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Chapter 2

Vertex operator algebras

In this chapter, we give the definitions of grading-restricted vertex algebra and vertex oper-
ator algebra (grading-restricted conformal vertex algebra). The main difference between the
definitions given in this book and many other papers books on vertex (operator) algebras is
that we use the duality property (rationality, commutativity and associativity) as the main
axioms. The duality property can be easily generalized to intertwining operators but the
main axioms used in [B], [FLM], [FHL|, [LL], [K] and [FB] cannot. Since the main objects
studied in this book are intertwining operators, it is more appropriate to start with grading-
restricted vertex algebras and vertex operator algebras by using the duality property as the
main axioms.

Basic properties of vertex operator algebras are proved. Some of these properties are in
fact the main axioms for vertex (operator) algebras used in other papers and books.

One of the main goal of this chapter is to give quickly some basic examples of vertex
operator algebras. To do this, we first give a construction theorem of grading-restricted ver-
tex algebras and vertex operator algebras. Then basic examples of vertex operator algebras,
including the Heisenberg vertex operator algebras, the lattice vertex operator algebras, affine
vertex operator algebras and Virasoro vertex operator algebras, are given by verifying the
conditions needed to apply this theorem.

2.1 Meromorphic fields in a conformal field theory

In this section, we introduce meromorphic fields in a conformal field theory and prove some
basic properties, including in particular a duality property. These properties, especially the
duality property, will be used in the definition of vertex operator algebras in Section 2.3
below.

Let (H, ) be a conformal field theory satisfying Definition 1.1.4. Since the purpose of
this section is to give a motivation of the axioms for vertex operator algebras, for simplicity,
we shall assume that ¢ is in fact a functor from B to H instead of P(#H). In fact, it can
be proved that from ¢, we can always find a map from the set Mor(By sr(2,c)) of morphisms
in B given by Riemann sphere C U {oo} with circles in C as boundary components and

13



with elements of SL(2,C) as boundary parametrizations to morphisms in H. Since our
discussion below uses only morphisms in Mor(By sr(2,c)), our discussion below also works for
an arbitrary conformal field theory satisfying Definition 1.1.4.

Consider two objects of the category B: The first is the object containing 3 copies of
S1 and the second is the object containing one copy of S'. Let ag,a;,as,a3 € C* and
21, 29 € C satistying |ag| > |2;| 4 |ail, |as|, for i = 1,2, |a1| + |as| < |21 — 22|, |ai| + |as| < |z
for © = 1,2. Then we have a morphism [ .,.00,a1,00) € Mor(Bosr(e,c)) from the first
object to the second object given by the Riemann sphere C U {oo} with the negatively
oriented ordered boundary components given by circles of radii |a4|,|az|, |ag| centered at
21, 29, 0, respectively, and with the parametrizations of the boundary components given by
the maps € — 21 + a1, € — 25 + aze®, € — aze®, respectively, and with the positively
oriented boundary component given by the circle of radius |ag| centered at 0 and with the
parametrizations of the boundary component given by the map e — age®.

For v, wg, w1, ws € H and fixed zo, ag, as, az, we have a function

(wo, ¢([221722§a07a17027a3])(v ® w; ® wy)) (2.1.1)

of z; and a;. We say that v € H is a meromorphic state of weight n € 7 if for wg, wy, wy € H
and fixed zy, ag, as, as, (2.1.1) as a function of z; is analytic and can be analytically extended
to a meromorphic function of z; on C U {oco} with the only possible poles z; = 0, z3, 00 and
as a function of a; is proportional to af. For n € Z, it is clear that all meromorphic state of
weight n form a subspace Vi, of H. Let V =[], ., Vin).

We now define a map Yy : C* — Hom(V ® V,V) as follows: For z € C*, ag,ay,as
satisfying |ao| > |z| + |a1], az|, |a1] + |az] < |z1], let [E..40,01,00) De the morphism from the
object of B containing two copies of S* to the object of B containing one copy of S! given
by the Riemann sphere with boundary components similar to those in [X,, .,.00.01.as)- FOr
u € Vipy, v € Vg and w € H, we have a function (w, ¢([X:1,4;,0,)) (v ® v)). Since u € Vi,
this function can be analytically extended to a meromorphic function of z on CU {cc} with
the only possible poles at z = 0,00 and is also proportional to af. Since v € V), this
function is also proportional to a},. We define (w, Yy (u,2)v) to be the analytic extension
of a;"ay (w, #([S.:1.01.0)) (U @ ). Note that by definition, (w, Yy (u, z)v) is a meromorphic
function on C U {oco} with the only poles at 0 and oo, that is, a Laurent polynomial of z.
The linear map Yy (u, 2) is called the meromorphic field associated to u.

Forw e H, v, € V(kl),vg € VY(kQ),Ug ceVe ‘/Y(kg),

ay " ay a5 (w, ([Se it an.as]) (V1 ® V2 ® 03)) (2.1.2)

is a meromorphic function of z1,z; on C U {oco} with the only possible poles z; = 0,0,
29 = 0,00 and z; = 2y and is independent of aj, as,as. Then on the region |z1| > |z3| > 0,

(2.1.2) can be expanded as a Laurent series in z1, z. From the axioms for conformal field
theory, this Laurent series is equal to

(w, Yy (v1, 21) Yy (vg, 22)v3). (2.1.3)
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In other words, the Laurent series (2.1.3) is absolutely convergent on the region |z1| > |z2] > 0
to (2.1.2), which is a rational function of z1, 2z on C with the only possible poles at z; = 0,
zo = 0 and z; = 2. This is called the rationality of products of meromorphic fields.

For the same w € H, v; € Vii,),v2 € V(i,),v3 € V € V), we have also proved that for
o€ S,

(w, Yy (va, 29) Yy (01, 21)v3) (2.1.4)

is absolutely convergent on the region |z5| > |21] > 0 to
aQ_k2 T al_kl&gk3 (w’ ¢([222721;1,a2,a1,a3])(UZ Qv @ 03))' (2'1'5)

Since (H,¢) is an algebra over the PROP B, (2.1.5) is equal to (2.1.4). Thus we have
proved that (2.1.3) and (2.1.4) are absolutely convergent on the regions |z1| > |23] > 0 and
|za| > |2z1| > 0, respectively, to the common rational function (2.1.2) or (2.1.5) with the
only possible poles z; = 0, 2z = 0 and z; = 25. This is called the commutativity of the
meromorphic fields.

On the other hand, the rational function (2.1.2) can also be expanded on the region
|zo| > |21 — 22| > 0 as a Laurent series in 29 and 23 — z5. Also from the axioms for conformal
field theory, this Laurent series is equal to

(w, Yy (Yv (v1, 21 — 22)v2, 22)03). (2.1.6)

In another words, the Laurent series (2.1.6) is absolutely convergent on the region |zp| >
|21 — 22| > 0 to (2.1.2). This is called the rationality of iterates of meromrophic fields. We
have proved that (2.1.3) and (2.1.6) are absolutely convergent on the regions |z1| > |z2] > 0
and |za] > |21 — 22| > 0, respectively, to the common rational function (2.1.2) with the only
possible poles z; = 0, zo = 0 and 2z; = z5. This is called the associativity of the meromorphic
fields.

The rationality of products and iterates, the commutativity and associativity of mero-
morphic fields together are called the duality property of meromrophic fields.

We derive the duality property of meromorphic fields from the definition of meromorphic
fields and axioms for conformal field theories. But one of the most difficult problem is to con-
struct a conformal field theory satisfying all the axioms. The approach of the representation
theory of vertex operator algebras is to construct conformal field theories using the following
steps: (1) Construct and study vertex operator algebras, which are defined using the duality
property or some equivalent properties as the main axiom. (2) Construct and study modules
for vertex operator algebras. (3) Study intertwining operators among modules and use them
to construct to construct all chiral correlation functions, modular functors and chiral weakly
conformal field theories. (4) Putting chiral weakly conformal field theories and anti-chiral
conformal field theories together to obtainfull conformal field theories.

In the remaining part of this chapter, we define, construct and study vertex operator
algebras.
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2.2 Motivating example: Fock spaces and meromor-
phic fields

We have introduced meromorphic fields from conformal field theories. Roughly speaking,
vertex operator algebras are algebras of meromorphic fields. Since we still do not have an
example of conformal field theories, it is useful to look at some examples of meromorphic
fields before we give the abstract definition of vertex operator algebra. In this section, we
use the Fock space for the Heisenberg algebra to give examples of meromorphic fields. We
also give the vacuums and the conformal elements in this example. But we will verify the
axioms satisfied by these data in Section 2.6

Let h be a finite-dimensional inner product vector space over R with the inner prod-
uct (+,-). Let h=hH C[t,t7!] ® Ck be the Heisenberg algebra associated to h with the
commutator formula given by

l[a®@t",b®t"] = m(a,b)dminok,
[a@t™ k] =0

for a,b € h and m,n € Z. Note that b is a vector space over R while 6 is a vector space
over C. Let by = h® tClt], h. =h® t~'C[t~'] and ho = b ® t° ® Ck. These are all Lie
subalgebras of .

Let h+ act on the one-dimensional space C as 0 and k acts on C as 1. Then C becomes
an h+ @ ho-module. Then we have the induced h-module U (f)) b o) ) C. By the Poincaré-
Birkhoff-Witt :cheorem, U(f)) U (5 @ho) ((; is linearly isomorphic to U(Ij,) ®c C ~ S(h,).
particular, S(h_) is equipped with an h-module structure under this linear isomorphism.
The h-module S(ﬁ_) is a Fock space.

The Z-grading on h_ gives a Z-grading on S(h_) so that S(h_) = .z S(G,)(n). It is
easy to verify that this grading on S (f)_) is grading-restricted; in fact, it is easy to verify
that S(h_ )y = 0 when n < 0 and dim S(h )ny < 00. For n € N, the nonzero elements of
S(h_ )(n) are sald to have weight n. The h-module S(h ) is spanned by elements of the form
(@ @t™™) - (ap @t ™) for ay,...,ar € h and ny,...,n; € Z,. The weight of this element
isny + -+ ng.

We denote 1 € S(ﬁ,) by 1g4 ). For a € h and n € Z, we denote the action of a ® ¢" on
S(h_) by a(n). Then S(h_) is spanned by elements of the form

aj(—nq) - ap(—ng)l = (g @ t7™) -+ (a, @ L)
for aj,...,ar € hand nq,...,np € Z,.
The h-module structure on S(h_) can also be obtained explicitly as follows: For a € h
and n € Z, we define the action of a(n) on S(h_) by

a(n)(a;(—nq) - ag(—ng)1) = a(n)ay(—nq) - - - ax(—ng)1
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when n < 0 for ay,...,ax € h and nq,...,nx € Z,

ofm)an(-m) k(D) = D an(m) o (mfa(n), a-nace o)1
when n > 0 and
k(aj(—nq) - ap(—ng)l) = a1(—nq) - - - ap(—ng) 1.

Then it is easy to verify that S (6_) with this action of b is an h-module.

For a € b, let a(z) = >, ya(n)z™""'. Then a(x) is a linear map from S(h_) to
S(h_)[[x,21]]. For v € S(h_) and v/ € S(h_)’ (the graded dual of S(h_)), it is easy to
see that (v/,a(x)v) is a Laurent polynomial in z. If we substitute a complex variable z for
the formal variable z, (v',a(z)v) is in fact a meromorphic function on the sphere C U {o0}
with the only possible poles 0 and co. Thus a(z) is in fact an example of meromorphic fields
on CU {oco}. In fact, more meromorphic fields can be constructed from these “generating
meromorphic fields.”

To give more meromorphic fields explicitly, we first introduce a normal ordering operation
on products of the operators of the form a(n) for a € h, n € N. Consider the product
aj(—nq) - - - ag(—ny), where a1, ...,a; € h and nq,...,np € Z. We define normal ordering
cay(ny) - - ag(ng)° of aj(ny) - - - ag(ng) to be the operator obtained by taking the product of
these operators in an order such that a;(n;) with n; € N are always to the right of those
a;(n;) with n;, € —Z,. Note that a;(n;) with n; € N commute with themselves. So the
normal ordered product can also be defined by taking the product these operators in an
order such that a;(n;) with n; € N are always to the right of all the other a;(n;). More
precisely, we can also define °ay(ny) - - - ax(ng)° as foillwos: We can always find o € S, such
that ney, ..., N6, <0, Ng@t1)s-- -5 Ney, = 0. We define

cai(ni) - ap(ng) e = ao(1)(No(1))  * * Qo) (No())-

Note that though o is not unique, °aj(nq) - - ag(ng)° is indeed well defined.
For ay,...,ax € h and nq,...,n; € Z,, we define
1 dm—1 1 dme=t

YS(ﬁf)(a1<_n1> e 'ak(_nk)la I) =3 (nl _ 1)' d:L‘"l—lal(x) T (nk — 1)| drme—1 ak(‘r) :
(2.2.7)

[ee]

This is a linear map from S(h_) to S(h_)[[x, 2 !]]. We also obtain a linear map
h-)

S(h-) @ S(h-) = S(b-)[[x, ]
u®u = Ygq ) (u,x)v

~

called the vertex operator map for S(h_).

