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Abstract

We introduce an associative algebra A>°(V') using infinite matrices with entries in
a grading-restricted vertex algebra V' such that the associated graded space Gr(W) =
L,.eny Grn(W) of a filtration of a lower-bounded generalized V-module W is an A*(V)-
module satisfying additional properties (called a nondegenerate graded A (V')-module).
We prove that a lower-bounded generalized V-module W is irreducible or completely
reducible if and only if the nondegenerate graded A*°(V')-module Gr(W) is irreducible
or completely reducible, respectively. We also prove that the set of equivalence classes
of the lower-bounded generalized V-modules are in bijection with the set of the equiv-
alence classes of nondegenerate graded A*°(V')-modules. For N € N, there is a subal-
gebra AN (V) of A®(V) such that the subspace Gr™ (W) = ]_[27:0 Grp(W) of Gr(W)
is an AN (V)-module satisfying additional properties (called a nondegenerate graded
AN(V)-module). We prove that A™ (V) are finite dimensional when V' is of positive
energy (CEFT type) and Ca-cofinite. We prove that the set of the equivalence classes
of lower-bounded generalized V-modules is in bijection with the set of the equivalence
classes of nondegenerate graded A" (V)-modules. In the case that V is a Mobius ver-
tex algebra and the differences between the real parts of the lowest weights of the
irreducible lower-bounded generalized V-modules are less than or equal to NV € N, we
prove that a lower-bounded generalized V-module W of finite length is irreducible or
completely reducible if and only if the nondegenerate graded AN (V)-module Gr™¥ (W)
is irreducible or completely reducible, respectively.

1 Introduction

In the representation theory of Lie algebras, the universal enveloping algebra of a Lie algebra
plays a crucial role because the module categories for a Lie algebra and for its universal
enveloping algebra are isomorphic. For a vertex operator algebra, there is also a universal
enveloping algebra introduced by Frenkel and Zhu [FZ] such that the module categories
for these algebras are isomorphic. Unfortunately, the universal enveloping algebra of a
vertex operator algebra is not very useful since it involves certain infinite sums in a suitable
topological completion of the tensor algebra of the algebra. On the other hand, the classes
of modules that we are interested in the representation theory of vertex operator algebras



and two-dimensional conformal field theory do not involve such infinite sums since the vertex
operators on these modules are lower truncated when acting on elements of these modules.

Instead, in the representation theory of vertex operator algebras, we have the Zhu algebra
A(V) introduced by Zhu in [Z] and it’s generalizations A, (V') for n € N by Dong, Li and
Mason in [DLM] for a vertex operator algebra V. These algebras can be used to classify
irreducible modules for the vertex operator algebra and to study problems related to different
types of modules. But compared with the universal enveloping algebra of a Lie algebra, the
role of these associative algebras played in the representation theory of vertex operator
algebras is quite limited. For example, the module for one of these associative algebras
obtained from a suitable V-module in general do not tell us whether the original V-module
is irreducible or completely reducible.

In the present paper, we introduce an associative algebra A° (V') using infinite ma-
trices with entries in a grading-restricted vertex algebra V. The associated graded space
Gr(W) = [1,en Grn(W) of a filtration of a lower-bounded generalized V-module W is an
A>(V)-module with an N-grading and some operators having suitable properties (called
a nondegenerate graded A>(V)-module). In fact, the algebra A>(V) is defined using the
associated graded spaces of all lower-bounded generalized V-modules. We prove that a lower-
bounded generalized V-module W is irreducible or completely reducible if and only if the
nondegenerate graded A (V')-module Gr(W) is irreducible or completely reducible, respec-
tively. We also prove that the set of the equivalence classes of irreducible lower-bounded
generalized V-modules is in bijection with the set of the equivalence classes of irreducible
nondegenerate graded A*(V')-modules.

We show that A(V) in [Z] and A,,(V) [DLM] mentioned above are isomorphic to very
special subalgebras of A>(V'). This fact gives a conceptual explanation of the role that these
associative algebras played in the representation theory of vertex operator algebras.

We then introduce new subalgebras AY (V') of A*(V) for N € N. These subalgebras can
also be obtained using finite matrices with entries in V. In the case that V' is of positive
energy (or CFT type) and Cs-cofinite, we prove that AN(V) are finite dimensional. The
subspace GrN(W) = [[2_, Grn(W) of Gr(W) of a lower-bounded generalized V-module W
is an AN (V)-module with some operators having suitable properties (called a nondegener-
ate graded A" (V)-module). Wer prove that if a lower-bounded generalized V-module W is
irreducible or completely reducible, then the nondegenerate graded AN (V')-module Gr™ (W)
is irreducible or completely reducible, respectively. We also prove that the set of the equiva-
lence classes of irreducible lower-bounded generalized V-modules is in bijection with the set
of the equivalence classes of irreducible nondegenerate graded AN (V')-modules.

In the case that V' is a Mobius vertex algebra so that a lowest weight of a lower-bounded
generalized V-module is defined, under the assumption that the differences between the real
parts of the lowest weights of the irreducible lower-bounded generalized V-modules are less
than or equal to N € N, we prove that a lower-bounded generalized V-module W of finite
length is irreducible or completely reducible if and only if the nondegenerate graded A™(V)-
module Gr™¥ (W) is irreducible or completely reducible, respectively. When AN (V) for all
N € N are finite dimensional (for example, when V' is of positive energy (or CFT type)



and Cy-cofinite), we prove that an irreducible lower-bounded generalized V-module is an
ordinary V-module and thus every lower-bounded generalized V-module of finite length is
grading-restricted. In this case, under the assumptions above on V', lowest weights and N, a
lower-bounded generalized V-module W of finite length or a grading-restricted generalized V-
module W is a direct sum of irreducible ordinary V-modules if and only if the nondegenerate
graded AN (V)-module Gr™ (W) is completely reducible.

Many of the main results mentioned above need the construction of universal lower-
bounded generalized V-modules in [H3] and some results from [H4].

The category of lower-bounded generalized V-modules and the category of nondegenerate
graded A*(V)-modules are not equivalent because of morphisms, but they are “almost”
equivalent. We shall study the relations between these categories, the category of lower-
bounded generalized V-modules of finite lengths and the categories of graded A" (V')-modules
for N € N in another paper.

This paper is organized as follows: In the next section, we introduce the associative
algebra A>°(V') associated to a grading-restricted vertex algebra V' and prove that the as-
sociated graded space Gr(W) of a filtration of a lower-bounded generalized V-module W is
an A*(V)-module. In Section 3, we introduce graded A*(V)-modules and prove the results
mentioned above on the relations between lower-bounded generalized V-modules and non-
degenerate graded A (V)-modules. We show that the Zhu algebra and their generalizations
by Dong, Li and Mason are isomorphic to subalgebras of A>°(V') in Subsection 4.1 and intro-
duce the new subalgebras A" (V) of A*(V) for N € N in Subsection 4.2. We also prove in
Subsection 4.2 that when V is of positive energy and Cy-cofinite, AN (V) for N € N are finite
dimensional. In Section 5, we introduce graded AY(V)-modules and prove the results men-
tioned above on the relations between lower-bounded generalized V-modules, lower-bounded
generalized V-modules of finite lengths and nondegenerate graded AY(V')-modules.

Acknowledgment I am very grateful to Darlayne Addabbo for noticing that an early
version of Theorem 4.2 (which has been corrected now) does not hold for the Heisenberg
vertex operator algebra.

2 Associative algebra A*(V) and modules

In this paper, we fix a grading-restricted vertex algebra V. Most of the constructions and
results work and hold for more general vertex algebras, for example, lower-bounded vertex
algebras or superalgebras. The constructions and results certainly work and hold for a
Mobius vertex algebra or a vertex operator algebra. For some results in Section 5, we shall
assume that V' is a Mobius vertex algebra.

Let U*°(C) be the space of all column-finite infinite matrices with entries in C, but doubly
indexed by N instead of Z,. In other words, U*(C) is the space of all infinite matrices of
the form [ay] for ay € C, k,I € N such that for each fixed [ € N, there are only finitely
many nonzero ag. Let I = [0] be the infinite identity matrix. Then U*(C) is in fact an
associative algebra with the identity /°°. The space U*(C) has a set of linearly independent



elements of the form Fy; for k,l € N with the entry in the k-th row and [-th column equal to
1 and all the other entries equal to 0. These infinite matrices do not form a basis of U*>°(C)
but form a basis of the subspace U§°(C) of U>°(C) consisting of finitary matrices (matrices
with only finitely many nonzero entries). In particular,

Ug*(C) = H CEy.

k,lEN

Moreover,

where []; ey CEp is the algebraic completion of Ug®(C) viewed as a graded space. Though
elements of U°(C) are infinite linear combinations of Fy; for k,l € N, any binary product
on U*(C) satisfying the distribution axioms is still determined completely by the product of
By for k,1 € N. For example, for the usual matrix product, we know that EyFE,., = 0imErn
for k,l,m,n € N. Let A = Ek,leN auEy and B = Zk,lEN bklEkh where akl,bkl € C for
k,l € N. Then

AB = (Z aklEkl> ( > bmnEmn> => <Z akmbmn> Ejn.

k,leN m,neN k,neN \meN

So even though Ej; for k,I € N do not form a basis of U>°(C), all the properties of the asso-
ciative algebra structure on U (C) can still be derived from the properties these matrices.
Thus we can study U*°(C) using Ey; for k,l € N, k < [. Also what we are mainly interested
is the subalgebra CI* @ Ug°(C) of U*(C). This subalgebra has a basis {/>°} U { Ej }x.ien-

Let U®(V) =V @ U(C). Then U>(V) is the space of column-finite infinite matrices
with entries in V', but doubly indexed by N instead of Z,. Elements of U (V) are of the
form v = [vy] for vy € V|, k,1 € N such that for each fixed | € N, there are only finitely

many nonzero vg,. Let Ug°(V') be the subspace of U>(V') spanned by elements of the form
v® Ey forv eV and k,l € N. Then

U(V) =[] Ve CEy
k,leN

and
U*(v)c [[ V®CEBu.

k,lEN

We shall denote v ® Ejy; simply by [v]g;. Then elements of U (C) can all be written as

Z [Vkt] ke

k,1EN

for vy € V', k,1 € N. As in the case of U*(C), we can study any binary product on U (V)
satisfying the distribution axioms using [v]y for v € V and k,l € N. We are also mainly
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interested in the subspace V&I G U (V) of U*(V). This subspace is spanned by elements
of the form v ® I*° and [v]; for v € V and k,l € N. Because of this reason, though we might
give definitions of products and related notions using general elements of U>(V'), we shall
study them using only [v]; for v € V and k,l € N.

We also need some particular formal series and polynomials. In this paper, we shall use
the convention that a complex power or the integral power of the logarithm of an ordered
linear combination of formal variables and a complex number, always means its expansion
in nonnegative powers of the formal variables or the complex number that are not the first
one in the ordered linear combination. For example, (x + 1)7*! for £ € N and (1 + z)"
for n € N mean the expansions in nonnegative powers of 1 and in nonnegative powers of x,
respectively. For k,n,l € N, we have

(1) Fnto1 = Z —k+n—-1-1 L En—l-m—1
m

meN
= Ty (2 + )7 4 Ry (o + 1) 7M7), (2.1)

where

kel " (—k+n—1-1\ _ el
Tk+l+1<<I+1) k+ ZI)ZZ< )$ k+n—l1 1

m
m=0

is the Taylor polynomial in 27! of order k + [ + 1 of (z + 1)7%™~I=1 and

i —k+n—1—-1\ 0 iom
Rk+l+1<<x‘|‘1) k+ ll): Z ( )$ k4+n—1 1

m
men+1+N

is the remainder of order k 4 [ + 1.
We define a product ¢ on U>*(V') by

uspv = [(uOU)kl]

for u = [ug), v = [v] € U®(V), where

(oo =Y Res,Thprpr ((x + 1)F (1 + 1)V (1 + 2)" Oy, 2)vn
n=~k

S p—
_ Z Z ( k +n l )Resxl'_k+n_l_m_1(1 + JZ)lYV((l + x)Lv(O)ukm l‘)Unl

n=k m=0

(2.2)

for k,1 € N. Then U (V') equipped with ¢ is an algebra but in general is not even associative.
Let O>°(V) be the subspace of U (V') spanned by elements of the form

l
Z Res,z ¥ "P~2(1 + )Y (1 + 2) 5 Ouyy,, )0y
n=~k




for u = [ug), v = [vg] € U®(V), p € N and elements of the form
[(Lv(=1) + Lv(0) + 1 — k)vw]

for v = [Ukl] S UOO(V)

The product ¢ on U>°(V') looks complicated. But as we mentioned above, though [v]y; for
v eV and k,l € N does span U(V), their infinite linear combinations give all the elements
of U* (V) and U*(V) can be studied using these elements. In particular, the product ¢ can
be studied using these elements. So instead of working with arbitrary matrices in U (V),
we use [v]y for v € V and k,l € N to write down ¢. For u,v € V and k,m,n,l € N, by
definition,

[u]km <& [U}nl =0

when m # n and

[k © [0] = Resy Thoprr ((x + 1) 7F ) (1 + 2)! [V (1 + 2)5 Ou, )] .

~ (—k+n—-1-1
= Z ( * tn )Resxx_k+”_l_m_1(1 + )" Yo ((1 4 2)2 Oy, 2)0] i
m=0

(2.3)

Since [u]gm © [Vl = 0 when m # n, we need only consider [u]g, ¢ [v]y for u,v € V and
k,n,l € N. By taking u = [u]g, and v = [v],;, we see also that the subspace O>(V) is
spanned by infinite linear combinations of elements of the form

Res,z " 7P=2(1 + o) Yy (1 + 2) 2 Ou, 2) o)y
for u,v € V, k,l,p € N and elements of the form
[(Lv(—l) + Lv<0) + [ — k)U]kl

forv € V and k,l € N, with each pair (k,[) appearing in the linear combinations only finitely
many times.

Let 1% be the element of U*(V) with diagonal entries being 1 € V and all the other
entries being 0. Then 1*° =1 ® .

