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Chapter 3

Modules

We give the definitions of various notions of modules for grading-restricted vertex algebras
and vertex operator algebras. As for algebras, we use the duality property as the main axiom.
Basic properties of these modules are proved. As for algebras, some of these properties are
in fact the main axioms for suitable modules in other papers and books.

We give a construction theorem for lower-bounded generalized modules for grading-
restricted vertex algebras. Then basic examples of such modules for the Heisenberg vertex
operator algebras, affine vertex operator algebras V' (¢,0) and Virasoro vertex operator al-
gebras V(c,0), are given by verifying the conditions needed to apply this theorem. (More
examples will be added later.)

3.1 Definitions and basic properties

Roughly speaking, a module for a grading-restricted vertex algebra V is C-graded vector
space W = [[,,cc Wiy equipped with a vertex operator map Yy : V@ W — W ((x)) and an
operator Ly (—1) satisfying all the axioms for a grading-restricted vertex algebra that still
make sense. But we also have to consider more general types of modules.

Definition 3.1.1. Let V be a grading-restricted vertex algebra. A generalized V -module is

a C-graded vector space W =[], .« W}, equipped with a vertex operator map

Y : VoW — W((z)),
u®w— Yy (u,x)w

satisfying the following axioms:
1. Axioms for the grading: There are operators Ly (0), Ly (0)s and Ly (0)y on W such
that Ly (0) = Lw(0)s + Lw(0)n, Lw(0)sv = nv for v € Wy, , Lw(0)y is nilpotent
(for w € W, there exists K € N such that (L (0)x)*w = 0), and
d
[Lw (0), Yiy (v, x)] = x%YW(v, z) + Y (Ly(0)v, )
forveV.
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2. Identity property: Let 1y be the identity operator on W. Then Yy (1,2) = 1y

3. L(—1)-derivative property: There exists Ly (—1) : W — W such that for u € V,

d%YW(U,Z) = Yw(Lv(=1u,z) = [Lw(-1), Y (u, 2)].

4. Duality: For uy,us € V, w € W and w’ € W', the series

(W', Y (ur, z1)Yw (ug, 29)w),
(W', Yw (ug, 22)Yw (u1, 21)w),

<7~Ul7 YW(YV(ula z1 — 22)U2, 22)w>

are absolutely convergent in the regions |z1| > |2z2] > 0, |20| > |21] > 0, |22] > |21 —22] >
0, respectively, to a common rational function in z; and 2z, with the only possible poles
at 21,29 = 0 and 21 = 2.

A lower-bounded generalized V -module is a generalized V-module (W, Yy, Lw (0), Ly (—1))
such that Wy, = 0 when Rn is sufficiently negative. A grading-restricted generalized V -
module is a lower-bounded generalized V-module (W, Yy, Ly (0), Ly (—1)) such that dim Wy,
00. An ordinary V -module or simply a V -module is a grading-restricted generalized V-module
(W, Yw, Lw(0), Ly (—1)) such that Ly (0)y = 0. When V is a Mébius vertex algebra, a
lower-bounded generalized V-module or grading-restricted generalized V -module or an ordi-
nary V-module is asuch a V-module when V is viewed as a grading-restricted generalized
V-module together with a operator Ly (1) of weight 1 on V satisfying satisfying

[Lw (1), Lw(—1)] = 2Lw(0),
[Lw (1), Y (v,2)] = Vi (Ly (1), ) + 22 (Ly (0)v, 2) + 22V (Ly (—1)v, x)

for v € V. When V is a vertex operator algebra, a lower-bounded generalized V -module or
grading-restricted generalized V -module or an ordinary V-module is such a V-module when
V' is viewed as a grading-restricted vertex algebra such that L(0) = Res,zYw(w,x) and
Ly (—1) = Res, Yiy (w, ).

All the properties for grading-restricted vertex algebras and vertex operator algebras that
still make sense also hold for generalized V-modules. Here we state these properties without
proofs. The proofs are the same as those for grading-restricted vertex algebras and vertex
operator algebras and are left as exercises.

Operator product expansion For uy,us € V, there exists N € N such that Yy (uy, x)us =
> ey (Y )n(ur)ugz ™" (see Subsection 5.1). Then

Y (u1, 21) Y (ug, 22) = Z Vi (Yo )n (r ) ug, z0) (21 — 20) "1

~ > Vi (Y )n(u)ug, 22) (21 — 22) "

n=0
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The Jacobi identity For uy,us € V,

_ Ty —x _ —X2+ X
L) < lx Q)Yw(ul,xl)YW(UQ,xg) — 56 (%) Y (ug, x2) Y (ug, 1)
0 0
- T2+
=Ty 1(5 ( 2:L‘ O> Yw<YV(U1, xo)UQ,JZQ). (311)
1

Commutator formula For uq,us €V,
Y (ur, x1)Yw (ug, 22) — Y (ug, 22) Yy (ur, 1)

= Res,, 270 (xQ il m0> Y (Yv (ur, zo)uz, x2). (3.1.2)

X1

Associator formula For uq,us € V,
Y (Yv (ur, o) ug, x2) — Yw (w1, 2o + 2) Y (ug, x2)

= —Res,, 1510 ( ) Yw (ug, z2)Yw (uq, z1). (3.1.3)

—XT9 + T

Zo
Weak commutativity For uy,us € V, and N € N such that 2VYy (uy, 2)uy € V{[z]],
(.131 - .TQ)NYW(Ul, $1)Yw(UQ, IL’Q) == (I‘l - IQ)NYW(U27 Il)Yw(ul, 131). (314)
Weak associativity For u; € V and w € W, and N € N such that Yy (uy, z)w €
W[z]],
(wo + 2) VY (Yo (ur, mo)ug, m2)w = (20 + 22)" Yiy (ur, 2o + 2) Yir (U2, z2)w (3.1.5)
for us € V.

Virasoro operators Let V be a vertex operator algebra with the conformal element w.
Write Yy (w,x) =, o7 Lw(n)z™" 2. Then

(L (m), Ly ()] = (m = n) Ly (m + ) + 75(m® = m)d10

for m,n € Z.
Exercise 3.1.2. Prove these properties for generalized V-modules

Definition 3.1.3. A generalized V -submodule of a generalized V-module W is a generalized
V-module (Wy,Yw,) such that Wy is a graded subspace of W and Yy, = Yiw|vew, A
generalized V-module W is said to be irreducible if there is no nonzero proper V-submodule of
W. Lower-bounded generalized V -submodules, grading-restricted generalized V -submodules,
(ordinary) V -submodules and the corresponding irreducible ones are defined in the obvious
way.
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3.2 A construction theorem for modules

In this section, we give a construction theorem for modules. This construction theorem is in
fact the untwisted special case of Theorem 4.3 in [H4].

In the construction of grading-restricted vertex algebras in Section 2.5, we start with a
grading-restricted vector space V, a set of generating fields ¢'(z) for i € I, a vacuum 1 and
an operator Ly (—1) on V satisfying the five conditions in the section. For modules, we will
start with a C-graded vector space W, a set of generating fields ¢} (x) on W for i € I (here
I is the same index set as the one for the algebra), an operator Ly (—1) on W satisfying
some conditions. But for modules, these are not enough. We have to introduce a set of what
we will call “generator fields” ¢, (x) for a € A.

Here we explain why we need these generator fields. In the proof of Lemma 2.5.6 in
Section 4, we have to express an element v on which the generating fields act using these
generating fields acting on the vacuum. But for a module, the generating fields ¢i;,(z) act
on W and it is impossible to express w € W using these generating fields acting on the
vacuum. To give a construction theorem for modules similar to the construction theorem
for grading-restricted vertex algebras in Section 2.5, we have to introduce some fields which
give elements in W when applied to the vacuum in the algebra V.

Note that in the properties of modules in the preceding subsection, there is no skew
symmetry since it does not make sense. In fact, skew-symmetry is what motivates the
definition of what we call generator fields. Here we first give this motivation.

Let W be a generalized V-module. In [FHL|, a linear map

Yy : WeV — W((x),

w® v Yy (w, z)v

is defined by Y%, (w, z)v = W DYy, (v, —2)w for v € V and w € W. Replacing z and
x9 in the weak associativity (4.1.9) by z; and —x9, we obtain

(21 — 22) VY (Yo (ur, 21 )ug, —22)w = (21 — 22) Y Yiy (uy, 1 — 22) Yip (ug, —2)w  (3.2.6)

for uy,uy € V and w € W, where N is any nonnegative integer such that ™Yy (u;, z)w €
W([z]]. Applying e2tw (=1 to both sides of (3.2.6) from the left, using the definition of Y%,
and the L(—1)-conjugation property e w( DYy (uy, x; — 29) = Yip(ug, z1)e®2 w1 (ob-
tained by exponentiating the L(—1)-derivative property [Ly (—1), Vi (u1, 21)] = LYy (u, 21)
and the formal Taylor’s theorem) and then replacing u; by v and removing us, we see that
(3.2.6) becomes

(z1 — 2) VY (w0, 20) Yy (v, 21) = (21 — 22) N Yip (v, 21) Yty (w, 22). (3.2.7)

Note that (3.2.7) is of the same form as the weak commutativity (4.1.8) but with Yy (uz, z2)
replaced by Y%, (w, x5).