~

Exercise 2.2.1. For v € S(h_) and v/ € S(h_), show that
(', Y (ar(=n1) -~ ax(=np)1, 2)v)

is a Laurent polynomial in x.
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By Exercise 2.2.1,
(v, Yoy (a1 (=) - - ar(—nx)1, 2)v)
is a meromorphic function on the sphere C U {oc} with the only possible poles 0 and co.
Thus Y5 y(ai(—n1) -+ - ax(—nk)1, 2) is also an example of meromorphic fields on the sphere
C U {oo}.

When we multiply these meromorphic fields in a suitable way, applying the products to
an element v € S(h_) and paring with an element ' € S(h_)’, we will obtain meromorphic
functions in several variables. This is in fact one part of the main axiom in the definition of
vertex operator algebra in next section. We will discuss this precisely in Section 2.6 on the
Heisenberg vertex operator algebras.

Since we are studying conformal field theories, there must be conformal symmetry in our
theory. In general, there are conformal anomalies for the conformal symmetries in conformal
field theories. So more precisely, we must have actions of the Virasoro algebra. For a
conformal field theory, the action of the Virasoro algebra is given by what is called a stress
energy tensor in physics.

Let {u’ }dlmh be an orthonormal basis of . The stress-energy tensor in this case is defined
to be the series
1 dim b

i=1
From the definition of the vertex operator above, we also have

T(z) = YS(?,,)(Wyx)a

where

Since T'(z) is a Laurent series with operators on S(h_) as coefficients, we have

0= Y L (™

nez

Then the coefficients Lg (n) satisfy the Virasoro commutator relations. We will prove this
in Section 2.6.

We now have a quadruple (S( 56 1 ,w). This quadruple is an example of vertex

S(h-), Yy
operator algebras and the triple (S(h_), Y )+ 1) is in fact an example of a grading-restricted
vertex algebra. See Section 2.6 for the pre(:lse construction and proofs.

2.3 Definition

In this section, with the motivating example in the preceding section in mind, we give defi-
nitions of grading-restricted vertex algebra, quasi-vertex operator algebra or Mdobius vertex
algebra, conformal element and vertex operator algebra.
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For a Z-graded vector space V' = [[, ., Vin), let V' =11 ., V(s be its graded dual

space and V = [1.cz Viny be its algebraic completion. On V' and V', we use the topology
given by the dual pair (V,V’). For n € N, a sequence (or more generally a net) {f,} in
Hom(V ® --- ® V, V) is convergent to f € Hom(V ® --- ® V, V) if for vy,...,v, € V and
vV eV (v, fulvy ® -+ ®w,)) is convergent to (v, f(v1 ® -+ - ® vy,)). In particular, analytic

maps from a region in C to Hom(V®" V') make sense. For a C-graded vector space, we use
the same notations and definition of convergence.
We give the definition of grading-restricted vertex algebra first.

Definition 2.3.1. A grading-restricted vertexr algebra is a Z-graded vector space V =
[,.cz Vin), equipped with a linear map

Yy : VeV =V,
u® v Yy(u,x)v,

or equivalently, an analytic map

Yy : C* — Hom(V @ V, V),
2= Yy(s2) ru®ue— Yy (u, 2)v

called the vertex operator map and a vacuum 1 € Vo) satisfying the following axioms:

1. Axioms for the grading: (a) Grading-restriction condition: When n is sufficiently neg-
ative, V() = 0 and dimV},) < oo for n € Z. (b) L(0)-commutator formula: Let
Ly(0) : V=V be defined by Ly (0)v = nv for v € V(). Then

[Lyv(0), Yy (v, x)] = xdichV(v, x) + Yy (Ly(0)v, x) (2.3.8)

forvelV.

2. Axioms for the vacuum: (a) Identity property: Let 1y be the identity operator on V.
Then Yy (1,2) = 1y. (b) Creation property: For u € V| lim,_,o Yy (u, z)1 exists and is
equal to u.

3. L(—1)-derivative property and L(—1)-commutator formula: Let Ly (—1) : V — V be
the operator given by

. d
Lv(—l)’l) = }BgI(l) %Yv(?),l')l

for v € V. Then for v € V,

%Yv(v,x) =Yy (Ly(—1)v,2) = [Ly(—1), Yy (v, 2)]. (2.3.9)
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4. Duality: For uy,us,v € V and v € V', the series

(W', Yy (u1, 21) Yy (ug, 22)0), (2.3.10)
(W', Yy (ug, 29) Yy (ug, 21)v), (2.3.11)
W Yy (Y (ur, 21 — 22)us, 22)0), (2.3.12)

are absolutely convergent in the regions |z1| > |2z2] > 0, |20| > |21] > 0, |22] > |21 —22] >
0, respectively, to a common rational function in z; and 2z, with the only possible poles
at 21,29 = 0 and z; = 2.

Remark 2.3.2. In Definition 2.3.1, the duality property can be stated separately as three
axioms, that is, the rationality (the convergence of (2.3.10), (2.3.11) and (2.3.12) to rational
functions in the regions |z1| > |22] > 0, |22| > |21| > 0 and |z2| > |21 — 22| > 0, respectively),
the commutativity (the statement that the rational functions to which (2.3.10) and (2.3.11)
converge are equal) and the associativity (the statement that the (2.3.10) and (2.3.12) are
equal in the region |z;| > 22| > |21 — 22| > 0). These axioms are not independent. In
fact, the associativity follows from the rationality and commutativity (see [FHL]) and the
commutativity also follows from the rationality and associativity (see [H2]).

Definition 2.3.3. A Mdbius vertex algebra or a quasi-vertex operator algebra is a grading-
restricted vertex algebra (V, Yy, 1) together with an operator Ly (1) of weight 1 on V' satis-

fying

[Ly(=1), Lv(1)] = —2Ly(0),
[L ( ) Y ( )] = Yv(Lv<1)U,l’) + QLL’YV(L\/(O)U?JI) + JI2YV(L\/<—1)U, JI) (2313)
forve V.

Definition 2.3.4. Let V; and V5 be grading-restricted vertex algebras. A homomorphism
from V; to V, is a grading-preserving linear map g : Vi — V5 such that gYy, (u,z)v =
Yv,(gu, x)gv. An isomorphism from V; to V4 is an invertible homomorphism from V; to V5.
When Vi = V5, =V, an isomorphism from V to V is called an automorphism of V.

Definition 2.3.5. Let (V, Yy, 1) be a grading-restricted vertex algebra. A conformal element
of V is an element w € V satisfying the following axioms:

1. There exists ¢ € C such that Yy (w, z)w is equal to Ly (—1)wz ™! + 2wz~ 4 £127* plus
a V-valued power series in .

2. Ly(—1) = Res,Yy(w,z) and Ly(0) = Res,zYy(w,z) (Res, being the operation of
taking the coefficient of 27! of a Laurent series).

A grading-restricted vertex algebra equipped with a conformal element is called a vertex
operator algebra (or, more consistently, grading-restricted conformal vertex algebra).
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2.4 Basic properties

In this section, we prove basic properties of vertex operator algebras. Some of them have
been used as the main axioms for vertex operator algebras in many papers and books.

2.4.1 Operator product expansion

Let V be a grading-restricted vertex algebra. For uy,us,v € V and v' € V', by definition,

(UI, YV('Ula Zl)YV(u27 22)U>

is absolutely convergent in the region |z;| > |23 > 0 and

W', Yy (Yi (u1, 21 — 29)ug, 22)v)
is absolutely convergent in the region |z2| > |21 — 22| > 0. Since (V')* is canonically iso-
morphic to V' =[],z Vin)» Yv (u1, 21)Yy (u2, 20)v (When |z1] > |25] > 0) and Yy (Y (ug, 21 —
29)Us, 29)v (When |zp| > |21 — 22| > 0) as elements of (V/)* will be viewed as elements of V.
Since v is arbitrary, Yy (ug, 21)Yy (ue, 22) (when |z1| > |22] > 0) and Yy (Yy (u1, 21 — 29)us, 22)
(when |2y| > |21 — 22| > 0) are maps from V to V. Then we obtain the associativity

Yv(ul, Zl)YV(UQ, 22) = Yv(Yv(ul, 21 — Z2)u27 Zg) (2414)

in the region |z1| > |22] > |21 — 22| > 0. Since Yy (u1,z) € V(()), we have Yy (uy, x)us =
> oner (Y )n(ur)uge ™! for (Yy ), (u1)uz € V and there exists N € N such that (Yy ), (u1)us =
0 for n > N. Then we have

Yo (Yo (ur, 21 — 22)up, 22) = Y Yo (Yo )n(ua)ua, 22) (21 — 22) "

n<N

in the region |z9| > |21 — 22| > 0. From this expansion and (2.4.14), we obtain

Yy (ug, 21) Yy (ug, 29) = Z Yy (Y ) (ur)ug, 22) (21 — 29) 7" (2.4.15)

n<N

in the region |21| > |22| > |21 — 22| > 0. The formula (2.4.15) is called the operator product
expansion of the fields or vertex operators Yy (uy, z1) and Yy (ug, 2z2). The terms that are
singular in the right-hand side of (2.4.15) are

D Yo ((Yo)n(un)ug, 22) (21 — 22) "

n=0

These singular terms are the only useful terms in the calculations of the commutators of the
fields or vertex operators Yy (ug, z1) and Yy (ug, z2). So physicists usually write the operator
product expansion with only these singular terms as

Yo (ur, 20)Yy (ua, 22) ~ ) Yo (Yo )n(u )z, 22) (21 — 22) " (2.4.16)

n=0
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2.4.2 The Jacobi identity

Let §(x) = ), o, 2" be the formal delta function. Then we have the basic property of 0(x):
For any formal Laurent series f(x) with coefficients in a vector space such that f(z)d(x) and
f(1) is well defined,

By definition, we have
Sr)=1—2)' —(—z+ 1)}

where use the convention that (1 — z)™! and (—x + 1)~! are the binomial expansions of
(1 —z)~! in the nonnegative and negative, respectively, powers of . We also have

) (—) = (21 —22) ' — (—z2+ 1),
where we also use the convention that (z; — z2)™! and (—zo + x1)! are the binomial ex-
pansions of (x; — x3)~! in the nonnegativepowers in x, and in the nonnegative powers in
x1, respectively. In the future, we will always use the convention that a formal binomial
expression is expanded in the nonnegative powers of the second formal variable.
We need to consider the following three formal delta functions:

T — X —To2+ X To+ T
%m<1x2),%w(_%¢:)wf5(iE0)
0 0 1

(Note that here we have used the binomial expansion convention above.) In these formal
expressions, we always expand a binomial as a formal Laurent series in nonnegative powers
in the second formal variable. It is easy to check directly that the following identity holds:

%w(“‘”>_%w(iﬁiﬂ)_gw(ﬁiﬂ>, (2.417)
Lo Zo T
) (“TQ i x0> = 2510 <x1 — xo) . (2.4.18)

X1 X2

Let V' be a grading-restricted vertex algebra. For uj,us,v € V and v' € V', the duality
property says that (2.3.10), (2.3.11) and (2.3.12) are absolutely convergent in the regions
|z1] > |22] > 0, |22] > |21] > 0, |22] > |21 — 22| > 0, respectively, to a common rational
function in z; and z, with the only possible poles at 21,25 = 0 and z; = 25. This common

rational function can be written explicitly as %, where f(z1,29) is a polynomial in
172
f(@1,22)
1

z1 and 29 and 1, s,t € N. We multiply the Laurent polynomial —5==3
20
xg, 1 and x2 to both sides of (2.4.17) to obtain the identity

v5's (xl _I2) [y, 22) gy (—$2 +$1) f(@1,29) — 7l <I2+$o) f($1,$2).