We shall take a quotient of U (V') such that the quotient with the product induced from
¢ is an associative algebra and such that the associated graded space of a filtration of every
lower-bounded generalized V-module is a module for this associative algebra. To do this, we
need to first give an action of the (nonassociative) algebra U (V') with the product ¢ on a
lower-bounded generalized V-module.

We briefly recall the notion of lower-bounded generalized V-module. We refer the reader
to Definition 1.2 in [H1|, where a lower-bounded generalized V-module is called a lower-
truncated generalized V-module. Definition 1.2 in [H1] is for a vertex operator algebra V
but the definition applies also to a grading-restricted vertex algebra except that we have
to require the existence of operators Ly (0) and Ly (—1) satisfying the same axioms for



the corresponding operators coming from the vertex operator of the conformal element of a
vertex operator algebra. We also refer the reader to Definition 3.1 in [H2| for this notion
in the special case that V is a grading-restricted vertex algebra (not a superalgebra) and
the automorphism of V' is 1. Roughly speaking, a lower-bounded generalized V-module
is a C-graded vector space W = [, .. Wy equipped with a vertex operator map Yy :
V@ W — W/[z,x '] and operators Ly, (0) and Ly (—1) on W satisfying all the axioms for
an (ordinary) V-module except that for n € C, W}, does not have to be finite dimensional
and is the generalized eigenspace with the eigenvalue n of Ly, (0) instead of the eigenspace
with the eigenvalue n of Ly, (0). Module maps between lower-bounded generalized V-modules
are defined in the obvious way as in Definition 1.1 in [H1], not those defined in Definition
4.2 in [H4]. On the other hand, if we replace V-module maps in the results below by those
in Definition 4.2 in [H4], these results still hold. The notion of generalized V-submodule
of a lower-bounded generalized V-module is defined in the obvious way. A generalized V-
submodule of a lower-bounded generalized V-module is certainly also lower bounded.
Let W be a lower-bounded generalized V-module. For n € N, let

QW) ={weW | (Yw)g(v)w = 0 for homogeneous v € V,wt v —k —1 < —n}.

Then
Qn, (W) C Qyp (W)

for ny < ng and
W= JQ.m).

neN
So {2, (w) }nen is an ascending filtration of W. Let

Gr(W) =Y Gr,(W)

be the associated graded space, where
Grp,(W) =Q,(W)/Qn_1(W).

Sometimes we shall use [w], to denote the element w + Q,,_1(W) of Gr, (W), where w €
Q,(W).

Lemma 2.1 For w € Q,(W) and [ € N, Res, 2! 'Yy (z1vOv, 2)w € Q,_(W).

(O)v,xz) has weight —[. Then for homogeneous u €

Proof. The operator Resg, a5 'Yy (25"
v, (Yw)p(u)Resmml{lYW(:UQLV(O)U,xg) has weight wt v — p — 1 — [.  Consider the gen-
eralized V-submodule of W generated by w. Then (YW)p(u)Resmxlz_lYW(xg"(O)v,xz)w
is in this generalized V-submodule. Using the associativity for Yy, we know that the

generalized V-submodule generated by w is spanned by elements of the form (Yyy),,(@)w
for u € V. So (Yw)p(u)Resmxl{lYW(xé‘/(o)v,xg)w is a linear combination of such ele-
ments. But for homogeneous w, the weight of (YW)p(u)Resmxl{lYW(xg‘/(o)v, To)w is Wt u —
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p—1—1+wt w. So the elements of the form (Y ), (@)w whose linear combination is
(Yw)p(u)Resmxl{lYW(IQV(O)U, x9)w can also be chosen to be of weight wt u—p—1—I14+wt w,
that is, the weight wt @ —m — 1 of (Y ), (@) is equal to wt u —p — 1 —1. Since w € Q, (W),
(Yw)m(@)w = 0 when wt & —m — 1 < —n, or equivalently, wt u —p — 1 < —(n —1). So we
have proved that (YW)p(u)Resma:l{lYW(argv(O)U, zo)w = 0 when wt u —p — 1 <n —[. This
means that Res,z' ™'Yy (227 v, 2)w € Q,_;(W). |

By Lemma 2.1, the operator Resxxl_lYW(xLV(O)v,x) in fact induces an operator, still
denoted by the same notation, on Gr(W), which maps Gr, (W) to Gr,_;(W).

For v = [vy] € U*(V), where vy € V and k,1 € N, we define an operator ¥, w)(v) on
Gr(W) as follows: For to € Gr(W), we define

ﬁGT(W)(U)tU = Z ReSleikil}/W(.’L’LV(O)UM, x)ﬂ'GTl(W)m,
k,leN

where 7y, wy is the projection from Gr(W) to Gr;(W). Note that since to is a sum of
elements of Gr;(W) for finitely many | € N and for each [, there are only finitely many
nonzero vy, the sum over k and [ is finite. So Y¢yw)(0)w is indeed a well defined element
of Gr(W). In the case v = [v]y, and o = [w],, for v € V, w € W and k,[,n € N, we have

Derowy ([V]) [w]n = din[Res, 2™ Vi (2 O, 2)w)y,. (2.4)
In the case that v is homogeneous and w € Gr; (W), we have
Derw) ([0le) [w]i = [(Yw ) wt vai—p—1(v)w]k. (2.5)
We now have a linear map
Yerwy : U (V) = End Gr(W)
v = Vo) ().

Let @>°(V') be the intersection of ker ¥¢, ) for all lower-bounded generalized V-modules W
and A®(V) =U>(V)/Q>(V).
We shall need the following lemma:

Lemma 2.2 ForleZ, keNandmeZ, andv €V,

Ly(-1)+ L
Res, ' * 1Yy (xLV(O)< v 3{—:_ Tr‘:(O) * l)v,x) = 0. (2.6)

In particular, when k =0 and m = 1, we have
Res,2' Yy (22 O(Ly(—1) + Ly(0) + l)v, 2) = 0. (2.7)
ForleZ andv eV,

Ly(—1)+ Ly(0) +1
Res,z " 1Yy, (:ELV(O)( v )+k v(0)+ )v,x) = Res,z Wy (25 Op, ). (2.8)



Proof. Forl € Z, n € N and v € V, using the L(—1)-derivative property for the vertex
operator map Yy repeatedly, we have

L Ly(~1)+ L
m%Yw(ZELV(O)—HU,l’) =Yy (:ELv(O)-i-l—n( V( ) +n V(O) + l)v,x) . (29)

Multiplying x? to both sides and then taking Res,, we obtain

P qn Ly(—1)+ Ly (0) +1
Resmx——YW(xLV(O)”v,x) = Res, 2" Yy, (xLV(O)( v(=1) + Lv(0) + )v,x) . (2.10)
nldx"

n

When 0 < p <n — 1, the left-hand side of (2.10) is 0. Thus we obtain

Ly(—1)+ L
Res, 2" "V (xLV(O)( v(=1)+ Ly (0) + Z)U’I) o (2.11)
n

Let n=k+mand p=m —11in (2.11) for k € N and m € Z,. Then we obtain (2.6).
Let p=—1 and n = k in (2.10), we obtain

1 gk _
Resxx—d—YW(:vLV(O)Hv, z) = Res,z' " 1Yy (xLV(O) (LV( 1)+ Lv(0) + l)v, :17) )
! dx

k! dxk k
(2.12)
Since left-hand side of (2.12) is equal to
Resxml_k_lYW(mLV(O)v, x),
we obtain (2.8). ]

Proposition 2.3 We have O>®(V) C Q>(V).

Proof. We need to prove d¢,w)(O*(V)) = 0 for every lower-bounded generalized V-module
W. For
Resg, 2y " P72 (1 4 20) [Yiv (1 + 20) 2 Qvy, 20)va] € OF(V),

where v, v € V, k,I,p € N and w € (W), we have

ﬁGr(W)(ReSzoxak_l_p_Q(l + o) [Yiv (1 + xo)L(O)Uh T0)va k) (W]
= Resg, 5 ¥ TRes,, x5 " 7P (1 + xo)l[YW(xSV(O)YV((l + 20) Oy, o) s, To) TG, W)Wk
= Resy Resg, 2y " P72 (1 + ao) a1

. [YW(Yv(xSV(O)(l + xo)L(O)vl, xoazg)xg"(o)vg, To)wlk

B klp-2 k-1 [.—15 ( T2+ Tol2
= Resg,Resg,x, Ty Resy a7 6(:15— .
1

Yw (Y (leV(O)'Ul, 33'0.%2)1';‘/(0)1)2, To) W]y
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B —k—l—p—2 k-1 l—1,—15 (%1 T2
= Res,,Res,,x, o' Resy xixg T4 (5( el

. [YW(aclL(O)vl, :Ul)YW(xg‘/(O)vg, To) W

—k—l—p—2 k-1 l—1,—15 (%2 T1
— Res,,Res,,x, Ty Resy xixy 1y 0 ( s )

: [YW@;V(O)W, $2)YW(I1L(O)U1, 1) W]k
= Resy, Resg, 27" P72(1 — a7 o) * P22l P [y (0 Doy I1>YW<J]§V(O)’U27 o)Wk

— Resy, Resg, (—1 + 2125 ) 7720 222 [Viy (25 Dy, 20) Vg (22 Q vy, 21 )l
(2.13)

Since w € (W) and the series (1 — 27 25) #7772 contains only nonnegative powers of xs,
Resy, (1 — a:flxg)’k’l’p’leQerYW(mgv(O)vg, zo)w = 0.

So the first term in the right-hand side of (2.13) is 0. Since w € (W) and the series
(=14 225 ") ~2#7P=2 contains only nonnegative powers of 1,

Res,, (—1 + xlxz_l)_k_l_p_lelYW(a:f(o)vl, x)w = 0.

So the second term in the right-hand side of (2.13) is also 0.
Taking [ in (2.7) to be [ — k, we obtain

Verw)([(Ly (=1) + Ly (0) + 1 = k)v])[w];
= [Res, o' * Yy (2 O(Ly(—1) + Ly (0) + 1 — k)v, z) wi
=0 (2.14)

forveV, k,l € Nand w € (W). Thus we have dgru)(0O>(V)) = 0. |

Theorem 2.4 Let W be a lower-bounded generalized V -module. Then the linear map
ﬁgr(w) : UOO(V) — End GT(W)

gives a U (V)-module structure on Gr(W) (that is, Ogrwy s a homomorphism of (nonas-
sociative) algebras from U>(V) to End Gr(W)). In particular, U®(V)/ker Ocrqw) is an
associative algebra isomorphic to a subalgebra of End Gr(W).

Proof. For u,v € V, k,n,l € Nand w € (W), using (2.3), we have

Derow) ([Ulkn © [V]n) [w];
= Resg, Thprs1 (w0 + 1) 771 (1 + 20) Res,, 25 * 7

Y (@5 OV (1 + 20) 5 Ou, 20w, 22)w],
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= Resz Resy, Thiv1 ((zo + 1)_k+”_l_1)(1 + xo)lxl{k_l-

Y (Y (22 + 2o2) ™ O, zoza) 2t Ov, 2a)wl;,

To + ToX _ g _
o2 T 2>Tk+l+1(($0+1) et 1)$l1952}C g

1

= Res,,Res,,Res,, #710 (
Vi (Yo (a1 O, o)y Vv, o)l

) Tiogre1 (g + 1) FFn=t=n) gl g k=t

' [YW(%LV(O)%$1)YW($§V(O)U,xz)w]k

s o g

Y (25 v, ) Vi (27 Qu, 21wl

Ty — T2

= Res,,Res,,Res,, x5 w5 6
LoT2

To — T

— Res,, Res,, Res, z7 1z 18
0 2 10 2

—ToT2

l,.—k—=2

= Resy,Resy, Tiarq1((wo + 1) 757171 x T,

xo=(x1—x2)T5 L

: [YW(%LV(O)U,$1)YW($§V(O)U,x2)w]k

xllxz_k_Q-

xo=(—w2+w1)T5 !

: [Yw(QZgV(O)U, 22) Yiy (227 Oy, 1) Wk (2.15)

— Resg,Resy, Ti1 (o + 1)_k+”_l_1)

Since w € (W), the second term in the right-hand side of (2.15) is 0. Expanding
Thrie1((wg + 1)7FF7=1=1) explicitly, we see that the first term in the right-hand side of (2.15)
is equal to

u k+n—1-1

E ( )RGSxQRele(Il _x2) —k+n—Il—m—1 k n+l+m+ll’l11'2_k 2,
m

m=0

Y (22 O, ) Vi (22 O, 20)w),,

ktn—1—1\[—k+n—l—m—1
Z ( o ) ( . ' " >( )]ReS@Releaﬁ fn—m-l-j,
eN

J

Ly (0)

wy 1”[Yw<a:fv<0>u,x1>yw<x2

U, L)W (2.16)
In the case j > n —m, since w € (W),

wtv—(wtv—n+l+m—-14+7)—-1<—I
when v is homogeneous and hence we have

n+l+m— 1+jY ( Ly (0)

Res,, x5 v, x2)w = 0.

Hence those terms in the right-hand side of (2.16) with j > n —m is 0. So the right-hand
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side of (2.16) is equal to

’1Sf< k+n—k—v(—k+ni;—m—fy_mi

m=0 j=0

k+n—m—1—j —n+l+m—1+j Ly (0) Ly (0)
- Res,Res,, ] Tq Yo (27w, ) Y (25 v, o) w)g

_ (—kz—l—n—l—l)(—k+n—l—m—1>(_1)pm‘
m p—m

m=0 p=m
- Res,, Res,, ap M Pt 1+p[Yw(ZL‘fV(O)U,xl)Yw(ﬂng(O)U,.TQ)w]k
- (Z (_k+n—l—1) (—k+n—l—m—1>(_1)p_m) _
p=0 \m=0 m p—m
- Resg, Res,, 27 " P21y (22 Oy, ) Vi (52 v, ) w).
For p =0 , M,
p
- -1\ (- l-m-1
< k+n—1 )( k+n—1l—m >(_1)p_m
— m p—m
= (k+n—1-1)(~k+n—1—m)
B — m!
. (—k—l—n—l—m—1)---(—k—|—n—l—p)(_1)p7m
(p —m)!
N~ (ktn—l-1)-(ck+n—l-p  p (1
— p! m!(p —m)!
(k+n—-1-1 "/ pm
- > ()
m=0
:( k+n— ><_1+1>p

k+n—l—1
_( )5]),0.
p

Using (2.18), we see that the right-hand side of (2.17) is equal to

Res,, Res,, 7" oy " 1[Yw(vam)u 2 Y (227 O, 2)w),
— D) ([ulkn) [ReS s Wi (257 O, 20w,
= Varw) ([ulkn)Varw) ([]n) [w]:-
From (2.15), (2.16), (2.17) and (2.19), we obtain

Darw)([Wlkn © [V]nt) = Darw) ([Wlkn)Iarow ([v]n)

12
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for u,v € V and k,n,l € N. Thus Yg,w) gives an U*(V)-module structure on W. |

Lemma 2.5 Let Ly(—1) and Ly(0) be operators on a vector space U satisfying
[Lu(0), Lu(=1)] = Ly (-1).

