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Abstract

Let V be a Mobius vertex algebra and G an abelian group of automorphisms of V.
We construct P(z)-tensor product bifunctors for the category of C,-cofinite grading-
restricted generalized g-twisted V-modules (without g-actions) for g € G and the cate-
gory of Cj-cofinite grading-restricted generalized g-twisted V-modules with G-actions
for g € G. In this paper, an automorphism g of V' can be of infinite order and does
not have to act semisimply on V', and the group G can be an infinite abelian group
containing nonsemisimple automorphisms of V.

1 Introduction

Two-dimensional orbifold conformal field theories play an important role in the construction,
classification and applications of two-dimensional conformal field theories. The moonshine
module V¥ constructed in mathematics by Frenkel, Lepowsky and Meurman [FLM1] [FLM2)]
[FLM3] is the first example of two-dimensional orbifold conformal field theories. The sys-
tematic study of two-dimensional orbifold conformal field theories in physics was started
by Dixon, Harvey, Vafa, and Witten [DHVW1] [DHVW2]. In [H4], the author introduced
g-twisted modules for a vertex operator algebra V for an automorphism of V' of infinite
order. In [H7], the author initiated a program to construct general two-dimensional orbifold
conformal field theories starting from a vertex operator algebra V' and a group G of automor-
phisms of V. Here the group G is not necessarily finite abelian. A number of conjectures and
open problems, including those on the convergence, associativity, commutativity, modular
invariance of twisted intertwining operators, and on the corresponding G-crossed braided
tensor category structures were formulated and discussed in [H7].

Recently, progress in this program have been made by Du and the author [DH] on twisted
intertwining operators and P(z)-tensor product bifunctors for categories of suitable twisted
modules for a vertex operator algebra V' under certain assumptions (see below for more
discussions on these assumptions, by Tan on the cofiniteness of suitable twisted V-modules
[Ta2] and on differential equations satisfied by products of twisted intertwining operators
in the mostly untwisted case [Tal] and in the finite abelian case [Ta3|, and by Du on the



associativity of twisted intertwining operators under suitable convergence and extension
assumptions [D]. The present paper is also one step in this program.

We want to emphasize the importance of P(z)-tensor product bifunctors. In the untwisted
case, the braided and even modular tensor category structures has been constructed on
suitable categories of modules for a vertex operator algebra satisfying certain conditions
(see [HL2|-[HL4], [H1], [H2], [H3], [HLZ1]-[HLZ8], [H8]). However, from these braided or
even modular tensor category structures, we cannot reconstruct the vertex operator algebra.
For example, the modular tensor category for the moonshine module V¥ is equivalent to the
tensor category of finite-dimensional vector spaces over C. It is impossible to reconstruct the
moonshine module from this trivial tensor category. On the other hand, the constructions
in [HL2]-[HL4], [H1], [H2], [H3], [HLZ1]-[HLZ8], and [HS8] give vertex tensor categories (see
[HL1] for a definition of vertex tensor category). It is a conjecture that one can reconstruct
vertex operator algebras from vertex tensor categories. In the twisted case, it is conjectured
in [H7] that the category of grading-restricted generalized g-twisted modules for a Cy-cofinite
vertex operator algebra of positive energy and for ¢ in a finite group G of automorphisms
has a natural G-crossed braided tensor category structure in the sense of of [Tu]. To prove
this conjecture, we have to construct first a G-crossed vertex tensor category structure and
then use the same procedure as in the untwisted case to obtain the GG-crossed braided tensor
category structure. P(z)-tensor product bifunctors are one set of the most important data
of a G-crossed vertex tensor category.

In [DH], P(2)-tensor product bifunctors for suitable categories of grading-restricted gen-
eralized V-modules are constructed based on suitable assumptions (see Assumption 4.4 in
[DH]). The results in [DH] are twisted generalizations of the results in the untwisted case in
[HL2]|, [HL4], [HLZ3] and [HLZ4]. Theorem 4.8 and Corollary 4.9 in [DH] give some strong
conditions on categories of twisted V-modules such that Assumption 4.4 in [DH] holds for
such categories. But these conditions are very strong and are not easy to verify. We would
like to find conditions on a vertex operator algebra V' and categories of suitable twisted
modules that are easy to verify or have been verified in the literature such that P(z)-tensor
product bifunctors exist in the category.

In this paper, we construct P(z)-tensor product bifunctors on categories of suitable
twisted modules satisfying some cofiniteness conditions in the case that the automorphisms
involved commute but might be of infinite orders. Instead of trying to generalize the con-
ditions in Theorem 4.8 and Corollary 4.9 in [DH], in this paper, we prove generalizations
and analogues of some results in [H8] for lower-bounded generalized twisted V-modules and
twisted intertwining operators among such g-twisted V-modules for ¢g in an abelian group
G of automorphisms of V. In [H8], a precisely formulated generalization of an inequality of
Nahm [N] is proved and P(z)-tensor rpoduct bifunctors are constructed using some results
in [HLZ3] and [HLZ4] and this inequality. In fact, in [N], Nahm introduced a notion of quasi-
rational module for a W-algebra. In mathematics, W-algebras are suitable vertex operator
algebras and quasi-rational modules means C}-cofinite modules. For a suitable module W
for a vertex operator algebra V' with the vertex operator map Yy, the Cj-subspace C; (W)
of W is the subspace of V' spanned by Res,z 'Y (v,z)w for v € V, =[] Viny and
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w € W. The V-module W is C}-cofinite if dim W/C; (W) < co. Assuming that a suitable
fusion product Wi, of two Ci-cofinite V-modules W; and Wy exists, Nahm derived in [N] an
inequality

dim(Wi9/Cy(Wha)) < dim(W; /Cy(Wh)) dim (W /Cy(W5)). (1.1)

Nahm did not give a construction of a fusion product in [N]. Instead, he derived the inequal-
ity (1.1) from some basic physical assumptions on conformal field theories. A generaliza-
tion of the inequality (1.1) to surjective intertwining operators is formulated precisely and
proved mathematically in [H8]. In particular, if Wi, is taken to be the P(z)-tensor product
Wi Mp(.) W constructed in [H8], the inequality (1.1) holds. In [YZ], Yang and Zhu proved
a twisted Nahm inequality for quotients of lower-bounded generalized twisted V-modules
by their Cy-subspaces! (see below for the definition) in the case that the automorphisms
involved commute and are of finite order. Using this inequality, it is proved in [YZ] that the
category of Cy-cofinite lower-bounded generalized twisted V-modules twisted by commuting
automorphisms of finite orders is closed under a suitable fusion product.

In this paper, we construct P(z)-tensor product bifunctors for categories of C,-cofinite
grading-restricted generalized g-twisted V-modules for g in an abelain group G of automor-
phisms of V. The group G does not have to be finite and can contain automorphisms that
do not act semisimply on V. Our method is the same as the one in [HS].

Here we give more detailed descriptions of our results. Let V' be a grading-restricted
vertex algebra. For an automorphism ¢ of V, we have V = Haepg viel where PJ C

[0,1) +iR C C and VIl for a € PJ is the generalized eigenspace of g with the eigenvalue
e For n € 2+ N and a generalized g-twisted V-module W with the twisted vertex
operator map Yy, let the Cy-subspace C, (W) of W be the subspace of W spanned by
elements of the form Res,z* Yy (v, z)w for v € VI o € PY, and w € W. Let g; and g, be
commuting automorphisms of V', W; and W5 lower-bounded generalized g;- and g,-twisted
V-modules, respectively, and W3 a generalized g, go-twisted V-module. Assuming that there

exists a surjective twisted intertwining operator of type (W?/;,Q), we prove

A (Wi Cringp) (W) < cim(W3 /C, (W) dimn (10 /C, (V7)) (1.2)

for p,qg € 2+ N. Here ¢g; and ¢ can be of infinite order and do not have to act semisimply
on V. This inequality is proved using the same method as in [H8], but with the Jacobi
identity for (untwisted) intertwining operators in [H8| replaced by a Jacobi identity for
twisted intertwining operators in the case that the automorphisms of V' involved commute
with each other.

For a generalized twisted V-module, we say that W is C,-cofinite if dim W/C,, (W) < oc.
We now assume that V' has in addition a Mobius vertex algebra or quasi-vertex operator

n [YZ], for a lower-bounded generalized g-twisted V-module for finite-order g, a subspace C1 (W) of W
is introduced. In fact, C1 (W) in [YZ] is Co(W) in [Tal] and the present paper, and C;-cofiniteness in [YZ] is
called Cy-cofiniteness in [Tal] and the present paper. There is also a notion of Cy-cofiniteness in [Tal]. Note
that by the main result proved by Tan in [Tal], finitely generated lower-bounded generalized twisted V-
modules are Co-cofinite in the sense of [Tal] and the present paper if V' is Co-cofinite and of positive energy.
Because of this result and the examples of twisted modules for the Heisenberg vertex operator algebras, in
the author’s opinion, Co (W) and Cs-cofinite are the correct notation and term to use.



algebra structure (see [FHL| and [HLZ1]). In particular, we have an operator Ly (1) on V'
and for a lower-bounded generalized twisted V-mdoule W, we have a contragredient W’
(see [H5]). Let G be an abelian group of automorphisms of V. Using some results in [DH],
the inequality above in the case p = ¢ = n € 2 + N, and other results proved in this
paper on C,-cofinite lower-bounded generalized twisted V-modules and twisted intertwin-
ing operators, we construct P(z)-tensor product bifunctors for the category of C,-cofinite
grading-restricted generalized g-twisted V-modules (without g-actions) for ¢ € G and the
category of C,-cofinite grading-restricted generalized g-twisted V-modules with G-actions
for ¢ € G. Though the second category is in fact a subcategory of the first category, the
P(z)-tensor product bifunctor for the second category is not the restriction of the P(z)-tensor
product bifunctor for the first category to the second tensor category. We also emphasize
again that in this paper, an automorphism g of V' can be of infinite order and does not
have to act semisimply on V', and the group GG can be an infinite abelian group containing
nonsemisimple automorphisms of V.

However, even in the abelian case discussed in this paper, the results and the method in
[H8] cannot be generalized directly to obtain results on Ci-cofinite lower-bounded generalized
twisted V-modules (see, for example, [Tal] for a definition of Cj-cofinite twisted modules)
and the corresponding twisted intertwining operators. So the C-cofinite case is still an open
problem.