T 8 et T 78 ot T 78 et

(2.4.19)

in the formal variable
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Using the basic property of the formal delta function, we can rewrite (2.4.19) as

1’815 (JA;OI‘Q) f(zq, x2) B xal5 (—(L’Q + xl) f(zq, x2)

irs(xy — xg)t Zo riay(—xzy + xq)?t

= 2710 (@ i ‘TO) ( fx1, o) (2.4.20)

1 Ty + xo)TT5Th

Note that (xl—lxz)t in — gs(écll»“i2£2)t is expanded in nonnegative powers of x5. We already know
12
f(z1,22)

S . In other
2725 (z1—22)t

that (2.3.10) is absolutely convergent in the region |z;| > |23] > 0 to
f(zleQ)

TCi—syy a8 a Laurent series in 2y and 2, in the region |z1] > |22 >0

is exactly (2.3.10). This is the same as saying that % as a formal Laurent series in

1 and x5 obtained by expanding G in nonnegative powers of x5 is exactly

words, the expansion of

(W', Yy (ug, 21) Yy (ug, £2)v). (2.4.21)

So we can replace Tf(zl—zzz))t in (2.4.20) by (2.4.21). Similarly, we can replace

2725(21—22

and L2 in (2.4.19) by

Tatwo) TSTh

flz1,22)

s (—wa+a1)t

(', Yy (ug, 22) Yy (u, 1)0)

and
(v, Yo (Yo (u1, 20)ug, 22)v),
respectively. Thus we obtain

—T2 + T

Zo

x50 <x1 — x2> (W', Yy (ur, 21) Yy (ug, 12)0) — 2516 (

Zo

) (v, Yy (ug, 2) Yy (u1, 21)v)

T

_ Ty + X ,
= a8 () (V0 o) )

Since v" and v are arbitrary, we obtain the following Jacobi identity:

_ rK1 — X _ —x _i_x
L) ( lxo 2)Yv(u1,x1)YV(uQ,x2) — 510 (—2% 1) Yv (ug, 22) Yy (uy, 1)
=710 (xQ;r xo) Yo (Y (ur, @o)ua, 22). (2.4.22)
1

The Jacobi identity is the main axiom for vertex operator algebras in [FLM] and [FHL].

Exercise 2.4.1. Prove that the Jacobi identity can be used to replace the duality property
in the definition of grading-restricted vertex algebra.

On the other hand, the Jacobi identity can be used to define more general vertex algebras
than what we are interested in this book, for example, vertex algebras without gradings.
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2.4.3 Skew-symmetry

Replacing uy, ug, o1, 2 and o in (2.4.22) by ug, uy, 2, r1 and —xg, respectively, we obtain

— T2 — T _ —x1+ T
—%15 ( : - 1)YV(U27$2)YV(U1>$1) + Ty '6 (%) Yy (ug, 1) Yy (ug, 71)
—Zo —Xo
-1 1 — Zo
= Ty ) ( - ) Yv(Yv(Ug, —xg)ul, 1‘1). (2423)
2

Since the left-hand sides of (2.4.23) and (2.4.22) are equal, the right-hand sides are also
equal. So we obtain

1 — 2o

L) (:Q + xo) Vv (Vv (wr, zo)us, x2) = 2510 (

T ) Yy (Y (ug, —o)uy, v1).  (2.4.24)

T2

Using (2.4.18) and the basic property of the formal delta function in the right-hand side of
(2.4.24), we see that (2.4.24) becomes

_ Ty +T _ To+x
x4 15 ( 21: 0) Y\/(Y\/(Ul,l’o)Ug,I'g) = 15 ( 2$ 0) Yv(Yv(UQ,—ZL‘o)Ul,LL'Q‘f'ZE()).
1 1
(2.4.25)
From the L(—1)-derivative property
d
%YV(YV@Q’ —xo)ur, ¥2) = Yy (Ly (—=1)Yy (uz, —z0)u1, 72),
2
we obtain o
ﬁYV(Y\/@LQ, —ZE())’U,l, .TQ) = Yv(Lv(—l)nYV(’U,Q, —$0)U1, SL’Q) (2426)
2
for n € N. For f(xs) € V((x2)), we have the formal Taylor’s theorem
B xg d”

Applying both sides of (2.4.25) to 1, using the formal Taylor’s theorem (2.4.27) with
f(z2) = Yv(Yy(u2, —x0)u1, x9)1, using (2.4.26), taking Res,,, letting x5 = 0 and then re-
placing xy by x, we obtain the skew-symmetry

l.n
Yy (ug, x)us = Z va(—l)”Yv(Ug, —x)uy = e VEVY (uy, — )y (2.4.28)
neN
2.4.4 Commutator and associator formula

For a formal Laurent series f(z) in z, we use Res,f(z) to denote the coefficient of z~!
term in f(x). Now taking Res,, on both sides of the Jacobi identity (2.4.22), we obtain the
commutator formula for vertex operators:

YV(U1,$1)YV(U2, $2) - YV(U2,UC2)YV(U1, 551)
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T2 + Xg
L1

= Res,, 270 ( ) Yv (Yv (uy, zo)ug, z2). (2.4.29)

Taking Res,, on both sides of the Jacobi identity (2.4.22) and using (2.4.18) and the
basic property of the formal delta function, we have

YV(YV(uh 330)162, 9172)

= Res,, 250 (

xT1 — T2

) Yv (ur, 1) Yy (ug, x2)

—XT9 -+ T
Ty

Zo

— Res,, 7510 ( ) Yy (ug, v2) Yy (u1, 1)

To + T2
X1
—T2 + T

Zo

) Yv (ur, o + 22)Yy (ug, o)

= Res,, 270 ( > Yy (uy, 1) Yy (u2, 22)

— Res,, 2516 ( ) Yv (ug, 22) Yy (ug, 1)

Ty + To

xy

—T2 + X1
Zo

= Res,, 7,0 (

— Resxlxal(S ( ) Yy (ug, 22) Yy (U1, 21)

= Yy (u1, 2o + x2) Yy (uz, x2)

— Res,, 516 (—1752——1-451) Yv (ug, x2) Yy (ug, z1). (2.4.30)

Zo

Moving the first term in the right-hand side of (2.4.30) to the left-hand side, we obtain the
associator formula for vertex operators:

Yv (Yv (uy, xo)us, ) — Yy (ur, o + 22) Yy (us, 22)

= —Res,, 7,0 (M) Yv (ug, x2) Yy (ug, 7). (2.4.31)

Zo

2.4.5 Weak commutativity and weak associativity

Since Yy (u1, zg)us is a formal Laurent series with only finitely many negative powers in xo,
there exists N € Z, such that z) Yy (u1,x0)us € V[[xo]]. Multiplying (x; — x2)" to the
right-hand side of the commutator formula (2.4.29), using the basic property of the formal
delta function and using the fact that Res,, of a formal power series is 0, we obtain

) —+ i)
T

Resg, (1 — xg)Nxfl(S ( ) Yv (Yv (ug, zo)ug, z2)

T2 + Xg

= Resxoxévxfld ( . ) Yv(Yv<U1, SL’Q)’U,Q, LEQ)
1

= 0. (2.4.32)
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Thus (71 — z2)"Y multiplied to the left-hand side of (2.4.29) is also 0. So we obtained the
weak commutativity:

(Il - LL’Q)NYV(Ul, Il)Yv(UQ, .TQ) == (%1 — I‘Q)NYV(UQ, IQ)Y\/<U1, 131). (2433)

Similarly, since Yy (uq,x1)v is a formal Laurent series with only finitely many negative
powers in 1, there exists N € Z, such that 22Yy (uy, 21)v € V[z1]]. Multiplying (zg+x2)™
to the right-hand side of the associator formula (2.4.31), applying the result to v, using the
basic property of the formal delta function and using the fact that Res,, of a formal power
series is 0, we obtain

—$2x—+9€1> Yv (ug, x9) Yy (ug, x1)v
0

_56293——{_3:1) Yy (ug, 22) Yy (ur, z1)v
0

=0. (2.4.34)

—Res,, (zo + 22) V2510 (

_ N, —1
= —Res,, x] x5 0 (

Thus (71 — x2)" multiplied to the left-hand side of (2.4.29) and then applied to v is also 0.
So we obtained the weak associativity:

(w0 + 22) Yy (Yor (ur, m0)ug, 22)v = (20 + 22)V Yor (U1, 10 + 22) Yy (U, 22)0. (2.4.35)

Weak commutativity and weak associativity can also be obtained directly from the duality
property in the definition of grading-restricted vertex algebra.

2.4.6 Conformal element and Virasoro operators

Let w be a conformal element of V' (see Definition 2.3.5). Then
Yy (w, 7)w = Ly (=1wz™! 4+ 2w + glx”‘ + G(x), (2.4.36)
where G(x) € V|[z]]. Using the commutator formula (2.4.29) with u; = uy = w, we obtain
Yy (w, 21) Yy (ug, x2) — Yi (w, 22) Y (U1, 1)

) Vi (Yo (0, 20)w, 22)

To + g
T

T9 + Xg
T

i) + Zo
X

= Res,, 770 (

o + Xo
T

= Res,, 7 2710 ( ) Yy (Ly (—=1)w, 229) + 2Res,, 25 %2, 6 ( ) Yy (w, x2)

To + Zo
I

+ gResxox54xf15 ( ) Yv(1,29) + Resx(@flé ( ) Yv(G(xg), x2)

3
) (ﬁ) Y (w,3) + 2071 5 <ﬁ> Volw.ma) ! s (ﬂ) (2.437)

1 3
1) 0x9 O0xs \ 21 oxry \ a3
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where in the last equality, we have used the L(—1)-derivative property, the formal Taylor’s
theorem (2.4.27) applied to 719 (%) and the fact G(zo) € V|[zo]].

Writing
x) = ZLV(n)x_”_Q

€EZ

m—2

and then taking the coefficients of ;™ %z, 2 in (2.4.37), we obtain the Virasoro relations

Ly(m)Ly(n) — Ly (n) Ly (m)
= Res,, Res,, 2" Mt (Ve (w, 21) Yy (ug, 22) — Yy (w, 22) Yy (uy, 1))
0

= Res,, Res,, 27" o e 15( 2) — Yy (w, 1)
81;2

X2

+ 2Res,, Res,, o) P taht et — 0 5( >Yv(w T)
8952

o?
+ Resleesm A A T 5( )

T
1
o3

X1

0
= Res,, ’2’””*26 2Y v(w, 23) + 2(m + DResg, x5 Yy (w, 1)

-+ 12(m—|—1) m(m — 1)Res,, x5 "1

=(—m—n—2)Ly(m+n)+2(m+1)Ly(m+n)+ 1—62(

C
E(m3 — )6 min0- (2.4.38)

m + )m(m — 1)0min0

— (m —n)Ly(m+n) +

It is also easy to see by reversing the proof above that if the Virasoro relations (2.4.38) holds,
then (2.4.36) holds. Thus we can replace (2.4.36) in Definition 2.3.5 by (2.4.38).

2.4.7 L(-1)-, L(0)-, L(1)-conjugation formulas

For a grading-restricted vertex operator algebra V', we have two special operators Ly (0) and
Ly(—1) on V. We have the commutator formulas (2.3.9) and (2.3.8).

For v € V, applying [Ly(—1),-] to the vertex operator Yy (v,z) n times, multiplying
the result by T, and then taking the sum over N, we obtain e¥“v(=1DYy, (v, 2)e~tv (=1, But
by (2.3.9), applying [Ly(—1),-] to Yy (v,z) n times is the same as applying Ly (—1)" to
v in Yy (v,2) to obtain Yy (Ly(—1)"v,z). Multiplying Yy (Ly(—1)"v,z) by L and then
taking the sum over N, we obtain Yj(e¥/v(=Dy, z). On the other hand, applying Ly (—1), -]
to Yy (v,x) n times is also the same as taking the derivative of Yy (v,x) n times, that is,
d—nnYV(v ). Multiplying £-Yy (v,z) by £ and then taking the sum over N, we obtain
S o Gy (v, ), which can be written as Yy (v, z +y) by Taylor’s theorem (2.4.27). By

neN nl! dzn
the calculations above in both two case, we obtain the L(—1)-conjugation formula

VIV EDY (v, 2)e VD = Vi (evIv iy 1) = Vi (v, @ + ) (2.4.39)
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forve V.
For homogeneous v € V' and n € Z, using (2.3.8), we have

[Ly(0), Res,z"Yy (v, x)]
= Res,z"[Ly(0), Yy (v, x)]

d
= Resx:v"H%Yv(v, x) + Res,z"Yy (Ly (0)v, x)

d
= Resx%x"HYv(v, x) — Resy(n + 1)a"Yy (v, z) + (wt v)Res, 2" Yy (v, x)

= (wt v —n — 1)Res,2"Yy (v, x).
Then for homogeneous u,v € V', we have

Ly (0)Res,z"Yy (v, x)u = Res,z"Yy (v, 2) Ly (0)u + (wt v — n — 1)Res,z" Yy (v, x)u

= (wt v —n — 1+ wt u)Res,z"Yy (v, ).
So wt (Res,2"Yy (v, z)u) = (wt v —n — 1 + wt u). Then we have

I‘LV(O)RCSZZnYV(U, Z):L‘_LV(O)U, = (:ELV(O)RGSZZ”YV('U, Z)U)$_Wt “
— .TWt vfnfIRIeSZZnY'V(U7 Z)U
— Res, 2"z " 1Yy (21v Oy, 2)

= Res ("Yy (27 Ov, 20)u,

where z and ( are another two dummy formal variables and, in the last step, we change the
variable from z to ( = 27 !2. Since w is an arbitrary homogeneous element of V', we obtain

xLV(O)ReSZZ"Yv(U7 Z)x_LV(O) = ResyanV(xLV(O)U’ zy).

