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Abstract

We solve the problem of constructing all chiral genus-one correla-
tion functions from chiral genus-zero correlation functions associated
to a vertex operator algebra satisfying the following conditions: (i)
Viny = 0 for n < 0 and Vigy = C1, (ii) every N-gradable weak V-
module is completely reducible and (iii) V' is Ca-cofinite. We establish
the fundamental properties of these functions, including suitably for-
mulated commutativity, associativity and modular invariance. The
method we develop and use here is completely different from the one
previously used by Zhu and other people. In particular, we show that
the g-traces of products of certain geometrically-modified intertwining
operators satisfy modular invariant systems of differential equations
which, for any fixed modular parameter, reduce to doubly-periodic
systems with only regular singular points. Together with the results
obtained by the author in the genus-zero case, the results of the present
paper solves essentially the problem of constructing chiral genus-one
weakly conformal field theories from the representations of a vertex
operator algebra satisfying the conditions above.
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0 Introduction

The present paper is one of the main steps in the author’s program of con-
structing conformal field theories in the sense of Segal [S1] [S2] [S3] and
Kontsevich from representations of suitable vertex operator algebras. We
construct all the chiral genus-one correlation functions from chiral genus-zero
correlation functions (or equivalently, from intertwining operators) for a ver-
tex operator algebra satisfying suitable natural conditions, and we establish
their fundamental properties, including suitably formulated commutativity,
associativity and modular invariance. Together with the results previously
obtained by the author in the genus-zero case, the results of the present
paper solve essentially the problem of constructing chiral genus-one weakly
conformal field theories. The results of the present paper imply the rigidity of
the ribbon tensor category of modules for a suitable vertex operator algebra.
Together with the results in the genus-zero case and the results obtained by
Moore and Seiberg in [MS1] and [MS2], the results of the present paper also
imply the Verlinde conjecture that the fusion rules are diagonalized by the
action of the modular transfermation given by 7 +— —1/7. These applica-
tions will be discussed in [H10] and [H11]. We believe that the results of the
present paper will be interesting and useful not only to people working on
vertex operator algebras and conformal field theories, but also to people in
other related fields.

In [H3], [H4], [H5], [H6], [H8] and [HI], the author has constructed a chiral
genus-zero weakly conformal field theory in the sense of Segal [S2] [S3] from
representations of a vertex operator algebra satisfying the Cj-cofiniteness
condition and certain finite reductivity conditions. The genus-zero part of the
program is thus more or less finished. The next natural step is the construc-
tion of all the chiral genus-one correlation functions and the proof of their
basic properties. In [Z], Zhu constructed chiral genus-one correlation func-
tions associated to elements of a vertex operator algebra V' from V-modules



when V' satisfies the Cy-cofiniteness condition and certain (stronger) finite
reductivity conditions, and he proved their basic properties, including mod-
ular invariance. Zhu’s work was generalized by Dong-Li-Mason [DLM] to the
case of twisted representations of vertex operator algebras and by Miyamoto
[M1] to the case of chiral genus-one correlation functions associated to ele-
ments of modules among which at most one is not isomorphic to the alge-
bra. Miyamoto [M2] further constructed certain one-point chiral genus-one
correlation functions involving logarithms when the vertex operator algebra
satisfies only the Cs-cofiniteness condition.

The method used by Zhu, Dong-Li-Mason and Miyamoto depends on
the commutator formula for (untwisted or twisted) vertex operators or the
commutator formula between vertex operators and intertwining operators.
These formulas were needed to find recurrence relations such that the study
of the formal g-traces of products of more than one operator can be reduced
to the study of the formal g-traces of vertex or intertwining operators, not
products of such operators.

However, this method cannot be generalized to give a construction of gen-
eral chiral genus-one correlation functions because there is no commutator
formula for general intertwining operators, instead see [H1]. Note that chi-
ral genus-one correlation functions are the the main objects to construct in
the genus-one case. Also, most of the conjectures in chiral genus-one weakly
conformal field theories can be formulated and proved directly using these
correlation functions. For example, based on the assumptions that all the
chiral genus-zero and genus-one correlation functions have been constructed
and the desired properties (including the duality properties and the mod-
ular invariance) hold, Moore and Seiberg in [MS1] and [MS2]| derived the
genus-one coherence relations and proved the Verlinde conjecture [V] (the
diagonalization of the fusion rules by the action of the modular transforma-
tion 7 — —1/7). It turns out that the proof of the rigidity of the ribbon
tensor category of modules for a suitable vertex operator algebra also needs
such correlation functions and their properties [H11]. In the present paper,
we develop a method completely different from the one used in [Z], [DLM],
[M1] and [M2] and completely solve the problem of constructing all the chiral
genus-zero correlation functions and establishing all the desired properties.

Here is a brief description of our main results. For simplicity, here we shall
discuss the results under certain strong conditions, though, as we show in this
paper, many of these results in fact hold under weaker conditions. Let V be
a vertex operator algebra satisfying the following conditions: (i) V{,) = 0 for
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n < 0 and V(o) = C1, (ii) every N-gradable weak V-module is completely
reducible (see Section 6 for a definition of N-gradable weak V-module) and
(iii) V' is Cy-cofinite (that is, dim V/Cy(V) < oo, where Cy(V) is the sub-
space of V' spanned by the elements of the form u_sv for u,v € V'). We prove
that the g-traces of products of certain geometrically-modified intertwining
operators satisfy modular invariant systems of different equations which re-
duce to doubly-periodic systems with only regular singular points when the
modular parameter 7 is fixed. Using these systems of differential equations,
we prove the convergence of the g-traces. The analytic extensions of these
convergent g-traces give chiral genus-one correlation functions. We prove
that these chiral genus-one correlation functions satisfy suitable “genus-one
commutativity” and “genus-one associativity” properties. We also introduce
a new product in a vertex operator algebra and, using this new product, we
construct and study an associative algebra which looks very different from,
but is in fact isomorphic to, Zhu's algebra (see [Z]). Using these results,
we prove the modular invariance of the space of chiral genus-one correlation
functions. Geometrically, this modular invariance and the double-periodicity
of the reduced systems mentioned above give vector bundles with flat connec-
tions over the moduli spaces of genus-one Riemann surfaces with punctures
and standard local coordinates vanishing at the punctures.

Together with the results obtained by the author in the genus-zero case,
the results of the present paper solves essentially the problem of constructing
chiral genus-one weakly conformal field theories. The results of the present
paper also imply the rigidity of the ribbon tensor category of modules for
a vertex operator algebra. The results of the present paper are the genus-
one parts of the assumptions on rational conformal field theories in Moore-
Seiberg’s important work [MS1] [MS2]. Thus, together with the author’s re-
sults in [H1], [H2] and [H9] in the genus-zero case, the results of the present
paper imply all the results of Moore and Seiberg in [MS1] and [MS2] obtained
using only the genus-zero and genus-one parts of their fundamental assump-
tions on rational conformal field theories. In particular, the the results of
the present paper together with the author’s results in [H1], [H2] and [H9]
in the genus-zero case imply the Verlinde conjecture for modules for a vertex
operator algebra satisfying the conditions mentioned above. The details of
the proof of the rigidity of the ribbon tensor category and the proof of the
Verlinde conjecture will be given in the papers [H10] and [H11], repectively.

Our construction of the chiral genus-one correlation functions actually
verifies the sewing property which states that chiral genus-one correlation
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functions can be obtained from chiral genus-zero correlation functions by
taking g-traces. In particular, we construct the spaces of chiral genus-one
correlation functions and the factorization property for these spaces is an easy
consequence of the sewing property. We would like to emphasize that the
converse is not true, that is, even if the spaces of chiral genus-one correlation
functions are identified abstractly and the factorization property is proved,
additional structures such as those constructed in the present paper are still
needed to construct the chiral genus-one correlation functions and to prove
the sewing property.

Our modular invariance result gives, in particular, new proofs of the mod-
ular invariance result of Zhu in [Z] and its direct, straightforward generaliza-
tion by Miyamoto in [M1] since these results are (very) special cases. The
differential equations and the duality properties obtained in the present pa-
per also have straightforward generalizations to the case of twisted modules
and intertwining operators among them. Together with a straightforward
generalization of some of the results on the associative algebras discussed in
the present paper, they also give a modular invariance result in the twisted
case. In particular, as a special case, this modular invariance gives a new
proof of the modular invariance result of Dong, Li and Mason in [DLM]. We
shall discuss the twisted case elsewhere.

We assume that the reader is familiar with basic notions and results in
the algebraic and geometric theory of vertex operator algebras as presented
in [FLM], [FHL] and [H3]. We also assume that the reader is familiar with
the theory of intertwining operator algebras as developed and presented by
the author in [H1|, [H2], [H4], [H5], [H7], [H9], based on the tensor product
theory developed by Lepowsky and the author in [HL1]-[HL4] and [H1].
We do not, however, assume that the reader is familiar with the modular
invariance result proved by Zhu in [Z] and the method used there and in
other papers, since our method is completely different.

The present paper is organized as follows: In Section 1, we discuss geom-
etrically-modified intertwining operators, which play an important role in our
construction. Then we prove some fundamental identities for the g-traces of
products of these geometrically-modified intertwining operators in Section
2. We establish the existence of the systems of differential equations in Sec-
tion 3. In Section 4, we prove the convergence of the g-traces of products
of geometrically-modified intertwining operators and construct chiral genus-
one correlation functions. In the same section, we also establish genus-one
commutativity and associativity for these chiral genus-one correlation func-



tions. In Section 5, we prove that for fixed modular parameter 7, the systems
consisting of those equations in the systems mentioned above not involving
derivatives of 7 have only regular singular points. We introduce our new
product on a vertex operator algebra and construct and study the corre-
sponding associative algebra in Section 6. The modular invariance of the
space of chiral genus-one correlation functions is proved in Section 7.

Notations and conventions In this paper, i is either /—1 or an index,
and it should be easy to tell which is which. The symbols N, Z,, Z, Q,
R, C and H denote the nonnegative integers, positive integers, integers, ra-
tional numbers, real numbers, complex numbers and the upper half plane,
respectively. We shall use z,,y,... to denote commuting formal variables
and z, 21, 29, ... to denote complex numbers or complex variables. For any
nonzero z € C and any n € Z, logz = log |z| + iargz with 0 < argz < 27
and 2" = e"'°¢% For any z € C, ¢, = €*™*. As in [FLM] and [FHL], for
a vertex operator algebra (V,Y,1,w) or a module (W,Y"), we use the u,, for
u € V and n € Z to denote the coefficients of the formal series Y (u, z). We
shall use wy, ws, ... to denote elements of VV-modules. Note that when the
V-module is the adjoint module, the notations u,, and wy, ws, ... clearly have
different meanings.

Acknowledgment This research is supported in part by NSF grant DMS-
0070800. T am grateful to Jim Lepowsky and Antun Milas for helpful com-
ments.

1 Geometrically-modified intertwining oper-
ators

We need the theory of composition-invertible power series and their actions
on modules for the Virasoro algebra developed in [H3]. Let A;, j € Z,, be
the complex numbers defined by

1 0
. _ JWES|
50 log(1 4 2miy) = | exp EZ Ay’ oy Y.
JE€L+



In particular, a simple calculation gives

Ay = —mi, (1.1)
2
™

Note that the composition inverse of 3= log(1 + 2miy) is 5—(e*™ — 1) and
thus we have

R 1 0
— (™ —1)= [exp | — Z Ajy]ﬂa_y y.

271
JELy

In this paper, we fix a vertex operator algebra V. We shall use Y to
denote the vertex operator maps for the algebra V' and for V-modules. For
any V-module W, we shall denote the operator »_ A,L(j) on W by

JEL+
L,(A). Then
=D ALG)
e ]EZ+ — e_LJr(A).
For convenience, we introduce the operator
U(z) = (2rmiz) e 2 ¢ (Bnd W){z} (1.3)

where (27i)H0) = (log27+i3)L(0) (and we shall use this convention throughout
this paper). In fact we can substitute for z in the operator U(z) a number
or any formal expression which makes sense. For example,

Ul = (2ri)HOe L+

and we have

U(zy) = 2" OU(y). (1.4)

For any z € C, we shall use ¢, to denote 2™,

Lemma 1.1 For the conformal element w = L(—2)1 € V,

umw:@m%w—ig,

where ¢ is the central charge of V.



Proof. By definition, we have

UDw = 2ri)lOe A (—2)1
= (2mL L(— )1—(27TZ)L(0 AL(2)L(—2)1

where we have used (1.1) and (1.2).

We have the following conjugation and commutator formulas:

Proposition 1.2 Let Wi, W5 and W3 be V-modules and ) an intertwining

operator of type (WZVSVQ) Then foru eV and w € Wy,

ULV (w,2)U(1))™ = YU (™ )w, ™ — 1)
and
Y (U(z1)u, 21), V(U (z2)w, 22)]
= 2miRes,d (L) V(U (z2)Y (u, y)w, xa).

e27rzyx2
Proof. Let Bj, j € Z, be rational numbers defined by
e,
log(1+y) = [ exp Z BijHa_ Y.
: Y
JELt

Since the composition inverse of log(1 + y) is €V — 1, we have

0
_ j+1
ey —1= E By’ (9y Y.
JELy

By the change-of-variable formula in [H3], we have

Y(eyL(O)u, eV —1) = €—L+(B)Y(€L+(B)u’ y)eL‘F(B)‘

(1.5)

(1.6)



By the definition of the sequences {A;},cz. and {B;};cz,, we have

.0
exp ZBjyj+18_y Y
JELy
ya 0
N e, Y
= (2mi) 9 |exp ZAjy]Ha—y (2mi) Yy
JEL4
Thus
e~ L+(B) (27”')L(0)€—L+(A)(2m'>—L(0)
= U(1)(2mi) O, (1.8)
el+(B) — (27TZ')L(0)€L+(A)(27”‘)—L(0)
2mi)LO (1))~ (1.9)

Substituting U (1)w for w in (1.7) and using (1.4), (1.8), (1.9) and the L(0)-
conjugation formula

2r1) OV (210 FOw, 2)(27i) HO = Y (w, %) , (1.10)
we obtain .
Uy <w, %) U1) = V(U )w, e — 1),

which is equivalent to (1.5).

As a special case of the Jacobi identity [FHL| defining intertwining oper-
ators, we have the commutator formula between vertex operators and inter-
twining operators

1 — Zo

¥ (4, 21), Y(w,2)] = Resy 756 ( ) V(Y (30}, 22).

T2
Thus
vV (21 Ou, 1), V(s Vw, x5)]

= Res, 250 <x1 — 3:0) y(Y(xf(O)u, xo)xg(o)w, Tg)
T2

_ L(0)
= Res, 256 (xl a:o) NY% (xg(O)Y ((ﬂ) u, @) )w,x2> .
L2 T2 T2

(1.11)




Now we change the variable zy to y as follows:
Ty = Z %ﬂlzy)k = (e*™ — 1)xy.
k>1
(Note that by definition, for any r € C,
(2o + (7™ — 1)a5)" = > 2l).)
Then the right-hand side of (1.11) becomes

5] _ 2wy 1
Resyﬂxz_lé (xl (e )72
Oy T2

) y(xg(O)Y((xl/:Eg)L(O)u, ey Dw, x2)

o 2mi 2mi -1 1
= 2miRes, e xy(zg + (7 — 1)32)" 6 <x2 + (e?y — 1):1:2) .