Since Tan proved that for a Ch-cofinite vertex operator algebra V' of positive energy,
finitely-generated weak twisted V-modules are C),-cofinite for n > 2, the construction of the
P(z)-tensor product bifunctors in this paper can be applied to module categories for many
vertex operator algebras that have been proved to be Cs-cofinite. One important class of
examples is the simple affine vertex operator algebras at positive integral levels. They are
Cs-cofinite and the Lie groups corresponding to the finite-dimensional simple Lie algebras are
groups of automorphisms of these affine vertex operator algebras. The results of the present
paper can be applied to such a vertex operator algebra and an infinite abelian subgroup of
the corresponding Lie group. Another class of examples is related to VW-algebras obtained as
the kernels of suitable screening operators. In fact, exponentials of screening operators are
automorphisms of infinite orders of suitable vertex operator algebras and the kernels of these
screening operators are exactly the fixed point subalgebras of the vertex operator algebras
that one starts with (see [H4]). The results of the present paper can be used to initiate a
study of such W-algebras using the orbifold theory associated to infinite abelian groups.

The present paper is organized as follows: In the next section (Section 2), we give the
definitions of various notions of twisted modules and twisted intertwining operators among
twisted modules twisted by commuting automorphisms. We define twisted intertwining
operators using a Jacobi identity, which is equivalent to the duality property in [DH] in this
abelian case (but we will prove this equivalence in another paper). In Section 3, we prove
some basic properties of lower-bounded generalized twisted modules. The inequality (1.2)
is proved in Section 4. The constructions of the P(z)-tensor product bifunctors are given in
Section 5: In Subsection 5.1, we give the construction of the P(z)-tensor product bifunctors
for the category of C),-cofinite grading-restricted generalized g-twisted V-modules (without



g-actions) for g € G. In Subsection 5.2, we give the construction of the P(z)-tensor product
bifunctors for the category of C),-cofinite grading-restricted generalized g-twisted V-modules
with G-actions for g € G.

In this paper, we fix a grading-restricted vertex algebra V. In Section 5, we will assume
in addition that V' is a Mdobius vertex algebra or quasi-vertex operator algebra (see [FHL]
and [HLZ1]). Since we sometimes use i as an index, we will denote the imaginary number

v—1 by i.
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2 Twisted modules and twisted intertwining operators

We give the definitions of various notions of twisted module, module maps between these
twisted modules, and twisted intertwining operators among various types of twisted modules
twisted by commuting automorphisms of V' in this section. We define twisted intertwining
operators in this case using a Jacobi identity. We then derive a suitable component form of
the Jacobi identity that will be needed in later sections.

For an automorphism g of V, V can be decomposed as a direct sum of generalized
eigenspaces of g. An eigenvalue of g on V is of the form e*® for some o € C. Since
e2rilatm) — e2mia for m € 7, we can always find such an o € C satisfying R(a) € [0, 1).

For v, € C such that ®(«), R(8) € [0, 1), either R(a+5) € [0,1) or R(a+5—1) € [0,1).

Let
[0 Ra+pB)€]0,1)
€<0"5)—{ 1 Rla+B8—1)€0,1).

Then for a, € C such that R(a),R(8) € [0,1), we have R(a + 8 — €(a, 5)) € [0,1).

In general, for ay,...,q, € C such that R(aq),...,R(ax) € [0,1), there exists a unique
e(ay,...,ax) € Nsatisfying €(ay, ..., ax) < k—1such that R(ag+---+ap—e(aq,...,a)) €
[0,1). For simplicity, we also denote oy + -+ + ag — €(aq, ..., a) by o(aq, ..., ax).

Let

PS ={a € C|R(a) €[0,1),e*™ is an eigenvalues of g}.
For o« € PY, we use V1 to denote the generalized eigenspace of ¢ with eigenvalue ™.

Then
v= T v =11 [T i)

a€Py neZ aePy

where V([;)] = Vi NVl forn € Z and a € P.

From Section 2 of [HY] and Lemma 3.4 in [H6], we know that there exist a semisimple
operator S, and a local nilpotent operator N, on V such that g = e2miSgtNg) — 2mily
where as in [H6], £, = S, + N, and Vi is the eigenspace of S, with eigenvalue a for
a€ PJ. Fora,p e Pl ue Vil and v € VI, since €?™% is also an automorphism of V by
Proposition 3.5 in [H6], we have e*™50 Yy, (u, x)v = Yy (e¥™ S0y, 2)e2 Sy = 208y, (u, x)v.
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If there exist u € VI v € VI8 such that Yy (u,z)v # 0, then there exists n € Z such that
unv = Res,z"Yy (u,r)v # 0 is a generalized eigenvector of g with eigenvalue e?™(®+5)  In
this case, if R(a+ ) € [0,1), then a+ € PJ and if R(a+5—1) € [0,1),a+3—1 € P}.

Let ¢, and g, be automorphisms of V. Then we have g; = e*(SntNo) = 27iloy apd
g1 = €20 tNoy) = ¢2mile - Since gy and g, commute, the operators S,,, Ny, S,,, and N,
also commute. In fact, since g; and g, commute, V' can be decomposed as a direct sum of
common generalized eigenspaces V12l for a; € P ay € PP of gy and g, with eigenvalues
e?™o1 and e?™2 respectively. Then S, and S,, act on Vlevee]l 55 the numbers oy and
iy, respectively. In particular, S, and §,;, commute. On the other hand, since Vlevee] g
invariant under ¢; and gs, S, and S,, act on g;v or gov for v € V0erez] are equal to giv or gav
multiplied by «; and ag, respectively. Thus we see that S, and S, , g1, and g» commute.
and in particular, S,,, Sy, , L4, and L, commute. Then S,,, S,,, N, = L, — S,,, and
Ny, = Ly, — S,, commute.

We first give the definitions of various g-twisted V-modules for an automorphism g of
V. The definitions below are generalizations or modifications of the definitions of suitable
g-twisted V-modules given in [H4], [HY], and [H6]. It is important to note that g can be of
infinite order and does not have to act semisimply on V.

=€

Definition 2.1. A weak g-twisted V -module without a g-action is a vector space W equipped
with operators Ly (0) and Ly (—1) on W, and a linear map

i : VoW — W{z}logz],

vRw — Y (v,r)w = Z Z V" (log )"
neC keN

called twisted vertex operator map, satisfying the following conditions:

1. The lower-truncation condition: For v € V and w € W, v, ,w = 0 for R(n) sufficiently
large.

2. The equivariance property. For p e Z, z € C*, v € V and w € W,
(Vi )" (gv, 2)w = (Vi})" (v, 2)w,
where for p € Z, (Y{{,)?(v, 2) is the p-th analytic branch of Y{i, (v, z).
3. The identity property: For w € W, Y, (1, z)w = w.
4. The Jacobi identity: For u,v € V|

—XT9 + X1

x50 <x1 — x2> Vil (u, 1) Y (v, 23) — 2516 (

Zo

) Y8 (0, 22) Y3 (u, )
Zo

Ly
) (x2 il mo) Yy (YV <($2 i x[)) u, xo) v,x2> : (2.1)
xrq x




5. The L(0)-commutator formula:

[Lw (0), Yy (v,2)] = Z%YW(U,I‘) + Yw (Ly(0)v, z)
forve V.

6. The L(—1)-derivative property and L(—1)-commutator formula: For v € V,

%Yw(v,x) =Yw(Ly(—1)v,2) = [Lw(—-1), Yw (v, z)].

A weak g-twisted V -module with a g-action is a weak g-twisted V-module without a g-action
equipped with a (g)-action (where (g) denote the cyclic group generated by g) satisfying the
following g-compatibility condition: The g-action on W commutes with Ly (0) and Ly (—1)
and ¢Yw (u, x)w = Y (gu, x)gw foru € V and w € W. Let G be a group of automorphisms of
V such that g € G. A weak g-twisted V -module with a G-action is a weak g-twisted V-module
W with a g-action equipped with a G-module structure extending the g-action satistying the
following G -compatibility condition: The G-action on W commutes with Ly (0), Ly (—1) and
hYw (u, z)w = Yy (hu, z)hw for h € G, u € V and w € W. A generalized g-twisted V -module
without a g-action is a weak g-twisted V-module without a g-action with a C-grading

W= ] W

neC
graded by weights) satistying the g-compatibility condition above and the following -
ded b ,gh isfyi h ibili diti b d the following L(0
grading condition: For w € W, = HaeP{,’V W[{:;j], n € C, there exists K € Z, such that

(Lw(0) — n)®w = 0. A generalized g-twisted V-module with a g-action is a generalized
g-twisted V-module without a g-action with a C x C/Z-grading

w=IT IT Wi
neC aecC/zZ
(graded by weights and g-weights) satisfying the following g-grading condition: For a € C/Z,
we W =17, ¢ W[[sj], there exist A € Z, such that (g — e*™*)Aw = 0. A lower-bounded
generalized g-twisted V -module with or without a g-action is a generalized g-twisted V-module
W with or without a g-action, respectively, such that Wy, = 0 when R(n) < N for some
N € Z. A grading-restricted generalized g-twisted V -module with or without a g-action is a
lower-bounded generalized g-twisted V-module W with or without a g-action, respectively,
such that for each n € C, dim Wy,) < co. A quasi-finite-dimensional generalized g-twisted
V-module with or without a g-action is a generalized V-module W with or without a g-

action, respectively, such that for N € Z, dim (H%(n)SN HQGC/Z W%) < oo. For a group

G of automorphisms of V' such that g € G, a generalized g-twisted V-module with a G-
action, a lower-bounded generalized g-twisted V -module with a G-action, a grading-restricted
generalized g-twisted V -module with a G-action, and a quasi-finite-dimensional generalized g-
twisted V -module with a G-action are defined by combining the definitions above accordingly.
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We also need to define VV-module maps between weak and generalized g-twisted modules
without g-actions, with g-actions, or with G-actions for a fixed automorphism ¢ of V.

Definition 2.2. For weak g-twisted V-modules W; and W5 without g-actions, a V-module
map from Wy to Wy is a linear mapf : Wy — Ws such that f o Yy, (v,2) = Yy, (v,z) o f,
foLw,(0) = Ly,(0)of,and foLy,(—1) = Ly,(—1)o f. For weak g-twisted V-modules W;
and Wy with g-actions, a V-module map from Wy to Wy is a V-module map f : W, — W,
when Wi and Ws are viewed as weak g-twisted V-modules without g-actions satisfying the
additional condition fog = go f. Let G be a group of automorphisms of V' containing g.
For weak g-twisted V-modules W; and W, with G-actions, a V-module map from Wy to Wy
is a V-module map f : Wy — Wy when W and W, are viewed as weak g-twisted V-modules
with g-actions such that f is also a G-module map. For generalized g-twisted V-modules
W7 and W, without g-actions, with g-actions or with G-actions, a V-module map from W,
to W5 is a V-module map from W; to Wy when W; and W, are viewed as weak g-twisted
V-modules without g-actions, with g-actions or with G-actions, respectively.