We have
ewLU(—l)(l + x)LU(O) — (1 + x>LU(_1)+LU(O)‘ (2_20)

Proof. 'This can be proved easily by showing

diezm—l)(l b2l O(1 4 g)-Lol-DH©) _
Xz

so that it must be independent of x and then setting x = 0 to obtain
ewLu(—l)(l + x>LU(0)(1 + x>_(LU(_1)+LU(O)) = 1p.
|

We can now write down explicitly the expressions of elements of the form [v]y; ¢ 1% for
v €V and k,l € N satistying & < [.

Lemma 2.6 ForveV and k,l € N,

(V] 0 1% = zl: <_km_ 1) KLV(ALJ:LLW:((D * l) v} . (2.21)

m=0
Proof. By the definition (2.2) of ¢ and the skew-symmetry of Yy,

([]kr oN 1°)mn = OkmOmRes, T ((z + 1)_k+”_l_1)(1 + )Yy ((1+ :L‘)L(O)U, x)1
= SrmOmResy Thpr1 ((z 4+ 1)7F= D) (1 4 2)me™ v (1 4 2)Iv 0y, (2.22)

Thus we obtain
[V]r © 1%° = Resy Thpppr ((z + 1) 7F (1 + 2) e D (1 4 ) Bv Oyl (2.23)

Using (2.20) with U = V, expanding the formal series explicitly and then evaluating the
formal residue, we see that the right-hand side of (2.23) is equal to

Res, Tt (2 + 1) 7" (1 + 2)! (1 + 2)LvO+Ev 0y,

l
m

m=0

13



J

- () () 22

proving (2.21). |

— i <_k - 1) Res, g~ F-m=1+i (LV(—l) +.LV(0) + l)v
k

Proposition 2.7 Forv € V and k,l € N, [v]g ¢ 1% — [v]w € O®(V). For u,v € V and
k‘, l, n € N, ([U]kl o 1% — [U]kzl) o [u]ln € OOO(V)

Proof. For m € N,
(Lv(—l) -+ Lv(O) + l)v

k+m

(Lv(=1)+ Ly(0)+1—k)+ k
( kE+m )U

(k fm>v + (Lv(=1) + Ly (0) + 1 — k) 0y,

0 meZs o
{v m— 0 mod O*(V),

(2.25)
where 7, is an element of V' depending on m. Thus by (2.21),

[V o1® =v mod OF(V).

Y (] o

By (2.21), (2.25) and (2.30),

MN

([v]xe ©1%) o [u]iy,

Theorem 2.8 The product ¢ on U>*(V') induces a product, denoted still by ©, on A®(V) =
U>(V)/Q>(V) such that A>(V') equipped with < is an associative algebra with 1%° + Q> (V)

as identity. Moreover, the associated graded space Gr(W') of the ascendant filtration {2,(W) }nen
of a lower-bounded generalized V-module W is an A®(V')-module.
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Proof. Since ker Y, w) for a lower-bounded generalized V-module W is a two-sided ideal
of U*(V), Q>(V) as the intersection of such two-sided ideals is still a two-sided ideal of
U>(V). Thus ¢ on U®(V) induces a product on A*(V). Since for each lower-bounded
generalized V-module W, the quotient algebra U*(V')/ker ¥,y is associative, we have

(IR (Ug o 03) — 010 (UQ o Ug) € ker ﬁGr(W)

for vy, 09,03 € U®(V). Then we have

0 ¢ (02 O 03) — 01 (02 O Ug) € ﬂker 79GT(W) = QOO(V)
w

for vy, 09,03 € U®(V). Thus A®(V) =U>(V)/Q>=(V) is also associative.
By definition, we have 1*° ¢ [v]y = [v]g. So 1% is in fact a left identity of the algebra
U> (V). By Proposition 2.3, O®(V) C Q>°(V'). Then by Proposition 2.7, we have

([ +@%(V)) o (1% + Q%(V)) = [v] + @=(V).

So 1% + Q*°(V) is an identity of A>(V).

For a lower-bounded generalized V-module W, by Theorem 2.4, Gr(W) is a module
for U>(V)/ker Ygwy. Since Q>*(V) is a two-sided subideal of ker ¢, w), Gr(WW) is an
A>(V)-module. |

The ideal Q> (V') of U*(V) is defined using all lower-bounded generalized V-modules.
From Prposition 3.3 in [H5], it is now known that besides elements of O (V'), Q>*(V) also
contains elements corresponding to the Jacobi identity for V. We conjecture that Q> (V) is
generated by O (V') and these elements.

The only result above on O>*(V') and Q>°(V') is Proposition 2.3. Below we give another
result on O (V') (Proposition 2.10). To prove this result, we need the following commutator
formula:

Lemma 2.9 Forv eV,
[Ly(=1) + Ly (0), Yy (1 + 2)2vOu, 2)] = Y (1 + )2 O(Ly (1) 4+ Ly (0))v,z).  (2.26)

Proof. By the L(—1) and L(0)-commutator formula with the vertex operator map Y; and
the fact that the weight of Ly (—1) is 1,

[Ly(=1) + Ly (0), Yy (1 4 )" Ou, )]
= Yy (((1+ 2)Ly(=1) + Ly (0))(1 + )2 Oy, )
=Yy (1 +2)2YO(Ly(=1) 4+ Ly (0)v, z).

By Theorem 2.4, every lower-bounded generalized V-module is an A*(V)-module. |
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Proposition 2.10 Foru,v € V and k,n,l € V, both

[(Ly(—=1) + Ly (0) + n — k)ulg, © [v]u

and
[U]kn <& [(Lv(—1> + Lv<0) +1— n)u]nl
are in O® (V).

Proof. For u,v € V., k,l,m € N, by definition,
[(Lv(=1) + Ly (0) + 1 — k)ulpn o [v]w
= Res, Ty (2 + 1) 7N (1 + 2) [ (1 +2) 2O (Ly (=1) + Ly (0) + n — k)u, 2)v]

d
:ReSka+l+1((fL‘+ ) —k+n—Il— 1)(1+x)k—n+l+1%

d
- (@Tw«x £ 1) 14 >) Y (1 + ) O ol

Yy ((1+ fU)LV(O)M_kU, )V

d
= —Res;, ((%Tk—&-lﬂ-l((l‘ + 1)_k+"_l_1)) (1 + z)k—nHiet

+(k—n+1+ 1T ((z+ 1)1+ x)k—"H) :

(14 2) Y (1 + 2) B Oy, )], (2.27)
Applying — =2+ to bother sides of (2.1), we obtain
(ZL‘ + 1)—k+n—l—1
1+ d tnel— I+ d -
e —— )y hktn—t-1y % " p 1)~ ktn—i-1y
F—nri i @t B e AN )

(2.28)

Since the first and second terms in the right-hand side of (2.28) contain only the terms with
powers in 27! less than or equal to and larger than, respectively, k + [ + 2, we must have

1+z d

k—n+l+1dx Theis1((x 4+ 1)) = T o (o + 1) 7F7 ),

or equivalently,

d
(1+ $)%Tk+z+1(($ + 1)~
ktn—1-1
= —(k=n+ 1+ DTy ((z+ )™ = (k—n+1+ 1)( bt n+ 1l )x_k_l_Q,
n
(2.29)
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Using (2.29), the right-hand side of (2.27) becomes

—k+n-1-1

k— [+1
(k—n+1+ )( nt1

)Resxx_k_l_2(1 + 2) Yo (1 + 2) 2 Ou, 2)v] € OF(V).

Thus we obtain

[(Lv(=1) + Lv(0) + 1 — k)ulgy © [0]u

—k4+n—-1-1
= (k— [+1
(k—n+1+ )( nt 1

e O>(V). (2.30)

>Resx:r;k12(1 + 2) [V (1 + )2 Oy, 2)0]y

For w,v € V, k,l,n € N satisfying n < k < [, by the definition, (2.26) and [ —n =
(l—k)—(n—k)

[V)gn © [(Ly(=1) + Ly (0) + 1 — n)u,y
= Res, Thri11 (2 + 1)4”"7[71)(1 + x)l~
Y (1 + )2 Ou, @) (Ly (=1) + Ly (0) + 1 — n)uly
= Resy Thpr1 (2 + 1) 7R 20 (1 4 1)l
Ly (=1) 4 Ly (0) + 1 — k)Y (1 4 )2 Oy, 2)u)yy
— Res, Tisr1 ((x + 1) 7F (1 4 2)
V(1 + 2) " O(Ly (—1) + Ly (0) + n — k)v, 2)u]u. (2.31)

The first term in the right-hand side of (2.31) is by definition in O*(V'). The second term
in the right-hand side of (2.31) is equal to [(Ly(—1) + Lv(0) + n — k)v]gn © [t)n, which is
also in O*(V') (2.30). So

[V]kn © [(Lv(=1) + Ly (0) + I — n)ul,y € O (V).

Remark 2.11 In [DJ], for m,n,p € Z,, a product ),  on V is introduced. In terms of
these products, we have [u]p, ¢ [v]n = [u *f,, v]. For each m,n € Z,, a subspace O}, (V)
is also introduced in [DJ]. In terms of these subspaces, O>(V) can be easily shown to be
spanned by infinite linear combinations of elements of the form [v]y for v € Oy (V) with
each pair (k,l) appearing in the linear combinations only finitely many times. For each
m,n € Zy, a subspace O, (V) of V' containing in particular O, , (V') and associators of the
products !  is further introduced. By taking a suitable subspace of the direct product of the
quotient spaces A, (V) = V/O,, (V) for m,n € N, it is possible to obtain an associative
algebra. This associative algebra can be identified as the quotient of the nonassociative
algebra U>°(V') by the ideal generated by O>°(V) and all the associators of the product
©. Such a construction of associative algebras works for any nonassociative algebra with a
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subspace. As we have mentioned in the introduction, the algebra A (V') plays the role of
universal enveloping algebra of V' for the category of lower-bounded generalized V-modules.
So we now use an analogy with Lie algebra to compare the associative algebra that one
can get from [DJ] and the associative algebra A (V) introduced in this paper. Given a
Lie algebra, one can generate a free nonassociative algebra. Then the quotient of this free
associative algebra by the ideal generated by associators is an associative algebra isomorphic
to the tensor algebra generated by the Lie algebra. To obtain the universal envelpoping
algebra of the Lie algebra, we need to further take the quotient by the Jacobi identity and
the skew-symmetry relations. The nonassociative algebra U>(V') is analogous to the free
nonassociative algebra generated by the Lie algebra. The associative algebra that one can
get from [DJ] is analogous to the tensor algebra of the Lie algebra. The associative algebra
A (V) is analogous to the universal enveloping algebra of the Lie algebra. Certainly A*(V)
is a quotient of the associative algebra that one can get from [DJ]. But A>(V) is not equal to
this associative algebra. In fact, Corollary 3.6 in [H5] says that QQ°°(V') contains the elements

5 (1) bty © sy

JEN j
n+p—j=>0
(P
- > (= ( ) [u] k=t ktp—j © [V)imnthrp—jitp
JjEN ]
l—n+k+p—35>0
wtv+n—k—1
By ( . ) () (0l
JEN J

for k,l,n € N, p € Z such that [ +p € N, u € V and homogeneous v € V', corresponding to
elements giving the Jacobi identity. Such elements are in general not in Oy 4, (V) in [DJ].
We conjecture that Q> (V') is generated by O (V') and these elements.

3 Lower-bounded generalized V-modules and graded
A*°-modules

We study the relations between lower-bounded generalized V-modules and suitable A (V/)-
modules in this section.

Note that W is graded by the generalized eigenspaces of Ly, (0). Since Q,, (W) for n € N is
invariant under Ly (0), Ly (0) induces an operator on Gr,, (W) = Q,(W)/,_1 (W) such that
Gr,(W) is also graded by the generalized eigenspaces of this operator. These operators on
Grn,(W) for n € N together define an operator, denoted by L,y (0), on Gr(W) preserving
the N-grading on Gr(W). Then Gr(W) is also graded by the generalized eigenspaces of
Lérw)(0).

ForveV, k€ Z and w € Q,(W), by the L(—1)-commutator formula,
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Whenwtv—k—1< —(n+1), wehavewtv—k—1< —nandwtv—(k—1)—1 < —n. So
in this case, (Y )r(v)w = (Y )r—1(v)w = 0 since w € Q,(W). Thus (Y )r(v)Lw(—1)w =0
when wt v —k —1 < —(n + 1). This means that Ly (—1)w € Q,1(W). In particular,
Ly (—1) induces a linear map from Gr, (W) to Grp.1(W) for n € N. These maps for n € N
together define an operator, denoted by Legyw)(—1), on Gr(W).

The operators Learuw)(0), Lerw)(—1) and Ygrav)([v]w) satisfy the same commutator
formulas as those between Ly (0), Ly (—1) and Res,o'* 1Yy (2/v©v, ) for v € V and
k,l € N. These structures on Gr(WW) motivates the following definition:

Definition 3.1 Let G be an A®(V)-module with the A*°(V')-module structure on G given
by a homomorphism ¥¢ : A*°(V) — End G of associative algebras. We say that G is a
graded A>(V')-module if the following conditions are satisfied:

1. G is graded by N, that is, G = [, .y Gn, and for v € V, k,l € N, g ([v]i + Q>*(V))
maps G, to 0 when n # [ and to G} when n = [.

2. G is a direct sum of generalized eigenspaces of an operator Lg(0) on G, G,, for n € N
are invariant under L (0) and the real parts of the eigenvalues of L;(0) have a lower

bound.
3. There is an operator Lg(—1) on G mapping G, to G,11 for n € N.