~y(x§(0)Y((x1/x2)L(0)u, e Dw, x2)

= 2miRes,d ( 1 ) V(@EOY (21 /22)*Ou, ™ — 1)w, 25)

627riyx2

= 2miRes,0 (%) y(zg(o)Y(e%riyL(O)u’ e — 1w, )
e2mi T

= 27iRes,d (ef—;xz) Y OUY (U1) u, y) U(1) 1w, 22),
(1.12)

where in the last step, we have used (1.5). From (1.11) and (1.12), we obtain
[V (a7 1), V(g Vw, )
= 27iRes, (62;”—;@> Y (U ()Y (U(1) " w, ) U1)  w, 25) .
(1.13)

Substituting U (1)u for u and U (1)w for w in (1.13) and using (1.4) and (1.10),
we obtain (1.6). |

The operators Y (U (z1)u, x1) and Y(U(x2)w, z5) are called geometrically-
modified vertex operator and geometrically-modified intertwining operator, re-
spectively. These operators play an important role in this paper. See Remark
3.5 in Section 3 for the reason why we need these modified operators.
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Proposition 1.3 Let Wy, Wy and W3 be V-modules and Y an intertwining

operator of type (W?/é’w) Then for any wy, € Wy,

27rm%y(2/{(x)w1, x) = YU (x)L(—1)ws, ).

Proof. Using the L(—1)-derivative property for ), we obtain
iz LY Uy, )
Tir— T)wy, x
dx 1,

d
= 27rixd—y((QWix)L(O)e_LJF(A)wl, x)
x

= V((2mizL(—1) + 2miL(0)) (2miz) @ e L+Dayy  z)
= V(2O 2miL(—=1) 4 27 L(0)U(1)wy, ). (1.14)

Using (1.5) for the vertex operator Y defining the module W, and the
conformal element w, we obtain

UDY (w,z) = Y U™ )w, e*™ — 1)U(1).

This formula together with Lemma 1.1, the identity property and by changing
the variable from x to y = e*™* — 1 gives

UL)L(-1) = ReSxY(U(e%m)w p2miT _ | DU
= Resmy<€27rixL(O)u(1) 2mm_1

= Res, (271)*Y (emeL(O) ( ¢ —1 ,627”“” — ) (1)

= Res, (2m1)%Y (> E Oy 2™ _ 1)14(1)
= Res,(2mi)%e™Y (w, 27”“ — U
= Res,(2mi + 27miy)Y (w, y)U(1)

= (2miL(—1)+ 2miL(0))U(1). (1.15)

\_/\_/
,_n
~—r

—_
~—

Using (1.15), we see that the right-hand side of (1.14) is equal to
Y(U(x)L(=1wy, z),

proving the proposition. [
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Proposition 1.4 Let W;, i =0,...,5, be V-modules and Yy, Vo, V3 and Vs
intertwining operators of types (WZVVOVAL), (W‘;VV‘*VS), (WZVI?VQ) and (W Wy ), respec-
tively, such that when |z| > |z2| > |21 — 23] > 0, we have the associativity

(wgy, V1 (w1, 21)Va(wa, 20)wsz) = (wy, Va(Vs(wy, 21)wa, 29)w3)
forw; € Wi, i =1,2,3 and wy € Wi. Then when |qz—z)| > 1> |qrzy—20) —
1] >0,
<w6’ Wi (u(qzl)w17 QZ1>y2 (u(Qz2)w2, qZQ)UJg)
= (wo, Va(U(qzy) Vs(wr, 21 — 20) w3, ¢z, Jw3).

forw; e W;, i=1,2,3 and w), € Wj.
Proof. By associativity, (1.4), the L(0)-conjugation property and (1.5),

(wo, V(U (g2 )01, ¢20) Vo (U (4, )32, €, )w3)
= (wh, Va(Vs(U(qz, )01, @z — GopU(qey ) W3, €2y )w3)

( 6,y4(y3( (q,z1)w1 4z — CIzQ)quQ(O)u(l)wzaq,zQ)w3>

= (W), Va(qE OV (U (@2 o) w1, @y sy — DU w2, g2, )w3)

= (wp, Va(¢ZOU ) Vs(w1, 21 — 22) w2, ¢zy)w3)

= (wp, Ya(

2
7y4 U(QZg)y3<w17zl _22)w27q,22)w3> (116)
Since the associativity used above holds in the region |q,,| > |¢.,| > |¢., —

qz,| > 0 or equivalently |qe.,—.,)| > 1 > |q(z,—2) — 1| > 0, we see that (1.16)
also holds in the region [ge, —z)| > 1> |q(z—2) — 1| > 0. n

g

g

2 Identities for formal ¢-traces

In this section, we prove several identities on which the main results in the

present paper are based. We shall use both the formal variable and the com-

plex variable approaches. The formal variable approach is needed because

the ¢g-traces are still formal in this section and the complex variable approach

is needed because we need to use analytic extensions to obtained our results.
For m > 0, let

Prya(z;q) = (2mi)™ " Z <l1 z! - (—=1)m™m qlx—l)

11 — ! —
= m!l—gq m! 1-—¢

12



where (1 — ¢')™" for [ > 0 is understood as the series Y, ,¢". For 7,z € C
satisfying |¢-| < |g.| < 1, the series Py,,1(q.;q,) for m > 0 are absolutely
convergent and, for z € C satisfying |¢,| < 1, the g-coefficients of P,,11(q.; q)
is absolutely convergent.

As we mentioned in Section 1, we shall fix a vertex operator algebra V'
throughout this paper. Let W be a V-module. and let o(u) : W — W be
the linear map defined by o(u) = s 1 for homogeneous u € V.. We have:

Proposition 2.1 Let W; and Wi, it = 1,...,n, V-modules, and V;, i =
Wi
- - WiW;
the convention Wy = W,,. Then for any u € V, w; € Wy, 1 = 1,...,n, we
have

Try, Y( (@)u, 2) ViU (@) wr, @1) - Vu U (@), )"

- Zzpm“ <_7 )Trw ViU (z1)wr, 2y) -

=1 m>0

1,...,n, intertwining operators of types ( ), respectively, where we use

( (xifl)wiflyxifl)yz(u(xi)umwi;xi) :
yz-l—l (u(xl-i-l)wl-i-la xz+1) yn(u(xn)wm xn)q
+Try, oU(1)u) V1 (U(z1)wy, 21) - V(U U () wy, 2, )" (2.1)

L(0)

and

ZTYW V(U (z1)wr, 21) - - Vican (U(Ti-1)wimg, 1)

ViU () uow;, ;) Vigr (U251 Wig1, Tiga) - - - Yo (U (2 w5, $n)qL(0)
=0. (2.2)

Proof. The left-hand side of (2.1) is equal to
ZTYW y1 $1 w1,$1) yz’—l(u(xi—l)wi—bxz‘—l)'

[Y(u(l’) x), ViU (x)ws, 25) | Vigr U (Ts51)Wig1, Tigr) -
N (u(mn)wnaxn)qL(O)
+TrW Vi(U(xrwy, 1) - Yo (U ()W, 2,)Y (U(2)u, x)qL(O)

= szResy ( ) Tryy, V(U (21)ws, 21) -
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Vi U(zim)wimy, i) ViU ()Y (w, y)w;, x;) -
Vit U(@i1) w1, Tip) Yo (U(@0) W, 24) g
T

+Try, Y (u (E) u, f) Vi (U(z)w, 1) - - VU ()1, )@

_Resyzz Lillhe b ((“’ai)rné(%)) |

i=1 m>0
'Tl"Wnyl(U(fL‘l)wl, l'1> to yi—l(u(xi—l)wi_l, ZEi_l) .
ViU(:)Y (u, y)ws, 03) Vigr (U(Tip1)wig1, Tigr) -
V(U ()W, 2) g4
g Ty, Y U(), 2) Vs U (1) wn, 1) -+ Vo U ()0, 7)),
(2.3)

where we have used (1.6), the L(0)-conjugation property for vertex operators
and a property of traces (TrAB = TrBA).
From (2.3), we obtain

(1- Q‘”“’%)Trw Y (U()u, o) ViU )wr, @) - YuU (@) wn, 2,)g"O

~res 303 E () s (£)):

i=1 m>0
TTW Vi(U(xr)wr, 21) - Vica(U(@i-1)wi1, 1) -
( ( z)Y(U y)wzuxz)yz-l—l( ($i+1)wi+1,Ii+1)'
YU (xn>wmxn) Lo

e (CHRE

i=1 m>0 1>0 l
'TrWnyl(u(lh)wl, w1) - Vi (U(zim1 )wim1, T5-1) -
'yi(u(ﬂii)umwi, i) Vi1 (Ui 1)Wigr, Tig) -

YU (In>wn7xn)qL(0)

SRR () ()

i=1 m>0 [>0 i
'TrWnyl (U(fl)wl, 331) Tt yi—1(u($i—1)wi—1, xi—l) :
ViU (i) umwi, ) Vigr (U (i 1)Wigr, Tiga) -
2 V(U (20 )10, xn)qL(O)
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+27TZZTYW y1 (Il)wl, Il) e 'yi—l(Z/{(xi—l)wi—laxi—l) :

yz( ( )Uowz, z)yi+1(u(ll?i+1)wi+1>$i+1)‘
e V(U (xp)wy, xn)qL(O). (2.4)

Note that the left-hand side of (2.4) has no constant term as a series in x.
Thus the constant term (the last term) of the right-hand side as a series in
must be 0. So we obtain (2.2) and consequently the left-hand side of (2.4) is
equal to the sum of the first two terms in the right-hand side of (2.4). Since
1— q*x% acting on any term independent of x is 0, we obtain

(1—-q " ) (TrW Y (U (x)u, 2) V1 (U (x1)wy, 1) - -+ Yo (U (20)wh, :Bn)qL(o)
—Try, oUWV (U (1 )wr, 1) - - V(U2 )wn, ) ?)

-2 () (7))

i=1 m>0 >0 ¢
'TrWnyl (U(fﬁl)wl, 5U1) e 'yi—l(u($i—1)wi—l7 ﬂfi—1) :
Vi (u(fi)umwz’, xi)yi+l (u($¢+1)wi+1, $i+1) :
- VulU (@ )wy, )"
m+1 m —l
SESE () ()
i=1 m>0 1>0 i
‘Trwnyl(u(iﬂl)wl, 56'1) i 'yifl(u(xifﬁwifl, %41) :
'yz‘(u(l“i)umwi,ﬂﬁi)yz’+1(u(9«“z‘+1)wi+1,$¢+1) :
yn( (xn)wm xn) Lo

Sl (FANE))

i=1 m>0 >0 ¢
A () ()
m! 'O, z; !
'wanyl (U(ﬂfl)wl, 3?1) e 'yi—l(u(lﬁi—l)wi—l, ﬂfi—l) :

ViU () umwi, ;) Vg1 (U(Ti01)Wig1, Tiv) -
- VU (20) W, 2,) . (2.5)

Note that when acting on nonzero power of x, 1 — q_%% is invertible. But
on different rings, it has different inverses. Since all the terms in our formulas

15



.. e .
as series in ¢ are lower truncated, (1 — ¢ %2z )~! acting on any nonzero power

of x should also be lower truncated as a series in q. Thus we have

ol
) 13901 [>0
(L—g=d) b= 14 (2.6)
[ <O0.
1—¢

By (2.5) and (2.6), we obtain

TrWnY(L{(x)u, )V (U(z1)wr, 71) -+ Vo (U (20 )0, xn)qL(O)

~ Ty, oU (Vw1 U (@1 )wr, 21) -+ Vo U (@) wn, 20)g"C

R » I Ce el (G )(i—))

A (Gan) G))

'TrWnyl(u(-Tl)wl, 331) o 'yi—l(u(fﬁi_l)wi_l, :171-_1) .
yl(“(‘rl)umwz; xi)yz‘+1(U(Ii+1)wi+1, xi+l) .
= (wn)wn, n) g™

—ZZZ( o (Ca) ()

A (o) ()

TFW ViU (x1)wr, 21) - Viea (U(2i-1)wi1, i) -
ViU () umwi, ) Vit (U(Ti51)Wig1, Tigr) -
Y (U(y, )wmxn) Lo

- zzz( e ()

i=1 m>0 [>0

+@mwwwm<(%Y>>,
m)! 1—¢
.TrWnyl(u(xl)wh xl) T yi—l(“(xi—l)wi_l, xi—l) .
ViU () umwi, ) Vigr U(@ip1) Wi 1, Tiga) -
"yn(u(xn)wn>$n)qL(0)
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=> > Pun (% q) Tryy, V(U (z1)wy, 1) -

i=1 m>0
: 'yi—l(u<xi—l)wi—l> xi—l)yi<u(xi)umwi> l"z) :

'yi+1(u($i+1)wi+1, $i+1) e 'yn«/[(xn)wna %)C]L(O)- (2‘7>

The identity (2.7) is equivalent to (2.1). |

The identities above are proved using purely formal variable approach.
But starting from the next identity, we need to use both formal variables and
complex variables.

Let
p1(z;1) = 1+ ( ! + ! + : )
’ 2 Wi o z—(kT+1l) kr+l (kr+1)?2)’
e -2y )
22 et (z — (kT +0)2  (kr+1)?
= —%@1(2;7)

be the Weierstrass zeta function and the Weierstrass p-function, respectively,
and let p,,(z;7) for m > 2 be the elliptic functions defined recursively by

10

Pm1(2,7) = —Eapm(z 7). (2.8)

These functions have the following Laurent expansions in the region 0 <
|z| < min(1,|7|): For m > 1

om(2:7) = Zim +(=1" ) G:i?) Gopya(T)2?H 27 (2.9)

where

1
Garsa(r) = 3 (mr +1)2%+2
(0.0

for k£ > 1 are the Eisenstein series. We also have another Eisenstein series

Ga(r :%+ Z Zmr+l

mezZ\{0} I€Z
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The Eisenstein series have the following g-expansions:

2(27.”')2k+2 l2k+1ql
sz 2(7’):2C(2k+2)+ T
* (2k+1)! & 1-¢
where 1
C2k+2) = Z [2k+2
>1

and (1 — ¢L)~! is understood as > is0 ¢l For k > 1, let

2(27Ti)2k+2 l2k+1ql

1 —
(2k+1)! = 1—g¢q

é2k+2(¢]) = QC(Zk + 2) +

where (1 — ¢')~" is the formal power series Y .. ¢’". Then Gapya(T) =

é?k—i—Q(QT)-
The functions @,,(z;7) for m > 1 also have the following g-expansions:

For z € C satisfying 0 < |z| < min(1,|7|) and |g,| < |¢.| < ﬁ and for
m > 1,
m—1
pm(z7) = (=1)" (Pm(qz; 0r) = 51 (Galar)z = m)) : (2.10)

For m > 1, let

ol ) = o+ (17 X (2 ) Garealay™ €yl

o1 m—1
(2.11)
Then for z € C satisfying 0 < |z| < 1 and m > 1,
m—1
) = (" (Pulsi) — s (Ca)z = 7)) (212)

We also have
Om(2:4r) = Pm(27)
when m > 1 and 0 < |z| < min(1,|7]) and |¢;| < |¢g.| < ﬁ. For more

details on the Weierstrass zeta function, the Weierstrass p-function and the
Eisenstein series, see [La] and [K].
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Now we assume that for any W; and W;, ;, i = 1, ..., n, as in Proposition
2.1, any w; € W, 1 =1,. nwnEW and ), EW’

<ZD:17 yl (w17 Zl) e yn (wna Zn) wn>

is absolutely convergent when |z;| > --- > |z,] > 0. We also assume that
commutativity and associativity for intertwining operators hold. (For more
details on convergence, commutativity and associativity for intertwining op-
erators, see [H1], [H2], [H4] and [H7].)