Let M be a subspace of W such that W is spanned by coefficients of formal series of
the form Y (v, z)w for v € V and w € W. Then we say that W is generated by M and M
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is a set of generators of W. We also call Y, (w,z) for w € M a generator fields of W.
Let ¢(x) = Yy (v,z) be a generating field of V. We use 1(z) to denote the generator field
YW, (w, z). Then the weak commutativity (3.2.7) becomes

(21 — 22) VP21 (22) = (x1 — 22) N (w2)P(1).

We shall use generator fields and this weak commutativity as additional data and properties
in the construction theorem for modules.

Let V' be a grading-restricted vertex algebra. We assume that V' is a grading-restricted
vertex algebra generated by ¢'(z) = Yy (¢' 1, z) for i € I, where ¢'(z) is homogeneous with
respect to weights, ¢* ; is the constant term of ¢'(x), and ¢" ;1 = lim,_,o ¢*(z)1 (see Section
2.5). Let wt ¢’ be the weight of ¢’ 1.

We shall give a construction of lower-bounded generalized V-modules. The construction
is based on the following data and assumptions:

Data 3.2.1. (a) Let W = [[,.c W}y be a C-graded vector space such that Wy, = 0 if
R(n) is sufficiently negative.

(b) Let
Gy W = W((2))
w i Gy (2w = (dy)awa ™"

ne”

for i € I (the same index set I for the generating fields for V') be linear maps called
generating field maps.

(c) Let

Uiy V= W((x))
v P (o) = (g vz

nez

for a € A be linear maps called generator field maps.
(d) Let Lw(0), Ly (—1) be linear operators on W.

Assumption 3.2.2. The data given in Data 3.2.1 satisfy the following properties:

1. There exist semisimple and nilpotent operators Ly (0)g and Ly (0)y on W such that
Lw(0) = Lw(0)s + Lw(0)n. For w € W, L(0)w = nw. For i € I,

L (0), 6 (2)] = 2= (2) + (wi) iy ().
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For a € A, there exists wt ¢f;, € C and, when Ly (0)ny¢§,(z) # 0, there exists
Ly (0)y(a) € A such that

I ()i (2) — i () (0) = e o)+ (0 5 o (o) + it ),

where i O () = 0 when Ly (0) 8, (z) = 0.

2. Forie I and a € A,
d

L (=1), iy ()] = i (2)

and
I (1) ) — i (@) L (1) =~ ().

3. For a € A, 9, (x)1 € W][[z]] and the constant term (¢f,)_11 = lim, o9, (2)1 is
homogeneous.

4. The vector space W is spanned by elements of the form
PR G AT (M
foriy,...,ip €l,a€ A, n,nqy,...,n € Z,and v € V.
5. For 4,5 € I, there exists M;; € Z, such that
(21— 332)M” [%v(l’l)» ¢{/V(952)] = 0.
6. For ¢ € [ and a € A, there exists M;, € Z, such that
(21— x2) My (210 (2) = (w1 — o) Mioay (22) 9" (21).
We have the following results analogous to Proposition 2.5.2:

Proposition 3.2.3. Assume that the data given in Data 3.2.1 satisfy only the parts on ¢y,
for i € I of Conditions 1—4 in Assumption 3.2.2. Then Conditions 5 and 6 in Assumption
3.2.2 are equivalent to the following three conditions:

7. Forw e W ,weW,iy,...,ip €1 and a € A, the series

<wlv %%/(21) s %’“V(zk)wé‘v(zmﬁ“(ml) T ¢ik(2k+z)v>

is absolutely convergent in the region |z1| > -+ > |zi| > |2| > |zk41| > -+ > 2| >
0 > 0 to a rational function

R((w', vy (21) - - 1k (20 ()0 (2141) - - 9™ (2140)0))
W 215y Zhy 2y 2ty - - - 2kt With the only possible poles at z; =0 fori=1,... k+1,
2=0, z; = 2, for j #m and zj ==z forj=1,....k+1 . In addition, the order of the
pole z; = z,, depends only on ¢ﬁ/ and ¢§}V”, the order of the pole z; = z depends only

on ¢§,{, and Uiy, the order of the pole z; = 0 depends only ¢y, and v and the order of
z =0 depends only on ¢y, and v.
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8. ForweV,w eV, iy is€ I,
R((w', ¢y (21)847 (22)w)) = R((w', 6 (22) 6 (21)w)).
9. ForveV,weW' iel andac A,
R({w', dy (20) ¥ (22)0)) = R((w', iy (22) ' (21)w)).

The proof of this proposition is essentially the same as the proof of Proposition 2.5.2.
We leave the proof as an exercise.

Exercise 3.2.4. Prove Proposition 3.2.3.

Proposition 3.2.5. The space V, the fields ¢* for i € I, Ly(—1) and 1 have the following
properties:

10. Forae C,i€ 1 anda € A,
ecLW(O)(b%'/V(x)echW(O) — 6c(wt d)i)gb%/v(ecx)’

GCLw(O),l?DaW(x)e—CLv(O) — 6c(wt ¢1)¢%/V(ecl,)

11. Foriy,...,ix €I, ny,....npy €EZ,a€ A, ne€Z andv eV,

Ly (0) (64 ) - (915 ) (Wi ) v
Z (B Wy

- ((—nj = 108, + (W6 ) (B )n, ) (O Ve - (D30 I ()0
+ (@ (83 (=1 = D+ (w8 V)W) + @ @7, ) v
(@) (O ) (V) L (O)0

and

Ly (= 1) (84 )y -+ (D18 I (Vi )0
:Z< a/) ( a/_l)njfl(_nj( %)njfl)( w—l)nj+1“ ( W)nk<wW)

(3 ) (3 D (=1 ()10
+ (G0 ) (O D (Wi )n L (= 1)

12. For c € C, z € C* satisfying |z| > |a|, i € I and a € A, etw(gi (2)ecbw (1) =
iy (2 + ¢) and ePW VYL (2)e e lvED) = i (2 + ¢).
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13. The operator Ly (—1) has weight 1 and its adjoint Ly (—1)" as an operator on W' has
weight —1. In particular, e*wV'w € W' for z € C and w' € W'.

14. ForveV,w e W and o € Sy,

R((w',1(21) - pr(z1)v)) = R((W', 0001y (20(1)) - o) (2ok)) V),

where one of p; is W, for some a € A and the others are either in {¢'}icr when they
are to the right of ¥% or in {dY }ier when they are to the left of V% .

These properties follows easily from Conditions 1-9 in Assumption 3.2.2 and Proposition
3.2.3. We also leave the proof of Proposition 3.2.5 as an exercise.

Exercise 3.2.6. Prove Proposition 3.2.5.

We define a vertex operator map

Y : VoW — W((z))
vRw — Y (v, x)w

<w/7YW<¢:')}L1 U (é;flkl? Z)w>
= Resg o Resg o™ -+ &R (0, 6y (6 +2) - 6 (6 +2)w)  (328)
for iy,...,i, € I, my,...,my € Z, w € W and w’ € W’. But as in the definition of the
vertex operator map for the algebra V' given by (2.5.42), we first have to prove that the

vertex operator map Yy is well defined. In fact, only in the proof of this well-definedness
we need the generator fields v, for a € A.

Lemma 3.2.7. If
q .
Z)‘zﬂb:ﬁ Gl =0,
1 k
p=1
then

q »
> AReseio -+ Resg, o™ -0 R (0!, 0 (61 + 2) -y (& + 2)w) ) =0
p=1

forw e W and w' € W',

Proof. By Condition 4 in Assumption 3.2.2, we can take w to be of the form
(‘b{/ll/)m e (Qb{/{/)nz(w%/)nv
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for v € V. But by Condition 4 in Section 2.5, we can take v to be of the form ¢f! --- @l 1.
Moreover, in this case,

R((0', ¢ (21) -+ % (2) (01 )y =+ (D00 )y (U )T -+ - $221))
= Res¢,—o - - - Resg_oRescResy, —o - - - Resy, o[ -+ Gyt -+l

RV, ¢ (21) -+ ¢ (210 (O (G) -+ - 9 (Q) ™ (Cr) -+ 6% () 1)).

Then the other steps of the proof is the same as that of (2.5.6), except that here we use
Property 14 in Proposition 3.2.5. We leave these steps as an exercise. ]

Exercise 3.2.8. Finish the proof of Lemma 3.2.7.