In this paper, we mostly study lower-bounded, grading-restricted, quasi-finite-dimensional
g-twisted V-modules with and without g-actions, and also with G-actions for a group of au-
tomorphisms of V. Since by definition, generalized g-twisted V-modules with g-actions and
with G-actions are also generalized g-twisted V-modules without g-actions, the results ob-
tained in this paper for suitable generalized g-twisted V-modules without g-actions hold also
for the corresponding generalized g-twisted V-modules with g-actions and with G-actions
when G is abelian. Since a large part of the results in the paper is about suitable g-twisted
V-modules without g-actions, for simplicity, we will omit “without a g-action” in the term
“a weak g-twisted V-module without a g-action” to call such a twisted V-module simply
a weak g-twisted V-module. Similarly, we will omit “without a g-action” in the terms “a
generalized g-twisted V-module without a g-action,” “a lower-bounded generalized g-twisted
V-module without a g-action,” “a grading-restricted generalized g-twisted V-module without
a g-action,” “and a quasi-finite-dimensional generalized g-twisted V-module.” If a result is
specifically about suitable g-twisted VV-modules with g- or G-actions, we will always explicitly
say so by using the words “with g-actions” or “with G-actions.”

For a weak g-twisted V-module W, let

Yiwo(v,z) = Z Vpor "

neC

for v € V. Then by Lemma 2.3 in [HY], we have
Yiy (v, 2) = Yivo(z=Now, x) (2.2)

for v € V. For simplicity, we shall also denote v, ¢ sometimes simply by v,, for v € V' and
n e C.
For a generalized g-twisted V-module

w =TT I i

neC aeC/Z
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with a g-action, let Wl =[], _. W[Efj] for a € C/Z. 1If Wlel #£ 0 for o € C/Z, then W
is the generalized eigenspace of the action of g on W with eigenvalue ¢*™. For a € C/Z,
we can always find a unique complex number in « such that the real part of this complex
number is in [0, 1). By abusing the notation, we denote this number by «a and will always use

a, 3,7, ... to denote such unique representatives of elements of C/Z. For a € C satisfying
R(a) €[0,1), We use Wl to denote the space W2, Let

Py, ={a e C|R(a)ec0,1), Wkl £0}.

w=1T IT

neC aEPgV

Then we have

General twisted intertwining operators, especially those among twisted modules twisted
by noncommuting automorphisms, were introduced and studied in [H5] and [DH]. In the
noncommuting case studied in these works, one must use the complex analytic approach. On
the other hand, in the case of twisted intertwining operators among twisted modules twisted
by commuting automorphisms, twisted intertwining operators can be defined and studied
using a Jacobi identity formulated using the formal variable approach. In this paper, we
study only the case of commuting automorphisms and we need the Jacobi identity. So here
we give a formal variable definition of twisted intertwining operators. This formal variable
definition can be derived from the analytic definition in [H5] and [DH]. We will discuss
the connection between the complex analytic approach and the formal variable approach in
another paper.

Definition 2.3. Let V be a grading-restricted vertex algebra, ¢g; and g, commuting auto-
morphisms of V', and Wy, Wy, W3 weak g1-, g2, g1go-twisted V-modules, respectively. A

twisted intertwining operator of type (W?/;/Q) is a linear map

Y Wy ®@ Wy — Ws{z}log z]
K

wy ® wy = Y(wy, x)wy = Z Z yn,k(wl)ng_"_l(log z)"

k=0 neC

satisfying the following axioms:

1. The lower-truncation property: For wy € Wi, we € Wy, and k =0, ..., K, there exists
N € N such that Y, (w;)wy, = 0 when £(n) > N.

2. The Jacobi identity: For v € V., w; € Wy, and wy € W,

c
_ T — T T — T =
:1:015( 1% 2) Y, (( 1% 2) v,ﬂfl) Y(wy, x2)
To — T ; zy — 11\
—$51(5< 2 1) Y(wi, x2) Y, (emﬁ‘“ (#> U7$1>
—X Zo
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Lg,
— 2716 (:m + xo) y (le ((:cz + 370) v,xo> wl,@) . (2.3)
T T

3. The L(0)-commutator formula: For wy, € Wi,

Ly, (0)Y(wy,z) — Y(wy, z) Lw, (0) = :Bdi;y(wl, x) + Y(Lw, (0)wy, ).

4. The L(—1)-derivative property: For wy € Wy,

SV (wn, ) = YLaw, (~Dwn,2) = Loy (<1, 2) = Yoo, 2) (1),

In the case that Wy, Wy, W3 are weak ¢i1-, g2, g1g2-twisted V-modules with G-actions when
G is abelian and contains ¢; and g9, a twisted intertwining operator of type (W%’%) is a
twisted intertwining operator of type (WZVS%) when Wy, Wy, W3 are viewed as weak g;-, g,

g1go-twisted V-modules (without g;-, g2, g1g2-actions) satisfying the additional condition
hY(wy, x)we = Y(hwy, x)hwsy

for h € G, wy € Wi and wy € Wy, For generalized ¢1-, g2, g1go-twisted V-modules Wy, W,
and W3, respectively, a twisted intertwining operator of type (Wlf/‘j”VQ) is a twisted intertwining
operator of the same type when Wy, Wy, and W3 are viewed as weak ¢gi-, g2, g1go-twisted
V-modules, respectively. For generalized g¢1-, g2, g19o>-twisted V-modules Wy, Wy, and W3
with G-actions, respectively, a twisted intertwining operator of type (WZVSVQ) is a twisted
intertwining operator of the same type when Wi, W5, and W3 are viewed as weak ¢i-, go,

g19o-twisted V-modules with G-actions, respectively.

Remark 2.4. In the second term in the Jacobi identity (2.3), we choose the value of (—1)%a
to be e™£a1. We can also choose the value of (—1)%o1 to be e~™£a1. Different choices of the
values corresponding to different choices of single-valued branches of the multivalued analytic
function to which the products and iterates of twisted vertex operators and the intertwining
operator converge. These choices are related to the crossed braiding of the tensor category
to be constructed. See [Ta3| for a discussion of both choices in the case that g; and gy are
of finite orders.

The definition of twisted intertwining operator above is given using formal variables. We
will need the evaluation of the formal series ) (wy, z) for wy € Wj at z € C* in later sections.
Since Y(wy, x) contains nonintegral powers and the logarithm of x, the evaluation depends
on a choice of the values of the logarithm of z. Let [,(2) = log|z| + iarg z + 2wip, where
0 < argz < 2m. We also use the notation log z = ly(2). For wy € W; and wy € Wy, we have

K
V(wy, x)wy = Z Z Vot (w1 )wox ™" (log x)".

k=0 neC
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Then for p € Z, we define the p-th value VP (wy, z)ws of Y(wy, x)wy at x = z to be

K
VP (wy, z)we = Z Zymk(wl)wge(_”_l)lp(z)l,p(z)k eWsy = H(Wg)[n].

k=0 neC neC

In the case p = 0, we denote Y°(wy, w;)ws, simply by V(wy, 2)w,.

We now derive a version of the Jacobi identity expressed in terms of the components of
the twisted vertex operators. We need this version in later sections. Recall that we use v,
to denote v, for v € V and n € C.

Proposition 2.5. Let V be a grading-restricted vertex algebra, g1 and go commuting au-

tomorphisms of V., Wy, Wy, W3 weak ¢1-, go-, g192-twisted V-modules and Y a twisted

intertwining operator of type (WVIV;’VQ) Then for oy € PJ', as € PP, v € Vieesl e Wy,

ap—n Ny,
S (Yo (), e
keN leN a1+as—ni1—ne—k—I
. Z Z Q1 — Ny eﬂi(al_nl_k_l)xal_nl_k_ly<w1, $) e7ri/\/gl /\/;71 J,’Ngll)
k l ao—no+k+l

keN leN

_ Z Z (062 - n?) mag—ng—k’—ly (((NQZ)J-NQQ/U) w1, {L‘) . (24)
keN IeN k ! ke

Proof. For a; € P9 and ay € PP, let Vienezl = Vel q yleal Then Vietezl the space of
common eigenvectors of g; and g, with eigenvalues e?™ and e?™°2, respectively, and we
have V = Halep‘g/lﬂﬁp‘g/z Viereal For v € V2 and w, € Wy, we have S, v = aqv and
Sy, = av. Then

L N,
1 — T2 91 1 — T2 i 1 — T 9
v = v,
Zo Zo Lo
To — Iq Lo To — Iq o To — X1 Ngl
™MLy v = M em./\/g1 v,
Zo Zo Zo
L e N,
To + T 92 X9 + T 2 To + I 92
v = v
x1 T x

Using these formulas, we see that for v € V};[ff;;aﬂ and w; € Wi, the Jacobi identity (2.3)
becomes

o[ T1— T2 Ty —x\ " T1 — T2 Now
xy 0 p p Yw, p v, 1 | Y(wy, xe)
(T —1\ . (T2 — miN.. [ T2 — T Nox
-2y 0| —— | e | —— V(wy, x9) Yy, | €V [ —— v, T
—X Zo Zo
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az Ny
) (:L’z +:co> (:cz +xo) y (YW1 ((xz +xo> v,$o> w1,9€2> | (2.5)
I T T1

By (2.2), we have

rp—x2 T 1N, Ny —N,
Y, <( x > v,x1 | = Yiro((1 — 2y @)y "oy~ %o, a),
0

Ngy
. Ty — T1 : _ —Ng, —Ng, N,
Yiv, <€7rlNg1 ( > v, | = YW2,0<€mJ\/gl (1 — 27y 1)./\/91 x; 911,1 92 B 9y, 371)7

Tot+x0\ " _ —Ngy Ny, N,
YWI (( > U, Lo :YWho((l—FJJOtTQl)Ng?xO gll’l g2l’2921},l’0)

Using these formulas, and replacing v by xé\[gl levgzv, we see that (2.5) becomes

3 Ty — T r1 — To \ ! 3
3301(5( 1:60 2)( ! 2) Yigo((1 — 23 1932)Nglv,x1)y(w1,$2)

Zo
-_ . -_ al .
R <x2 xl) o (u) V(ws, 22)Yiw (™01 (1 = wyaz Yoy v, 2)
—X i
a
=270 <x2 * $0) ($2 + xg> V(Y 0((1+ xoxgl)N”ij\[gzv, xo)wy, T3). (2.6)
X1 I

Multiplying xy'z{? to both sides of (2.5), we obtain the following version of the Jacobi
identity:

(T —w o _
90016( lxo 2> (21 — 22) 28 Vingo((1 — 27 o) Vv, 20) Y (wy, o)

a5 (%) €7 (1 — 1) 2V (wr, 22) Yir o (€™ (1 = g3 Yo ay o, 2,)

T2t T\ L N ~
=27 ( 217 0) zgt (T2 + 20)*? Y (Y, o((1 + zozs3 1)N92xj2\/92v, To)Wy, T3). (2.7)
1

Taking Res,,Res,, z," z1"* of the first term in the left-hand side of the Jacobi identity
(2.7), we obtain

T — T2

Res,,Res,, 75" v] 1510 ( . > (21 — 22) 252 Yiny0((1 — 27ty Norw, 20) Y (wy, )
0

Novy, x1)Y(wy, 2)

o —n —ni—ng—k— Nl
- ZZ< o 1>Resx1x'f1+a2 e ) T Y (( ! )v’xl) Yoo )

= Res;, 27" (1 — 22) " 252 Yo (1 — 27 '22)

keN leN
a;—n Ny,
= ZZ < 1 . 1> (—m)kH <( lg )1)) y(wl,@)‘
keN 1eN ajtag—ni;—ng—k—l
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Taking Res,,Res;,z;" 27" of the second term in the left-hand side of the Jacobi identity
(2.7), we obtain

To — 1

—ni1,..—nz —1
— Resg,Resg, zy "oy 2, 5(

) eﬂ'ial (932 _ xl)oql,ll)Q.
- Y(wy, CEQ)YW%O(eﬂng (1-— :clzcgl)Ngl :cgvglv, x1)
—ng mwi(ar—n1) a1—ny 02,

= —Res,, z] "%e (29 — 1) ]

- Y(wy, x2)YW270(e”WE’1 (1-— $1x2—1>/\fg1 xé\[glv, x1)

a1 — Ny : _ e —fe— _
— _2 :E :( N )Reszlem(al nl)xgq ni—k l(—l)k+ll‘?2 na+k+l

keN [eN

: N,
' y(wbx?)YWQ,O (eﬂ-wgl ( lgl)mé\[glva-Tl)
Qr — 1 mi(ag—n1—k— ay—n1—k—
SRy (e

keN leN

- Y(wy, 2) (e”WQI (Agg1>:vj2vglv) .
ao—no+k+1

Taking Res,,Res,, o™ x]"* of the right-hand side of the Jacobi identity (2.7), we obtain

T2 + %o
T

Res,, Res,, 15" vy 22116 ( ) xy" (22 + 20)**

_ N,
’ y(YWLO((]' + ToZy 1>Ng2 Lo 92U7 'TO)wh $2)

= ReS:EOl’glinl (CL’Q + ZE())OQ_nQy(YWl,()((l + 1‘0;];2_1>Ng2 J;';\[QZU, xo)wl, IQ)

= Z Z (aQ ; n2> Resxoa:g‘l7”1+k+lx§27n27kfly (le,o <(A§g2)xj2v”v, x()) wi, xg)

keN leN

Qg — Ng g —k— N, N,
:ZZ ( ! )$gz na—k ly (( 192)3:2 gzv) wy, o
keN leN ar—ni+k+l

Using these calculations and (2.7), and changing 5 to x, we obtain (2.4 O

).
Remark 2.6. In the special case that ¢g; and go acts semisimply on V', (2.4) becomes

Z (al ; nl) (_m)kvaﬁrazfnl*nz*ky(wl’ 1’)

keN
ap — "Ny il —nq— —ng—
. E ( ) )em(oq ni k)ZEal ny ky(wh m)vag—ng-‘,-k

keN

Qo — T2 o —
- Z ( k )xaQ " ky(/ual_nl""kwlvm)'

keN
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3 Cofiniteness of twisted modules

In this section, we prove some basic properties of generalized twisted V-modules.

Definition 3.1. Let W be a weak g-twisted V-module. For each n € 2 + N, we define
C,,(W) to be the subspace of W spanned by the elements of the form u,_,w for u € VJ[FQ},
a € P, we W. We say that W is C),-cofinite if dim W/C,,(W) < oc.

As in the case of (untwisted) weak modules, we also have the following useful fact:

Proposition 3.2. Let W be a weak g-twisted V-module. If W is C,-cofinite for some
n € 2+ N, then it is also C,,-cofinite for m = 2,...,n.

Proof. As in the untwisted case, this result follows from the L(—1)-derivative property. [
A C),-cofinite lower-bounded generalized g-twisted V-module has the following properties:

Proposition 3.3. Let W =[], . Wy be a Cy,-cofinite lower-bounded generalized g-twisted
V-module. Then W has the following properties:

1. W is quasi-finite-dimensional.

2. There exists a finite-dimensional subspace M of W such that W is spanned by elements

of the form '

U((xll)fn e U((Ji)fnw (31)
fori € N, v ¢ VJ[ral],...,v(i) € Viai} and w € M. In particular, W is finitely
generated.

3. If W has an action of another automorphism h of V' such that the h-action commutes
with Ly (0), then W can be decomposed as a direct sum of generalized eigenspaces of
the action of h.

Proof. To prove Property 1, we need to prove that

dim H W[m] < 0
R(m)<N

for N € Z. Since W is lower bounded, there exists Ny € Z such that W,,; = 0 when R(m) <
Ny. We use induction on N — Ny. In the case N — Ny = 0, for v € V(E?] and w € Wy, where
l € Zy and m € C satisfying R(m) > No, vo—nw € Wji_qyn—14m)- Since | € Z,, n € 2+ N,
and R(m) > Ny, R(l —a+n —1+m) > Ny. So nonzero elements of Wj_qypn—14m] such
as Vga_npW cannot be in H%(m): No Wim)- Therefore dim H%(m): No Wim) < dim W/C,(W) < oo
since W is C),-cofinite. This proves Property 1 in the case N — Ny = 0.

14



Assume that Property 1 is true for 0 < N — Ny < k. Now let N = Ny + k + 1. By the
induction assumption, we need only prove

dim 1T Wi (3.2)

k<R(m)—No<k+1

For m € C satisfying k < R(m) — No < k+ 1, let (C,(W) N Wipp)ay be the subspace of
Cn(W) N Wiy, spanned by elements of the form v,_,w for v € V(i+a—n+1—l) and w € Wy, for
[ € C satisfying 0 < R(l) — No < kand m+a—n+1—1€Z;. Form,l € C, a € P such
that m+a—n+1—1 € Z,, or equivalently, m+a—n—1 € N, we have (1) = I(m) + I(«)
and R(l) € R(m) +R(a) —n+1—-Z; =R(m)+R(a) —n—N. Let p=m+a—n—1eN.
If m and [ further satisfy 0 < R(l) — Ny < k < R(m) — Ny < k + 1, then we have

p=m+a—-n—Il=Rm)+R(a) —n—R(1) <No+k+1+R(a)—n—Ny<k+1-—n.
So we obtain 0 < p < k —n. In particular, in the case k < n, there does not exist such p, or

equivalently, (C,(W) N Wi )ay = 0. In the case k > n, for p € N satisfying 0 <p <k —n
and [ =m + a —n — p, we have

E>R(m)—No—1=R() —R(a) +n+p—No—1
> R(l) — Ny
=R(m)+R(a) —n—p— Ny
> R(m) — No+ R(o) — k
> k.

So summing over | € m+a—n+1—27Z, satisfying 0 < R(l) — Ny < k is the same as summing
over p=0,...,k —n. Thus in the case k > n, , we have

dim Cn(W) N H W[m}

E<R(m)—No<k+1

= dim H Cn(W) N W[m}

k<R(m)—No<k+1

= dim H H H (Co(W) N W) ay

k<®R(m)—No<k+1 aePf lem+a—n+l1-7Z
0<R(1)—No<k

_ Z Z Z dim(Cy, (W) N Wiy

k<®R(m)—No<k+1 aeP§ lem+a—n+l1-Z4
0<R(1)—No<k

15



S Z Z Z dim Vﬁ;h_a nt1-1) dim W[l]

k<®(m)—No<k+1 aePg lem+a—n+1-Z4
0<§R(l) No<k

< Z Z Zdlm V[ dim Wi ya—n—p]
k<®R(m)—No<k+1 acPf p=0

Y Yamv Y e,
acPf p=0 k<R(m)—No<k+1
k—n

=2 | 2 dimvgy fdim | JT Winraones
p=0 \acPf k<R(m)—No<k+1
k—n

<3 (X v Jam{ T
p=0 \acP} 0<R(s)—No<k

T
3

dim V) dim ]_[ Wi

0<R(s)—No<k

I
o

p

< o0, (3.3)

where the last step follows from the grading-restriction property of V' and the induction
assumption.
On the other hand, the quotient

H Wim) / C,(W)N H Wim)
E<X(

k<R (m)—No<k+1 m)—No<k-+1

as a subspace of the finite-dimensional space W/C,,(W) is also finite-dimensional. Thus by
(3.3) and the finite-dimensionality of this quotient, we obtain

dim H Wi

k<R (m)—No<k+1

<dim | C,(W)N H Wi

k<®(m)—No<k-+1

+ dim H W[m] / C, (W) N H W[m]
k<(

k:<§R(m)—N0§k+1 m)—N0§k+1

< 00,

proving (3.2).
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We prove Property 2 now. Take a finite-dimensional subspace M of W such that W =
Cn(W) 4+ M. But every finite-dimensional subspace of W must be in []g )<y Wim) for
some N € N. In particular, there exists Ny, € N such that M C H%‘c(m)gNM Wiy and
thus [Tgimsny, Wimp € Ca(W). Since [Ty <n,, Wi is also finite-dimensional, we take

R(m)<Nas Wy, from now on.
Denote the space spanned by elements of the form (3.1) by W. What we want to prove

is W = W. We need only prove that W}, C W for every m € C. For each m € C such that
Wi # 0, there exists a unique N,, € Z such that N,,, — 1 < R(m) < N,,,. We use induction

on Np,. When N,,, < Ny, W) C M C W. Assume that for Npm <p€ Ny +N, Wy, C w.
Then in the case N,, = p + 1, since ®(m) > N,, — 1 = p > Ny and H§R(m)>NM Wim) C
Cn(W), we obtain W,,; C Cp,(W). Then Wi, is spanned by elements of the form v,_,w for

vE V(%LMHHJ) and w € Wy for | € C satisfying R(l) < pand m+a—n+1-1 € Z,. Since

R(l) < p, we have N, < p. By induction assumption, w € W. So w is a linear combination

of elements of the form v ---v?_ 4 for homogeneous v(M) € VJ[FC”], R TIONS VJ[rai] and

a1—n a;—n _
W 9 G forv € V([g},

w € M. Then W), is spanned by elements of the form vs_, v,/ ,, - Vs,
v € VJ[FO“], o e Vf”], and w € M. So Wy, C W, proving Property 2.