Theorem 2.2 Let W; and W;, Y, i = 1,...,n, be as in Proposition 2.1.
Then for any w € V, w; € W;, i = 1,...,n and any integer j satisfying
1 <5 <n, we have

Tryy, ViU (z)wr, x1) -+ Vi (U(xj-1)wj—1, xj-1) - Vi (U (25)Y (uw, y)w;, 25)
ViU (T 1) wj1, T11) - Vo (U(20)1w0n, xn)qL(O)

m

= Z(—l)mH (@mﬂ(—y; q) + aa—m(Gg( Yy + m)) .

m>0
Try, ViU (x)wy, 21) -+ V(U (Tj-1) w1, 25-1) -
Vi (U(x)umw, ) Vi U(240) W) 1, i) -
o yn(u(xn)wm mn)qL(O)

+2.D P (—2y q)'

i#j m>0
'TrWnyl( (xl)wl,xl) e 'yi—l(u<xi—1)wi—17xi—l) :
ViU (23 umws, 23) Vig1 (Wir1, Tig1) - - - Yo (U(20)Wn, 24)q

+Try, o(UL)u) V1 (U(21)wi, 1) - - - V(U (25) w0, z,)q" .

L(0)

(2.13)
Proof. We first prove the case j = 1. Note that by (1.5),
U)Y (uy) = 27U (u,y) @)U
= Y(L{(e%’y)u, X — DU(1)
= (:L’ Ly U(*™ )y, 116> — 1)1:1L(0)Z/{(1)
= Y(U(z1*™¥)u, 21 (e*™ — 1)) U(z1) (2.14)

(recall (1.4)).
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Using (2.14), we see that in the case j = 1, the left-hand side of (2.13) is
equal to

Tl”wnyl(u(l’l)y(% ?/)wh ml)y2(u($2)w2, 1172) e 'yn(u(ll?n)wm xn)qL(O)
= TrWnyl(Y(L{(:plegmy)u, x1(62”y — 1)U(z1)wy, 1) -
'yQ(U(ﬂUz)wz, Iz) o 'yn(u(xn)wm fn)qL(O)-
(2.15)

By the properties of intertwining operators, we know that the following
associativity holds: For any w, € Wy, w!, € W/,

W’;m yl(Y(u(21Qz)u7 Zl(Qz - 1))“(21)1017 2’1)@1>
= <U~J;L>Y(u(21qZ)U7 Zle)yl(u(Zl)w1; 2’1)’6171>

for any complex numbers z and z; satisfying |z1q.| > |z1] > |z1(¢. — 1)| > 0
(or equivalently, |g,| > 1 > |¢g. — 1| > 0 and 2; # 0), where we choose the
values of 27 for n € C to be e"'°¢*1 (0 < argz; < 27 (and we shall choose
this value throughout this paper). Thus for any complex numbers z and z;
satisfying |q.| > 1 > |g. — 1] > 0 and 2; # 0 and for the values e"!°81 of 27
for n € C,

Try, (Y (U(2162)u, 21(q. — 1))U(21)w1, 21)-

Vo (U(w2)wa, x2) - - V(U (w0 ), 20 ) "

= Try, Y (U(21¢2)u, 21¢:) V1 (U(21) w1, 21) -

o (U(w2)ws, 22) + - V(U () wn, w,)g" ) (2.16)
as formal series in zs,...,7, and ¢. Since (2.16) holds for any complex
number z satisfying |¢.| > 1 > |¢, — 1| > 0 and any nonzero complex number
21, the expansions of both sides of (2.16) as Laurent series in z; are also equal
for any complex number z satisfying |¢,| > 1 > |¢. — 1| > 0. Thus we can

replace z; by the formal variable z; in (2.16) so that for any complex number
z satisfying |¢,| > 1 > |¢. — 1] > 0,

Try, Vi (Y (U(2192)u, 21(g: — 1)U (1) w1, 21)-
VoU(z2)ws, 23) - - Vo (U () Wy, ) gH O
= TI"WHY(U(%%)U, T1q:) V1 (U (2w, 1) -
Vo(U(x2) w3, T3) - - Vo (U (z0) Wy, 20)q" ) (2.17)
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as formal series in z1,..., 2, and ¢q. Note that the left- and right-hand sides
of (2.17) are well-defined formal series in 21, ..., x, and ¢ for z € C satisfying
1> ¢, — 1| > 0 and |g.| > 1, respectively.

By (1.4) and (2.1), for any complex number z, we have

Try, Y (U210 )u, 2) V1 (U(21)ws, 71)-
Vo (U(z2)w 2’52) Vn(U(20)wn, 7,)q
= Ty, Y (U(2) (U (@) U(@10:)u, 2) V1 (U (1) wr, 21) -
Vao(U(x2)wa, T2) - V(U ()W, xn)qL(O)

S (2a)

‘wanyl(u(l"l)wl, 371) e 'yi—l(u(xi—l)wi—b 33i—1) :

ViU () (27) O (U (2)) " U (2102 )u)mws, ;) -

Vit (U(Tip1)Wis1, Tiga) -+ V(U (T0)w,, xn)qL(O)
—l—TrWno(L{(l)(Z/{(a:))_llxl(xlqz)u) :

ViU (@) wy, z1) - Vo (U (2w, 20)gH O (2.18)

L(0)

as formal series in x,xq,...,x, and q.
Now for any complex number z satisfying |¢,| > 1 and 0 < |z| < 1,
substituting x;¢, for z in (2.18) and using (2.12), we obtain

Try, Y (U(21q.)u, 210 ) V1 (U(21)w1, 21)-
'y2(u($2)w2, Zo):- - yn(Z/{(xn)wnv xn)q

)
1
=3 P (-40) Tog @G 1)

L(0)

Vo(U (22)ws, T2) - Vo (U)W, 7,) g

T
+ Z Z P (xi;z ; Q) wany1(u(331)w1> xy) -
. yi—l(u(mi—l)wi—la xz‘—1)yz‘(u($i)umwi; %) :

Vit (U(@ip1) Wi 1, Tigr) - YU (20) W05, 70)q
+TrWn0(U(1)u)y1 (Z/{(Ilfl)'wl, fL‘l) Tt yn(u(xn)wn7 In)qL(O)

m

= S (Bmal-0) + (o) + 7))

m>0

L(0)
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Tryy, ViU (1) umwy, 1) -
yQ( (Iz)wz, $2) e 'yn(u<xn)wn’ xn)qL(O)

25 P ()

=2 m>0
'Trwnyl U(z)wr, 1) - ViU (w5-1) w1, 75-1) -
ViU () upmw;, x;) -
Vit (Ui 1)Wis1, Tigr) - YoU(20) W, T0)q
+Try, oU(1)u) V1 (U(z1)wy, 1) - Vo (U (20 )wh, z,)¢" ) (2.19)

L(0)

as a formal series in x1,...,z, and q.
Combining (2.15), (2.17) and (2.19), we see that for any complex number
z satisfying |¢,| > 1 and 0 < |z] < 1,

TrWnyl U(21)Y (u, 2)wr, 21) Vo (U(22)wa, 22) - - - Y (U(20) W05, xn)qL(O)

= Z(‘UmH (@mﬂ(—z; q) + ;Z_Z(GQ(Q)Z + m)) .

m>0
Ty, ViU (@ )wr, @) - V(U (j-1)wj—1, 25-1) -
'yj (U(zj)umw;, 5)Vipr (U(Tj51)wj 41, Tj41) -
VU ()W, ) gH @

+ZZ%(Z@-

=2 m>0
TFW yl( ($1)w1,$1) yi—l(u(xi—l)wi—laxi—l) :
Vil (i) tmwi, ) Vigr (U (i 1)Wig1, Tiga) -
VU ()1, 2)g"

+Try, o(U(1)u )yl( (x1)wy, 1)« Yo (U ()W, xn)qL(O).

(2.20)
as a formal series in z1,...,x, and ¢. Since both sides of (2.20) are formal
series in xq, . .., x, and g whose coefficients are convergent Laurent series in z

near z = 0, the truth of (2.20) in the region given by |¢.| > 1 and 0 < |z| < 1
implies that (2.20) holds near z = 0. Thus (2.13) holds in the case of j = 1.

We now prove the theorem in the general case. We use induction on j.
Assume that for j =k < n, (2.13) holds. We want to prove that (2.13) holds
when j =k+1. Fix 22 € C, i =1,...,n, satisfying 29| > --- > [2°] > 0, let
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v be the path in

M ={(21, . 2) €C" | 2 £ 0, 2 # 21,1 # 1}

0 0,0 0 0 0 .0 0\ o
from (29,..., 20, 204105 2) t0 (20, .., 20401, 20 - - -+ 2,)) given by

1 n ’rn

’Yk(t) _ (Z?, e 6(l—t) logzg—i-t10gz2+17 etlogz,g—&-(l—t) logz2+1, o 722)
(Actually just as the choices of 2 € C, ¢ = 1,...,n, the choice of v; can
also be arbitrary. Here to be more specific, we explicitly give one particular
choice.) Given any branch of a multivalued analytic function of zq,..., z,
in the simply connected region |z1] > -+ > |z,] > 0, 0 < argz; < 2,
1=1,...,n, we have a unique analytic extension of this branch to the region

|z1] > < > |ze—1| > |zeaa] > |2k] > |2pa2] > - > |20] >0,
0<argz <2m, i=1,...,n, (2.21)

determined by the path 7. By commutativity for intertwining operators,
there exist V-modules W}, and intertwining operators ), and Y1 of types

W, Wi . o
(WkakH) and (Wk+lvlvk)7 respectively, such that for any w; € W;, 1 =1,...,n,

W, € W, and w), € erw the branch of the analytic extension along ~; of

(y,, Vi (wr, 21) = Vi (Whey 2) Vit (Wit Zhr1) = - V(Wi 20)100)

to the region (2.21), is equal to

(W), Y1 (wy, z1) -+ Y1 (wi—1, qu))}kﬂ(wkﬂ, Zht1)

)}k(wkn Zk)yk—l—Q(wk—l—Qa 2k+2) o yn(wna Zn)uN]n>

in the same region.

By induction assumption, (2.13) holds when j = k. So (2.13) holds when
Wi, Wit1, T, Tjv1, V; and Y41 in (2.13) are replaced by wyi1, Wk, Tt1, T,
ka and )A)k, respectively. Then when we substitute z1,...,2, € C in the
region (2.21) for a4, ..., x,, respectively, (2.13) becomes an identity for formal
Laurent series in ¢ whose coefficients are single-valued analytic branches in
the same region. By the commutativity stated above, we know that all these
coefficients can be analytically extended back to the region |z| > -+ >
|z,| > 0,0 < argz; < 2m,i=1,...,n, along the path v, ' to the single-valued
analytic branches which are nothing but the coefficients of the formal Laurent
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series in ¢ obtained by substituting in (2.13) (with j =k+1) 21,---,2, € C

for xy,...,x,, respectively, when z,---,z, are in the region |z| > --- >
|zn] > 0,0 < argz; < 2m, ¢ =1,...,n. Since these analytic extensions are
unique, we see that (2.13) with j = k£ + 1 holds. |

Remark 2.3 In the proof of the theorem above, the use of the complex
variable approach is essential. If we use formal variable approach, in the case
of 7 = 1, the proof seems to be more complicated and in the case of j > 1,

certain identities can still be obtained but they would involve P(x;;?,iy; )

(note the extra ¢ in the first argument) for i < j. (After an early version
of the present paper was finished and circulated, Milas informed the author
that he also obtained independently some identities similar to (2.1), (2.2)
and the j = 1 case of (2.13).) In fact, eventually we will have multivalued
analytic functions corresponding to flat sections of certain vector bundles
with flat connections over the moduli spaces of genus-one Riemann surfaces
with punctures and standard local coordinates vanishing at the punctures. So
if the convergence is proved, those identities with extra ¢’s and the identities
in the theorem above are related by analytic extensions. But if we have
only the identities involving extra ¢’s, we would not even be able to prove
the convergence of the series and therefore cannot construct the multivalued
analytic functions.

Let Gp.)|>..5|z|>0 be the space of all multivalued analytic functions in

21, ..., 2, defined on the region |z(| > -+ > |z,| > 0 with preferred branches
in the simply-connected region |z| > -+ > |z,] > 0, 0 < argz; < 2m,
i=1,...,n. For any f(z1,...,2,) € G|;>..5]z,|>0, We have a multivalued
analytic functions f(q.,...,q,,) in 21,...,2, defined on the region |¢.,| >

-+ >|qz,| > 0. All such functions form a space Gy, |>..>|.,[>0- We see that

Tryp, ViU (gz)w1, ¢z,) -+ YuU (s, )wn, ¢z, ) "

and

Gorsa(Q) Ty, V(U (g2 w1, ¢z,) -+ YuU (s, )wn, ¢z, ) =

for k > 1 are elements of Gyg. |>...>1q., 1>0((9))-
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Theorem 2.4 Let W; and W;, YV, i = 1,... ,n, be as in Proposition 2.1.
Then for anyu € V, w; € Wi, i =1,...,n, any integer j satisfyingl < j <n
and any l € Zy, in G, |>...>|q.,1>0((q)), we have

Ty, Vi (U(qz)wr, qz) - Vi (U(Gs,_ ) w1, gz, ) Vi U(gz, )u—w;, g, )-
Vit UGz )01, 6,00) - YaU (2, w0, g2, ) O
= Z(_l)lH (2lk_+11> G2k+2(q)TrV~Vny1 (U(qz )wr, ) -
k>1
) 'yjfl<u<q/z];1>wjfla qu—l)yj (u(q,zj)uzkmfle, qzj) :
Vist UGy )Wjt1, @y - VU (@2, )00, g2, ) g
+ Z Z mH( _1 1) Om+1(zi — 255¢) Ty, Vi(U(gz, w1, gz,) -
i#j m>0
Vit (U ey Wiz, @z, ) ViU (2, ) umwi, q2,) -
Vit (U@ )Wig1, Qoyy) - YU (g, )W, ¢.,)q""

+5l,162(q) Z TrWnyl (U(Qzl)wh (le) s yze1(u(q,zi,1)wzel7 qzi,l) :

yl(u(qzz)(ul + U()Zi)wi, qzi)yi+1(u(qzi+1)wi+17 qz¢+1> ’
T yn(“(q,zn)wm qzn)qL(O)
+611 Tryg, oUWV (U (g )wr, ¢2,) -+ YuU(g)wns g2,)7" . (2.22)

Proof. Let zi,...,z, € C satistying |g.,| > -+ > |¢.,| > 0. Then from
(2.14) and the domain of convergence of the g-coefficients of Pm(qngz ,q) for

2

m > 1, we see that for z in a sufficiently small neighborhood of 0, we can
substitute 2, ¢.,,...,q., for y,z1,...,z, in (2.13) so that both sides of (2.13)
become formal series in ¢ whose coefficients are analytic functions of z. Using
(2.12) after these substitutions, we obtain

TrWnyl (u(q/‘a)wl’ qzl) e yj—l(u(qzjfl)wj—lv qzj—l)yj (u(qzj)y(uv Z)wj7 qZJ)
'yj+1(u(qzj+1)wj+1a sz+1) T yn(u(q,zn)wna an>qL(0)

m

_ Z( 1)mtt (@m+1( )+a—m(G2( )Z+7Ti)) :

m>0
'TrWnyl(u(q,zl)wla q21> ce yj*1<u(ng>1>wj*17 qzjﬂ) ’
'yj (M(QZj)umwj> qzj)yj+1(u(qzj+l)wj+l7 qu+1) ’
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T yn(“(‘]zn)wna QZn)qL(O)

+ Z Z(_l)Wrl (@mﬂ(?«’i —zj — 2q)
i£j m>0
m+1 o .
1 Gl = 2 - ) i) )
~TrWny1(U(qzl)w1, (1z1) o 'yifl(u<q,zi,1)wifla qzi,l) :
yl(u(qzz)umwu QZi)yi+1(u(QZi+1)wi+l> qzz‘+1) '
- VuU(gs, )i g2, ) g

+Try, oU(L) )V (U(g, )wr, ¢2,) -+ - VU (gs, )0, ¢:,)g" . (2.23)

For | > 2, taking the 2'~-coefficients of both sides of (2.23) and using (2.8),
(2.11) and the Taylor expansion formulas for @, +1(z; — 2; — 2; ¢) as functions
of z, we obtain (2.22) in this case. For [ = 2, the right-hand side contains an
extra term

—é2(9) Z Try, W U(qz) w1, qzy) - Vica UGy )Win1, @2, )
i=1

ViU(qz; Juowi, ¢2,) Vit (u(quH)wiJrl? quH) o VUG, )W, an>qL(0)

which is equal to 0 by (2.2). For [ = 1, the right-hand side contains the two
extra terms in the right-hand side of (2.22) and also contains terms

-7 Z Ty, N1 (U(qz w1, @z ) - Viea (UG JWin1, G2,y )
i=1
yl(u(qzz)uowlv qzi)yi+1(u(qzi+1)wi+17 qzi+1) e yn(u(q,zn)wna QZn)qL(O)
and
—2 ) Trg MU(g)w, ¢z,) - Viea U (g, )wia, gz, )-
i=1

yl(u(qzz)uowlv qzi)yi+1(u(qzi+1)wi+17 q2i+1) e yn(u(q,zn)wna QZn>qL(O)

which are again equal to 0 by (2.2).
Since both sides of (2.22) are in Gy, |>..>(q.,>0((¢)), (2.22) hold in this
Space. |

26



3 Differential equations
We shall fix a positive integer n in this section. Let

R = C[G4(q), Gs(q), 92(zi — 230), §3(2i — 25 @))ijt,.oom, i<

that is, the commutative associative algebra over C generated by the series
é4(q), 66(q), ©2(2 — 2zj:q) and @3(z; — zj:q) for ¢,7 = 1,..., n satisfying
i < j. (Note that by definition, when n = 1, R is the commutative associative
algebra over C generated by the series é4(q) and Gg (¢).) By definition, R is
finitely generated over the field C and thus is Noetherian. We have:

Lemma 3.1 Fork>2 m>2,4,5=1,...,n,1 # J,
Gor(), §m(2: — 239) € R.