Theorem 3.2.9. The graded vector space W together with Yy, : VW — W ((x)) defined by
(3.2.8) is a lower-bounded generalized V -module. Moreover, (W, Yy ) is the unique structure
of a lower-bounded generalized V -module on W such that Yy (¢' ,1,x) = ¢'(z) fori e I.

Note that since the definition of Yy does not use #f;,, the proof of Theorem 3.2.9 also
does not need #f;,. Thus the proof of Theorem 3.2.9 is the same as that of Theorem 2.5.7,
except that ¢’ are replaced by ¢%,. We leave the proof as an exercise.

Exercise 3.2.10. Prove Theorem 3.2.9.

3.3 Examples: Modules for Heisenberg vertex opera-
tor algebras

Recall in Section 2, we have the group algebra C[L] for a lattice. We now consider the group
algebra C[h]. We use the same notation to denote e* to denote the the basis element « € b
in C[h] but note that now a does not have to be in a lattice L. Note that for each a € b,
Ce® is a subspace of C[b].

Let M(1,a) = 5(6_) ®Ce®. We define the action of the Heisenberg algebra h on M1, «)
in the same way as in Section 2; a®t" for n # 0 acts only on S(G,) and a®t acts only on e®
by a(0)e® = (a,a)e”, and k acts on M (1,«) as 1. This explains our notation: 1 in M (1, «)
is used to denote that the center k acts as 1. Then as in Section 2, it is easy to verify that
M(1, &) becomes an h-module. As in Section 2, we use a(n) to denote the action of a ®t™ on
M(1,«). Then M (1, ) is spanned by elements of the form a;(—ny) - - - ar(—ny)e® for k € N,
ay,...,ar €Ehand ny,...,ng € Z,.

We define the weight of a;(—nq) - - ar(—ng)e* to be ny+- - +ny + %(a, a). In particular,
the weight of e® is (o, ). Then M(1,a) = Hne%(maHN Mpy(a) is a space graded by

~

(a, @) +N. The same argument as for S(h_) shows that M (1, «) is grading restricted, that

is, Miyj(a) = 0 when n — (v, @) < 0 and dim M, (o) < o0.

Let L be an even positive definite lattice. For o € L, M(1, ) is in fact a G—Submodule

~

of the vertex operator algebra Vi, = S(h_) ® C[L]. Then we have a vertex operator map Yy,
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A~ ~

for V. By definition, Yy, (u,x)v € M(1,a) foru € S(h_)®C ~ S(h_) and v € M(1,a). We
define Yy(1,0) = Yv, | S(h)eM(1,0)" Then since V7, is a vertex operator algebra, all the axioms

~

for (M(1, ), Yar(1,a) being a S(h_)-module are satisfied.
For av € h but not in any even positive lattice, we cannot use grading-restricted vertex

algebras associated to a lattice. This construction of S(h_)-module does not work . For such
a, we will give the construction of an S ([L)-module structure on M (1, «) after we prove a
construction theorem for modules. In this construction theorem, we shall need some formal
series of operators called generator fields. These can be obtained from generalizations of the
vertex operators Yy, (e®, z) in Section 2. Here we define these generator fields and give their

properties.

For o € By, we define ¢*(z) : S(h_) — M(1,a) by

Y*(x)ar(—n1) - - ap(—ng)l

=exp | — Z #w" exp —Z@x" aj(—nq) - - ap(—ng)e”

7’L€—Z+ TL€Z+

for ay,...,ar € h and ny,...,n; € Z,. In the case that a € L for a even positive definite
lattice,

v (x)ar(—ny) - ap(—ng)1 = Yy, (€%, 2)a1(—nq) - - - ag(—ng) 1.
Note that (2.7.82)—(2.7.81) still hold for o € . Also by definition,

a(0)yY*(z)ai(—ny) - - - ap(—ng)1

= (a,a)exp | — Z @x_” exp | — Z %n)x_” aj(—nq) - ap(—ng)e”

— (@, )¢ (2)ar (—m1) -+~ ap( =)L + 6 (@)a(0)ar (—mn) - -~ ag(—mi)1.

From these formulas, by the same calculations as in Section 2, we obtain the following weak
commutativity between a(x;) and ¢*(z5) for a,a € b:

(21 — z9)a(w1)® (22) = (21 — 2)Y* (w2)a(21).

We now give the theorem for M(1,«) but we prove only the irreducibility here. The
the proof of the (ordinary) module structure can be obtained by verifying the properties
in Assumption 3.2.2 and is left as an exercise. On the other hand, the (ordinary) module
structure can also be obtained as a special case of the construction of modules for the affine
vertex operator algebra V(¢,0) in the next subsection (see Corollary 3.4.10).

Theorem 3.3.1. Fora € b, M(1,a) has a structure of irreducible (ordinary) S(h_)-module.

Proof. We take I = b and ¢§,, ,)(z) = a(z) for a € h. We also A = {a} and ¢3,, , (z) =
¢*(x). Then one can verify that M(1,a), a(z) for a € h and * satisfy Assumption 3.2.2
(see Exercise 3.3.2). By Theorem 3.2.9, M (1, ) has a structure of (ordinary) S(h_)-module.
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Next we show that M(1,«) is in fact irreducible. Assume that W is a nonzero S(h_)-
submodule of M(1,«). From the commutator formula (4.1.6 with u; = a(—1)1 and uy =
b(—1)1, we obtain

[aw (m), bw (n)] = m(a, b)0mn,0

—m—1

for m,n € Z, where aw (m) and by (n) are given by Yy (a(=1)1,2) = >, a(m)x and
Y (b(=1)1,2) =, ., b(n)z~""'. In particular, we see that W is an b-module. Since W is
asS (6_)—submodule of M(1,«), this h-module structure must be induced from the h-module
structure on M(1,a). So W is a h-submodule of M (1, a).

Since M (1, ) is grading restricted, W as a submodle must also be grading-restricted.
Since W is nonzero, there exists homogeneous w € W such that any element of W of weight
less than wt w is 0. In particular, 6+ annihilates w since elements of 6+ lowers the weights.
Since M(1,) = S(h_) ® Ce®, we see that the only elements annihilated by b, are those in
Ce®. Thus w = Ae* for some A € C. Then W = M (1,«). So W cannot be proper. O

Exercise 3.3.2. Prove that M (1, a) has a structure of (ordinary) S(h_)-module by verifying
the properties in Assumption 3.2.2 directly.

3.4 Examples: Modules for the affine vertex operator
algebras

We construct modules for the affine vertex (operator) algebras V =V (¢,0) and V = L(¢,0)
in this section.

Let M be a finite-dimensional module for g. For a € g, m € M, and n > 0, define actions
of a(0), a(n), and k on w € M to be the action of a, 0, and multiplication by ¢, respectively.
Then M becomes a module for gg @ g,. We have the induced g-module

V(& M) = U(ﬁ) QU (o) M.

We will often omit the tensor product symbol when writing elements of V' (¢, M) so that for
we M, 1®w will be written as w.
Recall the Casimir element

where {u’ : 1 < i < dimg} is an orthonormal basis for g with respect to the form (-, -).
Since M is a g-module, 2 acts on M. We denote the action of w on M by €;; and this
is the Casimir operator on M introduced in Section 7. Since M is finite dimensional, it
is a finite direct sum of irreducible g-modules by Theorem C.22. On each irreducible g-
submodule, by Proposition C.19, €23, commutes with the action of elements of g and thus
must be proportional to the identity operator on this submodule. So M is a direct sum of
eigenspaces of {2,;. For an element w in an eigenspace of €,;, we define its weight, denoted
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by wt w, to be the eigenvalue of ), associated to the eigenvector w divided by 2(¢ 4+ hY).
We then define L(0) on W by defining

L (0)ay(n) - - - ag(nig)w = (=ng — -+ — ng + wt w)w.

Our generating fields are the maps a(z) : V(¢, M) — V (¢, M)((x)) for a € g, where for
we VM),

a(x)w = Z a(n)wr "t
ne”Z
and a(n) is the action of a ® t" € g on V (¢, M).

We will show that V' (¢, M) has a natural structure of a V' (¢,0)-module. But instead of
constructing the V' (¢,0)-module structure directly, we will first construct a V' (¢,0)-module
starting from M using the method in Section 5 of [H4] and [H5] and then show that the
V' (£,0)-module that we have constructed is equivalent to V' (¢, M) as g-module.

In Subsections 3.4.1 and 3.4.2, we construct V' (¢,0)-modules when V' (¢,0) is viewed as a
grading-restricted vertex algebra and when V' (¢,0) is viewed as a vertex operator algebra,
respectively.

3.4.1 Modules for the grading-restricted vertex algebra V (¢,0)

Let
M=U(§) ® (M C[t,t]) @ V(£,0).

