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Abstract

This is the third part in a series of papers in which we introduce and develop
a natural, general tensor category theory for suitable module categories for a vertex
(operator) algebra. In this paper (Part III), we introduce and study intertwining maps
and tensor product bifunctors.
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In this paper, Part III of a series of eight papers on logarithmic tensor category theory,
we introduce and study intertwining maps and tensor product bifunctors. The sections,
equations, theorems and so on are numbered globally in the series of papers rather than
within each paper, so that for example equation (a.b) is the b-th labeled equation in Section
a, which is contained in the paper indicated as follows: In Part I [HLZ1], which contains
Sections 1 and 2, we give a detailed overview of our theory, state our main results and
introduce the basic objects that we shall study in this work. We include a brief discussion of
some of the recent applications of this theory, and also a discussion of some recent literature.
In Part 1T [HLZ2|, which contains Section 3, we develop logarithmic formal calculus and
study logarithmic intertwining operators. The present paper, Part I1I, contains Section 4.
In Part IV [HLZ3], which contains Sections 5 and 6, we give constructions of the P(z)- and
Q(z)-tensor product bifunctors using what we call “compatibility conditions” and certain
other conditions. In Part V [HLZ4], which contains Sections 7 and 8, we study products
and iterates of intertwining maps and of logarithmic intertwining operators and we begin
the development of our analytic approach. In Part VI [HLZ5|, which contains Sections



9 and 10, we construct the appropriate natural associativity isomorphisms between triple
tensor product functors. In Part VII [HLZ6], which contains Section 11, we give sufficient
conditions for the existence of the associativity isomorphisms. In Part VIII [HLZ7|, which
contains Section 12, we construct braided tensor category structure.
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4 P(z2)- and Q(z)-intertwining maps and the P(z)- and
()(z)-tensor product bifunctors

We now generalize to the setting of the present work the notions of P(z)- and Q(z)-tensor
product of modules, for z € C*, introduced in [HL1|, [HL2] and [HL3]. The symbols P(z)
and Q(z) refer to moduli space elements described in Remarks 4.3 and 4.37, respectively.
We introduce the notions of P(z)- and Q(z)-intertwining map among strongly A-graded
generalized modules for a strongly A-graded Mobius or conformal vertex algebra V' and es-
tablish the relationship between such intertwining maps and grading-compatible logarithmic
intertwining operators. We define the P(z)- and Q(z)-tensor product bifunctors for pairs of
strongly A-graded generalized V-modules using these intertwining maps and natural univer-
sal properties. As examples, for a strongly A-graded generalized module W, we construct
and describe the P(z)-tensor products of V' and W and also of W and V; the underlying
strongly A-graded generalized modules of the tensor product structures are W itself, in both
of these cases. In the case in which V' is a finitely reductive vertex operator algebra (recall
the Introduction), we construct and describe the P(z)- and @Q(z)-tensor products of arbi-
trary V-modules, and we use this structure to motivate the construction of associativity
isomorphisms that we will carry out in later sections. At the end of this section we relate
the P(z)- and Q(z)-tensor products.

We emphasize an important issue: Even though, as we have just mentioned, we construct
the P(z)- and Q(z)-tensor product bifunctors in some cases, we do not give any general
construction of (models for) these bifunctors in this section. But for our deeper results, we
will crucially need a suitable general construction of these bifunctors, and indeed, for both
P(z) and Q(z), we will construct a useful, particular bifunctor (when it exists) in Section
5. We will use this construction in order to construct the required natural associativity
isomorphisms among triple tensor products, leading to braided tensor category structure,
under suitable conditions.

In view of the results in Sections 2 and 3 involving contragredient modules, it is natural
for us to work in the strongly-graded setting from now on:

Assumption 4.1 Throughout this section and the remainder of this work, we shall assume
the following, unless other assumptions are explicitly made: A is an abelian group and A is
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an abelian group containing A as a subgroup; V' is a strongly A-graded Mobius or conformal
verter algebra; all V-modules and generalized V-modules considered are strongly A-graded;
and all intertwining operators and logarithmic intertwining operators considered are grading-
compatible. (Recall Definitions 2.23, 2.25, 3.10 and 3.14.)

We shall be working with full subcategories C of the category M, of strongly A-graded
(ordinary) V-modules or the category GM,, of strongly A-graded generalized V-modules
(recall Notation 2.36).

In this section, z will be a fixed nonzero complex number.

4.1 P(2)-intertwining maps and the notion of P(z)-tensor product

We first generalize the notion of P(z)-intertwining map given in Section 4 of [HL1]; our
P(z)-intertwining maps will automatically be grading-compatible by definition. We use the
notations given in Definition 2.18. The main part of the following definition, the Jacobi
identity (4.4), was previewed in the Introduction (formula (1.19)). It should be compared
with the corresponding formula (1.1) in the Lie algebra setting, and with the Jacobi identity
(3.26) in the definition of the notion of logarithmic intertwining operator; note that the
formal variable x5 in that Jacobi identity is specialized here to the nonzero complex number
z. Also, the sl(2)-bracket relations (4.5) should be compared with the corresponding relations
(3.28). There is no L(—1)-derivative formula for intertwining maps; as we shall see, the
P(z)-intertwining maps are obtained from logarithmic intertwining operators by a process
of specialization of the formal variable to the complex variable z.

Definition 4.2 Let (Wy,Y7), (Wa,Ys) and (W3,Y3) be generalized V-modules. A P(z)-
intertwining map of type (W1 5[,2) is a linear map

]2W1®W2—>W3 (41)

(recall from Definition 2.18 that W3 is the formal completion of W5 with respect to the C-
grading) such that the following conditions are satisfied: the grading compatibility condition:

for 8,7 € A and wy € W, wey € Wi?,
I(we) @ we) € Wy (4.2)
the lower truncation condition: for any elements w(y € Wi, w) € W, and any n € C,
Tp—mI (W) @ wezy) =0 for m € N sufficiently large (4.3)

(which follows from (4.2), in view of the grading restriction condition (2.85); recall the
notation m, from Definition 2.18); the Jacobi identity:

T — 2
35515( 1:5 )Yfg(v,a:l)l(w(n ® w(z))
0

T —T
= Zﬁl(S(%)HH(”JO)Wl) ® w(z))
zZ— T

—|—xal(5< )](w(l) ® Ya (v, x1)wiz)) (4.4)
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for v € V, wuy € Wy and w(z) € Wa (note that all the expressions in the right-hand side of
(4.4) are well defined, and that the left-hand side of (4.4) is meaningful because any infinite
linear combination of v, (n € Z) of the form ) _y a,v, (a, € C) acts in a well-defined way
on any I(way ® w)), in view of (4.3)); and the sl(2)-bracket relations: for any wny € Wi
and W) € WQ,

JES I
L)y © wiw) = T @ L) + 3 () #1LG = Do) i) (@5

for j = —1,0 and 1 (note that if V' is in fact a conformal vertex algebra, this follows
automatically from (4.4) by setting v = w and taking Res,,Res,, ]""). The vector space of
P(z)-intertwining maps of type (WVIVIf’Vz) is denoted by
W,
MP(2)lwiw,:

or simply by .
Myiw,

if there is no ambiguity.

Remark 4.3 As we mentioned in the Introduction, P(z) is the Riemann sphere C with
one negatively oriented puncture at oo and two ordered positively oriented punctures at
z and 0, with local coordinates 1/w, w — z and w, respectively, vanishing at these three
punctures. The geometry underlying the notion of P(z)-intertwining map and the notions
of P(z)-product and P(z)-tensor product (see below) is determined by P(z).

Remark 4.4 In the case of C-graded ordinary modules for a vertex operator algebra, where
the grading restriction condition (2.90) for a module W is replaced by the (more restrictive)
condition

Wy =0 for n € C with sufficiently negative real part (4.6)

as in [HL1] (and where, in our context, the abelian groups A and A are trivial), the notion
of P(z)-intertwining map above agrees with the earlier one introduced in [HL1]; in this case,
the conditions (4.2) and (4.3) are automatic.

Remark 4.5 If W3 in Definition 4.2 is lower bounded, as in Remark 3.25, then (4.3) can be
strengthened to:

Tl (W) ® wzy) =0 for RN(n) sufficiently negative (4.7)

(n € C).



Remark 4.6 As in Remark 3.42, it is clear that the s[(2)-bracket relations (4.5) can equiv-
alently be written as

Jj+1 (]+1

)L = i 8 we)

for w() € Wi, W) € W, and j= —1,0 and 1.
Following [HL1] we will choose the branch of log z (and of arg z) such that
0 <Y(logz) =argz < 27 (4.9)

(despite the fact that we happened to have used a different branch in (3.12) in the proof of
Theorem 3.6), so that
log z = log |z| + i arg z.

We will also use the notation
l,(2) =log z + 2mip, p € Z, (4.10)

as in [HL1], for arbitrary values of the log function. For a formal expression f(z) as in (3.2),
but involving only nonnegative integral powers of log x, and ( € C, whenever

f(z) (4.11)

z=eln, (log x)m=¢™, neC, meN

exists algebraically, we will write (4.11) simply as f(z) . or f(e%), and we will call this

“substituting e for z in f(x),” even though, in general, it depends on ¢, not just on €. (See
also (3.76).) In addition, for a fixed integer p, we will sometimes write

fl@)| — or f(z) (4.12)

b2

instead of f(x)

exists.”

or f(e»*). We will sometimes say that “f(e¢) exists” or that “f(z)

r=elp(?)