Proof. 1t is known (see, for example, [K]) that any modular form can be
written as a polynomial of G4(7) and Gg(7). In particular, Gox(7) for k > 2
can be written as polynomials of G4(7) and G (7). Since Gay(q) for k > 2 are
nothing but the g-expansions of Gax(7), they can be written as polynomials
of G4(¢) and Gg(q) and thus are elements of R. Also using the relation

0

&@2(2; 7)? = 4po(2:7)> — 60G4(T)2(2; 7) — 140G4(7)

(see, for example, [K] or [La]) and induction, it is easy to see that p,,(z,7)
for m > 2 can be written as polynomials of G4(7), Gg(7), p2(z; 7) and

0
gm(z; T) = —2p3(z; 7).

Since G4(q), Gg(q) and H(2; q) for m > 2 are nothing but the g-expansion of
G4(7), G¢(7) and @, (z; T), respectively, §,,(2; ¢) for m > 2 can be written as
polynomials of G4(q), Ge(q), ¢2(z;q) and @3(z;¢). Consequently for m > 2
and 4,5 = 1,...,n, i < J, om(2z — 2j;¢) can be written as polynomials of
Gi(q), Gs(q), Pa(zi — 2j;q) and @3(2; — 2;;¢) and thus are elements of R.
Since O, (2; q) for m > 2 are either even or odd in z, O, (2 — 253 q) for m > 2,
1,7=1,...,n,1> j are also in R. [ |

As in the preceding two sections, we fix a vertex operator algebra V of
central charge ¢ in this section. We say that a V-module W is Cs-cofinite or
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satisfies the Cy-cofiniteness condition if dim W/Cy(W') < oo, where Co(W)
is the subspace of W spanned by elements of the form u_ow for u € V and
w € W. In this section, we assume that all V-modules are R-graded and
Cy-cofinite. We also assume that for any W; and W;, J;, i = 1,...,n, as in
Proposition 2.1, any w; € W; (i = 1,...,n), W, € W, and @', € W/,

<U~J;L, 8% (w17 Zl) N2 (wm Zl) wn>Wn

is absolutely convergent when |z;| > -+ > |z,| > 0. We also assume that the
commutativity and associativity for intertwining operators hold. Note that
all the conditions on the vertex operator algebra V' assumed in the preceding
two sections hold. So we can use the results of these sections.

Let T=RW; ® - ®@W,. Then T and also Gy, |>..>s.,>0((q)) are
R-modules.

Let J be the R-submodule of T" generated by elements of the form

Aj(u;wy, .. wy)
:1®w1®---®wj_1®u_2wj®wj+1®...®wn

+ Z(Qk + 1)Gotr2(0) @ W1 ® - @ W)y @ UnpWj @ Wiy @ -+ @ Wy,
k>1
> (=D)m(m+1)
1#j m>0
Om42(2i — 25;0) QW1 @ -+ @ Wim1 @ UpW; @ Wig1 & -+ - @ Wy,

forj=1,....nandw; e W;,i=1,...,n.

The gradings (by conformal weights) on W; for ¢ = 1,...,n induce a
grading on T and this grading on 7" induces a grading on J. We shall use
Ty and J(;y to denote the homogeneous subspaces of T" and J, respectively,
of conformal weight r» € R. Let F.(T) = [[,., T(s) and F.(J) = [1,-, Js)-
We also introduce another grading on R and 7. We say that the elements
Gar(q) for any k > 1 have modular weight 2k and the element @,,(z; — 2;; )
for any m > 2 and ¢ < 7 have modular weight m. These modular weights
of the generators of R give a grading which is called the grading by modular
weights. For m € Z, let R,, be the subspace of R consisting of all elements of
modular weight m. Then we have R,, = 0if m < 0 and R = ®,,enR,n. An
element of T is said to have modular weight m if it is a linear combination
of elements of the form f ® w; ® --- ® w, where w; € Wy,...,w, € W, are
homogeneous and f € R has modular weight m — > | wt w;. We have:
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Proposition 3.2 Let wy € Wy,...,w, € W, be homogeneous. For j =
1,...,n, A; have modular weight Y ", wt w; + 2. In particular, the grading
by modular weights on T induce a grading, also called the grading by modular
weights, on T/ J.

Proof. The conclusion follows directly from the definition of A;. |

Proposition 3.3 There exists N € R such that for any r € R, F.(T) C
F.(J)+ Ex(T). In particular, T = J + Fn(T).

Proof. Since dim W;/Co(W;) < 0o for i = 1,...,n, there exists N € R such
that

[T cd ReoWmi@--- W1 & Co(W;) @ Wit @ W, (3.1)
1

r>N j=

We use induction on r € R. If r is equal to N, Fx(T) C Fx(J)+ Fy(T).
Now we assume that F.(T) C F,.(J) + Fy(T) for r < s where s > N. We
want to show that any homogeneous element of T(,) can be written as a sum
of an element of Fy(J) and an element of Fy (7). Since s > N, by (3.1),
any element of T(,) is an element of the right-hand side of (3.1). Thus this
element of T(,) is a sum of elements of

RW,®---@W;_; @ Co(W;) @ Wi, @ W,

for j =1,...,n. So we need only discuss elements of the form
QW @+ QWjm1 @ U_2W; QWjt1 @ -+ @ Wy (3.2)
where w; € W; for i = 1,...,n and v € V. By assumption, the conformal

weight of (3.2) is s and the conformal weights of

I®w @ - @wj—1 @ Uugw; @ wjyr Q-+ @ wy
for k € Z, and

1w @ - Qw1 @Upw; @ Wit @ -+ @ wy

for i # j and m > 0 are all less than the conformal weight s of (3.2). So
Aj(u;wy, ... wy,) € Fy(J). Thus (3.2) can be written as a sum of an element
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of Fs(J) and elements of T' of conformal weights less than s. Then by the
induction assumption, we know that (3.2) can be written as a sum of an
element of Fy(.J) and an element of Fy (7).
Now we have
T = UTERFT(T)
- UTGRFT(J) + FN(T)

But we know that J + Fy(T) C T. So we have T' = J + Fy(T). |

Corollary 3.4 The quotient R-module T'/J is finitely generated.

Proof. Since T'= J+Fy(T) and Fn(T) is finitely-generated, 7'/ .J is finitely-

generated. [
For V-modules W; and W;, i = 1,...,n, and intertwining operators ),
1 = 1,...,n, as in Proposition 2.1, and for any w; € W;, + = 1,...,n, we

shall consider the element

Fy1 ..... yn(wl,~-->wn;21,---,ZnSQ)
= TrWnyl(u(QZl)wla QZ1) e yl(u(QZn>wn7 QZn)qL(O)_ﬂ (33>

of Gyg., |5 >lg.,1>0((q))- The map from Wy ® --- ® W, to N given by

w1®®wn|—>Fy1 ..... yn<w1,...7wn;21,...,zn;q)

Remark 3.5 We consider (3.3) instead of

c

TrWnyl (qfl(())wh q21> e yn (qun(O)wn, qZI) qL(O)_ﬁ

because (3.3) satisfies simple identities and have simple duality properties.
Geometrically, (3.3) corresponds to a torus with punctures and local coordi-
nates whose local coordinates at the punctures are the standard ones in terms
of the global coordinates on the torus obtained from the parallelogram defin-
ing the torus. In fact, to construct and study chiral genus-one correlation
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functions, we need to use the description of tori in terms of parallelograms.
But geometrically g-traces of products of intertwining operators correspond
to annuli, not such parallelograms. Thus we have to use the conformal trans-
formation w +— w = ¢, to map parallelograms to annuli. Under this map,
the standard local coordinates w — ¢, vanishing at ¢,, for« =1,...,n on an
annulus are not pulled back to the standard local coordinates w — z; vanishing
at z;, respectively, on the corresponding parallelogram. The operators U(q.,)
for : = 1,...,n correspond exactly to the local coordinates vanishing at g¢.,,
respectively, on the annulus such that their pull-backs to the parallelogram
are the standard local coordinates vanishing at z;, respectively.

We have:
Proposition 3.6 The R-submodule J of T is in the kernel of ¥y, . y,.
Proof. This result follows from the definitions of J and vy, .y, and the case

[ =2 of (2.22) immediately. n

Proposition 3.7 (L(—1)-derivative property) Let W; and W; for i =

1,...,n be V-modules and Y; intertwining operators of types (;/V‘j[j) (i =
1,...,n, Wy =W,), respectively. Then
0 F (w Wy 2 L)
32’]- ViyeesVn 5., Wn;21,--.,2n;4
=Fy, oy, (wi, ..., w1, L(=1)w;, wjq1, ..., Wn; 21,5 -5 Zn; Q)

for1<j<nandw, e W;,i=1,...,n.

Proof. The result follows immediately from the definition (3.3) and Propo-
sition 1.3. ]

Lemma 3.8 Let W, andj/T/Z- fori=1,...,n be V-modules and Y; intertwin-
ing operators of types (IYVVl‘}}) (i=1,...,n, WO = Wn), respectively. Then
forj=1,...,n and any ﬁomogeneous elements wy, € Wy, ... ,w, € W,,

=1

o~ Z” Y~ O > 0
) 2 R . . — — e . — . — .
((27”) qaq + GQ(q> - wt w; + GQ(Q) Zj 822 o 1 (Zz Z]v Q> 82’7,>
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= Fy, (w1, wim1, L(=2)wj, wjt1, ..., W3 21, - -, 203 Q)
_Zé2k+2(Q)
k>1
Fy, oy (wr, . wimg, L2E)wj, wign, ..o, Wl 21, -y 203 Q)
D (1) Gz — 2559) -
iz m>1
Fy, oy (W, wimg, Lim — 1wy, Wi, .., W 21, -+ -5 203 q).

(3.4)

Proof. In (2.22), we take u = w and [ = 1. Using w,,, = L(m —1) form € Z
and Lemma 1.1, we obtain (3.4). n

For simplicity, we introduce, for any « € C, the notation

n

Ny O ~ ~ 0 . 0
Oj(a) = (27”)2618—61 + Ga(q)a + Ga(q) 4 gL ; 91(zi — 2j; Q)ﬁ_z,
for 7 =1,...,n. We shall also use the notation
[Tow)
j=1
to denote

O(ayq) - Oam)-
Note the order of the product. We have:

Theorem 3.9 Let V be a vertex operator algebra satisfying the conditions
stated in the beginning of this section and let W; for i = 1,....,n be V-
modules. Then for any homogeneous w; € W; (i =1,...,n), there exist

ap, (21,5 2n5q) € Rp, by, i(21,. .., 205 q) € Ryp

forp=1,...;m and i = 1,...,n such that for any V-modules |47 (i =

1,...,n) and intertwining operators Y; of types (valvivl) (i=1,...,n, Wy =

32



W, ), respectively, the series (3.3) satisfies the expansion of the system of
differential equations

" " " Py

azgn +pzzlap,i<zl7"’7zn;Q)W:07 (35>
HOZ- <Zwt w; +2(m — k:)) ®
k=1 i=1
m m—p n
—i—pr,i(zl,...,zn;q) H O; <Zwt wi+2(m—p—k)) v =0, (3.6)
p=1 k=1 i=1
i=1,...,n, in the regions 1 > |q.,| > -+ > |q., | > |q| > 0.

Proof. For fixed w; € Wy, i = 1,...,n, let II; for 2 = 1,...,n be the R-
submodules of T'/J generated by

[1®w1®"'®wi71®Lk(_1>wi®wi+1®"'®wn] (3.7)

for k € N, respectively. Since R is Noetherian and 7'/ is a finitely-generated
R-module, the R-submodules II; for ¢ = 1,...,n are all finitely-generated.
Thus there exist a, i(#1,...,2,;q) € Rforp=1,...,mandi=1,...,nsuch
that in II;

l@®w @ @wi_1 QL™ (—1)w; @ wip1 @ -+ @ wy)
+Zap,i(zla~--7zn;q) :
p=1

MNRuw @ - @wi—1 @ L™ P(—1)w; @ wiyg @ -+ @ wy]

=0. (3.8)
(Note that in the argument above, we actually first obtain a, ;(21,. .., 2} q)
for p = 1,...,m for any fixed i. Thus m in fact depends on 7. But since

there are only finitely many ¢, we can always choose a sufficiently large m such
that it is independent of i.) Since for any k£ > 0, (3.7) has modular weight
Yo w; + k, we see from (3.8) that a, ;(z1,...,2,;¢) for p =1,...,m and
t=1,...,n can be chosen to have modular weights p. Applying ¢y, .y, to
both sides of (3.8) and then using the L(—1)-derivative property (Proposition
3.7) for (3.3), we see that (3.3) satisfies the equations (3.5).
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On the other hand, let Q; : T — T for ¢ = 1,...,n be the linear map
defined by

Q(l®w ®- - ®w,)
:1®w1®®wz—1®L(—2)wz®wZ+l®®wn
_ZG%H(Q)@UM®--~®wi71®L(2k)wi®wi+l®..-®wn

k>1
+ Z Z(_l)m@mﬂ(%’ —2i;q)
Jj#i m>1
QUi @ Qw1 @ L(m — 1)w; @ Wiz ® -+ @ Wy,
For the same fixed w; € W;, i =1,...,n, as above, let A; for i =1,...,n be

the R-submodules of T'/J generated by [QF(1®w;®- - -®w,,)] for k > 0. Since
R is Noetherian and 7'/J is a finitely-generated R-module, the R-submodule
A; is also finitely generated. Thus there exist b, ;(21,...,2,;¢) € R for
p=1,...,mand for : = 1,...,n such that in A;

t
[QM1@uw @ @uw,)+ Y by ilz1,. - 21 q)[Q P1@w @+ @wy,)] = 0.
p=1

(3.9)
(Note that using the same argument above we can always find m sufficiently
large such that it is independent of i. But in general it might be different
from the m in (3.8). But we can always take the m in (3.8) and the m
obtained here to be sufficiently large so that these two m are equal.) Since
[QF(1®w; ® -+ ®@w,)] for any k > 0 has modular weight >, w; + 2k, we
see from (3.9) that b, ;(21,...,2,;¢) forp=1,...,mandi=1,...,n can be
chosen to have modular weights 2p. Applying vy, .y, to both sides of (3.9)
and then using (3.4), we see that (3.3) satisfies (3.6). |

4 Chiral genus-one correlation functions and
genus-one duality

In this section, using the systems of differential equations obtained in the
preceding section, we construct chiral genus-one correlation functions and
establish their duality properties.

