C is closed under images, that the convergence condition for
intertwining maps in C holds and that

|21| > |2’2| > |Zo| > 0.

Let Wy, Wy, W5, Wy, My and My be objects of C. Assume also that Wy Rp(..y Wa and
Wy Mp(y) Wa exist in C.

1. Let Yy and Y, be logarithmic intertwining operators (ordinary intertwining operators

in the case that C is in M,,) of types (WZVJTJl) and (W]ﬁ}%), respectively. Suppose that

for each wi, € Wy, the element A € (W1 @ Wy ® W3)* given by

Mw(y ® we) @ w)) = (Wiay, Vi wy, 1) Va(wiz), v2)w)) I
(recalling (7.14)) for way € Wi, wy € Wa and w) € Wi satisfies the P®(z)-local
grading restriction condition (or the L(0)-semisimple P (zy)-local grading restriction
condition when C is in Myg). For wi,y € Wy and w) € Ws, let 35, A2 be the

(unique) series weakly absolutely convergent to ,LLE\%BU(B) as indicated in the P®(z)-

grading condition (or the L(0)-semisimple P®(zy)-grading condition). Suppose also
that for each n € R, w24) € W, and we) € Ws, the generalized V-submodule of the

generalized V -module W)Eil(g) (given by Theorem 9.17) generated by A2 s g generalized

V-submodule of some object of C included in (W1 @ Wy)*. Then there exists a unique
logarithmic intertwining operator (a unique ordinary intertwining operator in the case

that C is in My,) V' of type (WI&P(Z;‘% Wg) such that

<w24)7 yl (w(l)a xl)yQ (w(2)7 $2)w(3)>

T1=21, T2=22

/

= (wy), V! (Vip.y)0(Waa); To)wz), T2)w(s))) (9.166)

TO=%20, L2=22

(recalling (4.18) and (7.13)) for allway € Wi, wi) € Wa, w) € Wi and wy,) € Wi In
particular, the product of the logarithmic intertwining operators (ordinary intertwining
operators in the case that C is in Myy) Y1 and Vs evaluated at z; and z,, respectively,
can be expressed as an iterate (with the intermediate generalized V-module W1 M p(.)

Wy ) of logarithmic intertwining operators (ordinary intertwining operators in the case
that C is in Myy) evaluated at zo and z.
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2. Analogously, let Y' and Y? be logarithmic intertwining operators (ordinary intertwin-
ing operators in the case that C is in My,) of types ( MVZV{,*V3) and (W%VQ), respectively.
Suppose that for each wi, € Wy, the element A € (W1 @ Wo ® W3)* given by

AMw(y ®@ wiz) @ w)) = (wiyy, V' (V*(wqy, zo)w), 22)w(s))

To=20, T2=22

(recalling (7.13)) satisfies the PY(zy)-local grading restriction condition (or the L(0)-
semisimple P (zy)-local grading restriction condition when C is in M, ). For Wiy €

Wi and way € Wy, let - g A be the (unique) series weakly absolutely convergent to
Mg\l,zﬂ(l) as indicated in the P (2y)-grading condition (or the L(0)-semisimple P (zy)-
grading condition). Suppose also that for each n € R, wz4) € Wy and wqy € Wi,

1)

W(1)

the generalized V -submodule of the generalized V -module Wi (given by Theorem

9.17) generated by )\%1) s a generalized V -submodule of some object of C included in
(Wy @ W3)*. Then there ezists a unique logarithmic intertwining operator (a unique

ordinary intertwining operator in the case that C is in Myy) Y1 of type (W1 Wzg; )W?))
22
such that

(wiay, V' (P (war)s 2o)wizy, w2)wi))

TO=Z20, T2=22

= <w24)> Wi (w(l)a ml)ygp(z@@(w(?)’ xQ)w(3)> (9.167)

T1=21, T2=22

(again recalling (4.18) and (7.14)) for all wqay € Wi, wey € W, we € Wi and
wz y € W. In particular, the iterate of the logarithmic intertwining operators (ordinary

intertwining operators in the case that C is in ./\/lsg) V' and Y? evaluated at z5 and z,
respectively, can be expressed as a product (with the intermediate generalized V -module
Wo Mp(.,) W3) of logarithmic intertwining operators (ordinary intertwining operators
in the case that C is in Myy) evaluated at z; and zs.

Proof We prove only Part 1, the proof of Part 2 being analogous.
By (4.15), we have

(Wiay Vi (wy, £1) Yo (wiz), T2)w z)) = (Wiay» Iy o(w) ® Iy, p(wie) @ wz))))

T1=21, T2=22

for way € Wi, wey € Wy, wi) € Wi and w24) € Wj;. By Part 1 of Theorem 9.23, There

exists a unique P(z;)-intertwining map I' of type (Wl&p(W?WQ Ws) such that
20

(wiay, Iy 0(winy @ Iy, 0(we) @ ws))) = (Wigy, I'((wa) Bpezg) W) @ w)).

By Proposition 4.8, we have

(wiay, T ((w1) Mp(z) w2)) @ w())) = (Wiay, Vi1 0(Vip.y) 0(W(1)s To)wiay, 2)w(s)))

TO=%20, L2=%2
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Taking Y' = Y, we obtain (9.166). Since I' is unique, Y' = Y, is also unique, by
Proposition 4.8 (as in Corollary 8.20). In the case that C is in M,,, Y' is an ordinary
intertwining operator, by Remark 3.23. [

Theorem 9.23 and Corollary 9.24 both have two parts, each with a major assumption, in-
volving the P®)(zy)-local grading restriction condition (or the L(0)-semisimple P®)(z)-local
grading restriction condition) in Part 1 and the P™)(z;)-local grading restriction condition
(or the L(0)-semisimple P (z;)-local grading restriction condition) in Part 2, and the result-
ing pair of assumptions essentially form most of what we will call the “expansion condition”
(see Definition 9.28 below). We would now like to show that these two major assumptions are
actually equivalent to each other. For this, we need the equivalence (Theorem 9.26 below) of
two versions of the associativity of logarithmic or ordinary intertwining operators, namely,
that every product can be expressed as an iterate, and on the other hand, that every iterate
can be expressed as a product (recall the conclusions of Part 1 and Part 2 of Corollary 9.24).
Theorem 9.26 and the lemma below used in its proof do not use any results in Section 8 or
any of the results in the present section that we have obtained so far.

Recall that in Section 7 we proved two formulas, (7.6) and (7.9), using the maps €2, (recall
(3.77)), on writing products of intertwining operators satisfying certain conditions in terms
of iterates, and vice versa. In the next lemma, we shall use (7.6) and (7.9) to prove analogues
of these two formulas. In the statement and proof of this lemma, we shall use the analyticity,
Proposition 7.14, and Proposition 7.20 and Remark 7.21 to rewrite the consequences (7.7)
and (7.10) of (7.6) and (7.9), respectively, and to write analogous expressions.

Lemma 9.25 Assume that the convergence condition for intertwining maps in C holds. Let

Wy, Wy, W3, Wy, My and My be objects of C. Then:
1. For any nonzero complex numbers zy, zo such that
21| > |20 > 0, [22] > [20| >0

(with zo = z — 23 as usual), there exist p,q € Z such that for any logarithmic (in
particu?ar, ordinary) intertwining operators Y' and Y? of types (M‘;V;VS) and (W]Kf%),
respectively, we have

/

(w(gy, V' (Y (w(y, o) wia), T2)w(s))w,

TO=Z0, T2=22

= <€Z1L,(1)w24), Qfl(yl)(w(s), Y1)y (yZ) (w(z), Y2) -

W1y )W,y

yp=emp(=21) logyi=lp(—21), yi=e"a(=%0)  log ya=l¢(—20)

(9.168)
for all way € Wi, wey € Wa, wey € Wi and wE4) e Wj.
2. For any nonzero complex numbers zy, zo such that

|z1] > |2z2| >0, |z0] > |22] >0,
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there exist p,§ € Z such that for any logarithmic (in particular, ordinary) intertwining

operators Y1 and Y of types (Wvlv&l) and (Wg}%), respectively, we have

(way, Vi(way, 1) Vo (W), T2)wes))wy

T1=21, T2=22

= <€Z1L,(1)UJE4), Q—1(3’1)(9—1 (yQ) (w(3), yo)w(Q), ?/2) :

Wi >W
( ) 4 ygzenlﬁ(_22)7 10gy0=lﬁ(722), ygzenlq(—zo)y logy2=lq(fzo)