Remark 4.7 A very important example of an f(z) existing in this sense occurs when
f(@) = Y(way, v)we) (€ Wslloga]{z})

for wuy € Wi, wee) € Ws and a logarithmic intertwining operator ) of type (W%VQ), in the

notation of Definition 3.10; note that (4.11) exists (as an element of W3) in this case because
of Proposition 3.20(b). Note also that in particular, Y(wy,e®) (or Y(wq), 2)) exists as a
linear map from W; to W, and that Y(-, 2)- exists as a linear map

Wie@W, — Wg
way @we) = Y (way, 2)we). (4.13)
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Now we use these considerations to construct correspondences between (grading-compatible)
logarithmic intertwining operators and P(z)-intertwining maps. Fix an integer p. Let ) be

a logarithmic intertwining operator of type ( Ws ) Then we have a linear map

Wi Wa
]ym W Wy — Wg (414)
defined by l
Iy p(way ®@ w)) = Y(way, e )we (4.15)

for all wny € Wy and wee) € Ws. The grading-compatibility condition (3.31) yields the
grading-compatibility condition (4.2) for Iy,, and (4.3) follows. By substituting e»(*) for
Ty in (3.26) and for x in (3.28), we see that Iy, satisfies the Jacobi identity (4.4) and the
s[(2)-bracket relations (4.5). Hence Iy, is a P(z)-intertwining map. (Note that the L(—1)-
derivative property (3.27) is not used here, so that, for example, each Y®) in Remark 3.26
produces P(z)-intertwining maps in this way. But the L(—1)-derivative property is indeed
needed for the recovery of ) from Iy ,, as we shall now see.)

On the other hand, we note that (3.61) (whose proof uses the L(—1)-derivative property
of )V) is equivalent to

L'(0) —L(0) /

(" Owig, Yy " Oway, 2)y " Owe))w, = (wig), Y(way, zy)we))w, (4.16)

for all wny € Wi, we € W, and wES) € Wi, where we are using the pairing between

the contragredient module W4 and W3 or W3 (recall Definition 2.32, Theorem 2.34, (2.75),
(2.101) and (3.55)). Substituting () for z and then e~z for y, we obtain

<yL/(0)xL/(0)w23)7 y(ny(o)wa(o)w(l), elp(z))y—L(O)x*L(O)w@))W3 .
= (Wig), V(W) £)wz)) wy,
or equivalently, using the notation (4.15),
<w23)’ yL(O)xL(O)]yvp(yiL(O)xiL(O)w(l) ® y*L(O)m*L(O)w(Q))>W3 y:e*lp(Z)

= <U}(3), y(w(l)v x)w(2)>W3'

Thus we have recovered ) from Iy, (with (3.27) having been used in the proof).
This motivates the following definition: Given a P(z)-intertwining map I and an integer
p, we define a linear map
y[,p Wi W, — Wg[lOg ZL’]{JZ} (417)

by

y[,p(w(l)a 37)“’(2)

=y HOLO) (=)L Oy O =L O (4.18)

y:eflﬂz)



for any w(;y € Wi and wy € Wy (this is well deﬁned and indeed maps to Wj[log z]{z}, in
view of (3.55)). We will also use the notation w(l)n Pwey € Wy defined by

Vip(way, )wey = Z Z Wy, ’pw “!logx)*. (4.19)

neC keN

Observe that since the operator 249 always increases the power of z in an expression

homogeneous of generalized weight n by £n, we see from (4.18) that
way hwe) € (Wa)ptns—n-1] (4.20)

for way € (Wh)p,) and weey € (Wa)n,). Moreover, for I = Iy, we have Vi, = Y (from the
above), and for Y = Y;,, we have Iy, = I.
We can now prove the following proposition generalizing Proposition 12.2 in [HL3].

Proposition 4.8 For p € Z, the correspondence

y — vap

s a linear isomorphism from the space me,/f’WQ of (grading-compatible) logarithmic intertwin-
ing operators of type (W‘;V%/Q) to the space M%‘l’% of P(z)-intertwining maps of the same

type. Its inverse map is given by
I — pr.

Proof We need only show that for any P(z)-intertwining map I of type (W?V{j%), Vipis a
logarithmic intertwining operator of the same type. The lower truncation condition (4.3)
implies that the lower truncation condition (3.25) for logarithmic intertwining operator holds
for ) ,,; for this, (4.20) can be used. Let us now prove the Jacobi identity for ) ,,.
Changing the formal variables 2¢ and x; to zge?*)x; ! and z1e**) x5!, respectively, in the

Jacobi identity (4.4) for I, and then changing v to y~*©z L(O)’U

we obtain (noting
y:e—lp (z

that at first, e#(*) could be written simply as z because only integral powers occur)

(1 —x _ - -
x015( 1330 2) Ya(y 2Oz, 0, 2y~ tas ) H(way @ we)

y:eillﬂz)

_ ry —x _ — 1 _
=Ty K ( 1 0) I(Yi(y L(O)% L(O)U,woy 1372 1)w(1) ® w(2))’

i) y:eflp(z)

_ To — X _ _ 1
+~’U015< 2 T 1) I(wgy @ Yaly 202, O ay ey w)
40

y:e_lp(z) ’

Using the formula

Ya(y 202,20y iy a1y = yLO g Oy (4 )y O 1O,



which holds on the generalized module W3, by (3.61), and the similar formulas for Y] and
Y5, we get

B T, — B _
250 (195—02) y 02 POy (0, 20)y O O T(way @ we)

y:eflp(z)

r1 — _
=50 ( 1 O) Iy 02, Oy, (v, 20)y" Oy Pwgy @ @U(z))’
)

o) —e—lp(2)

To — X _
+ag o ( 2 1) Hway @y O, L(O)Yz(v,wl)yL(O):EQL(O)w@)))
Yy

—x —etele)
Replacing w1y by y‘L(O)x;L(O)w(l) . and w) by y‘L(O)x;L(O)w@) . and then
y=e y=e
applying yL(O)%L © ., to the whole equation, we obtain
y=e P\*
7' (951 g 5’72) Ys(v, 21y Oay®
Zo
_ —L — —L
I(y L(O)xQ (O)w(l) ®y L(O)xQ (0)w(2)> y=e~'p(2)
_ T —T
=236 (—1 0) yL(O)xg(O) :
T2
_ —L(0 - —L(0
Iy Oz, MOV (v, 20)wiy @y Oz ) S
+1,'6 (_xz — ml) y L0 g2 O)
.](y—L(O)xQ—L(O)w(l) ® y—L(O)I,Z—L(O)YQ(U’ T1)w()) e
y=e

But using (4.18), we can write this as

r1 — X
1‘615( : 2) Ya(v, 21) Vrp(way, T2)w(z)

Zo

N T, —
= x5 ) ( 1$2 0) Vip(Y1(v, o)wy, 12)w(a)

o fTe—x
+:B015( 2 . 1) Vrp(w(y, 22)Ya (v, 1)w(z).
—o
That is, the Jacobi identity for Y, holds.
Similar procedures show that the s[(2)-bracket relations for I imply the sl[(2)-bracket

relations for Vr,, as follows: Let j be —1, 0 or 1. By multiplying (4.5) by (yz)? and using
(3.66) we obtain

(yz) MO L) (y2) O I (wi) @ we)



L(0)

Replacing wy) by (yz) Y @wy and wy by (yz) Y Ow), and then applying (yz)X® to the

whole equation, we obtain
L) (yx) O ((yx) P wiy @ (ya) ™ Ow)
= ()" OI((y) " Oway @ (yr) MO L(j)w)

#3 (TT) s ) O 1 () HOLG = ) () )

Evaluating at y = e™(*) and using (4.18) we see that this gives exactly the s[(2)-bracket
relations (3.28) for Yy ,.

Finally, we prove the L(—1)-derivative property for Yy ,. This follows from (4.18), (3.57),
and the s[(2)-bracket relation with j = 0 for ) ,,, namely,

[L(0), Yip(wary, 2)] = Vip(L(O)way, 2) + 2Vrp (L(=1)wqy, @),

as follows:

d
@yz,p(w(n, T)w(2)

dz (2))

@)
& (IO 100y )

)

—e (IO L LO) (el HLO) =1 =LO) [0y

e O L0 [((laIO) - O)y ) @ DO 31~ LO) L0y
=2 L(0) V1, (way, 2)wi) — 2 Vrp(wa), 2) L0)we

2 Vi (L(0)wqy, T)w)
= Vip(L(=Dwq), z)w). |

Remark 4.9 From Remarks 3.25 and 4.5, we note that if Wj is lower bounded, then the
spaces of logarithmic intertwining operators and of P(z)-intertwining maps in Proposition
4.8 satisfy the stronger conditions (3.43) and (4.7), respectively.

Remark 4.10 Given a generalized V-module (W, Yy ), recall from Remark 3.16 that Yy is
a logarithmic intertwining operator of type (VVKV) not involving log x and having only integral
powers of x. Then the substitution x — z in (4.15) is very simple; it is independent of p and
Y (-, 2)- entails only the substitutions 2" +— 2" for n € Z. As a special case, we can take

(W, Yiw) to be (V,Y) itself.



Remark 4.11 Let I be a P(z)-intertwining map of type (W%VQ) and let p,p’ € Z. From

(4.18), we see that the logarithmic intertwining operators );, and Yr, of this same type
differ as follows:

Viy (W, 2)w)
— e2ﬂi(pfp’)L(0)yI (e2fri(p/fp)L(0)w(1)’ x>e27ri(p/fp)L(0)w(2) (4.21)

)

for w(;) € Wi and w(z) € Wa. Using the notation in Remark 3.45, we thus have

Vip = (Vr ,p)Lp—p’,p’—p,p’—p}
— pr(.’ e2m'(p—p').) . (4‘22)
Remark 4.12 Let I be a P(z)-intertwining map of type (WKVSVQ) Then from the correspon-

dence between P(z)-intertwining maps and logarithmic intertwining operators in Proposition
4.8, we see that for any nonzero complex number zq, the linear map I; defined by

Li(way @ we) =YY w P we eI (1, (2)F (4.23)
neC keN

for wy € Wy and we) € Wy (recall (4.19)) is a P(z;)-intertwining map of the same type. In
this sense, w(l)i’iw(g) is independent of z. This justifies writing I(wu) ® wz)) alternatively
as

I{w), 2)we, (4.24)

indicating that z can be replaced by any nonzero complex number; this notation was some-
times used in [H], although we shall generally not be using it in the present work. However,
for a general intertwining map associated to a sphere with punctures not necessarily of type
P(z), the corresponding element w(l)fl’iw@) will in general be different.

