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Abstract

Let VI and V2 be simple vertex operator algebras satisfying cer-
tain natural uniqueness-of-vacuum, complete reducibility and cofinite-
ness conditions and let F' be a conformal full field algebra over VI ®
VE. We prove that the ¢,-g;-traces (natural traces involving ¢, =
e?™7 and §; = e2m7) of geometrically modified genus-zero correlation
functions for F' are convergent in suitable regions and can be extended
to doubly periodic functions with periods 1 and 7. We obtain neces-
sary and sufficient conditions for these functions to be modular in-
variant. In the case that V' = V® and F is one of those constructed
by the authors in [HK], we prove that all these functions are modular
invariant.

0 Introduction

In this paper, we construct genus-one full conformal field theories (genus-one
conformal field theories with both chiral and anti-chiral parts) from genus-
zero full conformal field theories constructed and studied in [HK]. More
precisely, we construct genus-one correlation functions from genus-zero cor-
relation functions for a conformal full field algebra over V*® V% in the sense
of [HK], where VL and V ® are vertex operator algebras satisfying certain nat-
ural uniqueness-of-vacuum, complete reducibility and cofiniteness conditions
(see below).

Since Kontsevich and Segal [S1] [S2] [S3] (cf. [Kont]) gave a geometric
definition of (two-dimensional) conformal field theory in 1987 by axiomatiz-
ing the properties of path integrals used by physicists, constructing conformal



field theories satisfying this definition became an important unsolved math-
ematical problem. In this definition, just as in its original physical form
formulated by Belavin, Polyakov and Zamolodchikov [BPZ], conformal field
theories have both chiral and antichiral parts.

Around the same time, E. Verlinde [V] and Moore-Seiberg [MS1] [MS2]
(see also [MS3]) made a major breakthrough by discovering the relation be-
tween fusion rules and modular transformations and the modular tensor cat-
egory structures associated to rational conformal field theories. These funda-
mental works are based on the existence of such full conformal field theories
with both chiral and antichiral parts.

In mathematics, however, it is mostly chiral conformal field theories that
are constructed and studied. To describe chiral conformal field theories,
Segal [S2] [S3] introduced modular functors and weakly conformal field theo-
ries. For a full conformal field theory, its chiral and antichiral parts are both
weakly conformal field theories and each of these weakly conformal field the-
ories have modular functors. The problem of constructing full conformal field
theories can then be divided into three steps: (i) Construct modular func-
tors. (ii) Construct the weakly conformal field theories over these modular
functors. (iii) Construct full conformal field theories from two compatible
weakly conformal field theories.

For some of the applications of the ideas coming from conformal field the-
ory (for example, for the construction and study of knot and three-manifold
invariants and the proof of the Verlinde formula in algebraic geometry), a
construction of modular functors is already enough. See, for example, [Tu]
and [BK] for the construction of some examples of modular functors. In
[H11] (see also [H8] for an announcement and [H9] for an exposition), the
first author constructed modular tensor categories from representations of
vertex operator algebras satisfying the conditions mentioned above. Com-
bined with the results in [Tu] and [BK], this result of [H11] in fact gives
a construction of modular functors from representations of vertex operator
algebras satisfying the conditions mentioned above.

However, for some other applications, modular functors are far from
enough. One extreme example is the conformal-field-theoretic construction
used in Frenkel-Lepowsky-Meurman’s proof of the McKay-Thompson con-
jecture on the existence of the moonshine module [FLM] and in Borcherds’
proof of the Monstrous moonshine conjecture [B]. In this example, the mod-
ular functor associated to the moonshine module vertex operator algebra
is actually trivial and thus does not play any role. On the other hand, we



know that the construction of the moonshine module vertex operator algebra
by Frenkel-Lepowsky-Meurman and the proof of the Monstrous moonshine
conjecture by Borcherds can be interpreted as one of the deepest applica-
tions of conformal field theory. See also the recent work [W] of Witten for
the possible important role of this vertex operator algebra in the physics of
three-dimensional gravity.

A program to construct conformal field theories was first initiated by
I. Frenkel even before Kontsevich and Segal gave their geometric definition
of conformal field theory. Under the direction of I. Frenkel, Tsukada [Ts]
constructed genus-zero and genus-one parts of conformal field theories asso-
ciated to tori. He constructed not only chiral theories but also full theories
which contain both chiral and antichiral parts. In [KO], Kapustin and Orlov
studied genus-zero full superconformal field theories associated to tori in con-
nection with mirror symmetry and D-branes, but the modular invariance of
such theories were not discussed in that paper.

In [H1], [H2], [H3], [H4], [H5], [H6] and [H7], the first author constructed
chiral genus-zero and genus-one conformal field theories from representations
of vertex operator algebras satisfying suitable conditions. In [HK], the au-
thors constructed genus-zero full conformal field theories from representa-
tions of vertex operator algebras satisfying the conditions mentioned above
and given precisely below and in Section 3 (see also [Kongl] and [Kong2]).
The next natural but crucial step in this program of constructing conformal
field theories from representations of vertex operator algebras is to construct
the genus-one full conformal field theories.

The purpose of the present paper is to carry out this crucial step. More
precisely, let VI and V% be simple vertex operator algebras satisfying the
following conditions for a vertex operator algebra V: (i) For n <0, V) =0,
Viop = C1 and W = 0 for irreducible V-module W not isomorphic to
V. (ii) Every N-gradable weak V-module is completely reducible. (iii) V is
Cy-cofinite, that is, dim V/Cy(V) < oo, where Cy(V) is the subspace of V
spanned by elements of the form u_sv for u,v € V. Let F' be a conformal full
field algebra over VL @ V£ (see [HK] or Section 1 for the definition and basic
properties). We construct genus-one correlation functions using ¢,-g,-traces
(natural traces involving g, = €*™" and g; = €°™") of geometrically modified
genus-zero correlation functions for F. We prove that these functions are
doubly periodic and we obtain conditions which are equivalent to the modular
invariance of these functions. When VL = V& =V and F is the conformal
full field algebras over V ® V constructed by the authors in [HK], we prove
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that these conditions are satisfied and thus all these functions are modular
invariant.

We note that based on the existence of the structure of a modular tensor
category on the category of modules for a vertex operator algebra, the ex-
istence of conformal blocks with monodromies compatible with the modular
tensor category and all the necessary convergence properties (in particu-
lar, the corresponding conformal field theories must be “rational”), Felder,
Frohlich, Fuchs and Schweigert [FFFS], Fuchs, Runkel, Schweigert and Fjel-
stad [FRS1] [FRS2] [FRS3] [FRS4] [FRS5] [FjFRS1] [FjFRS2], and Frohlich,
Fuchs, Runkel and Schweigert [FrFRS] studied open-closed conformal field
theories (in particular full (closed) conformal field theories) using the the-
ory of tensor categories and three-dimensional topological field theories. In
particular, they constructed correlation functions as states in some three-
dimensional topological field theories. In [HK] and the present paper, what
we need in our work are theorems proved by the first author in [H6|, [H7],
[H10] and [H11] when the vertex operator algebras we start with satisfy some
natural conditions. Our work in [HK] and the present paper not only re-
placed these fundamental but hard-to-verify assumptions (in particular, the
assumption that the corresponding conformal field theories are “rational”)
by natural, purely algebraic and easy-to-verify conditions on vertex operator
algebras, but also constructed explicitly genus-zero and genus-one correlation
functions from intertwining operators for the vertex operator algebras.

The present paper depends heavily on the results obtained in [H7|, even
more heavily than the papers [H10] and [H11]. In [H10] and [H11], we need
only the properties of certain special two-point genus-one chiral correlation
functions obtained in [H7|, namely, those obtained from iterates of inter-
twining operators with the intermediate modules being the vertex operator
algebra itself. In this paper, we need the full strength of the results obtained
in [H7]. In particular, using the results of [H7], we prove a symmetry property
of the matrix elements of the actions of the modular transformation 7 — —%
on the space of one-point genus-one correlation functions (Theorem 4.13),
which is a generalization of the symmetry property of the matrix elements of
the action of the same modular transformation on the space of vacuum char-
acters (Theorem 5.6 in [H10]). This generalization is exactly what we need
in Section 4 to prove the modular invariance of the genus-one correlation
functions for the conformal full field algebras constructed in [HK]. To prove
Theorem 4.13, we prove an explicit formula (4.24) for these matrix elements.
In the case that a = e, we recover the formula for the matrix elements of the
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action of the same modular transformation on the space of vacuum charac-
ters, obtained first by Moore-Seiberg from the Verlinde formula and proved
for vertex operator algebras satisfying the conditions above by the first au-
thor in [H7]. Note that in the case ¢ = e this formula (4.24) was shown
in [H11] to be equivalent to the nondegeneracy property of the semisimple
ribbon (tensor) category of modules for the vertex operator algebra. In the
special case that fusion rules are all equal to 0 or 1 (for example, in the case
of discrete series), a formula for these matrix elements was given in [MS3].

The present paper is organized as follows: In Section 1, we recall the basic
definition and constructions in the theory of conformal full field algebras over
VE®QVE given first in [HK]. In Section 2, we recall the chiral genus-one theory
constructed from intertwining operator algebras in [H7]. These two sections
are given here for the convenience of the reader. The reader is referred to
[HK] and [H7] for more details. In Section 3, we prove the convergence of
q--q,-traces of genus-zero correlation functions in suitable regions and show
that these can be extended to doubly periodic functions with periods 1 and
7. We also give conditions which are equivalent to the modular invariance of
these functions in this section. In Section 4, we study the matrix elements
of the action of the modular transformation S : 7 — —% on chiral genus-one
correlation functions. In particular we obtain an explicit formula for these
matrix elements. This formula allows us to derive a symmetry property
of these matrix elements. Using these results and the results obtained in
Section 3, we prove the modular invariance of the correlation functions for
the conformal full field algebras constructed in [HK].

Acknowledgment The first author is partially supported by NSF grant
DMS-0401302.

1 Conformal full field algebras

In this section, we recall the notion of conformal full field algebra over V' ®
VE® introduced in [HK] and review the construction of conformal full field
algebras over VL ® V£ when VL = VZ satisfying suitable conditions given
in the same paper. See [HK] for more details and other variants of full field
algebras.

Let F,(C) = {(#1,...,2,) € C* | z; # z; if i # j}. For an R x R-graded

vector space F' =[], g Firs), let F' =[], F(; ) and F=T1] Fr.s) be
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the graded dual and algebraic completion of F', respectively. For r,;s € R, let
P, ; be the projection from F' or F to Fi.5). A series ) f, in F is said to be
absolutely convergent if for any f' € F', > |(f’, fn)| is convergent. The sums
SIS, fo)| for f' € F' define a linear functional on F'. We call this linear
functional the sum of the series and denote it by the same notation ) f,. If
the homogeneous subspaces of F are all finite-dimensional, then F' = (F”)*

and, in this case, the sum of an absolutely convergent series is always in F.
When the sum is in F, we say that the series is absolutely convergent in F.

Definition 1.1 Let (VL YL 1L wl) and (VE Y E 18 wR) be vertex opera-
tor algebras. A conformal full field algebra over VF @ VE is an R x R-graded
vector space F' = ]_[T scr Flr,s) (graded by left conformal weight or simply left
weight and by right conformal weight or simply right weight), equipped with
correlation function maps

My, F®" xF,(C) — F
(U1 @+ ®Un, (21,---52n)) = Mu(Ut, .., Un; 21,21, - Zn, Zn),

for n € Z,, an injective grading-preserving linear map p from the V1 @ V%
to F satistying the following axioms:

1. There exists M € R such that F, ) =0ifn < M or m < M.
2. dim Fi, 5y < oo for m,n € R.

3. Forn € Zy, mp(us, ..., Un; 21, 21, - - -, Zn, Z) is linear in uy, ..., u, and
smooth in the real and imaginary parts of zq,..., z,.