(9.169)
fO’I" all w(l) S Wl, w(g) S WQ, U}(g) c W3 and U)E4) € Wi

Proof We prove only (9.168); (9.169) is proved similarly, and at the end of the proof we
discuss it briefly. In the first part of our proof, we shall interpret substitution notation
such as “re = 72" the same way we did in the proof of Proposition 7.3, namely (in this

instance), as the substitution of
6log 290—T1

for o (rather than as in (7.13) and (7.14), where p = 0); more precisely, for convenience we
shall reverse the occurrences of €y and €2_; in (7.6)—(7.7), and correspondingly, we shall use
Ty = ez, which serves to replace xy by e'°&22+7,

Using the formulas (7.6)—(7.7) (or more precisely, the indicated variant of (7.7)), along
with Proposition 3.44 and (3.60), we have

(way, Y'YV (wiry, mo)wiz), T2)w(s))w,

TO=Z0, L2=22

= (=" Wwly, Q1 (V") (i), 22)Q(Q-1 (V) (way, 2o)wey)w,

To=20, T2=€Tizo

= (2" Wy, Q1 (V") (ws), 22)e™ VAL (V?) (wey, €™ ao)way)w,

T0=20, To=€"iz9

= <€z2L/(1)w24), exOL(_l)Qfl(yl)(w(?)), Ty — xo)Qfl(yQ)(w@), €m330)w(1)>w4

T0=20, Ta=€Ti29
— <6IOL/(1)622LI(1)IUE4), Q_l(yl)(w(g),xg _ $O)Q—1(y2)(w(2), emxo)w(l)>W4

— <€ZOL/(1)622L/(1)ME4); Q_l(yl)(w(g), Ty + LUo)Q_l(y2>(w(2),$0) .

To=20, T2=€""22

)

“W(1))w.
(1)/Wa zg:e"lq(fzﬂ), log zo=lq(—20), zgze"lﬁ(722>, log zo=l5(—22)

(9.170)

for some p, ¢ € Z independent of V', Y?, w(), we), w() and w24) (see the discussion before
(7.7)). Note that the left-hand side of (9.170), as a multisum obtained by substituting
powers of the formal variables xg, x5, log zy and log x5 by the indicated complex numbers, is
absolutely convergent by Proposition 7.20, and each step in (9.170) means that the multisums
on both sides are both absolutely convergent and are equal. In particular, the right-hand
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side, as a multisum obtained by substituting the powers of the formal variables g, x2, log xg
and log x9 by the indicated complex numbers, is absolutely convergent.

Note that since e=*1X’() are linear automorphisms of W, W} is spanned by homogeneous
elements of the form ezlL'(l)wE4). We need only prove (9.168) for homogeneous w1y, wea), W)

and ezlL'(l)wz 4y, and we assume this homogeneity. Recalling Proposition 7.20 and (7.46), let

A = —wt ezlL'(l)wE4) + wt w) + wt we) +wt wg) € R

and define 0 o0 (o

angi = (& Vi, (we) 2T, (W) ) € C
forneR,j=0,...,M,i=0,...,N. From this expression of a,;; and (3.25), for p € R/Z,
there exists R, € p such that a,;, = 0 for any n € g with n > R,,. Then since

(e Wty Q1 (V") (we), 22 + 20)Q-1 (V) (W), 2o)wiry)w,

M N
= 3 anjiwa + w0) A (log (w2 + w0)) 25" (log )

neR j=0 i=0
M N
—A—-m+k —A—m_m
= E E E E :a,m,Hk,j,i L Lo Ty | -
meR j=0 i=0 \keN

-1 -1 xl )
log x5 + Z ( l) =01 (log o),
€7, T2

the right-hand side of (9.170) is equal to

Z i i (Z Q—m—1+k,ji (_A _k‘m - k) e(_A_m)lﬁ(—Zg)emlq(_z0)> .

h(—2)+ Y (_11)_ E:Z;l l(—2)',  (9.171)

an absolutely convergent triple sum since |23 > |zo| > 0, with the first of the inner sums
finite (since a_,,—14%,;; = 0 for K > m + 1 4+ R—;; where —m is the congruence class of —m)
and the second of the inner sums absolutely convergent, again since |zo| > |29 > 0.

Since
N

is a value of the multivalued logarithmic function at the point —z;, there exists p € Z such
that




Note that p is independent of V', Y2, w(, we), we) and w24). Then since |z1| > |20 > 0,
Proposition 7.20 and (7.46) give that the right-hand side of (9.168) with p and ¢ as above is
equal to the absolutely convergent triple sum

M N
Z Z Z Uy j i€ ATV (oY (o= Dla(=20)] ()

neR j=0 i=0

M N A
= Z Z (Z Qo s (_ +n+ 1) 6(A+nk+1)lﬁ(Z2)e(n1+k)lq(ZO)) )
7,7, k

neR j=0 i=0 \keN

_1)\l-1 _Zol '
zﬁ(—22)+2( 12 ( )l L(—20)’, (9.172)

with the inner sums absolutely convergent binomial and logarithmic series since |z > |zo| >
0.

We now consider complex variables 2z, 25, and z| = 2] — 2,. We view 2z} and z{ as
independent variables. Let U be any open subset of the region |z + z{| > |z0| and |z5| > |z
of C? such that its projection U, to the z} coordinate is simply connected and let [(—z5)

be any single-valued analytic branch of the logarithmic function of —z/ defined for 2} € Us,.
Then ( )l ¥ /)l
- 1) (=%
AN / 0
l(_zl) - l(_ZQ) + Z l (—Zé)l
l€Z4+

is a single-valued analytic branch of the logarithmic function of —z{ for 2| € 2 + U,. By
Proposition 7.20, (7.46) and Proposition 7.14,

(e Dy, Q1 (V) (wi), y1)Q-1(V?) (wea), o)

W) )Wy

n_ nl(—z
Yy, =€

D, log y1=I(—2}), yp=e"a(=20) log yo=l4(—20)

M N
- Z Zan,j,ie(_A+”+1)l(_zll)lN(—zi)je(‘”‘l)lq(‘%)lq(—zo)i (9.173)

and the corresponding series of its derivatives are absolutely convergent as triple sums when
(25, 2z) € U. By Proposition 7.9 (see also Corollary 7.10 and its proof), for each j =0, ..., M
and ¢ =0,..., N, ~

Z an’j’ie(*AJrnJrl)l(*Z’l)e(*nfl)lq(*ZO) (9.174)

neR

is absolutely convergent and by Lemma 7.7 is analytic in 2] for 2] € z{ + U,. Expanding

—A+n+1)i(—2}) — A 1)(—zh—20)

el = ¢l

for n € R as a power series in z{, (as we did above with 21, 29 and zj in (9.172)), and recalling
that for p € R/Z, there exists R,, € p such that a, ;,;, = 0 for any n € p with n > R,,, we see
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that (9.174) is equal to the absolutely convergent double sum

33 (Z P (‘A N 1)-

pER/Z ie—N “NkeN

9

(9.175)

.e(_A+ﬁ+Ru_k+1)l(_zé) (_Z(l))ke(_ﬁ_Ru_l)lq(_ZO)>

for (24, () € U, with the inner sum absolutely convergent since |z}| > |z{|. In particular, as
the quotient by e(~A+utDU(=2)e(~Fu=Dla(=20) of a subsum of (9.175), the series

> (Z T N <—z;>ﬁ—k<—za>k<—zo>-ﬁ> (9.176)

ne—N \keN

for each p € R/Z, j =0,...,M and i = 0,..., N is absolutely convergent for (25, z{) € U.
The sum of (9.175) as the composition of the analytic functions (9.174) and —2{ = —z},—z{ is
analytic in each of 2} and z{, for (2}, 2{) € U, and, by Lemma 7.7, its derivatives with respect
to 2, and z{ are sums of absolutely convergent series obtained by taking the derivatives
term by term. In particular, for each p € R/Z, j = 0,...,M and i = 0,..., N, since
e(TAFRANU=23) o(—Ru=1)la(=20) jg analytic in 2, for 2, € Uy, the sum of (9.176) as the quotient
by e(mA+RutDU=23) o(—Fu=Dla(=20) of a subsum of (9.175) is analytic in each of 2, and 2} for
(25, 2p) € U and its derivatives are sums of absolutely convergent series obtained by taking
the derivatives term by term. Since U is an arbitrary open subset of the region given by
|25 + 20| > |20] and |z5| > |2{], the sum of (9.176) is analytic with respect to each of 2z} and
z{ in the region |25 + 2| > |z0| and |z5| > |2§].