We now proceed to the definition of the P(z)-tensor product. As in [HL1], this will
be a suitably universal “P(z)-product.” We generalize these notions from [HL1] using the
notations My, and GM,, (the categories of strongly graded V-modules and generalized
V-modules, respectively; recall Notation 2.36) as follows:

Definition 4.13 Let C; be either of the categories M, or GM,, (recall Notation 2.36). For
Wy, Wy € ob(Cy, a P(z)-product of Wi and Wy is an object (W3, Y3) of C; equipped with a
P(z)-intertwining map I3 of type (WIiV;VQ) We denote it by (W3, Ya; I3) or simply by (Ws; I3).
Let (Wy,Yy; 1) be another P(z)-product of Wi and Ws. A morphism from (W3, Ys; I3) to
(W4, Yy; 1) is a module map n from W3 to Wy such that the diagram

Wi, @ Wy
Wy 1 -V,
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commutes, that is,
I, =nol;s, (4.25)

where

n:Ws— W, (4.26)

is the natural extension of 7. (Note that 77 exists because n preserves C-gradings; we shall
use the notation 7 for any such map 7.)

Remark 4.14 In this setting, let 7 be a morphism from (W3, Y3; I3) to (Wy, Yy; I4). We know
from (4.17)—(4.19) that for p € Z, the coefficients w(l)if;fw(g) and w(l)i‘t;fw(g) in the formal
expansion (4.19) of Vp, p(w(y, T)wey and Vi, ,(way, )w(e), respectively, are determined by
I3 and I, and that

n(we 7 we) = W), (4.27)

as we see by applying 77 to (4.18).

The notion of P(z)-tensor product is now defined by means of a universal property as
follows:

Definition 4.15 Let C be a full subcategory of either M,, or GM,,. For W;, W, € ob(,
a P(z)-tensor product of Wi and Wy in C is a P(z)-product (W, Yo; Iy) with Wy € obC
such that for any P(z)-product (W,Y’;I) with W € obC, there is a unique morphism from
(Wo, Yo; I) to (W,Y;1). Clearly, a P(z)-tensor product of W7 and W5 in C, if it exists, is
unique up to unique isomorphism. In this case we will denote it by

(Wl @P(z) W, YP(Z); &P(z))

and call the object
(W1 Bpy Wa, Ye()

the P(z)-tensor product (generalized) module of Wy and Wy in C. We will skip the phrase
“in C” if the category C under consideration is clear in context.

Remark 4.16 Consider the functor from C to the category Set defined by assigning to
W € obC the set My, of all P(z)-intertwining maps of type (WYVWQ). Then if the P(z)-
tensor product of W; and Ws exists, it is just the universal element for this functor, and
this functor is representable, represented by the P(z)-tensor product. (Recall that given a
functor f from a category K to Set, a universal element for f, if it exists, is a pair (X, z)
where X € obK and z € f(X) such that for any pair (Y, y) with Y € obK and y € f(Y),
there is a unique morphism o : X — Y such that f(o)(z) = y; in this case, f is represented
by X.)

Definition 4.15 and Proposition 4.8 immediately give the following result relating the

module maps from a P(z)-tensor product (generalized) module with the P(z)-intertwining
maps and the logarithmic intertwining operators:
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Proposition 4.17 Suppose that Wi p,y Wy exists. We have a natural isomorphism

~

Homy (Wy Rpe) Wa, W3) 5 Mydy,

and for p € Z, a natural isomorphism

~

Homy (W1 Rp(y Wo, W3) — VI‘//V%WQ

1

n = Vip (4.29)
where Yy, = Vip with I =10 MXp(.y. O

Suppose that the P(z)-tensor product (Wi Mp(.) Wa, Yp(2); Mp(.)) of Wi and W, exists.
We will sometimes denote the action of the canonical P(z)-intertwining map

w(y @ wiz) = Wpee) (W) @ wie)) = Wpe) (wa), 2)we) € Wi Mpe) W (4.30)
(recall (4.24)) on elements simply by w1y Mp(.) wa):
W) Mpe) we) = Bpe) (wp) @ we) = Bee) (W), 2)we). (4.31)

Remark 4.18 We emphasize that the element w(;) Mp(.) w(2) defined here is an element of
the formal completion Wy XMp(.) Wa, and not (in general) of the module Wy Mp(,) Wy itself.
This is different from the classical case for modules for a Lie algebra (recall Section 1.3),
where the tensor product of elements of two modules is an element of the tensor product
module.

Remark 4.19 Note that under the natural isomorphism (4.28) for the case W5 = W, Kp.
W5, the identity map from Wi Kp(.y W to itself corresponds to the canonical intertwining
map Xp(.). Furthermore, for p € Z, the P(z)-tensor product of Wy and W, gives rise to a
logarithmic intertwining operator YV, , of type (Wﬁf %,Z[}ZWQ
If p is changed to p’ € Z, this logarithmic intertwining operator changes according to (4.21).
Note that the P(z)-intertwining map Xp(,) is canonical and depends only on z, while a

corresponding logarithmic intertwining operator is not; it depends on p € Z.

), according to formula (4.18).

Remark 4.20 Sometimes it will be convenient, as in the next proposition, to use the par-
ticular isomorphism associated with p = 0 (in Proposition 4.8) between the spaces of P(z)-
intertwining maps and of logarithmic intertwining operators of the same type. In this case,
we shall sometimes simplify the notation by dropping the p (= 0) in the notation w(l)i’;%w@)
(recall (4.19)):

W), W) = Wy W) (4.32)
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Proposition 4.21 Suppose that the P(z)-tensor product (Wi Mpy Wa, Yp(.): Mp()) of Wi
and Wy in C exists. Then for any complex number z; # 0, the P(zl) tensor pmduct of W1 and
Ws in C also exists, and is given by (W1 Xpy Wa, Yp(2); Mp(.,)), where the P(z,)-intertwining
map Rp(.,) is defined by

Xp ) (wa) @ we) Z Z wa nlz(z W8 " (log 2, )" (4.33)

neC keN

for way € Wi and wey € Ws.

Proof By Remark 4.12, (4.33) indeed defines a P(z1)-product. Given any P(z;)-product
(W3, Ys; Ih) of Wy and W, let I be the P(z)-product related to I; by formula (4.23) with I, I
and z1 in (4.23) replaced by I, I; and z, respectively, and with p = 0. Then from the definition
of P(z)-tensor product, there is a unique morphism 7 from (W, Mp(.) Wa, Yp(.); Mp()) to
(W3,Y3;I). Thus by (4.27) and (4.33) we see that 7 is also a morphlsm from the P(z;)-
product (Wi Mpry Wa, Yp(2); Mp(.,y) to (Ws,Ys;11). The uniqueness of such a morphism
follows similarly from the unlqueness of a morphism from (W Mp(.) W, Yp(.): Mp()) to
(W3, Y35 D). Hence (W Mp(.) Wa, Yp(2); Mp.,)) is the P(z)-tensor product of W, and Wj.
[

Remark 4.22 In general, it will turn out that the existence of tensor product, and the
tensor product (generalized) module itself, do not depend on the geometric data. It is
the intertwining map from the two modules to the completion of their tensor product that
encodes the geometric information.

Generalizing Lemma 4.9 of [H|, we have:

Proposition 4.23 The generalized module W1 XRp,y Wa (if it exists) is spanned (as a vector
space) by the (generalized-) weight components of the elements of Wi Wp(.) Wy of the form
w(1) &p(z) w(2), for all w() € Wi and W) € Ws.

Proof Denote by W, the vector subspace of W; Mp(,) W5 spanned by all the weight com-
ponents of all the elements of Wy Xp(,) Wy of the forrn wey Mpey we) for wey € Wy and
w2y € Wy. For a homogeneous vector v € V' and arbitrary elements wy € Wi and woy € W,
equating the 5127 ! coefficients of the Jacobi identity (4.4) gives

m

; )zm_i(viw(l)) &p(z) W(2) (4.34)

Um(way Bpe) wee) = wa) Mpe) (Unwe) + ) (
for all m € Z. Note that the summation in the right-hand side of (4.34) is always finite.
Hence by taking arbitrary weight components of (4.34) we see that W} is closed under the
action of V. In case V' is Mobius, a similar argument, using (4.5), shows that Wj is stable
under the action of sl(2). It is clear that W is C-graded and A-graded. Thus W is a
submodule of Wy Xp(,) Wo.