Then M is a (left) U(§)-module. We will also often omit the tensor product symbol when

we write down elements of M. By the Poincaré-Birkhoff-Witt theorem, M is spanned by
elements of the form
k"ai(ny) - - agp(ng)(w @ t")v (3.4.9)
for a; € g, ni,n € Z,r e Nyw e M, and v € V(£,0). For w € M and n € Z, we also have a
linear map ¢ : V(¢,0) — M given by Y2 (v) = (w R t")v for v € V(¢,0).
For homogeneous v € V(¢,0) and w € M, we define the weight of an element of the
form (3.4.9) to be —n; — -+ —np + wt w —n — 1 + wt v. The weights of such elements

give M a grading. Using the weights, we also obtain an operator Lz;(0) on M defined by
L+#(0)w = (wt w)w for a homogeneous element w € M. We also define another operator

L37(—1) on M, motivated by Part 2 of Assumption 3.2.2, by using the commutator formulas
[LM(_l)v k] =0,

[LM(_l)a a(n)] = _na(n - 1)7

L (=1 — ¥y Ly o0y (—=1) = —nap,,_y, (3.4.10)

for a € g, n € Z, w € M and the operator Ly )(—1) on V(¢,0).
For a € g, let a(z) = >, ., a(n)z"" be the formal series with the operators a(n) on

M as the coefficients. For w € M, let ¢ (z) = > nez Uz~ be the formal series with the
linear maps ¢ from V' (¢,0) to M as the coefficients.
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We shall construct a lower-bounded generalized V (¢, 0)-module on a quotient of M. Let
J1 be the U(g)-submodule of M generated by the following elements:

1. Y1 for w € M and n € N.
2. a(0)Yr1 — i1 fora € g, w e M and n € —Z;.
3. kw — (w for w € M.
4. The coefficients
(a(m)dy — vya(m) —alm — 1)y, + 4y alm —1)v
for m,n € Z of the formal series
(1 — @2)a(z)Y" (z2)v — (21 — 22)0" (22)a(zr)v
forae g, we M, and v € V(£,0).

Let M = M /J1. We shall use the same notations as those for elements of M to denote
elements of M. Since Ji is generated by Lg;(0)-homogeneous elements, J; is graded by the
eigenspaces of Ly (0). Then L77(0) induces an operator L7(0) on the quotient M such that
M is graded by the eigenspaces of Li7(0). We also have the following result defining an
operator Liz(—1) on M:

Proposition 3.4.1. We have Ly;(—=1)J; C Ji. In particular, L3;(—1) induces to an operator
Li(=1) on M.

Proof. For w € M, Ly(=1)Yg1 = 9§ Lyeo(—1)1 =0 € J;. For w € M and n # 0,
Ly (=D¢p 1 = ¢y Ly o) (1)1 — iy’ 1 = —nap |1 € Jy.
Fora € g, we M and n € Z,, we have

Lyp(=1)(a(0)¢%,1 - %71

Liz(=1)a(0)9%,1 = Lyz(— )Wiﬁl
(0)Lz(—= )W” 1—n%,
( (0)¢%, 11 =92 1)

I
KSQ

Finally, for m,n € Z, a € g, w € M, and v € V(£,0), we have

Ly (=1)((a(m)y, —¢ya ( ) —a(m — DYy + iy a(m —1))v)

= Ly (=Da(m)yv — Ly (=1)¢ya(m)v — L(=1)a(m — 1) v

+ Ly (=1iyi a(m — v
= a(m) Ly (—=1)¢v —ma(m — 1)yv — oy Lz (—=1)a(m)v + niy_ya(m)v
—a(m — 1)L (=1)¢; v+ (m — Da(m = 2)¢ v + ¥y Lz (—=1)a(m — v
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~ (n+ ya(m — 1o

= —na(m)yy_ v —ma(m — 1))v +mapra(m — 1)v + nyy_ja(m)v
+ (n+ Dalm — Do -+ (m — a(m — 22,0 — (m — L, a(m — 2)0
—(n+ Dyra(m —1)v

= —nfa(m),_ = ¢p_ya(m) —a(m — 1)y + ¢ra(m —1))v
— (m — 1)(alm — DY® — %a(m — 1) — a(m — 22, + ¥¥a(m — 2))o

e i
O
We need the following lemma:
Lemma 3.4.2. In ]\/4\,
a(n)ypl =a(0)y,, .1, (3.4.11)

foraeg,neNwe M, and m € Z.

Proof. When n = 0, the two sides of (3.4.11) are the same. So we need only prove (3.4.11)
for n € Z,. We have

a(n)yyl =aln— 1), 1 +na(n)l —r a(n—1)1 =a(n — 1), 1.
Using this formula and induction, we obtain (3.4.11). O
Now we verify the properties in Assumption 3.2.2 in this case.

Proposition 3.4.3. Let {w;}8 ™ be q basis of M such that w; for i = 1,...,dim M are

eigenvectors of 2y with eigenvalues wt w;. The space ]\7, the series a(x) for a € g, the
series Y"i(x) fori=1,...,dim M, and the operators L3(0) and Lyz(—1) have the following
properties:

1. For w € ]\/4\[74, Li7(0)w = nw. For a € b, [L(0),a(z)] = zLa(z) + a(z). For
i=1,... . dim M,

Lip(0)9™ () — " () L(0) = x%@b“ﬁ (@) + (wt w;)p™ ().

2. Foraeh, [Ly(—1),a(z)] = La(z). Fori=1,...,dim M,

Lr(—1)00" (2) — " (2) Ly ey (—1) = %w (2).

3. Fori=1,...,dim M, y"i(z)l € J\/f\[[x]] and the constant term "1 = lim,_,o " ()1
is an eigenvector of weight wt w;.
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4. The vector space M is spanned by elements of the form
aj(—nq) -+ - ap(—ng)Pil (3.4.12)

foray,...;ar € @, ny,...,ng,m € Zy, and i = 1,...,dim M. In particular, M is
grading restricted.

5. Fora,beg,
(1 — 22)*[a(x1), b(z2)] = 0.

6. Foraebh,i=1,...,dim M,
(x1 — @2)a(z1)Y" (z2) — (¥1 — 22)Y" (w2)a(x1).

Proof. Properties 1 and 2 follow from the definitions of the operators L;(0) and Lg;(—1).

Since %1 = 0 for m € N, we have ¢"i(z)1 € ]/\/[\[[a:]] By definition, wt ¢"1 =
wt w; — (—=1) — 1 = wt w;. These prove Property 3.

Properties 5 and 6 follow from the commutator formulas for the affine Lie algebra g and
the definition J; and M. .

We still need to prove Property 4. Recall that M is spanned by elements of the form
KPay(ny) - - ap(ne) Va1 (i) - - Qg ()1
forpeZi,ar,...;a54 €8, n1,y..., N, m € Z, w e M, and v € V({,0). By the definition

of M, we see that it is spanned by elements of the form
ar(n) -+ ag (M) Yo a1 (M) -+ @ ()1 (3.4.13)
for ay,...,ap € g, N1, .., N, m €L, w e M, and v € V(£,0).
As linear maps from V' (¢,0) to M,
Uma(n) = a(n)vy + ¢, ya(n+1) —aln+ g .

Using this equation, we can write (3.4.13) as a sum of terms still of the form (3.4.13) but with
a smaller conformal weight for the part agi1(ngr1) - arri(ne)1 € V(€,0). By induction,
we see that (3.4.13) is a sum of terms of the form

ar(ny) -+ - ag(ng)ml

for ay,...,ar €9, n1,....,nxy € Z,m € —Z,, and w € M.
By the Poincaré-Birkhoff-Witt theorem, we need only consider elements of the form

ay(—ny) - ap(=ng)ar1(0) - - @ (0) appir (M) - - - Qpgigp(my) Yy 1,

where ny,--- ,ng,my, - ,my € Zy, m € —Z,, and w € M. Using Proposition 3.4.2, this is
equal to

ap(ny) - ap(ng)ar1(0) - - - agq1(0)ag141(0) - - 'ak+l+p(0)w%+m1+'--+mp1

= )

This is 0 in M unless m + my + -+ +my, € —Z;. We have proved Property 4. O]

83



By Theorem 3.2.9, we obtain:
Theorem 3.4.4. The graded space M equipped with the vertex operator map Yy; : V(¢,0) ®
M — M((x)) given by
(' Yip(ar(=ma) - - ar(=mi)1, 2)w)
= Resg,—0 - Resg,—o&; ™ - & ™ R (W', a1(&1 + 2) -+ - ag(§ + 2)w)) (3.4.14)

foray,...,ar € g, my,....,my € Zy, w € Z\//T, and w' € M' is an ordinary V (¢,0)-module
when V (£,0) is viewed as a grading-restricted vertex algebra.

Since M is a V' (¢,0)-module, as in Section 3.2, we have a linear map

YA o M@ V(E,0) - M((x))

M
w®vl—>Yj\7j

Ve0) (w, x)v

defined by
ijv(é O)(w, 2)v = ety = (v, —z)w

for v € V(£,0) and w € M.

