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1. What are symmetries?

Symmetries are properties that are invariant under the action of 
groups. So symmetries are described by groups.

In quantum theory, states are given by vectors of Hilbert spaces. If 
there is a symmetry of the theory, the state spaces must be 
representations of the corresponding group.

All such representaions of the group form what mathematicians 
call symmetric tensor categories.

Tannaka-Krein reconstruction theorem: Any symmetric tensor 
category satisfying some additional natural properties is the tensor 
category of representations of a certain group.

Therefore, such tensor categories can be used to replace groups 
and symmetries can be described by such symmetric tensor 
categories.

New symmetries: New types of tensor categories.

Examples: Braided tensor catogories, modular tensor categories 
and so on.

Instead of groups, different types of algebras give these new types
of categories, that is, the categories of representations of these 
algebras are such categories. 



Examples: Quantum groups (certain algebras, not groups), 
conformal nets (certain operator algebras in the traditional sense) 
and vertex operator algebras (not operator algebras in the 
traditional sense).

These algebras should be viewed as new types of symmetries.

More structures for vertex operator algebras: The categories of 
representations of suitable vertex operator algebras are what we 
call vertex tensor categories. 

Vertex tensor categories give braided tensor categories. 
Semisimple, rigid and nondegenerate vertex tensor categories 
give modular tensor categories. 

Vertex operator algebras give a new type of symmetries that have 
rich structures. They incorporate the moduli space of Riemann 
surfaces naturally into their structures.

Question: Can the topological order introduced by Xiao-Gang 
Wen be described by the breaking of such new type of 
symmetries in a certain sense?



2. What is a vertex operator algebra?

Vertex operator algebras are analogues of both commutative 
associative algebras and Lie algeberas

Commutative associative algebras: 

A vector space:        
Multiplication:
Identity: 
Associativity:
Commutativity:
Identity property:
Distribution property: 

Examples:
  
(i) The space                         of polynomials in

(ii) The space of functions on a manifold, e.g., space-time.

Lie algebras:

A vector space:
A Lie bracket: 
Skew-symmetry:
Jacobi identity:

Distribution property:



Vertex operator algebras:

Analogues of both commutative associative algebras and Lie 
algebras. 

A vector space:

   
  
Vertex operators:

A vacuum:

A conformal element:

  satisfying the following:

  Properties for the vacuum:

Associativity (meromorphic operator product expansion):

  





Commutativity:

 Properties for the conformal element or the stress-energy tensor:



Geometric meaning of vertex operator algebras:

Vertex operator algebras are meromorphic representations of the 
algebraic structure given by the moduli space of Riemann sphere 
with punctures and local coordnates.



Examples:

(i) Trivial examples: Commutative associative algebras

(ii) Free boson:



(ii) Wess-Zumino(-Novikov)-Witten models (affine Lie algebras):





3. Representation theory:

Modules for a vertex operator algebra V:

Examples:

(i) Free boson:



(ii) Affine Lie algebras:

Intertwining operator algebra: The algebra of the direct sum of all 
irreducible modules for a vertex operator algebra.



Intertwining operator algebras give field-theoretic description of 
nonabelian anyons:

Intertwining operator algebras can also be used to give the 
fractional quantum Hall wave functions.



Theorem [H]: For a vertex operator algebra V satisfying certain 
semisimple and finiteness conditions, the category of modules for 
V is a modular vertex tensor category. In particular, it is a modular 
tensor category.

Nonsemisimple representation theory and logarithmic conformal 
field theory:

Logarithmic conformal field theories arose in the study of disorder 
systems and in the study of dimer model, sandpile and so on.

Theorem [H]: For a vertex operator algebra V satisfying the same 
finiteness conditions but not the semisimple condition, the 
category of modules for V is a vertex tensor category. In particular, 
it is a braided tensor category.