13



Now consider the quotient module
W = (W1 Rpy Wy) /Wi
and let my, be the canonical map from W, XMp.y W5 to W. By the definition of Wy, we have
Tw o Mp(,) = 0,

using the notation (4.30). The universal property of the P(z)-tensor product then demands
that ™wW = O, i.e., that W() = W1 &p(z) WQ.
(Another argument: The image of the P(z)-intertwining map Mp(.) lies in

WoC W, Xp) Wa,

so that Wy is naturally a P(z)-product of W; and W5, giving rise to a (unique) V-module
map

f W &p(z) Wy — Wy
such that f takes each w1y Mp(z) wiz) to wiy Mp(.y we), by the universal property. Writing

L WO — W1 &p(z) WQ

for the natural injection, we have that ¢ o f is the identity map on W; Kp(.y W5, by the
universal property. Thus ¢ is surjective (or, alternatively, f is injective and is 1 on W), so
that WO = W1 &p(z) Wg) [

It is clear from Definition 4.15 that the tensor product operation distributes over direct
sums in the following sense:

Proposition 4.24 For U,,..., Uy, Wy,...,W; € obC, suppose that each U; Wp(,) W; exists.
Then (11, U:) ®p() (11; W) ezists and there is a natural isomorphism

(H Uz') Xp(.) (H WJ> 5 H U; Kpey W O
i ; ¥

Remark 4.25 It is of course natural to view the P(z)-tensor product as a bifunctor: Sup-
pose that C is a full subcategory of either M, or GM, (recall Notation 2.36) such that for
all Wy, Wy € obC, the P(z)-tensor product of Wi and W, exists in C. Then XMp(.) provides
a (bi)functor

&p(z) :CxC—C (4.35)
as follows: For W, W5 € ob(,
&p(z)(Wh Wg) = W1 X,p(z) W2 € obC (436)
and for V-module maps
g1 . W1 — Wg, (437)
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09 W2 — W4 (438)
with W3, W, € ob(C, we have the V-module map, denoted

@P(z)(Uh 02) =01 &P(z) 02, (439)

from W1 Np.)Ws to W3l p(.y Wy, defined by the universal property of the P(z)-tensor product
Wi Mp(.) Wy and the fact that the composition of Mp(.) with 01 ® 03 is a P(2)-intertwining
map

&P(z) o (0'1 X 0'2) Wi W, — W3 &p(z) W,. (440)
Note that it is the effect of this bifunctor on morphisms (rather than on objects) that exhibits
the role of the geometric data.

We obtain right exact functors by fixing one of the generalized modules in Remark 4.25':

Proposition 4.26 In the setting of Remark 4.25, for W € obC the functors W Mp(.y - and
-Npy W are right exact.

Proof Let
W1 i> W2 2) W3 — 0

be exact in C. We show that

1wk P(z 1wlp( )02

W&p(z) W, ngpz) Wy W&p W3—>0

is exact; the proof of right exactness for - Mp(,) W is completely analogous.
For the surjectivity of 1y X oy, we observe that the elements

(1W & UQ)(ﬂ'n('LU IE ’LU(Q)))

for w € W, w(g) € W5 and n € C span W KX W3 (we are dropping the subscripts P(z)), since
this element equals
7Tn(1W X 02(w X w(g))) = Wn(w X Ug(w(g))),

and these elements span W X W3 by the surjectivity of o9 and Proposition 4.23.
Since
(1W X O'Q)(lW X 0'1) == 1W X 0901 = 0,

it remains only to show that the natural (surjective) module map
0 : (Wl X Wg)/Im(lw X’O’l) — W X Ws

is injective. Noting that

(W1 R Ws)/Im (1yy Roy) = (W K Ws)/Im (1y K oq),

'We thank Ingo Runkel for asking us whether our tensor product functors are right exact.
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we characterize 6 by:

O(w X wg) +Im (1l Moy)) = Ly X og(w K wy).

We construct a P(z)-intertwining map

I WeW;— (WKW,)/Im (1y K o)
as follows: For w € W and w) € W3 set

I(w®wg) = wRwe +Im (1y Kay)
where w(z) € W is such that

oa(w(z)) = wz).

Then I is well defined because for wi,) € W with oa(w(y)) = w(s),

w @ (W) — W) € wRKeroy =wXImoy CIm (1y ® 01),

and it is straightforward to verify that I is in fact a P(z)-intertwining map. Thus we have
a module map
n: WX W3 — (W& Wz)/IHl(lW ®O’1)

such that
(w X ws) = wXwe) + Im (1y @ 01),

with the elements as above. Then

10 0(w R we) +Im (T @ 01)) = 7(Tw @ 3w K w)))
N(w X oa(w)))

= 7w W w)
:w&w(2)+1m(1w—®01),

which shows that n o 6 is the identity map, and so 6 is injective, as desired. [

We now discuss the simplest examples of P(z)-tensor products—those in which one or
both of Wy or Wy is V itself (viewed as a (generalized) V-module); we suppose here that
V € ob(C. Since the discussion of the case in which both W and W5 are V' turns out to be
no simpler than the case in which W7 = V| we shall discuss only the two more general cases
Wy =V and Wy, =V.

Example 4.27 Let (W, Yy ) be an object of C. The vertex operator map Yy gives a P(z)-

intertwining map

[YWJ? = Yw(',Z)' VW — W
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for any fixed p € Z (recall Proposition 4.8 and Remark 4.10). We claim that (W, Yy ; Y (-, 2)-)
is the P(z)-tensor product of V and W in C. In fact, let (W3, Y3; 1) be a P(z)-product of V'
and W in C and suppose that there exists a module map 7 : W — Wj such that

7o (Yin(2)) = 1. (4.41)
Then for w € W, we must have

n(w) = n(Yw(l,z)w)
(Mo (Yw (- 2))) (1 ®w)
I1®w), (4.42)

so that 7 is unique if it exists. We now define n : W — W3 using (4.42). We shall show that

n(W) C W5 and that n has the desired properties. Since I is a P(z)-intertwining map of

type (y‘j/), it corresponds to a logarithmic intertwining operator Y = Yy, of the same type,

according to Proposition 4.8. Since L(—1)1 = 0, we have
L V(.a) = V(L1120
— T) = - z) = 0.
dl‘ ) )

Thus Y(1,z) is simply the constant map 13_]1;0 : W — W; (using the notation (3.24)),
and this map preserves (generalized) weights, by Proposition 3.20(b). By Proposition 4.8,
I =1y,, so that
nw) = I1®w)
= Iy,(1®w)

— Yy
= 100w

forw e W. Son=1Y 1.0 18 @ linear map from W to W3 preserving (generalized) weights.
Using the Jacobi identity (4.4) for the P(z)-intertwining map I and the fact that Y (u, x¢)1 €
V{[zo]] for u € V| we obtain

n(Yw(u,z)w) = I(1® Yy (u,z)w)
= Ys(u,2)I(1 ® w) — Resy,z 0 (%) (Y (u,20)1 ® w)

Ys(u, 2) (1 ® w)
Y3(u, z)n(w)

foru € V and w € W, proving that n is a module map when V' is a conformal vertex algebra,
and when V' is Mobius, 7 also commutes with the action of sl(2), by (4.5). For w € W,

(Mo (Yw(,2)))1@w) = 7(Yw(1,z)w)
= n(w)
= I(1ow). (4.43)
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Using the Jacobi identity for P(z)-intertwining maps, we obtain

(Y (u, zo)v @ w)

r—Zz Z—X

= Res,7;'0 ( ) Ya(u,2) (v ® w) — Res,xg 0 ( > I(v® Yiy(u, v)w) (4.44)

Zo —Zo

for u,v € V and w € W. Since 1 is a module map and Yy (-, 2)- is a P(z)-intertwining map

of type (lejv)’ 770 Yw(:, 2)- is a P(z)-intertwining map of type (;VV?,) In particular, (4.44)

holds when we replace I by 77 o Yy (-, 2)-. Using (4.44) for v = 1 together with (4.43), we
obtain
Mo (Yw(-,2))(u@w)=I{u®w)

for w € V and w € W, proving (4.41), as desired. Thus (W, Yw; Y (-, 2)-) is the P(z)-tensor
product of V and W in C.

Example 4.28 Let (W, Yy ) be an object of C. In order to construct the P(z)-tensor product
W Mp(,) V, recall from (3.77) and Proposition 3.44 that €,(Yy) is a logarithmic intertwin-
ing operator of type (MI//VV) It involves only integral powers of the formal variable and no

logarithms, and it is independent of p. In fact,
Q,(Yi)(w, z)v = e*L VY (v, —2)w
forve V and w e W. For q € Z,
Io,vwyg = HYw) (L 2) WV =W

is a P(z)-intertwining map of the same type and is independent of q. We claim that
(W, Yw; Q,(Yw)(-, 2)-) is the P(z)-tensor product of W and V' in C. In fact, let (W3, Ys; 1) be
a P(z)-product of W and V in C and suppose that there exists a module map n: W — Wj3
such that

70 Q,(Yw)(-, 2)- = 1. (4.45)

For w € W, we must have

nw) = nYw(l, —2)w)
= MR Yy (1, —2)w)
e L EVF(Q, (Yir ) (w, 2)1))
e D (70 (2, (Yiw) (-, 2)-))(w ® 1)
D [ @ 1), (4.46)

and so 7 is unique if it exists. (Note that the right-hand side of (4.46) is indeed defined, in
view of (4.3).) We now define n : W — W3 by (4.46). Consider the logarithmic intertwining
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operator ) = Y;, that corresponds to I by Proposition 4.8. Using Proposition 4.8, (4.9)—
(4.11), (3.76) and the equality

l,(=2) = log|— z| +i(arg(—z) + 2mq)
log |z| +i(argz + 7+ 27q), 0<argz<m
log |z| + i(arg z — m + 2mq), 7w <argz < 27w
B ly(2) +mi, 0<argz<m
n l(2) = mi, w<argz < 2m,

we have

e_ZL(_l)[(w ® 1) _ —zL( 1) y( )
= ety y(w7x)1|:p":e”lq(z), (log z)™=(l4(2))™, n€C, meN