Finally, we prove Property 3. Since W is quasi-finite-dimensional, W, for m € C is
Since W is in particular finite-dimensional. If W has an action of another automorphism A
of V such that the h-action commutes with Ly (0), W, is invariant under the action of h.
So Wiy, can be decomposed as a direct sum of generalized eigenspaces of the action of A,

and thus W can also be decomposed as a direct sum of generalized eigenspaces of the action
of h. O

Remark 3.4. From Property 1 in Proposition 3.3, we see that C,-cofinite lower-bounded
generalized g-twisted V-modules, C),-cofinite grading-restricted generalized g-twisted V-
modules, and C),-cofinite quasi-finite-dimensional generalized g-twisted V-modules are the
same. In this paper, we will call these g-twisted modules C),-cofinite grading-restricted
generalized g-twisted V-modules, but note that these g-twisted modules are quasi-finite-
dimensional.

For the next result and the twisted Nahm inequality to be proved in the next section,
we need the notion of surjectivity of a twisted intertwining operator. Let Wi, W5, W3 be
weak ¢i-, go-, gs-twisted V-modules, respectively. A twisted intertwining operator ) of
type (WZV‘;*VQ) is said to be surjective if W3 is spanned by the coefficients of Y(wq, z)w,y for
wy € Wi and wy € Wi, If for a weak V-module W3, there is an surjective twisted intertwining
operator ) of type (WVK;"’VQ), we say that (W3,)) is a weak surjective product of Wy and Wh.
For simplicity, we shall often call W5 a weak surjective product of W; and Wy, If W3 is
generalized gs-twisted V-module or grading-restricted generalized gs-twisted V-module or
other classes of gs-twisted V-modules, we also use the terms generalized surjective product

of Wi and Wy, grading-restricted generalized surjective product of Wi and W5 and so on.
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Proposition 3.5. Let Wy and W5 be generalized g1 and go-twisted V -modules, respectively,
and W3 a weak gs3-twisted V-module. If W3 is a weak surjective product of Wy and Wy, then
W3 is also a generalized gs-twisted V -module.

Proof. Let V919293 be the fixed point subalgebra of V under the group generated by ¢,
g2 and g3. Then W and W, are also generalized V9::92:93-modules, respectively, and W3
also a weak V9192.9-module. Let ) be the surjective twisted intertwining operator ) of
type (Wvlv‘fw) for the weak surjective product W5 of W7 and W5. Then ) is an intertwining
operator of the same type when Wy, W5, and W3 are viewed as generalized or weak 1/91:92:93-
modules. Moreover, since ) as a twisted intertwining operator among the generalized or weak
twisted V-modules is surjective, it is also surjective as an intertwining operator among the
generalized or weak V992:93-modules. Then by Proposition 3.4 in [H8|, W3 is a generalized
Vor92:95-module. Thus W3 is a generalized gs-twisted V-module. O

4 A twisted Nahm inequality

In this section, by using the same method as in [H8], we prove the following twisted Nahm
inequality in the case that the automorphisms of V' involved commute, but in general can
be of infinite orders and do not have to act semisimply on V:

Theorem 4.1. Let g1 and g, be commuting automorphisms of V. and Wy, Wy lower-bounded
generalized g1, go-twisted V -modules, respectively. Then for a generalized surjective product

W3 of Wy and Wy and p,q € 2+ N,
dlm(Wg/Cmm(pﬂ) (Wg)) S dlm(Wl/Cp<Wl)) dlm(Wg/Cq(Wg)) (41)

Proof. In the case that at least one of dim(W;/C,(W;)) and dim(W,/C,(W2)) is oo, (4.1)
holds. So we need only prove (4.1) in the case that dim W, /C,(W;),dim Wy /Cy(Ws) < oo,
that is, in the case that W, and W, are C)-cofinite and C-cofinite lower-bounded generalized
twisted V-modules, respectively. In this case, the properties in Proposition 3.3 hold for
Wy and Ws. In particular, W; and W5 are quasi-finite-dimensional generalized twisted V-
modules.

Let M; and M, be finite-dimensional graded subspaces of W7 and W5, respectively, such
that Wy = C,(Wy) & My and Wy = Cy (W) @ Ms. Then dim(W,/C,(W;)) = dim M; and

Since W is a generalized g; go-twisted V-module, W3 is C-graded and we have the contra-
gredient Wy of Ws. Let Mz be a graded subspace of W3 such that W3 = Cruinp.q) (W3) @ M.
Then W3/Crin(p,q)(W3) is isomorphic to Ms. We need only prove dim Ms < dim M, dim M,.

Let

Cmin(p,q)(W?))L = {wy € Wi | (W, Craingpq) (W3)) = 0} C W3

and let M} be the graded dual of M; with respect to the C-grading induced from the one
on W3. We define a linear map 7 : Cmin(p,q)(V[/g,)L — M to be the restriction map sending
elements of Chin(p,q)(W3)™ C W} to their restrictions to M, that is, (r(w}))(ws) = (wh, w3)
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for w} € Crin(p,g) (W3)* and wz € Ms. If r(w}) = 0 for wh € Chuinp.q (W3)®, then (wh, ws) =0
for all ws € Ms. But by definition, (w§, Cingp,e)(W3)) = 0. Since W5 = Ciuin(p.q)(W3) & Ms,
we obtain (w4, ws) = 0 for all wy € W3. Thus wj = 0, proving that r is injective. Given
why € Mj, we extend it to an element wj € W by (wj, w3 + ws) = (wh, ws) for ws €
Crnin(p.g) (W3) and wy € M. By definition, @} € Chuinp.q)(W3)™ and r(w}) = wj, proving r
is surjective. We have proved that r is a linear isomorphism. Therefore we need only prove
that dim Cmin(p,q)(W3>L S dim M1 dim MQ.

Let Y be a surjective twisted intertwining operator of type (Wvlv‘f%) Then we have

K

V(wy, 2)wy = Z Z Ve (wr)woz ™" (log )"

k=0 neC

for w; € Wy and wy € Ws5. For homogeneous wy; € Wi and wy € Wy, we have
Wt Vi (w1)wy = whtwy, —n — 1+ wtws.

Hence for homogeneous wy € Wy, wy € Wy, and wh € W3,

K

<wé7 y(wl’ ZE)U)2> = Z<wéa th’u}1+Wtw27Wtwéfl,k<w1>w2>x
k=0

—wt w1 —wt wa+wt w} (

log x)*.

Fix z € C*. Recall from Section 2 that we use log z to denote log|z| + i arg z, where
0 < argz < 2m and the 0-th value Y(wy, 2)wy = Y°(wy, 2)wy of Y(wy, z)ws at z = z. Then

K

<wé> y(wh Z)'LU2> = Z(wé> ywt w1+wtw2—wtwé—1,k<wl)w2>e
k=0

is well defined. We define a linear map f : Chuin(p.q)(Ws)™ — (M1 @ M)* by

(—wt w1 —wt wa+wt wj) log z(

log 2)*

(f (w5)) (w1 ® wy) = (wh, V(wy, z)ws)
for wy € My, wy € My and w € Crin(p,g)(W3)*. To prove
dim Crin(p,g)(W3) ™ < dim M; dim My = dim(M; @ My)*,

we need only prove that f is injective.
Assume that f(w}) = 0 for an element w} € Ciin(p,g)(W3)*. Then by the definition of f,
for wy € My, wy € My,
<w£’>7 Y(wy, 2)ws) =0 (4.2)
We now prove (4.2) for all w, € Wy, wy € Wh.
Since W7 and Wy are quasi-finite-dimensional generalized V-modules, we have W; =
[necW1)m and Wy = [1,,cc(W2)[ such that for N € N,

dim H (Wl)[m} ,dim H (WQ)[R] < 0.
R(m)<N R(n)<N
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In fact, there exist N € Z such that (W;)p, = 0 for R(m) < N7 and there exists m € C
satisfying NY < R(m) < N} + 1 such that (W;)p, # 0. Similarly we have such an N3 for
Ws. We want to prove (4.2) for all w; € Hé}e(m)gN9+N1(Wl)[m] and ws € H%(n)SNQDJFNQ(Wl)[n]
for N1, Ny € N. We use induction on Ny + N; to prove (4.2).

When N1 + NQ = 0, N1 = Nz = 0. Since Wl = Cp(Wl) ©® M1 and WQ = Oq(WQ) S5, MQ,
there exist homogeneous u® € V™ nv, v® e VI nv, ol e W) als ) e (W2) (a5
fork=1,...,s,l=1,....t, w1 € M1 N (Wl)[N?p and wy € My N <W2>[N§} such that

w, = Z ug’fj,pwﬁ) + 0y, (4.3)
k=1
t
W9 = Z Ugl)_qﬁ}él) -+ 'I.Z)Q. (44)
=1

We must have u(ai)_pzbgk) € (Wi)o), since wy € (W1)no. On the other hand, we have
(k)

uak_puﬁgk) € (W) jwtu® —agt+p—14py]- SO We obtain wt u® —a+p—14p, = NP, or equivalently,
pe = NY — wtu® 4+ a —p+ 1. Since wtu® € Z, and R(ay € [0,1), we have R(p;) =
Ny —wtu® + R(ay) —p+1 < NY. Hence (W), = 0 and therefore uéi)_pwgk) = 0 for
k=1,...,s. Similarly, we can prove vgl)_qu?g) = 0. Thus w; = w; € M; and wy = Wy € M.
In this case, (4.2) is true.

Assume that when N;+ Ny < m € N, (4.2) is true. In the case N1+ Ny = m, we consider
wy € (W1)n,) and wy € (Wa)p,) for ny, ny € C such that R(ny) < NP+ Ny, R(ng) < N+ N,
and N} + N +m —1 < R(ny + ny) < NJ +n3d + Ny + No. We still have (4.3) and (4.4)
for homogeneous u® € V™ n v, o® e v nv, @ e WD)l ) e (W3)q, for
kE=1,...,s,1=1,....t, 0 € MyN(W1)p,, and Wy € My (Wa)p,). In fact, we can always
find u® ¢ X/Jffgf‘“] NV, v® e Vg[fflg’fl] NV, and the corresponding wY“), wg”, W, and Wy such
that (4.3) and (4.4) hold. In this case, similarly to the proof above in the case Ny = Ny =0,
we have wt u® — oy, +p—1+pi = ny, or equivalently, wt u® +p, = ny+a; —p+1. Similarly,
we also have wt v — 8, + ¢ — 1 + ¢ = ny or equivalently, wt v 4+ ¢, = ny + 8, — ¢ + 1.