4. The commutator relations

[Lc(0), La(=1)] = La(-1),
[La(0), a([vlm + Q% (V)] = (k — Dia([v]u + Q7 (V)),
[La(—1),Ya([v]n + Q™ (V)] = Va([Lv (=1)v]ks1y + Q% (V)

hold for v € V and k,l € N

A graded A>(V)-algebra G is said to be nondegenerate if it satisfies in addition the following
condition: For g € G, if dg([v]o + Q*(V))g = 0 for all v € V, then g = 0. Let G and
G5 be graded A®(V)-modules. A graded A (V)-module map from G to Gy is an AN (V)-
module map f : G; — Gq such that f((G1),) C (Ga)n, f o L, (0) = Lg,(0) o f and
foLg (—1) = Lg,(—1)o f. A graded A*(V)-submodule of a graded A*(V')-module G is
an A (V)-submodule of G that is also an N-graded subspace of G and invariant under the
operators Lg(0) and Lg(—1). A graded A*(V)-module G is said to be generated by a subset
S if G is equal to the smallest graded A (V')-submodule containing S, or equivalently, G
is spanned by homogeneous elements with respect to the N-grading and the grading given
by L (0) obtained by applying elements of A*(V'), Ls(0) and Lg(—1) to homogeneous
summands of elements of S. A graded A>(V)-module is said to be irreducible if it has no
nonzero proper graded A>(V')-submodules. A graded A*(V')-module is said to be completely
reducible if it is a direct sum of irreducible graded A (V')-modules.
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From Theorem 2.8 and the properties of a lower-bounded generalized V-module W and
its associated graded space Gr(W), we obtain immediately:

Theorem 3.2 For a lower-bounded generalized V-module W, Gr(W) is a nondegenerate
graded A>®(V)-module. Let Wy and Wy be lower-bounded generalized V -modules and f :
Wy — Wy a V-module map. Then f induces a graded A (V')-module map Gr(f) : Gr(W;) —
GT(WQ).

We now give a direct and explicit description of Gr(W) for a completely reducible lower-
bounded generalized V-module W. In this case,

w= [ w*,
HEM

where M is an index set and W* for © € M are irreducible lower-bounded generalized
V-modules. For y € M, since W* is irreducible, there exists h* € C such that

W =TI Wi

neN

where as usual, W[’,‘W +n) for n € N is the subspace of W* of weight h* + n, and W[’;W] # 0.
For n € N, let

Gn(W) == H W[hl‘+n]~

neM
Then
w =[] G.(w)
neN
For n € N, let

It is clear that T,,(W) C Q,(W). In particular, G,(W) C Qn(W) forn < N. Let ey : W —
Gr(W) be defined by ey (w) = w+ Q,,_1(W) for w € G,,(W) and n € N. Then ey preserves
the N-grading. We also define a map dy : U*(V) — End W by

Iy (0)w = Z Res,a! ™Yy (" Oy, ), yw
k,lEN

for v € U™ and w € W, where 7g,v) is the projection from W to G;(W). In the case
v = [v] and w € G, (W) for v € V and k,l,n € N, we have

Dy ([v]e)w = dmResea! = F 1Yy (2 Qv 2)w. (3.1)

Proposition 3.3 Let W be a completely reducible lower-bounded generalized V -module.
Then Q,(W) = T,(W) for n € N. Moreover, W equipped with Oy is a nondegenerate
graded A®(V')-module and ey : W — Gr(W) is an isomorphism of graded A®(V')-modules.
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Proof. If T, (W) # Q,(W), then there exists homogeneous w € , (W) but w ¢ T, (W).
Then w = Zue/\/l wt, where w, € W for € M and only finitely many w* is not 0. Since
w is homogeneous, we can assume that w* for p € M are homogeneous. Since w € €, (W)
but w ¢ T, (W), there is at least one w* such that w* € Q,(WH#) but w* ¢ T,(WH) =
1 W[‘;W ) Let W{' be the generalized V-submodule of W* generated by such a w.
Since w* & T,,(WH), w* # 0 and hence W' # 0. But W* is irreducible. So W[}' = WH.
Since w* is homogeneous, there is m € N such that wt w* € W[’ZM - Since w & T, (WH),
we must have m > n. Since W# = W{', W* is spanned by elements of the form (Y )g(v)w*
for v e Vand k € Z. Since w* € Q,(WH), (Yi)r(v)w” = 0 for homogeneous v € V and
k € Z satistying wt v — k — 1 < —n. Thus the homogeneous subspaces of W[’;W tmen—p] = 0
forp € Z,. But forp =m —n € Z,, W[‘,iwrm_n_p} = W[ﬁiu] # 0. Contradiction. Thus
T, (W) = Q. (W).

For n € N, we have Gr,(W) = Q,(W)/Q,—1(W) = T,,(W)/T,,—1(W). Then 6W|Gn(W) is
clearly a linear isomorphism from G, (W) to T,,(W)/T,-1(W) = Gr,(W). This shows that
ew is an isomorphism of graded spaces. For v € V| k,l € N and w € Gy(W),

ew (Vw ([v]p)w) = eW(Resxacl_k_lYW(acLV(O)v, T)w)
= Res, 2" Yy (v Ou, 2w + Tj_y (W)
= Varow) ([v]w)ew (w).

Thus we have ey oy = Vg w)oew. In particular, the A% (V')-module structure on Gr(W)
given by Ygrwy is transported to W by ey so that W equipped with ¥y is an A (V')-module
and ey : W — Gr(W) is an isomorphism of A*°(V')-modules. |

Theorem 3.4 A lower-bounded generalized V-module W s irreducible or completely re-
ducible if and only if the nondegenerate graded A>(V')-module Gr(W) is irreducible or com-
pletely reducible, respectively.

Proof. Let W be an irreducible lower-bounded generalized V-module. By Theorem 3.3,
W is a nondegenerate graded A (V')-module isomorphic to Gr(W). Let Wy be a nonzero
graded A*(V')-submodule of the graded A*(V')-module W. For a homogeneous element
veV,neZand w e Wy,

Res 2" Yw (v, z)w = Zﬂw([v](wt ven—1401) T, w)yw € Wo.
leN

This means that W, is invariant under the action of the vertex operators on W. By the defi-
nition of graded A*(V')-submodule, W} is invariant under the actions of Ly (0) and Ly (—1)
and is the direct sum of generalized eigenspaces of LW(O)’WO' Thus W, is also a nonzero
lower-bounded generalized V-submodule of W. Since W is an irreducible lower-bounded gen-
eralized V-module, Wy, = W. So as a graded A>(V')-module, W is also irreducible. Since as
a graded A*(V)-module, Gr(W) is equivalent to W, we see that Gr(W) is irreducible.
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Conversely, assume that for a lower-bounded generalized V-module W, the nondegenerate
graded A*°(V)-module Gr(W) is irreducible. Let W} be a nonzero generalized V-submodule
of W. Then Q, 1(Wy) C Q,—1(W) for n € N (when n = 0, Q_1(W) = 0). We have a
map from Gr(Wy) to Gr(W) given by wy + Q,—1(Wy) — wo + Q2,—1 (W) for n € N and
wo € Q,(Wy). This map is an injective graded A>°(V)-module map. So the image of
Gr(W,) under this map is a graded A*°(V)-submodule of Gr(W). Since Wj is nonzero,
Gr(Wy) is nonzero. Since Gr(W) is irreducible, the image of Gr(Wj) under this map is
equal to Gr(W). Now it is easy to derive Wy = W. In fact, for n € N, the image of
Gr,(Wp) under the map from Gr(Wy) to Gr(W) above is {wy + Q,(W) | wo € Q,(Wp)}.
So Gr,(W) = {wo + Q1 (W) | wy € Q,(Wp)}. For n = 0, we obtain Qy(W) = Gro(W) =
GT(W()) = Qo(W()) Assume that Qn—l(W) = Qn—l(WO)- Given w € Qn(W) w—i—Qn 1( )
Gr,(W). By Gr,(W) = {wo + Qp1(W) | wo € 2, (Wp)}, there exists wy € Q,(W) such
that w + Q,—1 (W) = wo + Q,—1 (W), or equivalently, w — wy € Q1 (W) = Q,,_1(Wy). Thus
w € Q,(Wy). This shows Q, (W) = Q, (W) for n € N. Then we have W = U,enQ, (W) =
Unen©n (W) = Wy. So W is irreducible.

Assume that a lower-bounded generalized V-module W is completely reducible. Then
W = Hue m WH, where W* for p € p are irreducible generalized V-modules. From what
we have proved above, W# for € M as graded A*(V)-modules are also irreducible. So
W as a graded A*(V)-module is completely reducible. But Gr(W) is equivalent to W
as a graded A*(V')-module by Proposition 3.3. So Gr(W) is also completely reducible.
Conversely, assume that for a lower-bounded generalized V-module W, the graded A>(V)-
module Gr(W) is completely reducible. Then Gr(W) =[], G*, where G* for p € M
are irreducible nondegenerate graded A (V')-submodules of Gr(W). For u € M, since
G*" is a nondegenerate graded A>°(V)-submodule of Gr(W), we have G¥ C Gr,(W) =
Q,(W)/Qu—1(W). Let WH be the subspace of W consisting of elements of the form w* €
Q, (W) such that w*4Q,,_1 (W) € G* for n € N. Since G* is a nondegenerate graded A>(V)-
submodule of Gr(W), for v € V, k,l € N and w* € (W) such that w* + Q,_1(W) € GV,

Res, 2 * Yy (22 Ov, 2)wt 4+ Q1 (W) € GE.

By the deﬁmtlon of W*, we obtain Res,z' " 1Yy (z1v v, z)wH € W“ Since w* € (W),
Res, 2! * 1Yy (2bv Oy :L')w“ =0 for k € —Z,. Thus Res,2" 1Y}y (xv Oy, z)w* € WH for
k € N are all the nonzero coefficients of Yy (v, z)w”. This means that W is closed under the
action of the vertex operators on W. Since G* is invariant under the actions of Lg,w)(0)
and Lg,w)(—1) and is a direct sum of generalized eigenspaces of L,y (0), W# is invariant
under the actions of Ly (0) and Ly (—1) and is a direct sum of generalized eigenspaces of
Ly (0). Thus W# is a generalized V-submodule of .

Let w" 4+ Q,_;(W#") € Gr,(W*#), where n € N and w* € Q,(W#*) C Q,(W). By the
definition of W#, we see that since w* is an element of W#*, w* + Q, (W) € G*. So
we obtain a linear map from Gr,(W*) to G* given by w* 4 Q,_1(WH) — wh + Q,,_1 (W)
for w* 4+ Q,_1(WH) € Gr,(W*#). These maps for n € N give a map from Gr(W*) to G*.
It is clear that this map is a graded A*(V)-module map. If the image w* + Q,_1 (W)
of w' + Q,1(WH) € Gr,(W*#) under this map is 0 in G*, then w* € ,_1(W). But
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wt e Q,(WH) Cc W, So wt € Q,_1(WH) and w” + Q,,—1(WH#) is 0 in Gr(W*#). This means
that this graded A*(V)-module map is injective. In particular, the image of Gr(W*) under
this map is a nonzero nondegenerate graded A (V)-submodule of G*. But G* is irreducible.
So Gr(W*") must be equivalent to G* and is therefore also irreducible. From what we have
proved above, since Gr(W*) is irreducible, W* is irreducible. This shows that W is complete
reducible. [

Theorem 3.4 implies that there is a map from the set of the equivalence classes of irre-
ducible lower-bounded generalized V-modules to the set of equivalence classes of irreducible
nondegenerate graded A*(V)-modules. This map is in fact a bijection. To prove this, we
need to construct a lower-bounded generalized V-module S(G) from a nondegenerate graded
A>(V)-module G. We use the construction in Section 5 of [H3]. Take the generating fields
for the grading-restricted vertex algebra V to be Yy (v, x) for v € V. By definition, G is
a direct sum of generalized eigenspaces of L (0) and the real parts of the eigenvalues of
L(0) has a lower bound B € R. We take M and B in Section 5 of [H3] to be G and the
lower bound B above. Using the construction in Section 5 of [H3|, we obtain a universal
lower-bounded generalized V-module @%V]. For simplicity, we shall denote it simply by G.

By Theorem 3.3 in [H4] and the construction in Section 5 of [H3] and by identifying

elements of the form (¢)%)_1,0 with basis elements g* € G for a € A for a basis {g"}sea of

@G, we see that G is generated by G (in the sense of Definition 3.1 in [H4]). Moreover, after
identifying (¢%)-1,0 with basis elements w* € G for a € A, Theorems 3.3 and 3.4 in [H4] in
fact say that elements of the form Ls(—1)Pw® for p € N and a € A are linearly independent
and G is spanned by elements obtained by applying the components of the vertex operators
to these elements. In particular, G can be embedded into G as a subspace. So from now on,
we shall view G as a subspace of G. Let Ja be the generalized V-submodule of G generated
by elements of the forms

Res, 2 " Y5 (2" Oy, z)g (3.2)

forleN, ke —-Z, and g € G,
Res,a' * 1Y (2" Ov, 2)g — da([o]n + Q7(V))g (3.3)

forveV, kleN, ge G, and
Le(—1)g— La(—1)g (3.4)

forleN, ge G
Let S(G) = G/Jg. Then S(G) is a lower-bounded generalized V-module. Let mg) be

the projection from G to S(G). Since G is generated by G (in the sense of Definition 3.1 in
[H4]), S(G) is generated by mg () (G) (in the same sense). In particular, S(G) is spanned by
elements of the form

Resxx(ler)_”_lYg(G) (zLs@ Oy, z)Lsc)(—1)Pmsc)(8) (3.5)

forveV,n,l,pe Nand g€ G,. Forn € N, let G,(S(G)) be the subspace of S(G) spanned
by elements of the form (3.5) for v € V, [,p € Nand g € G.
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Proposition 3.5 Let G be a graded A>(V')-module.