- +7i

e eyL( 1)y(w, e y)1|yn:e"lq(*z)’ (logy)m:(lq(—z))m, HG(C, meN>

where e*™ is e™™ when 0 < argz < 7 and is €™ when 7 < argz < 27. Then by (3.77),
we see that n(w) = e *1CVI(w ® 1) is equal to Q_1(Y)(1,e4"*)w when 0 < argz < 7
and is equal to Qo()(1,e""*))w when © < argz < 27. By Proposition 3.44, Q_;()) and
Q0(Y) are logarithmic intertwining operators of type (W3). As in Example 4.27, we see
that Q_1())(1,y) and Q0(Y)(1,y) are equal to 1 _1(3;) and 1?‘1%2), respectively, and these
maps preserve (generalized) weights. Therefore 7 is a linear map from W to W3 preserving
(generalized) weights. Using the Jacobi identity (4.4) for the P(z)-intertwining map I and
the fact that Y (u,x1)1 € V[[x;]], we have

n(Yw (u, zo)w) = e *LEVT(YViy (u, 20)w @ 1)

= Res,, 7,0 ( ) e VY (0, 1) (w @ 1)

—Z

Zo
1

—Res,, 256 (Z_—

) eI (w @Y (u, 21)1)
= e VY (w20 + 2) (0w ® 1)
= Yi(u,xo)e LV (w® 1)

= Ys(u, zo)n(w)

for u € V and w € W, proving that n is a module map when V' is a conformal vertex algebra.
As in Example 4.27, when V' is Mobius, 7 also commutes with the action of s[(2), this time
by (4.8) together with (3.72) with x specialized to —z. For w € W,

7o (L(Yw)( )N we 1) = (e (l, —2)uw)

ZL(_l)U(w)

_ ezL(—l)e—zL(—l)]<w ®1)

= I(w®1l). (4.47)

= €
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Since both 7 o (2,(Yw)(+, 2)-) and I are P(z)-intertwining maps of type (VI;,V;), using the

Jacobi identity for P(z)-intertwining operators and (4.47) (cf. Example 4.27), we have
(770 (2 (Yw)(+; 2)))(w ® v) = I(w @ v)

for v € V and w € W, proving (4.45). Thus (W, Yw;Q,(Yw)(-, 2)-) is the P(z)-tensor
product of W and V in C.

We discussed the important special class of finitely reductive vertex operator algebras in
the Introduction. In case V' is a finitely reductive vertex operator algebra, the P(z)-tensor
product always exists, as we are about to establish (following [HL1] and [HL3]). As in the
Introduction, the definition of finite reductivity is:

Definition 4.29 A vertex operator algebra V' is finitely reductive if
1. Every V-module is completely reducible.

2. There are only finitely many irreducible V-modules (up to equivalence).

3. All the fusion rules (the dimensions of the spaces of intertwining operators among
triples of modules) for V' are finite.

Remark 4.30 In this case, every V-module is of course a finite direct sum of irreducible
modules. Also, the third condition holds if the finiteness of the fusion rules among triples of
only urreducible modules is assumed.

Remark 4.31 We are of course taking the notion of V-module so that the grading restriction
conditions are the ones described in Remark 2.27, formulas (2.90) and (2.91); in particular,
V-modules are understood to be C-graded. Recall from Remark 2.20 that for an irreducible
module, all its weights are congruent to one another modulo Z. Thus for an irreducible
module, our grading-truncation condition (2.90) amounts exactly to the condition that the
real parts of the weights are bounded from below. In [HL1]-[HL3], boundedness of the real
parts of the weights from below was our grading-truncation condition in the definition of the
notion of module for a vertex operator algebra. Thus the first two conditions in the notion of
finite reductivity are the same whether we use the current grading restriction conditions in
the definition of the notion of module or the corresponding conditions in [HL1]-[HL3]. As for
intertwining operators, recall from Remark 3.12 and Corollary 3.22 that when the first two
conditions are satisfied, the notion of (ordinary, non-logarithmic) intertwining operator here
coincides with that in [HL1] because the truncation conditions agree. Also, in this setting,
by Remark 3.23, the logarithmic and ordinary intertwining operators are the same, and so
the spaces of intertwining operators VVV[ZSWQ and fusion rules NVV[ZSWQ in Definition 3.17 have
the same meanings as in [HL1]. Thus the notion of finite reductivity for a vertex operator
algebra is the same whether we use the current grading restriction and truncation conditions
in the definitions of the notions of module and of intertwining operator or the corresponding
conditions in [HL1]-[HL3]. In particular, finite reductivity of V' according to Definition 4.29
is equivalent to the corresponding notion, “rationality” (recall the Introduction) in [HL1]-
[HL3].
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Remark 4.32 For a vertex operator algebra V' (in particular, a finitely reductive one), the
category M of V-modules coincides with the category M, of strongly graded V-modules;
recall Notation 2.36.

For the rest of Section 4.1, let us assume that V' is a finitely reductive vertex operator
algebra. We shall now show that P(z)-tensor products always exist in the category M = M,
of V-modules, in the sense of Definition 4.15.

The considerations from here through (4.61) also hold, with natural adjustments, for
finite-dimensional modules for a semisimple Lie algebra (even though there are infinitely
many irreducible modules up to equivalence) or for a finite group or for a compact group,
etc., but in such classical contexts, one does not ordinarily express things in this way because
one knows a priori that the tensor product functors exist and satisfy natural associativity as
in (4.62), (4.63). What we do now shows how to build tensor product functors with knowledge
“only” of the spaces of intertwining maps, and uses this to motivate how to approach the
problem of constructing appropriate natural associativity isomorphisms, whether or not our
vertex algebra V' is a finitely reductive vertex operator algebra.

Consider V-modules W7, W5 and W3. We know that

N2y, = dim Vii?y, < oo (4.48)
and from Proposition 4.8, we also have
Ny, = dim M[P(2)])p2y, = dim My, < oo (4.49)

(recall Definition 4.2).
The natural evaluation map

Wi @ We @ Mty — Wi

Wiy @uwe @1 — I(wa) @ we)) (4.50)

gives a natural map
]-"[P(,z)]wlw2 W, @ Wy — Hom(./\/lW Wy Ws) = <MW1W2) @ Ws. (4.51)
Since dim MW1W2 (MW1W2) ® W3 is a V-module (with finite-dimensional weight

spaces) in the obvious way, and the map F[P(2)]}j*y, is clearly a P(z)-intertwining map,

where we make the identification

(M) @ W5 = (Myy,)* ® Ws. (4.52)

This gives us a natural P(z)-product for the category M = M, (recall Definition 4.13).
Moreover, we have a natural linear injection

MW1W2 — Homv((/\/lm%) ®@ Wy, Ws)
I = (f@uwg — f(Iwgs) (4.53)
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which is an isomorphism if Wj is irreducible, since in this case,
Homy (W3, W3) ~ C
(see [FHL], Remark 4.7.1). On the other hand, the natural map
h: Homy (Myp?y, )" @ Wa, Ws) — My?y,
n o= o FIP()lywiw, (4.54)
given by composition clearly satisfies the condition that
h(i(I)) =1, (4.55)

so that if W3 is irreducible, the maps h and 7 are mutually inverse isomorphisms and we have
the property that for any I € M%WQ, there exists a unique 7 such that

I =70 F[P()ww, (4.56)

(cf. Definition 4.15).

Using this, we can now show, in the next result, that P(z)-tensor products always exist
for the category of modules for a finitely reductive vertex operator algebra, and we shall in
fact exhibit the P(z)-tensor product. Note that there is no need to assume that W, and Wy
are irreducible in the formulation or proof, but by Proposition 4.24, the case in which W,
and W5 are irreducible is in fact sufficient, and the tensor product operation is canonically
described using only the spaces of intertwining maps among triples of irreducible modules.

Proposition 4.33 Let V' be a finitely reductive vertex operator algebra and let Wy and Wy
be V-modules. Then (W1 Mp(.y Wa, Yp(.); Mp(s)) exists, and in fact

k
i=1
where {My, ..., My} is a set of representatives of the equivalence classes of irreducible V -

modules, and the right-hand side of (4.57) is equipped with the V-module and P(z)-product
structure indicated above. That 1is,

Xp() = Z FIP()]W w,- (4.58)

Proof From the comments above and the definitions, it is clear that we have a P(z)-product.
Let (W3, Y3; 1) be any P(z)-product. Then W3 = [[; U; where j ranges through a finite set
and each Uj; is irreducible. Let 7; : W3 — U; denote the j-th projection. A module map
n: Hle(/\/l%j%)* ® M; — W3 amounts to module maps

Mg+ (M) @ My — Uj
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for each 7 and j such that U; ~ M;, and I =70 Xp,) if and only if
70l =10 Fiy,

for each 7 and j, the bars having the obvious meaning. But 7r] o[ is a P(z)-intertwining
map of type ( ) and sozomjol € MW w,> where ¢ : Uj = M is a fixed isomorphism.
Denote this map by 7. Thus what we finally want is a unique module map

(MW1W )F @ My — M;

such that
7 =00 F[P(2)l,w,-
But we in fact have such a unique 6, by (4.55)-(4.56). O

Remark 4.34 By combining Proposition 4.33 with Proposition 4.8, we can express Wi Xp.)
W5 in terms of V%l"% in place of M%j%.

Remark 4.35 If we know the fusion rules among triples of irreducible V-modules, then from
Proposition 4.33 we know all the P(z)-tensor product modules, up to equivalence; that is,
we know the multiplicity of each irreducible V-module in each P(z)-tensor product module.
But recall that the P(z)-tensor product structure of W; Mp(.) W, involves much more than
just the V-module structure.