We need to use (2.4). We first rewrite (2.4) as

Z Z (Oél ; nl) (_$>k+l (('/\/l;h) x—NQQ'U) y(wl’ [L’)
keN [eN a1tas—ni—nos—k—I1

Q1 = N1\ ri(an—n1—k—1) a1 —ni —k—1
J— 6 a’;’ .
Sy ()

keN leN
v (N
. y<w1’ x) <67T1'/\/.91 ( 91 x/\[gl 7'/\[921]
l as—no+k+l1

=22 (a2 R "2) N (((N 92) v) wr, x) (4.5)
keN [eN k ! a1 —n1+k+l
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by replacing v by 2 Ne2v in (2.4). Then using (4.5) with v, ai, as, ny, ng, wy, and ws in
(4.5) taken to be u®, oy, B, p, 1, w@, respectively, and changing the summation indices
from k,![ to 7, j, we obtain

(wh, Y(ugy) 0, x)ws)

ap—p

= Z Z (a’“ z_ p) (= 1)+ gitd =L,

€N jeN
N,
. <w/3, <( fql)l‘_Ngﬂu(k)) y(@%k),l’)w2>
J By —p—1—i—j
3, — 1 o
Yy (@k , ) <wg,y (((N,m)uw)) w@,x) w2>
i€N jEN,j+i#£0 g J ap—p+ity

B Z (Ozk - p) eﬂ'i(ak_p_i_j)xak_Bk—P"rl—i—j,
1

ieN

v (N

: <wé:y(u~f§k),x) (e“Ngl ( ,gl)a:NglN"?u(k)) wa) (4.6)
J Br—1+i+j

We now prove that each term in the right-hand side of (4.6) is 0. A
Since -+ = o, Br)+e(aw, Br), ar+Br—p—1—i—j = o, Br)+e(a, Bp) —p—1—i—j,
where by definition, o (o, Bx) € P3'% and e(ag, fx) —p—1—1i—j < —p. So

(<A§.gl)xN92u(k)) ) y(wﬁ’“), z)wy € Cp(V){z}Hlogz] C Crningp,g) (V){z}log z].
ag+Br—p—1—i—j

Since wj € Cmin(nq)(W:g)L, we see that the first term in the right-hand side of (4.6) is 0.
Since (Ag 92)u(k’) is also homogeneous with respect to the weight grading and its weight is
equal to wtu® we have

N, (k
(( 92 ) (%) o e (W) bt wt®) —avp—1—ict -+
J ag—p+i+j

fori,j € N, i+j # 0. We have also proved above wt u*) — ay, +p— 14 pr = n1. So we have
%(Wtu(k)—&k+p—1—i+pk+n2) =R(ny +n2) —i < R(ny +n9) <Ny + Ny +m

for i € Z,. By the induction assumption,

<w§,,y <((quz)u(k)> 17)5“,35) w2> =0.
J ay—ptit]

Hence the second term in the right-hand side of (4.6) is 0.
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22,®) are homogeneous with

Since wy € (Wy)pm, and the coefficients of e™Nay (Ag ) Nor =N,

weight wt u*), we have

. N,
(eﬂ'LN’gl ( : N ~Noy u(k) Wo € (WQ)[wtu(k)—Bk—i—j+”2]'
J B —1+i+j

We also know that w1 € (W1)p,. Using wt u® + p = ny 4+ a, —p + 1 proved above,
R(ax),R(B) €[0,1), and p € 2+ N, we have

R(pr + wtu® — B —i+ns) = R(ny +ns+ ap —p+ 1= B — i)
<§R(n1+n2)
< Ny + Ny +m.

Then by the induction assumption,

<wg7y(w§k)’x) (eﬂ'iNgl (Njgl)mNgl_NQQU(k)) w2> — 0
J Br—1+it

and thus the third term in the right-hand side of (4.6) is 0.

We have proved that each term in the right-hand side of (4.6) is 0. So the left-hand side
of (4.6) is also 0.

Similarly, we first rewrite (2.4) as

SECr () e
k a1+as—ny—n2—k—I

keN leN J

_ZZ (Oél_nl) 7r1(a1 ni—k— l) a1 —n1—k— ly(w]_ )((’l\/‘gl)v)
k J o —nogtk-l

keN leN

_ Z Z ( 2 ng) gorremhmly) (((N.gz)x/\/” ™ N1 g =Noy v) wr, -T> (4.7)
keN 1eN J 1tk

by replacing v in (2.4) by e™No1z~Nory, Then using (4.7) with v, @y, oo, ny, ng, and w;
taken to be v, &, B, 1, ¢, wy, respectively, we have

(wh, Y(wy, ) @y)

SE T (e
!

Ay —1
i€N jeN
< ( ) glx 91 U(l)) y(wl’ m)wél)>
&+Bi—1—g—i—j

_ZZ( q) mi(&y— 1)x*al+5l+1 q—i—j,

i€N jeN

) piti—dutl,
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. <wg’y (((Ng2>x/\/92 eﬂ-wgl x_Nglfu(l)) wl’x> wél)>
J &y —1+i+j

A — I\ N,
DYDY (‘”. )<> <wg,y<wl,m>(( el)vw) @g>> (45)
i€N jEN,j+i#0 ¢ J Bi—q+i+j

We now prove that the right-hand side of (4.8) is 0.
Since &; + B = o (&, Bi) +e(qu, Bi), u+ B — 1 —q—i= (&, ) +e(q, f) —1—q—1,
where by definition, o (&, 5;) € P and €(&y, 5) —1 —q—1i < —q. So

( (Ngl) e WNo1 =Ny v(l)> V(wy, )y € Cy(V){z}log z]
J Gu+B—1-g—i—j
C Cunin(p.g) (V) {2} [log 2].

Since wj € Cmin(nq)(Wg)L, we see that the first term in the right-hand side of (4.8) is 0.
Since wy € (W1)},,] and the coefficients of (AZ@)INgz e™ N1 2= No1 () are homogeneous with

weight wt v we have

N, N I
<( .92 xNggeﬂL/\[glx N91 'U( ) w1 - (Wl)[wtv(l)f&l*i*j*Hll]'
J & —1+i+j

We also know that wg” € (Wa)i- Using wtvl) + ¢ = ny + B — ¢ + 1 proved above,
R(&y),R(5) €10,1), and g € 2+ N, we have

RwtoD —d@ —i—j+m+q)=Rni+ny—a+ 6 —q+1—i—j)
< R(ny + n2)
< Ny + NJ +m.

Then by the induction assumption,

<wg,y ((<N,92)qu2e"qum_Nglv(l)) wl,x) zbg)> =0
J d—1+i+j

and thus the second term in the right-hand side of (4.8) is 0.
N?l)v(l) is homogeneous with weight equal to wtv®,

Since ( ;
N, _(
(( 9 )p® 05 € (Wa) put o0 frg1—i—jtar
J Bi—q+i+j

for i, € N, i + j # 0. We have proved above wtv(") — 8, 4+ ¢ — 1 4+ ¢, = na. So we have
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for 7,5 € N, 7 4+ 7 # 0. By the induction assumption,

<wg,y(w1,x) ((Nj‘]1>v(l)) w§”> = 0.
J Bi—q+i+

Thus the third term in the right-hand side of (4.8) is 0.
We have proved that the right-hand side of (4.8) is 0. So we obtain the left-hand side of
(4.8) is 0.
Now we have
(i, V(wn, 2)ws) =D, V(g o, wyws) + wh, (i, 2)w)
k=1

w‘i’,a y(wla )w2>

wh, Y (o, 200y + (wh, Y(iy, 2)idy)

—~

proving (4.2) for all wy; € W; and we € Wa.
Using the L(—1)-derivative property for ), we have

<wg,y(w1,§)w2> = <wé’y(€(£_Z)LW1(_l)w1,Z)w2> =0

on the region |€ — z| < |z|. But (w}, Y(wy, §)ws) is an analytic function of £. This analytic
function equal to 0 on a region means that it is equal to 0 on its domain. So we obtain
(W, Y(wy, &)wy) = 0 on the region £ # 0. Thus (wf, YV, k(wi)wse) = 0 for wy € Wy, wy € W,
neC, k=1,...,K. Since ) is surjective, we must have wj = 0, proving the injectivity of
f. O

Remark 4.2. The inequality (4.1) is an analogue of the (untwisted) Nahm inequality (3.8)
in Theorem 3.5 in [H8]. It is an ananlogue but not a generalization because p,q # 1 in (4.1).
In the case that g; and g9 are of finite orders and p = g = 2, (4.1) has been proved in [YZ].

Remark 4.3. By Proposition 3.5, “a generalized surjective product W3” in Theorem 4.1
can be replaced by “a weak surjective product W3.”

5 P(z)-tensor products of C),-cofinite grading-restricted
generalized twisted V-modules

In this section, we consider two categories of grading-restricted generalized twisted V-
modules for a Mébius vertex algebra or a quasi-vertex operator algebra V' (see [FHL] and
[HLZ1]) and construct P(z)-tensor product bifunctors for these categories.
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In this section, V' is a Mobius vertex algebra. Note that automorphisms of V' also
commute with the operator Ly (1). Let G’ be an abelian group of automorphisms of V' and
n € 2+ N. Let CY be the category of C,-cofinite grading-restricted generalized g-twisted
V-modules for g € G and let 55 be the category of C,-cofinite grading-restricted generalized
g-twisted V-modules with G-actions for g € GG. In Subsection 5.1, for z € C*, we construct
a P(z)-tensor product bifunctor for the category CS. Then in Subsection 5.2, we construct
a P(z)-tensor product bifunctor for the category CNS .

In the case that V' is Cy-cofinite and of positive energy, by the main result in [Tal], every
finitely-generated lower-bounded generalized twisted V-module is C),-cofinite for n € 2 + N.
On the other hand, by Theorem 3.3, for n € 2 4+ N, every C),-cofinite lower-bounded g-
twisted generalized V-module is finitely generated. So in this case, the category C¢ (or
CNg ) is the same as the category of finitely-generated lower-bounded generalized twisted V-
modules (or the category of finitely-generated lower-bounded generalized twisted V-modules
with G-actions). Note that in this case, C¢ and 5,? are independent of n.

5.1 P(z)-tensor product bifunctor for C¢

In this subsection, we construct a P(z)-tensor product bifunctor for C¢. We first recall
twisted P(z)-intertwining maps in [DH].