Proposition 3.4.5. For w € M, ¢"“(x) = YMV ¢0) (Y*1,z).

Proof. For w € M,

ijvm)(ww 1,2)1 = e"F DY =(1, —z)y 1 = e"bar Dy 1, (3.4.15)

On the other hand, for k € Z,
LJ\?<_1)W—01¢1 = W_UlLﬁ(_l)l + kYY1 = kYY1

Then we have
L(—1)%" 1 = kly®, 11
for k € Z,. Thus we have
1= Y 1aF =" Ai:—!@b 1= tuDyw 1 (3.4.16)
keN keN

From (3.4.15) and (3.4.16), we obtain
Y¥(z)1 = Y]yv(m)(wll,x)1. (3.4.17)

ForaegandneZ,,
a(n)P? 1 =9Y*a(n)l —a(n — 1)yl + ¢ga(n — 1)1 = 0.
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Then we have

eYgla(=1)1, )y =Y am)y ™ = > a(n)ga ™" € M[a]).

ne” ne—N

So by (3.2.7), we have

(*Tl - x)a(xl)yj\/]/\[\/[v(&o)(wgllvx)v = (.171 - x)YMV(ZO (WU 1 [E) ( )U

for v € V(£,0). Repeatedly using this weak commutativity, we obtain

('Tl - x) e (Jzk - x)al(x1> T 7ak(xk)yj]}\4v(g70)<wqi}llvx)]‘
= (@~ 2) - (a— VL (7 @)an(e) gL
for ay,...,a; € g. Since " (x) satisfies the same weak commutativity, we also have

(@1 — ) (2p — v)ar(@1) -+ ap(ze)y” (2)1
= (1 —x) (2 — )" (v)ar(z1) -+, ap(zp) 1.

Then by (3.4.17), we obtain
(1 =) (21 — )" (2)a(r1) - - - ap(zr)1
= (1 — ) (2 —2)a(@1) - ap(ze)y” ()1
)« ak(xk)YA )(1/1311;95)1

(
=(r1—x) - (z, — z)a(zr;

=(ry—x) () — .CE)YA]/\[/[V &0)(1/1_11, x)a(xy) -+ ap(xg)l. (3.4.18)
Since both
VY (x)ay(zr) -+, ap(zg)l
and

YJ\J/\?V £,0) (W91, z)ar(xy) - -+ a (o)1

are in ]\7((3:))((&:1)) -+ ((zg)), we can multiply both sides of (3.4.18) by
(—z+a) o (mrt o) € C((@) () - ((an))

to obtain
VU (z)a(zy) - - ag(xg)l Yz\]}/[v@o (W1, x)a(zy) - - - ap(zg) 1. (3.4.19)

Taking coefficients of powers of x1, ...,z in both sides of (3.4.19), we obtain

—

lbw(l’)al(nl) e ak(nk>1 - Y]\/]\;V“,O)(qﬁi—ul]w x)al(nl) T 7ak‘<nk)1
for k € N, ay,...,ar € g and nq,...,n; € Z Since V(¢,0) is spanned by elements of the

form a(ny) - - - ax(ng), we obtain ¥*(x) = YMV(ZO (™1, z). O
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The V-module M is constructed as a quotient g-module. We now identify M explic-
itly. Let A(M) = Clz] ® M. We define operators Ly)(0) and Lan(—1) on A(M) by
Laon(0)(2™ @ w) = m(z™ @ w) + 2 @ Qw and Ly (—1)(2™ @ w) = 2™ @ w for m € N
and w € M. Then A(M) is graded by eigenspaces of Lx)(0) and is spanned by elements
of the form Ly (—1)"(1 ® w) for w € W. We shall identify the subspace C @ M of
A(M) with M so that 1 ® w can be written as w and L) (—1)™(1 ® w) can be written
simply as Ly (—1)™w. Let go acts on A(M) by a(0)Lanan(—1)"w = Laay(—1)"aw and
kLay(=1)"w = LLpy(—1)™w form € Nand w € M. Let g act on M = C®M as 0. We
define an action of g, on A(M) using the commutator formula [a(n), Laan(—1)] = na(n—1)
for n € Z, and the actions of g, and go on M = C® M. Let k act on A(M) as ¢. Then
A(M) becomes a gy @ go-module. Using the g, & go-module A(M), we obtain the in-
duced g-module A(M) = U() QU (g, +a0) A(M). Moreover, we have operators Ly, (0) and
Lz (=1) on A(M) defined using the commutator formulas [Lza(0), a(n)] = —na(n) and
(L (—1),a(n)] = —na(n—1) and the operator La(ar)(0) and La(ar)(—1). The space A(M)
is graded by the eigenspaces of Lz, (0).

Proposition 3.4.6. As a gmdmg restricted g-module, M is equivalent to A(]\/[) More-
over, the equivalence between M and A(M) commutes with the actions of Ly7(0), Liz(—1),
Lz 0), and Ly, (=1). In particular, Theorem 3.4.4 with M replaced by A(M) holds.

Proof. By the Poincaré-Birkhoff-Witt theorem, U(g) ®u (g, +40) A(M) is linearly isomor-
phic to U(g-) ® A(M). Then U(g) Qu(s, +40) A(M) is spanned by elements of the form
ar(—n1) -+ ap(—ng) Lagny(=1)"w; for ai,...,ax € @, n1,...,n € Zy, m € N, and i =
1,...,dim M. Let f: U(§) ®u(s, 150 A(M) — M be the linear map defined by

flar(=n1) -+~ ap(=ng) Laon (—1)"w;) = a1 (—na) - ap(—ng) Lz (—1)" 91

for ay,...,ar € g, ny,...,nxg € Z,, m € N, and ¢+ = 1,...,dim M. The map f is well
defined since the only relations among elements of the form a;(nq) - - - ax(ng) ® ™ ® w; are
given by the relations in Ug_), which are also satisfied by their images under f. By the
definition of J; and M , [ is also injective because the only relations among elements of the
form a1 (ny) - - - ap(ng) Lyp(—1)"92 1 are also given by the relations in Ug_).

By Property 4 in Proposition 3.4.3, M is spanned by elements of the form (3.4.12). From
(3.4.10), we obtain

w 1 w
VYl = _m——i—lLﬁ(_l) m+1
for m € -Z; — 1 and w € M. From this formula and the fact that M is spanned

by elements of the form (3.4.12), we see that M is spanned by elements of the form
aj(—nq) -+ - ap(—ng) Lpaens (—1)™™11 for aq,...,ax € @, n1,...,n, € Zy, m € N, and

1 =1,...,dim M. In particular, f is surjective and thus is a linear isomorphism. From
the definition of f, we see that f is a g-module map and commutes with the actions of
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3.4.2 Modules for the vertex operator algebra V(¢,0) for ¢ # —h"

In the case ¢ # —hY, V(£,0) is in fact a vertex operator algebra. We give an ordinary
V(¢,0)-module structure on a quotient of M given in the preceding subsection when V(¢,0)
is viewed as a vertex operator algebra.

The V(¢,0)-module M when V(¢,0) is viewed as a grading-restricted vertex algebra is
not a V' (¢,0)-module when V'(¢,0) is viewed as a vertex operator algebra. The reason is that
L#(0) and Lg;(—1) are not equal to Res,zY3;(w.z) and ResmYM(w 95)\ respectively. As in
[?], we give a a V(¢,0)-module structure on a further quotient M of M.

For simplicity, we denote Res,zY77(w.x) and Res,Y3;(w.x) by Ly and L_;, respectively,

only in this subsection. Let Jy be the g-submodule of M generated by the elements of the
form

Lol — L (~1)up1

for w € M and n € —Z,. Since the vertex operator map Y7; for M is defined using the
action of g, we see that J, is closed under the action of the vertex operator map Y. Since
Y, is of weight wt w and both Ly and Ly;(—1) are of weight 1, J, is a graded subspace of

M and is thus invariant under L+#(0). To give Jy a V(¢,0)-module structure when V'(¢,0)
is viewed as a grading-restricted vertex algebra, we still need the following result:

Proposition 3.4.7. The g-submodule Jo of M is invariant under L#(-1).

Proof. For w € M and n € —Z,, we have

Li(=1)(L-ayn1 = Lg(=1)¢y’1)
= Restﬁ(—l)YM(w, :E)l/)rifl - Lﬁ(—l)anw]_

d
= Res, Yi7(w, z) Ly (—1)¥y1 +R€Sxd Yip(w, 2) 1+ nLp(—=1)¢; 41
= Loy Ly (=1)¢ 1+ nLly(=1)vy 41
= —nL 1YY 1 +nLz(—1)yYr 1

= —n(L_1¢,_11 — L(—=1)¢; 1)
€ J.