Multiplying both sides by ="', then taking sum over n € Z, and using

D Res.z"y "' f(z) = Res.y "6 (2) f(z) = fy)

ne”L

for f(y) € Cl[ly,y ]|, we obtain the L(0)-conjugation formula
.CCLV(O)YV(U, y)x_LV(O) — YV(xLV(O)rU7 a’;y) (2440)

forveV.

For a Mobius vertex algebra or a vertex operator algebra V', we have an operator Ly (V')(1)
on V. In this case, we also have the commutator formula (2.3.13).

For v € V, applying [Ly (1), ] to the vertex operator Yy (v, x) n times, multiplying the

result by %, and then taking the sum over N, we obtain eyLV(l)Yv(v,x)e‘LV(l). But by

(2.3.13), applying [Ly (1), ] to Yi-(v,z) n times is the same as applying (Ly (1) 4+ 2Ly (0) +
2Ly (—1))" to v in Yy (v, z) to obtain Yy ((Ly (1) + 22 Ly (0) + 22 Ly, (—1))"v, z). Multiplying
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Yy ((Ly (1) + 22Ly(0) + 22Ly (—1))"v, x) by % and then taking the sum over N, we obtain
YV(ey(LV(1)+2$LV(0)+$2LV(*1))U7 7).

We need the identity

ULy (D +20Ly (022 Ly (<1)) _ e (1=ye) ™ Ly (1) y(1=yn) Ly (1) (1 _ )20 (0), (2.4.41)

This identity is equivalent to the identity

IV () +2eLy O+ Ly (-1) (] )2Lv<o>efy<1—ym>Lv<1>e*yzz<1*yw>‘1Lv<*l>

—yx = 1y.

To prove this identity, we show that the derivative of the left-hand side is 0 so that the
left-hand side must be a constant. Since when x = 0, the left-hand side is 1y, we see that
the left-hand-side is 1. The details of this proof is left as an exercise. Using (2.4.41) and
(2.4.39), we have

YV(ey(LV(1)+2xLV(0)+I2LV(_1))'U, x) _ YV(6912(1_yx)71LV(_1)69(1_?/33)LV(1)(1 _ ya:)_QLV(O)U? 33)

= Yv(eyu’y”‘")LV(l)(l — yw)’QLV(O)v, x+yx*(1 —yx)™t)

Thus we obtain the L(1)-conjugation property
IV (v, x)e v = i (Vv Ev ) (1 — g )72V Oy (1 — yar) ™) (2.4.42)
forveV.

Exercise 2.4.2. Prove the identity (2.4.41).

2.5 A construction theorem

Though we have motivated the definitions of grading-restricted vertex algebra and vertex
operator algebra in Section 2.2, it is still not easy to understand them without the full details
of some main examples. In this section, we give a construction theorem which reduces the
verification of the axioms for grading-restricted vertex algebras to the verification of some
simple properties. We will then give the main examples grading-restricted vertex algebras
and vertex operator algebras in the next four sections using this construction theorem and
the results in Subsection 2.4.6.

Let V' = [l,cz Vin) be a Z-graded vector space such that V) = 0 for n Elfﬁciently
negative and dim V{,y < oo for n € Z. Since dim V) < oo for n € Z, we have V = (V')*.
Elements of V{,, is said to have weight n. Let Ly(0) : V' — V be the operator defined by the
grading on V, that is, by Ly (0)v = nv for v € V(). Then for a € C, the operator e®tv(0) on
V defined by e**v0y = ey for v € Vin) has a natural extension to V. For n € Z, we use
7, to denote the projection from V or V to Vin-

An operator O on V satisfying [Ly(0), O] = nO is said to have weight n. Similarly for
operators on the graded dual V' of V.
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Lemma 2.5.1. Let ¢(x) =Y, ¢pz "' € (End V)[[z.x7']]. If there exists wt ¢ € Z such
that

Ly (0), 6(2)] = w-5-0(a) + (wt 9)6(x),

then ¢, € Hom(V, V) is homogeneous of weight wt ¢ —n — 1. In particular, for v € V,
¢(x)v as a Laurent series in x has only finitely many negative power terms and for v’ € V',
(v, ¢(x)) as a Laurent series with coefficients in V' has only finitely many positive powers
of x.

Proof. Taking the coefficients of the bracket formula for Ly (0) and ¢(z), we obtain that ¢,
is of weight wt ¢ —n — 1. Since V() = 0 for n sufficiently negative and the weight of ¢, is
wt ¢ —n —1, for v € V| ¢(x)v has only finitely many negative power terms and for v' € V',

(v, ¢(x)-) as a Laurent series with coefficients in V' has only finitely many positive powers
of . 0

Let ¢'(z) € (End V)[[z,z7!]] for i € I and 1 € Vg). Write ¢'(z) = >, 5 ¢ha """ for
i € I. Assume that ¢'(z) € (End V)[[z,27']] for i € I and 1 € Vg, satisfy the following
conditions:

1. For i € I, there exists wt ¢ € Z such that [Ly(0), ¢'(z)] = z-L ' (z) + (wt ¢')¢' ().

2. There exists an operator Ly (—1) on V such that Ly (—1)1 = 0 and [Ly(—1), ¢'(z)] =
L gi(z) fori € 1.

3. Fori eI, ¢'(x)1 € V[[z]].

4. The vector space V' is spanned by elements of the form gb;jl e ¢§fk1 for 11,...,i € 1
and nq,...,ng € Z.

5. For 7,5 € I, there exists N;; € Z, such that
(l’l - $2)Nij¢i(fli'1)¢j(l'2) = (.1'1 — Z’Q)Nij¢j(l'2)¢i(l'1). (2543)

Proposition 2.5.2. Let V =[], Vin) be a Z-graded vector space, ¢ fori € I linear maps
from V to V[z,z7Y]], or equivalently, analytic maps from C* to Hom(V,V), Ly (—1) an
operator on V' and 1 € V(o). Assume that they satisfy Conditions 1-4. Then Condition 5 is
equivalent to the following two properties:

6. Forv' € V', v € V and iy,...,ix € I, the series (v/,¢"(21) - ¢ (2)v) (a Laurent
series in zy,...,z, with complex coefficients) is absolutely convergent in the region
|z1| > -+ > |z > 0 to a rational function R((V',¢"(21) - @™ (z1)v)) in z1,..., 2
with the only possible poles at z; =0 fori=1,...,k and z; = 2 for j # 1. In addition,
the order of the pole z; = 2 is independent of ¢™ for n # j, 1, v and v' and the order
of the pole z; = 0 is independent of ¢™ for n # j and v'.
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7. ForveV,v eV’ iy iy eI,
R((V', 6" (21)¢" (22)v)) = R((v', ¢ (22)9" (21)v))-

Proof. We leave the proof that Properties 6 and 7 imply Condition 5 as an exercise.
Now we assume that Condition 5 holds. Consider the Laurent series

[T (o — 2g)¥wa (0, 6 (1) - -~ 6 (i)0). (2.5.44)

1<p<q<k

For 1 <[ <k, using (2.5.43), the Laurent series (2.5.44) is equal to

H (2 — 2g)Nria (v, 9" (1) - - - 9" (121" (w41) - - - O (@) " (1) ). (2.5.45)

1<p<q<k

By Lemma 2.5.1, (2.5.45) has only finitely many negative power terms in x;. So the same is
true for (2.5.44). On the other hand, using (2.5.43) again, (2.5.44) is equal to

H (2 — 2g)Nria (v, ¢ (1)) 3" (1) - - - 9 (2121) " (241 - - - O () 0). (2.5.46)

1<p<q<k

By Lemma 2.5.1 again, (2.5.46) has only finitely many positive power terms in x;. So the
same is true for (2.5.44). Thus (2.5.44) must be a Laurent polynomial in x;. Since this is
true for 1 <1 <k, (2.5.44) is a Laurent polynomial in x1, ..., xy.

For fixed 1 < p < q < k, the expansion coefficients of

(', p(w1) -+ - dlap)v) (2.5.47)

as Laurent series in x; for [ # p, q are of the form
(U 0, - O O ()Gt e G 6 (g ) - Byt ) (2.5.48)

for nj € Z, 1 # p,q. Clearly (2.5.48) contains only finitely many negative powers in z, and
finitely many positive powers in x,. But we have shown that when multiplied by (z, — )",
it becomes a Laurent polynomial. Thus (2.5.48) must be the product of a Laurent polynomial
in 2, and z, and the expansion of (z, — z,) " as a Laurent series in nonnegative powers
of z,. Since p and ¢ are arbitrary, we see that (2.5.47) with z4,...,z; substituted by

Z1,..., 2 18 equal to the product of a Laurent polynomial in zq, ..., zx and the expansion of
[Ticpeqer(2p — 2g) "V in the region |21 > - > |2 > 0. This is Property 6. Property 7
follows immediately from Property 6 in the case k = 2 and (2.5.43). O

Exercise 2.5.3. Prove that Properties 6 and 7 imply Condition 5.

Proposition 2.5.4. The space V, the fields ¢' fori € I, Ly(—1) and 1 have the following
properties:
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8. ForaeC andi¢€ I, evOgi(z)e olv(0) = ealwt &) pi(eay),
9. Ly(=1)éy, -+ i1 = Z¢ SR G AR B

10. For a € C, z € C* satisfying |z| > |a| and i € I, ev(=V¢i(2)e v "D = ¢i(2 4 a) .

11. The operator Ly(—1) has weight 1 and its adjoint Ly (—1)" as an operator on V' has
weight —1 (the weight of an operator on V' is defined in the same way as that of an
operator on V). In particular, e?*v=V"y € V' for z € C and v’ € V',

12. ForveV, v €V’ and o € S,
R((v',¢" (21) -+ ¢ (21)v)) = R((', 67D (26(1)) -+ 9" (25(1))V)).

Proof. These properties follow immediately from Conditions 1-5 and Properties 6 and 7. We
leave the details as an exercise. O]

Exercise 2.5.5. Prove Properties 8-12 using Conditions 1-5 and Properties 6 and 7.

We now define a vertex operator map. We first give the motivation of this definition.
The vertex operator map we want to define is a map

Yy :C* — Hom(V®V,V),
z = Yy(,2)ru®ve Yy(u, 2)v.

We define Yy (¢" 11,2)v = ¢'(z)v for i € I and v € V. The vertex operator map should
satisfy the rationality and associativity property. In particular, we should have

R((v', Yy (6" (&1) - 0" (&k)1, 2)v)) = R((v, 6" (&1 + 2) -+ - 9™ (& + 2)v))

for i1,...,ip€l,veVand v € V'
Motivated by this associativity formula, we define the vertex operator map as follows:
Forv e V', veV, iy, ...,ip € I, mq,...,my € Z, we define Yy, by

(W, Y (@, - O, 1 2))
= Res&:O -+ Resg o™ - RV, 9" (&1 4 2) -+ ¢ (& + 2)v)).  (2.5.49)

Note that for a meromorphic function f(£), Res¢—of({) means expanding f(§) as a Laurent
series in 0 < [¢] < r for r sufficiently small so that no other poles are in this disk and then
taking the coefficient of €71, We can also expand f(€) as a Laurent series in a different region.
In general, the coefficient of £7! in this Laurent series might be different from Rese—of(&).
Also note that the order to take these residues is important. Different orders in general give
vertex operators for different elements.
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Since V = (V')*, for fixed ¢% --- ¢ 1,v € V, the formula above indeed gives an element
Yv(om, - om L z)veV,
which in turn gives
Yy (o, - qﬁ,’;kl,x)v € Vlx, 271

Since there might be relations among elements of the form i}ll x -gbf{;kl, we first have to
show that the definition above indeed gives a well-defined map from C* to Hom(V ® V, V).
Let ¢° be the map from C* to Hom(V,V) given by ¢°(z) = 1y. Let wt ¢° = 0. Then
Conditions 1 to 5 and Properties 6 to 12 above still hold for ¢', i € I = I U {0}. Then any
relation among such elements can always be written as

q
ZWﬁw-%l -0
p:1 1 k

forsomei?éfandm?GZ,p:1,...,q,j:1,...,k.
Lemma 2.5.6. If
q .
Z)‘W:LP ’ "¢:ZP1 =0,
p:1 1 k
then .
Z ApRese —o -+ Resg—o€)™ -+ & R((, 1 (&1 + 2) -+ ¢ (& + 2)0)) = 0
p=1

forveV andv € V',

Proof. By Condition 4, we can take v to be of the form (/5‘77111 e gﬁZ{ll. Moreover, in this case,

R((V, ¢ (21) -~ ¢ ()1 - g 1))
= Resg0- - Resg-oGi™ - G R((, 61 (21) - 0% (1)@ (1) - 7(Q)1)).