We now view (9.176) as an analytic function of (25)~! and z{. The function (9.176) is
equal to

3 i~ 2) (L4 (—2h) (=) ) AR ()~
ne—N

= (L4 (=20)(=2) )72 Y i, (=) 7 1+ (=20) (=2) ) 7 (=20) ™

ne—N

Since the left-hand side is absolutely convergent when |z + z{| > |20| and |z5| > |z{|, the
series

3 nena((=) 0+ (=) (=) (=) (9.177)

is also absolutely convergent in the same region. Consider the power series ..« @atr, ;2 "
From the discussion above, its radius of convergence is not 0. In particular,

. —7
lim A7t R, ji?

z—0
ne—N
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exists and is equal to ag, ;;. Since the limit of (—z) 7' (1 4 (—2{)(—2%) ") " (—20) as (25) "
approaches 0 is 0, the limit of (9.177) as (z5)~! approaches 0 is ag, ;,;. Thus for fixed 2 € C,
since the limit of (1+ (—2§)(—25)~1) "2 8+ as (24)~1 approaches 0 is 1, the limit of (9.176)
as (z4) ! approaches 0 is ag, j,;. Hence for fixed z, € C, the singularity (z5)~" = 0 in (9.176)
is removable. We know that (9.176) is analytic in 2} for fixed (25)~" # 0, in our region. Since
the limit of the function (9.176) as (z5)~' approaches 0 is ag,, ;;, this function is also analytic
in z{ when (z5)~! = 0. Hence by Hartogs’ theorem (see, for example, page 8 of [Sh]), this
function is analytic as a function of the two variables (2)~' and z{ in the neighborhood of
(0,0) given by |1+ 2§(23)7"[ > |20(25) | and 1> |25(25) 7"
Let 7 be a real number satisfying r > 2|zp|. Then for (z5)~

r~tand |z)| < r — |z0|, we have

Uand 2| satisfying |(25)7!] <

20(25) 7' < (r—Ja)rt =1 —|zlr™' <1
and
11+ 20(2) 71 > 1= |20(25) 7' > 1= (r = |zo)r™! = |z0|r™" > |20(25) 7"

Thus the polydisk given by |(25)7!| < 77! and |z}| < r — |2| is in the region given by
11+ 20(25) 7Y > |20(25) 7| and 1 > |2}(25)7|. In particular, our function has a power
series expansion in (z5)~! and z{, and the power series is doubly absolutely convergent in the
polydisk. Since the derivatives of this analytic function are obtained by taking the derivatives
of the series (9.176) term by term, we see that the power series expansion of this analytic
function is the double series

A+ A+ R4, e .
DD LTI e [ C RN
ne—N keN

Thus the two iterated series, (9.176) and

Z ( Z At R, i <_A * ﬁ]:_ Rt 1) (—zé)ﬁ_k(—zé)k(—zo)_ﬁ> ; (9.179)

keN \ne—N

associated to (9.178) are also absolutely convergent in the polydisk and their sums are equal
to the double sum of (9.178) in the polydisk.
Also, a_pyp,—11kji = 0 when —m — 1+ k > 0. Thus in the polydisk, we obtain

> (Z T AN <—z;>“<—za>’f<—z()>ﬁ)

ne—N \keN

—-A+n+R,+1 NP , i
= Z Z aﬁ+Ru,j,i( k a )(—22) k(—zo)k(_ZO>

keN ne—N

-A—m+R,+k I\ , ]
ZZ Z am+Ru1+k,j,i< e . )(—Zz) 1(—Z0)k(—20) ok

keN meN-1+k
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—A—m+R,+k I\ e , 1
:Z Z (LerRulJrk,j,i( I g )(_22) H=2)"(=z0)™ 1 E

keN meN-1
—A-—m+R,+k C il
= Z Za_m+Ru—1+k,j,i< k g )(—Zé) 1(_2(/))k(_20) ek
meN-1 keN
—-A—m+R,+k i -
= Z <Za—m+Ru—1+k,j,z‘( L ! )(_Zé) 1(_26)k(_20) ! k)
meN—1 \keN

forpeR/Z,j=0,...,M and i =0,...,N. Then in the polydisk, we have

A+ R+ R AL, e
Z (Zam—RuJ,i( e 8 )(—22) *(=20)"(—20) )
e—N \keN

e (Z e G <—z;>—m—1<—zs>’f<—zO>m+1—k> .

meN—-1 \keN

(=) + Y <_11) Rl gy (9.180)

for p € R/Z, j = 0,...,M and i = 0,...,N. In particular, since when |[(2})7!| < r71,
((#5)71, 29) is in the polydisk, (9.180) holds for such 2} and z{ = 2. We know that the
left-hand side of (9.180) with z{ = z is analytic in (25)~" for |1 + zo(z5) 7Y > |z0(25) 7}
and 1 > |2(z5)7!|. In particular, the value at (25)~! = 2, ' of the left-hand side of (9.180)
with z{ = 2y is determined by analytic extension from its values on the disk |(z5)™'| < r~%.
We also know, from (9.171), that the right-hand side of (9.180) with z{ = 2y is absolutely
convergent when z, = z;. Thus as a power series in (25)7!, the right-hand side of (9.180)
with 2}, = z; is absolutely convergent when |(z)~!| < |z '|. Hence the sum of the right-hand
side of (9.180) with 2} = z, is analytic in (z5)~! for |(25)7! < |2, '| and is continuous on
the closed disk |(z5)7'| < |25 '|. In particular, the value at (z5)~' = 2, ' of the right-hand
side of (9.180) with 2z, = 2 is determined by analytically extending its values on the disk
1(25)7!] < r~! to the open disk |(25)7!| < |z | and then taking the limit (25)~' — 2, *.
Since (9.180) holds in the disk [(25)7'| < r~! and the closed segment from (25)~' = 0 to
(25)7! = 2! lies in the domain of the function given by the left-hand side of (9.180) (with
2h = 2p), the two sides of (9.180) must be equal when (25)~! = 2, ', that is,

) (Z Uit Ry,,j.i <_A " ﬁ; Rt 1) (—zz)ﬁ_k(—zo)—mk) .

ne—N \keN
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1)L (—z)! _
lﬁ<—22)+Z( 1l) ) ly(—20)’

—A—m+R,+k o .
Za_ﬁH-RM—l-Hc,j,i( L a )(—22) 1(_20) +1> ’

keN

s

meN—1

(=2)+ Y H; S0 sy (9.181)

forp e R/Z, 5 =0,...,M and i = 0,..., N. Hence the right-hand side of (9.172) is equal
to

M N ~
—-A R,+1 . i

pER/Z j=0 i=0 Aie—N \keN

_ i ﬁ:( 3 (Z e hn (—A _ mk+ R, + k:) |

weR/7 j=0 i=0 “meN-1 “keN

(—A—m+R)l5(—22) ,(m—Ru)lg(—20) (—1)171 (—ZO)Z i
el =)+ )y | )

ii (Za m— 1+ka( A km+k> (—A-—m)l5(—22) mlq( zo)).

meR j=0 =0 keN

(9.182)

Since the right-hand side of (9.182) is exactly (9.171), which in turn is equal to the right-hand
side of (9.170), and the left-hand side of (9.182) is equal to the right-hand side of (9.168),
(9.168) holds.