4. For u € F, my(u;0,0) = u.
5. Forne€Zy, uy,...,u, € F,
mn+1(u1, ceayUp, 1, 21, 21, e ey Rpy Zn, Zn—|—1a Zn—H)
= My (U1, -y Uny 215215« - - Zny Zn),
where 1 = p(1* @ 1%).
6. The convergence property: For k,ly,... Iy € Z, and u( ) ...,u(l) b
(k) € F', the series

Z mk(Prl,slmll(ug),.. ul(l) zp,zé),.. zl(ll),zl(l)),...,
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k k). (k) =(k k) —(k 0) (0 0) (0
Prk,skmlk(ug),...,ul(k);z§),z§),...,zl(k),zl(k));z§),zp,...,z,(c),z,(c))

(1.1)

converges absolutely to

1 k). (1 0
ml1+...+lk(ug ). ,ul(k);zg )+ 29

20+ 20, 2 420,20 1 2D, P 0, 2R 4+ 20)
(1.2)

O 20 420,20 4 20

when [257] + 2] < |z§0) — z](-o)\ for i,j = 1,...,k, i # j and for
p=1,....,andg=1,...,1[;.

7. The permutation property: For any n € Z, and any o € S,,, we have

M (Ut -+ U 21, 215 -« 5 Zny Zn)

= M (Ug(1), - - - » Uo(n)} Zo(1)s Z(1)s - - - » Za(n)> Zo(n)) (1.3)
for uy,...,u, € F and (z1,...,2,) € F,(C).

8. Let o
Y: F92xC* —= F
(v®wv,2,2) = Y(u;z,2)v
be given by
Y(u; 2z, 2)v = me(u ® v; 2, Z,0,0)

for u,v € F. Then
Y(p(u" ® u); 2, 2)p(v" @ v™) = p(Y " (u", 2)u” ® YH(u", 2)0")

for ul vt € VI uR v® € VE and there exist operators LY (n) and
LE(n) for n € Z such that

Y(pw” ®1%);2,2) = Y LF(n)z™2,
Y(p(1* @ w™);2,2) = Y LF(n)z "

2mi(LE(0)-L™(0) = ]

9. The single-valuedness property: e o



10. The L*(0)- and L%(0)-grading properties: For r,s € R and u € F, ),

L*Ou = ru,
LR0)u = su,

11. The L*(0)- and L%(0)-bracket properties: For u € F,

[LE(0), Y(u; 2,2)] = z%Y(u; 2,2) +Y(L*(0)u;2,2)  (1.4)

[L7(0), Y(u; 2, 2)] = Z%Y(u; 2,2) + Y(L*(0)u; 2, 2).  (1.5)
12. The LY(—=1)- and L®(—1)-derivative property: For u € F,

[LM(=1),Y(u; 2, 2)] = Y(L* (- 1)u; 2,2) = %Y(u;z,f), (1.6)

[L%(-1),Y(u; 2, 2)] = Y(L*(-1)u; 2,2) = %Y(u;z,z_). (1.7)

We denote the conformal full field algebra over VI ® V£ defined above
by (F,m, p) or simply by F. In the definition above, we use the notations

mn(U,1, <oy Unj 21, 2. y Zns gn)
instead of
M (Ut oy Ui 21, - oy 2n)
to emphasis that these are in general not holomorphic in zq,...,z2,. For

u e F uy,...,u, € F,
! . — _
(u'ymp (U, ooy Un 21,21« - oy 20y Zn))

as a function of zq,...,z, is called a correlation function. The map Y is
called the full vertex operator map and for u € F, Y(u; 2, Z) is called the full
vertex operator associated to u. The element p(1 ® 1) is called the vacuum
of F. The elements p(w” ® 1%) and p(1% ® w®) are called the left conformal
element and the right conformal element, respectively.

Homomorphisms and isomorphisms for conformal full field algebras over
VL ® VE are defined in the obvious way.



For a conformal full field algebra over VI ® VE a formal full vertex
operator map
Y : F®F — F{z,7}
uv — Yi(u;z,T)v

was obtained in [HK] such that

Y(u; 2,2) = Yy (u; 2,7)|

T —erlogz ,T° —eslogz ,r,8ER

for w € F and z € C*. We can also substitute e"1°8* and e*°6¢ for 2" and z°
to obtain Y(u;z, () for u € F.

For the operators L¥(n) and LE(n) for n € Z, we have the following
bracket formulas: For m,n € Z,

L

[LE(m), LA(n)] = (m = n)L"(m +n) + T (m* = m)omsn
(LR (m), L*(m)] = (m = n)LE(m +n) + T (m* = m)om o,

[L*(m),L%(n)] = o.

Let F be a module for the vertex operator algebra V' ® V£ and Y an
intertwining operator of type (7). In [HK], a splitting Y : (FQF) x C* —
F and a formal splitting Y?f : F® F — F{x,7} of Y are constructed.
Substituting e"'°8# and e*'8¢ for 2" and Z* in the images of F ® F under Y¥,
we obtain an analytic splitting Y2, : (F ® F) x (C* x C*) — F.

One of the main result of [HK] is the following theorem:

Theorem 1.2 Let VI and VR be vertex operator algebras satisfying the fol-
lowing conditions for a vertex operator algebra V: (i) Every C-graded L(0)-
semisimple generalized V -module is a direct sum of C-graded irreducible V -
modules. (ii) There are only finitely many inequivalent C-graded irreducible
V-modules and they are all R-graded. (iii) Every R-graded irreducible V -
module W satisfies the Ci-cofiniteness condition, that is, dim W/Ci(W) <
oo, where C1(V) is the subspace of V' spanned by elements of the form u;w
forueVy=11,.0Vin) andw € W. Then a conformal full field algebra over
VEQVE is equivalent to a module F for the vertex operator algebra VF @ VE
equipped with an intertwining operator Y of type ( FFF) and an injective module
map p: VE Q@ VE — F, satisfying the following conditions:
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1. The identity property: Y(p(1F @ 18),z) = Ip.
2. The creation property: For u € F, limy_ 0 Y(u, z)p(1* ® 1%) = u.
3. The associativity: For u,v,w € F and w' € F',
(w', Yy, (u; 21, 1) Yo (v; 22, Go)w)
= (w', Yo, (Yo (05 21 — 22, 1 — C2); 22, o) w) (1.8)
holds when |z1| > |22 > 0 and |(1| > (] > 0.
4. The single-valuedness property:
2L O-LO) — . (1.9)

5. The skew symmetry:

Y (u;1,1)v = " COHEEDYY (4 ™ ey, (1.10)

Let V' be a simple vertex operator algebra satisfying the following:

Condition 1.3 (uniqueness of vacuum) For n < 0, V() = 0, V{q) = C1
and for irreducible V-module W not isomorphic to V', Wy = 0.

Condition 1.4 (complete reducibility) Every N-gradable weak V-module
is completely reducible.

Condition 1.5 (Cy-cofiniteness) V is Cy-cofinite, that is, dim V/Cy (V) <
oo, where Cy(V') is the subspace of V' spanned by elements of the form u_,v
for u,v € V.

We now recall the construction of conformal full field algebras over V@V
in [HK].

Let A be the set of equivalence classes of irreducible V-modules. For any
a € A, we choose a representative W from a. Then there exists A, € R such
that W =T,z Wi .-

For a single-valued branch fi(z1, 22) of a multivalued analytic function in
a region A, we use E(f1(z1, 22)) to denote the multivalued analytic extension
together with the preferred branch f;(z1, 22). Let wq = wi(z1, 22) and we =
wa (21, 29) be a change of variables and f2(21, 22) a branch of E(fi(z1, 22)) in

10



a region B containing wi (21, 22) = 0 and wy(21, 22) = 0 such that AN B # ()
and fi(z1, 20) = f(21, 22) for (21,29) € AN B. Then we use

Resw, =0 | ws B (f1(21, 22))

to denote the coefficient of w; Uin the expansion of fo(21,22) as a series in
powers of w; whose coefficients are analytic functions of ws.

For ai,as,a3 € A, Way € W, w,, € W2, wy € (W), wy, € (W),
Y, eV® and Y, € V Pal Let (V1, Va)y, o3, € C be given by

a1az

Res1_zy—z0m0| 2 (1 — 21 — 22) "E(("WW((1 = 21 — 22)" O], 21) i,
O ((1 = 21 = 2)" Vg, 25)d0, )

= (Wh, > Way ){Whys Way ) (Y1, Va)yes (1.11)

It was shown in [HK] that (), y2>v3f indeed exists. Clearly, (), y2>vgio,a2
bilinear in Y, and Y,. Thus we have a pairing (-, '>V313a2 :Ved, ® V ;= C.
The following is another main result of [HK]:

Theorem 1.6 The pairing (-, -) ved,,  Vara, ® V;l'%a; — C is nondegenerate.
In particular, Na,1 =N

aias "
Recall that in [H10], an action of S3 on the space of intertwining operators
for a vertex operator algebras was given. We choose a canonical basis of V{3
for a;,ay,a3 € A when one of ay,a9,a3 is e: For a € A, we choose Vg, to
be the vertex operator Y. defining the module structure on W* and we
choose )¢ p 1 to be the intertwining operator defined using the action of o9

on choose Jg,.;, or equivalently, using the skew-symmetry in this case,

geil(wa’x)u = 0-12(yga1)(waax)u

= :cL( b ea; l(u x)wa

= DY (u, —2)w,

for u € V and w, € W Since V' as the contragredient of the irreducible
adjoint module V' is an irreducible V-module (see [FHL] and has a nonzero
homogeneous subspace of weight 0, as a V-module it must be isomorphic to
V. So we have ¢’ = e. From [FHL|, we know that there is a nondegenerate
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invariant bilinear form (-,-) on V' such that (1,1) = 1. We choose V., =
y;;,;l to be the intertwining operator defined using the action of g,3 by

U

ygal;l = 023(3]36;1)’
that is,

(U, Vearss (wa, 2)wer) = €7 (Vi (270 (72 ™%) O, &7 Yu, war)

foru € V, w, € W and wy € W®. Since the actions of 015 and o,3 generate
the action of S3 on V, we have

yg’a;l =012 (yga’;l)

for any a € A.
As in [HK], for a € A, let

Fll = F(yge;l ® yg’a;l; yga;l ® yga’;l) 7é 0

iarg Fg

and we use v/ F, to denote the square root \/|F,le” 2 of F,. For ay,as,a3 €
A, consider the modified pairings

/ Fas
Vo JF b

These pairings give a nondegenerate bilinear form (-, )y on V. For any basis
{y:llfaz,l | 1= Ngfaz} of ngm and any o € S3ﬂ {O-(ygfaz;i) ‘ 1= Ngfaz}
is a basis of O'(ngaz)

We have the following result from [HK]:

Proposition 1.7 The nondegenerate bilinear form (-,-)y is invariant with
respect to the action of Ss on'V, that is, for ay,as,a3 € A, 0 € S3, Y, € V3

aias
and YV, € V Lol
(U(yl); U(yQ))v = (y1,y2)v-
Equivalently, for a,,as, a3 € A,
a1 a2 V Fa Tl "13 ) ) N3
aa,z Z:"" a1a2
\/ a *1(1)\/ Ug=1(2) V Fa, ’

is the dual basis of{a(y(‘jf'a2 D= Nafaz} where {ygfm li=...,N&,.}
is a basis of V3, and {); 'a3 | ., Ng3,} is its dual basis with respect

to the pairing (-, )Vgigaz.
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Let
F:@aeAWa®Wa .