Then

Resg, o+ Rese, o™ - & R((W, 67 (€1 + 2) -+ 6% (& + 2)0))
= Resg,—0 - - - Res&zofrf . -&TZR%:@ - Resg—oC -+ (" -
R((V, 0 (6 +2) - (& 4+ 2)¢" (G) - 67(Q)1))
= Resg—o -+ - RGS&C:()SI’I? .. 'f;TZReScl:o -~ Resgolt -+ l”l .
R((, 7 (G) -+ (G (1 + 2) -+~ 9% (& + 2)1))
= Resg,—0 " - - Res&:OfTﬁj . ‘f;TZReScl:O - Resg =t -+ (" -
R((eV VY §H (G = 2) - (G = 2) T (€) - 9% (E)D))
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= Res¢,—0 - - - Resg 07"
.R(<€sz(*1)/vl, ¢j1 (Cl _ Z) . ¢jl(Cz _ Z)(b;l%zf . (b:zzl»
Thus

q
> MRese, o Resg—o&y -+ & FR((W, ¢ (& + 2) - ¢ (& + 2)0)
p=1
q
- Z ARes¢,—o - - ResgmoCP -+ - (1

'R((eZLV ¢]1 (C _ Z) ¢jl(Cl _ Z)¢:§€ e ¢:§Lz1>)
= Resg o - Resg o}

e
‘R (<esz(1)’U’, (G —2) G — 2 (Z quﬁll ...(;52:;%1) >>

proving the lemma. [

=0,

From this lemma, we see that the vertex operator map Yy is well defined. We are now
ready to formulate and prove the main result of this section.

Theorem 2.5.7. Let V =[], ., Vin) be a Z-graded vector space, @' fori € I linear maps from
V to V][, 2], or equivalently, maps from C* to Hom(V, V), Ly (—1) an operator on'V and
1 € V). Assume that they satisfy Conditions 1-5. Then the triple (V,Yy,1) is a grading-
restricted vertex algebra generated by ¢' ;1 for i € I. Moreover, this is the unique grading-
restricted vertex algebra structure on V' with the vacuum 1 such that Y (¢' (1, z) = ¢'(z) for
1€ 1.

Proof. The vertex operator map Yy is clearly analytic. The grading-restriction axiom is by
assumption satisfied. The L(—1)-bracket formula follows from Condition 2 and the definition
of Yy,. The identity property and the creation property also follow from of the definition of

Y.
Let Ly (0)" be the adjoint operator of Ly (0). For v/ € V', v € V| 41,...,i € I and
nl?"'ankGZ, CLG(CX
<UI,GLV( )Y+ ( . ¢zk 1,2)a" Ly (0) v)
= <aLV( ! >YV( " ¢Zk 1 Z) V(O)U>
= Resg—o -+ Resgoff -+ ER((aPV O/, 67 (& + 2) -+ 6 (& + 2)a™ v O))
= Res&:O .. .ReS%:Og{Ll .. fsz(@/ aLv(0)¢i1 (51 + Z) . ¢2k (fk + Z)a_LV(O)U>)
= Resg— - 'Ressk:0§1 fnk W gt ot MR((U/a ¢i1 (a1 +az)--- ¢ik (a&k + az)v))

_ ng _wt ¢l 4wt ¢k —k—ng—--—n,
_R‘eSQ:OH'R’eSCk:OCl <k: a ¢ 1 k .
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R((v',¢" (Ci + az) -+ ™ (¢, + az)v))
= (', Yy (@O - ok 1 az)v)).

This formula implies the L(0)-bracket formula.
From Condition 2 and the definition of Y3/, we obtain

d

Y Bk, 2) = [Ly(—1), Yo (gl - 4l 1, 2)].

From Property 9 and the definition of Yy, we obtain

d i i i i

S Yv(n, ol 2) =Yy (Lv(=1)gy, - o1, 2).

Applying both sides of this formula to 1, taking the limit z — 0 and then using the creation
property, we obtain

Ly(=1)¢i - ¢k 1 = hm diYV( g1, 2)1.

The L(—1)-derivative property is proved.
Let {e, }nez be a homogeneous basis of V' and {e! },,cz its dual basis in V. Then we have

<U/7YV( 311 ’ Qb% 1 Zl)YV< T %lla%)@
= Z U ’YV n1 T ifk17zl)en><€:zayv( 7%1 T 7}111722)”>
neL
- Z ResClZO T Res(k=0ql1 T CZ’“RGS@ Res& 051 ml ’
nez

R((W, ¢" (G +21) - ™ (e + 21)€n>)R(< , ¢j1 (&4 22) -+ ¢/ (& + 22)v))

= Rescl ...ReSCk qul R C,?’“Resﬁ ReSgl 051 . ml .

RV, ¢ (G A+ 21) - 0 (G 21)en) R, 67 (6 + 20) -+ &7 (& + 22)0)).
"~ (2.5.50)

By Property 6, when |z| > -+ > |z544] > 0,

ZZ R((v, 6" (21) - 0™ (z1)en)) R({en " (2h11) - & (2140)0))
e =D W 0" (2) - ¥ (a)en) (€ 7 (2hs1) - & (140)0)

= < 61 (21) - " (20) 8" (2h4) -+ - & (2hi2)0) (2.5.51)

is absolutely convergent to the rational function
R((v, ¢ (21) -+ 6™ (20) 0™ (2k11) - -~ & (2010)0)) (2.5.52)
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in 21,..., 2. On the other hand, since the only possible poles of (2.5.52) are z; — z; =0
for i # j and z; = 0, there is a unique expansion of such a rational function in the region
21|, 2kl > |2kgals ooy |2k >0, zi £ zjfori £ 4, 6,5=1,...,kand i,j = k+1,... . k+I
such that each term is a product of two rational functions, one in zy, ..., zx and the other in
Zki1s - - 2kt Since the left-hand side of (2.5.51) is a series of the same form and is absolutely
convergent in the region |z;| > -+ > |z;4| > 0 to (2.5.52), it must be absolutely convergent
in the larger region |z1|,...,|2k| > |2kt1ls- - |26n| >0, 23 # 2z for i #£ 4,4, =1,..., k and
i,j=k+1,...,k+1to (2.5.52).

Substituting (; + 2 for z; for i = 1,..., k and &; + 2» for 2,4 for j = 1,...,[, we see that

D RV, ¢ (G4 21) -+ 6 (G + 21)en)) R((en, 7 (61 + 22) - 7 (& + 22)0))

neL

is absolutely convergent to

R((v, " (C1+21) - 0™ (Ce + 21) " (&1 4 22) - - ¢ (& + 22)v))

when |G+ 21, ..., |G+ 21| > [&+ 22|, .., [&+22] >0, G #¢ fori,j=1,... kand § #&;
fori,7 =1,...,1. When |2;1| > |22] > 0, we can always find sufficiently small neighborhood
of 0 such that when (i, ...,k &1, - .., & are in this neighborhood, |(; + z1], ..., |k + 21| >
&1 + 22|, ..., |& + 22| > 0 holds. Thus we see that when |z1| > |23| > 0, the right-hand side
of (2.5.50) is absolutely convergent to
RleScl:O DY ReSCkZOCIL]‘ DY C:kR/eS€1:O DY ReS§l:O€In1 PRI an.
R, 6 (G 1) - 6% (G + 21) 0 (4 + 20) -+ 9 (& + 20)0))(2.5.53)

This is a rational function in z; and z, with the only possible poles at z1, z0 = 0 and 2z; = 25.
In particular, the left-hand side of (2.5.50), that is,

(0 Yv (o, - o 1, 20)Yu (o, - &1L, 1, 22)v), (2.5.54)

is absolutely convergent in the region |z;| > |z2| > 0 to this rational function.
We have proved the rationality of the product of two vertex operators. We are ready to
prove the commutativity. The calculation above also shows that

(W Yy (@I -l 1, 20) Yy (9l - dlt 1, 2 )v) (2.5.55)
is absolutely convergent to the rational function

Res¢—o - - ReS£z=0£1m T flmlReSCFO T R‘eSCkZOC?I T l?k

RV, ¢ (64 22) -+ ¢ (& + 22) 9" (G + 21) -+ - 9™ (G + 21)0)),
(2.5.56)

in the regions |zs| > |21] > 0, respectively. By Property 12, the rational functions (2.5.53)
and (2.5.56) are equal. Thus (2.5.54) and (2.5.55) are absolutely convergent in the regions
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|21] > |2z2| > 0 and |zq| > |21| > 0, respectively, to a common rational function with the only
possible poles at z; = 29, 21 = 0 and 2z, = 0.

We now prove the associativity. For iy,... %%, 71,...,50 € [, my,...,my € Z, v € V and
v' € V', using the expansion of ¢" (&), ..., ¢"* (&) and the definition of Yy, we have

(W, Yo (6" (21) -~ 6™ (1), -+ 0, 1, 2))

- Z W, Yy ( ;11... ;12 n}bl Z,Qll,z)v)zl_pl_l--w,;p’“_l

D1y PLEL
— Z Resc,—o - - - Resg,—oCP - - - (P*Resg,— - - - Rese,_f™ - - - €™ -
D1y PEEL
R 6+ 2) (Gt ) (6 2) - (6 )5
(2.5.57)
We now expand
R((v', 0" (G +2) - ™ (G + 2)9" (€1 + 2) - @7 (& + 2)v))
as a Laurent series Y ., fi(Ciy -0 Gem1, 61, -+, &5 2)¢. 7 in ¢ in the region 2|, [C1], - - -, |Cho1] >
1Ce| > |&1), - - -5 &, where fi(Ch,y -, Chet, 1y - - -5 &, 2) are Tational functions in Cy, .. ., (1, &1, -
and z. Then in the region that the Laurent series expansion holds, we have
Z Res¢,—oCp" (Z filGs e Gy 6 & Z)Ck_l_1> Z !
PLEZ leZ
= Z fpk(CIa s 7Ck’—1a€17 s 7&72,)2];1%—1
PLEL
= R((v',¢" (G4 2) -+ 0" (Gomr + 2)9™ (21 + 2)¢7 (&1 + 2) -+ - @7 (& + 2)v)).
(2.5.58)

Repeating this step for the variables (j_1, ..., (i, we see that the right-hand side of (2.5.57)
is equal to the expansion of

Resg,—o -+ Resgo&(" - &M R((V, ¢ (21 + 2) -+ ™ (21 + 2)¢" (& + 2) - ¢ (& + 2)0) )
(2.5.59

as a Laurent series in zj ...,z in the region |z| > |z1] > -+ > |z| > 0. Thus the left-
hand side of (2.5.57) is absolutely convergent to (2.5.59) in the region for this Laurent series
expansion. In particular, in the region |z| > |z1| > -+ > || > 0,

(V' Yy (¢ (1) - ¢™ (20) 00, -+~ D, 1, 2)V)

_ ReS£1:0 . ReS&:og;nl o o an .

R((V, ¢ (21 4 2) -+ ¢ (21 + 2)7 (&4 + 2) - ¢ (& + 2)v))(2.5.60)

Now we have
(W Yy (Yo (ol - gt 1,20 — 20) @l - 1 1, 20)v)
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= Z<U/7 Yv(en7 22)v><e;17 YV( 7;7,11 to (b;kkl? 21— 22) irlLl T (b:#Ll]')

ne”

= Z(v', Yy (€n, 22)v)Rese o - - - Res¢, =0 -+ (i -

neZ

R({el,, 0" (G + 21 — 20) -+ (G + 21 — 22) @0k -+ ¢l 1)). (2.5.61)

But by (2.5.60), in the region |z5| > |¢1 + 21 — 22| > -+ > [(x + 21 — 22| > 0, we have

D (VY (en, 22)0) (€, ¢ (G4 21 — 22) -+ ¢ (G + 21 — 22) 03, -+ O, 1)

nez
= (U, Yy (0 (G421 — 22) - 0™ (G + 21 — 22) P02 -+ 1L 1, 29)0)

my

= Res&:(} . ReSglzofInl ERES

RV, " (G + 21) - 0™ (G + 21) @7 (&1 4 22) - -+ ¢ (& + 22)v)).
(2.5.62)

The right-hand side of (2.5.62) is a rational function in (,...,(x, 21 and z; with the only
possible poles (; —(; =0, for ¢ # 7, (;+21 =0, ;+ 21 —22 = 0 and 2z = 0. There is a unique

expansion of such a rational function in the region |2o| > [(1 + 21 — 22|, .. ., |(x + 21 — 22| > 0,
G # ¢ fori#3,1,5=1,...,k, such that each term is a product of two rational functions,
one in 29 and the other in (y,...,(; and z;. Since

Z@,, Vi (en, 22)0) R({€),, 0" (1 + 21 — 22) - - ™ (G + 21 — 22) B0, -+ 3;3,1>)

nez

is a series of the same form and is equal to the left-hand side of (2.5.62) in the region
|za] > |1+ 21 — 22| > -+ > |G+ 21 — 22| > 0, it must be absolutely convergent to the
right-hand side of (2.5.62) in the larger region |z > |(; + 21 — 22|,. .., |(e + 21 — 22| > 0.
Thus we obtain

Z(U/, Yy (e, 22)0) R((€},, 0" (G + 21 — 22) - - ™ (G + 21 — 22) @)L, -~ ¢4, 1))

nez
— Res€1:0 e Resfl:()g{nl e ;nl .
R((V', 0" (Cr 4 21) - 0™ (e + 21) " (&1 + 22) - - - 1 (& + 22)v))
(2.5.63)
in the region |zo| > |1 + 21 — 22|, ..., |k + 21 — 22| > 0. Thus when |z3] > |21 — 23] > 0, the

right-hand side of (5.3.14) is absolutely convergent to

R/eSCl:O PR R‘esckIOC]"le ... CgkResflzo PR Resélzoginl PR l7nl.