]

Let M = ]\/4\/J2. Since we have proved that J; is a V' (¢,0)-submodule of M, M is a
V' (¢,0)-module when V(¢,0) is viewed as a grading-restricted vertex algebra. In particular,
the vertex operator map Y737, the operators L7(0), L7(—1), the series a(z) and 9" (x) for
a € g, weE M on M induces a vertex operator map Y, operators LA(O) and LA(—l)
respectively. For simplicity, we still use the notations for those for elements of M and
operators without subscript M on M to denote the corresponding elements of M and the
corresponding operators on M. In particular, we still use Lo, L_1, a(n), ¥¥, a(z), and " (z)
for a € g, w € M to denote the corresponding operators and series of operator coefficients
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on M. But note that in M, L_jy¥1 = L~(=1)p"1 and all the relations derived from this
relation and properties of V' (¢, 0)-modules hold.
We are ready to prove the following result:

Theorem 3.4.8. In the case {+h" # 0, the graded space M equipped with the vertex operator
map Y= is an ordinary V({,0)-module when V({,0) is viewed as a vertex operator algebra.

Proof. We need only prove Lﬁ(O) = Ly and Lﬁ(—l) = L_4. To prove these, we prove that
L_y and L_; satisfy the defining properties for L~(0) and L~ (—1), respectively.

By definition, we have [L_;,k| = 0. For a € g, by the commutator formula for the vertex
operator map Y]\?, we have

la(2), Yo (w, 1)) = [V (a(=1)1, 25), Y3 (w, 21)]

T —x
= Res, 256 ( ! 0) Yo Yy (a(—1)1, 20)w, z2)
o)

= ZResxoxglé <x1 — xo) xa"_lY]\?(a(n)w, Tg)

nez T2
= ZResxon’lé (Il — xo) xa”’lYﬁ(a(n)w, Tg)

neN T2

_ I —x _
= Res,, 150 ( 1x2 O) x 2Yﬁ(a(—1)1,x2)
0 1 T
- 5 i
goars () atea)

where we have used a(n)w = 0 for n > 2 and (2.8.122)—(2.8.124). From this formula, we
obtain [L_1,a(n)] = —na(n — 1) for n € Z.
The vertex operator map Yj\? has the associator formula

Yﬁ(YV(M) (u, o)V, To)w

= Vi (1,0 + 2) Vi (0, 22)w — Res 256 ( - ) Vi (0,22) Ve (20w

M —20 M M

—nga(—l)

for u,v € V(£,0) and w € M. Multiplying both sides from left by e , We obtain

—xolL~(—
e w2l I)Yﬁ(YV(&O)(U,xO>U,x2)w

_ €—$2Lﬁ(_1)yﬁ<u, T + x2)Yﬁ(U7 ‘r2)w

To — I

— Res,, 75160 < ) e_”L?\?(_l)Yﬁ(v, 22) Yo (u, 1) w.

This formula together with the definition of YﬁMV(e 0 and the L(—1)-conjugation formula

gives

Yo (u, o) YA (w, —zy)v — YA

MV (£,0) MV (£,0) (/LU, _ZEQ)Y‘/(&()) (U, .ZUO)/U
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M
= Res, 750 <——x0) YMV(e 0)(Yﬁ(u> T1)w, —T2)v.

Replacing zg, —x2, x1 by x1, 2, x, respectively, taking v = w, w to be ¥*;1 for w € M,

and using Lemma 3.4.5, we obtain

(V2 (2, 20", 1, 2,).
R (3.4.20)

We also need the L(—1)-derivative property for YJ\AfV(z 0 From the commutator formula

To+ X -
YA’/}(W7$1)¢w($2)_¢w($2)y\/(@7o)(w,:El) Res,,z; ls (u) yM

T MV (£,0)

for L(—1) and Y7 and the L(—1)-derivative property for Y-, we have

(—Dw = —iYA(v —x)w

Le(=1)Y= (v, —2)w — Yo (v, —2) L~ o

M

for v € V(¢,0) and w € M. Multiplying both sides by exLﬁ(*l), we obtain

TL(— L~ (— TL~(— d
L(=1)e 7 l)Yﬁ(v, —T)w —e L4t 1)Yﬁ(v, —z)Lo(-w = —e I Dd_ ~(v, —z)w.

Using the definition of Y/ and this formula, we obtain the L(—1)-derivative property

MV (£,0)
for YM .
MV (£,0)
d o d 2L~(-1)
%YﬁV(f,O) (UJ, I’)U = %e M Yﬁ(v, —SE)’UJ
TL~(— xl.—~(— d
= Lo (—1)e 7 1)Yﬁ(v, —z)w+e 7 1)%3/]\7(1), —x)w

zL~ (-1
= "l )Yﬁ(v, —z)L~(—1w

_yM ~(—
= YQV(&O)(LM( Dw, x)v.
Applying Res,, Res,, % to both sides of (3.4.8), evaluating Res,, and Res,,, using L ;9|1 =
Lﬁ(—l)wml, the L(—1)-derivative property for Yﬁv(z 0 and Proposition 3.4.5, and then
evaluating Res,,, we obtain 7

/\

L1y =y Ly o)(=1) = Res,,Res,, 75 YA (Yﬁ(w,xo)df_"ll,xg)

MV (£,0)
= Resmx"YM EO)(L_lwlL T)
= Res,, Yffm 0)(%(—1)%"11, o)

d YM (¢w 1 (L‘Q)

= Res,, x5,
272 gy MV(£0)
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We have proved that L_; satisfies the same defining properties as Lﬁ(—l). Thus we have
proved L—(—1) = L_;.

We still need to prove Lﬁ(()) = Lo The same calculations as those from (2.8.118)-
(2.8.126) gives

[a(m), Lo] = [a(m), Resg,x2Y 7 (w, 22)] = ma(m). (3.4.21)
The same calculation as (2.8.106) gives

Y (u'(=1)%1, 2,)

— (Z u'(—m — 1):cg”> w(ae) +ul(an) | D w(=m = Dap | (3.4.22)

meN mE—Z+

Applying both sides of (3.4.22) to ¢¥*;1 for w € M and using u'(n)y*;1 = 0 for n > 0, we
obtain

Yo (0 (—1)21, )y, 1

= (Z u'(=m — 1)962’") Wz 1 ui(zs) [ Y w(=m = Day | 1

meN m€—Z+

= (Z u'(—m — 1)1:2’") Z u'(n)zy " P 1 4wt (zg)ut (0)ay T, 1. (3.4.23)

meN ne—N

Taking the coefficients of x5 on both sides of (3.4.23), we obtain
Res,, Vo (0 (—1)%1, 22)0, 1 = ul (0)u’ (0)y) 1 = 1. (3.4.24)

Summing over ¢ = 1,...,dimg on both sides of (3.4.24) and then dividing the results by
2(¢ + hY), we obtain

Res,,zoY o (w, 22)¢ 1 = (wt w)y 1 = L~ (0)9Y 1.
Thus we have proved that

[a(m), Lo] = [a(m), L4;(0)],

Loy 1 = L= (0)¢", 1.
From these formulas, we obtain L—(0) = Lo. O
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We have identified the V-module M with A(M) = U(3) QU (s, o80) MM ) using the map
J in the preceding subsection. We now identify /]\\A/[ explicitly. To do this, we need to
give f71(Jy) € A(M) explicitly. We know that M is spanned by elements of the form
ai(ny) - - ag(ng) Lpaear (1)1 for ay,...,ar € @, ny,...,nxg € Z, m € N, and i =
1,...,dim M. Since J; is the g-module generated by the elements of the form Res, Y77 (w, )1y 1—
Lz(=1)¢1 and Res,Yg;(w, z) is equal to a linear combination of the actions of elements
of U(§), we see that M = M /J, is spanned elements of the form a;(ny) - - aj(ng)® 1 + Jo
for aj,...,ap € g, n1,...,nx € Z,and i = 1,...,dim M. Then K(M)/f_l(Jg) is is spanned
by elements of the form ay(ny)---ap(ng)l + f~1(J) for ai,...,a € g, ny,...,n; € Z, and
i=1,...,dim M. But elements of the form a;(ny)---ax(n;)1 + f~*(J2) span a g-module
equivalent to V (¢, M) = U(8) ®@u(g,@s,) M (see the introduction of this section). Thus we
obtain the following result:

Proposition 3.4.9. As a grading-restricted g-module, M is equivalent to V (£, M) = U(9)®u s, o)
M. In particular, Theorem 3.4.8 with M replaced by V (¢, M) holds.

As an application of Theorem 3.4.8 and Proposition 3.4.9, we obtain the S(ﬁ_)—module
structure on M (1, «) in Theorem 3.3.1 as a consequence.

Corollary 3.4.10. For o € b, M(1,«) has a structure of S(ﬂ_)-module.