34



We still fix a vertex operator algebra V' satisfying the same conditions
assumed in the preceding section.

Theorem 4.1 In the region 1 > |q.,| > -+ > |q.,| > |¢-| > 0, the series

Fyl,...,yn(wla'--7wn;zla---72n;%‘> (4-1>

is absolutely convergent and can be analytically extended to a (multivalued)
analytic function in the region given by (1) > 0 (here (1) is the imaginary
part of ), zi # zj+ kr+ 1 fori,j=1,...,n,i# j, k,l € Z.

Proof. We know that the coefficients of (4.1) as a series in powers of ¢, are
absolutely convergent when 1 > |g,,| > -+ > |q.,,| > 0. So for fixed zy,. .., z,
satisfying 1 > |g.,| > -+ > |g..| > 0, (4.1) is a well-defined series in powers
of ¢;. For fixed z1,...,z, satisfying 1 > |g,,| > -+ > |¢..| > l¢:| > 0,
the ordinary differential equation (3.6) with the variable ¢, has a regular
singular point at ¢, = 0. Since the series (4.1) satisfies (3.6) with ¢ = ¢,, it is
absolutely convergent as a series in powers of ¢,. Since the coefficients of the
equation (3.6) are analytic in zy, .. ., 2,, the sum of (4.1) as a series in powers
of ¢, is also analytic in zy, ..., z,. In particular, (4.1) as the expansion of an
analytic function in the region 1 > |g,,| > -+ > |g.,| > |g-| > 0 must be
absolutely convergent as a series of multiple sums. Thus the sum of this series
is analytic in z1,..., 2, and ¢, and give a (multivalued) analytic function in
the region 1 > |g.,| > -+ > |g.,.| > |¢-| > 0. So the first part of the theorem
is proved.

Now we know that the coefficients of the system (3.5)—(3.6) with ¢ = ¢,
are analytic in z1,...,2, and 7 with the only possible singularities z; #
zi+kr+lfori,j=1,....n,1%#j, k,l € Z. So (4.1) as a solution of the
system in the region 1 > |g,,| > -+ > |q.,| > |g| > 0 can be analytically
extended to the region given by (1) >0, 2; # z; +kr+{fori,j =1,...,n,
i# 7], k,l €Z. |

We shall call functions in the region (1) > 0, 2z # z; + k7 + [ for
i,j=1,...,n,1+# j, k, | € Z obtained by analytically extending (4.1) (chiral)
genus-one correlation functions or simply genus-zero correlation functions
and we shall use

Fy, oy, (Wi, wp; 20,0, 205T) (4.2)

to denote these functions.
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Theorem 4.2 (Genus-one commutativity) Let W; and W; be V-modules
and Y; intertwining operators of types (val;[}) (i=1,...,n, Wo =W,), re-
spectively.  Then for any 1 < k < n — 1, there exist V-modules W, and

d ( Wit ), respec-

ntertwining operators )>k and )>k+1 of types ( W1 Wi

W k W k+

Fy, oy (Wi, w21, 00 203 Q1)
and
Fyl,...,yk,l,yk+1,yk,yk+2...,yn(wh cooy We—1, Wi41, Wk, Wi42, - - -, Wn;
Zly vy Rhk—1sRk+1y Rky Rk+25 + + + 5 @n; qT)

are analytic extensions of each other, or equivalently,

Fy, oy, (Wi, wp; 21,0, 205T)
= Fyl:-~~7yk71»3>k+1’j)k7yk+2~~~7yn <w1’ ooy We—1) Wet1, Wiy W25 - - -5 W

ZlyeeeyRh—1sRk4+1y Rky Rk+25 - - - ,Zn;T).

More generally, for any o € S, there exist V-modules W, (i=1,...,n) and

intertwining operators Y; of types ( Wit ) (G=1,....n, Wo =W, = W,),

W,y Wi
respectively, such that
Fyl,.‘.,yn (w17 ey Wi 21y -0y Ry qT)
and
Fj’l,...,j}n (wg(l), .. ,wa(n); ZU(l), ey Za(n); QT)

are analytic extensions of each other, or equivalently,

Fy oy, (wi,...,wp; 21, .., 2057T)

- Fj}lv--wj’n(wU(l)? <+ Wo(n)s Ra(l)y - - - 3 Ra(n)s 7').

Proof. This follows immediately from commutativity for intertwining oper-
ators. |

For any V-module W and r € R, we use P, to denote the projection from

W or W to Wiy,
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Theorem 4.3 (Genus-one associativity) Let W; and Wi fori=1,...,n

be V-modules and Y; intertwining operators of types (;/V’;[j) (i=1,...,n,

Wy = Wn), respectively. Then for any 1 < k < n—1, there exist a V-module

W and intertwining operators YV and )>k+1 of types (kag}lﬂ) and (WZVI’/Z 1+1),

respectively, such that

J— ~

Fyl,m,ykfl73}“173;“27,”73;“ (wlv vy We—1, y(’wk, 2k — Zk+1)wk+1,
Wk 2y« vy Wiy 21y v ey kel Zhtly - -« 203 T)
= ZFyl,,_,jyk_l73}“173;“27,”73;” (wla vy Wee—1, Pr(y(wka Rk — 2k+1)wk+1),
reR
Wkt 2y« vy Wiy 21y v oy kel Zhtls - -+ 20 T)
(4.3)
is absolutely convergent when 1 > |q.,| > -+ > |q | > |gz,| > .. >
@z | > |gr| > 0 and 1 > |q(z—z,,,) — 1| > 0 and is convergent to
Fy17-~7yn(w17 ceey Wni 21y - - -5 2 T)
when 1> |q., | > - > |q.,| > |g-| >0 and |q—z )| > 1> |qp—zp0) — 1] >

0.

Proof. Using Proposition 1.4, we know that for any 1 < k < n — 1, there
Wk )

exist a V-module Wk and intertwining operators )>k and )>k+1 of (Wka+1

and (WZVI%/; 1+1)’ respectively, such that for any zi,...,z2, € C satisfying 1 >
@] > ... > ¢z,| > 0and |q.,, | > |z, — ¢z,,,] > 0, we have
(0, 1 (U(qzy ), ¢z, ) - V1 (U Qe )Wr-15 Gz, )
'j}k—&-l(u(szH)j)k(wk; 2k = Zkt1)Whil, QZk+1> :
'yk+2(u(qzk+2)wk+27 CIzHg) o Vn(U(Gz, ) W0ns Gz, ) W0n)
= (5, Vi(U(qz1)w1, ¢z, ) - - VuU(G, )W, Gz, ) ) (4.4)

for any @, € W, and @/, € W/. Thus as series in g,

Try, V(U(qz)wi, Gz ) - Vo1 UGy ) Wr—1, @z )
'yml(u(q%“)j}k(wk, 2 = k1) Whe1, QZk+1) )
V2 U(@ayn)Wih2, Cepyn) *+ YulU (@2, w0, 2, ) 0"
= Tryp, ViU(g: w1, ¢z,) -+ YulU(gs, ) wn, ¢z, )"0 725 (4.5)

(0)—23
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Since the right-hand side of (4.5) is convergent absolutely when ¢ = ¢, and
L > |g| > -+ > 1¢.,] > lg-| > 0, the left-hand side is also convergent
absolutely when ¢ = ¢-, 1 > |¢.,| > --- > |g.,| > |¢-| > 0 and |q.,,,| >
@z, — @21 | > 0. Also, since the right-hand side of (4.5) satisfies the system
(3.5)—(3.6), so does the left-hand side. Thus the left-hand side of (4.5) with
q = ¢, is convergent absolutely to an analytic function, in the region 1 >
@] > - > |z, > g7l > 0 and |q.,,,| > |¢z, — @z, | > 0, which can be
analytically extended to the multivalued function

Fy, oy, (Wi, wp; 21,0, 205T)

on C" x H. Moreover, in the region 1 > |q.,| > -+ > [qz, | > |@z,, | > ... >
@z,| > 1g-| > 0 and 1 > |g(z,—z,,,) — 1| > 0, this function has the expansion
(4.3), proving the theorem. |

5 The regularity of the singular points for
fixed ¢ = ¢,

In this section, we prove that for fixed 7 € H, we can actually obtain the
coefficients in the system (3.5) with ¢ = ¢, such that (3.5) with ¢ = ¢, is
regular at its singular points of the form z; = z; +ar + S for 1 <i < j < n.
In particular, at these singular points, all the chiral genus-one correlation
functions as functions of zi,...,z, are regular. The method used here is
an adaption of the method used in [H9]. Though it will be important for
the further study of chiral genus-one correlation functions, the result in this
section will not be needed in the next two sections.

As in the genus-zero case discussed in [H9], we need certain filtrations
on R and on the R-module T. For m € Z, + 1, let F5"¢(R) be the vector
subspace of R spanned by elements of the form

flo) I (Bazi = z550) " (82 — 2539))"
1<i<j<n
where k; ;,l;; € Z. satisfying Zl§i<j§n 2k;; + 3lLi; < m and f(q) is a
polynomial of G4(q) and Gg(g). Clearly these subspaces of R give a fil-
tration of R. With respect to this filtration, R is a filtered algebra, that is,
F38(R) C Fa8(R) for my < ma, R = Upez Fo"8(R) and FR8(R)F3M8(R) C
F¥"8  (R) for any my,my € Zy + 1.

mi+ma
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Lemma 5.1 Form € Z, +1 and 1,5 = 1,...,n satisfying © < j, we have
om(2i — 2j:q) € FRP8(R).

Proof.  Using induction, this lemma follows easily from (2.8), the fact that
Om(zi — zj;q) is a polynomial of @a(z; — zj;¢) and @s(z; — zj; ¢) and the fact
that ¢,,,(2; — zj;¢) is either even or odd in the variable z; — z;. [ |

For convenience, we shall use ¢ to denote )", wt w; for homogeneous
w; € Wi, i =1,...,n, when the dependence on w; is clear. Let F5"8(T) for
r € R be the subspace of T" spanned by elements of the form

<f(Q) H (@2(21 — 25 Q))k”(@i&(zz — 2 q))li,j> QW R ® Wy

1<i<j<n

where k;j,lij € Z satisfying > ;o 2ki; +3li; + 0 < rand f(q) is
a polynomial of G4(q) and Gg(¢). These subspaces give a filtration of T
in the following sense: F"8(T) C F5m8(T) for r < s; T = U, FEm8(T);
FEn(R)FIS(T) © F%(T).

Let Fm&(J) = F58(T) N J for r € R. Then we have the following:

Proposition 5.2 For any r € R, there exists N € R such that F5™8(T) C
Fsme(J) + En(T).

Proof. The proof is a refinement of the proof of Proposition 3.3. The only

additional property we need is that the elements A;(u, wy, ..., w,), are all in
Fo'% 1o (J). By Lemma 5.1, this is true. |

Let R™® be the commutative associative algebra over C generated by the
series Ga(q), Go(q), (i — 25)*P2(2i — 251 0), (21 — 2)°0s(2i — 2;3.q) and z; — z;
for 2,5 = 1,...,n satisfying ¢« < j. Note that R™® is a subalgebra of the
algebra R|[z; — 2;]1<i<j<n. Since R™® is finitely generated over the field C, it
is a Noetherian ring. We also consider the R™&-module

T =R®eW, & - W,.
Note that T is a subspace of

R[zi — zjli<icjcn @ W1 @ - - - @ W,
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The grading by conformal weights on W) ® --- ® W, induces a grading (by
conformal weights) on 7. Let T}, for 7 € R be the space of elements of
178 of conformal weight 7. Then 7% =[] .p T(rf)g :

Let w; € W, for i = 1,...,n be homogeneous. Then by Proposition 5.2,

W Q- Qw, =W+ W,
where Wy € F5"¢(.J) and Wy € Fy(T) (and 0 = > | wt w;).

Lemma 5.3 For any s € [0,1), there exist S € R such that s+ S € Z,
and for any homogeneous w; € W;, i = 1,...,n, satisfying o € s + Z,
H1§i<j§n(zi — ;)7 5W, € Tee.

Proof. Let S be a real number such that s +.S € Z, and such that for any
r € R satisfying r < =5, T;;) = 0. By definition, elements of F5"$(T') for
any r € R are sums of elements of the form

(f(Q) IT (622 = 23 0)™ (G2 — 2 Q))l”) QU Q- ® Wy
1<i<j<n
where k; j,1; ; € Z, satistying
Z 2]@'7]‘ + 3li7j + Zwt ?I)l <r (51)
1<i<j<n i=1

and f(q) is a polynomial of é4(q) and éG(q). Since for nonzero W ® - - - W,
>or, wt w; > —S which together with (5.1) implies

r > Z 2/{31"3' + 3[1"]' - S

1<i<j<n
or
r+S— Y 2ki;+3l;>0.
1<i<j<n
Consequently,

T+S—(2ki7j+3li7j)>0, 1§Z<]§n

Thus [],o; e, (20 — 2)) TOFP8(T) € T™°5.
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By definition,
Wy =w ® - @uw, — W,

where

Wi € FEM8(J) C FS"8(T).
By the discussion above, [,;_;<,(zi — %)W € T™ and by definition,

Wy Q@ W1 Q Wy @ ws € T e,

Thus H1§i<j§n<zi — Zj)U+SW2 € Tree, [ |

Theorem 5.4 Let W; and w; € W; fori=1,...,n be the same as in Theo-
rem 3.9 and let T € H. Then there exist

ap, i(z1,. .., 2n;q) € R,

forp=1,....m and j = 1,...,n such that the (possible) singular points of
the form z; = zj+ar+f for 1 <i < j<n and o, € Z of the system (3.5)
with ¢ = q, satisfied by

Fyl,...,yn (wla ey Wi 21y ooy Ry q’r>
are reqular.

Proof. We need only prove that for any fixed integers ¢, j satisfying 1 <17 <
J < n}, the singular point z; = z; is regular because the coefficients of the
system (3.5) are periodic with periods 1 and 7.