RV, 0" (G A+ 21) - 9 (G 4 21) @7 (€1 + 22) - ¢ (& + 22)0)),
(2.5.64)

which is proved above to be equal to the left hand side of (2.5.50) in the region |2;| > |z2| > 0.
The associativity is proved.
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To prove the uniqueness, we need only show that any grading-restricted vertex super-
algebra structure on V' with the vacuum 1 must have the vertex operator map defined by
(2.5.49). But this is clear from the motivation that we discussed before the definition (2.5.49)
of the vertex operator map Yy . O]

We call the grading-restricted vertex algebra given in Theorem 2.5.7 the grading-restricted
vertex algebra generated by ¢', i € I. The maps ¢, i € I, are called the generating fields of
the grading-restricted vertex algebra V.

Remark 2.5.8. In the proof of Theorem 2.5.7, we gave a proof of the associativity using
the definition (2.5.49) of the vertex operators. But the associativity can also be obtained by
using Proposition 3.6.1 in [FHL].

Proof of Theorem 2.6.3. By Proposition 2.6.2, Conditions 1-5 needed in Theorem 2.5.7 are

satisfied by S(h-), a(z) for a € b, Lg; 1(0) and Lg; y(—1). By Theorem 2.5.7, Theorems
2.6.3 is proved. |

Proof of Theorem 2.8.4. By Proposition 2.7.2, Conditions 1-5 needed in Theorem 2.5.7
are satisfied by Vi, a(x) for a € b, Yy, (e*,z) for a € L, Ly, (0) and Ly, (—1). By Theorem
2.5.7, Theorems 2.8.4 is proved. [ |

2.6 Examples: Heisenberg vertex operator algebras (for
free bosons)

We now give the full construction of the Heisenberg vertex operator algebras started in
Section 2.2. The Heisenberg vertex operator algebras are the vertex operator algebras for
the free boson theories. The reader is referred to Section 2.2 for the basic material on the
Heisenberg algebra 6 associated to a finite-dimensional inner product space h over R, the
Fock space S (6_), the vertex operator map YS(;H, the vacuum 1 and the conformal element
w. But here we will give the vertex operator map using the definition in the preceding
section. We will leave it as an exercise to show that these two definitions are indeed the
same.

Proposition 2.6.1. For a,b €, we have

[a(z1),b(22)] = —(a, b)i%—lg (ﬂ

0xy ) = (a,b) ((901 —29) P — (—zp + 951)_2) - (26.65)

T2

Proof. Note that by definition, k acts on S(EA),) as 1 € C. For a,b € b,

[a(x1)7b(x2)] = Z [a(m)’b(n)}x;mflxgnfl

m,nel
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proving (2.6.65). O

Though we have introduced the Virasoro operators L (n) in Section 2.2, here we give
different definitions of Lg; (0) and Lg; (—1). We will show later that these operators are

~

the same as those given in Section 2.2. Let Lg; (0) be the operator on S(h-) giving the

grading on S(h_), that is, Lgi y(0)v=nvforv e S(f]_)(n). We denote 1 € S(h_) by Lo

~

)o
Then S(h_) is spanned by elements of the form

ar(—ni) - @k(—”k)ls(a,)
for ay,...,a; € h and nq,...,n, € Z,. We define an operator Ls(ﬁ,)(_m on S(ﬁ_) by
LS(?,_)(_l)al(_nl) e ak(—”k)ls(ﬁ_)

k
= Z niar(—na) -+ a1 (—nim1)ai(—n; — Daga (—nis) - ap(—n) g -
i=1

Proposition 2.6.2. The series a(z) for a € b and the operators Lgg ((0) and Lgg ((—1)
have the following properties:

1. Foraeb, [Lgg 1(0),a(z)] = rLa(z) + a(z).
2 Ly (=D = 0, [Ly (1), a(@)] = Fa(x) fora €b.

5. Foraeh, a(z)ly; € S(h_)[[z]]. Moreover, lim,_q a()lgg ) =a(—1)1gq .

4. The vector space 5(6_) 15 spanned by elements of the form
ar(—n1) - ar(—ne)lgg )

foray,...,ar € and ny,...,ng € Z,.
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5. Fora,bep,
(21 — 29)%a(21)b(x2) = (21 — 22)%b(x2)a(xy).

Proof. Properties 1-4 are easily verified using the definitions. Property 5 follows from Propo-
sition 2.6.1. O

From Proposition 2.6.2, the conditions needed for all the results obtained in the preceding
section are satisfied. By Property 6 in Proposition 2.5.2 we see that for aj,...,a; € b,
veSH-),and v € S(h-),

(W' ay(z1) - - ap(zp)v)

is the expansion in the region |z;| > - -+ > |z;| > 0 of a rational function denoted by

R((v', ax(z1) - - ak(2e)v)

in 21,. .., 2z, with the only possible poles at z; = 0 and z;—z; = 0for¢,j = 1,..., k. Applying
Theorem 2.5.7 to our case, we obtain:

Theorem 2.6.3. The Z-graded vector space S (6_) equipped with the the vertex operator map
Yo defined by

<U/7YS(6,)(O‘1(_”1) T ak<_nk)1s(6,)a z2)v)
= Resg, o+ Resg—o§ ™+ § G RV, (€ + 2) - an(& + 2)v))  (2.6.66)
for ai,...,ap € h, v € S(G_) and v' € 5(6_)’ and the vacuum 1 is a grading-restricted

vertex algebra. Moreover, this is the unique grading-restricted verter algebra structure on
S(h_) with the vacuum 1 such that Y (a(—1)1, 2) = a(z) for a € b.

The vertex operator map for the grading-restricted vertex algebra S (6_) is given by
(2.6.66). But in Section 2.2, the vertex operator map is given by (2.2.7).

Exercise 2.6.4. Prove that the vertex operator map given by (2.2.7) is the same as the one
given by (2.6.66).

We now give the Virasoro operators explicitly. Recall the the stress-energy tensor

dim b
1 i i
T(r) = 5 3 (@) (0):
i=1
given in Section 2.2. By definition
1 dim b
T =5 3w aio);
dim b
1 . ,
P M IETOIIEEEE
=1 keZ leZ
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Taking the coefficients of T'(z), we obtai

dlmh dlmh dlmh
S IICLUEEED DD DS DI IUCECT
i=1 k€Z zlkEZ+ i=1 keN
(2.6.67)
for n € Z.
We now calculate T'(x)w.
Lemma 2.6.5. We have
T(@)w = Lyp (—Dwa + 2wz~ + D00 i oy (2.6.68)
= L5 5 ) 0.
where G(z) € S(h_)[[z]).
Proof. By definition,
Ju'(z)u' (z) su! (—1)*1
= su(R)u(Dsul (=1)* 127
k,lEZ
= Z Zu uj 21x_k_l_2 + Z Z ui(l)ui(k)uj(—1)21x_k_l_2
keZ IeN kEZ le—Z4
= Z Zu D (—1)?107 5172 4 26, Z u'(k)u? (—=1)1z7F3
keZ 1=0 k<—2
—I—Z Z -1 2130 Roi=2 4 Z Z 1)2191:*’“4*2.
k=0 le—Z ke—Zy le—Z
(2.6.69)

Note that the last term in the right-hand side of (2.6.69) is in S(h_)[[z]. So we need only
calculate the first two terms. By the commutator relations for the Heisenberg algebra, we
have

"(0)u’ (1)1 =0,

") (=1)*1 = 2(u', w )u? (—1)1 = 26,07 (—1)1,

H0)u! (—1)*1 = 0.

2 2 g

Then



=20, > w' (k) (—1)1z7

keZ

1
=26; Y (k) (—1)1z7F 7 4 265 > i (k)wd (—1)1a7F

k=-2 k<—2
1
=20, Y u' (k) (—1)1a7F 70 4 26, Y wi(k)ud (—1)1a
k=-2 k<—2

= 20;;u’(—2)u’ (—1) 1o~ + 205 u (= 1)w! (=1)12~% + 267 127"

+26; > ui(k)ud (—1)1aF

k<—2
(2.6.70)
and

2
> w (D (k)ud (—1)2 17 k12
k=0 le—Z4

= 20;; Z u' (D (—1)127173

le-Z4
= 26;u’ (=2)u? (=1)1 + 26;u’ (—1)uw? (=1)1 + 24y, Z u' (D (=1)1z77%  (2.6.71)

<=2

Note that the last terms in both (2.6.70) and (2.6. 71) are in S(h_)[[z]]. Sustituting (2.6.70)
and (2.6.71) into (2.6.69), taking sum over i, j = .,dim b, dividing both sides by 4 and
using the definition of w and Lg; ((—1), we obtaln

dlmh dlmb dlmb
Z Siu'(— o Z Siju’(— 24— Z 5
Zj 1 ’Lj 1 'Lj 1
dlmh dlmh
+ = Z dij Z k)u/ (—1)1a™" 3 4 = Z Siju'(— -1)1
1] 1 k<—2 1] 1
dlmh dlmh
+ = Z 26, u (— )14 = Z 8y Y (D! (~1)127!
1] 1 7,] 1 <=2

+ > i (k) (— 1)1

ke—7Z,le—Z4

== dlzmh 2u’( —1)1x ! + 21 % u' (—Du' (=1)1a™2 + dimb 127" + G(z)
2 4 2

di
= LS(G_)(—l)wxfl + 2wz~ + %ble + G(x),

43



where

dim b dim b
1 A , 1 ‘ A
Glw) = 2 Z i Z u'(k)u (~1)127" 7 3 Z 03 Z u' (D (—1) 127173
wi=1 k<=2 i,j=1 I<—2

+ Y Y WD (k! (—1) 1

ke—Z, le—7.,

€ S(h-)[[]].

From (2.6.68) and Subsection 2.4.6, we obtain:

Theorem 2.6.6. The element w is a conformal element of the grading-restricted vertex

~

algebra 5(6_). In particular, S(h_) is a vertex operator algebra (see Definition 2.3.5).