For (9.169), we have the following analogue of (9.170), using (7.9)—(7.10):

(wE4), yl(wu), zl)yQ(w@)a $2)w(3)>w4

T1=21, T2=22

= < all ) (yl)( ( (y2))(w(2 )w(g),$1>w(1)>W4 T1=eTiz1, xa=22

= (X Owly, Q1 (V1) (e (W) (ws), €™ wa)wia), 21)wayw,

z1=eTlz1, Ta=22

89



= <€ZlLl(l)wE4)> Qfl<yl)<Qfl(y2)(w(3)a €ml’2)w(2), 1 + $2)w(1)>w4

T1=eTiz1, To=29

(9.183)

This exhibits the format of (9.169), and arguments similar to those in the proof of (9.168)
above prove (9.169). O

In the following consequence of Lemma 9.25, we assert that two conditions are equiva-
lent; note that the appropriate hypotheses about the generalized modules and the complex
numbers are part of the conditions:

Theorem 9.26 Assume that the convergence condition for intertwining maps in C holds.
Then the following two conditions are equivalent:

1. For any objects Wy, Wy, W3, Wy and My of C, any nonzero complex numbers z
and zy satisfying |z1| > |za| > |20| > 0, and any logarithmic intertwining operators

(ordinary intertwining operators in the case that C is in Msg) V1 and Vs of types (WVIV%)

and (W¥§V3), respectively, there exist an object My of C and logarithmic intertwining

operators (ordinary intertwining operators in the case that C is in Mg,) V' and Y? of
Wy Mo .

types (M2W3) and (W1W2), respectively, such that

<w24), Vi (w(l), 5151)372(?0(2), $2)w(3)>

T1=21,T2=22

= (W4, V' (V*(way, zo)wiz), 22)w(s) (9.184)

T0=20,T2=22
for allwyy € Wi, wey € Wa, wiy € Wi and wE4) € Wj. (Here the substitution notation
is as indicated in (7.13) and (7.14)).

2. For any objects Wy, Wy, W3, Wy and My of C, any nonzero complex numbers z; and
zo satisfying |z1] > |z2| > |20] > 0, and any logarithmic intertwining operators (ordi-

nary intertwining operators in the case that C is in My,) V' and Y? of types (M%Vg)

and (W]\l/lé/z), respectively, there exist an object My of C and logarithmic intertwining
operators (ordinary intertwining operators in the case that C is in Mgy) Yy and Vo of
types (Wzv&l) and (W]\Q/[vlvg)f respectively, such that

(w(ay, V' (V*(w(ay, o) w(a), T2)w(s))

TO=Z20, T2=722

= (Wla), Vi(wq), 1) Va(wee), 2)w() (9.185)

T1=21,T2=722

for all way € Wi, wey € Wa, wey € Wi and wE4) e Wjy.

Proof First we note that if there exist M,, V' and Y2, or My, Y, and ), such that Condition
1 or Condition 2, respectively, holds for some particular z;, zo € C satisfying |z;]| > |z2| >
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|z0| > 0 and for all wyy € Wi, wpy € Ws, wg € Wi and w24) € Wj, then with the
same M,, Y and V2%, or M;, Y, and ),, Condition 1 or Condition 2, respectively, holds
for all 21,2, € C satisfying |z1] > |22] > |20| > 0 and for all wqy € Wy, wpy € W,
wez) € W3 and wi,, € Wi. This follows from the analyticity (Proposition 7.14), the L(—1)-
derivative property for logarithmic intertwining operators, and the general fact that if two
analytic functions and their derivatives are equal at a particular point, then they are equal
on the intersection of their domains by Taylor’s theorem and analytic extension, assuming
the intersection is connected. In fact, if Condition 1 holds for some particular z;, 2, € C
satisfying |z1| > [22] > [20| > 0 and for all w) € Wi, wiz) € Wa, w) € Wi and wiyy € Wi,
then by the L(—1)-derivative property and the L(—1)-bracket relation,

! !
r1=2!,x0=2 ) ,_ r_
1721 %2722/ {2l =21, 2h=22

! !
T0=2, xg:z2)

for all wqy € Wi, we) € Wa, ws) € Wi and w24) € Wj, where 2, 2, are complex variables
and z{, = 21 —z5; if 2/ = 2], 2} or 2|, is a positive real number, then we compute the derivatives
using the branches with argz’ > 0. Then by Taylor’s theorem, there is an open subset of
the region |z]| > |25| > |z{| > 0 whose closure contains (21, z2) such that on the closure of
this open subset,

ok O /
(5(21)’~C () (Wiay, Vi (way, 21) Vo (w2, T2)w(z))

= < Nk 7 (wE4),y (Y (way, To)w(z), T2)w(z))

’_ ’_
21=21, z9=22

(Wiay, Vi (wy, £1) Vo (w(z), T2)w (s))

/ !
T1=21,T2=2q

= (wiay, V' (V*(w(r), 70)w(2), 72)w(3)) (9.186)

! !
TO=2(, T2=2%

for all way € Wi, wey € Wa, wi) € Wi and w(4) € Wj. The two sides of (9.186) are
analytic in z] and 2} on the regions |2]| > |z5| > 0, arg 2], argz, > 0, and 25| > |2{| > 0,
arg zh, arg 2, > 0, respectively, and thus are equal on their intersection, |z]| > |z5| > |z{| > 0,
arg z1, arg zh, arg z, > 0. Hence (9.186) holds on the region |z7| > [25] > |z5| > 0. The
argument for Condition 2 is similar.

We shall prove only that Condition 1 implies Condition 2, the other direction being
similar.

Suppose that Condition 1 holds. Then for z; and 25 as in the statement of Condition 2, by
the first part of Lemma 9.25, there exist p,q € Z such that for any logarithmic intertwining
operators V! and )? as in the statement of Condition 2,

(wigy, VNV (wqry, mo)wiay, T2)w(s))w,

TO=%20, T2=22

= <€ZIL,(1)U}E4), Q1 (V) (wesy, y1)Q2-1(V?) (weay, y2) -

'w(1)>W4

ypr=en'p(=71) log y1 =1, (—21), y5 =e™a(=20), log ys=ly(—20)
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for all w() € Wi, wee) € W, wiz) € W3 and w ) € W;. The same argument as in the proof
of (9.186) above gives

<w£4), yl(y2(w(1)> fo)w@), $2)w(3)>w4

x0=2(), Ta=2h
= (e*F Wy, Q1 (V) (W), y1)Q-1 (V) (w2, 12) -

W))W (9.187)

/ /
y?:enlp(izl)y log ylzlp(_zi)v yg:enlq(fz()% log y2:lq(_z(l))

for [21] > [25] > 0, |23] > |25] > 0 and for w) € Wi, we) € Wa, w() € W3 and wy,y € Wy

By Remark 3.28, there exist logarithmic 1ntertw1n1ng operators yl and V? of types ( Wa )

and ( respectively, such that

WW)

(e Wy, Q3 (V1) (wi), y1)Q21(V?) (w2, v2)-

“W(1 >W
W)/ y?:e"l”(”ll),10gy1:lp(—2’1)7ygze"l‘?(*z‘g),logyzzlq(—Z{;)

= <ez1L’(1)wE4)’j}l(w(g)’y1>5}2(w(2),y2)w(1)>w4 — , yom , (9188)

=2 Y2=7%
for |z1] > || > 0 and for way € Wi, wie) € Wa, we) € W and wi,, € W, Since the last
expression is of the same form as the left hand side of (9.186), we have from Condition 1
and (9.186) that there exist an object M3 of C and logarithmic intertwining operators )?

and V* of types ( szévl) and (W W ) respectively, such that

(ezlL'(l)w@L yl(w(sh )Y (wey, y2)wi)w,

i i
Y1=—21, Y2=—%g

:< a Ll yg(j/ (w(3 yo)w(2)7y2)w(1)>

(9.189)
y0:—2é7 92:—26
for |21 > |z5| > [z5] > 0 and for wu) € Wi, w) € Wa, we) € Wi and wi,, € Wj. (Note
that the inequality |z)| > |25| > 0 fails for z{ = 2o and 2 = z5.) Again by Remark 3.28, for

any p, § € Z, there exist logarithmic intertwining operators Y* and Y* of types ( M‘;V;‘VI) and

(W]ﬁ(@)? respectively, such that
<ez1y ))3(37 ( yo)w(z) yg)w(l)) / /
Yo=—25, ya=—2}
v 5 9.190
(1)> yg:enlﬁ(—22)7logy():ll;(fzé) yg—e lg(==() log ya=lg(— Z6) ( )

for |z > [23] > 0 and for wu) € Wi, w) € Wa, w(s) € Wi and wi,) € Wzi Let zg be a fixed
complex number satisfying \21\ > |29] > 0 and |20| > |23] > 0, Wlth 20 = 2z, — 29. By using
the fact that ) = Q_1(20())) and comparing the last expression to the right-hand side of
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(9.169), we see from the second part of Lemma 9.25 that there exist p, § € Z independent of
V3 and Y* such that

<ez1L/(1)wE4), V(Y (we), yo)wez), ya)-

*W(1 0
( )> yp=e"p" *2)  log yo=l5(—29) yp=e"a"%0) log ya=15(—20)

= (W{g), Q(V*) (wiry, 21)Q (V") (wi2), T2)w(s))w,

r1=21, xzzzg

for wuy € Wi, wey € W, wiz) € W3 and w ) € W,. The same argument as in the proof of
(9.186) gives

<€Z1L My yg(y4( yo)w@) Ya)-

.w 1
()> yg:enlﬁ(_zé)710gy0=lﬁ(*zé) g—e lg(=2() , log ya=lz(— 26)

= (w{yy, (V*)(way, 1) (V) (wez), 22)wis))w, o (9.191)
r1=27, T2a=25
for [21] > |25 > 0, |z| > [23] > 0 and for w) € Wi, we) € Wa, w) € Wj and wy,, € Wi
The right-hand side is of course defined for |z]| > |25 > 0.