Definition 5.1. Let g1, go be commuting automorphisms of V', Wy, W5, W35 generalized ¢;-,
go-, g19o-twisted V-modules, respectively, and z € C*. A twisted P(z)-intertwining map

of type (WKVSVQ) is a linear map I : Wi ® Wy — W3 given by I(w; ® wy) = Y(wy, 2)w, for
wy € Wy and wy € Wy, where ) is a twisted intertwining operator of type (WVIVSVQ)

Next we recall the definition of P(z)-tensor product in [DH] when the category is CS.

Definition 5.2. Let g1, g2 € G and let W, and W5 be grading-restricted generalized g;- and
go-twisted V-modules, respectively, in the category CS. A P(z)-product of Wy and Wy in
CY is a pair (W3, I) consisting of a C,-cofinite grading-restricted generalized g go-twisted
V-module W3 and a twisted P(z)-intertwining map I of type (WZV‘;/Q) A P(z)-tensor product
of Wy and Wy in CY is a P(z)-product (W, p(z) Wa, Mp(.)) satisfying the following universal
property: For any P(z)-product (W3, I) of W7 and Ws, there exists a unique module map
J Wi Kp(,) Wy — Ws such that we have the commutative diagram

W1®W2;>W3

Rp(, -
P( )l /

Wi Kpy W

where f_ is the natural extension of f to W Mp(,) Ws.

In [DH], a construction of a P(z)-tensor product bifunctor using twisted intertwining
maps is given based on some assumptions (see Assumption 4.4 in [DH]) as mentioned above
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in the introduction. But the first two assumptions in Assumption 4.4 in [DH] do not hold for
the category CS. On the other hand, many of the results and their proofs in [DH] still hold
in the general setting in our case. We now give a construction of the P(z)-tensor product
bifunctor for the category CS¢ by using the results in [DH] that still hold, the results in
Sections 3 and 4, and the method in [H8]. Note that for a lower-bounded generalized twisted
V-module, we still have the contragredient of this module.

We recall the construction in [DH] in the case that the category is CS, even though
Assumption 4.4 in [DH] does hold for the category C¢. Given a P(z)-product (W3, I) of W,
and W, in CJ, for wj € Wy, we have an element Ay, € (Wi ® W)* defined by

)\Lwé(wl ®w2) = (wé,](wl ®w2)> (51)

for wy € Wy and wy € Wy, Let Witp,)Ws be the subspace of (W @ Ws)* spanned by AL
for all P(z)-products (W5, ) and wy € W3. We define (Wi5p.) Wg)%n]] to be the subspace of
Witlp(,) Wy spanned by A, for all P(z)-products (W3, I) and wy € wj € (Wé){g} C Wj for
nGCandaEP93 Then

wispeWa =[] 1 (W&P(Z)Wz)m
neC a+ZeC/Z

We define a vertex operator map
Yimpeywe + V& (WiSpey Wa) — (Witp) We){z}Hlog ]

by
YW1EP(Z)W2 (U7 m))\1,1113 )\I Y (v z)wh (52)

for v € V and Aj,; € Wilp,)Wa. We recall the following result in [DH]:

Proposition 5.3 (Proposition 4.3 in [DH]). The pair (Wi5p)Ws, YgngP( >W2) is a general-
ized (g1go) ' -twisted V -module.

Note that even though we have not shown that WDp.)WW; is grading-restricted yet, its
contragredient (Witp,yWs)" is still well defined. Let W, &p Wy = (Witlp)Ws)'. The
results and proofs in [DH] in fact shows that Mp(.) gives a functor from C¢ x C¢ to the
category of generalized g-twisted V-module for g € G. We want to show in particular that
the image of this functor is in CY.

We have the candidate Wy Mp(.y W for our P(z)-tensor product twisted module. To
obtain a P(z)-tensor product of W1 and W, we also need a P(z)-intertwining map XNp.).
We recall the construction of Mp,) in [DH].

The construction of Mp(,) in [DH] is given after Assumption 4.4 in [DH]. But this
construction works without Assumption 4.4. In fact, Assumption 4.4 in [DH]| contains three
assumptions. In our case, the first and second assumptions in Assumption 4.4 in [DH] do
not hold. But we will still be able to prove below that W Xp(,) W is a P(z)-tensor product
of W, and W, in the category CS.
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We need Proposition 4.5 in [DH]. Let W be a generalized (g;g2) '-twisted V-module
and f: W — Witlp)Ws a V-module map. Note that in [DH|, W is required to be in the
category C considered there. But what we know now is that W Kp.) W5 is a generalized
(g192)*-twisted V-module. In this section, we will use Proposition 4.5 in [DH] to prove that
Wi Rp(,) Wy is Cp-cofinite grading-restricted generalized (g192) *-twisted V-module. So we
cannot assume that W is an object of CS. But the construction and Proposition 4.5 in [DH]
works even when we do not know whether W is an object of C¢.

Since the double contragredient of W might not be equivalent to W, we cannot view
elements of W as elements of W. But we know that an element of W' is given by its pairing
with all elements of W. We write the pairing between W and W’ by (w, w’) instead of (w', w)
for w € W and w’ € W’. We define a linear map

Wi e Wy » W = [ W
neC
wy ® wy = Ye(w, 2)ws

by
(w, f'(w1 @ wy)) = (f(w))(w1 ® wo) (5.3)

for w; € Wy, we € Wy and w € W. We then define another linear map

Vi Wy @ Wy — W'{z}[logz]
wy ®@ wy = f(wy @ wy)

by

(5.4)
for wy € Wy and wy € Wa. Note that by our notation, f' = YV¢(-2)-.

Proposition 5.4 (Proposition 4.5 in [DH]). The linear map f' = YV¢(-z)- given by (5.3) and
Vi Wy @ Wy — W/{z}[log x| given by (5.3) and (5.4) are a twisted P(z)-intertwining map
and a twisted intertwining operator, respectively, of type (WZVVIVQ) In particular, in the case
that W = Wigp )W and f = lwi@pyws © W — Willp) Wa is the identity map, we obtain
a twisted P(z)-intertwining map M/Vﬂp(z)wz and a twisted intertwining operator Y,

W1iRp ., W:
oftype( 1W’1"</V)2 2).

1
w1llp () Wa

We denote the P(z)-intertwining map of type (WIE;’: WZW?

Let

) in Proposition 5.4 by Xp(.).

w1 Mpzy won, = Wpey (w1 ® wa) = Y(wi, 2)ws € Wy Mp(y Wi

for wy € Wy and wy € Wy. The element w; Mp(,) wy is the tensor product of the elements
wy and we. By (5.3), we have

)\(wl &® ’w2> = <)\, w1 &p(z) ’U)Q) (55)
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for \ € WlEP(Z)WQ, wy; € Wi and we € Wi,
We also need a result on lower-bounded generalized surjective product of two C),-cofinite
grading-restricted generalized V-modules.

Proposition 5.5. Let g1 and g be commuting automorphisms of V. and Wy and Wy C,,-
cofinite grading-restricted generalized g,- and go-twisted V -modules, respectively. Then the
lower-bounded generalized surjective products of Wi and Wy are uniformly lower bounded,
that is, there exists Ny € Z depending only on Wy and Wy such that for any lowr-bounded
generalized surjective product Wy of Wy and Wa, (W3)p, = 0 when $(m) < No.

Proof. We consider the set of dim(W3/C(W3)) for all lower-bounded generalized surjective
product W3 of Wy and W5. By Theorem 4.1, this set of nonnegative integers is bounded
from above by dim(W;/Cy(Wh))dim(Ws/C1(W3)). Hence there must be a maximum of
this set. Let W3" be a lower-bounded generalized surjective product of W; and W, such
that dim W3/C4(W3) is the maximum of the set. Since Wi is lower-bounded, there exists
Ny € Z such that (W3***)p,) = 0 when R(n) < No.

Given any lower-bounded generalized surjective product W5 of W; and W,, we have
a surjective intertwining operator ) of type (WZV‘;,Q) For any fixed z € C*, we have a
P(z)-intertwining map Iy = Y(-, z)- of type (WZVSVQ) The P(z)-intertwining map Iy gives a
V-module map I%, from Wj to the generalized (g1 g2)~'-twisted V-module Wimp(.) W, defined
by

(I (ws)) (w1 ® wa) = (W, Iy(wr @ w2)) = (ws, Y(wy, 2)ws)

for wy € Wy, we € Wy, and w} € Wj. Since the intertwining operator ) is surjective, this
V-module map is injective. The image of W3 under this V-module map is a lower-bounded
generalized V-submdoule of WiSp,)Ws. The same is also true for W3"*. Let W be the
sum of the image of W3 under the V-module map from W3 to Witp.yW> and the image
of (W3")" under the V-module map from (W3"*)" to Witip(,)W,. Then W is also a lower-
bounded generalized V-submodule of WSp,)Ws. Let J : W — Witp,)W> be the inclusion
map. Then by Proposition 5.4, we have a twisted intertwining operator ); of type (W%@)
Since J is injective, ) is surjective. Since W is lower bounded, W’ is also lower bounded.
By Theorem 4.1, W’ is a C,,-cofinite grading-restricted generalized g;go-twisted V-module
and dim W' /C,(W') < dim W5max /Cy (W§ex).

We now prove (W), = 0 when $(m) < Ny. By definition, we have an injective V-
module map from (W3"**)" to W. Its adjoint is a surjective V-module map f : W’ — Wimex,
Since f is a V-module map, f(C,,(W’)) C C,(Wi**). Then the map f induces a surjective
linear map f : W'/C,(W') — Wkax/C, (Wimax) In particular, we have dim(W’'/C,(W')) >
dim(W3rex /C, (i), But we already have dim(W’'/C,(W')) < dim (W3 /C,, (Wi"2)).
So we obtain

dim(W"/C (W) = dim (WM /G, (Wimax)),

Thus f is injective and ker f = 0. Since f is induced from f, we obtain ker f C C,,(W").
If (W' )p # 0 for some m € C satisfying #(m) < Ny, then we can find mg € C
such that $(mg) < No, (W) # 0, and (W) = 0 for R(m) < mo — 1 since W' is
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lower-bounded. Let w' € W}, \. Then f(w') € (W3")pn,). Since R(mo) < No, we have
f(w') = 0 from the definition of Ny. Then w' € ker f C C,(W’). Then v’ is a linear
combination of elements of the form v,_,@" for homogeneous v € VI and homogeneous
w' € W'. But wtv,_,0' = wtv —a+n — 1+ wtw'. Since w' is a linear combination of
such elements, we must have my = wtv,_, 0’ = wtv — a +n — 1 + wtw'. Then we have
wti' =mo—wtv+a—n+1<mg—1. Since (W')p, = 0 for $(m) < my — 1, we obtain
w" = 0 and therefore w’ = 0. Thus we obtain (W’),,,) = 0. Contradiction. So we have proved
that (W) = 0 when R(m) < Ny. But (W')p,) = 0 when R(m) < Ny implies W) = 0
when R(m) < No.