Proof. By the definition of Yg(_y» We have
u'(—1)*1 = Resy,xg v (zo)u'(—1)1 = Resxox[}lYS(ﬁi)(ui(—l)l,xo)ui(—l)l.
Using this and the first equality in (2.4.30), we have

Y gy (u'(=1)"1, o)

= Resmoxalys(ﬁi)(YS( (u'(—1)1, zo)u' (—1)1, z3)

h-)
-1 —1¢ (X1 — X2 i i
= Res, x5 Resg,zy 0 (a:—) Yo (' (=1)1,21)Ygq (u'(=1)1,22)
0

- _ —X2+ X ; ;
— Reszyzg 1Resrlx0 ' (%) YS(F)*)(U’ (1)1, :C2>YS(67)(U (=11, 24)
0

= Res,, (z1 — xg)_lui(xl)ui(arg) — Res,, (—zo + xl)_lui(xg)ui(aﬁ)

) (Zu«—m— 1>wa”> wlen) +u'len) | 30 wi(om = Daf

meN me—7Z4

= u'(w)u' (22) 3. (2.6.72)

Uisng (2.6.72) and the definition of 7'(z), we obtain Yq; |(w,z) = T'(z). By (2.6.68),

12~ + G(z).

dim b
Yo =L (—Dwz™ + 2wz + —=
() (W, T)w sy (—Dwz™ + 2wz + 5

The other property for Lg; ((—1) and Lg (0) can be verified using the formula (2.6.67).
We omit the proofs here. n
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We now give the operator production expansion of the vertex operators generating the
vertex operator algebra S (6_) By Theorem 2.6.3, S (6_) has a structure of a grading-
restricted vertex algebra. As usual, we use YS(G_) to denote its vertex operator map. It is
easy to see from the definition of the vertex operator map in the preceding section, we see
that Yg; y(a(—1)1,z) = a(z) for a € h. Then the operator product expansion of a(z1) and
b(ZQ) is

a(z1)b(z2) = Yg_y(a(=1)1,21)Yg5_(b(=1)1, 22)
=Yg ) (Ye_y(a(=1)1, 21 — 22)b(—1)1, z5) (2.6.73)

in the region |z1| > |22| > |21 — 22| > 0. But
Yo y(a(=1)1, 21 — 22)b(=1)1 = a(z1 — 22)b(—1)1
= am)b(—1)1(z — z) """

nel

= (a,0)1(z1 — 22) 2+ > a(n)b(—1)L(z — z) """ (2.6.74)

ne—7Z4

Substituting the right-hand side of (2.6.74) into the right-hand side of (2.6.73), we obtain
the explicit form

a(z)b(z) = (a,b)(z1 — 22) 2 + Z Yo y(a(n)b(=1)1, 2) (21 — z) " (2.6.75)

ne—7Z4

of the operator product expansion of a(z1) and b(z2) Since the only singular term in z; — 25
in the right-hand side of (2.7.108) is (a,b)(21 — 22) 2, we obtain

a(z1)b(z2) ~ (a,b)(z; — z2) 2. (2.6.76)

The last formula can also be calculated using the commutator formula (2.6.65). Apply both

~

sides of (2.6.65) to v € S(h_) and then rewrite the resulting formula as
a(x1)b(z2)v — (a,b)(z1 — 22) 20 = b(x)a(z1)v — (a,b)(—x9 + 1) 0. (2.6.77)

Note that the left-hand side (2.6.77) has only finitely many negative powers of xs and the
right-hand side of (2.6.77) has only finitely many negative powers of z;. Thus both sides
of (2.6.77) have finitely many negative powers of both z; and zs. Let f(xy,23) be this
Laurent series with finitely many negative powers of z; and xs. We can write f(z1,z5) as
f(za+4 (x1—2x2), 22) and expand it as a Laurent series in 25 and x; — x5 with only nonnegative
powers of x1 — x5. We use f(zs + (z1 — x2),x2) to denote this expansion. So we obtain the
operator product expansion

a(x1)b(z2)v = (a,b) (21 — 22) 20 + f(2g + (11 — T2), 2).

Since the expansion of f(xs + (1 — 3), x2) contain only nonnegative powers of x; — x5 and
v is arbitrary, we obtain (2.6.76).
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2.7 Examples: Lattice vertex operator algebras (for
free bosons on tori)

Lattice vertex operator algebras play a special role in the representation theory of vertex
operator algebras. The classical vertex operators were one class of operator series motivating
the definition of vertex operator algebra. In this section, we give a full construction of the
lattice vertex operator algebras.

Let L be a positive-definite even lattice of rank n with nondegnerate symmetric Z-linear
form (-,-). Then h = L ®z R is an n-dimensional vector space over R with a positive
definite bilinear form still denoted by (-,-). Then we have the Heisenberg algebra 6 =
h @ C[t,t~'] ® Ck. As in the preceding section, we also have the subalgebras hy =H® tClt],
b = h @t 'C[t7!] and by = h ® t° & Ck. Given a module M for the abelian Lie algebra
ht = b, let 6+ act on M as 0 and k acts on M as 1. Then M becomes an 6+ D Go—module.

By the Poincaré-Birkhoff-Witt theorem, the induced module U(h) Ry M is linearly

b4 ®ho)
isomorphic to U(h-) ® M = S(h-) ® M. In particular, S(h_) ® M is equipped with an
h-module structure under this linear isomorphism.
Fix a basis a1, ..., a, of L. We define a Z-linear map ¢ : L x L — Z by

Qi 0) 1>
€<O4i704]') :{ (() ]) i<y

fori,j=1,...,r. Let L = {1, -1} x L. Define a multiplication on L by
(07 a) ) (7_7 B) = (07(_1)6(%6)’ o+ B)

for 6,7 € {1,—1} and «, B € L. We have a surjective map ~ : L — L defined by W =«
for # € {1,—1} and o € L. We also have an injective map from {1, —1} to L defined by
0 — (6,0) for 6 € {1, —1}. It is clear that these maps are homomorphisms of groups and we
have the exact sequence

1—-{1,-1} - L—L —1,

that is, L is a central extension of L by the group {1, —1}. The commutator map ¢ : Lx L —
Z/27 of this central extension is given by c(«, 5) = (a, f) + 2Z. We shall denote (1,a) € L
by e, for a« € L and (0,0) by 6 for 0 € Z/27. Then

(0, ) = be,, = e,0

and

eqnes = (—1)6(0"5)

Let C[L] be the group algebra of L. We shall use e* to denote the element o € L in
C[L]. Then in C[L], we have e%e® = e*P for a, 3 € L. We have an action of the abelian Lie
algebra h ® t° = h on C[L] by (a @ t°) - ¢ = (a,a)e®. Then C[L] is an h @ t>-module. We
also have an action of L on C[L] defined by (6, ) - €f = ((=1)<@P)e? for § e {1, -1}

ea_;’_ﬁ.
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and «, 8 € L. In particular, e, - € = (=1)@Pe**8 for o € L and 6 - €® = #e®. 1t is clear
that this action gives C[L] an L-module structure.

Let Vi = S(EA),) ® C[L]. The grading on h_ gives a grading on 5(6,) called weight and
we give a grading on C[L] also called weight by defining the weight of e* to be i(«, a).
These gradings give a grading on V7, also called weight. Then we have Vi = [, ., (VL)w)
where (V7)) is the homogeneous subspace of V7, of weight n. It is clear that V7, is grading-

restricted since the gradings on S(h_) and C[L] are both grading restricted. In fact since L
is positive definite, we have (V1)) = 0 when n < 0.

As is discussed above, we have an h-module structure on V;, = S(h_) ® C[L]. Since C|[L]
is an L-module, V;, = S(h_) @ C[L] is also an L-module with L acts only on C[L]. We denote
the action of a®t™ on Vi, by a(n) fora € handn € Z. Fora € b, let a(z) =3, , a(n)z™™ 1.
For a € L, for simplicity, we shall also use e* to denote 1 ® e* € V. For a € L and a formal
variable z, we define 2% - (u ® €®) = 2(*#) (u ® €°) for u € S(h_) and 5 € L. For o € L, let

Yy, (€%, z) = exp (— Z #x”) exp (— Z @w") eqr® € (End V) [[z,271]].
n<0 n>0
For a vector space M, let [ - dx: M[[z]] ® 22 M[[z~']] = aM|[z]] ® 2~ M[[z~"]] be the
linear map given by the integrating the formal series in M|[x]] & z=?M|[[z~!]] with constant
terms being 0. Then the images of M|[[z]] and z72M[[z~!]] are M [[z]] and =~ M|[[z~]],
respectively. For a € b, let a(z)t =>_ a(n)z™" ' and a(z)” =3, , a(n)z" . Then
a(z) = a(z)* + a(z)” + a(0)z~!. Also

/a(m)+da: = — Z @x_n,

n>0

/a(m)_d:p = — Z @x_”.

n<0

neZy

Thus we have
YVL (601’ LC) _ ef a(x)_d:pef a(m)"’dmeaxa

for a € L.
We need the following commutator formulas:

Proposition 2.7.1. Fora,b e b, a,p € L, we have

[a(z1),b(z2)] = (a,b) ((z1 — 22) 7% — (22 +21) "), (2.7.78)
[a(x1), Yi, (6%, 22)] = (a,@) ((z1 — 22) ™" — (=22 + 1) ") Y (%, 22), (2.7.79)
Yoy (%, 1), Yo, (€7, 22)] = (w1 — 22) ") — (=2 + 1) P -

. ef 04(961)7d1?1ef,3(502)761962ef04(1‘1)+d901efB(IQ)"LdIzeaeﬁmtllxg’ (2780)

where forn € Z, (x1 —x2)" and (—x2+x1)"™ means their binomial expansions in nonnegative
powers of o and x1, respectively.
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Proof. The proof of (2.7.78) is completely the same as that of (2.6.65) above.
For a € h and « € L, taking b = «v in (2.7.78), we obtain

[a(z1)™, a(x)*] = 0, (2.7.81)
[a(0), a(x2)*] = 0, (2.7.82)

+ alrs)” ] = <a7 Oé)
[a(z1)™, a(z2)7] o =2 (2.7.83)
[a(z) ", alzs)t] = _(xf—’—o;)l)?' (2.7.84)

Applying the map [ - dzy to both sides of (2.7.81)—(2.7.84) and then switch the order of the
commutators, we obtain

[/ ofxg)Fdwy, a(x)* | =0, (2.7.85)

{ / a(ry)Fdry, a(0)| =0, (2.7.86)

[ / a(3)"das, a(z))* | = —m(la’_O‘;Q + (“;‘), (2.7.87)

{ / a(x2)+d:132,a(:1c1)__ __ (@) (2.7.88)

To — 1
where in (2.7.87), the term —% appears because the constant term of f dxo must be 0.
From (2.7.85)—(2.7.88), we obtain

6fa($2):td$2a(ml):l:e—fa(zz)id;m — G(Il)i

efa(z2)idz2a(0)€—fo‘(12)idz2 — a(o)’

efa(mz)_deCL(xl)Jreffoz(:rg)_dxg _ a(x1)+ (a/7 OZ) (aya)’
1 — T T
ef a(m2)+dz2a(xl)—6—fa(:rg)"’dzg — a(x:l)— o (a'y a) ,
T2 — 2
or equivalently,
a(xl):tefa(IQ)ide — efOé(ﬁQ)idl‘za(:L,l)i’ (2789)
a(o)efa(mz)idmz — efa(ﬂ?z)idma(())’ (2.7.90)
a(zy) el a@)Tdm — o[ a@)Tdm g )ty (@a) _(aa) e a(@2)”dez (2.7.91)
T — X2 I ’
a(zy) el @)t dme — pfalwa)deag (0 )= {a,a) e alwz)da, (2.7.92)
To — Iq
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On the other hand, for u € S(h_) and 8 € L,

a(0)eqrs(u ® e”)
= (=) P20, 0+ B (u @ )
= (=12 (a,0) (w ® ) + (=1) D2y (a, B)(u @ )
= (a,a)eqr3 (u @ ) + eqr3a(0)(u @ ).
Thus we obtain
a(0)eq,zy = (a, a)eaxs + eqx5al0). (2.7.93)
Using (2.7.89)—(2.7.93), we have
a(xy)Yy, (e, )
_ a(xl)—i-efa(m)’da:zefa(acg)+da:26axg + a(xl)—efa(a:z)’d:vzefa(acgﬁdmeaxg

+ a(O)xl_lef Oc(:l‘g)_dzgef a(a:g)"’dzgeaxg

_ ef a(xQ)_d$2€fa<x2)+dm2€aflf§a((l}1>+ + ( (CI,, O[) i (CL, Oé)) efa(xg)_dmgefa(xg)"'dzgeaxg
1 — Ty I

+ 6fa(m2)_dm26f a(x2)+dm26a$§a($l)— + (a’ a) efa(xg)_dmgef a(xg)"'drgeaxg
To — X1

+ efa(acg)*damef a(x2)+d$2€ax(23ca(0)xl—l + (Cl, O{) efa(mg)*dmgefa(:m)*daczeaxg
T
= Yy, (€%, z2)a(zy) + (a, @) (21 — 22) ™" — (=22 +21) ") Y (€%, 22).

This is (2.7.79).
Taking a € h to be B € L C b in (2.7.88), we obtain

[B(xs)~, e @) do] — (>B) ef @)y, (2.7.94)
1 — T2

Applying — [ - dzy to both sides of (2.7.94), we obtain

= sy e
= ((«, B) log(xy — z2) — (o, B) log z1) ol al@)da

2\ @) N
= log (1 — —) el alw) Tz, (2.7.95)

From (2.7.95), we obtain

Y

-d +d -d z) 7 +d
6—f/3(902) xzef a(z1) $1€fﬁ(x2) w2 [ 22 ef a(zy)Tdry
T

49



or equivalently,

(a,8)
efa(xl)ﬂLda:lef,B(zg)*dxg _ (1 . @) efﬁ(m2)7dm2efa(ﬂfl)+dxl' (2796)

For v € S(h_) and v € L, we have

Jc‘f‘eﬁ(u ®eY) = (_1)6(6,7)x§a,6)+(a,7)(u ® eﬁﬂ)’
esrs (u®e?) = (—1) P2l (@ 7).