By Proposition 5.2, for k=1,...,n,

1RwW @ @ w1 ® LP(— 1wy @ Wt ® - @ wy, = WP 4 WP

for p > 0, where W € F5™(J) and W € Fy(T).

o+p
By Lemma 5.3, there exists S € R such that ¢ + S € Z, and

H (z; — zj)0+p+SW2(p) cTres

1<i<j<n
and thus
[T Gi—z)eswi e [ 1ie

1<i<j<n r<N
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for p > 0and 1 <i < j <n. Since R™® is a Noetherian ring and [],_y T(rf)g
is a finitely-generated R'®-module, the submodule of Hr§ N Trf)g generated

by Th<icjen(zi — 2)7PESW for p > 0 is also finitely generated. Let

H (Zz o Zj)a-I—m—p-i-SWém—P)

1<i<j<n

for p=1,...,m be a set of generators of this submodule. (Note that as in
the proof of Theorem 3.9, we can always choose m to be independent of i.)
Then there exist ¢, ;(21,...,2,;¢q) € R™® for p=1,...,m such that

H (Zz _ Zj)0+m+SW2(M)

1<i<j<n

= Z Cp, (215, 25 Q) H (z; — zj)‘7+m_p+SW2(m_p). (5.2)

p=1 1<i<j<n
Since Wg(mip) cTforp=1,...,m,

[T G-zymrswm e I (-2 n

1<i<j<n 1<i<j<n

Projecting both sides of (5.2) to [],;;<,(zi — ;)7 ST we obtain

H (Zz o Zj)a+m+SW2(m)

1<i<j<n
m
S i) T[N, (53)
where dp, ;(z1,...,2,;q) for p=1,...,m are the projection images in

H (Zi — Zj)pR N Rreg

1<i<j<n

of ¢y i(z1,...,2n;q). The equality (5.2) is equivalent to

WQ(m) + Z dy i(z1, .-y 2n5q) H (z; — zj)*p)/\ém_p) = 0. (5.4)
p=1 1<i<j<n
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Let

ap i(z1, .-y 2n0q) = dp i(21, -, 203 Q) H (zi—z)P€ER (5.5)

1<i<j<n
for p=1,...,m. Then (5.4) gives

1®w1 ®®wz_1Lm(—1)wl®wl+1 ®®wn

m
+Zap,i(zl7”'azn;q>'

p=1

(TR - Qw1 @ L™ P(—=1)w; Wiy @+ @ wy,)

= wim 4 Z ap (21, 2 )W), (5.6)
p=1

Since W™ ™) ¢ F52(,J)  J for p =0, ..., m, the right-hand side of (5.6) is

o-+p
in J. Thus we obtain

+Zap,i(zla---azn;Q) :
p=1
MNRw @ @wi—1 @ L™ P(—1)w; @ wipg @ -+ @ wy] = 0.

Now using the fact that d, ;(z1,...,2,;q) € R for p =1,...,m, (5.5),
we see that the singular point z; = z; for 1 < i < j < n of the system (3.5)
is regular. As in the proof of Theorem 3.9, a, (21, ..., 2,;¢) can be further
chosen to be also in R, forp=1,...,m. [ |

6 Associative algebras and vertex operator
algebras

In this section, we introduce a new product in a vertex operator algebra and
using this new product, we construct an associative algebra. We study this
associative algebra and its representations. These results are needed in the
next section. The new product we introduce is very different from the one
introduced by Zhu in [Z] and thus our algebra looks very different from Zhu'’s
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algebra. It turns out that our algebra is in fact isomorphic to Zhu’s algebra
and the results for our algebra are parallel to those results in [Z], [FZ] and
[Li] for Zhu'’s algebra. Thus many of the results in this section can also be
proved using the isomorphism between these two algebras and the results for
Zhu’s algebra.

On the other hand, the product introduced in this section is conceptual
and geometric (see Remark 6.2 below) and many of the formulas are simpler
than those in [Z]. Also in the present paper, we assume that the reader is
familiar only with some basic notions and results on vertex operator algebras,
their representations and intertwining operator algebras. Because of these
reasons, we shall give direct proofs of all results.

We define a product e in V' as follows: For u,v € V,

1
uev = Resy 'Y (u, — log(1 + y)) v
2m

Let O(V) be the subspace of V spanned by elements of the form

271_,&'627”'1

(627r7jx _ ]_)n Y(u7 J/’)U

n 1
Res,y™"Y (u, 57 log(1 4+ y)) v = Res,

for n > 1 and u,v € V. Let A(V) = V/O(V).

Proposition 6.1 The product e in V induces a product (denoted still by e)
in A(V) such that A(V) together with this product, the equivalence class of
the vacuum 1 € V' is an associative algebra with identity. Moreover, for any
w,v €V, (L(=1)u)ev € OV) and uev = v eu — 2miugy mod O(V). In
particular, w + O(V) is in the center of A(V).

Proof. Let uj,us,us € V and n € Z, + 1. Using the commutator formula
for vertex operators, we have

2mie? i Qrje?Tive
Res,, Res,, cEmizr 1 (e2ries — 1>nY(u1,x1)Y(u2,x2)u3
2mie? Tt Qrje?rive

= Res,, Res,, oo 1 Y (ug, x2)Y (uy, z1)us

<e27ria:2 _ 1)n
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27-‘-7;627”11 27T7;€27Ti12

Res,. Res,. Res . . .
+ T T2 o e2mx1 -1 (627”302 — 1)”

-yt (xl — xg) Y (Y (ur, zo)ug, v2)us.

(6.7)

X2

Since the left-hand side of (6.7) spans V' e O(V)~ and the right-hand side of
(6.7) is in O(V'), we conclude that V e O(V) C O(V).
Now let uy,us,u3 € V and n € Z,. Using the Jacobi identity, we have

2mie?™io  QqrjeTive

ReszOReSrz (627m‘x0 . 1)n 627ril‘2 _ ]_
2mie? ™0 9mie
= ResmlReSmQ Reszo (ezm‘xo _ 1)n e2mize _ | ’

.7/'0_15 (xl - x2> Y(ul’xl)Y(UQ,l'Q)uS

Y<Y<u17 l‘o)Ug, IQ)U3

2mizo

Zo
2mie?™ 0 Omie
—Res,, Res,, Res,, (e2mivo — )n g2miza — |

(1o —x
'8 () ¥ )Y )
27ri(m1—x2) 27'(—26

2mixe

2mie 2
= ReSleeSz2ReSzo (627Ti(31'1_552) _ 1)n 627rix2 _ ]_ ’

a6 (II; x2> Y (uy, 21)Y (ug, )ug
0

27r2'e—27ri(12—zl) dmielmice

—Res,, Res,,Res . , .
1 T2 o (6_27”(3;2_11) _ 1)11 62mx2 —1

-a;gl(s (:m —xl’1> Y(ug, xQ)Y(ul, xl)u3
40
2mie?mi@1—2) 2mie
1))71 eZTrixg —1

2mixe

= ReleReng ((egﬂ-ixl _ 1)6727”'332 + (67271'1':132 —

Y (ur, 21)Y (u2, 22)us
27Tie—2ﬂi(z2—x1) omie

—Res,, Res,, (e~2miza — 1)e2mimr — (g2nivr — ]))n g2mizs — | .

2mixg

Y (uz, 22)Y (u1, x1)us

- Z (_/€n> Res,, Res,, 2mie”™(71772) (2mim _ 1)=n—ke=2milon=hjrz .
keN
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. _2Tixo
i 2Tie

— 27
'(6 TIT2 1) e2mx2 —

(ur, z1)Y (ug, x2)us

—-n ol o o Lo
. Resx Resx Irie 2mi(xa xl)(e 2mizy 1) n k€27m( n—k)z1
k 1 2
keN
- 2mixo
i 2Te

omi
'(6 TIT1 1) o

Y (ug, x2)Y (uy, x1)us. (6.8)
When n > 1, the left-hand side of (6.8) spans O(V')  V and the right-hand
side of (6.8) is in O(V). So O(V) eV < O(V). Thus O(V) is a two-side ideal
for the product e so that e induces a product, denoted still by e, in A(V)

When n = 1, the left-hand side of (6.8) is (u; ® uy) @ uz and the right-hand
side of (6.8) is a sum of u; e (uy e us) and elements of O(V'). Thus the product
e in A(V) is associative.

It is obvious that 1+ O(V/) is the identity of A(V).

For u,v € V, using the L(—1)-derivative property and the property of
Res,, we have

27TZ'627rix

(L(—1)u) ev = ResrmY(L(—l)u,x)v
= esx%%}/(u,x)v
. omix
— —Res, d‘i —62;3:_ N U, T)v
= Resz%}/(u, x)v
e o).

In particular, we have L(—1)u = (L(—1)u) ¢ 1 € O(V).
For u,v € V, using this fact and skew-symmetry, we have

27Ti627rm
uev = Resme(u,I)v

271.1'6271'1':6 I

— 20 Dy —

= €Sy - e v, —T)Uu
e27rzm _ 1 ( )
2 Z'627ria: ~

= Res, 21@ 1Y(v,—x)u mod O(V)
—2mie” 2™

= Res, e (v,9)u



2wy

o
_ Resy< mie

eQm’y -1

— 2#@) Y(v,y)u
= veu— 2miugv.
Since wy = L(—1), we have

weu = uew— 2miwyu mod O(V)
uew—2miL(—1)u mod O(V)
uwew mod O(V).

Remark 6.2 The product e has a very clear geometric meaning. We know
that vertex operators correspond to the sphere C U {oc} with the negatively
oriented puncture oo and the positively oriented and ordered puncture z and
0 and with the standard locally coordinates vanishing at these punctures (see
[H3]). The variable in the vertex operators corresponds to the position of
the first oriented puncture z. We can restrict z to be in some subsets of
C\ {0} to get vertex operators defined only locally. Since Riemann surfaces
are constructed locally using subsets of C, we have vertex operators locally on
any Riemann surfaces (see, for example, [FB]). The map y — 5 log(1 + y)
in fact maps an annulus in the sphere C U {oco} to a parallelogram in the
universal covering of the torus corresponding to the parallelogram. So the
product e can be understood as the constant term of the pull-back of the local
vertex operator map on the torus by this map to the annulus. Such pull-
backs of local vertex operators are needed because we want to construct
(global) correlation functions on one Riemann surface (a torus) from the
(global) correlation functions on another Riemann surface (the sphere), not
just want to study local vertex operators on a single Riemann surface or
sheaves of vertex operators obtained from local vertex operators.

Proposition 6.3 The associative algebra A(V) is isomorphic to the asso-
ciative algebra A(V') constructed by Zhu in [Z].

Proof. For u,v € V n € Z,, by (1.5), we have
n 1
U(1)Res,y Y (u, 5 log(1 4+ y)) v
= Res,y Y (1 + )" OU1)u, y) U(1)o.
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By this formula in the cases of n > 2 and the fact that ¢(1) is invertible, we
have

UL)(O(V) = O(V).

Thus ¢(1) induces a linear isomorphism from A(V) to A(V).
For u,v € V', using the formula above in the case of n = 1, we have

U(1)(uev) = Res,y 'U)Y (u, QLm log(1 + y)) v

= Res,y 'V ((1 + )" OU(1)u,y) U(1)v
= (UMu)* U(1)v),

which shows that the linear isomorphism induced by ¢(1) is in fact an iso-
morphism of algebras. [

We need the notion of N-gradable weak V-module (which was called V-
module in [Z]). A weak V-module is a vector space W equipped with a vertex
operator map

Y: VoW — W2,
URW Y(u,x)w:Zunwx’”’1

nel

satisfying all the axioms for V-modules except for those involving the grad-
ing. An N-gradable weak V-module is a weak V-module such that there
exists an N-grading W = [, .y W, satisfying the condition that u,w €
Wiwt u—n—14wt w) for homogeneous v € V, w € W and n € Z.

Let W be an N-gradable weak V-module and

TW)={weW |u,w=0,uecV,wtu—n—1<0}.

Let Prwy : W — T(W) be the projection from W to T'(W). For any u € V,
we define py (u) : T(W) — T(W) by

pu(ww = Prow(o(U(Lu)uw)
= Res,z ™" Pron (Y (U(z)u, z)w)

for w e T(W).
In remaining part of this section, we assume for simplicity that V{,) =0
for n < 0.
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Proposition 6.4 For any N-gradable weak V-module W, pw(u) = 0 for
u e O(V) and the map given by u + O(V) — pw(u) foruw € V' gives T(W)
an A(V)-module structure. The functor T' from the category of N-gradable
weak V-modules to the category of A(V)-modules given by W +— T(W) has
a right inverse, that s, there exists a functor S from the category of A(V)—
modules to the category of N-gradable weak V -modules such that T'S = I,
where I is the identity functor on the category of A(V)—modules. In partic-
ular, for any A(V)-module M, T(S(M)) = M. Moreover we can find such
an S such that for any N-gradable weak V-module W, there exists a natu-
ral surjective homomorphism of V-modules from S(T(W)) to the N-gradable
weak V -submodule of W generated by T'(W).

Proof. Forn € Z,, u,v € V and w € T(W), using the definitions, (1.5),
the L(0)-conjugation formula, the Jacobi identity and the assumption that
the weight of a nonzero element of V' is nonnegative, we have

2T
14 (ResxomY(u, 270)1)) w
1 2mie’mico

= Res.mgc—Resx0 Provy(Y (U(x2)Y (u, 20)v, £2)w)
2

(627ri:r0 _ 1)n
2miemio

za (im0 — 1)n

Pran (Y (5 7Y U0y, €270 — 1U(1)v, z2)w)

2mixg

= Res,,Resg,

2mie
T (€2mx0 _ 1)
iy (Y (Y (25 VU (20 Yu, (270 — 1)) QU (1)0, 2)w)

= Res,, Resg,

1
= ReSmReSyOx_ynPT(W)(Y(Y(u(f’EZ + yo)u, yo)U($2)U, QZ’Q)U))
290

1 _ 1 — X9
= Res,,Res, Res,, ——, 15( > .
2 Yo 1 xzyn 0 yO

~PT(W)(Y(U(ZE2 + y())U 131 ZL'Q)U Z‘Q )
1
—Res,,Resy,Res;, —— ny ( — )
Pron (Y (U(z2)v, 22)Y (U (22 + Yo)u, 1)w)
" ~Prony (Y (U(z1)u, 21)Y (U(22)0, 22)w)

= Res,,Res,,
To(r) —
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1

xg(—xz -+ .Tl)"

L P (YU )y 20)Y U (2o, 22)w).

To(T1 — T2)"

—Res,,Res,,

PT(W) (Y(U(IQ)U, $2>Y(U($1)u, $1)w)

= Res,,Res,,

(6.9)

When n > 2, the left-hand side of (6.9) spans p(O(V')) and the right-side
of (6.9) is equal to 0. When n = 1, the left-hand and right-hand sides of (6.9)
are equal to p(uev)w and p(u)p(v)w, respectively. Thus the first conclusion
is proved.

To prove the second conclusion, we need to construct an N-gradable weak
V-module from an A(V)-module. Consider the affinization

Vit,t 1 =VeCtt|cVeC(t) cVaCtt ] c V[t )]

of V and the tensor algebra T (V'[t, t~!]) generated by V'[t,¢~!]. For simplicity,
we shall denote u ® t™ for w € V and m € Z by u(m) and we shall omit
the tensor product sign ® when we write an element of 7 (V[t,¢7!]). Thus
T(V[t,t7']) is spanned by elements of the form u;(m;y) - - - up(my) for u; € V
and m; € Z,i=1,...,k.

Let M be an A(V)-module and let p : A(V) — End M be the map
giving the representation of A(V) on M. Consider T(V[t,t']) ® M. Again
for simplicity we shall omit the tensor product sign. So T(V[t,t7]) ® M is
spanned by elements of the form ui(my)---up(my)w for u; € V, m; € Z,
i=1,...,k and w € M and for any u € V, m € Z, u(m) acts from the left
on T(V[t,t7']) ® M. For homogeneous u; € V, m; € Z, i = 1,...,k, and
w € M, we define the degree of ui(my) - ug(mg)w to be (wt ug —my —1) +
<o+ (wt up —my — 1), For any u € V| let

Yi(u,z) : T(V[t, ) @ M — (T(V[t,t ) @ M)[[z, 2]

be defined by

MEZ

For a homogeneous element u € V', let 0;(u) = u(wt uw — 1). Using linearity,
we extend o;(u) to nonhomogeneous u.