By Proposition 7.14, we have that both sides of (9.187), (9.188), (9.189), (9.190) and
(9.191) define analytic functions of 2] and 2} in the indicated regions, with the cuts handled
as in Propositon 7.14. Thus when restricted to the region |21| > |25| > |25| > 0, the left-hand
side of (9.187) and the right-hand side of (9.191) are analytic extensions of each other along
loops, avoiding crossing the cuts, starting in the region |21 > |25| > |25| > 0, passing through
the region |2{| > |zj| > 0, the region |2]| > |2{| > |#4] > 0, the region |z{| > |2} > 0, the
region |z1] > |z5| > 0, and coming back to the region |z]| > |25| > |2{| > 0 again. We take
21, 29, 29 € Ry satisfying 2y > 20 > 29 > 0 and 2 > z8 = 21 — 29 > 29 > 0 and consider the
path v from (z1, 29) to (21, 29) given by ~(t) = (21, (1 — )2y + t29) for ¢t € [0,1]. Then the
product v~ o 7 is a loop starting at the point (21, 23) in the region |21] > |z5| > |2}| > 0,
passing through the region |z1] > |z{| > 0, the region |z]| > |2{| > |25] > 0, the region
|25] > |24| > 0, the region |21] > |24 > 0, and coming back to the same point (21, 22) in the
region |z7| > |25| > |z(| > 0 again. Thus the value of the right-hand side of (9.191) at (21, z2)
is the analytic extension of the left-hand side of (9.187) along the loop 7! oy, which is
homotopic to the trivial loop, and so the analytic extension must give the same value. Thus
if we take Vi and Vs to be Qy(?) and Qo(P*), respectively, (9.185) holds at this particular
point (21, z2). By the discussion in the beginning of this proof, (9.185) holds for all zy, z,
satisfying |z1| > |z2| > |20| > 0 and hence Condition 2 holds.

In the case that C is in Mg, the same arguments still hold except that all the logarithmic
intertwining operators involved are ordinary intertwining operators. [

Using Theorem 9.26, we now prove that under the global assumptions in Theorem 9.23,
the assumptions in Part 1 of Theorem 9.23 (or equivalently, of its reformulation, Corollary
9.24) and the assumptions in Part 2 of Theorem 9.23 (or of Corollary 9.24) are equivalent.
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These sets of assumptions, which are stated as Conditions 1 and 2 in the theorem below, are
the two (equivalent) statements of what we will call the expansion condition below. From
Proposition 4.21, the statement that C is closed under the P(z)-tensor product operation for
some z € C* is equivalent to the statement that C is closed under the P(z)-tensor product
operation for every z € C*. In particular, in the following results, instead of assuming that
Wi Kp(.) Wo and Wy Mp(,,) W3 exist in C for all objects Wy, Ws and W3 of C, we assume
that C is closed under the P(z)-tensor product operation for some z € C*. Since Conditions
1 and 2 below are about to be used as the two equivalent formulations of the expansion
condition, we include the hypotheses on the generalized modules and the complex numbers
in Conditions 1 and 2 (as we did in Theorem 9.26).

Theorem 9.27 Assume that C is closed under images and under the P(z)-tensor product
operation for some z € C*, and that the convergence condition for intertwining maps in C
holds. Then the following two conditions are equivalent:

1. For any objects Wy, Wy, W3, Wy and M, of C, any nonzero complexr numbers z; and

29 satisfying |z1| > |za] > |20 > 0, any P(z1)-intertwining map I, of type (th&l) and
My

P(z9)-intertwining map I of type (Wst

), and any wiyy € Wi,
(Lo (Tw, @ 1)) (wiyy) € (W1 @ Wy @ Wa)*

satisfies the P®(z)-local grading restriction condition (or the L(0)-semisimple P (z)-
local grading restriction condition when C is in Myy). Moreover, for any wg) €

)]
W3 and n € R, the smallest doubly graded subspace of W(ho(lwl®12)),(w24))7w(3) con-
taining the term AP of the (unique) series Y  p AR weakly absolutely convergent

to ,ngzouwl®12))/(w24)),w<3> as indicated in the P®(z)-grading condition (or the L(0)-

semisimple P®)(zy)-grading condition) and stable under the action of V and of sI(2)
(which is a generalized V -module (or a V-module) by Theorem 9.17) is a generalized
V-submodule (or a V-submodule) of some object of C included in (W, @ Wa)*.

2. For any objects Wi, Wy, W3, Wy and My of C, any nonzero complex numbers z; and

2y satisfying |21 > |z2| > |20| > 0, any P(z3)-intertwining map I of type (M‘;V‘;‘%) and
Mo

P(2p)-intertwining map I? of type (W1W2

), and any w24) c Wy,
(I' o (I ® 1wy,)) (wiyy) € (W1 @ Wo @ W)

satisfies the PY(zy)-local grading restriction condition (or the L(0)-semisimple PM(z,)
local grading restriction condition when C is in Myy). Moreover, for any wqy €
Wi and n € R, the smallest doubly graded subspace of I/V((Ill)o([2 n-

taining the term A of the (unique) series Y p AL

®lw,)) (wly))way

weakly absolutely convergent
to “8)10(12®1W3))/(w24>)’w(1) as indicated in the PY(zy)-grading condition (or the L(0)-
semisimple P (2;)-grading condition) and stable under the action of V and of s1(2)

94



(which is a generalized V -module (or a V-module) by Theorem 9.17) is a generalized
V-submodule (or a V-submodule) of some object of C included in (W5 @ W3)*.

Proof By Propositions 4.8 and 9.13, together with Proposition 9.8, Condition 1 (respec-
tively, Condition 2) in Theorem 9.26 implies Condition 1 (respectively, Condition 2) in the
present theorem. Conversely, by Proposition 4.8 and Theorem 9.23 (also recall the formu-
lation in Corollary 9.24), Condition 1 (respectively, Condition 2) in the present theorem
implies Condition 1 (respectively, Condition 2) in Theorem 9.26. Thus the present theorem
follows immediately from Theorem 9.26. [

We are finally ready to define formally, in the following precise sense, the main concept
whose theory has been developed in this section:

Definition 9.28 Assume that C is closed under images and under the P(z)-tensor product
operation for some z € C*, and that the convergence condition for intertwining maps in
C holds. We call either of the two equivalent conditions in Theorem 9.27 the expansion
condition for intertwining maps in the category C.

Then Theorem 9.23 can be reformulated as the following result, stating that the conver-
gence and expansion conditions together with certain “minor” conditions imply both versions
of associativity of intertwining maps:

Theorem 9.29 Assume that C is closed under images and under the P(z)-tensor product
operation for some z € C*, and that the convergence condition and the expansion condition
for intertwining maps in the category C hold, and assume that

|21’ > ‘22‘ > ’Zo| > 0.
Let Wy, Wy, W3, Wy, My and My be objects of C.

1. Let Iy and Iy be P(z)- and P(z9)-intertwining maps of types (Wﬁv&l) and (WJQ\/[‘}VS), re-
spectively. Then there exists a unique P(zy)-intertwining map I' of type (ngp(WjWQ Wg)
0
such that

(wiyy, i(wiy @ L(we) © w)))) = (Wigy, I'((wa) Rpg) we) @ w))

for all wyy € Wy, wey € W, wig) € Wi and wE4) e wj.