Since the image I,(W3) of W3 under I3, in Witlp(yWs is in W, we also have (13,(W3)) ) =
0 when R(m) < Np. Smce Vis surJectlve I3 is 1nJectlve So we also have (W3)p,) = 0 when
J(m) < No. Thus we obtain (W3)p,, = 0 when R(m) < N. O

Theorem 5.6. Let g1,90 € G, Wy, Wy, W3 grading-restricted generalized g1-, g2-, g192-
twisted V -modules, respectively, in the category C¢ and z € C*. Then Witpy\Ws is a
grading-restricted generalized (g192)~"-twisted V-module and Wy Rp) Ws is a C’ -cofinite
grading-restricted generalized g-twisted V -module. Moreover, (W1 Xp(. Wg, Np(.)) is a P(z)-
tensor product of Wy and Wy in the category CS .

Proof. For any P(z)-product (Ws,I), we have a module map I" : W5 — Witlp,) W, given
by (I'(w}))(wy @ wy) = (wh, I(wy @ wy)) for wy € Wi, w; € Wy, and wy € W,. Consider
the image I'(W3) € Witp,yWa of W4 under I'. By Proposition 5.4, the inclusion map
J  I'(W3) — Witlp,) W, gives a P(z)-intertwining operator ); of type (%ﬁf‘;[?;il) Since J
is injective, )y is surjective By Proposition 5.5, (I'(Ws3)")m) = 0 when R(m) < Ny, where
Ny € Z depends only on W; and W5 and its existence is given by Proposition 5.5. Hence
I'(W3) has the same property, that is, I'(Ws3)p, = 0 when $(m) < No.

By definition, Witlp.yWs is in fact the sum of I'(W;3) for all P(z)-products of the form
(W3, 1). From the property I'(W3)pm) = 0 when R(m) < Ny, the sum of all such I'(W3)
satisfies the same property, that is, (Wi5p.)Ws)p, = 0 when R(m) < No. Thus Witp.) W
is in fact lower-bounded. So W Kp(,) W5 is also lower-bounded.

The same argument shows that the twisted intertwining operator Vi, L, given in
Willp(z) W

Proposition 5.4 is surjective. By Theorem 4.1, we see that Wi Mp(,) W3 is Cy-cofinite. Then
by Proposition 3.3, Wi Kp(,) W is quasi- ﬁmte dimensional, and, 1n particular, is grading-
restricted. As the contragredient of Wy Mp(.y Wy, WitlpyW; is also grading-restricted.

Finally, we prove that W;Xp(.) W5 together with the tw1sted P(z)-intertwining map X P(2)
is a P(z)-tensor product of W; and Wy. Given a P(z)-product (W3, I), we have a module
map I' : W5 — Witp.,)W, defined above. Then the adjoint n : Wi Kp,) Wo — W3 of I’
is also a module map. Let 7 : Wi Mp,y Wy — W3 be the natural extension of 7 Then by
definitions, we have

(wh, (w1 Wp(z) wa)) = (I'(wh), w1 Wp(z) wa)) = (I'(wh))(wr @ wy) = (wh, [(wy @ ws)) (5.6)

for wi € Wi, wy € Wy, and wh € W5, So we obtain f(w; Mp(.) wa) = I(wy ® wy). Since
N(wy Mp(,) ws) can be rewritten as (7 o Mp(,))(w1 ® ws), we obtain 77 o Mpy = I. The
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uniqueness of 1 follows from the definition of 7. We have proved the universal property for

(W1 Wp(oy Wa, Wp(.y). So (Wi Kpry Wa,Kp.)) is a P(z)-tensor product of Wy and W, [0

Theorem 5.6 in fact assigns each object (Wi, W3) in the category CS x CY an object
Wi Bpi) We in C§. As in [DH], we can also assign a morphism (fi, f2) in C§ x C¢ a
morphism f; Mp() f2 in CY in the same way by using the universal property of a P(z)-tensor
product. We then also obtain the following result whose proof is the same as the proof of
Theorem 4.7 in [DH]:

Theorem 5.7. The assignment, denoted by Mp(.), given by (Wi, W) — Wi Mpr.y Wy and
(f1, f2) = f1 ®p) f2 is a functor from CS x CS to CS.

5.2 P(z)-tensor product bifunctor for C¢

In this subsection, for z € C*, we give a P(z)-tensor product bifunctor for the category 5,?
of (), -cofinite grading-restricted generalized g-twisted V-modules with G-actions for g € G.

Let g1,92 € G. Given C),-cofinite grading-restricted generalized g¢;- and go-twisted V-
modules W; and Wy, respectively, for g1, go € G. Since Wy and W5 are G-modules, (W;@W5)*
is also a G-module. In particular, (WW; ® W5)* has an action of (g;g2)~*.

Given a P(z)-product (W, I) of Wy and W, in CC, for wl € W), we have Arwy €
(W1 ® Wy)* defined by (5.1). Let Wimp.,yW, be the subspace of (W; ® W3)* spanned by
A1y for all P(z)-products (W3, I) and wy € W3. Note that in general, Witip(.) W, here might
be dlﬁerent from WiDp)W3 in the case that W, and W, are viewed as grading-restricted
generalized g-twisted V- modules without g and G-actions. For simplicity, we use the same
notation Hp(;), but we will call them Witp,) W5 in C and Witp,) W5 in C to distinguish
them when it is necessary.

As discussed above, G acts on (W, ®@Ws)*. By the definition of twisted P(z)-intertwining
map in the category CC, for a P(z)-product (Ws, I) of Wy and Wy in C¢, and w} € (W4)l],
we have

(hAru) (w1 @ wa) = Mgy (B (w1 @ wy))
= Ay (B 1wy @ W™y
= (wh, I(h™'w; @ h™'wsy))
= (wh, b (w1 @ w,))
= (hw}, I(w; ® ws))

= )\I,hwg (w1 @ wa)

for w; € Wy and wy € Wa. So we obtain hd;., = Arpw, which means that hAr,, €
Witlp)Ws. Thus the G-action on (W7 ® Ws)* induces a G-action on Witip(.)Ws.
Takmg h = (9192) 7" in hApwy = Arpwy, we obtain ((9192) ' Arwy) = Ar(gige)—twy- Then
we have
((9192) t— 27r1a> AIw )‘I,(glgg)*l—eQﬂO‘)kwé
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for k € Z,. Since wy € (W4, there exists k € Z, such that ((g1g2)~" — e*™®)kw} = 0.
So we obtain ((g1g2) " — €*™*)* A1y = 0. Let (Witp(,) Ws)el be the generalized eigenspace
of the action of (g1 gg) on Willp(, Wg with eigenvalue e?™®. We have proved that )waé €
(Witp(. WQ) . Since Wiip(,) Wy is spanned by elements of the form Aj ., Witlp)Ws is a
direct sum of generahzed eigenspaces of the action of (g1g2)~! on Widp(,)Wa, that is,

Witp)\Wa = H (W@P(z)Wz) o]
a+7ZeC/7

We define a vertex operator map
YW1NP(Z)W2 VR (Wlﬁp(z)Wg) — (Wlﬂp(Z)WQ){:L‘}[log I‘]

using the same formula (5.2) as in the case in the category C¢. We consider the identity
operator 1W18P(Z)W2 s WhigpWo — Witlp,)Wa on Witp\W,. By taking f = 1ngp(z)w2
in Proposition 5.4, we obtain a twisted P(z)-intertwining map 1W1u oy W2 in the category
Cf . But note that Witp(.)WW5 in this subsection might be different from W;idp.yIW, in the
preceding subsection. This twisted P(z)-intertwining map Kp(,) in the category CS might
also be different from the twisted P(z)-intertwining map Xp, obtalned in the last part of

Proposition 5.4. For simplicity, we will use the same notatlon Xp(.) to denote 1W1 Ty Wa'
We also have w; Xp(,)wy of wy € W) and wy € Wy defined to be Mp.) (w; ®wy). Proposition

5.4 does not tell us whether Mp(.y is a twisted P(z)-intertwining map in the category 57? .
But we have

(N, h(wy Bpy we)) = (WA, wy Bp() w2)
= (PN (w1 @ wy)
A(h(w; ® wy))

= AMhw; ® hws)

= (A, hwy Mp(y hws)

for A € Wigp(;) W3 in C ,wy € Wq, and Wy € Wy, Thus we obtain
h(w1 &p(z) U)Q) = hw1 &p(z) th

for h € G, wy € Wy and wy € Wa. So Mp(.y is in fact a twisted P(z)-intertwining map in

the category C~§ . In particular, the twisted intertwining operator i o is a twisted
1=p(z) W2

intertwining operator in the category CNE :

Theorem 5.8. Let g1, g2 be commuting automorphisms of V., Wy, Wy, W3 grading-restricted
generalized gi-, ga-, g1go-twisted V-modules, respectively, in the category C¢ and z € C*.
Then Witp)Wa is a grading-restricted generalized (g1g2) ' -twisted V-module with a G-
action and zts contragredient Wy M p(,) Wo = (WiBp,yWa)' is a C,-cofinite grading-restricted
generalized g-twisted V-module with a G-action. Moreover, (Wi Mpy Wa, Mp(,)) is a P(z)-

tensor product of Wi and Wy in the category 5,?
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Proof. Since twisted P(z)-intertwining maps in the category CS are also twisted P(z)-
intertwining maps in the category C, WiEp(,) W in this subsection is a generalized (g191) '
twisted V-submodule of what is denoted using the same notation Witp(.)W5 in the preceding
subsection. By Theorem 5.6, W 5p(,)IW; in the preceding subsection is grading-restricted,
its generalized (g1¢1)'-twisted V-submodule Wimp(,)W5 in this subsection is also grading-
restricted. Thus its contragredient W, XMp(,) W5 is also grading-restricted.

Since Ly, . w, s injective, the twisted intertwining operator ) is surjective.

N
willpywa

Thus by Theorem 4.1, W1 Kp(,) W, is Cy-cofinite and is thus in 55 . Now the same argument
as in the last part of the proof of Theorem 5.6 shows that (W,Xp(.)Ws, Xp(.)) is a P(2)-tensor

product of W7 and W5 in the category CNS . [

We can also define f; Mp(,) fo for two morphisms f; and f; in 5,? . Then the following
result is obtained in the same way as Theorem 5.7:

Theorem 5.9. The assignment, denoted by Mp(.), given by (Wi, W) — Wi Mpr.y Wy and
(f1, f2) = fi ®pey fo is a functor from C§ x CS to CS.
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