Proof. We take g to be the abelian Lie algebra f with the inner product on § as the positive
definite invariant bilinear form and the level £ to be 1. Since b is abelian, ¥ = 0. Then
¢+ hY =1 0. So in this case, the vertex operator algebra V'(1,0) is in fact isomorphic
to 5(6_). By Theorem 3.4.8 and Proposition 3.4.9, we obtain a 5(6_)—module structure on
V(1,Ce®) = U(h) (6, who) C- But V(1,Ce®) = U(h) (6, who) Ce” is linearly isomorphic
to U(h_) ® Ce™ = S(h_) ® Ce® = M(1, ). It is easy to see that the vertex operator maps
for V(1,Ce®) and for M (1, «) are the same under the linear isomorphism between them. So

~

we have proved that M (1, «) is an S(h_)-module. O

3.5 Examples: Modules for the Virasoro vertex oper-
ator algebras

In this section, we use Theorem 3.2.9 to construct modules for the vertex operator algebra
V (e, 0) for c € C.

Fix ¢, h € C. Let Cw, be a one dimensional vector space over C with a basis element w, j,.
Let c acts on Cw,, as the multiplication by ¢, Viry on Cw,j as 0 and Low. = hw,j. Then
C becomes a module for the subalgebra Vir, @ Virg. Let U(Vir) be the universal enveloping
algebra of Vir. The we have the induced Vir-module M (c, h) = U(Vir) ®uvir, avirg) Cten,
which by the Poincaré-Birkhoff-Witt theorem is linearly isomorphic to U(Vir_) ® w,,. We
denote the action of L,, for n € Z on M(c,h) by L(n) and 1 @u(vir, @virg) We,n still by wep.
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Then M(c, h) is spanned by elements of the form L(—ny)--- L(—ng)w, for ny, ..., ng € Zy
and the action of Vir on M(c, h) is given by

L(—n)(L(—nq) - - - L(—ng)wep) = L(—n)L(—nq) - - - L(—ng)wep

for n € Z, and

k
= L(=n1) -+ L(=ni_1)[L(n), L(=ns)| L(—=nig1) - - - L(—=ng)we,n
+ L(—nq) -+ L(—ng) L(n)wp
k

for n € N.

The Vir-module M(c, h) is the Verma module of the central charge ¢ with the lowest
conformal weight h. Every Vir-module of central charge ¢ generated by a lowest conformal
weight vector of weight h is a quotient of M (¢, h).

For ¢,h € C, we now give the Vir-module M (c,h) a (ordinary) V(c,0)-module struc-
ture. The Vir-module M (c, h) is spanned by elements of the form L(—ny) - L(—ny)w, for
ni,...,n, € Z,. We define the weight of L(—ny)--- L(—ng)w.p to be ny + -+ 4+ ng + h.
For n € h+ N, let Mp,(c,0) be the subspace of M(c, h) consisting all elements of weight n.
Then we have

M(e,h) = [ Mipsni(c, ).

neN

As in the case of M(c,0), we also have the stress energy tensor

Ton(z)=>_ L(n)z ">

nel

acting on M (c, h).

As in the case for modules for affine vertex (operator) algebras, we do not give a direct
construction of a V(¢,0)-module structure on M (c,h). Instead, we construct a V(c,0)-
module using the method in [H4] and then prove that this V' (¢, 0)-module is equivalent to
M(c,h).

Let

—~

M., = U(Vir) ® (Cwey, ® Clt,t7']) @ V(c,0).
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Then M is a a Vir-module. We will omit the tensor product symbol when we write down
elements of M. By the Poincaré-Birkhoff-Witt theorem, M, j is spanned by elements of the
form

c"L(ny) -+ L(ng)(wep @ t")v (3.5.25)

for n;,n € Z, r € N, and v € V(c,0). For n € Z, we also have a linear map 5" : V (¢, 0) —
J\Z,h given by ¢S (v) = (w., @ t")v for v € V(c, 0).

For homogeneous v € V (¢, h), we define the weight of an element of the form (3.5.25) to be
—ny—-++—np+h—n—1+wtov. Then ]\A/[/c,h has a grading. Let T.,(z) = ), o, L(n)z="2
be the formal series with the operators L(n) on ]\A/_//c,h as the coefficients. Let ¢°"(z) =

> ez ez be the formal series with the linear maps ¢ from V (¢, k) to ]\AJCJ1 as the
coefficients. N
We shall construct a lower-bounded generalized V (¢, h)-module on a quotient of M, .

Let J; be the U(Vir)-submodule of M, generated by the following elements:
1. %" for n € N.
2. L(0)yo"1 — (h —n — 1)y for n € —Z,.
3. cw — cw for w € J\A/[chh.
4. The coefficients
L(m)g" =" L(m) = 2L(m+ 105" + 200" Lim+1) + L(m+2)u5", —vp", Lim+2)
for m,n € Z of the formal series
(21 = 22 Top (1) (w2)v — (21 — 22)9™" (w2) T (21))0
for v € V(c, h), where T'(x1) = Yy (c0)(w, ).
5. L(=1)ych — o L(—1) + nyp¥_, for n € Z.

Let ]/\/Z:,h = ]T/[/C,h /J1. We shall use the same notations as those for elements of Z\Z,h to

denote elements of M. Since Jy is generated by L0)-homogeneous elements, J; and ]\Z,h are
both graded by the eigenspaces of L(0). We have the following result verifying in Assumption
3.2.2 for M.y, the series T, ,(z) and ¢%"(x) on M, :

Proposition 3.5.1. The space ]\th, the series T, p(x) of operators on ]/\/_/\Cﬁ and the series
of maps from V(c, h) to M., have the following properties:

1. Forw € (Mch)[n], i, (0w = nw. We also have [L(0), T, x(z)] = LT () + Top(z)
and L(0)y>"(x) — 1/1”( )L(0) = z g (x) + hio!(x).

2. We have [L(=1), Top(x)] = £Ton(x) and L(=1)¢" () — ¢ (x)L — 1) = L™ ().

93



3. We have 9"(x)1 € M\ch[[x]] and the constant term Y"1 = lim, 0" ()1 is an
eigenvector of of L(0) weight h.

4. The vector space ]\/Zah is spanned by elements of the form
L(=my) -+~ L(=mg)y211
forny,....,ni € Zy. In particular, ]\/4\67;1 1s grading restricted.

5. We have
(1171 - $2)4Tc,h($1)Tc,h(ZU2) = (1171 - $2)4Tc,h($€2)Tc,h(~’U1)-

6. We have
(1 — @2)*To (22" (32) — (w1 — w2)™" (22) T (21)).

Proof. Properties 1, 2, and 3 follow from the definition of JJ;. Properties 5 and 6 follow from
the commutator relations of the Virasoro operators and the definition of J;, respectively.

We need only prove Property 4. We know that M, is spanned by elements of the
form L(—ny) -+ L(—ng)YSto for ny,...,ng € Zy, m € Z, and v € V(c,0). Since V(c,0)
is spanned by L(—my)--- L(—my)1 for my,...,my € —Z,, we see that ]\/4\67;1 is spanned by
elements of the form

L(—=ny) - L(=n )" L(=my) - - - L(—my)1 (3.5.26)
for ny,...,ng,my,...,m; € Z,, m € Z. From the definition of J;, we have
L(m)yi" — 4" L(m) = 2L(m + 1)’y — 2008 Lim + 1) = L(m + 2)45%, + 05", L(m + 2)

for m,n € Z. Using this formula, we can write (3.5.26) as a linear combination of elements
still of the form (3.5.26) but with a smaller conformal weight for the part L(—my) - -- L(—my)1 €
V(e,h). Then by induction, we see that (3.5.26) can be written as a linear combination of
elements of the from

L(—ny) -+ L(—ng)s"1 (3.5.27)
for ny,...,ny € Z, and m € Z. But by the definition of J;, 951 = 0 for m € N. So (3.5.26)
is a linear combination of (3.5.27) for ny,...,ny € Z, and m € —Z,. On the other hand,

by the definition of J; again, we have
vol= 1L( Dye1 + 1wL( 1= 1L( Dyel
n—1-— = n n n n - n n

for n € —Z,. Then by induction, we see that (3.5.27) is a linear combination of elements of
the form L(—ny) - L(—n)¢Y1 for ny, ..., ng € Z,, proving Property 4. O
By Proposition 3.5.1, Theorem 3.2.9, and the definition of the action of L(0) and L(—1)

on M., we obtain:
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Theorem 3.5.2. The graded space ]\/4\07,1 equipped with the vertex operator map Y3z -
V(e,0) ® ]T/[\c,h — ]\Zh((x)) given by

(W' Y, (L(=my) -+ L(=mi)1, 2)u)
= Rese,—o - - Resg,—o&; ™ & ™ R (W, Top (&0 4 2) -+ Top (& + 2)w))  (3.5.28)

formy,...,my € Z,, w € J\//Tc,h, and w' € ]\//Té7h is an ordinary V(c,0)-module when V(c,0)
15 viewed as a vertex operator algebra.