2. Analogously, let I' and I* be P(z3)- and P(z)-intertwining maps of types (M‘;VéVg) and

(W]ﬁf‘@), respectively. Then there erxists a unique P(z1)-intertwining map I of type

Wy
- W2®p(22)W3) such that

(wiyy, T' (I (wy @ W) @ we))) = (Wi, [i(wa) @ (we) Rpe,) w)))

for all way € Wi, wey € Wa, wsy € Wi and wE4) e Wjy. O
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We also have the corresponding reformulation of Corollary 9.24, asserting the associativity
of logarithmic and of ordinary intertwining operators, under our global conditions:

Corollary 9.30 Assume that C is closed under images and under the P(z)-tensor product
operation for some z € C*, and that the convergence condition and the expansion condition
for intertwining maps in the category C hold, and assume that

|21’ > ‘22‘ > ’Zo| > 0.
Let Wy, Wy, W3, Wy, My and My be objects of C.

1. Let Y1 and Vs be logarithmic intertwining operators (ordinary intertwining operators in

the case that C is in Ms,) of types (Wlf/]‘\‘/h) and (valw), respectively. Then there exists

a unique logarithmic intertwining operator (a unique ordinary intertwining operator in

the case that C is in Ms,) Y* of type (ngp(z:;‘WQ Wg) such that

(Wiays V1 (W), 21) Vo (w(z), 22)w(z) )

T1=21, T2=22

/

= (Wiay, V' (Viap.y) 0 (W), o)W (2), T2)W(3)))

TO=2z20, T2=22

(recalling (4.18), (7.13) and (7.14)) for all way € Wi, we) € Wa, wgy € Wi and
w24) € Wj. In particular, the product of the logarithmic intertwining operators (ordi-
nary intertwining operators in the case that C is in My,) Y1 and Yo evaluated at z
and z, respectively, can be expressed as an iterate (with the intermediate generalized
V-module Wy Wp(..) Wa) of logarithmic intertwining operators (ordinary intertwining
operators in the case that C is in Ms,) evaluated at zo and z.

2. Analogously, let Y* and Y? be logarithmic intertwining operators (ordinary intertwining

operators in the case that C is in Ms,) of types ( M‘;V;‘VB) and (Wjﬁifz), respectively. Then

there exists a unique logarithmic intertwining operator (a unique ordinary intertwining

operator in the case that C is in Msy) Y1 of type <W1 W2g; )Ws) such that
z2

(wiay, V' (V*(wqry, zo)wiz), 22)wa)

TO=20, T2=22

= <wé4), N1 (w(1), Il)yxp(z2),0(w(2), xg)w(3)>

Tr1=21, T2=22
(again recalling (4.18), (7.18) and (7.14)) for all wy € Wi, w) € Wa, wey € Wy and
wz y € W. In particular, the iterate of the logarithmic intertwining operators (ordinary
intertwining operators in the case that C is in ./\/lsg) V' and Y? evaluated at z5 and z,
respectively, can be expressed as a product (with the intermediate generalized V -module
Wo Mp(.,) W3) of logarithmic intertwining operators (ordinary intertwining operators
in the case that C is in My,) evaluated at zy and zs. O

Remark 9.31 Theorem 9.29 or, respectively, Corollary 9.30, in fact says that the product of

I, and I, or, respectively, the product of V; and Vs, uniquely “factors through” Wi Xp(..yWs,

and analogously, that the iterate of I' and I? or, respectively, the iterate of Y' and )?,
uniquely “factors through” Wy Xp(.,) W3; cf. Remark 8.21.
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10 The associativity isomorphisms

We are now in a position to construct our associativity isomorphisms, assuming the con-
vergence and expansion conditions for intertwining maps. The strategy and steps in our
construction in this section are essentially the same as those in [H] in the finitely reductive
case but in place of the corresponding results in [HL1], [HL2], [HL3] and [H], we have to
use virtually all the constructions and results that we have obtained so far in this work.
We remark that the construction presented here will make the proofs of the coherence and
other properties in our construction of braided tensor category structure straightforward.
At the end of this section, we show that the validity of the expansion condition is forced by
the assumption of the existence of natural associativity maps, no matter how they may be
constructed; this exhibits the naturality of the expansion condition.

In the remainder of this work, in addition to Assumptions 4.1, 5.30 and 7.11, we shall
also assume that our category C is closed under images and that for some z € C*, C is closed
under P(z)-tensor products, that is, the P(z)-tensor product of Wi, W; € obC exists (in C).
For the reader’s convenience, we combine all these assumptions as follows:

Assumption 10.1 Throughout the remainder of this work, we shall assume the following,
unless other assumptions are explicitly made:

1. A is an abelian group and A is an abelian group containing A as a subgroup.
2.V is a strongly A-graded Maobius or conformal vertezx algebra.
3. All V-modules and generalized V -modules considered are strongly A-graded.

4. All intertwining operators and logarithmic intertwining operators considered are grading-
compatible.

5. C is a full subcategory of the category My, or GMy, (recall Notation 2.56).

6. For any object of C, the (generalized) weights are real numbers and in addition there
exists K € Z, such that (L(0) — L(0)s)® = 0 on the generalized module (when C is in
Mg, the latter assertion holds vacuously).

7. C is closed under images, under the contragredient functor, under taking finite direct
sums, and under P(z)-tensor products for some z € C*.

Remark 10.2 From Proposition 4.21, for every z € C*, C is closed under P(z)-tensor
products. Also, by Proposition 5.37, the assumption that C is closed under P(z)-tensor
products for some z € C* is equivalent to the assumption that for any Wi, Wy € ob(C,
Wi8p()Ws is an object of C, and in this case,

Wi IzP(z) Wy = (WIEP(Z)W2>,'

From now on, for z € C* we shall take our tensor product bifunctor Mp(.) to be



We shall construct our associativity isomorphisms using the next theorem. The proof of
this theorem is analogous to the proof of the corresponding statement in Theorem 14.10 in
[H], but the results used in the proof below are those developed in the present work from
Section 2 through Section 9. We shall be using the usual notation

n:W, — W,

to denote the natural extension of a map n : Wi — W5 of generalized modules to the formal
completions.

We shall be constructing a natural isomorphism between the two functors from C x C x C
to C in (10.4) below. We first determine how the functor

X’P(m) e} (1 X &p(zz))

acts on maps and elements when the convergence condition holds and when |z]| > |2z3| > 0:
Consider maps
o1 : W1 — W4,

O'QIWQ%W&
O'3IW3—>W6

between objects of C. Recall from Remark 4.25 that for » € C* the functor Mp(.y acts on
maps and elements by:

01 &p(z) 02(w(1) &p(z) w(g)) = al(w(l)) &p(z) 0'2<w(2)), (10.1)

and recall that by Proposition 4.23, (10.1) determines the V-module map 01X p(.)0, uniquely.
We have

(Mpey) o (1 X Mp(ey))(01,02,03) = Rpz,) (01, 02 Wpay) 03) = 01 Wp(.y) (02 Mp(a,) 03),
and the effect of this map on elements is determined as follows: Since
02 Wp(zy) 03(W(2) Mp(ey) Wia)) = 02(W(2)) Bp(ey) 03(ws)),
we have (using the projection notation ,,)
(09 Mp(zy) 03) (T (w(2) Mp(zy) w3))) = Tol02(w(2)) Kp(y) o3(wis)))

for all n € R, so that

o1 Wp(zy) (02 Wp(zy) 03) (W) Bp(ey) m(wiz) Kp(ey) w))
= o1(way) Mpe) T(o2(wiz) Mp(s,) os(w))).

Thus for
wl S (W4 XIP(zl) (WES IEP(,ZQ) WG))la

98



we have

(01 Bp(zy) (02 Bp(ey) 03)) (w'), wa) Bpy) Tn(wiz) Ree,) we))
= (W', 01(w)) Bpy) Ta(02(wig) Bpe,) 03(ws)))),
and so by the convergence condition,
(01 Bp(zy) (02 Bp(zy) 03)) (W), wiy Kpeey) (W) Rpe,) we))
= (W', o1(w)) Wpy) (02(w(2) Bpey) 03(w)))-

Hence

01 Mp(zy) (02 Wp(ay) 03) (W) Mpey) (W) Mpey) wi)))
= o1(w()) Wp() (02(wi2)) BWpy) 03(we)), (10.2)
and by Corollary 7.17, this determines the V-module map 01X p(.,)(02Mp(.,)03) uniquely (cf.

(10.1)). Analogously, when the convergence condition holds and when |zo| > |21 — 22| > 0,
the functor

IXP(Z2) o <&P(21*Z2) X 1)

acts on elements by:

(01 Wp(z;—20) 02) Mp(zy) 03((wa) Mp(zy—2) Wi2)) Mp(ay) wis))
= (01(w(1)) Wp(zy—2) 0(w(2))) Wp(z) 03(w(s)), (10.3)

and by Corollary 7.19, this determines the corresponding V-module map uniquely. The
formulas (10.2) and (10.3), which extend (10.1), are crucial.