1. Forn € N, G,(5(GQ)) = ms()(Gyr) and for ny # ny, G, (S(G)) N Gy (S(G)) = 0.
Moreover, S(G) = mg(c)(G) = H Gn(S(G)).

neN

2. If G is nondegenerate, then for n € N, Q,(S(G)) = Hﬁs(g)(Gj) = HGj(S(G)).

3. If G is nondegenerate, then Gr(S(G)) is equivalent to G as a graded A>(V')-module.

Proof. Since elements of the forms (3.3) and (3.4) are in Jg, for n € N, the element (3.5)
for v e V for [,p € N and g € Gy is in fact equal to

Ts(@) (Ve ([V]n@ip) + @7 (V) La(—1)"g). (3.6)

Since Vg ([vlngp) +Q>(V))La(—=1)Pg for [,p € N and g € G certainly span G, and elements
of the form (3.5) for v € V for [,p € N and g € G} span G, (S(G)), elements of the form (3.6)
for v e V for I,p € N and g € G; also span G,(S(G)). Thus G,(S(G)) = 75()(Gr). When
n1 # ng, we know G, NGy, = 0. Then G,,(S(G)) N G,,(S(G)) = 756)(Gn, N Gy,) = 0.
As is mentioned above, S(G) is spanned by elements of the form (3.5) forv e V, k,I,p € N
and g € G;. But we already see that (3.5) is in fact equal to (3.6). Thus S(G) = 7g(c)(G).
Since G,,(S(G)) = m5(¢)(Gr) and Gy, (S(G)) N Gy, (S(G)) = 0, we have S(G) = m5)(G) =
[Lcn Gl S(G)).

By definition, for j < n, G;(S(G)) C Q,(S(G)). Then for j = 0,...,n, mg)(G;) C
Q;(S(G)) € Q,(S(G)). So we obtain ms(q)([[j_, Gj) C Q.(S(G)). If G is nondegenerate,
nonzero elements of G; for j > n are not in Qn(a) From the construction of G, nonzero
elements of the form (3.2), (3.3) or (3.4) are not in G C G. In particular, the intersection of
J(G) with G is 0. So mg(e) ‘G : G — S(G) is injective. Since mg(q) ‘G is injective, we conclude
that nonzero elements of 75 (G;) for j > n are not in €,(S(G)). So we have

n

2(S(6)) = msi) (H GJ) = [ st (@) = [T Ga(S(@)).

J=0

Since Q,(S(G)) = [}, G;(S(G)) for n € N when G is nondegenerate, we see that as
a N-graded space, Gr(S(G)) is isomorphic to [[,.y Gn(S(G)) = mse)(G). We use fg to
denote the isomorphism from Gr(S(G)) to gy (G). Then we have

fa o Vars@y (Wl + Q@7 (V) = Resya' gy (25 Ov, 2) o fg

forveV, k€N, fgoLar(sc)(0) = Ls)(0)o fa and fgo Lars(a))(—1) = Ls@)(—1)o fa-
We have proved that mgq) ‘ o 1s injective and surjective and preserves the N-gradings. So it
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is an isomorphism of graded spaces from G to S(G). From the fact that 7g(q) is a V-module
map and on G C G, Lg(0) = Lg(0) and La(—1) = Lg(—1), we have

(@) | © Ve[Vl + Q®(V)) = Res,z ™ Yy (q) (a"5© v, z) 0 w0 |

forveV, k,l eN, WS(G)‘GOLG(O):LS(G)(O)Oﬂ—S |G andﬂs |GOLG< ): (—1)0
WS(G)} o Then by the properties of f¢ and 7g ‘ )| above, we see that ( | )7lo fG is an
equivalence of graded A*(V)-modules from G?"(S (G)) to G. |

Remark 3.6 Note that our construction of the lower-bounded generalized V-module G
seems to depend on the lower bound B of the real parts of the eigenvalues of L (0). But by
Proposition 3.5, S(G) depends only on G, not on B.

Theorem 3.7 The set of the equivalence classes of irreducible lower-bounded generalized
V-modules is in bijection with the set of the equivalence classes of irreducible nondegenerate

graded A (V')-modules.

Proof. Let [20);,, be the set of the equivalence classes of irreducible lower-bounded gener-
alized V-modules and [®];, the set of the equivalence classes of irreducible nondegenerate
graded A (V)-modules. Given an irreducible lower-bounded generalized V-module W, by
Theorem 3.4, Gr(W) is an irreducible nondegenerate graded A™(V')-module. Thus we ob-
tain a map f : [Wi — [Blir given by f([W]) = [Gr(W)], where [W] € [y, is the
equivalence class containing the irreducible lower-bounded generalized V-module W and
[Gr(W)] € [®]iy is the equivalence class containing the irreducible nondegenerate graded
AN(V)-module Gr(W). By Proposition 3.3, [Gr(W)] = [W] in [B]i., where W is viewed as
a nondegenerate graded A (V)-module.

Given an irreducible nondegenerate graded A*(V')-module G, we have a lower-bounded
generalized V-module S(G). By Proposition 3.5, Gr(S(G)) is equivalent to G. Since G
is irreduible, Gr(S(G)) is also irreducible. Then by Theorem 3.4, S(G) is an irreducible
lower-bounded generalized V-module. Thus we obtain a map ¢ : [&];, — [ given by
9([G]) = [S(G)].

We still need to show that f and g are inverse to each other. By Proposition 3.5, Gr(S(G))
is equivalent to G for an irreducible nondegenerate graded A>(V')-module G. We obtain
[Gr(S(G))] = [G]. This means f(g([G])) = [G]. So we have fog = ljg,,.

Let W be an irreducible lower-bounded generalized V-module. By Theorem 3.4, Gr(WW)
is an irreducible nondegenerate graded A (V)-module. We then have a lower-bounded gen-
eralized V-module S(Gr(W)). By Proposition 3.5, Gr(S(Gr(W))) is equivalent to Gr(W) as
a graded A*(V)-module. Since Gr(W) is irreducible, Gr(S(Gr(W))) is also irreducible. By
Theorem 3.4, S(Gr(W)) is an irreducible lower-bounded generalized V-module. Since both
W and S(Gr(W)) are irreducible, by Proposition 3.3, W and S(Gr(W)) are nondegenerate
graded A*>°(V)-modules and are equivalent to Gr(W) and Gr(S(Gr(W))), respectively. But
we already know that Gr(S(Gr(W))) is equivalent to Gr(W) as a graded A*(V)-module.
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So both W and S(Gr(W)) are equivalent to Gr(W) as graded A>(V')-modules. Since vertex
operators on W and S(Gr(W)) can be expressed using the actions of elements of A>(V),

we see that W and S(Gr(W)) are also equivalent as lower-bounded generalized V-modules.
Thus [S(Gr(W))] = [W], or g(f(IW])) = [W]. So g o f = Ty, u

4 Subalgebras of A>(V)

We give some very special subalgebras of A% (V') and prove that they are isomorphic to the
Zhu algebra A(V) [Z] and its generalizations Ax (V') for N € N by Dong-Li-Mason [DLM]|
in Subsection 4.1. Then we introduce the main interesting and new subalgebras A™ (V) for
N € N of A*(V) in Subsection 4.2. Note that we use the superscript N instead of the
subscript N to distinguish this algebra from Ay (V') in [DLM].

4.1 Zhu algebra and the generalizations by Dong-Li-Mason

Let
Uo()(V) = {{/U}OO ‘ Ve V} C UOO(V>

Then Uyy(V') can be canonically identified with V' through the map igo : Upo(V) — V given
by igo([v]oo) = v for v € V. Since by (2.3),

[u]oo © [v]oo = Res,z™* [YV((l + x)L(O)u, x)v} 00

Ugo(V) is closed under the product ©. Let
Ago(V) ={[v]oo + Q<(V) | v € V}.

Theorem 4.1 The subspace Ag(V') of A>(V) is closed under ¢ and is thus a subalgebra of
A>®(V) with [1]go + Q°(V) as its identity. The associative algebra Aoy (V') is isomorphic to
the Zhu algebra A(V') in [Z] and, in particular, [w]oo + Q°° (V) is in the center of Ago(V') if
V' is a vertex operator algebra with the conformal vector w.

Since this result is a special case of the result on the generalizations Ay (V') in [DLM],
we will not give a proof. The proof is the special case N = 0 of the proof of Theorem 4.2
below for Ax(V).

Let

UNN _ {Z[U]kk

k=0

v e V} C U™(V).

By the definition of ¢,

(Z[u]kk) o <Z[U]kk) = > [ulwr o [v]u

k=0 k=0 =0
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[u]kr © [V]kk

I
WE

=
Il
=]

I
WE

Res, Topr1((x + 1)) (1 + 2)F [V (1 + 2)"Ou, 2)0] .

e
Il
o

Let
N

ANN(V) = {Z[U]kk + Q> (V)

k=0

Note that A% (V) = Ag(V). Also let

v E V} C A®(V).

Theorem 4.2 The subspace ANN (V) of A(V) is closed under o and is thus a subalgebra
of A®(V) with 1V + Q>=(V) as the identity. The associative algebra ANN (V') is isomorphic
to the associative algebra Ax (V') of Dong, Li and Mason in [DLM] and, in particular, w®™ +
Q> (V) is in the center of ANN (V) if V is a vertex operator algebra with the conformal vector
w.

Proof. For u,v € V, we have

(me) o (Z[U]kk> = Res, o1 ((x + D)F )1+ 2)" [Yir (1 + 2)"Ou, 2)0]

— Z Res, Z (_k B 1)x’“”‘1(1 + ) Yo (1 + 2)"Ou,2)0],

k=0 m=0 m
N
= Z[U *k U]kk
k=0
N
~ > [usy vl mod Q% (V),
k=0

where in the last step, we have used the result obtained in the proof of Proposition 2.4 in
[DLM] that u %, v is equal to u *x v modulo Ok(V) for k = 0,..., N and the fact that
[Or(V)]re € O°(V) € Q®(V). This calculation shows that AVY (V) is closed under ¢ and
is thus a subalgebra of A*(V). Let f¥ : UNN(V) — An(V) be defined by

T (Z[ﬂkk) =v+On(V)

k=0
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forve V.

We now view Ay (V) as an Ay(V)-module. We construct a lower-bounded generalized
V-module S(An(V)) from Ay (V') using the construction in Section 5 of [H3] as follows: Take
the generating fields for the grading-restricted vertex algebra V' to be Yy (v,z) for v € V.
Take M in Section 5 of [H3| to be An(V). We define the operator Lj,(0) on M to be the
multiplication by the scalar N. So M itself is an eigenspace of L),(0) with eigenvalue N.
Take the automorphism g of V' in Section 5 of [H3] to be 1y since we are interested only in
untwisted modules. Take B in Section 5 of [H3] to be 0. T/h(ﬂwe obtain a lower-bounded

generalized V-module le], which shall be denoted by Ayx(V) here. By Theorem 3.3 in
[H4] and the construction in Section 5 of [H3]|, Ax(V') is spanned by elements of the form

(Y g ()L (1P (0 4 O (V)

for homogeneous u,v € V, pe Nand n € wt u+ N +p —1— N. Let J be the generalized
V-submodule of Ax(V') generated by elements of the form

(Y =)t wer () (0 + On (V) = sy v+ On (V)

for u,v € V. Let S(Ax(V)) = Ax(V)/J. Then

S(AN(V)) = [T(SAN(V))m)

neN

is a lower-bounded generalized V-module such that (S(Ax(V)))n) = An(V). From the
construction in Section 5 of [H3] and the definition of S(Ay(V')) above, elements of the form

(Ysay)))wt u—14n5(u) (v + On(V))

for homogeneous nonzero u € V and v € V \ On(V) are not 0. Thus for v € V \
ON(V), v+ On(V) € An(V) is not in Qn_1(S(Ax(V))). In other words, if v + On(V) €
Qn_1(S(An(V))), thenv € On (V). On the other hand, we know that Ax (V') = (S(An(V))) )
C O (S(AN(V))).

Let W be a lower-bounded generalized V-module. Then ker Jg,w) is a two-sided ideal
of U*(V). So ker ¥¢rawy N Unn(V) is a two-sided ideal of Unxy (V). From [DLM], the map
ow : V — End Qu(W) defined by ow (v) = (Yiv)wt v—1(v) = Res,z~ Yy (a2v 0o, 2) gives
Qn(W) an Ax(V)-module structure. In particular, oy (On(V)) = 0. So On(V) C keroy.
We take W = S(An(V)). Then Ax (V) is an Ax(V)-submodule of Qn(S(An(V))). We use
04, (v) to denote the corresponding map from V' to End Ax (V). By the definition of 04, v,
we have

oayv)(u)(v+ON(V)) =uxy v+ On(V)

for u,v € V. For u € ker oy, (v), we have
oay(v)(w)(v+On(V)) =0
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for v € V. So we have uxy v+ On(V) =0 or u*xyv € Oyx(V). In particular, for v = 1, we
have uxy 1 € O(V). But modulo On(V), uxy 1 is equal to u. So u € Oy (V). This means
ker og, (ay(v)) C On(V) and thus keroa, vy = On(V).

For v € V, we have shown that v + Oyx(V) € Qn_1(S(An(V))) implies v € Oy (V) or
equivalently v + Oy (V) = On(V). So using our notation above, we see that

[0+ On(V)Ix = (v+ Ox(V)) + Qnv - (S(An(V)))

is an element of Gry(S(An(V))) and if it is equal to 0 € Gry(S(An(V))), then v+On (V) =
On (V). By definition, for u,v € V|

Ve (s(an ) ([ulwn) [(0 + On (V)] = [Res ™ Yo(ay 0y (@™ Ou, ) (0 + On (V)]
= [oay)(u)(v + On(V))]N-

Then ﬁGrN(S(AN(V)))([u]NN)[(U + ON(V))]N = 0 if and only if OAN(V)<U)('U + ON(V)) S
QNfl(S(AJZ\y(V)))'
For > olulux € Q*(V),
Vsy(anvy ([U]nn)[(v + On(V))IN = Fsyaniy) (ZMkk) [(v+ On(V))]n
k=0
=0

for all v € V. So 04, v)(u)(v 4+ On(V)) € Qn_1(S(An(V))) or equivalently [04, vy (u)(v +
On(V))|n is equal to 0 € Gry(Sy(An(V))) for all v € V. Thus og, (ayv)(w)(v+On(V)) =
On(V) or equivalently ogy(ayv))(w)(v + On(V)) is equal to 0 € Ax(V). Then we have
u € kerogy(ayvy) = On(V)

We have proved that " [ulw € Q(V) implies u € ker gy (ay vy = On(V). On the
other hand, since On(V) C Og(V) for k = 0,...,N and [Ok(V)]kk C O=(V) C Q=(V),
we have S8 [ulg € Q®(V) for u € On(V). Thus S0 [ulwe € Q®(V) if and only if
u € On(V). By this result, we obtain ker f¥ = UMY N Q>(V). In particular, f¥ induces a
linear isomorphism % : AN NV) — Ax(V).