! I
For wy, € W%, we, € W, wy € W™ and wy, € W, we define

Y((wal ® wa'l); 2 E) (wa2 ® wa'z)
N(‘LllSaz

a Ia
i Z Z yafan wal7 )wa2 ®yac? p(wa17 ) ’2'

as€A p=1

In [HK], we proved the following result:

Theorem 1.8 The quadruple (F,Y,1®1,w® 1,1 ® w) is a conformal full
field algebra over V@ V.

2 Modular invariance for intertwining oper-
ator algebras

In this section, we review the modular invariance of intertwining operator
algebras proved in [H7]. We assume in this section that V' is a simple vertex
operator algebra satisfying Conditions 1.4 and 1.5 and the condition that for
n < 0, Vin) = 0 and V|g) = C1. Note that the last condition is weaker than
Condltlon 1.3. We shall use Y to denote the vertex operator maps for the
algebra V' and for V-modules.

Let A;, j € Z, be the complex numbers defined by

1 0

— Jog(1 + 2miy) = At

5 og(1+ 2miy) exp jEEZ Uy
+

For any V-module W, we shall denote the operator 3., A;L(j) on W by
L,(A). Then

Let
U(z) = (2mi) O KO e~ ¢ (End W){z}

13



where (277)1(0) = (0827 +i5)LO) et B; € Q for j € Z, be defined by

1 0
log(14+y) = [ exp Z Bjy”la—y Y.

JEL+
Then it is easy to see that

U(z) = xL(O)e_L+(B)(27ri)L(O).

For any z € C, we shall denote €™ by ¢, and we shall also use U(q,) to
denote the the map obtained by substituting e2™*#() for %) in (), that
is,

U(C]z) — (QWi)L(O)eZWizL(O)e—L+(A)
e27rizL(0)e—L+(B) (27T,[;)L(0)' (2'1)
For V-modules W; and W, i=1,...,n, intertwining operators Y;, ¢ =
1,...,n, of types (VV[I/QI:VI)’ respectively, where we use the convention Wy = W,,,
and w; € W;, i =1,...,n, we shall consider the element

Fyl,...,yn(wla <oy Wp3 21y -5 %0 Q)
= Tryy, VU (g )01, ¢,) - V1 (U@, )Wn, 2, )g" 075 (2.2)

of Gq,, >->g.,1>0((g)), where for complex variables &1, ..., &, Gl |55 [e,50
is the space of all multivalued analytic functions in &, ..., &, defined on the
region |&;| > -+ > |&,| > 0 with preferred branches in the simply-connected
region |&| > --- > (& >0,0<arg& <2m i=1,...,n.

In [H7], the following result was proved:

Theorem 2.1 In the region 1 > |q,,| > -+ > |q,,| > |¢-| > 0, the series
Fy, 3y, (Wi, Wi 21,2y 205 Gr) (2.3)
is absolutely convergent and can be analytically extended to a (multivalued)

analytic function in the region given by (1) > 0 (here (1) is the imaginary
part of T), zi # zj +kr+ 1 fori,j=1,...,n,i# j, k,l € L.
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We shall denote the (multivalued) analytic extension given in Theorem
2.1 by

((I)(yl ® ot ®yn))(w1; coey, Whs 21, . ’ZTIJQT)
Note that in [H7], this function is denoted by

Fyl,...,yn(wla «ooy Whj 21, - 7ZH)QT)

Here we change the notation to avoid confusions with notations related to
algebraic extensions or to complex conjugations and also for convenience in
later sections and for future use.

In [H7], the following genus-one duality results were proved:

Theorem 2.2 (Genus-one commutativity) Let W; and W; be V-modules
and Y; intertwining operators of types (;VV"}[}) (i=1,...,n, Wy = Wn), re-
spectively. Then for any 1 < k < n — 1, there exist V-modules W), and
. y - - W, Wi
intertwining operators YV and Y1 of types (WkVT/’:c+1) and (kalvli/k)’ respec-
tively, such that

Fy.o.(Wi, . . w21, .., 203 Q)

and

Fyh---,yk—l737k+1,57k7yk+2---,yn (wl’ ooy We—1, Wet1, Wey W42, - -+, Wnj
1y e vy Rk—15Rk+1y Zky Rk+2y - - -5 2n; CIT)
are analytic extensions of each other, or equivalently,
(P @ - @ V) (Wi, ooy Wy 21, -« oy 203 T)
=PV @ @V—1®@Vst1 Q@ Ve @ V2 ® -+ - @ V) (Wi, - - ., W1,

Wht1y Wiy W42y« -« s Wn 21y« v oy Zk15 Zhtls Zhy Zht2y -« -y 203 T)-
More generally, for any o € Sy, there exist V-modules W; (i=1,...,n) and

intertwining operators Y; of types (WW(’;;V) (i=1,...,n, Wo =W, = Wn),

respectively, such that

Fyl,...,yn(w17 «eo, Wpi3 21, -5 2y QT)

and
Fjil,...,jin (wa(l)a <o s Wo(n)s Zo(1)s - - -5 Ba(n)s QT)
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are analytic extensions of each other, or equivalently,

(P @ @ V) (Wi, o Wy 21, -y 203 T)
= (V1 ® @ V) (Wo(1)s - - - s Wo(n); Zo(1)s - - - » Zo(n); T)-
Theorem 2.3 (Genus-one associativity) Let W; and W; fori=1,...,n
be V-modules and Y; intertwining operators of types (VV;I//;T/I) (i=1,...,n,
Wy = W,,), respectively. Then for any 1 < k < n—1, there ezist a V-module
Wy and intertwining operators Yy, and Yei1 of types (W:X,’;m) and (WZVV’%,; 11),
respectively, such that

(PO @Y1 @ Vi1 @ Vg2 @ - @ Vo)) (wr, - . ., wi_1,

y(wk, Rk — Zk+1)wk+1,wk+2, vy Wi 21y 0o o5 Bk—15 Rk415 - - -5 Zns 7')
= (@@ @V 1@ Vi1 ®Vey2 ® - ® V) (wr, ..., w1,
reR
P (Y (W 2k = Z541)Wht1) s W2, - - s Wi 245 -+« Zh—1, Zhtls - - -3 203 T)
(2.4)

is absolutely convergent when 1 > |q, | > -+ > |q;_ | > |gz,,| > ... >
@z | > |gr| > 0 and 1 > |q y — 1] > 0 and is convergent to

2k —Rk+1
(PV1 @@ V) (Wi, -y Wy 21,5 20 T)

when 1 > [q,, | > -+ > |q.,| > |g;| > 0 and |qe—zp )| > 1> Q-2 ) — 1] >
0.

Let W; be V-modules and w; € W for¢ =1,...,n. For any V-modules W
Wi

W_W) , respectively,

and any intertwining operators V;, 2 = 1,...,n, of types (
we have a genus-one correlation function

(P @ - @ V) (Wi, ..oy Wy 21, ey 205 T).

Note that these multivalued functions actually have preferred branches in the
region 1 > |g,, | > --- > |g.,| > |¢;| > 0 given by the intertwining operators
Vi,..., Y, Thus linear combinations of these functions make sense. For
fixed V-modules W; and w; € W, for i = 1,...,n, denote the vector space
spanned by all such functions by F,, . .,,. For any single valued analytic
function f(7) of 7 and any r € R, we choose a branch of the multivalued
analytic function f(7)" to be ¢"°6/("). The following theorem is one of the
main result of [H7]:
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Theorem 2.4 For any V-modules W; and any intertwining operators Vi

(i=1,...,n) of types (VV[‘:’;), respectively, and any

< C; g ) € SL(2,7),

L \LO L \LO
(<I>(y1®---®yn))((w+5> wi, ..., (W+5> Wh;

2 Zy arT+f
YT +8 AT +6 T+ 6

15 11 Fupy ... um -

3 (Genus-one correlation functions and mod-
ular invariance for conformal full field al-
gebras

Let VE and VE be simple vertex operator algebras satisfying Conditions
1.3, 1.4 and 1.5. Let F be a conformal full field algebra over VI @ V£,
In particular, F' is R x R-graded, that is, F' = Hr’seR F. sy where F, ) for
r,s € R are eigenspaces for the operators L”(0) and L?(0) with eigenvalues

r and s, respectively. For a linear map f : F — F', we define the ¢-g-trace of
f to be

r,s€R
As in [HK], we choose the branches of the functions 2" and z° for r, s € R
to be e"°6% and e®°8% respectively. On the other hand, for the functions

. _ s .
(e*™*)" and (627”2) = (e7?™*) for 1, s € R, we choose their branches to be

e?™ 2 and e , respectively. For multivalued analytic functions obtained

from these functions using products and sums, we choose their branches to
be the ones obtained from the branches we choose above using the same
operations.

Now let

—27isZ

ur (627riz) — (QM-)LL (0) (e2niz)LL(o)e—Lg(A)

17



— (QM-)LL (0) eQnizLL(o)e—Lfr(A),
uR(eQM'z) _ (2m-)LR(0)(e2wiz)LR(0)€—L$(A)

(2ri) LR(0) p2mizL?(0) o= LE(4)

where L% (A) = >jen, A;L*(j) and L¥(A) = Yjen, A;LE(5). By (2.1) and

- S L
our choice of the branches of the functions (e?™*)" and (emz) = (e ?™%)s

above, we have

UR(e2miz) = (e2miz)LR(0) e~ LE(B) (274)LR(0)

(
(627rzz)LR LL(B)(Z,H_)LR(O)e s LR(O)

(e~ 277 L7 (0) o= LE(B) (90 ) LF(0) =5 LH(0)
(7277 LR(0) g~ LE(B) () L7(0) o 5 LR (0) =il (0)

uR(e 27rzz)e—7rzLR(0) )

For any u € F and z € C*, we shall call the operator
Y(UE (¥ UR (e2miz)u; 221 e2miz) . F — F
a geometrically-modified full vertex operator. For uq,...,ur € Fand z1,..., 2, €
C satisfying |e?™1| > .- > |e?™#| > 0, the product
Y(Z/{L (62wiz1)mul; e2min , 6217—121) .
Y(L{L (627rizk )Z/{R(627rizk )u ¥ e2m'zk, eQﬂ'izk)
— Y(L{L (6271'1'21)uR(e—Qm'El)e—m'LR(O)ul; e2miz1 e—2m'21) .