As we discussed in the Introduction, the main theme of this work is to construct natural
“associativity” isomorphisms between triple tensor products of the shape W X (Wy X W3)
and (W) X Wy) X W3, for (generalized) modules Wi, Wy and W3. In the finitely reductive
case, let Wy, Wy and W3 be V-modules. By Proposition 4.33, we have, as V-modules,

Wi Rpe) (Wa Wpy) W3) = Wi Kp(, <H M; @ ngwg)*>

=1

(Wi Bpiy M;) @ (M )

Il

-
I
—

k

[TMw ) ® ) (Mg )*
Jj=1
k

H(M%ZM) (MWQWS) ) ®Mj

I

@
Il
—

I
==

=1

<.
Il
—

I

k
TTM s ®MW2W3>*> ® M; (4.59)

=1

<
Il
—
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and

k
(W1 Bpey Wa) Mp(oy Wy = (H M; ® (M%WQ)*) Xp) W3

=1

I

s
I
—

(M; Rpy Ws) @ (Mg y,)*

Il

s
Il
—

k
[TMatw,) ® MJ) ® (M)

J=1

k
[TMatw,) ® (M%z%)*) ® M;

Il
=

j=1 \i=1
k k
M; i)k
j=1 \i=1
These two V-modules will be equivalent if for each j = 1,..., k, their M;-multiplicities are
the same, that is, if
k k
M; M; M; M;
Z NWlMiNW2W3 = Z NW1W2NML-W3‘ (4'61)
i=1 i=1

However, knowing only that these two V-modules are equivalent (knowing that X is “as-
sociative” in only a rough sense) is far from enough. What we need is a natural isomorphism
between these two modules analogous to the natural isomorphism

Wi @ (Wa @ W3) — (W1 @ W) @ W (4.62)
of vector spaces W; determined by the natural condition
W) & (w(g) & w(g)) — (w(l) & w(g)) ® w(3) (4.63)

on elements (recall the Introduction). Suppose that Wi, W, and Wjs are finite-dimensional
completely reducible modules for some Lie algebra. Then we of course have the analogue of
the relation (4.61). But knowing the equality of these multiplicities certainly does not give
the natural isomorphism (4.62)—(4.63).

Our intent to construct a natural isomorphism between the spaces (4.59) and (4.60)
(under suitable conditions) in fact provides a guide to what we need to do. In (4.59), each

space ./\/lj‘w{i v, © ./\/l%;w3 suggests combining an intertwining map ) of type (W]\l%) with an

intertwining map ) of type (W];JI;LV;g)7 presumably by composition:
Vi(way, 2)Va(w(z), ). (4.64)

But this will not work, since this composition does not exist because the relevant formal
series in z does not converge; we must instead take

Vi(wy, 21) Vo (wz), 22), (4.65)
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where the complex numbers z; and 25 are such that
|le > |ZQ| > 07

by analogy with, and generalizing, the situation in Corollary 2.42. The composition (4.65)

must be understood using convergence and “matrix coefficients,” again as in Corollary 2.42.
Similarly, in (4.60), each space M%ZWS ® M%ﬁm suggests combining an intertwining

map V' of type ( MMI%/J) with an intertwining map of type J? of type (W%@):
VIV (way, 21 = z2)wa), 22),
a (convergent) iterate of intertwining maps as in (2.117), with
| 29| > |21 — 22| > 0,
not
V'V (way, 2)we), 2), (4.66)

which fails to converge.
The natural way to construct a natural associativity isomorphism between (4.59) and
(4.60) will in fact, then, be to implement a correspondence of the type

yl(w(l)y 21)y2(w(2), 22) = yl(yQ(w(l), Z1 — 2’2)711(2)7 22), (467)

as we have previewed in the Introduction (formula (1.36)) and also in (2.117). Formula (4.67)
expresses the existence and associativity of the general nonmeromorphic operator product
expansion, as discussed in Remark 2.44. Note that this viewpoint shows that we should not
try directly to construct a natural isomorphism

Wi ®pey (Wo Bpy Ws) — (Wi Bpr) Wa) Kpy Wi, (4.68)
but rather a natural isomorphism
Wi Bp(ey) (Wo Bpe,) Ws) — (Wi Bpey ) Wa) Kps,) Ws. (4.69)

This is what we will actually do in this work, in the general logarithmic, not-necessarily-
finitely-reductive case, under suitable conditions. The natural isomorphism (4.69) will act
as follows on elements of the completions of the relevant (generalized) modules:

w1y Mp(z,) (W) Mpe,) W) = (W) Bpe,-z) We) Bpe,) wes), (4.70)

implementing the strategy suggested by the classical natural isomorphism (4.62)—(4.63).
Recall that we previewed this strategy in the Introduction.

It turns out that in order to carry out this program, including the construction of equal-
ities of the type (4.67) (the existence and associativity of the nonmeromorphic operator
product expansion) in general, we cannot use the realization of the P(z)-tensor product
given in Proposition 4.33, even when V is a finitely reductive vertex operator algebra. As in
[HL1]-[HL3] and [H], what we do instead is to construct P(z)-tensor products in a completely
different way (even in the finitely reductive case), a way that allows us to also construct the
natural associativity isomorphisms. Section 5 is devoted to this construction of P(z)- (and
Q(2)-)tensor products.
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4.2 (Q(z)-intertwining maps and the notion of )(z)-tensor product

We now generalize the notion of Q(z)-tensor product of modules from [HL1]| to the setting
of the present work, parallel to what we did for the P(z)-tensor product above. Here we
give only the results that we will need later. Other results similar to those for P(z)-tensor
products certainly also carry over to the case of Q(z), for example, the results above on the
finitely reductive case, as were presented in [HL1].

Definition 4.36 Let (Wy,Y)), (Wa,Ys) and (W3, Y3) be generalized V-modules. A Q(z)-
intertwining map of type (WKVS%) is a linear map
W, W, — Wg

such that the follovvln?; conditions are satisfied: the grading compatibility condition: for

8,7 € Aand w € )EW7
L(wa) ®we) € Wi™; (4.71)
the lower truncation condition: for any elements wy € Wi, we) € Wa, and any n € C,
Tp-ml (Wa) @ W) =0 for meN sufﬁ(nently large (4.72)

(which follows from (4.71), in view of the grading restriction condition (2.85); cf. (4.3)); the
Jacobi identity:

1 — 1T
P ( ! 0) Y3 (v, 20) I (way ® wz))

Tz o
=, 15 ( ! ) ](3/1 (v,xl)w(l) X w(g))

— X
-z, ~15 ( 1) I(w(l) & YQ(U, xl)w(g)) (4.73)

for v € V, way € Wy and wy € Wy (recall (2.57) for the notation Y, and note that the
left-hand side of (4.73) is meaningful because any infinite linear combination of v, of the
form )" _y @nvy (@, € C) acts on any I(w) ®wg)), in view of (4.72)); and the s[(2)-bracket
relations: for any w(;y € Wy and wy) € W,

(j + 1) (=2) T((L(=j + D)way) ® wez)

— Z (j JZF 1) (—2) I (way ® L(j — i)wz) (4.74)

for 7 = —1,0 and 1 (note that if V' is in fact a conformal vertex algebra, this follows
automatically from (4.73) by setting v = w and taking Res,, Res,,™"). The vector space
of Q(z)-intertwining maps of type ( Ws ) is denoted by

MIQ(2)Ww, -
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Remark 4.37 As was explained in [HL1], the symbol Q(z) represents the Riemann sphere
C U {oo} with one negatively oriented puncture at z and two ordered positively oriented
punctures at oo and 0, with local coordinates w — z, 1/w and w, respectively, vanishing
at these punctures. In fact, this structure is conformally equivalent to the Riemann sphere
C U {00} with one negatively oriented puncture at oo and two ordered positively oriented
punctures 1/z and 0, with local coordinates z/(zw — 1), (2w — 1)/2*w and 2*w/(zw — 1)
vanishing at oo, 1/z and 0, respectively.

Remark 4.38 In the case of C-graded ordinary modules for a vertex operator algebra, where
the grading restriction condition (2.90) for a module W is replaced by the (more restrictive)
condition

Wy =0 for n € C with sufficiently negative real part (4.75)

as in [HL1] (and where, in our context, the abelian groups A and A are trivial), the notion
of Q(z)-intertwining map above agrees with the earlier one introduced in [HL1]; in this case,
the conditions (4.71) and (4.72) are automatic.

Remark 4.39 (cf. Remark 4.5) If W3 in Definition 4.36 is lower bounded, then (4.72) can
be strengthened to:

Tl (way ® wegy) =0 for R(n) sufficiently negative. (4.76)

In view of Remarks 4.3 and 4.37, we can now give a natural correspondence between P(z)-
and @Q(z)-intertwining maps. (See the next three results.) Recall that since our generalized
V-modules are strongly graded, we have contragredient generalized modules of generalized
modules.

Proposition 4.40 Let I : W, ® Wy — Ws and J : Wi @ Wy — Wl’ be linear maps related
to each other by:

(way, J (wig) @ W) = (W), Hwa) @ we)) (4.77)
for any way € Wi, w) € Wa and wiyy € Wy Then I is a Q(z)-intertwining map of type
(Wlf/{fw) if and only if J is a P(z)-intertwining map of type (WZVéVQ)

Proof Suppose that I is a Q(z)-intertwining map of type (W‘;V%/Q) We shall show that J is
a P(z)-intertwining map of type (WWéVZ)
3
Since [ satisfies the grading compatibility condition, it is clear that J also satisfies this
condition. For the lower truncation condition for J, it suffices to show that for any w) €

WQ(E) and wiy) € (W), where 3, € A, and any n € C,

(T [n—m) Wl(iﬁiya J(wEB) ® w)) =0
for m € N sufficiently large, or that

(Wizy, I(Tfn—m] Wl(_ﬂ_w ®w(g))) =0 for m € N sufficiently large. (4.78)
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But (4.78) follows immediately from (2.85).
Now we prove the Jacobi identity for J. The Jacobi identity for I gives

Ty — X
2_15< ! . 0) (wE?)),Y}f(U,xO)I(w(l) ® w(a)))

_ I, — 2 °
=250 ( o ) (wgg), I(Y? (v, 2 )way @ we)))

z—x ,
_{palé (—1> <’LU(3), I(QU(l) &® YQ(U, xl)w(g)» (479)

for any v € V, wuy € Wi, wey € W, and wgg) € Wj. By (2.73) the left-hand side is equal to

z

T — T
2715 ( ! 0) <Y?3/(U>$O)w23)vf<w(1) ® w())

So by (4.77), the identity (4.79) can be written as

T, — X
2716 ( ! 0) (way, J(Yg(UJO)wEs) ® wz)))

Ir1 — %
—xola( 1 )m"(v,xl)w(l),ﬂw@®w<z>>>

zZ—X /
—x510 ( 1> (wa), J(wig ® Ya(v, 21)we))-

xr1T — T
2716 < ! 0) (way, J (Y3 (v, m0)wizy @ wz)))

Tr1 — 2
:%15( 1 )<w<1>,3q'<v,x1>J<wzg>®w<z>>>

z — X
ey ( ) (g, () ® Ya(v, 1 )uwia)

for any v € V, wuy € Wi, wey € Wy and w23) € Wi. This is exactly the Jacobi identity for
J.