Theorem 10.3 Assume that the convergence condition and the expansion condition for in-
tertwining maps in C (see Definitions 7.4 and 9.28) both hold. Let zy, zo be complex numbers
satisfying

’21| > |22| > |Zl _22‘ >0
(so that in particular, z; # 0, zo # 0 and zy # z3). Then there exists a unique natural
1somorphism

P(z1—22),P(z
Ap 20 R,y 0 (1 X Bp(ey) = Bp(ey) 0 (Bp(e—zy) X 1) (10.4)

such that for all wy € Wi, wig) € Wy and wz) € W3, with W; objects of C,

P(z1—22),P(z
ARG (wy) Rpey) (o) Bp(e) wes)) = (W(a) Bz, —z) W) Bpe) w,  (10.5)

where for simplicity we use the same notation Aigi;ﬁ&;kﬂ to denote the isomorphism of
(generalized) modules

AIZEZ)_,]ZDZ()Z’:D)(m) - Wi X'P(zl) (WZ IEP(,ZQ) Wg) — (W1 @p(zl_@) WQ) &P(z2) Ws. (106)
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P(z1 22),

Proof The uniqueness of A}, ), P(z ) follows from Corollary 7.17.
Let Wp(, .,) be the Subspace of

(W, @ Wy @ W3)*

consisting of the elements A satisfying the following conditions:

1. The P(z, z2)-compatibility condition (see Section 8).

2. The P(z1, 2z2)-local grading restriction condition (the L(0)-semisimple P(z1, z2)-local
grading restriction condition in the case that C is in My,) (see Section 8).

3. Either one of the following conditions (see Section 9):

(a)
(b)

The PW(z)-local grading restriction condition (the L(0)-semisimple P®(zy)-
local grading restriction condition in the case that C is in M,,).

The P (z;—2;)-local grading restriction condition (the L(0)-semisimple P2 (z; —
2z5)-local grading restriction condition in the case that C is in M,,).

4. FEither one of the following conditions, depending on which condition is satisfied in 3
above (that is, either 3(a) and 4(a) hold or 3(b) and 4(b) hold):

(a)

For any w(;y € Wi and n € R, the smallest doubly graded subspace of W)\ gy COD-
( )

ner An weakly absolutely convergent
as indicated in the P()(z,)-grading condition (or the L(0)-semisimple

taining the term A of the (unique) series »

to u”

Pt )(22) grading condition when C is in M,,) and stable under the action of V'
and of s[(2) is a generalized V-module (or a V-module) and is in fact a generalized
V-submodule (or a V-submodule) of some object of C included in (W) ® Wg)*.

For any we) € W3 and n € R, the smallest doubly graded subspace of I/VA

W (3)
containing the term A% of the (unique) series ) _p A weakly absolutely con-
vergent to u( ) as indicated in the P®(z; — z)-grading condition (or the L(0)-
semisimple P )(zl — 2y)-grading condition when C is in M,,) and stable under
the action of V' and of s[(2) is a generalized V-module (or a V-module) and is in

fact a generalized V-submodule (or a V-submodule) of some object of C included
in (W @ Wa)*.

By Proposition 8.5, the natural map

@ P(z) © (1W1®X|p22> W1®W2®W3—>W1&pzl (WQ‘XPZQ Wg)

is a P(z1, z2)-intertwining map. Recalling Remark 8.12, let

P(21,22) = (&P(zl) ° (1W1 ® IZP(,ZQ)>>/7
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the natural map from
Witlp() (Wa Wp(ay) Wa) = (W1 Kp(.,) (Wa Kp.,) Ws))
to (W) ® Wy @ W3)* given by
1
(T, o () (W) @ w(a) @ wis)
= (v, wa) Bp(sy) (W) Bp(ey) W) )Wimp., ) (W, Ws) (10.7)

for

v € Witlp(z)(Wa Mp(z,) W),
w(y € Wi, wy € Wy and ws) € W3. Then by Proposition 8.16, @ggm ) is an fl—compatible
map and it intertwines the actions of

V@ uCltt™ (o7 =) (' —1)7]

and of Ly, (j) and L, 1(j), j = —1,0,1, on WiSp(.,) (W2 Kp(.,) W) and on (W1 @ Wo @
W3)*. In particular,

(1) _ (1)
\PP(zth) © ,F’(zl)(o) - Llfj(zl,zg)(o) © \I[P(zl,zz)

and (1) (1)
1 1
\IIP(ZLZQ) © YF”(Zl)(u7 ':E) = Yé(ZhZQ)(U/? x) © qJP(Zl,ZQ)

for w € V. Thus \11531()21 .,) Preserves generalized weights, the image

(1)
(

Per,20) (WP () (Wo Bp(zy) W)

21,22

of \I'SDI()ZLZQ) is a generalized module (recall the proof of Proposition 8.17), and \Ilg()
map of generalized modules from

21,22) 1S a

Wﬁp(zl) (W X p(z) Ws)

to this image.

By Propositions 8.5, 8.17 and 9.13, ¥§,) _in fact maps Witlp(z,) (W2 Kp(.,) W3) into
Wp(z,,2,); the elements of the image satisfy 3(a) and 4(a). By the expansion condition, the
elements of this image also satisfy 3(b) and 4(b).

Analogously, let

2
\II.(P()ZLZQ) = (&P(@) © (IXP(ZI_ZQ) ® 1W3)),>

the natural map from

(W4 Xp(z)—2) WQ)NP(ZQ)W?, = (W X p(z—z) W) Xp(zy) Ws)
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to (W) ® Wy @ W3)* given by

2
(T her ) () (W) © wia) ® i)
= (&, (W) WPz —20) W) Bp(sy) W) (WiRp (e, oy Wa)pay Wa (10.8)

for
§€ (Wl &P(Zlfzz) WQ)EP(Zz)W& (10'9)

wy € Wi, wey € Wy and weg) € Ws. Again by Propositions 8.5 and 8.16, ‘I’g(zl,@) is an

A-compatible map and it intertwines the actions of
V@ uCltt™ (o7 =) (' —1)7]

and of Lp,,\(j) and L, 1(j), j = —1,0,1, on (Wi Kp(z,—z,) Wa)Tp(z,) W3 and on (W7 @
Wy ® W3)*, and in particular,

(2) _ 2)
\IIP(zth) © L/P(Zg)(o) - LIJD(Zl,ZQ)<O) © \PP(Zl,ZQ)

and

2
u,x) o \Ifgg()zl@)

w2

(21,22)

© YI/D(ZQ)(% ) = YI/J(

zl,zz)(

for u € V. Thus \IIEDQ(LI .,) Preserves generalized weights, the image

qjg()zl,zg) ((Wl IXP(zlfzz) W2)EP(Z2)W3)

(2)
P(Zl,zz

of ‘11(2)

P(21,29) is a generalized module, and ¥

) is a map of generalized modules from
(W1 X p(z—z) W2)NP(ZQ)W3

to this image. Again by Propositions 8.5, 8.17 and 9.13, \I/g(31 .p) Maps (W1 Bp(z; -2
W5)Sp(2) W3 into Wp(., »,); the elements of the image satisfy 3(b) and 4(b). By the ex-
pansion condition, the elements of this image also satisfy 3(a) and 4(a).