For u,v € V', using the calculation above, we have

A ((Z[U]kk + QOO(V)> o (Z[U]kkz + QOOW)))

k=0 k=0

N ((ZMM) o (Z[ﬂkkz) + QOO(V))

= f¥ (Z[U N Uk + QOO(V))

=U*N U:+ On(V)
= (u+ On(V)) x5 (v+ On(V)).
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Therefore fN is an isomorphism of associative algebras.

Since 1 + O (V) is the identity of Ay (V), 1V + O>=(V) is the identity of ANN (V). If V
is a vertex operator algebra with the conformal vector w, since w + Oy (V) is in the center
of An(V), w¥ +O0>(V) is in the center of AN (V). N

4.2 Associative algebras from finite matrices

We now introduce new subalgebras of A%(V). For N € N, let UV (V) be the space of all
(N +1) x (N + 1) matrices with entries in V. It is clear that UY (V) can be canonically
embedded into US°(V) as a subspace. We shall view UM (V) as a subspace of U$*(V) in
this paper. As a subspace of Ug(V), UN(V) consists of infinite matrices in U*(V') whose
(k,1)-th entries for &k > N or [ > N are all 0 and is spanned by elements of the form [v]y for
veV,kl=0,...,N.

Recall the element N

1N = 1],

k=0

that is, 1V is the element of U™ (V) with the only nonzero entries to be equal to 1 at the
diagonal (k, k)-th entries for k = 0,..., N. By (2.2), we have

1V 0[] = Rese Thprpr (2 4+ D7D (1 + 2) [V (1 + 2)2 01, 2)0] = [v]n

forveVandk,l=0,...,N. So 1V is a left identity of U™ (V) with respect to the product
©. Note that forv € V and k,1=0,...,N,

(W o 1V = Res, Tirrr (2 4+ 1) (1 + 2) [V (1 + 2) v, 2)1]y = [v]p 0 1%
This formula together with (2.21) immediately gives

W] o 1V = Xk: (‘km_ 1) KLV(_%{T;%V((D " l) v} ) (4.1)

m=0

forveV and k,l=0,...,N.
By (2.3), for u,v € V and k,n,l =0,..., N,

[ukn © [V]m = Res, Thyr1 ((z + 1) F (1 + 2)' [V (1 + 2) Ou, 2)0] W € UN(V). (4.2)
So UN(V) is closed under the product o. Let
AYV) ={o+Q=(V) | v € UN(V)} = mam( (U™ (V).

where 7 g0(yy is the projection from U> (V') to A*(V). Then AN (V) is spanned by elements
of the form [v]y + Q> (V) for v € V and k,l =0,..., N.

30



Proposition 4.3 The subspace AN (V) is closed under o and is thus a subalgebra of A>(V)
with the identity 1V + Q>(V).

Proof. By (4.2), we have

([ulkn + Q= (V) o ([v]u + Q>(V))
= Res, Tisrr1((z + D)7 (1 4+ 2)' [V (1 + 2) O, 2)0],, + QF(V)
e AN(V)

for u,v € V and k,n,l =0,...,N. Thus AV (V) is closed under ¢ and is thus a subalgebra
of A*(V).

Since 1V is a left identity of UY (V') with respect to the product o, 1V + Q>(V) is a left
identity of AN (V). Since

[U]kl & 1N = [U]kl o1® = [U]kl mod QOO(V),

1V 4+ Q>(V) is also a right identity of AN (V). In particular, it is the identity of AN(V).

Remark 4.4 We have derived AN (V) as a subalgebra of A*(V'). One can certainly obtain
AN(V) directly starting with the space UN (V) of (N + 1) x (N + 1) matrices with entries
in V.

Remark 4.5 It is clear from the definition that A" (V) for n = 0,..., N are subalgebras
of AN(V). In particular, the Zhu algebra A(V) in [Z] and its generalizations A, (V) for
n=0,...,N by Dong, Li and Mason in [DLM] can be viewed as subalgebras of AY(V). In
the case N = 0, A° is equal to A% = Ay (V) and is thus isomorphic to the Zhu algebra
A(V') by Theorem 4.1.

We say that V' is of positive energy if V' =[], .y Vin) and V{gy = C1. (In some papers, V'
being of positive energy is said to be of CFT type.) We recall that for n € N, V' is C),-cofinite
if dimV/C,, (V) < oo, where C, (V) is the subspace of V' spanned by elements of the form
(Yv)_n(u)v for u,v € V.

Theorem 4.6 Assume that V is of positive energy and Cy-cofinite. Then AN(V) is finite
dimensional.

Proof. By Theorem 11 in [GN] (see Proposition 5.5 in [AN]), V is also C,,-cofinite for n > 2.
In particular, V' is Cyyyo-cofinite for k,l = 0,..., N. By definition, Ck1;12(V) are spanned
by elements of the form (Yy)_x_;_o(u)v for u,v € V. Since V' is Cy 9-cofinite, there exists
a finite dimensional subspace Xjy; of V such that X + Cjy.2(V) = V. Let UM(X) be
the subspace of UM (V) consisting matrices in UY (V) whose (k,[)-th entries are in X for
k,01 =0,...,N. Since Xy, for k,l = 0,..., N are finite dimensional, UN(X) is also finite
dimensional. We now prove U (X) 4+ (O®(V)NUN(V)) = UN(V). To prove this, we need
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only prove that every element of UN (V) of the form [v]y; for v € V and 0 < k,I < N, can be
written as [v]y = [v1]k + [V2]k, Where v; € Xjyy and vy € V such that [vs]y € O®(V). We
shall denote the subspace of V' consisting of elements v such that [v]; € O>(V) by O (V).
Then what we need to prove is V = Xy, + O (V).

We can always take Xj.; to be a subspace of V' containing 1. We use induction on the
weight of v. When wt v = 0, v is proportional to 1 and can indeed be written as v = v + 0,
where v € X and 0 € O (V).

Assume that when wt v = p < ¢, v = v + vy, where v; € Xy and vy € O (V). Then
since V' is Cjq4o-cofinite, for v € V|, there exists homogeneous u; € X}, and homogeneous
u',v' € Vifori=1,...,msuch that v=1u; + Y ;" u", , ,0". Moreover, we can always find
such u; and u',v* € V for i = 1,...,m such that wt u; = wt v’ , ;, ,v' = wt v =gq. Since

Wt Uy, oV < Whtu', ;0 =wtv=gq

for i = 1,...,m and n € Z,, by induction assumption, u’ _, , ,v° € Xy + O (V) for
t1=1,....,mand k € Z,. Thus

m
— i i
v=1u; + E U_p_j_oV
i=1

=u; + Z Res,z " 1721 4+ 2)'Y (1 4+ 2)*Ou?, 2)0'

=1
@ wtul + 1\ ;
S (U
=1 ’I’LEZ+
By definition, 4 '
[Res,z #1721 + 2)'Y (1 4 2)XOu’, 2)0')y € O=(V).
Thus . .
Res,z " 172(1 4+ 2)'Y (1 + 2)Ou’ 2)v' € OF (V).

Thus we have v = vy + v, where v; € Xy and vy € O (V). By induction principle, we
have V = Xk+l + OZ?(V)

We now have proved U (X) + (O®(V)NUN(V)) = UY(V). Since O*(V)NUN(V) C
Q> (V)NUN(V), we also have UN(X) + (Q*(V)NUN(V)) = UN(V). Since UN(X) is finite
dimensional, AN (V) is finite dimensional. |

5 Lower-bounded generalized V-modules and graded
AN(V)-modules

By Theorem 2.8, the associated graded space Gr(W) of a filtration of a lower-bounded
generalized V-module W is a nondegenerate graded A*(V)-module. In this section, for
N € N, we give an AN (V)-module structure to a subspace of Gr(W) and use it to study W.
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Let N € N. Let W be a lower-bounded generalized V-module. Since AV (V) is a subal-
gebra of A®(V), Gr(W) as an A®(V)-module is also an AY(V)-module. Let

=[] Gr.(W) c Gr(W).

By the definition of J¢,w), we see that for v € AN(V) and [w], € GrN(W), dgrm (0)[w], €
Gr¥(W). Thus Gr¥ (W) is an AN(W)-submodule of Gr(W). But GrY¥ (W) has some addi-
tional structures and properties and we are only interested in those AN (W)-modules having
these additional structures and properties. Similar to Definition 3.1, we have the following
notion:

Definition 5.1 Let M be an A" (V)-module M with the AY(V)-module structure on M
given by ¥y : AN(V) — End M. We say that M is a graded AN (V')-module if the following
conditions are satisfied:

1. M = ]_[7]:7:0 Gn(M) such that for v € V and k,1 =0,..., N, 9y ([v] + Q®(V)) maps
G,(M) for 0 <n < N to 0 when n # [ and to Gx(M) when n = [.

2. M is a direct sum of generalized eigenspaces of of an operator Ly (0) on M. G, (M)
for n € N are invariant under L,;(0) and the real parts of the eigenvalues of L/(0) has
a lower bound.

3. There is a linear map Ly (—1) : ]_[5;01 Gor (M) = [, G (M) mapping G,,(M) to
Gpi1(M) forn=0,...,N — 1.

4. The commutator relations

[La(0), Lar(—1)] = L (—1),
[Lar(0), Dar([v]ia + Q7 (V)] = (k — DI ([v]m + Q% (V)),
[La(=1), On([v]p + @7 (V)] = I ([Lv (=1)0] o1y + @7 (V)
hold forv eV, k,l=0,...,Nand p=0,...,N — 1.

A graded AY(V)-module M is said to be nondegenerate if the following additional condition
holds: For w € Gy(M), if Op([v]or + Q°(V))w = 0 for all v € V, then w = 0. Let M; and
M, be graded AN (V)-modules. An graded AN (V')-module map from My to My is an AN (V)-
module map f : My — M, such that f(G,(M;)) C Gn(Ms) forn=0...,N, fo Ly, (0) =
Ly, (0)o fand fo Ly, (—1) = Lag,(—1)o f. A graded AN (V)-submodule of a graded AN(V)-
module M is an AN (V)-submodule M, of M such that with the AV (V) module structure,
the N-grading induced from M and the operators L,(0) ‘M and Ly (— ‘M , My is a graded

AN(V)-module. A graded A>(V)-module M is said to be generated by a subset S if M is
equal to the smallest graded AN (V)-submodule containing S, or equivalently, M is spanned
by homogeneous elements obtained by applying elements of AN (V), L;(0) and Ly (—1) to
homogeneous summands of elements of S. A graded A" (V)-module is said to be irreducible
if it has no nonzero proper graded AY(V)-modules. A graded AY(V)-module is said to be
completely reducible if it is a direct sum of irreducible graded AN (V)-modules.
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From the discussion above and the property of Gr™ (W), we obtain immediately:

Proposition 5.2 For a lower-bounded generalized V-module W, GrN (W) is a nondegen-
erate graded AN (V)-module. Let Wy and Wy be lower-bounded generalized V -modules and
f: Wi — Wy a V-module map. Then f induces a graded AN(V)-module map Gr™¥(f) :
GrN (W) — GrN (Ws).

We have the following results on irreducible and completely reducible lower-bounded
generalized V-modules without additional conditions:

Proposition 5.3 Let W be a lower-bounded generalized V -module. If W 1is irreducible or
completely reducible, then Gr™N (W) is equivalent to Ty (W) as an AN(V)-module and is also
wrreductble or completely reducible, respectively.

Proof. Let W be irreducible. By Proposition 3.3, 2, (W) =T,(W) for n =0,...,N. Then
Tn(W) is a nondegenerate graded A" (V)-module equivalent to Gr™ (W). We need to prove
that the nondegenerate graded A" (V)-module T (W) is irreducible.

Let M be a nonzero graded AY(V)-submodule of T (W). We use the construction in
Section 5 of [H3| to construct a universal lower-bounded generalized V-module M from M.
We take the generating fields for the grading-restricted vertex algebra V' to be Yy (v, x) for
v € V. By definition, M is a direct sum of generalized eigenspaces of L,;(0) and the real
parts of the eigenvalues of L/(0) have a lower bound B € R. We take M and B in Section
5 of [H3] to be the given nondegenerate graded AY(V)-module M and the lower bound
B above. Using the construction in Section 5 of [H3], we obtain a universal lower-bounded
generalized V-module M 1[31 vl For simplicity, we shall denote it simply by M. By the universal
property of M (Theorem 5.2 in [H3]), for the embedding map ey : M — Tn(W), there is
a unique V-module map €; : M — W such that ‘3/1‘\4‘1\4 = e. Then (3/]\\4(.7\/4\) is a generalized

—

V-submodule of W generated by M. It is nonzero since M C ép;(M). Since W is irreducible,
it must be W. Then W is generated by M. In particular, T (V) is obtained by applying the
components of the vertex operators on W, Ly, (0) and Ly (—1) to elements of M. Since the
components of the vertex operators on W and the operators Ly (0) and Ly (—1) preserving
Tn(W) are by definition the actions of elements of A (V'), Ly (0) and L;(—1) preserving
Tn(W), we see that as a graded AY(V)-module, T (W) is generated by M. But M itself
is an AN (V)-submodule of Tx(W). So we have M = Tn(W). Thus Tx(W) as a graded
AN_module is irreducible.