. Y(UL (627rizk )uR(e—Qm'Ek )e—m'LR(O)ul; eZm‘zk’ e—2m’2k)

of geometrically-modified full vertex operators is a linear map from F to F.
So we have the ¢-g-trace

TI"FY(Z/{L ( 2miz1 )uR(€2mz1 )ul 2miz1 627”21_)

Y(U (27rzz1)u (627”276)11 627rzz1 e2mzk) LE(0)— 24qLR(O)

U
— TI"FY(Z/[L (€2mz1) R(e—szl) —miLR (0 )Ul; 627”21, e—27rizl) .
Y( ( 27rzz1) ( 727rzzk)ef7riLR(0)u1.e?m’zl efQWiEk) .
PO SO (3.1)
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As a module for the vertex operator algebra VF ® V&, F is a direct sum
of irreducible modules for V* @ VE. Let A" (AR) be the set of equivalence
classes of irreducible modules for V¥ (V®). For each af € AL (aff € AR),
choose a representative W (W9") of aX (a®). Then there exist a positive
integer N and maps % : {1,... N} — AL rB:{1,... N} — AR such that
F is isomorphic as a VX ® VE-module to [[\_, W™ @ W"(™. We now
shall identify the vector space F with this V¥ ® V-module. Then the full
vertex operator map can be written as

L N
rL(m)rL(n) "R (m)rR(n)

1(1,2) y yrE(0) (1)
Z Z Z dmnzyy L(m) L ®y R m)rR( )J- (32)

I,mmn=1

: rt() P (1)
where d" ECforlmn—l LNi=1,...,N j=1,...,N

mniij rE(m)rL(n)’ » 7 rR(m)rR(n)
and p, ¢ any indices, and

{y:j(('rlr)z;)(rll)’(n);i li=1,..., rLL(rln)rL n)}
and
e 11 =1 Na(oh
for I,m,n = , N are basis of V L( Ln) and V:,I:((L)Z)T R(n)> respectively.

For 7 € H, let g- = e®™ . we have:

Proposition 3.1 Forus,...,u; € F, the q-G-trace (3.1) with ¢ = ¢ is abso-
lutely convergent when 1 > |€*™#| > .. > |e*™#| > |q,| > 0. Moreover, the
sum of this q-g-trace can be analytically extended to a multi-valued analytic
function of z1,&1,. .., 2k, &k, T and o in the region given by z; # z; +m+nt
fori # j and m,n € Z and § # & +m +no for ¢ # j and m,n € Z, with
the sum of the q-G-trace (3.1) with ¢ = q, as a preferred value at the special
points
(21,61 =7Z1,.. .,Zk,gk =2y T,0 = —7)

satisfying 1 > |€*™1] > -+ > |e*™%| > |q,| > 0.
Proof. 'This result follows immediately from (3.2) and the convergence and

analytic extension properties for ¢- or g-traces of intertwining operators for
the vertex operator algebras V% and VE. |
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Recall from [HK] the (genus-zero) correlation functions
mk(ula ey Up, Zlazla DRI zkazk)
for k € Z, and uy,...,u; € F and their analytic extensions
E(m)k(U1, <oy Ugs 21, Cla <oy Rk Ck)
The functions
my (Z/{L (627rizl )uR(efZWiil )efm'LR(O) uq,
o ’uL (627Tizk )uR(€727riEk)e—7riLR(0) U 627rizl ’ e—27ri21’ . errizk’ e—27ri2k)
(3.3)
are called geometrically-modified (genus-zero) correlation functions.
Corollary 3.2 Foruy,...,ux € F,
TrFE(m)k (UL(€27riz1 )UR(6—27ri£1 )e—m'LR(O)ul’
o ur ( e27rizk)uR( e—2m'§k) e~ miL(0) U e27ri21, e2m'§1’

L R
LE(0)-% LR0)-%4

. 627rizk’ e?’l‘rifk)qT 0 (34)
15 absolutely convergent to a multi-valued analytic function of z1,&1, . . ., 2k, &k,
T and o in the region given by 1 > [e™| ... |e*™#*| > |g,| > 0, 1 >
™| €| > g,| > 0, 2 # 25 and & # & for i # j, and can be
analytically extended to a multi-valued analytic function of z1,&4, ..., 2k, &k,

T and o in the region given by z; # z; + m+nt for i # j and m,n € Z and
& #E+m+no fori#j and myn € Z. In particular, the q.-g=trace

Trpmy (uL (627ri21 )uR(e—2ﬁiE1 )e—m'LR(O) uy,

. _ — _ o R - _ —
. uL(62mzk )Z/{R(e 2mzk)e wil (O)Uk; €2mz1’ e 2mz1’
L

”’627rizk’ e—zm'zk)qTLL(O)*é—AlafR(O)*‘;—Al (3.5)
is absolutely convergent when 1 > |e*™1| ... |e*™| > |g.| > 0 and z # z;

fori#j.

Proof. The terms in the series (3.4) are the analytic extensions of the terms
in (3.1). From Proposition 3.1, (3.1) is absolutely convergent in the region
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given by 1 > |e2™#1| ... |e*™#| > |¢,| > 0 and can be analytically extended
to the region given by z; # z; + m + n7 for i # j and m,n € Z and
& # &+ m+no for i # j and m,n € Z. We also know that the resulting
analytic extension can be expanded as a series in powers of ¢, and ¢, in the
region given by 1 > [e*™?1] ... [e2™%| > |g,| > 0, 1 > [e>™1| ... |e?™%k| >
lgs| > 0, z; # zj for i # j and & # & for i # j and m,n € Z. Thus the
terms of this expansion must be equal to the terms in the series (3.4). In
particular, (3.4) is absolutely convergent. |

We shall denote the sum of the series (3.5), in the region given by 1 >
le?m] L ek | > |g,| > 0 and z; # z; for i # 7, by
m,(cl)(ul,...,uk;zl,zl,...,zk,Zk;T,?), (3.6)
where we use the superscript (1) to indicate that this corresponds to a genus 1
surface. The limits of this function of (21, ..., zx; 7) exist when (z1,...,2; 7)
approaches to points satisfying |e?™#| = 1 or |e?™*| = |q,| for some [ and
2 # zj + m+nt for i # j and m,n € Z, since (3.6) can be analytically
extended to a multi-valued analytic function of z,&1,...,2;,&, 7 and o
in the region given by z; # 2; + m + n7 for ¢ # j and m,n € Z and
& # & +m+no fori #j and m,n € Z. So we can extend the function
(3.6) to a function defined also on limit points. We use the same notation to
denote the extension. We have:

Proposition 3.3 Foranym,n€ Z andi=1,...,k,

o) - ~ ~ _
my (U’la cey k3 215 215 v Bic1y Zi—1, % T T+ NT, Z; + M + NT,
Zitly Ridly -y Rks ks T ?)

:ml(cl)(ula---,Uk;zl,zh---;zk,zkﬂ'f) (3.7)
when both sides are defined.

Proof. Note that (3.3) is a single-valued function of e?*#t ... 2™ Thus
we see that (3.7) holds when n = 0.

Now from the permutation property for conformal full field algebras over
1742 ® VR, uL(627rizi)uR(e—%riZ;)e—ﬂiLR(O)ui and e?ﬂ'z’zi’e—%riz; in (33) can be
moved to the right of U" (€272 YR (e=27i7k )e=mL"(O)yy, and ?mizk =2mi%k  re-
spectively. So we can assume that 7 = k. In this case, when 1 > [e*™1| >
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> |€?™M#| > |q,| > 0, we have

1) R = =
My, (Ui, .oy Uk 215 21y - oy Zhy 215 T3 T)

= TrFY(Z/{L (627riz1 )uR(e27rz'z1 )ul; e27riz1 , e2miz ) .

Y (WU* ( 2mzk)muk o2mizk €2mk)q LL(0)-¢ qu(O)—L

(
Ly omis TR . . 2 LE(0)- 5 _LR(0)-%r
— TI"FY(U (6 izl )uR(62mz1)u e miz1 627”21) - 24 qr 24 |
Y(Z/{ ( 2mi(z— T))Wuk 627rz(zk T) e27rz(zk 'r))
— TI"FY(Z/{L(€2m(Zk T )uR(e2m(zk 'r))ulc 627”(zk T) e27rz(zk 7')) .
Y(Z/{ ( 2W1Z1)Wu 627f121 627'{'221) .
(u ( 2mizy I)Wuk 11’627rzzk 1 eZmzk 1) .
.qTLL(O)f%quw)fz—z;
(3.8)

When 1 > |e2™iz=T)| > |e2mia1| > > |e2™#%-1| > |g,| > 0, the right-hand
side of (3.8) is actually equal to
(1) e = > -
My, (Wk, Uty o Uk—13 2k — Ty Bk — T 21, 215 - - - » Zk—1; Zke1; T, T)
= mg)(ul, ey URS 2Ly By e ey B — Ty 2k — T3 T, T) (3.9)
Since the left-hand side of (3.8) and the right-hand side of (3.9) are deter-
mined uniquely by their values in the regions 1 > |e?™#1| > ... > [e?™%| >
lg-| > 0 and 1 > |e2™G=7)| > |e2m#1| > . > |e¥%-1| > |g,| > 0, respec-
tively, we see that the left-hand side of (3.8) must be equal to the right-hand
side of (3.9), proving (3.7) in the case of m = 0.
Combining the cases m = 0 and n = 0, the proposition is proved. |

From this result and the L*(—1)- and Lf(—1)-derivative properties, we
obtain immediately the following:

Corollary 3.4 For uy,...,u;, € F, there exists a unique smooth function,
still denoted by (3.6), of z1,...,z, and T in the region z; — z; # m +nt
for i # j and (1) > 0 such that (3.7) holds and in the region given by
1> |e?™=| ... |e*™%| > |g.| > 0 and z; # z; for i # j, this function is equal
to (3.6).
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Now we discuss the modular invariance of these functions. For any single
valued analytic function f(7) of 7 and any r € R, we choose branches of the

multivalued analytic functions f(7)" and ( ('r)) to be er°8 /(") and emos /(7)

and still denote them by f(7)" and (f(T))r. In particular, for «, 8,7, € R,

<ar+ﬁ)T — o los(2T%)

YT+ 6
and
a7 +8\" _ [(ar+ B\
YT+ 90  \yr 4§
erlog( i:ig ) )
Definition 3.5 For uq,...,u; € V, the function (3.6) is invariant under the
action of
a B
( v 5 ) € SL(2,7) (3.10)
if
@ 1 L*(0) 1 L%(0) y 1 L%(0) 1 L%(0)
F A\ 40 VT +6 P\ 40 V7 +06 ©
2 Z1 2k Zy ar+fp oaT+f3
YT+ AT+6 T+ AT+ T+ AT+ 6
= mgcl)(ul, ce sy U R, 21y ey Ry RES T F) (311)

A conformal full field algebra over V* ® V£ is said to be invariant under the
action of (3.10) if for all uy,...,ur € V, (3.11) holds. If (3.6) is invariant
under the action of all elements of SL(2,7Z), we say that (3.6) is modular
invariant. When the function (3.6) is modular invariant, we call it the genus-
one correlation function associated to uq,...,u; € V. A conformal full field
algebra over VI ® V' is said to be modular invariant if it is invariant under
the action of all elements of SL(2,7Z).

Since the modular group SL(2,7Z) is generated by the elements

s=(40)
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and
11
r=(1):

to see whether a conformal full field algebra over VZ ® V£ is modular invari-
ant, we need only discuss the invariance under these two particular elements.
For the element 7T, we have:

Proposition 3.6 A conformal full field algebra over VE @ VE is invariant
under the action of T if and only if c* = ¢ mod 24.