Let Z be the Z-graded T (V[t,t!])-submodule of T(V[t,t7']) ® M gen-
erated by elements of the forms u(m)w (v € V, wtu—m —1<0, w € M),
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or(U(Duw)w — p(u+ O(V))w (u € V, w € M) and the coefficients in x; and
9 of

Y;f(uv 1’1)}/;5(’1), $2)w - Yi(U, .QZQ)Y%(U, -rl)w

—Resg, 150 ( ) Yi(Y (u, x0)v, 22)w

1 — X

X2

(u,v € V and w € T(V[t,t7']) ® M). (Note that the coefficients of the
formal expression above are indeed in T (V[t,t71]) @ M.) Let S;(M) =
(T(V[t,t7']) ® M)/Z. Then S;(M) is also a Z-graded T (V[t,t~!])-module.
In fact, by definition of Z, we see that S;(M) is spanned by elements of
the form u;(my) - - - ug(my)w + Z for homogeneous u; € V, m; < wt u; — 1,
i=1,...,kand w € M. In particular, we see that S;(M) has an N-grading.
Thus for v € V and w € S1(M), u(m)w = 0 when m is sufficiently large.

Let J be the N-graded T (V[t,t~!])-submodule of S;(M) generated by
the coefficients in x of

Yi(L(—1)u, z)w — %Yt(u, T)w

and the coefficients in xy and x5 of

T — T2

Yi(Y(u, zo)v, z0)w — Resz1$515 ( ) Yi(u, z1)Y (v, x2)w

Zo

) (1:2 ;Il) Yi(v, 22) Y (u, x1)w
—o
(which are indeed in S1(M)) for u,v € V, w € Sy(M).

Let S(M) = S1(M)/J. Then S(M) is also an N-graded T (V[t,t!])-
module. We can still use elements of 7 (V[t,t7!]) ® M to represent elements
of S(M). But note that these elements now satisfy relations. We equip
S(M) with the vertex operator map Y : V @ S(M) — S(M)[[z,x']] given
by v ®@ w — Y (u, z)w = Y;(u, x)w. As in S;(M), for u € V and w € S(M),
we also have u(m)w = 0 when m > wt u — 1. Clearly Y (1,2) = Isn
(where Ig(ay is the identity operator on S(M)). By definition, we know that
the commutator formula, the associator formula and the L(—1)-derivative
property all hold. Thus S(M) is an N-gradable weak V-module such that
T(S(M)) =M.

Let W be an N-gradable weak V-module. We define a linear map from
S(T'(W)) to W by mapping uy (my) - - - ug(mg)w of S(M) to (w1)m, - - (Uk)m, W
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of Wiforw; € V,m; € Z (i =1,...,k) and w € T(W). Note that the re-
lations among wuy(my) - - - ug(mg)w for w; € V, m; € Z (i = 1,...,k) and
w € T'(W) are given by just the action of V' on T' (W), the commutator for-
mula, the associator formula and the L(—1)-derivative property for vertex
operators. These relations also hold in W. Thus this map is well-defined.
Clearly, this is a surjective homomorphism of V-modules from S(7(W)) to
the N-gradable weak V-submodule of W generated by T'(W). |

Proposition 6.5 Assume that every N-gradable weak V -module is completely
reducible. Then T and S are equivalences of categories. In particular, fl(V)
is semi-simple and M is an irreducible A(V')-module if and only if S(M) is
an irreducible V -module.

Proof. We need only prove that for any N-gradable weak V-module W,
S(T(W)) is naturally isomorphic to W. Since every N-gradable weak V-
module is completely reducible, we need only to consider the case that W is
irreducible.

Let W be an irreducible N-gradable weak V-module. Then by assump-
tion, S(T(W)) is completely reducible. If S(T'(WW)) is not irreducible, then
there exist nonzero V-modules W, and W5 such that S(T'(W)) = Wy & Wa.
In particular, we have T(W) = T(S(T(W))) = T(W;) & T (Ws). Here T'(W)
and T'(W3) are both nonzero because both W, and W, are nonzero. we have
a V-submodule W, of W generated by T(W31). This V-submodule W, is obvi-
ously nonzero because T'(W;) is nonzero. It is also not W since T'(W3) is not
in Wy. Thus W is not irreducible. Contradiction. So S(T'(W)) is irreducible.
Since W is irreducible, the natural homomorphism in Proposition 6.4 from
S(T(W)) to W is surjective. This homomorphism must also be injective be-
cause S(T'(W)) is irreducible. Thus S(T(W)) is naturally isomorphic to W.

|

Corollary 6.6 If every N-gradable weak V-module is completely reducible,
then there are only finitely many inequivalent irreducible V -modules.

Proof. By Proposition 6.5, /I(V) is semisimple. Thus there are only finitely

many inequivalent irreducible fl(V)—modules. By Proposition 6.5 again, these
finitely many irreducible A(V)-modules are mapped under S to a complete
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set of inequivalent V-modules. Thus there are only finitely many inequivalent
irreducible V-modules. [

Given an N-gradable weak V-module W we can also construct an A(V)—
bimodule: For v € V and w € W, we define

1
_ -1
uew = Res,y Y <u, 5 log(1 + y)) w

;L 2Tix
e —1
—1 5% log(14y)L(—1) 1
weu = Resyy e Y u,—ﬁlog(l—i—y) w

Y (u, x)w,

; L2Tix
= Rest—exL(_l)Y(u, —z)w.
e TIT

Let O(W) be the subspace of V' spanned by elements of the form

27TZ'627ri:r

(62m':c _ 1)ny(u’ I)w

n 1
Res,y™"Y (u, oy log(1 4+ y)) w = Res,

forn € Z,+1andu eV and w e W. Let A(W) = W/O(W).

Proposition 6.7 The left and right actions of V. on W induce an A(V)-
bimodule structure on A(W).

Proof. The proof is the same as the proof that A(V) is an associative algebra
above. n

We now assume that every N-gradable weak V-modules is completely
reducible. It is easy to show that an irreducible N-gradable weak V'-module
must be a V-module (see [Z]). Thus we can reduce the study of N-gradable
weak V-modules to the study of V-modules.

Let Wy, W5 and W3 be V-modules and ) an intertwining operator of type
("% ). Then A(W) ® sy T(Wa) and T(Wj3) are both left A(V)-modules.

Wi W
For homogeneous w;, € Wy, let

Oy(wl) = Vut w1—1(w1),

where for n € C and w; € Wy, YV, (wy) € Hom(W,, W3) is given by
V(wy,x) = Zyn(wl)xinil-

neC
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We define oy (wy) for general wy; € Wi by linearity.
Lemma 6.8 For w; € O(Wy), oy(U(1)w,) = 0.

Proof. The proof is the same as the one for the first conclusion in Proposition
6.4. |

Let ~
p(Y) AW @ 50 T(Wa) = W

be defined by

p(V) (w1 +O(W1)) @ ws) = op(U(1)wi)w,
= Res,z ' Y(U(x)wy, 2)w,

for wy € Wi, wy € T(W5). By Lemma 6.8, p()) is indeed well defined. We
have:

Proposition 6.9 The image of p(Y) is in fact in T(W3) and p(Y) is in fact
m

HomA(V)(A(Wl) ® iy T(Wa), T(W3)).
The map

p: Vi, — Hom A(V)(A(Wl) ® a0y T(Wa), T(Ws))
Y = p)

18 a linear isomorphism.

Proof. For any wy € W1, since the weight of 0y,(U(1)w;) is 0, it is clear that
the image of p()) is in fact in T'(W5). Thus p is a linear map from VV%%
to HomA(V)(fl(Wl) ® sy T (Wa), T(W3)). We still need to show that it is in
fact an isomorphism.

To show that p is injective, we need the following obvious fact: For any
wy € Wy, Wy € Wy and wj, using the Jacobi identity and (1.5), we can
always write (w}, Y (w1, 2)wy) as a linear combination of series of the form
(wh, Y(wy, x)wsy) for wy € Wy, we € T(Wy) and why € T(W3) with Laurent
polynomials of x as coefficients. If p()) = 0, (w}, Y(wy, z)wy) = 0 for wy €
Wi, wy € T(Wy) and wh € T'(W3). Thus the fact above shows that ) = 0.

So p is injective.
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We now prove that p is surjective. Given any element f of
HomA(V)(A(Wl) ® Ay T (W), T(W3)),

we want to construct an element Y/ of VVV%*WQ such that p(Y/) = f. We
assume that Wy, Wy, W5 and thus W3 are all irreducible V-modules. The
general case follows from this case by using the assumption that every N-
gradable weak V-module is completely reducible. Since Wy, Wy and Ws are
irreducible V-modules, there exists hy, hy, hg € C such that the weights of
nonzero homogeneous elements of Wy, Wy and Wj are in hy + N, hy + N
and hg + N, respectively, and (W1)x,), (W3)(n) and (W), are not 0. Let
h = hs — hy — hy. Then we know that for any intertwining operator ) of
type (WV]‘VSVZ), V(wy, z)wy € 2"Ws[[z, 271]].
We consider the affinization V[t,¢7!] and also

Wt = W @t Clt, Y.

For simplicity, we shall use u(m) and w;(n) to denote u®t™ and wy ®@t", re-
spectively, for u € V., w; € Wi, m € Z and n € h+Z. We consider the tensor
algebra T(V[t,t71] @ t "W, [t,t71]) generated by V[t,t1] and t~"W;[t, ¢t71].
The tensor algebra T (V[t,t71]) is a subalgebra of T(V[t,t~ @t "Wi[t, t71])
and t"W;[t,t7'] is a subspace. Let Ty, be the T(V[t,¢7!])-sub-bimodule
of T(V[t,t7Y @ t~"W,[t,t71]) generated by t~"W;[t,t7]. For simplicity we
shall omit the tensor product sign for elements.

Consider Ty.w, ® T (W3). For simplicity again we shall omit the tensor
product sign for elements. So Ty, ® T(W5) is spanned by elements of the
form

ur(my) - - ur(me)wy (n) g1 (Mpg) - - Ut (M) w2

foru; e V,m; € Z,i = 1,...,k+ 1, wy € Wy and wy € T'(W3). For any
ueV,meZ,ulm) acts from the left on Ty, ® T(W3). For homogeneous
w, €V,m; €7Z,i=1,...,k+1, and homogeneous wy € Wy and we € T'(W53),
we define the weight of

ug(my) - - up(me)wy (n)ug 1 (Mpg) - - Ut (M) w2
to be

(wtup —mg — 1)+ -+ (Wt up — mpyy — 1) + (Wt wy —n — 1) + wt ws.
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For any u € V and w; € Wy, let
Yilw2): T @ T(W2) = (Tvan ® T(Wa))[[w, 2],
yt(wlﬂx) : %§W1 ® T(WQ) — Ih<%;W1 ® T(W2))Hm7x_1“

be defined by
Yi(wz) = > ulm)a™"",
Yi(wy,x) = Z wy (n)z™",

neh+7Z

respectively. For homogeneous elements u € V and wy € Wy, let oy(u) =
u(wt v — 1) and o¢(wy) = wy(wt wy — 1). Using linearity, we extend o;(u)
and o;(w;) to nonhomogeneous u and w;.

Let Zy v, .w, be the hy + hg+ Z-graded T (V[t,t!])-submodule of Ty .y, ®
T (W) generated by elements of the forms u(m)wy (u € V, m € Z, wt u—m—
1 <0, wy € T(W3)), wy(n)ws (wy € Wi, n € Z—h, wt wy—n—1+wt wy < hs,
wy € T(W3)), oe(U(D)u)we — p(u+ O(V))wy (u € V, wy € T(Ws)), and the
coefficients in x; and x5 of

Yi(u, 21)Yi(v, 22)w — Yi(v, 22)Yi(u, 21)w
—Resy, 150 ( o ) Y (Y (u, x0)v, z2)w,
Yi(u, 21)YVe(wr, x2)we — Ve(wr, x2)Yi(u, z1)w
—Resg, 2516 (wl — V(Y (u, To)wr, T2)ws

1 — X

T2

(U, v E V, wy € Wy and wy € 7;/;1/{/1 (%9 T(Wz)) Let
S1(V; Wi, Wa) = (Tvaw, @ T(Wa))/Tv.w, w,-

Then Sy (V; Wy, Ws) is also an hy + hy + Z-graded T (V[t,t7!])-module. In
fact, by definition of Zy .y, wy, S1(V; Wi, Wa) is spanned by elements of the
form

uy(my) - - - up(mi)wi (n)ws + Ly, w,

for homogeneous u; € V., m; < wtu;—1,7=1,...,k, homogeneous w; € Wy,
n < wtw; — 14wt wy — hsg and we € T(Ws). In particular, we see that
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S1(V; Wi, Ws) has an N-grading. Thus for v € V, w; € W) and wy €
S1(V; Wi, Wa), u(m)ws = 0 and w;(n)ws = 0 when m and n are sufficiently
large.

Let Jv.w,.w, be the hy+ho+Z-graded T (V[t, t~1])-submodule of Sy (V'; Wy, Ws)
generated by the coefficients in x of

d
Yi(L(—1)u, x)ws — %Yt(u, x)ws,
d
yt(L(_]->w17 I’)/LUQ - %yt(whl')wg

and the coefficients in zg and x5 of

Y,(Y (u, 2)v, 2)wy — Res,, 256 (xl ) Yi(u, z1)Yi(v, x2)we
it

(2

V(Y (u, z0)wy, w2)ws — Resy, 518 <

) 07132)3/%@ $1)w2,

Ty —

) Yt U Il)yt(wla-rQ)wQ

+ay 1o (:1:2 o )yt(wl,b)yt(uaxl)w%

for u,v € V, w; € Wi and ws € Sl(V; Wl,WQ).

Let S(V; Wy, Wy) = S1(V; Wi, Wa) /Tv.wyw,- Then S(V; Wy, Wa) is also
a T (V[t,t7!])-module with an N-grading. We can still use elements of Ty, ®
T(W3) to represent elements of S(M). But note that these elements now
satisfy relations. Now we have operators Y;(u, x) and Yy (wq, x) for u € V and
wy; € Wi acting on S(V; Wy, W3). By construction, these operators satisfy
the lower truncation property, the identity property (for Y;), the commutator
formula (for Y; and for Y; and )};), the associator formula (for Y; and ;) and
the L(—1)-derivative property (for Y; and )%).

We also have a linear map p : S(V; Wi, Ws) — W3 defined as follows:
For u; e V. m; < wtwu; — 1,71 =1,...,k, wy € Wi, n < wt w; —1 and
wy € T'(Wy), we define

pu(ur(ma) - - up(mi)wy (n)wz) = (1), -+ (U, (w1 + O(W1)) @ ws).

Since all the relations in S(V; Wy, W3) for representatives of the form

uy(my) -+ - up(mg)wi (n)ws
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above are also satisfied by their images in W3, p is well defined.

Now we construct an intertwining operator )/ of type (W‘iVI?I@) as follows:
By Proposition 6.5, Ws is isomorphic to S(T(Ws)). So we can work with
S(T(Ws)) instead of Wy, We know that S(7'(W)) is spanned by elements
of the form wuy(my) -« up(mg)ws for u; € V, my < wtu; —1fori=1,... k

and wy € T(W3). Let wy € W;. We define

yf(wl, x)uy(my) - - - ug(myg)ws = p(Vi(wy, x)ug(my) - - - ug(my)ws).