If W is completely reducible, by Proposition 3.3 again, 2,,(W) = T,,(W) forn =0, ..., N.
Then Ty (W) is a nondegenerate graded AN (V')-module equivalent to Gr™ (W). Since W is
completely reducible, W =[] uem WH, where W for 1 € M are irreducible lower-bounded
generalized V-modules. By the definition of Tx(W), we have Ty(W) = [[,cp In(WH).
From what we have proved above, for u € M, Ty(WH) is an irreducible graded AN (V)-
module. Thus we see that Ty (W) is completely reducible. |

Let M be a graded AY(V)-module given by a linear map 9y, : AN(V) — End M and
operators L/(0) and Ly (—1). We now construct a lower-bounded generalized V-module
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SN (M) from M. We use the construction in Section 5 of [H3]. We take the generating fields
for the grading-restricted vertex algebra V' to be Yy (v,z) for v € V. By definition, M is
a direct sum of generalized eigenspaces of Lj;(0) and the real parts of the eigenvalues of
Ly(0) has a lower bound B € R. We take M and B in Section 5 of [H3] to be the given
graded AV (V)-module M and the lower bound B above. Using the construction in Section
5 of [H3], we obtain a universal lower-bounded generalized V-module M 1[31 VI For simplicity,
we shall denote it simply by M.

By Theorem 3.4 in [H4] and the construction in Section 5 of [H3| and by identifying
elements of the form (¢%;)_10 with basis elements w® € M for a € A for a basis {w”}ca

of M, we see that M is generated by M (in the sense of Definition 3.1 in [H4]). Moreover,
Theorems 3.3 and 3.4 in [H4] state that elements of the form Liz(—1)Pw® for p € N and

a € A are linearly independent and M is spanned by elements obtained by applying the
components of the vertex operators to these elements. In particular, we identify M as a
subspace of M. Let Jy; be the generalized V-submodule of M generated by elements of the
forms

Res, 2" * Y= (22 Oy, 2)w (5.1)

foril=0,...,N, k€ —=Z, and w € G;(M),
Res, 2" F Y= (a5 Qv 2)w — 9 ([v])w (5.2)
forveV,k1=0,...,N and w € G;(M) and
Liz(=Dw — Ly (=1)w (5.3)

for w € [[22y Gn(M).
Let SN(M) = M/Jy. Then SN(M) is a lower-bounded generalized V-module. Let

mgn vy be the projection from M to SN(M). Since M is generated by M (in the sense of
Definition 3.1 in [H4]), SV (M) is generated mgn(pp (M) (in the same sense). In particular,
SN (M) is spanned by elements of the form

Resxx(l+p)_”_lYSN(M) (.’L'LV(O)U, CC)LsN(M) (—1)p7TsN(M) (’LU) (54)

forv e V,1=0,....,N,n,p € Nand w € Gy(M). For n € N, let G,(SN(M)) be the
subspace of SY (M) spanned by elements of the form (5.4) forv € V, 1 =0,...,N,p€ N
and w € Gy(M).

Proposition 5.4 Let M be a graded AN (V)-module.

1. For 0 < n < N, Go(SN(M)) = menn(Gn(M)) and for 0 < ny,ng < N, ny #
na, Gn (SN(M)) N Gy, (SN(M)) = 0. Moreover, SN(M) = [],cn Gu(SY(M)) and

7TSN(M)(]W) = Hfj:o Gn(SN(M))'
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2. Forn=0,...,N,

o (H Gj<M>> = [T 6™ (1)) € (8™ (1) (55)

Jj=0

and in the case that M 1is nondegenerate,
N N
TSN (0) (H Gj(M)) N2, (SY(M)) = (H Gj(SN(M))> NQ2,(SY(M)) =0. (5.6)
j=n j=n

3. In the case that M is nondegenerate, M is equivalent to a graded AN (V')-submodule of
GrVN(SN(M)).

Proof. By definition, G,,(SY(M)) for 0 < n < N is spanned by elements of the form (5.4)
forveV,1=0,...,N,p € Nand w e Gy(M). Using the L(—1)-commutator formula for
the vertex operator map Ygn (a7, we see that it is also spanned by elements of the form

Res, ' " Ln (4 (= 1)PYn (apy (Y Qv ) mgn (apy (w) (5.7)

foroeV, k=0,...,N,p=0,...,n—k and w € G;(M). Since elements of the forms
(5.2) and (5.3) are in Jy;, we see that (5.7) is in fact equal to

T () (Lar (=1)POps (V] + Q% (V))w) € msn (ar) (Gn(M)). (5-8)

Since Ly (=1)PVp ([0]kaepy + QF(V))w for v € V, I,k =0,....,N, p =0,...,n — k and
w € Gi(M) certainly span G,,(M) (in fact, we need only v = 1, k =1 = n, p = 0 and
w € G,(W)) and elements of the form (5.7) forv € V, [,k =0,....N, p=20,....,n—k
and w € G|(M) span G,(S(G)) for 0 < n < N, we see that elements of the form (5.8)
forveV,Lk=0,...,N,p=0,...,n—k and w € G;(M) also span G,,(SY(M)). Thus
we obtain G, (SY(M)) = mgnan(Gn(M)) for n = 0,...,N. When n; # ny, we know
G, (M) DGM(M) = 0. Then Gm(SN(M)) N an(SN(M)) = 7TS(G)(CJM (M) DGM(M)) =0.
Since SY (M) is spanned by elements of the form (5.4) forv € V,1=0,...,N, n,p € N and
w € Gy(M), by the definition of G,(SN(M)), we have SN(M) = [[,,cn G (SN (M)). Since
Gn(SN(M)) = mgnar)(Gp(M)) for n =0,..., N, we have

monany (M) = [ ] mon ) (Ga(M)) = ] Gul(S™V (M),

By definition, for 0 < j <n < N, G;(S¥(M)) C Q,(S¥(M)). Then for j =0,...,n,
v (G(M)) = G5(S™ (M) € Q;(S™(M)) € Qu(S™(M)).

So we obtain (5.5). By the nondegeneracy of M, nonzero elements of G;(M) for N > j >n
are not in Q,(M). From the construction of M, nonzero elements of the form (5.1), (5.2)
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or (5.3) are not in M C M. In particular, we see that the intersection of J (M) with M is
0. So mgn M)‘ u 18 injective. Since WsN(M)’ 18 injective, we see that nonzero elements of
G;(SN(M)) = mgnary(G;(M)) for N > j > n are not in Q,(SV(M)). Thus we obtain (5.6).

For 0 <n < N and w € G,(M), we define fy(w) = mgnary(w) + Qno1 (SN (M)). Since
msv (W) € Qu(SN(M)), far(w) € Gry(SY(M)). Therefore we obtain a linear map fy :
M — GrV(SN(M)). Tt is clear from the definition that fy is in fact a graded A" (V')-module
map. If for some 0 < n < N and w € G,,(M), fu(w) = 0, then mgn (1) (w) € Qo1 (SN (M)).
But we have proved above that nonzero elements of g () (G (M)) are not in Q,—1 (S™(M)).
So menan(w) = 0. Since 7T5<N(M)|M is injective, we obtain w = 0. So f), is injective. Thus
M is equivalent to the nondegenerate graded AN (V)-submodule fy(M) of GrYN (SN (M)). o

Remark 5.5 As in the case of S(G) in Section 3, our construction of the lower-bounded

generalized V-module M depends on the lower bound B of the real parts of the eigenvalues
of Ly(0). But by Proposition 5.4, SV¥(M) depends only on M, not on B.

Theorem 5.6 For N € N, the set of the equivalence classes of irreducible lower-bounded
generalized V-modules is in bijection with the set of the equivalence classes of irreducible
nondegenerate graded AN (V')-modules.

Proof. Recall the set [20];,, of the equivalence classes of irreducible lower-bounded gener-
alized V-modules in the proof of Theorem 3.7. Let 9], be the set of the equivalence
classes of irreducible nondegenerate graded AN (V)-modules. Given an irreducible lower-
bounded generalized V-module W, by Theorem 5.3, Gr¥ (W) = Tn(W) is an irreducible
nondegenerate graded A" (V)-module. Thus we obtain a map f : (Wi, — [MV]ir given by
f(W]) = [Ty(W)], where [W] € [2];,, is the equivalence class containing the irreducible
lower-bounded generalized V-module W and [Tx(W)] € [MM"];, is the equivalence class
containing the irreducible nondegenerate graded AY (V')-module T (W).

Given an irreducible nondegenerate graded A" (V')-module M, we have the lower-bounded
generalized V-module S¥(M) generated by mgv(an(M). The main difference of the proof
here and the the proof of Theorem 3.7 is that we do not know whether S™ (M) is irre-
ducible. So we need to take a quotient of SV(M). Since M is an irreducible nondegenerate
graded AN (V)-module, it is generated by any nonzero element. Since SY (M) is generated
by men (M), it is also generated by any element wy € mgn () (M). Then by Theorem
4.7 in [H4], there is a maximal generalized V-submodule J;_ N apy (M) w0 OF SN (M) such that

Ix does not contain wy and SN (M)/ JrrSN(M)(M),wo is irreducible. The maximal

generalized V-submodule J; N oy (M).wp 18 10 fact independent of wy € mgn (1) (M). We prove

SN (ar) (M) wo

this fact by proving that no nonzero element of mg~ ) (M) is in JﬁsN(m( M)w- 11 fact, if a

nonzero w € mgn (M) is also in Jren

operators on w are equal to the actions of elements of AN (V) and M is generated also by
w, we see that wy must also be in JﬁsN(m(M),wo. Contradiction. Thus JﬂsN(M)(M)’wO is in

(M),wo» Since the actions of components of vertex

fact the maximal generalized V-submodule of S (M) such that it does not contain nonzero
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elements of M. We denote it by J, M, which depends only on mgn M)(M ), or equivalently, M.
Thus we obtain a map g : [y, — [y, given by g([M]) = [SY(M)/Ju].

We still need to show that the two maps above are inverses of each other. Let M be an ir-
reducible nondegenerate graded A" (V)-module. Since SY(M)/Jy; is irreducible, by Propo-
sition 3.3, Gry(SN(M)/Jy) is an irreducible nondegenerate graded AN (V)-module. By
Proposition 5.4, M is equivalent to a nondegenerate graded A (V')-submodule of Gry (SN (M)).
As in the proof of Proposition 5.4, we denote this equivalence by fy. Let 75 SN(M) —

SN(M)/Jy be the projection map. Since Jy N Tsvan(M) =0, 75| is injective
M WSN(A{)(M)
and in particular, is not 0. The V-module map 75 induces a graded AN (V)-module map

Gr¥(n5 ) + Gry(SN(M)) — Gry(SN(M)/Jyr). Since 75 | is not 0, the restric-

sN () (M)

tion Gr™(my ) ‘f of Gr¥(m3 ) to the image of M under fy is also not 0. Consider
the AN(V)-module map Gri¥(r5 - Jofu: M — Gryn(SN(M)/Jy). Since fa is injective
and Gr™¥(m5 ) ‘f on 0, Gr¥(my ) o far is not 0. But both M and Gry(S™(M M)/ Jy) are
irreducible. So Gr¥ ( 75 ) o far must be an equivalence of graded AN (V)-modules. Moreover,
by Proposition 5.3, Gry (SN (M) /Jy) is equivalent to Ty (SN (M)/Jar). So M is equivalent
to T (SN (M)/Jar). Thus [M] = [TN(]\/I\/jM)] This means f(g([M])) = [M]. So we obtain
fog= Ly, -

Let W be an irreducible lower-bounded generalized V-module. By Theorem 5.3, T (W)
is an irreducible AY(V)-module. We then have a lower-bounded generalized V-module

SN (Tn(W)). By the universal property of m) there is a unique V-module map m) ;
Tn(W) — W such that 1p,mw) |T w) = lpyw), where 17,y is the identity operator
on Ty(W). Since W is irreducible, the image of T (W) under m) is either 0 or W.

Since 1;(;))‘ I = lryw), the image of TN/(W) under m) cannot be 0 and thus

(W)
must be W. In particular, Ev(\W) is surjective. Moreover, since Jr, ) is generated by
(5.1), (5.2) and (5 3) with M = Ty(W), the image of Jp,w) under m) is 0, that is,
Jryw) € ker 1TN(W) In particular, m) induces a surjective V-module map fr,mw) :
SN(Tw(W)) = T (W) gy = W. Since Jpy vy N T (W) = 0, Frqw) (T (W) = Ty (W).
We have a maximal generahzed V-submodule JTN y of SN(Tx(W)) as in the construc-
tion above such that Tn(W) N jTN(W) = 0 and SN(TN(W))/jTN(W) is irreducible. Since
fryony(In(W)) = Tn(W), ker fryuw) is a generalized V-submodule of S (Tx(W)) that
does not contain nonzero elements of M. Hence ker fr, w) C jTN(W). Thus we obtain a
surjective V-module map from SN(TN(W))/jTN(W) to W. Since both SN(TN(W))/jTN(W)
and W are irreducible, this surjective VV-module map must be an equivalence. So we obtain
[SN(Tn(W))/ Iy = [W], that is, g(f([W])) = [W]. So we obtain g o f = lpy,,. This
finishes the proof that [20];,, is in bijection with [P0V, |

Corollary 5.7 For Ny, Ny € N or equal to 0o, the set of the equivalence classes of irreducible
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nondegenerate graded AN'(V')-modules is in bijection with the set of the equivalence classes
of irreducible nondegenerate graded AN?(V')-modules.

We now assume that V' is a Mobius vertex algebra, that is, a grading-restricted vertex
algebra equipped with an operator Ly (1) such that Ly (1), Ly(0) and Ly (—1) satisfying
the usually commutator relations for the standard basis of sl, and the usual commutator
formula between Ly (1) and vertex operators for a vertex operator algebra. See, for example,
Definition 7.1 in [H4] for the precise definition. In this case, a lower-bounded generalized
V-module should also have an operator Ly (1) satisfying the same relations as Ly (1). We
assume that V' is a grading-restricted Mobius vertex algebra in the remaining part of the
paper because in this case, a lowest weight of a lower-bounded generalized V-module is well

defined. See Remark 7.3 in [H4].

Proposition 5.8 Let V be a Mdbius vertex algebra. Assume that AN (V') for all N € N are
finite dimensional (for example, when V is Cy-cofinite and of positive energy by Theorem
4.6). Then every irreducible lower-bounded generalized V -module is an ordinary V-module
and every lower-bounded generalized V -module of finite length is grading restricted.