Proof. 1In the region 1 > [e*™1| ... [e*™#| > |q,| > 0 and z; # z; for i # j,
for uy,...,u, € V, replace 7 and 7 in (3.5) by 7 + 1 and 7 + 1, respectively.
Then by the single-valuedness property (1.9), the only change is an overall

L_
constant factor €™ 22 . Hence, we obtain, in this region,

1) o _ _
my, (U1, .-, Uk} 21,215 - - 2k, 283 T+ 1,7+ 1)

L R
—_ 1) 5 5 e =) p2m S
=my (Ut .oy Uk} 21,21, - oy 2hy 2R3 T, T)ET 28 (3.12)

From (3.12), the meaning of the invariance of F' under T and the fact that
(3.6) are not all 0 (for example, it is not 0 when u; = --- = up = 1), we

LR .
see that F is invariant under T if and only if €2™ 2 — = 1, or equivalently,

¢ = ¢® mod 24. [

The invariance under S is the most important. We need to first intro-
duce matrix elements associated to the actions of S on the chiral genus-one

L
correlation functions. For af,af € AL, let {y“l’ | i=1,. ::LlaL} and
1
L
{y“;;L cli=1,... N} L} be basis of the spaces V o1 of intertwining oper-

) and for a®, aff € AR, let {Yal’ li=1,. aR R}

L
ators of types (Wa Lyyal

{Y“l i(2) li=1,...,N }i R} be basis of the space V }{ P of intertwining opera-

aRaFi
R
WWa ) From Theorem 2.4, we know that for a* € A", there

exist S(y“;’(j),y“g’f)) for a,ab € AL, i=1,...,N" =1 N

a

R
and for a® € AR, there exist S( 2}%”(1;)1,);512{(12)) for af, alt € AR,

tors of types (
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a{2 . a§
"NaRa{h Jj=1,. "’NaRag’ such that

L*(0)
ali(1) 1 oz 1
((I)(yai f,z)) ((_;) Wal; _;a _;>

ofi(1) et abi(2)
=) Z S yeds J)(@(yaLaé;j))(waL,z;T) (3.13)
akeAL j=1

for w,r € Wea" and

a ag
afl; af; ay’;
_ S(yaRai,i;’i; yaRai,fjj) (@(yaRai,f?j))(waR; 1) (3.14)
afeAR j=1
We need:
Lemma 3.7 For w,r € W“R,
LE(0) —
aft;(1) —miLR(0) _1 7. 1
(é( a,Ra{%;i)) <€ ( T U)aR, F’ T
Nag
a ) 15 G'R; —7e — —
-y Y s (Vo VRS @A) €™ Oyn; =7 —7),
afeAR j=1
(3.15)
—1pats) L yas5(2) - -
where S (yaRaR_i; yaRaR_j) are the matriz elements of the inverse of the ac-
19 29,
tion of S, that s,
R
N"2
aly(1 a;(2) al;(2 af;(1
> Z N(Vohi Vomaah) SVl Vi) = Gufragdie
afe AR j=1
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Proof. From (3.14), we see that the action of S maps (@(ys}fé(;).))(wam 2;7T)

137
L%(0)
af(1) 1 %21
(q)(yallfa{*;i)) <<_;) Wk T _;) :

R.
So the inverse of the action of S maps ®( Z;;%?j)(waR; z;T) to
13

to

R 1
@) (e-logfL’*w)waR; 2. ——) |
13

T T

Thus we have

R
N 2.r
aR; aR; G,R;
— S_l(yaéa(é;)i; ya;aéf?j)(cp(ya;a‘2§3j))(waR; z7), (3.16)
aeAR j=1

Note that when 7 is in the upper half plane, so is —7. So we can substitute

—7 for 7 in (3.16) above. We also substitute —% for z and e~ ™" ©y_x for
wer in (3.16). We obtain
_ _ , z 1
(@(y;‘f;({ifi)) (6_IOg(_T)LR(O)e_“LR(O)waR; ;; ;)
o
Nokop
—1ypatsl) | a55(2) agt(2) —miL® . =
= ST O ha i Varas) @V mgg)) €™ Orrgn; =2 7).
akeAr -1
(3.17)

Note that e=™L"(®) commutes with e~ 6L Since 0 < argr < m,
we have m < arg7T < 27, 0 < arg—7 < 7 and 0 < arg—% < m. So

— . R
arg —% = arg —7. Then by our convention, on W%, we have

—log(—7)LE(0) —log |—7|—i arg(—7)) LE(0)

e(
(log | =L —iarg(~1))L7(0)
(Io8(— LR ()

; (é) "o (3.18)

T

e
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Changing the order of e 180 TE™©) and ¢ ™L"(0) and then using (3.18), we
see that (3.17) gives (3.15). |

We now have:

Theorem 3.8 A conformal full field algebra over VEQVE is invariant under
the action of S if and only if

rE(n) rBn)
rL(m)yrL(n) " rB(m)rR(n)

Z Z Z At SV s Vi)

ST Y s Ve )
— > df,;gf;;f} (3.19)

pe(rt)1(ah)N(rk)~1(ak)

form=1,...,N,a" € AL, o € AR k = 1,...,Ngf(m)aL, l= 1,...,Ng§(m)aR
Proof. From the convergence property of the correlation function maps (see
Definition 1.1), we see that all the functions of the form (3.6) are invariant
under the action of S if and only if all the functions of the form (3.6) with
k =1 are invariant under the action of S. We now show that all the functions
of the form (3.6) with £ = 1 are invariant under the action of S if and only
if (3.19) holds.

If (3.19) holds, then from (3.2), the definition of g-g-trace of a map from
F to F, (3.13) and (3.15), we have

(1) (( 1)LL(O) < 1>LR(0) oz oz 1 1)
my - wrl’(m)® e WrR(m); — > 7 =3~y =
T T T T T T

. - 1\ O
- TI"FY(”L@*“T)uR(ve) (‘?) Wy
R
1 L%(0) . cL R o
® (‘:) WyR(my; €T, 2’”‘>qL1(O) gy
T T

L@ 0
rL(m)rL(n) " rR(m)rR(n)

ST D I

l,n=1 =1
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R
r(1) (1 utt 2miZ\  —miLE(0) 1 Lo 2mi
®y R(m n)J (e T)e _% er(m)ae )
PO~ MO

L) »R()
NoL (myr () Ny 7R (m)r B (n)

DD > ( (s

LE(0) L
rL(n) —omiZ 1 _omiZ LL)—&¢
er(m fi)n)z<uL( 2 T) ( 7_) WrL(m), € ? T)q © 24)

-® (TI'W,R(,L)

PR ()i(1) R oy (1) iz
T (U (e miZ e ™ ()<_%) er(m):em;> .

IR

;

N

L) B (1)

R
LR (0) _c
rL(m)rL(n) " rRB(m)rB(n)

N
— dn;(la.]-.)
IOED DD

mn;ij
i=1 j=1
LE(0)
i) 1 2 1
<((I)(y7"L(m)rL(n),z))<< 7_) WrL(m); g 7_)
LE(0) —_
rf(n);( —rick) (1 z. 1
®(2(Y; R(mr ),j))(e ( = Wrk(m); = =
oL R
NL(m)a rR(m)aR

=2 X 22

= ale AL gRe AR
L) R
< NoLmyrE (n) NrR(m)rRm)

2 2 X

n;(1,1 rl(n);(1 . al;(2 rf(n
dmglﬂj)s(yr]d((m))vgl')(n),z’ er(r(n))a ) (y R((m) rR(n);5? y R(m aR l)> )
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(@) Wri s 7))
D@V R 0.)) (€™ O, gy; ~Z; 7))

L R
aL(m)tz NaR(m)tz

ERORR IR YD

=1 ale AL aRec AR

L@ rB@)
< NrL<m)rL(n)NrR<m)rR<n)

n;(1,1 r(n);(1 a’;(2 rt(n
deI,%])S(yTL((m))vsL)(n),z’ yTL(fn))aL; ) (y R((m) rR(n);5’ y R(m aR l)> )

a‘L Tz T2 LL(0 _i
((Trwa ’I'L('En Lk(uL( 2 )wTL(m)ue2 ' )qT © 24)

. _ ' ~ e R
® <TI‘WaR yf:(’%)aR_l (Z/{R(G_QMZ)G_MLR(O)’U]TR(m), 6—27rzz) qf?(o) o >>

oL B
rL(m)al " rR(m)aR

DRI MDY 2 B

=1 aLE.AL aREAR pE( L)—l(aL)m(TR)—l(aR)

al;(2 T2 T2 LE(0 e
.((TrWa TL(fn Lk(uL( 2 )er(m):€2 )C]T (0) 24)

af; —2miZ\ ,— Tt —2miZ L*(0)-5%7
02y <HwaR yrR(’g))aR;l (Z/{R(e 2 )6 LR(O)wTR(m)a e’ )q—'r( : >>

oL o
rL(m)al " rR(m)aR N

> E:ﬁﬁé
rL(p); (2 L 2miz 27iz LL(O)_%
Trwa Yy rL(m)rL Uu ( )er(m)ae qr

_ , _ Ry o
® <T1"Wa TR((:)'B)?)( )it (UR( _Qﬁzz)e_WZLR(O)wTR(m)’ 6_27”2) qf?(O) B ) >
(1)

=my (er(m) & Wy R (m); %5 Z;T, ?)- (320)

Conversely, the calculation (3.20) also shows that if F' is modular invari-
ant, then (3.19) holds. |
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4 S-matrices associated to irreducible mod-
ules and modular invariance

We assume that V' is a vertex operator algebra satisfying Conditions 1.3, 1.4
and 1.5. We shall continue to use the notations in the preceding sections, in
particular, those in Section 2.

For a;,as € A and )Y an intertwining operator of type (
consider

waei
wez2Wwe1

), we
) : [[w* = G
acA
we — Y(Y)(we;T)
for a € A and w, € W*, where for w, € W¢,
U (Y)(we;7) =0

when a # ay and

VD) (wai7) = OY)(wies; 7 7)
= E(TI‘Wa1 y(u(€2mz)wa2, 627riz)q£(0)—2c—4)

when a = ay, and Gy;; is the space spanned by functions of 7 of the form
U(Y)(wg; 7) for a, ai,as € Aand Y an intertwining operator of type (WZZ;[I,GI).
Here we use the notation W())(w,; 7) instead of ¥(Y)(w,; z;7) because it
was shown in the proof of Theorem 7.3 in [H7] that W())(w,,;7) is indeed
independent of z. Let Fi,; be the space of all maps of the form ¥()) for
a;,as € A and Y an intertwining operator of type (WZZ;IM).

Let Gy,2 be the space of all single-valued analytic functions on the uni-

versal covering M? of
M? ={(21,2,7) €C* | 21 # 20+ pr +qforp,q € Z, 7 € H}
spanned by functions of the form
(@(V1 ® V2))(Way s Wans 21, 22;T)

for ai,a9,a3,a4 € A, we, € W%, w,, € W, and Y; and ), intertwinin
1 2 g

operators of types (W}X;%) and (WZZ;;G 4), respectively. This space is also

spanned by the analytic extensions

E(Tryas Y3s(U(e*™) Vi (Way, 21 — 22)Wa,, €272 )qTL(O)f 1) (4.1)
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to the region given by I7 > 0, 21 # 29 + k7 + [ for k,l € 7Z, of functions of
the form

TrW“ﬁ y?) (u(627riZ1 )y4 (wal )21 — Z2)wa2 3 627riZQ )Q‘f(())_ ;_4

for a1, as,a3,a4 € A, wy, € W, w,, € W, and Y5 and ), intertwining
operators of types (WI;VMfM) and (W,FIVW%), respectively. For a3 € A, let
% be the space of all single-valued analytic functions on the universal
2 1E g y
covering M? of M? spanned by functions of the form (4.1) for ay, as, a4 € A,
We, € W4, w,, € W, and Y3 and ), intertwining operators of types
( wea )and( wes ) respectively.