We next show that both \szzl o

v € Witlp(z)(Wa Mp(z,) W)

) and \Ifg()Zl .y) are injective. Let

be such that "
1
\IIP(Zl’ZQ)(y) =0,
that is,
(v, way Wpey) (W) Bpey) WE))Wisp., ) (Wallp ., W) = 0 (10.10)

for wW(1) € Wl, W(2) S W2 and w(3) S Wg. Since \Ijg()zl,zg)

can assume that v is homogeneous. Then (10.10) implies that for all n € R,

preserves generalized weights, we

(v, T (W) Wp ) (W) Bpe,) we) ) wiss., ) (Wakp ., wa) = 0
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for wey € Wi, wey € Wy and wy € Wi. But by Corollary 7.17, the elements

Tn(way Mpe) (W) Rpey) ws)))

for n € R, way € Wi, wey € Wa and w) € W3 span the space Wi Mp(.,) (Ws Mp(.,) W3), so
. The proof of the injectivity of \Ifg)

(21,22)

that v = 0, and we have the injectivity of NS
is completely analogous.
Now we want to prove that the images of our two maps are equal:

P(zl 22)

‘1’531) (W1i8p ) (Wa Mp(sy) Ws)) = )

(z1,22) P(z1,22)

((Wl IXP (z1—22) WQ)‘—“P(ZQ WS)

Let

1

Ae R (Witp(e,)(Wa Bps,) Ws))
and take v € Witlp(.,) (W2 Mp(.,) W3) so that A = \I’S(ZLQ)(V). Then by Theorem 9.23, there
exists a unique P(z9)-intertwining map I' of type
(W1 NMp(z) (W Mpiay) W3))

Wy gp(21722) Wy Wi

such that

1
AMwa) @ we) @) = @Q%MWNWM®Wm®Ww
= (v,wa) Mp(y) (W) Mp(,) ws))
= <l/, ]1((w(1) @p(zl_@) ’LU(Q)) X w(g))> (10.11)
for wy € Wi, wey € Wy and wgy € Wi.

By the definition of the P(zg) tensor product of W1 Xp(.,_.,) Wo and W3 in C, there exists
a unique map of generalized modules

n: (W Xp(z1—2) W2) Xp(zp) W3 — W1 Np(.)) (W2 Xp(zy) Ws)

such that
I' = no @p(zz).

Then by (10.11), we obtain
v, I (W) Bp—z) W) @ wes))

v, (0 Mprp)) (W) Mpea,—2) Wi2)) @ wis)))
n (I/), (w(l) @P(z1—22) U}(g)) ®P(22) w(3)>

AMw() ® we) ® w))

2
- \IJED()zl,zz)O]/(V)))(w(l) ® W(2) ® W(g))
for way € Wi, wey € Wy and wig) € Ws. Thus A = \Ijg()zl,zg)<n/(y>)7 proving that A lies in
\Ilggzl,zg)((wl IEP(zl—zQ) WQ)EP(ZQ)W?))- Thus
1
\Ijgjgzl’ZQ)(WlNP(zl)(WQ bp(z2) Ws)) € \IJP(Z1 22) ((Wl X p(z1—20) W2>|§|P(z2)W3).
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The proof of the opposite inclusion,
‘1’(1)21 22)(W1'—\‘P (1) (WQ Xp(z) W3)) ‘I/g()zl 22) ((Wl X p(z—z) WQ)EP(ZQ)W3),

is completely analogous.
Since

Wil Wil (We Bpey) W) = W) (WiSp(.,) (Wa Rp(.,) W)

P(z1,2z2

is injective, we have the natural map

(\Ijggl()n’@))_l . \II( (WlINP (21) (W2 &p (22) Wg)) — W].NP(ZI)(WZ gP(ZQ) WS)

: PZl 22

of generalized modules. Thus we have a natural isomorphism

1 - 2 — —
(qj(F)()Zl,Zg)) ! © \IJ;()zl,zQ) : (Wl IEP(21722) W2)NP(ZQ)W3 — WluP(zl)(WQ IXP(ZQ) Wg),

of generalized modules. Its contragredient map A hence gives a natural isomorphism (10.6),
and (10.5) indeed holds for the map A. In fact, for £ as in (10.9), (10.8) holds, but on the
other hand, for

— (yW (2)
V= <\IJP(Z1722)) P(zl,zQ)<£)7

(10.7) gives

2 1 _ 2
(U2, )W ®we) @ we) = (U5, )R, (€), wa) B, (we) Bpe,) we)),

and this equals -
(€, Alw) Wp(ey) (i) Mp(sy) ws))))-
The formulas (10.2), (10.3) and (10.5) exhibit the naturality of (10.4). O

Definition 10.4 For z, 2z € C satisfying
|z1] > |22] > |21 — 22| > 0

and objects Wy, Ws, and W3 of C, the associativity isomorphism from
Wi Bpyy (Wa Rp(s,) W)

to

(Wl IEP (z1—22) WQ) IXP(zz) W3
is the natural isomorphism A Zl ZZ(LS(ZQ) given in Theorem 10.6. We also have the natural
mverse associativity zsomorphzsm

P(z1—22),P(22)
ongzi) PQ(LQ) 2) (Wl @p (z1—22) WQ) lxp(z2 W3 — W1 &p(21) (WQ &p (22) W3) (1012)
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Remark 10.5 The inverse associativity isomorphism a;’gzl) ;2(15(22) satisfies

P(z1—22),P(22)

piny b (W) Bz ) W) Bp(ey) w(z) = wiy Kpy) (W) Bpe,) we)  (10.13)
for wuy € Wi, we) € Wy and wg) € Ws, and (10.13) determines (10.12) uniquely.

As in the setting of [H|, the existence of such associativity isomorphisms implies the
expansion condition and hence that products can be expressed as iterates and vice versa;
the following converse of Theorem 10.3 essentially says, then, that the expansion condition
is equivalent to the existence of natural associativity isomorphisms:

Theorem 10.6 Assume that the convergence condition for intertwining maps in C (see Def-
inition 7.4) holds. Suppose that for any complex numbers z, z satisfying |zl| > |zo] >
|21 — 23] > 0 and any objects Wy, Wy and W3 of C, there exists a map A 2 ;2()35(22) of
(generalized) modules of the form (10.6) such that (10.5) holds for way € Wi, w(e) € W and
wegy € Ws. Then Aﬁgf) ;225(22) for Wy, Wy and W3 is uniquely determmed and 1is a module
isomorphism; these maps define a natural isomorphism of functors of the form (10.4); and
furthermore, the expansion condition holds, and in particular, products of intertwining maps
can be expressed as iterates and conversely, as in Theorem 9.29 and Corollary 9.30. Anal-
ogously, suppose that for any complex numbers zy, zo satisfying |z1| > |za] > |21 — 22| > 0
and for any objects Wi, Wy and W3 of C, there ezists a map of (generalized) modules of the
form (10.12) such that (10.13) holds for all wy € Wi, wey € Wa and wz) € Ws. Then the
analogous conclusions hold; in particular, the expansion condition again holds, and products
of intertwining maps can be expressed as iterates and conversely.

Proof We shall prove the first half; the second half is proved analogously. We need only
prove that given the maps A as indicated, the expansion condition holds; all the other
conclusions are either clear or immediate consequences, using Theorem 10.3 and its proof.

To prove the expansion condition, we shall prove Condition 2 in Theorem 9.27. With z;
and z3 as indicated, for any objects Wy, Wa, W3, W, and M, of C and any P(z3)-intertwining
map I' of type ( MVQV;‘VS) and P(z; — zy)-intertwining map I? of type ( ) by Proposition
8.19 there exists a unique

~ W
'€ MPG W ww,
such that -
[1 ¢} ([2 & 1W3> = Il o (X’P(zl—zz) ® 1W3>

By the definition of (W) Mp(., .,y W) Mp(.,) W3 (cf. Proposition 4.17), there exists a unique
module map
n: (Wi Wp(zy—zp) Wa) Mpeyy W — Wy

such that _
I' = 770 Xp(z).
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Then we have
I'o (@ lw,) =T o (Mpiy—u) © L) =70 (Mp(ey) © (Mp(ay—2p) @ Livy ).
Thus for wuy € Wi, we) € Ws and ws) € Ws, by (10.5) we have

NP (w) © w)) @ w)
= T((w) Mp(zy —2y) Wi2)) Rp(ay) wis))
P(z1—22),P(z
(Apirtn ) B (we) Bpe) w))). (10.14)

By Proposition 9.13, for w' € Wimp(.,)(Ws Mp(.,) W3)),

3|

(Mp(zy) 0 (1w, @ Kppay))) (') € (W @ Wy @ W)

satisfies the P (z;)-local grading restriction condition (or the L(0)-semisimple PM)(z;)-local
grading restriction condition when C is in M,,) and the other condition in Condition 2 in

Theorem 9.27. Since 1 and A 2) ;2(25('22) are module maps, for wi,, € W we have that

(z1—22),P(z2
(70 AT 720 0 (Rpey) 0 (1w, ® Rp(ey))) (wis))
P(z1—22),P(z2
= (®p(ay) © (Iwy ® Bp(ey))) (AP 2ol )Y (7 (wiy)))

also satisfies Condition 2 in Theorem 9.27. Thus by (10.14), (I' o (I? @ 1y,))"(w(,,) satisfies
this condition, that is, the expansion condition holds. [
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