Since ), satisfies the commutator formula, the associator formula and the
L(—1)-derivative property, so does /. Thus )/ satisfies the Jacobi identity
and the L(—1)-derivative property. So it is an intertwining operator of the
desired type. It is clear from the construction that p(J7) = f. |

Lemma 6.10 Let A be a semisimple associative algebra over C, w an el-
ement in the center of A, M an A-bimodule and F' : M — C a linear
functional on M satisfying the following property:

1. Forue A andw e M, F(uw) = F(wu).
2. There exist h € C and s € Z such that forw € M, F((w—h)*w) = 0.

Then there exist irreducible left A-modules M; and left module maps
fi: M®@a M, — M,
wRsw; — filw)w;

fori=1,....,m such that
Flw) = 3 Trag filw)
i=1

forw e M.

Proof. 'This is a result in the classical theory of semisimple associative alge-
bras. We just give the idea of the proof. It is easy for the reader to fill in all
the details using the theory presented in, for example, [J] or [FD]. One can
also find a proof in [M1].

Since A is semisimple, it must be a direct sum of simple ideals. Because
of this fact, we can reduce our lemma to the case that A is simple. But when
A is simple, we know that A is isomorphic to a matrix algebra. The lemma
now can be verified directly for simple matrix algebras. |
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7 Modular invariance

In this section, we prove the modular invariance of the space of chiral genus-
one correlation functions using the results we have obtained in the preceding
sections.

We first discuss the modular invariance of the system (3.5)—(3.6). We
need the following modular transformation formulas (see, for example, [K]):

For any
a p
( . ) € SL(2,7),
we have
Go (CT5Y Z (47 4 62Ga(r) — 2min(rr +8),  (T.1)
2 T + (5 - 8 2 Yy ) .
G, (j:i?) = (v7 +6)*Gai(7), (7.2)
z  ar+pY\ m
oo (g SEE) = 0740 pnln) &

for k > 2 and m > 1.
We have:

Proposition 7.1 Let p(z1,...,2,;7) be a solution of the system (3.5)-(3.6)
with ¢ = q,. Then for any

(j?)esuzm,

1 wt wi+--wt wnp, 2 Zn ' a,/__|_6
YT+ 6 z ct+d " er+d yT+0

is also a solution of the system (3.5)—(3.6) with q = ¢,.

Proof. The proof is a straightforward calculation using (7.1)—(7.3). n

From this result, we know that the space of solutions of the system (3.5)—
(3.6) with ¢ = ¢, is invariant under the action of the modular group SL(2,7Z).
But this is not enough for the modular invariance we would like to prove
because we want to prove that the space of those solutions obtained from
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the g -traces of products of geometrically modified intertwining operators
are invariant under this action of SL(2,Z).
We need the following;:

Theorem 7.2 Let V be a vertex operator algebra satisfying the following
conditions:

1. Forn <0, Vi) =0 and Vp) = C1.

2. FEvery N-gradable weak V -module is completely reducible.
3.V is Cy-cofinite.

Then all the conclusions of the results in Sections 1-6 hold.

Proof. By Corollary 6.6, there are only finitely many inequivalent irreducible
V-modules. By aresult of Anderson-Moore [AM] and Dong-Li-Mason [DLM],
every irreducible V-module is in fact Q-graded. Also in this case, it is clear
that every finitely-generated lower-truncated generalized V-module is a V-
module. In [H9], the author proved that for such a vertex operator algebra,
the direct sum of a complete set of inequivalent irreducible V-modules has a
natural structure of intertwining operator algebra. By a result of Abe, Buhl
and Dong [ABD], we also know that for such a vertex operator algebra V|
every V-module is Cy-cofinite. Thus the conditions for V' needed in Sections
1-6 are all satisfied. i

Let V' be a vertex operator algebra satisfying the conditions in Theorem

7.2. Let W; be V-modules and w; € W, for ¢ = 1,...,n. For any V-
Wi71>

modules W; and any intertwining operators Vi, i = 1,...,n, of types <W-W-

respectively, we have a genus-one correlation function
Fy oy, (Wi, ... wp; 21,00, 203 T).

Note that these multivalued functions actually have preferred branches in the
region 1 > |g.,| > -+ > |g.,| > |g-| > 0 given by the intertwining operators
Vi,...,Y,. Thus linear combinations of these functions make sense. For
fixed V-modules W; and w; € W, for + = 1,...,n, we now denote the vector
space spanned by all such functions by Fy, . .. The following theorem is
the main result of this section:

n*
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Theorem 7.3 Let V' be a vertex operator algebra satisfying the conditions
in Theorem 7.2. Then for any V-modules W; and any intertwining operators

Vi (i=1,...,n) of types (szl), respectively, and any

a B
( v 5 ) € SL(2,72),
- 1 L(0) 1 L(0) |
Viyees Yn 77‘*’(5 wl?“'? 77__’_6 wTL?

% Zn ‘OéT-i-ﬁ)

YT+ AT+ 4T+
15 1M Fupy ..o

Proof. By Theorem 7.2, all the results in Sections 1-6 can be used.

The case of n = 1, as we have mentioned in the introduction, was proved
by Miyamoto in [M1] using the method of Zhu in [Z]. Since the differential
equations we obtained in this paper are explicitly modular invariant, we have
a simpler proof than the one given in [M1]. Here we give this proof. In this
case, the identity (3.4) becomes

0 0
(271'2% + GQ( )Wt w1 —+ G2(T)z18_z1> Fy1 (wl; 21, QT>

= Fy, (L(=2)w; 215 ¢-) ZG2I<;+2 7)Fy, (L(2k)wy; 215 q,). (7.4)

keZ4

But in this case,

0
iy 7) o
821 yl(wlﬂzlaq )
= Trﬁ/lyl((QﬂiL<O) + 2miq., L(—1))U(q., )wr, qu)qL(O)—i
= 2miTry, [L(0), V1 (U(gz, )wr, qzl)]qL(O)_i
=0.
In other words, Fy, (w1; 21; ¢;) is in fact independent of z;. So from (7.4), we
obtain

0
(QW@E + Go(T)wt w1> Fy, (w1; 215 qr)
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= Fy, | L(=2)wi = > Gapga(T) L2K)w1; 2137 | - (7.5)

keZy

We use 7’ to denote f/‘:—i’? and z; = —Z5. Then (7.5) also holds with

T replaced by 7" and z; replaced by zj. Using the modular transformation
property (7.1) and (7.2) for Gox(7) for k € Z, and the fact that Fy, (wi; 21 ;)
is independent of 21, we see that by a straightforward calculation, (7.5) with
7, z1 and w; replaced by 7/, 2} and (y7+6) Y ©wy, respectively, is equivalent
to

(2rigr + Gatrwe an ) B (07 +0) 40 4.)

= Fy,((yr+6)7"OL (—2)w1;2§;q7)
— Z Gopro(T)Fy, (v7 +6) 7" (2k)w1721a%)

keZy

or equivalently

.0 _
QWZEFyl (v +9) L)y 245 q.)

= Py, (77 +8) HOL(=2)wi; 235 qT /)
=Y Gopsa(T)Fy, (97 + 8) MO L(2k)wi; 245 4,0) (7.6)

keN

The n =1 cases of the identities (2.2) and (2.22) give
Fyl(("}/T—F(S) uothqu ) =0 (77)

and

Fy, ((77 +6) " Ou_yu,

+ Z (2k + 1)Gapra (1) (97 + 6) " Qg ; 24; qT'>
keZy

=0, (7.8)

respectively, where in (7.8), we have used (7.2).
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Using (2.9), we have

L(=2)w; — Y _ Gapa() L(2k)w;
= Res,(p1(x;7) — Go(1)2)Y (w, x)wy (7.9)

and

U_oW1 + Z (2]{7 + 1)G2k+2(7)u2kw1
keZ4

= Res,pa(x; 7)Y (u, x)w. (7.10)

Using (2.10) and (1.5), we see that the constant terms of the expansions of
(7.9) and (7.10) as power series in ¢, are

.€2m';t +1
Resxmmlf(w, x)wy
. 27T,l'627ri33 .
= Resxmm}/(w, x)w; — miRes, Y (u, x)w;
e J—
= W e W — TiWyW; (7.11)
and
Resx@2<x; T>Y(u7 $>’w1
7.‘_2 (27TZ'>2627rix
= Res, <_§ + m) Y (u, x)w;
2 21711 2mix
- —%uowl + QWiResx(eZ:.Z;;_l)QY(u, x)wy,
(7.12)
respectively.

By Proposition 7.1, we know that Fy, (77 +6) " @w;; 2}; ¢.+) satisfies the
same equation of regular singular points as the one for Fy, (wy; z1; ¢, ). Thus
we have

K N
Fy (y7 +0) " Owisziiq) =Y ) Y Cramlw) g™

k=0 =1 meN



where 7, for [ = 1,..., N are real numbers such that r, —r, ¢ Z when
Iy # ly. From (7.6)— (7 12) we obtain

Crio(uew;) = Cgyo(w, eu), (7.13)
Cro(O(W1)) = 0, (7.14)
c

Ck0 ((w —5” m) ° w1> = 0. (7.15)

Thus we see that Ck gives a linear functional on the A(V)-module A(W;)
satisfying the conditions in Lemma 6.10. By Lemma 6.10, we can find irre-
ducible left A(V)-modules M; and left A(V')-module maps

such that for 7 = 1,...,m such that

CKlO wl ZTerz wl

for w; € W;. By Propositions 6.4, 6.5 and 6.9, there exist irreducible
1)

V-modules WY and intertwining operators y}” of types ( WW ) for ¢ =
Wi @

(2

1,...,p such that M; = T(Wi(l)) and yf” correspond to f; for i =1,...,p.
It is clear that

ZZCKlm ’LU1 l+m ZF (1) wl;zl;Q‘r>

=1 meN
must be of the form
N ()
z : 2 : (1) 7"l +m
CK Il,m wl
=1 meN

where for I = 1,..., NV, there must be k satisfying 1 < k < N such that
7’1(1) — 1y, is a positive integer. In addition, this series also satisfies (7.6)—(7.8)
and thus 027)170(-) also satisfy (7.13)—(7.15). Repeating the argument above
again and again, say s times and noticing that there are only finitely many

inequivalent irreducible V-modules, finally we can find V-modules VVJ-(S) and
(s)
intertwining operators yf) of type (Wvlv‘;/(s)) for j =1,...,p" such that

g E Clre o (wy)gt ™ — E 92 (wr; 215 ¢r)

=1 meN
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is of the form

N ( )
(s) +m
> Ckiml »
1=1 meN
where for [ = 1,..., N (S), rl(s) are larger than the lowest weights of all ir-

reducible V-modules. But this happens only when this series is 0. So we

obtain
P

ZZCsz (we)g ™™ = ZF (s) (w1 213 qr)-

=1 meN

We still need to show that K = 0. Assume K #0. Then K —1 > 0. Let

r+m
wzv E E C’klm wl !

=1 meN

for k=1,..., K. Then

k

Fyl((’yT + 5)_L(0)w1; Zi; QT/) = Sk(wu T)T .

1

Using (7.6)—(7.8), we obtain

Sk _1(ugwy;T) =0, (7.16)
SK—l U_2W1 + Z (2]’6 + 1)G2k+2(7)u2kw1; T - 0, (717)
keZy

d
(27Ti)2KSK(w,~; T) + 27”'%51{—1 (wy;T)

= Sk <<L(—2) - GQHQ(T)L(%)> w; T> : (7.18)

d
2mi——Sic(w; 7) = Sk ((L(—Q) -y G2k+2(T)L(2k;)> we; T> (7.19)

T

From (7.18) and (7.19), we obtain



From (7.16), (7.17) and (7.20), we obtain

CKA,Z,O(U L w1) = CK,l,o(’wl i U)a

Cr-11,0(0(W1)) = 0,

IS 2
OK—I,Z,O ((W — ﬂ — Tl) [ ] wl) = 0.

The same argument as we have used above shows that
p

Sg-1(wi;T) = Zij<w1; 213 ¢r)
j=1

for some irreducible modules VAVJ and intertwining operators of type (WV:/I;V)

J
for j = 1,...,p. Since ij(wl;zl;qf), j=1,...,p, satisfy (7.6), we must
have

27?2'%5’1{—1(101; 7) = Sk-1 ((L(—Q) - Z G2k+2(T)L(2k)) W, T)

which together with (7.18) gives
(2mi)? K Sic(wy;7) = 0,

a contradiction.

Now we prove the case for any n > 1. This is the case where the method
of Zhu [Z], further developed by Dong-Li-Mason [DLM] and Miyamoto [M1],
cannot be used since there is no recurrence formula. We use induction. When
n = 1, the theorem is just proved. Assume that when n = k, the theorem is
proved. We now prove the case n = k + 1 using the genus-one associativity
(Theorem 4.3). By Theorem 4.3, we have

Fy oy (Wi, W13 21, -0 Zng15 T)
- Z Fyl ..... yn—173>n+1 (wla -y Wp—1, Pr(yn(wna Zn — Zn+1)wn+1);
reR

Zlyeney Znety Zna1; ) (7.21)

Using the induction assumption, we know that for any r € R,

.....

(77— + 5)7L(0)P7‘(j)(wn7 Zn — ZnJrl)wnJrl); 217 s 72;1717 Z;z+1§ TI)
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1S in
f

wlv---vwn—LPT()}n (wnyzn_zn+1)wn+1) :

Thus by Theorem 4.3 again,

nyhm,yn_lyn“((’w + 5)’L(0)w1, oo (T + 5)*L(0)wn,1,
reR
(’77— + 5>_L(0)P7’(3>(wm Zn zn+1)wn+1)§ 217 cee Z;L—la Z;L—l—l; T/)‘
(7.22)

is absolutely convergent and is a linear combination of absolutely convergent
series of the form

Zﬁjl7--~737n—1,37n+1 (wla «ooy Wp—1, Pr(j;n<wn7 Zn — Zn+1>wn+1>;
reR

Zlyeeey Zn1, Zni1;T) (7.23)

for suitable intertwining operators )71, .. ,Jv)n,l, Y, and V,.1. Moreover,
there exist suitable intertwining operators ), and ),41 such that (7.23) is
equal to

Fj/l,l..,j;nﬂ(wla e Wt 1) 2Ly - e ey 215 T) (7.24)

which is in Fy,,  w,.,- Thus, (7.22) as a linear combination of elements of
the form (7.24) is also in F,, . By (7.21), we see that

s Wn41°
Fyhm,ynﬂ(wl, ey Wit 1} 2Ly e e vy 2t 15 T)
is also in Fuy ws- [ |
Remark 7.4 Let Wy =--- =W, = V. Assume that W, fori=1,...,n are
irreducible. Then any intertwining operator of type (VV‘TA//;) is 0 when W;

is not isomorphic to VT/Z»H and is a multiple of the vertex operator Yy, for
the V-module I/T/Z when T/T/Z is isomorphic (and then is identified with) Wiﬂ.
In this case, if we take w; = (U(1))"tv; € V for i = 1,...,n, Theorem 7.3
gives the modular invariance result proved by Zhu in [Z]. Similarly, if we
take all but one of the V-modules Wy,..., W, to be V, Theorem 7.3 gives
the generalization of Zhu'’s result by Miyamoto in [M1].
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Remark 7.5 If we replace Conditions 1 and 3 by the conditions that for
n < 0, Vin) = 0 and every V-module is Cy-cofinite, then the conclusions of
Theorems 7.2 and 7.3 are also true.

Remark 7.6 Geometrically, Theorems 7.1 and 7.3 and the fact that the
coefficients of the system (3.5) is doubly-periodic in 1 and 7 actually say that
the space of the solutions of the system (3.5)—(3.6) and the space F,
are the spaces of (multivalued) global sections of some vector bundles with
flat connections over the moduli space of genus-one Riemann surfaces with
n punctures and standard local coordinates vanishing at these punctures.
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