Was a4 Waiwes

Now for ay,as, a3 € A, let {y;f,;ﬂ |i=1,...,N%, } and {y;’f;m | i =
1,...,Ng, } be basis of the space V3, of 1ntertw1n1ng operators of type
(W}:‘::’;az)- We need the following result proved in [H6]:

Proposition 4.1 For ai,as € A, the maps from W @ W* to Gy.o given
by
Wy, @ Wy, H>

E (Tl"Wa4 ya4,(1) ( (62mz1 )wal ’ eZm’zl )ya?,;(%)‘ (u (627riz2 )wa2 : €2m'z2 )C]f(

aias;? a2a4;]

0)—£

i)
Y

ag,ay € A, i = 1,...,NJM. . 5 = 1,...,NZ,., are linearly independent.

a2a4’

Similarly, for ai,as € .A the maps from W“1 W to Gy,o given by

Way @ Wq, —> E(TrWa4y“4’ (u(e27ri22)ya3;(4_) (Way, 21 — 2)Way, €277 ) g1 L(0)— %)

a3za4; k a1a2 ,l )

ag,as € A, k=1,..., N 1=1,...,N%  are linearly independent.

asza4’ aiaz’

For a € A and intertwining operators ), and ), of types for intertwining
operators of types (WI;VWGI) and (WGI;VWGIQ), respectively, we consider the maps

\I}(yl®y2): H Wa3®Wa% — Gl;g

az€A
Wo, @ We, +— (Y (V1 ® M) (Way @ Way; 21, 225 T)

for aj,a0 € A,i=1,...,N* j=1,...,N®

aay? azal’

where
(\Il(yl ® y?))(was ® wag;zla 22;7—) = 0
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when a3 # as and

(\II(yl ® yQ))(wag ® wag; 21, R2; T)
= E(Tryai D1 (Z/I(e%m)yg(wa?, 21 — Zg)wa' eQmZ2)qTL(0)_ﬁ).

For a € A, let Fi, be the space spanned by linear maps of the form
V(Y ® V) for aq,as € A and for intertwining operators )y and Y, of types
(Wf/;,lal) and (wazwa ) respectively. For a € A, we also let F7'5 be the space
spanned by linear maps of the form ¥ (Y; ® )») for aq,aq,a3 € A, a3 # a,
and for intertwining operators ); and Y, of types (WZ‘S/;,M) and (WZZ:;GIZ),
respectively. Let Fy be the sum of F7., for a € A. We have:

Proposition 4.2 For a € A, the intersection of Fi, and F75 is 0. In

particular,
Fro=Fin®

and there exists a projection T : Fi9 — Fi..

Proof. By Proposition 4.1, \p(y‘“’ p ®y“3;$2_)) foray,a0,a3 € A, k=1,... N®

aay; aalyl asa1
and [ =1,..., Ngjag are linearly 1ndependent Thus the intersection of the
space spanned by \If(y;l;lk ® ya oL l) for ay,a9 € A, k= 1,..., N4, | =
L...,N¢ o and the space spanned by nI/(y;‘;,;l % ®y§§;(21) for ai,aq, a3 € A,
az#a, k=1,...,Ng, and [ =1,. N:;ag are 0. n
In the remaining part of this section, {ygfa(fg | i =1,...,Ng, } for

p = 1,2,3,4,5,6 are basis of the space of intertwining operators of type

weas
(Walwaz)a a1, as, a3 € A.

We have the following lemma which is a generalization of Lemma 4.2 in
[H10]:

Lemma 4.3 For ai,as,a € A, wa, € W and wy, € W we have

( (yg’;’l’ ® yGQG q))(wa2 & Wal5 21, 22 — 1; 7-)

N%3
a203 ahay Na401 agal

233035330 3RS

a€A i=1 ]1a4€Ak1_

a ai; a3;(4)
(yaéi Y ® ya,za, q’ ya2c’1.3 3 ® ya, (’11 J)

N,
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al; as; 4 a1;(5 a4; 6
F (Vi) @ Vel Yo @ Veailo)) -

ahay;j’
B (Trw Voril (e -
. . L(0)—-=<
y;‘;g‘} (Way, 21 — 22)Way, em”)qf( ) 24)
(4.2)
and
(\Il(yaa(; H ® ya,Qa J))(wa2 ® wa’ ; Zl’ 22 + 7—' T)
32‘!3 42“1 a4a3 a2a
SIDIDIDID I L
a3€A i=1 j=1 a4€A k=1 =
al; H H 4
F (Vi @ Vo) i 3<y25a< ) ® 013 (VEY)) -
) 3 4 ) 5 3
PV ® o (V) Vsion ® Vsl -
a T2 a4; Tiz L(0)— =
E(Trwa:‘yajc’z(gsk( (62 ' 2)ya;ag3(wa27 21— Z2)wa'2, 62 ! 2)(]7-( ) 24) .
(4.3)

In particular, for any a1,ae € A, the maps from || W @ W% to the

B az€A
space of single-valued analytic functions on M? given by

fwag(gwaf3 — (‘I’(y,%l’,p ®ya2a q))(wa3®wag;z1,z2—1;7'),
wa3®wa§3 = (ql(ysélyl ®ya2a ]))(was®wag;'z1722+7—;7-)

! .
for we, € W and Wy, € W are in Fi.

Proof. Using the definition of W( iy @VED

aga 3q

properties ((2.9) and (2.10) in [H10]) and

), the genus-one associativity
V(we,, 2)wy, € z2W= [z, 2], (4.4)

where

A(y) = has - hul - haza
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we obtain

(V2D @ YO ) (wa, @ way; 21, 20 — 157)

aga 3q

oy E (Tl"wtu ygél,p(U(€2m(22_l)) -

2 1 L(0)— 5
'ygw’z;q(wawzl (22 = 1))w, mi(z2= ))QT 2
Nilag Nota

ai; a; az;(4
Z F 1(ya;17p ®ya2a q’yﬂ?la& ®ya3a(17.)7)

-

az€A i=1 j=1
B (True VLU g, 27
;;(14’3( (627”(22_1))111“/2, eZm’(zz—l))qf(O)_ 207)
N521a3 N:'jal
- F- l(yg;i D ® yaza q? yg;:l?n ® )}53(’1(142)
azeA =1 j=1
B (Touye ViU Y 255).
:’23(,1(143( (6727ri 627rz'z2 )wag , 6727rz' e2m’z2 )qTL(O)_ 2%)
Nilo, N:’jal
— ¢~ 2millag —hay) =1 (o1 2 ® Voot o5 y;‘;;s, ® y;‘j,;m)
az€A i= j=1

azag
§ : —27i(hagy —haq) a1 a1;( as;(
€ 3 ! F (yaaq P ® a2a2 q’ ya2a3 3 ® ya 2013 j)

a1;(3 a3;(4 a1;(5 a4;
> PO @ Y Vi 0 D)

B (Trwe: Yo S U(e) -

a4;(6) 2mizo L(O)_ﬁ
.ya2;4,2;l (wa2,’z1 - ZZ)wa’Qae )qT ’
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proving (4.2).
aly( )

The proof of (4.3) is more complicated. Using the definition of ¥ (Vaa;;p ®
Vesia

L(O) -conjugation property, the property of traces, and (4.4),

), the genus-one associativity properties ((2.9) and (2.10) in [H10]), the

(@ (yg‘h’p ® ya;(f)q))(waz ® Wa s 21,22 + T; T)

—FE (TI‘Wal ygéi;p) (u(627ri(22+fr)) .

VU (2 — (2 + T))Wa, eQm(zz”))qTL(O)_i>

a2a4;q

2 . 2 ; az;(4
= ' Z e l(yaclbi(zln ®ya22)q’ (ya;a 1) 13( a'sza(l’z))

GSEA =1 _7:1
B (Trwes 0 (V5 U Yo, 2759)
013 2’32(;(2)( (eZWi(ZHT))wa,?,ezm(zerT))qTL(O)*ﬁ)
Nay Nabay
H 2 ) H 4
= FH(ymit) ®ya2§z)q, (yaja 1) o3 Z,;a(l;;)).
a3€A i= j=1

1
B Trres 020 (V) W Yy 27

; ; L L0)—&
-o13( 251’1(14;;)(1/{(‘]762"1”)11}@/2, qTe27rzz2)qT( ) 24>

- S Pigm g Vi o (Vi) ® (V) -
=1

B (Trwal o (V) U (5 Y, 2755
.qf(ﬂ)— 21 13 ( a'z;(4)') (u(e2m’z2 )wa,2 ’ 627m'z2)>

asa1;j

_ 1(yar;(1) a;(2) | az;(3) a2;(4)\y .
- 24 - Z e yaal(ap ®ya2a i 3(3}@;@’1;1') ® o13( aéduj))
a3 € 7

.E (Trwag 13 (yalz;(4)_) (u(627rz'z2 )wa,2 , g2miz2 ) -

agza1;]

o (VU Y, ) O 75). (45)

azai;t

35



Using (2.22) in [H10], the relations o33 = 1, 093013 = 0123 and the genus-
one associativity, we have

E (TI‘Wa3 013 ( alz;(4).) (u(€27rizz)wa,2 ’ e27rz'22 ) .

asa1;j

O3 (ya’g;gfi)_) (u(eZWizl )wa2 ’ e2mizt )Q£(O)_ ﬁ)

aza’ ;i

=F (Trwa3 0-33 (0-13( th’z(;l,‘)y)) (u(627m'22),wa,2 ’ 627riz2) .

aj; T2 iz LO_QL
(Vo) U (e Yy, €750 )g; 5 )

i, %:(3 i ; — i
—¢ 27rzh,¢12Ev(Trvval3 ya3 s ).(Z/{(627TZZI)€7TZL(O)U)(12, e 27rzz1> .

a2ay;t

a30a1;]

093 (0'13 ( a’2;(4)')) (u(e%rim )eﬂ'iL(O) Wa e_zm'z2) qf(o)_ = )
= 6—27Tiha2 E (Trwalg yaé;g?)). (u(e—Zm'zl )eﬂ’iL(O) Way, e—27rizl) .

aza;i

0123 ( 232‘;(12) (U(e’%m)e”L(O)wag’ efzm'@)qTL(O)—ﬁ)

We now prove

a3;(3) —2miz1 \ ,miL(0) —2miz
E(Trwa yaga Z( (e Ye We,, € 1)

__cC

0123 ( af2;(4)')(u(eﬂ’rm)e““(o)wag,67%&2)#(0) ﬂ)

azai;]
- a3;(3) a2;(4) \. 1,43i(5) a;(
- F(ya;a.’l;i ® o123 (yagal;j)’ yafag ik Q@ yaQa l)

E(Tr y“f'*;E:,}C (U(e—%m)y;‘;;ﬁjg (e”L(O)waz, e (21 — 22)) :
'emL(O)wag, e—27riz2) qf(O)*f—zi).

(4.7)

To prove (4.7), we need only prove the restrictions of both sides to a subregion
of M} are equal. So we need only prove that

ya3,(3) ( (672m'z1 )eﬂ'z’L(O)wa?’ 67271'1'21) .