Proof. Since for N € N, AN (V) is finite dimensional, there are only finitely many irreducible
AN(V)-modules. By Theorem 5.6, there are also finitely many irreducible lower-bounded
generalized V-modules. For an irreducible lower-bounded generalized V-module W with
lowest weight hy and N € N, Tiy(W) is an irreducible nondegenerate graded A™ (V)-module
by Proposition 5.3. Since AV (V) is finite dimensional, T (W) is also finite dimensional. Thus
GN(W) = Wiy 4~ C Tn(W) is also finite dimensional. Since this is true for N € N, we see
that W is grading restricted. Since W is irreducible, Ly, (0) must act semisimply on W. So
W is an irreducible ordinary V-module.

Since as a graded vector space, a lower-bounded generalized V' module W of finite length
is a finite sum of irreducible lower-bounded generalized V-modules, which are all ordinary
V-modules from what we have proved above. Then W must be grading restricted. [

Since V is a Mobius verex algebra, the associative algebras A~ (V) and AN (V) for N € N
have an additional operator Ly (1) induced from the operator Ly (1) acting on V. For a
lower-bounded generalized V-module W, there is also an operator L¢,y)(1) on the A*(V)-
module Gr(W) induced from Ly (1) on W such that Lg,wy(1) maps Gr,(W) to Gr,—i(W).
Restricting Le,(w)(1) to Gr¥ (W), we obtain an operator Lg,~un (1) on Gr¥ (W).

Definition 5.9 Let V be a Mobius vertex algebra. A graded AN (V)-module is a graded
AN(V)-module M when V is viewed as a grading-restricted vertex algebra together with an
operator Ly(1) satisfying the following conditions:

1. Ly (1) maps G (M) to G,—1(M) for n =0,..., N, where G_1(M) = 0.
2. The operators Ly,(1) satisfies the commutator relations

[Lar(0), Ly (1)] = =L (1),
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[Lar(1), Ly (=1)] = 2L(0),
[Lar(1), Onr([v]i + QF (V)] = I ([(Lv (1) + 2Ly (0) + Ly (—=1))v] -1y + Q7 (V).

An graded AY(V)-module M is said to be nondegenerate if M is nondegenerate when V is
viewed as a grading-restricted vertex algebra. Let M; and M, be graded AY (V)-modules. An
graded AN (V')-module map from M, to My is an AN (V)-module map f : M; — M, such that
f(G(My)) C Gp(M) forn=0...,N, foLy, (1) = Ly, (1) o f, foLy, (0) = Ly,(0)o f and
foLy,(=1) = Ly, (=1)o f. A graded AN (V')-submodule of a graded A™(V')-module M is an
AN(V)-submodule My of M such that with the A" (V)-module structure and the N-grading
induced from M and the operators LM(l)‘M()? LM(O)|M0 and LM(—1)|MO, M, is a graded
AN(V)-module. A graded A>(V)-module M is said to be generated by a subset S if M is
equal to the smallest graded A" (V)-submodule containing S, or equivalently, M is spanned
by homogeneous elements obtained by applying elements of AY(V), Ly(1) and Ly (—1)
to homogeneous summands of elements of S. Irreducible and completely reducible graded
AN(V)-module are defined in the same way as in the case that V is a grading-restricted
vertex algebra.

From Proposition 5.2 and the property of Ly (1), we immediately obtain the following:

Proposition 5.10 Let V' be a Mobius vertex algebra. For a lower-bounded generalized V -
module W, Gr¥N(W) is nondegenerate graded AN (V)-module. Let Wy and Wy be lower-
bounded generalized V-modules and f : Wy — Wy a V-module map. Then f induces a
graded AN (V)-module map Gr™¥(f) : GrN (W) — GrN(Ws).

As is mentioned above, in the remaining part of this paper, we assume that V' is a Mobius
vertex algebra. We shall not repeat this assumption except in the statements of propositions,
theorems, corollaries and so on. Lower-bounded generalized V-modules and graded AN (V)-
modules always mean those for V' as a Mobius vertex algebra, not as a grading-restricted
vertex algebra. All the results that we have obtained above certainly still hold.

We recall the notion of lower-bounded generalized V-module of finite length. A lower-
bounded generalized V-module W is said to be of fnite length if there is a composition series
W =Wy D - D W1 =0 of lower-bounded generalized V-modules such that W, /W, for
1 =20,...,[ are irreducible lower-bounded generalized V-modules.

Proposition 5.11 Let V be a Mdbius vertex algebra. Assume that the differences between
the real parts of the lowest weights of the irreducible lower-bounded generalized V -modules
are all less than or equal to N € N. Then a lower-bounded generalized V -module W of finite
length is generated by

11 Wiy C Qn (W),
R(hw ) <R(n)<R(hw )+N

where hy is a lowest weight of W.
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Proof. Let W = Wy D Wy D --- D Wiy1 = 0 be a finite composition series such that
W; /Wiy for i =0, ..., are irreducible lower-bounded generalized V-modules. As a graded
vector space, W is isomorphic to Hi:o W;/W,;.1. In particular, the lowest weight of one of
the irreducible lower-bounded generalized V-modules W; /W,y for i = 0,...,[ is a lowest
weight hy, of W.

Let w; € W; be homogeneous for ¢ = 0,...,l such that w; + W;,; is a lowest weight
vector of W; /W;,1. Then by assumption, the differences between the real parts of the lowest
weights of W; /W,y for i = 0,...,[ are less than or equal to N. Since one of these lowest
weights is a lowest weight hy of W, we see that the the differences between the real parts
of the lowest weights of W;/W,; ;1 for i = 0,...,1 and R(hy ) are less than or equal to N.
In particular w; € Hé)%(hw)géft(n)gél?(hw)—i—N W,. Since for each i, W;/Wiy1 is generated by
w; + Wiy, Wi is generated by w; and W;,;. Thus W is generated by w; for i = 0,...,[.
Since w; € H%(hw)S%(n)S%(hw)JrN Wiy, W is generated by H%(hw)sﬂ%(n)S?R(hw)JrN Wiy It is
clear that [Ty, <s(n) <)+ Winl 18 @ subspace of Qn (W). |

Corollary 5.12 Let V be a Mobius vertex algebra. Assume that An/(V') for all N' € N are
finite dimensional (for example, when V is Cy-cofinite and of positive energy by Theorem
4.6). Let N € N such that the differences between the real parts of the lowest weights of the
finitely many (inequivalent) irreducible ordinary V-modules are less than or equal to N. Then
a lower-bounded generalized V -module W of finite length or a grading-restricted generalized
V-module W is generated by

H W[n] C QN(W)
R(hw ) <R(n) <R(hw )+N

Proof. Since by Proposition 5.8, the finitely many (inequivalent) irreducible lower-bounded
generalized V-modules are all ordinary V-modules, the condition in Proposition 5.11 is sat-
isfied. Also, by Corollary 3.16 in [H1], every grading-restricted generalized V-module is of
finite length. Thus W is generated by H?R(hw)gﬂ?(n)gﬁff(hw)+N Wiy [

Theorem 5.13 Let V' be a Mobius vertex algebra. Assume that the differences between the
real parts of the lowest weights of the irreducible lower-bounded generalized V -modules are all
less than or equal to N € N. Then a lower-bounded generalized V -module W of finite length
is irreducible or completely reducible if and only if the nondegenerate graded AN (V)-module
GrN(W) is irreducible or completely reducible, respectively.

Proof. By Proposition 5.3, we already know that if W is irreducible, Gr™¥ (W) = T (W) is
irreducibile. Conversely, assume that the nondegenerate graded AN (V)-module Gr™¥(W) is
irreducible. Let W, be a nonzero generalized V-submodule of W. Let ey, : Wy — W be
the embedding map. Then we have a graded AY(V)-moudle map Gr(ew,) : Gr¥(Wy) —
Gr¥(W) given by (Gr(ew,))(wo + Qn_1(Wy)) = wo + Q1 (W) for n = 0,..., N and wy €
Q,(Wy). Since ey is injective, Gr(ews,) is also injective . So (Gr(ew,))(Gr™(Wp)) is a
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nondegenerate graded AN (V)-submodule of GrY(W). Since W, is nonzero, Gr™ (W) is
nonzero. Since Gr™¥(W) is irreducible and Gr(ey,) is 1n3ect1ve (Gr(eWO))( N(Wy)) is
equal to Gr™ (W). We now prove Wy = W. In fact, for n = 0, . N, (Gr(ew,))(Gr,(Wy)) =
{wo + Q,(W) | wo € Q,(Wp)}. So Grp(W) = {wo + Qo (W ) \ wo € Q,(Wp)}. For n =0,
we obtain Qo(W) = GT’()(W) = GT‘(W()) = Qo(Wo) Assume that Qn_l(W) = Qn—l(WO) for
n < N. Given w € Q, (W), w+ Q,_1(W) € Gr,(W). By Gr,(W) = {wo+ Q1 (W) | wy €
Q,,(Wp)}, there exists wy € Q, (W) such that w+,_1 (W) = wy+Q,_1 (W), or equivalently,
w—wy € Ly (W) = Q,1(Wp). Thus w € Q,(W,). This shows Q, (W) = Q, (W) for
n =0,...,N. In particular, Qn(W) = Qun(Wy). But by Proposition 5.11, Wy and W are
generated by Qn (W) and Qy (W), respectively. Since Qn (W) = Qn(Wp), we must have
W = W,. So W is irreducible.

If W is completely reducible, then by Proposition 5.3, Gr™ (W) = Tn(W) is completely
reducible. Conversely, assume that the nondegenerate graded AY(V)-module Gr™ (W) is
completely reducible. Then Gr¥(W) = [1,cp M#, where M* for p € M are irreducible
nondegenerate graded AN (V)-submodules of Gr™(W). For u € M, since M* is a nondegen-
erate graded AN (V)-submodule of Gr™ (W), we have M* C Gr,(W) = Q,(W)/Q,_1(W)
for n = 0,...,N. Let W# be the generalized V-submodule of W generated by the set of
elements of the form w* € Q,(W) such that w* + Q,,_1(W) € MF¥ for for n = 0,..., N.
Since W* is a generalized V-submodule of W, for v € V| kI € N and w* € (W) such that
wH + Qlfl(W) € Mlu,

Res, 2" " Yy (22 Ou, 2)w” + Q1 (W) € Gry(WH).

By the deﬁnltlon of W, we see that Res, /" 1Yy (z/v v, z)wH € W*. Slnce wt e (W),
Res, 2" 1Yy (2v Oy x)w“ =0 for k € —Z,. Therefore Res, 2/ ~* 1Yy (z2v v, z)wH € W
for k € N are all the nonzero coefficients of Yy (v, z)w*. So W is closed under the action
of the vertex operators on W. Since M* is invariant under the actions of Lgyw)(0) and
Laravy(—1) and is a direct sum of generalized eigenspaces of Lg,w)(0), W* is invariant
under the actions of Ly (0) and Ly (—1) and is a direct sum of generalized eigenspaces of
Ly (0). Thus W* is a generalized V-submodule of .

Let w" 4+ Q,,—1(W#) € Gr,(WH), where 0 <n < N and w* € Q,(W") C Q,(W). By the
definition of W#, we see that since w* is an element of W#, w*+Q,,_1(W) € G,,(M*"). So we
obtain a linear map from Gr,(W*") to G,,(M*") given by w* + Q,,_1(WH#) — w* + Q,,_1 (W)
for w* + Q,,_1(WH) € Gr,(WH). These maps for n = 0,..., N give a map from Gr’¥(W*)
to M*. Tt is clear that this map is a graded AN(V)-module map. If for 0 < n < N,
the image w* + ,,_1(W) of w* + Q,,_1(WH#) € Gr,(W*") under this map is 0 in M*, then
wh € Q,_1(W). But w* € Q,(WH) Cc WF. So w* € Q,_1(WH") and wH + Q,,_1(W*") is 0 in
Gr¥(W*). This means that this graded AY(V)-module map is injective. In particular, the
image of Gr™ (W*) under this map is a nonzero nondegenerate graded A" (V)-submodule
of M*. But M* is irreducible. So Gr¥(W*) must be equivalent to M* and is therefore
also irreducible. From what we have proved above, since GrY¥(W*H) is irreducible, W* is
irreducible. Thus W is complete reducible. [ |

From Corollary 5.12 and Theorem 5.13, we obtain the following result:

42



Corollary 5.14 Let V be a Mdébius vertezx algebra. Assume that An:(V') for all N' € N are
finite dimensional (for example, when V is Cy-cofinite and of positive energy by Theorem
4.6). Let N € N such that the differences between the real parts of the lowest weights of
the finitely many (inequivalent) irreducible ordinary V-modules are less than or equal to
N. Then a lower-bounded generalized V-module W of finite length or a grading-restricted
generalized V -module W is a direct sum of irreducible ordinary V -modules if and only if the
nondegenerate graded AN (V')-module GrN (W) is completely reducible.

Proof. Since AN'(V) is finite dimensional, there are only finitely many (inequivalent) irre-
ducible nondegenerate graded A™ (V')-modules. By Theorem 5.6, there are finitely many
irreducible lower-bounded generalized V-modules. By Corollary 5.12, these finitely many
irreducible lower-bounded generalized V-modules are all irreducible ordinary V-modules.
There exists N € N such that the differences between the real parts of the lowest weights
of the finitely many irreducible ordinary V-modules are less than or equal to N. For such
N, the condition in Theorem 5.13 holds. So by Theorem 5.13, a lower-bounded generalized
V-module W of finite length is a direct sum of irreducible ordinary V-modules if and only

if Gr¥(W) is completely reducible as a nondegenerate graded A™ (V' )-module.
By Corollary 3.16 in [H1], every grading-restricted generalized V-module is of finite
length. Thus the conclusion holds also for a grading-restricted generalized V-module W.
|

Remark 5.15 Note that the assumption or condition on the lowest weights of irreducible
V-modules in Proposition 5.11, Corollary 5.12, Theorem 5.13 and Corollary 5.14 can be
weakened to the assumption or condition that the differences between the real parts of
the lowest weights of the irreducible lower-bounded generalized V-modules appearing as a
quotient in a composition series of W are all less than or equal to N € N. This is because
the proofs used only this weaker assumption or condition. For the study of some particular
lower-bounded generalized V-modules of finite length or some grading-restricted generalized
V-modules, this weaker assumption or condition is certainly easier to verify than the more
general ones in the statements of these results.
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