Proof. By Proposition 3.5.1 and Theorem 3.2.9, The graded space ]\//Tc,h equipped with the
vertex operator map Y]/W\ch is an ordinary V-module when V'(c,0) is viewed as a grading-

restricted vertex algebra.
We still need to prove Res,zYy; (w,z) = L(0) and Res,Yy; (w,z) = L(—1). In this

Mc,h
case, w = L(—2)1. By (3.5.28), for w € M., and w' € M,

(w', Res, Y5y | (L(=2)1,2)w) = Res,—oz(w', Y5z, (L(=2)1, z)w)
= Res,—gzRese—o& 'R (W', To n (€1 + 2)w))
= Res,—gzRese—o&; (W', To (€1 + 2)w)
= Res,—oz(w', Top(2)w)
= (v, L(0)w).

So we obtain Res,zY7; (w,z) = L(0). Similarly, we have Res,Y7; (w,z) = L(—1). O

We now identify ]\//Tc,h explicitly.

Proposition 3.5.3. As a grading-restricted Vir-module, ]\//Tc,h is equivalent to M(c,h). In
particular, Theorem 3.4.8 with M replaced by M(c, h) holds.

Proof. By the discussion in the beginning of this section, M (c, h) = U(Vir) @y (vir, aVirg) CWe,n
is spanned by elements of the form L(—ny)--- L(—ng)w.y for ny,...,ng € Zy. Let f :
M(¢c,h) — M. be the linear map defined by

F(L(=m1) -+ - L(=np)wen) = L(=na1) -+ L{(=ngp)wen ) 1

for ny,...,ng € Z,. The map f is well defined since the only relations among elements of
the form aj(ny) -« ag(ng) ® 2™ @ w; are given by the relations in U(Vir_), which are also
satisfied by their images under f. By the definition of J; and ]\Z,h, f is also injective because
the only relations among elements of the form L(—n,) - - - L(—ng)w.,1°41 are also given by
the relations in U(Vir_). By Property 4 in Proposition 3.5.1, we see that f is also surjective
and thus is a linear isomorphism. From the definition of f, f is a Vir-module map. n
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3.6 Contragredient modules

For modules for a Lie algebra, their dual space also have natural structures of modules for
the same Lie algebra. For lower-bounded generalized modules for a Mobius vertex algebra,
their graded dual spaces also have natural structures of lower-bounded generalized modules
for the same Mobius vertex algebra. These module structures on the graded dual spaces are
called “contragredient modules.” In this subsection, we give the vertex operator map on the
graded dual space of a lower-bounded generalized module for a Mdébius vertex algebra and
prove that the graded dual space together with this vertex operator map is a lower-bounded
generalized module.

Let V' be a Mdbius vertex algebra and W = []
V-module. We define a vertex operator map

nec Win @ lower-bounded generalized

Y : VW' — W[z, x!]
v w — Yy (v, x)w
by
<YW'(Uu x)w’, w> = <w,7 YW(exLV(l) (_x_Q)LV(O)Ua x_l)w>

forve V,weW and w' € W'. Also, we define the operator Ly~ (0), Ly (—1), and Ly (1)
on W’ to be the adjoint operators of Ly (0), Ly (1), and Ly (—1) on W.

Theorem 3.6.1. The pair (W', Yy) is a lower-bounded generalized V -module.

Proof. We prove only the duality property here. The proofs of all the other axioms are left
as an exercise. We assume these other axioms have been proved. The commutator formula
between Ly~ (0) and the vertex operator Yy (v, x) for v € V' in the Axioms for the grading
for modules is needed in the proof of the duality below. We assume that this formula is
proved.

Let u,v € V, w € W and w’ € W’. Then we have

(Yo (u, 21) Yy (v, 29)w", w)
= (W', Yy (22D (— 25 H v Oy oMYy (e Lv D (27 HEv Oy 2 Dw). (3.6.29)

For homogeneous u,v € V, (=2, 2)v Oy = (—z; )Wt vy and (—2z;2)v Oy = (=2 2)Wh vy,
Also there exist p,q € Z, such that Ly(1)’u = Ly(1)% = 0. So etvly € V]z]
and e2vWy € V]z]. Then esttvW(—22)EvOy € Vizy, 27 and e®2bv(D)(—22)Ev0y €
V22,25 ']. Using this fact and the duality property for W, we see that the right-hand
side of (3.6.29) is absolutely convergent on the region |z, '| > |z7'| > 0, or equivalently,
|21 > |22] > 0, to a rational function in z; ' and z, * with the only possible poles z;*, 2, ' = 0
and 2;' = z;'. But such a rational function is the same as a rational function in z; and 2,
with the only possible poles z1, 2o = 0 and z; = 2,.
We also have

(Yo (v, 29) Y (u, 20)w’, w)
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= (W', Yy (e TV D (27 Iv Oy 2o Yy (e322v WD (= 272 Lv Oy 2o Ha). (3.6.30)

By the fact that e?t5v)(—22) v 0y € Vzy, 271 and e?2lv ) (—252) v 0y € V2, 25 1] and
the duality property for W, the right-hand side of (3.6.30) is absolutely convergent on the
region |z, | > |25 > 0, or equivalently, 25| > |z1| > 0 to the same rational function that
the right-hand side of (3.6.29) is convergent to.

Finally we have

(Yo (Y (u, 21 — 29)v, 29)w’, w)
= (W', Yy (22D (25 HEv OV, (0, 21 — 25)v, 25 Dw). (3.6.31)

Using the L(0)- and L(1)-conjugation formulas

eyLV(l)YV(’U, :L‘)eiyLV(l) _ Yv(ey(lfyx)Lv(l)(l _ yx)fQLv(O)U’ z(1— y:c)’l)

for v € V, we see that on the region |z3| > |21 — 22| > 0 so that the expansion of (1 + (21 —
73)2y )P as a power series in (21 — 22)z, ' is absolutely convergent to (1 + (21 — 23)2zy )P =
(212, 1P for p € Z, the right-hand side of (3.6.31) is equal to

(w', YW(ezzLV(l)YV((—z;Q)LV(O)u, —(z — 22)252)(—252)LV(0)U, 2y Hw)
(! Vi (i (05 (L 1 (34— 23)25) 2000 (=52 O,
— (51— )50+ (21— 22)5 ) e O (5O, 25

= (', Yy (Y (e BV D (—272)Lv Oy o7t — 2o D)e2 v (o0 lv 0y oDy, (3.6.33)

By the fact that e fv(—22)EvO0y € Viz, 27! and e®2Ev(—2,2)v0y € Vizy, 27!
and the duality property for W, the right-hand side of (3.6.33) is absolutely convergent
on the region |z;'| > |27t — 2z '| > 0, or equivalently, |2;| > |21 — 22| > 0 to the same
rational function that the right-hand side of (3.6.29) is convergent to. From (3.6.31) and
(3.6.33), we see that the left-hand side of (3.6.31) is absolutely convergent on the region
|21, |22] > |21 — 22| > 0 to the same rational function that the right-hand side of (3.6.29) is
convergent to. But by the L(0)-conjugation formulas (3.6.32) for Yy and L(0)-conjugation
formula for Yy (which can be proved using the commutator formula between Ly (0) and
Y (v,z)) and the definition of Ly~ (0), we see that the left-hand side of (3.6.31) is equal to

<YW/(YV(z;LV(O)u, (z1 — 22)z2_1)z;LV(0)v, 1)22_LW'(0)w', zQLW(O)w>. (3.6.34)

But (3.6.34) is a Laurent series in (z; — 22)z, * with finitely many negative power terms and
a polynomial in z,. If (3.6.34) is absolutely convergent for |(z; — 25)2; | = r € Ry, then it is
absolutely convergent on the region 0 < |(z; —2;)2; | < r. We have proved that the left-hand
side of (3.6.31) is absolutely convergent on the region |z|, |22] > |21 — 22| > 0. So (3.6.34)
is absolutely convergent on the same region. But for any 0 < r < 1, we can find z1, 25 in
this region such that |(z; — 22)2; '| = r. For example, we can take z, = 1, 2, = 1 +r. Then
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21—z = r. In this case, we have |z | = 147, || = 1 > 7 = |21— 25| > 0and |(21—2) 2, | = 7.
Thus (3.6.34) is absolutely convergent on the region 0 < (2, — 23)2;*| < 7. Since r is an
arbitrary positive number less that 1, we see that (3.6.34) and therefore also the left-hand
side of (3.6.31) is absolutely convergent on the region |z3| > |z; — 23] > 0. Since on the
region |z1],|2z2| > |21 — 22| > 0, the left hand side of (3.6.31) is convergent to the the same
rational function that the right-hand side of (3.6.29) is convergent to, it is also convergent
to the same rational function on the region |z3| > |21 — 29| > 0. O

Exercise 3.6.2. Prove the other axioms for the contragredient V-module W".
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