Wa3 a2 al 52
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0)—51

. I _ L .
0123 (yzf:t’l(:l,z) (u(e 27rzzg)e7rzL(0),wa,2, e 27rzz2) QT(

N FOEE) @ 01 (V) V0, @ Vet

a5a1;] asaysk azab;l

T VIS0, (U2 Y20 (7O, 7 2y = )
e —2mi L(0)— <&
e zL(O)wag’e 2 m)qT( ) 24>
(4.8)

holds when |g,| < |e2™%2| < [e7?™#1| < 1 and 0 < |e?™(-21+22) — 1] < 1.
From the genus-one associativity ((2.9) in [H10]), we see that in this region
the left-hand side of (4.8) is equal to

a4as “2“2

a i(3 ) a2;(4)y. v,a5:(5) aq;
Z Z Z a23a ) (ya[jal;j)’ya:agk@y;a l)

as€A k=1 I=1

Tr o a’3,(5) (Z/{(e_sz2)ya4;s6.) <€mL(0)wa2: (_Zl + Z?)) :

azay;l
'GML(O) Wy e—27rz'22) qf(o)_ 21 )
(4.9)

Now in this region, because |e™2™#2| < |e 2™ | the imaginary part of z;
must be bigger than the imaginary part of z5. Thus z; — 25 is in the upper
half plane. This means that arg(z; — 22) < 7 and arg(z; — 22) + 7™ < 2.
So we have arg(—(z; — 22)) = arg(z; — 22) + 7. Now for any n € C, by our
convention,

(_Zl +Z2)n nlog(—z1+22)
nlog(—(z1—22))

n(log|—(z1—22)|+iarg(—(z1—22)))

n(log(z1—z2)+mnt)

(&
(&
6
= et n(log |(z1—z2)|+i arg(z1 —22)+mi)
6

e (21 — 22))".
This shows that indeed when |g,| < [e72™#2| < |e72™1] < 1 and 0 <

|e?mil=z1t22) _ 1| < 1, (4.9) is equal to the right-hand side of (4.8) and (4.8)
holds. Consequently, we obtain (4.7).
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Using (2.22) in [H10] and the L(0)-conjugation formula, we have

E(Trwa yaga(5) ( (67271'1'22)\)}@4;E§) (em'L(O)waZ, em’(zl . Z2)) .

agay ik azai;l
: “omiza ) DO
-eML(O)wa’Q, e 7TZZ2) gr 24

— Mha‘lE(TI‘ a3ya3, (5) ( (627riz2)e—m'L(0) .

asazik
y;l;agﬁg ( Oy, () — 22)) em‘L(o)wa,2 ’ 627rz'zg> qTL(O)*ﬁ)
= “"“4E(Trwa3yaf(;353€( (62“22)3/;‘;;263 (Way, 21 — 22)Way, €2 g7 ©- 24)
(4.10)
Combining (4.5), (4.6), (4.7) and (4.10), we obtain (4.3). |
For a1, as,a € A, we define

(V) @YE ) [T w=ews - G, (4.11)

azcA
BEYa @V ) : [T w=ews — G (4.12)

azcA

(a(T V2D © YD 1)) (wey ® war)
_ { (TVEY & VO V) (way @ wa; 21,20 — 1;7)  as = a,

aaly;q

0 as # s
BV ® Vi) ))) (way @ way)
= { (\IJ( g&i,p ® y ’(2) ))(wGZ ® ’U)a 21y %2 + 75 T) a3 = ag,

a2ay;q

0 az # ap
for az € A, wa, € W and wy, € we'.
Proposition 4.4 For ai,as € A, we have

(V) © Vi)
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a; N
Nagay ~ azay
—27Tlha2 Z Z Z
a4€A k=1 I=1
(B 00y @ re Vg, onVnii) ® o)
(\I’(y;i(’l(jk &® ys;é l))(wa2 ® Wal,5 21, 225 7—) (413)

and

BVl @ Vi)

a a

No1 NOP N4,
agag ~ @hay a4a3 agal,

AP IPIDIDIDID e

az€A =1 j=1 a4€A k=1 I=1

quomﬁ>®mxy“”)o3o%*h®a 2

a2a4;] a2a7;3t

.F(yas:( ) R0 23( 027(4.)'); yaa, ® yu4y )

aza ;i a’ 301;] a4a ik azab;l

.(\Il(yaa,(S) ® ya4,(6 ))(wa2 ® Wals 21, 22 7')

agasz;k azay;sl

Proof. Using the definitions of o and

(Tl @ yul

Za q))(wa2 ® walz; 217 ZQ; T)’

(4.2) and Proposition 3.1 in [H10], we have

(a(TVED @ Y5O 1)) (way ® way; 21, 203 7)

2aq
= (V(Vuil) @ il

a

yal q))(w,12 ® Wy 21,22 — 1;7)

N%1
aza3 “2“1 0401 “2“2

I35 35 95 I SR

acA i=1 j=1 a4€A k=1 I[=1

FHYm0 @ Vil 1Y) @ Yy .

a: ai;]

FVisiss ® Vrasss Vi © Varit)

aalj’ zal
B (Trwe Vi, U (e2)

.ya4i(6)

asal;l (wa2’ A1~ 22)wa12, €
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y“,2;(4.)-)) .

a3ai;]

(4.14)

27122 )(]TL(O) - 267 )



acA =1 j=1 a4€A k=1 I=1
Fop(Vailh) ® on(Vesd) ); o1a(Venich) ® o1a(Verich)) -
.o 2mi(hay—ha; —hay)
F (Vi) © 0nVl)) 0n(Vail) © o)
B (Try Vo) () -
Vet 21 = g )l )

as€A k=1 I=1

- ai; 2 a1;(5 a4;(6
(BU)2(012(VD) ® 012(VED s 002(Veih) @ oo (D20)) -
(T(VeiC, ® VetioN) (wa, ® ways 21, 25 7),

proving (4.13).
Using the definitions of 3,

TV @ Vo) ) (way ® way; 21, 25 7),
and (4.3), we have
(IB( (yg(;i(l) ® yaza q))(wa2 ® waé; 21y 223 T)))(wa2a wa'z; 21, 22; 7_)
= ‘Il(ygéi P ® ytma q))(wa2 ® wa' 1 %215 22 + T, T)

(Ll G,3
Nagag “2“1 a4a3 “2“2

303035353 L

azs€A i=1 j=1 a4s€A k=1 I=

) @ Vi en(Vn) ® o)

205357 azal ;i ahai;j
Fois ® o Vi) Vel @ Vo)
E(Trwasy A (62”iz2)y¢?;&(’zs;g (Way, 21 — 22)Way, €72 ) g7 (0)*ﬁ)
Najas N::“l Najag

DI DI ISP Z s

az€A i=1 j=1 a4cA k=1 I=1
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Fon(Vai®) © o) ); 01 (Vi) ® a1 (Vi) -

a20y;] 11211 52 aza1s]
) 3 ) 4 . 1 )
F50 © s (VL) Vitih @ Vi)
(T (VenC) @ Vi) (Wa, ® way 21, 205 7),
proving (4.14). |
By Proposition 2.2 in [H10], fix any basis {Y5%i) | p = ., N2 } and

{ya2a’2;q) | q - 1’ Ngza }
(Y © Vil

for a;,a2,a € A,p=1,...,N3 and ¢ = 1,. ..,Ngw,z form a basis of Fi.
We use

"ol q))(wa2 ® War; 21, 22; T)

a as; a ,6
( (ya(;,p ® ya2a q) (yajag ik ® ya;a( l))
and

BU(Veri) @ Vi) ); W(Verith @ Veri)))

a2a4;q
to denote the matrix elements of o and 3, respectively, under the basis
(yg(ii,p ®ya2a q)
and
HE (6
V(D5 ® Vanid)-

Corollary 4.5 The matriz elements of o and [ are given by

(¥ (V) @ yu0) ) g (Yt @ yreidy)

2(1, iq aza il
— 5(13(116 271'zha2 .
_ ai; 2 a1;(5 a4;(6
(B (012(VeiD)) © 01 (VED ); 012 (Vi) @ o1a(Vesil))
(4.15)
and
2 ;(5 ;(6)
BEYu) @ Vi ) BVl @ yuui))
Nila, stal

e—27riha2 § : § :em'h% .
i=1 j=1

F(o(VaD) © 012V ); 0155(Veri)) ® cian (VD)

FE) @ o (VE0); V0, @ yisilo) (4.16)
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Proof. This corollary follows directly from the definitions of the matrix el-
ements and the formulas (4.13) and (4.14). |

For a € A, we define an action of modular transformation S on Fi; as
follows: Fora; € A, k=1,...,N* and w, € W, let

aal

S(YV)(we; 7)) = \Il(y)(<_l)L(O)wa;—l)

T T
) 2 1 L(O) :Z _<
= Trye) (u(e—2M:) (—;> wa, e 2% | "0,

Here we have used our convention

L)
(J) _ (o= 1)L(O)

T

Note that by the modular invariance of genus-one one-point functions proved

in [H7] (see Theorem 2.4), S(¥(Y)(u; 7)) is indeed in Fi,;. Thus we do obtain
maps S : Fi1 — Fig-

For a € A, this action of S on F,; can be extended to an action of S on

Tio- For intertwining operators Y, and ) of types for intertwining operators

of types ( wel ) and (

Wawer , respectively, we define

Wa
Wa2Wa’,2)
(S(Y(V1 ® V2))) (Wa, wars 21, 225T) = 0
when a # ay and

((S(T(V1 © 12))) (Way, Way; 21, 223 T)
_ E(Trwalyl <U(e—2m'%2) <_l> "

T

—omit2 L(0)— o5
_yQ(,wale _ Z2)wa,2’e 2mi =2 >q (0) 24)

=F (HWGI y1 (Z/{(EQWizTZ) .

1\ “©@ 1 1 1\ “©@ ,22
> (<"> e <"ZQ)) (“) AL
T T T T
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We have:
Proposition 4.6 We have the following formula:

Sa = 8. (4.17)

Proof. We have

(BS(W(Veti}) © Vi) ) (way ® ways 21,293 7)

= (ST (Vi) ® Vi) ))) (Way @ way; 21, 25 + 73 7)

e/ 1\ PO
= bttt (1)

T

_9 Z2+T L(O)_L
.yg‘2a/2;q(’wa2, 21 — (22 + ’r))wag’ e T ——— 24

- F (TrWal Var o <u(e27”'<?1>) .

. 1) “© 1 1
'yaza'2§(1( (_;) Was, T 21— (_;ZQ - 1) ) )
1\ X .
. <—;> walzae%”(_i_ )q f > )
© 1\ £O)
—_ ait, 1(2) .
-0z o) (((5) ) e (7))

- oo ey (1) w) o (1) ws)

= (S(( ¥4} 05.0))) (Way, Way s 21, 225 7).
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Thus we obtain (4.17). |
For fixed a € A, we know that (Ve

wit)) for a; € A form a basis of Fiy
and there exist unique S(YVei')

aa,p ,yj;; i)) in C for a1,ap € A, p=1,..., NS
and k=1,..., N2 such that
& @
SR = DY svalvedewe).  (41s)
as€A k=1
Clearly we also have
2 | it @) o i)
( (ygéi(,zl) ® ya;a '] Z Z S g(ii HY ; a(:;;, ik ) (ya(:;;;k ® ya;a’ 'q)
az€A k=1

for ai,a9,a3 € A.