The sl(2)-bracket relations can be proved similarly, as follows: The sl(2)-bracket relations
for I give



for any wq) € Wi, wiz) € Wa, wiz) € Wi and j = —1,0,1. Using (2.75) and then applying
(4.77) we get
i+ .
. J+1
(way, J(L'(§)wiz) ® we)) = Z ( ;

> (77 ) o + . Tty 9 wi)

or

J(L'(j)wis) @ we) = Z
1=0
Jj+1

-3 (T oty @ LG - )

for j = —1,0, 1. This is the alternative form (4.8) of the s[(2)-bracket relations for J. Hence
J is a P(z)-intertwining map.

The other direction of the proposition is proved by simply reversing the order of the
arguments. [

)@@%o—oﬂw@®wm

Let Wy, Wy and W3 be generalized V-modules, as above. We shall call an element A of
(W1 @ Wy @ W3)* A-compatible if

MW)P @ (W)Y @ (W3)®) =0

for 8,~,8 € A satisfying
B+~v+0d#0.

Recall from Definitions 2.18 and 2.32 that for a generalized V-module W, W’ can be viewed
as a (usually proper) subspace of W*. We shall call a linear map

W, W, — W;
fl-compatz’ble if its image lies in Wg, that is,
I:W, @ Wy — W3, (4.80)

and if [ satisfies the usual grading compatibility condition (4.2) or (4.71) for P(z)- or Q(2)-
intertwining maps. Now an element A of (W; ® Wy ® W3)* amounts exactly to a linear
map

])\ W1 ® Wh —)W;
If \is fl—compatible, then for w € Wl(ﬁ), W) € WQ(W) and w() € W3(5) such that

6 # —(B+7),
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we have
(W), h(way @ we)) = Mwa) @ we) @ weg) =0,
so that
I\(way @ weg)) € (Wy)BF+)

and I, is A-compatible. Similarly, if I, is A-compatible, then so is . Thus we have the
following straightforward result relating A-compatibility of A with that of I,:

Lemma 4.41 The linear functional X € (W1 @ Wy @ W3)* is A-compatible if and only if I,
is A-compatible. The map given by A — I is the unique linear isomorphism from the space

of fl-compatibﬁ elements of (W1 @ Wo @ W3)* to the space of A-compatible linear maps from
Wy @ Wy to Wi such that

(W, In(way ® wezy)) = Mwa) @ we) ® w))

for way € Wi, wig) € Wa and wz) € Ws. Similarly, there are canonical linear isomorphisms
from the space of A-compatible elements of (W1 @ Wy ® W3)* to the space of A-compatible
linear maps from Wy @ Wy to W3 and to the space of A-compatible linear maps from Wy @ Ws
to Wl’ satisfying the corresponding conditions. In particular, there is a canonical linear
isomorphism from the space of A-compatible linear maps from Wy @ W to Wy to the space
of A-compatible linear maps from Wi @ W,y to Wi given by (4.77). O

Using this lemma and Proposition 4.40, we have:

Corollary 4.42 The formula (4.77) gives a canonical linear isomorphism between the space

of Q(z)-intertwining maps of type (W%Vz) and the space of P(z)-intertwining maps of type
W/
(wpw,) O

Remark 4.43 If the generalized modules under consideration are lower bounded, then the
spaces of intertwining maps satisfy the stronger conditions (4.7) and (4.76).

We can now use Proposition 4.8 together with Proposition 4.40 and Corollary 4.42 to
construct a correspondence between the logarithmic intertwining operators of type (WV,V‘}VZ)
3
and the Q(z)-intertwining maps of type (WVIVIEVQ); this generalizes the corresponding result in
the finitely reductive case, with ordinary modules, in [HL1]. Fix an integer p. Let ) be a
logarithmic intertwining operator of type (W%;,Q), and use (4.15) to define a linear map
3
I)i,p : Wé ® W2 — Wll,

by Proposition 4.8, this is a P(z)-intertwining map of the same type. Then use Proposition
4.40 and Corollary 4.42 to define a Q(z)-intertwining map

Iﬁg) : Wl ® Wz — Wg
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of type (WZVSVQ) (uniquely) by

(Wigy, T (wiay @ wey ) wy = (way, Typ(wis) ® wez)wy

= (wq), Y(wis), " ywiz)w; (4.81)

for all way € Wi, wiz) € Wa, wiy) € Wi, (We are using the symbol Q(z) to distinguish this
from the P(z) case above.) Then the correspondence

Q()
Y Iyyp

is an isomorphism from VW3,1/W2 to M[Q ()12, From Proposition 4.8 and (4.18), its inverse

Ws

W1W2) to the logarithmic intertwining

is given by sending a (z)-intertwining map I of type (
operator
yfiﬁz) : Wy @ Wy — Wi[log z]{z}

defined by

(way, y]C?IEZ) (wés)’ )W) wy

— <ny/(0)x7L’(0)w23)7 [(yL(O)xL(O)w(I) ® ny(O)fo(O)wQ))>W3

for any w(;y € Wy, wey € Wy and w23) € Wj. Thus we have:
Proposition 4.44 For p € Z, the correspondence
Vi Iﬁgj)

1s a linear isomorphism from the space VW3}IW2 of logarithmic intertwining operators of type

(W?/é%) to the space M[Q(Z)]VMZ‘I’WQ of Q(z)-intertwining maps of type (Wvlvv?’v2) Its inverse is
gien by

I Y29
O

Remark 4.45 If the generalized modules under consideration are lower bounded, then the
stronger conditions (3.43) and (4.76) hold.

We now give the definition of Q)(z)-tensor product.

Definition 4.46 Let C; be either M, or GM,,. For Wy, Wy € obCy, a Q(z)-product of Wy
and Wy is an object (W3, Y3) of C; together with a Q(z)-intertwining map I3 of type (WZVVSVQ)
We denote it by (W3, Y3; I3) or simply by (W3, I3). Let (Wy, Yy; I4) be another Q(z)-product
of Wy and Wy. A morphism from (W3, Ys; I3) to (Wy, Yy; 1) is a module map 7 from W to

W, such that the diagram
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commutes, that is,
[4 = ﬁ o [3.

where, as before, 77 is the natural map from Wy to W, extending 7.

Definition 4.47 Let C be a full subcategory of either M,, or GM,,. For W;, W, € obC,
a Q(z)-tensor product of Wy and Wy in C is a Q(z)-product (W, Yy; Iy) with Wy € obC
such that for any Q(z)-product (W,Y’; ) with W € ob(C, there is a unique morphism from
(W, Yo; Lo) to (W,Y;I). Clearly, a Q(z)-tensor product of Wi and W in C, if it exists, is
unique up to unique isomorphism. In this case we will denote it by
(Wi Boez) Wa, Yor); Mo))
and call the object
(W1 Boe) Wa, Yorr))

the Q(z)-tensor product (generalized) module of Wy and Wy in C. Again we will skip the
phrase “in C” if the category C under consideration is clear in context.

The following immediate consequence of Definition 4.47 and Proposition 4.44 relates mod-
ule maps from a @Q(z)-tensor product module with ((z)-intertwining maps and logarithmic
intertwining operators:

Proposition 4.48 Suppose that Wi Mgy Wy exists. We have a natural isomorphism
Homy (W) Mgy Wa, W) — M[Q<Z>]%?W2
n = nolge

and for p € Z, a natural isomorphism

~

Homy (W) Koy Wa, W3) VVVVVQWQ
n o= VI
where Y3 = yfci(,z) with I =10 Mg U

Suppose that the @Q(z)-tensor product (Wi Mo,y Wa, Yo(2); Mg)) of Wi and W; exists.
We will sometimes denote the action of the canonical Q(z)-intertwining map

way ® wee) = Moe) (W) @ we) = Mo (wa), 2)we € Wi o We (4.82)
on elements simply by w1y Mg(z) w):
w) Mo we) = Boe) (wa) @ we)) = B (way, 2)we). (4.83)

Using Propositions 3.44 and 3.46, we have the following result, generalizing Proposition
4.9 and Corollary 4.10 in [HL1]:
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Proposition 4.49 For any integer r, there is a natural isomorphism

Ve

1Wa - V ’Wg

defined by the condition that for any logarithmic intertwining operator Y in mmg”WQ and
w(l) € Wl, ’LU(Q) € WQ, w(3) € Wé,

(way, Br(Y)(wizy, )wez))w;
— <efa:—1L(1)w23)’ y(exL(l),w(l)7 xfl)efa:L(l)e(%Jrl)ﬂiL(O) ($7L(0))2’LU(2)>W3. (4.84)

Proof From Proposition 3.44, for any integer m we have an isomorphism 2,, from VW1W2
to VW2W17 and from Proposition 3.46, for any integer ro we have an isomorphism A,, from

VW2W1 to VVV‘ZWS,. By Proposition 3.44 again, for any integer r3 there is an isomorphism,
which we again denote (2,,, from VVV[I//Z{WS/ to VVE/WQ. Thus for any triple (71,79, 73) of integers,
we have an isomorphism €2,, o A,, o €2, from VV%WQ to sz%. Let YV be a logarithmic
intertwining operator in VVng’WQ and w(yy, w), wZS) elements of Wy, Wy, Wj, respectively.
From the definitions of 2,,, A,, and €,,, we have
<(Q7’3 © AT2 © Qr1)<y)(U)E3), ZC)w(Q), w(1)>W1 =
= <€xL(_l)Ar2 (€2, (y))<w(2)7€(2r3+1)mx) W), W 1))Wy
Jw

= (A4, (2, (Y ))( 2T3+1)mm)w(3),@ L we))w
<w(3)’ L(D)(e” 2r2+1)m-L(0)6*2(27’3+1)sz(0)(x L(O))2w(2)7
—(2r3+1)mi

—1\ zL(1)
x e way)w.