The following theorem is a generalization of Theorem 4.6 in [H10]

Theorem 4.7 For a,,as,a3 € A, we have

‘7'4”'1

ai; 3 a
Z S a,4a(1 k’y 5(5) )

asas;m

(B e o Voo Vo) © 02000)

azal;l

Na
Nagag Nagas ~ o

DI ID I

ac;(6) Y |
azai;p’? yasl’ls;r)
ag€A r=1 i=1

F(O Q(yggée;r) ® 012();223(;( 21)
ax3(7) a2;(8)y . ~1a53(5) aq;(4
.F()}a:a y Ko 23( a’:a(a;;')’ yaS QY 4 )

aay;k azal;l

Proof. This follows from (4.17), (4.15) and (4.16) immediately

0123()];15;25 2) () 0132( a2;(8))) .

! o7
a506;]

(4.19)

|
Corollary 4.8 For ay,as,a3 € A, we have

S (B (o (Ve ® 012(3’2; q) Vatest © Varasy))
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a a
Z ya;t’zgyp’ya:&m ) -

F(o(V29) @ o1 (V) ) V220 @ Ve, ) -

azal;q
(yggaz,l ® ya’el; eel ®ya2a2, ) (420)
Proof. This follows immediately from (4.19) by taking ay = a5 = e. |

Lemma 4.9 For any a € A,
F(yga’;l & yg’le;l’y e;1 ®yga’;1) =1

Proof. Note that J¢,., =Y is the vertex operator map for the vertex oper-
ator algebra and Vg, = Y. is the vertex operator map for the V-module
We. For u,v € V, w, € W and wy € W®, we have

(u ee; 1(y§a’;1(wa: 21— ZZ)wa’a ZZ)U)
= (u, Y (Vg1 (Wa, 21 — 22)War, 22)0)
= (='W, Y (v, —29) Vg1 (Wa, 21 — 20)war) (4.21)
in the region [23] > |21 — 22| > 0. Since Y, is an intertwining operator,
we know that the product of Y and ), satisfy commutativity. Thus the

analytic extension of the right-hand side of (4.21) to the region |z; — 25| >
|zo| > 0 is equal to

(ezQL(l)u, ;a/;l(wa: 21 — 22)Yiyar (v, —20)war)

= (u, el a1 (Was 21 — 22) Yo (v, —20) Wy ) (4.22)

Using the L(—1)-conjugation formula for intertwining operators and the def-
inition of the intertwining operator y 1, We see that in the region given by
|21 — 2] > |22| > 0 and |21| > |z2| > 0, “the right-hand side of (4.22) is equal
to
(u, yga,;l(wa, zl)e”L(_l)YWa:( —29) Wy )
= (u’yga’;l(wa’Zl)yael(wa"ZQ)U) (423)

Thus we see that the left-hand side of (4.21) can be analytically extended
to the right-hand side of (4.23). Since the left-hand side of (4.21) and the
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right-hand side of (4.23) are well defined in the regions |zo| > |27 — 23| > 0
and |z1| > |z2| > 0, respectively, they are equal in the intersection |z;| >
29| > 21— 22| > 0. By the definition of the fusing matrix element F'(Vs,., ®

yae 13 Veern ® Vegr1), We see that it is equal to 1. n
We also have:

Lemma 4.10 For any as,a3 € A, we have

as; as; 2 as; asz, 2
F(on (Ve @012 (Voo ); Ve, a®Viupa) = (0102(Vizis)), o12(Veni ) oy
a2a5

Proof. This follows directly from (3.3) in [HK]. |

For ai,as,a3 € A, let

Fuy
Wt = s e
a1 as
where (-, - ‘)yes,. 1s the bilinear form constructed in [HK]. Then Proposition

3.7 in [HK] actually says that (-,-)ygs, s invariant under the action of Ss.
Now for as, az € A, we choose

a3;(2) _ ';a53(6)
Vazai = o13( i )
fori =1,... N;,’za,, where {y i, Sl i=1,...,N2, } is the dual basis of
372 172
Vit 11 =1,...,Ng2, } with respect to the blhnear form (-, -)yes .

ajas
The following result generalizes (5.15) in [H10], which, as was shown in

[H11], is equivalent to the nondegeneracy of the semisimple ribbon (tensor)
category of modules for V:

Theorem 4.11 For ai,as,a3 € A, we have

SVasaspi Vasasr)
FCL Se ai, ,CL2, a1 z
e (B (012(Vetih) @ oasa( dya) (f)) Varest ® Viazit)-

Fa1 Fy,
(4.24)
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Proof. By Lemma 4.10, we have

F(o2(V29) @ 01 (V52)); V21 @ Ve )

a2al;q

as; a ,2
= (01220, 012 (Vo)

ﬁs
\/% (013 (Vi) Vet e,
s ahas
Fa2 F”’ . .al
- %(m()’;‘i&‘ﬁl), 13Vt ),
aj :

ahas
N Fo,/Fu Vgl
= azi(ygszéz’)r’ ,, QI,FG))V%

\/m a3a3;q /Vazas
_ V Fa2 vV a2 \/ a,z
\/ Fa’3 \/ a3 \/ az

F,,

=25, 4.2
Fa3 q ( 5)

/
a
3
Ve,
agay

; 55(2)
yggza(fr) 012 (y;?a'z;q))vag

agag

a 7a276
(Vi) V)

(130,2,(]

where in the last step, we have used the fact F, = F, for a € A. Using
Lemma 4.9, (4.25), the formula S® = l‘f—e and (4.20), we obtain (4.24). 1
ay

Lemma 4.12 For a,,as, a3 € A, we have

S(oas(VeriD); 025 (Vi) = S(Vaiilh): Yezi®)). (4.26)
Proof. By (4.18) and the definition of ¥} . we have
1\ £ N\ Lo
Trwe: Viii) ( ?) way, e | 07

a
llll

6 2 omizy  L(0)— 51

= Z 010 s IO Trpyn V2O (U (7 Yy, 27 gy 20,
a2€A r=1
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On the other hand, we have
. -2 1 L0) Sz L(0)— &
TrWaly:;(’z(ll;; (u(e—%rz;) <__> wa37€_2M; q,(l) *
2 (va1;(1) —omiZ 1\ —omiz | L(0)—g
= Trya 093 (ya;(’q;p) u(e T ) - Weg, € 19 1

e ) 1\*© 2\ L(0)—%&
= Trwery 023 (VL)) [ U (e2™7)e ™ O (——) N

T =
NgZa,
=D > Slomailh); omVei)) -
as€A r=1
as; —2Tiz\ ,—T1% —2miz LO_2L
Tr(waryoas (VO U (e7%)e ™ Oy, =277 g, O 50
NgZa,
=D Y Slomailh); omVei)) -
as€A r=1
a2;(6) 2miz 2Tz L(O)_QCT;
Trywes Yozonn U™ )wa,, €)gr . (4.28)
From (4.27) and (4.28), we obtain (4.26). |

The following result is a generalization of Theorem 5.6 in [H10]:
Theorem 4.13 For ai,a9,a3 € A, we have
1;0/2;(6)_ "a5(1) _ a1;(1) . yraz2;(6
S( agahsr Y agalp ) - S(yazsla(u;ﬂ ya:?ag;;)' (429)

Proof. From (4.24), we obtain

S(y’§a,2;(6) . y’§a11;(1))

agah;r )Y ahal;p
F, Se " ,
_ 3~e (=1)\2 1a5;(6) a1;(1) . 1)%2 e
N Fo Fy, (B7) (o2l agay;r )® 0132(ya3a1;p)’ ape;l ® yala'ﬁl)'

(4.30)

Using (3.1), (3.5), (3.12) in [H10], the relations 0%, = o123 = 012093,
0123012 = 0132093, 0120132012 = 0123, 0120123012 = 0132 and h, = hy for
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a € A, we obtain

(BCD)? (o1 a;a;;(r)) ® 0132 (Viri )3 Vi ® Verar1)

a4 Na2
a2a1 a4a

) 5( ) H u 5 H 4
=Y ¥ Z Vit D) ® 1o (Vaail); Vorid') @ Vi) -
as€A k=1 I=1

—2mwi(ha,—h.1 —hg ) !
e i(hay al, I)F (yaz ® ya4a143€, ya el ® yglal, )

agal;l
!
N% NP2,
ahal  agal )
_ 6727rz(ha4fha/27hal) .
as€A k=1 I=1

F(o73 (Vi) @ 0123(012(ya’a;2(f))); 0123(3754;(1439) ®0 32()7;5&233)) :
Q33 aq;(4 e
F(onVeh) ® oVl on,,) © 0V u)

!
a
NOt N2,
ahal  agal )
_27rz(ha4—ha/2—h,a1) .

e

F (0%, y:z;a ) ® 0123(012( V0 )); o123 (Vi) © oasa (Vi)
-F(o132(012( 14’(.)))®0123( (yaz,(?:)))

asaisk qa7;l

0123 (012 (Veyug0)) ® 0102 (012 Vi)

N4 NO2
agal a4a&
_ e—27rz hag—hgy —hay)
as€A k=1 =1
; i(4 5:(3
.F(g 132 yg;él p) ® 0123(012( o 52(7))); 0123( :11’;1(’1(1,36) & 0132(3},?:;1;2)) )
/.
B 1(012(0132(012( ;/4(’1(1436))) ® 012(0123(012(37:5;233)));
!
012(0123(012()@1% ))) ® 012(0132(012(37;:226;1))))
N4 N2
agal a4aa

Vol . 6
F(012(023 yéf;,;l p)) ® 132 (023 ( afj:;;(,«)));
d,eA k=1 I=1

; ab;(3
o123( ;Ma(l L) ® 0132(yafa2;2)) .
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.6—27Ti(hail—hafl —ha2) .

'F71(0'123( 5’4(;1(14'34:) &® 0132()}%;(3)). ya e;l ® yg2a27 )

agaf;sl

= (BOYY(012(025 (Vi) ® 015(02s (Vi )i Vetesy ® Ve)-
(4.31)

Substituting the right-hand side of (4.31) into the right-hand side of (4.30)
and then using (4.24) and (4.26), we obtain

S(y’;aé;(ﬁ')_ y’;a’ll;(l))

311,2,1‘ ? aSal;p
F Se
- ai; ’u !(6)
:3F; (B! 1))2(012(023(ya31a1 ) ® 0132(093(V, Lalir )); et © Vaayi )
1 2
= S(o(Vazin); o(Vezish)
= (Ve Vazilh)- (4.32)

We now prove the modular invariance of the conformal full field algebras
over V@V constructed in [HK] (see Section 2) for V satisfying the conditions
in the preceding two sections.

Theorem 4.14 The conformal full field algebra over V®V given in Theorem
1.8 is modular invariant.

Proof. By Theorem 3.8, we need only verify (3.19). In this case, A =
AR = A and we can identify the set {1,..., N} with A. The map r’ as a
map from A to A is the identity map and the map # as a map from A to A is
the map '. Using the basis of the intertwining operators that we choose in the
constructlon of the conformal full field algebra over V ® V , for a;,as € A,
we have ™10 = = d;j. So in this case the left-hand side of (3 19) is equal to

a1,a2;t,]

N
Ngd,

a1 a2 - al %3
2.2 Z 015 Vaassi Vaaus) S~ Va3 Vet 1)

a1€A i=1 j=1

aal

. —1/qy8) | ~9ah
o Z Z S a’a’ k’ a'a) Z)S (ya’all;i’ya’algﬁl)

a1 €A i=1
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= 50.'2 aly 5kl

= > Okt (4.33)

ag€(rt)~1(a2)N(r)~1(a3)

which is indeed equal to the right-hand side of (3.19). By Theorem 3.8, the

conformal full field algebra over V' ® V' is modular invariant. |
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