’ —x~ L(—1) xL(1) (2ri+1)mi —(2r +l)71'i3 -1
= (w(z), € V(e P wy, e AR I

e

.6—xL(1)6(27’2+1)7fiL(0)6_2(27”3+1)7riL(0)(x_L(O))Qw(2)>W3
— <e‘”’71L(1)wE3)a V(e W), eXrramip =Ly .

-e_xL(l)6(2(T2_2T3_1)+1)ML(0) (x—L(O))Qw(2)>W3 ] (485)

From (4.85) we see that Q,, o A,, 0 Q,, depends only on 7y — 2r3 — 1 and r; — 73, and the
operators €2, o A,, o Q, with different r; — r3 but the same ry — 2r3 — 1 differ from each
other only by automorphisms of VMW,/S’WQ (recall Remarks 3.30, 3.40 and 3.45). Thus for our
purpose, we need only consider those isomorphisms such that r; —r3 = 0. Given any integer
r, we choose two integers ro and r3 such that » = ry — 2r3 — 1 and we define

B, =Q,,0A,0Q,. (4.86)

From (4.85) we see that B, is independent of the choices of ry and r3 and that (4.84) holds.
O

Combining the last two results, we obtain:
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Corollary 4.50 For any Wy, Wy, W3 € obC such that Wy Mgy W erxists and any integers
p and r, we have a natural isomorphism

~

Homv(W1 IXQ(Z) W27 W3) - VVIM;SWZ

4.3 P(z)-tensor products and Q(z!)-tensor products

Here we prove the following result:

Theorem 4.51 Let Wy and Wy be objects of a full subcategory C of either My, or GM,.
Then the P(z)-tensor product of Wy and Ws exists if and only if the Q(z~1)-tensor product
of Wy and Wy exists.

Proof Recalling our choice of branch (4.9), let

log(z71) + log 2

p== 21

Then p is an integer and we have
—(log(z™1) + 2mpi) = log z,

and

_ —1 ;
e n(log(z~1)+2mpi) _ enlogz

for n € C.
From Propositions 4.8, 4.49 and 4.44, we see that for Wy, Wy, W3 € obC, there is a linear
isomorphism fu%y, : M[P(2)])12w, — M[Q(z~H)]2y, defined by

w. _ Q"1
/’LW?W2([> - B2p(y1,0)1p

for I € M[P(z )]%’% By definition, M%”WQ(I ) is determined uniquely by (recalling (4.9)—
(4.10))
(w 23) N%’WQ(I)( w1y @ wz)))
)
w3 BQP(y,O)p(UJ( 1) ®w))
w( ,B p(Vro) (wis), € )we)

= {uw(

= { (3"

(w sz(ylo)( Eg elos(= )+2ﬁpi)w(2)>
=

=

=

e Wy, Vro(e” " w(l), elog)e = L) ) +1inL(0) o =2(log 2 H2mpi) L0y o
e Wy, Vig(e? My, z)e= HDimH 02008270000y )
e wEg I((e* 1L(l)w(l)) ® (e *1L(1)6mL(0)6—2(1ogzfl)L(O)w@))»

(4.88)
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for w(yy € Wi, weey € Wy and w'.,, € W.. From (4.88), we also see that for J € M[Q(z )|V, ,
1) (2) (3) 3 Wi Ws

(1w,) ' (J) is determined uniquely by

(wigy, (lywy) " (I) (W) ® wizy))
_ <€zL(1)w23), J((e—z_lL(l)w(l)) ® (62(10gz_l)L(O)e—iwL(O)ez_lL(l)w(Q)))>

(4.89)

for w(y € Wi, wey € W, and w23) e Wi.
Assume that the P(z)-tensor product (Wi Mp(.) Wa, Yp(.y; Mp(.)) exists. Then

_ WiRp,) W2 _ Q™Y
Mo = tww, ®re) = Loy, o

is a Q(z~!)-intertwining map of type (Wlf,’l"(;)z%). We claim that (W1 Xp) Wa, Ype.); Mo-1y)
is the Q(2!)-tensor product of Wy and Ws.

In fact, for any Q(z~')-product (W,Y’; I) of Wy and W,
W1
(i)™ (1) = Ty e
is a P(z)-intertwining map of type (WYVWQ) and thus (W, Y; (uyy,w,) (1)) is a P(z)-product of
Wy and Wy. Since (Wi Xp.) Wa, Yp(.y; Mp.)) is the P(z)-tensor product of Wi and W5, there

is a unique morphism of P(z)-products from (W1Xp) W, Yp(.); Kp(.)) to (W, Y (uy,w,) (1)),
that is, there exists a unique module map

n"E Wy Ry W — W

such that

(N%Wg)fl(n =P oMp(,),

or equivalently,
I = g, (7 o Bp,))
—— WiRp o Way_1, WiBp,W:
=ty (173 0 (™) " s (Rp())))

YR Wik 2 Wa _
= /‘%1%(7713(2) © (/‘Wlwz() ) 1(®Q(z—1)))- (4.90)

From (4.88) and (4.89), we see that the right-hand side of (4.90) is determined uniquely
by
W1|Z|P(Z)W2

(W', (v, (17 0 (™) ™ (1)) (i) ® wiz)

_, =T Wilkp o, Way _
_ <€ L(l),w/’ (TIP( ) o (MWiWZ( ) 2) 1(®Q(z_1)>>

((€Z_1L(1)w(l)> ® (e7% L) inl(0) —2(log Z_I)L(O)w(2)))>

. 5y, WillpyWa, _
= {7V’ P (e, ™) 7 (Bgen))
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((ez*IL(l)w(l)) ® (e—zflL(l)eiTrL(O)e—Q(log zfl)L(O)w(Q)))»
N —a WiBlp(y Wa\ _
= <(77P( ))/(@ L(l)w/)a (Mwiwz( : 2) 1(®62(f1))
((ezflL(l)w(l)) ® (e—zflL(l)eiTrL(O)e—%log zfl)L(O)w(Q))»
= (") (), K1) (wa) @ we)))
= (w', (") o Wo(—1)) (W) ® wz))) (4.91)

for way € Wi, wie) € Wy and w' € W’. From (4.90) and (4.91), we see that

I = nP(Z) o &@(ZA). (492)

We also need to show the uniqueness—that any module map 7 : Wy Xp(,) Wy — W such
that I = 7 o Mg(,-1) must be equal to nP#). For this, it is sufficient to show that 1, = 0,

where
P(z)

m=n -,

given that
1 (w() Ko-1) wiz)) =0
for wny € Wi and wpy € Wy, But for w' € (Wi Wp.y Wy)'
("W’ M (way Bge-1y we)) =0,
so that
("M’ ('), way Rge-1) we) = (' (@ Dw'), way Roe-1) we) = 0.

From the definition of Mg,y and (4.88), we have

(e Wy (W), wiy Boe-1) we)
_ <771/ w'), (ez—lL(l)w(l)) le(z) (efz_lL(l)eiﬂL(O)efQ(logz‘l)L(O)w(Q)»’
and thus
<771/(w/), (ezflL(l)w(l)) &P(z) (e—z*IL(l)eiﬂ'L(O)e—ﬂlogzfl)L(O)w(Q)» —0. (493)

Since 2 L) and e~2 LM ¢inl(0)g=20022")LO) gre invertible operators on Wi and Wy, (4.93)
for all wey € Wi, wy € Wy is equivalent to

(m'(w'), way Bp) we) =0

for all wey € Wi, w) € Wa. Thus by Proposition 4.23,
m'(w') =0
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for all homogeneous w’ and hence for all w’, showing that indeed n; = 0 and proving the
uniqueness of 7. Thus (W, Xp.y Wa, Yp(.); Mg(.-1)) is the Q(z1)-tensor product of T, and
Ws.

Conversely, by essentially reversing these arguments we see that if the Q(z~!)-tensor
product of Wy and W; exists, then so does the P(z)-tensor product. [

From Theorem 4.51 and Proposition 4.21, we immediately obtain:

Corollary 4.52 Let Wy and Wy be objects of a full subcategory C of either My, or GM,.
Then the P(z)-tensor product of Wy and Wy exists if and only if the Q(z)-tensor product of
W1 and Wy exists. OJ

Remark 4.53 From the proof we see that as generalized V-modules, W; Mp(,) W, and
Wi Kgz-1) Wy are equivalent, but the main issue is that the intertwining maps Mp.)
and Mg.-1y, which encode the geometric information, are very different; as generalized
V-modules only, Wi Xp(,) Wo and W Mg,y Wy are equivalent. Compare this with Remark
4.22.
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