Therefore we obtain

_ (af)
xieg = oy

Using (2.7.96) and (2.7.97), we obtain

YVL (eav x1>YVL (667 xQ)

— efa(ﬂfl)_dﬂﬂlefa(zl)+d$1eax?efﬂ($2)_d$2€fﬂ(ﬂf2)+dw2eﬂx§

egry. (2.7.97)

_ (351 _ x2)(a75) el a(fﬂl)_dwl€f5($2)_d962€fa(11)+d961€f5($2)+d126aeﬁx?x§. (2.7.98)

From (2.7.98), we also obtain
YVL (6/87 xQ)YVL (ea> $1)
_ (:L‘g _ $1)(a’ﬁ) ol Bz2)"dw2 [ a(z1) " dwi [ B(w2) T das 6fa($1)+d$1656a1‘?$§. (2‘7‘99)
Since the commutator map of the central extension L is c(a, B) = (o, B) 4 27Z, we have
egea = (—1)*Pegep.
Thus the right-hand side of (2.7.99) is equal to
(_x2 + xl)(aw@) el O‘(ml)_dllef5($2)_d$26f0‘(11)+d11efﬁ($2)+d$2eaeﬁx?x§‘ (2'7'100)

From (2.7.98)—(2.7.100), we obtain (2.7.80). O

Let Ly, (0) be the operator on Vj, giving the grading on V7, that is, Ly, (0)v = nv for
v € (VL)) Note that V, is spanned by elements of the form

aj(—nq)--- ak(—nk)eﬁ
for ay,...,ar € b, ny,...,np € Zy and B € L. We define an operator Ly, (—1) on V7, by
Ly, (=1 ar(=m) - - - ap(—ny)e”

k
= anﬁh(—nl) a1 (=nic)ai(—ng — ) ai (=) - ak(_nk)eﬁ
i=1

+ CL1<—7L1) e ak(—nk)ﬁ(—l)eﬁ.

We denote € € V;, by 1y, .
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Proposition 2.7.2. The series a(x) fora € b, Yy, (e®, x) for a € L and the operators Ly, (0)
and Ly, (—1) have the following properties:

1. For a € b, [Ly, (0) a(z)] = zia(z) + a(z) and for a € L, [Ly,(0),Yy, (%, z)] =
RAC 75€)+ 3 (0, a)Yy, (e, z).

(e
2. Ly(-1)1y, = 0, [Ly(—1),a(x)] = d%,a(x) for a € b and [Ly(—1),Yy, (e% )] =
LYy, (e*,x) fora € L.

3. Fora € b and a € L, a(z)ly,, Yy, (e*, z)1ly, € Vi[[z]]. Moreover, lim,_,oa(x)ly, =
a(—1)1y, and lim, o Yy, (€%, )1y, = e*.

4. The vector space Vi, is spanned by elements of the form

aj(—ny) - - ap(—ng)e”
= ai(—m) - ap(—nk)ealy,
= Res,, -+ Resy,z7™ - ay " ap L an (1) - ap(mp) Yo, (€%, 2pg1) 1y, (2.7.101)

foray,...;ap €b,ny,...,np €Z, and o € L.
5. Fora,bep,
(21 — 29)%a(21)b(x2) = (21 — 12)%b(w2)a(xy).
Foraeb and a € L,
(1 — w2)a(z1)Yy, (€%, x2) = (21 — @2)Yv, (€%, 22)a(z1).
Fora,p €L,
(21 — 22) " @OV (%, 21) Yy, (€7, 20) = (21 — 22) " @Yy, (€, 20) Y, (€%, 21)
when (a, 5) < 0 and
Yy, (e, 21)Yy, (€7, 25) = Yy, (€7, 29) Yy, (e, 1)
when (o, B) > 0.

Proof. Property 1 can be verified by the definition of Ly, (0) and straightforward calculations.

The first two formulas in Property 2 can also be verified by the definition of Ly, (—1)
and straightforward calculations. Here we prove the third equality. We first need several
commutator formulas. For o € L, from [Ly(—1),a(x)] = “ta(z) whose proof we omitted,
we obtain

(L (=1), ()] = —

[Lv, (=1), a(2)*] = —a(z)" — a(0)z™".

|
S =
—
2
&
|



Applying [ - dz to both sides, we obtain

{LVL(—l),/a(:c)dx} _ % (/a(:v)d:c) ~a(-1), (2.7.102)
[LVL(—l), / a<x>+dx] _ % / a(z)*dz + a(0)z". (2.7.103)

By the definition of Ly, (—1), for a product A of operators of the form a(—m) for a € h and
m € Zy, [Ly,, A] is a linear combinations of products of the operators of the same form. In
particular, [Ly, (—1), A] commutes with e,z®. For such a product A and g € L,

Ly, (—1)eqz®Ae?
= Ly, (—1 )Aeaxo‘eﬁ

= [Ly, (—1), Aleqz®e” + ALy, (—1)eq

= eq2®[Ly, (—1), Ale? + 2> (1) QE)ALV (—1)e~t’

= ear?[Ly, (=1), AJe” + 2! (=)D A(a + §)(—1)e™*

= eq2%[Ly, (—1), Ale +x<aﬂ( )P Aa(—1)e*t? 4 (@A) (1) @D AB(—1) etF
= eq®[Ly, (1), Ale® + a(—1)eqz®Ae” + Aeyz*B(—1)e”

= eqx%[Ly, (—1), A]

eﬂ + a(—1)eqz®Ae’® + eqr® ALy, (—1)(u ® €°)
= a2 Ly, (—1)Ae® + a(—1)e,2* Ae”,

where we have used the fact that S (6,) is a commutative algebra and e, and z® commute
with A. So we obtain the commutator formula

Ly, (—1), eqz®] = a(—1)eq z®. (2.7.104)
For u € 5(6,) and € L,

D)< a(0)(u® e**?)
0, 0) (~1) ) (w @ ) + (o, B)(—1) (u @ )
@, a)eq(u® ) + (o, B)eq(u @ e”)
o, a)eq(u® e’) 4+ eqa(0)(u ® ),

a(0)eq(u® e?) = (—
= (
= (
= (

which gives us the commutator formula
[a(0), eq] = (a, a)e,. (2.7.105)

Using the fact that [a(—1), -] is a derivation on the algebra of operators on V}, as coefficients,
we have

[a(—1), e a@7de] = of @) de {a(—n, / a(a;)+dx]
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= el @ o (1), —a(1)] 27!
= efa(””)+dw(oz, a)r !,
Note that both [Ly, (—1), ] and % are derivations on the algebra of series in x with

operators on V7, as coefficients. Using these properties, (2.7.102), (2.7.103) and (2.7.104)
and the formula J

%xa = a(0)z“z 1,

we have
[LVL(_1)7Y(VL<ea7x)]
_ [LVL(_1)7 efa(x)’dxefa(x)+dxea$a]
_ [LVL(_1)7 efa(a:)’d:(;]efa(x)era;eaxa + efa(:c)*dx [LVL<_1)7 €f oé(x)erx}eaxa
+ efa(a:)’dwefa(m)+d:c[LVL(_1)’ GaIa]

= of olz)"dx |:LVL(—1),/OZ<I')_CZZE:| e a@)Tdrg g

4 o o@) dzg [ aa)tda [LVL(—l), / a(g;)+dx} Cat®

+ efa(:(;)’dxefa(:c)+dxa(_1)ea$a

_ d
— oJa@)de [ 2 - Ja(z)Tdx a
e <dx </ a(x) dx) af 1)) e €al

- d
+ efa(:r:) dazefa(x)+dx (@/&($)+d$ +a(0)x_1) ar®

+ efa(x)’da:efa(z)+dz&(_1)ea$a
_ d _
= ettt ([ i) o0t — F o b )2 g
X

+ efa(x)_da:efa(x)"’dz (i

dx

/a(x)*dx) eqr® 4 e A@ o al@) dr g () ~le 20
+ efa(m)_dwefa(z)+dza(_1)eaxa
d - + - d +
_ _ef a(z) " dx ef a(x) da:eaxa + ef a(z) " dx _ef a(z)Tdx Cal®
dx dx
+ €f a(m)_dxef a(z)""dzeaa(o)xaxfl
d _
_ _ef a(x) d:):ef a(:r)"’dmeaxa
dx
d o
= %YVL (%, x). (2.7.106)
Properties 3 and 4 are clear. Property 5 follows immediately from Proposition 2.7.1. [

From Proposition 2.7.2 and Theorem 2.5.7, we obatin:
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Theorem 2.7.3. The vector space Vi, equipped with the the vertex operator map Yy, defined
by

(W' Yy, (1(—nq) - - - agp(—ng)e, 2)v)

= Resg,—o -+ Resgoo6y ™ - & L R an (&4 + 2) -+ ap(&x + 2) Yo, (€%, & + 2)0)).
(2.7.107)

and the vacuum 1y, is a grading-restricted vertex algebra. Moreover, this is the unique
grading-restricted vertex algebra structure on Vi, with the vacuum 1y, such thatY (a(—1)1,z) =

a(x) fora € h and Y(e*, ) =Yy, (e*,x) for a € L.
As an h-module, V7 has a h-submodule S(h_) ® Ce®. Note that 1y, € S(h_) @ Ce®.

Proposition 2.7.4. The f) submodule S(l‘) ) @ Ce® of Vi, is closed under the restriction of
the vertex operator map Yy, to S(h_) @ Ce°, that is, For u,v € S(h_) @ Ce®, Yy, (u,z)v €
(S(h_) @ Ce®)[[z, =Y. In particular, S(h_) @ Ce° is a grading-restricted vertex subalgebra of
V1. Moreover, 5(6_) ® Ce° as a grading-restricted vertex algebra is isomorphic to 5(6_).

Exercise 2.7.5. Prove Proposition 2.7.4.

Since S(h_) has a conformal vector w, S(h_) ® Ce also has a conformal vector w @ e°.
We use wy, to denote w @ €.

Theorem 2.7.6. The element wy, is a conformal vector of V. In particular, Vi, is a vertex
operator algebra.

Exercise 2.7.7. Prove Theorem 2.7.6.

We now give the operator production expansion of some vertex operators. By Theorem
2.8.4, Vi, has a structure of a grading-restricted vertex algebra. We use Yy, to denote its
vertex operator map. Then from the definition of the vertex operator map in the preceding
section, we see that Yy, (a(—1)1,z) = a(z) for a € b and Yy, (e, ) is exactly the vertex
operator associated with e* =1 ® e* € V. So the operator product expansion of a(z;) and
Yy, (€%, 22) is

a(z1)Yv, (€%, 22) = Yy, (a(=1)1, 21) Yy, (€%, 22)
=Yy, (Yv, (a(=1)1, 2 — z3)€e”, 22) (2.7.108)

in the region |z1| > |22] > |21 — 22| > 0. But

Yi, (a(—1)1, 21 — z9)e® = a(z; — z2)e”

—Za ¥z — 29) "t

nel

= (a,0)e" (21— ) '+ Y a(n)e”(z — ) (2.7.109)

ne—724
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Substituting the right-hand side of (2.7.109) into the right-hand side of (2.7.108), we obtain
the explicit form

a(z1)Yv, (e%,2) = (a, )Yy, (%, 22)(21 — 22)~ Z Yy, (a(n)e®, z)(z1 — z) "' (2.7.110)

ne—724

of the operator product expansion of a(z;) and Yy, (e®, z) Since the only singular term in
21 — 29 in the right-hand side of (2.7.110) is (a, )Yy, (e, 22)(21 — 22) !, we obtain

a(z1)Yy, (€%, 1) ~ (a,a)Yy, (e, 2) (21 — 22) 7"

This last formula can also be obtained using the commutator formula (2.7.79) using the same
method as in Example 77.

2.8 Examples: Affine vertex operator algebras

In this section, we give constructions of the grading-restricted vertex algebras and vertex
operator algebras associated to affine Lie algebras. See [K]| for the theory of Kac-Moody
algebras, including in particular, the theory of affine Lie algebras.

2.8.1 The grading-restricted vertex algebra V (/,0)

Let g be a finite-dimensional Lie algebra with a symmetric invariant bilinear form (-, -). The
affine Lie algebra g is given by the vector space g ® Clt,t7!] & Ck equipped with the Lie
bracket operation

a@t™ bR t"] = [a,b] @ t" + (a, b)MOmn ok,
[a®t™ k] =0,

for a,b € g and m,n € Z. Tt is a central extension of the loop algebra g @ C[t,t™']. Let
g+ = g ® tTIC[t*!] and go = g ® Ck. Then
9=9 S8 Doy

Note that g4, g0, g and k are all subalgebra of g. For a module for a subalgebra of g (in
particular, a g-module), we use a(n) to denote the action of a ® " on the module for a € g,
n € Z such that a ® t" is in the subalgebra.

Fix ¢ € C. Let C; be a copy of C, with the structure of a module for go & g, by defining
a(n)l =0 for all a € g and n > 0, and k1 = /. Let

V(£,0) = U(9) Qugoma.) Ce

be the corresponding induced g-module. Let 1y 0 =1®1 € V(£,0). Recall that kly o =
{1y (o) and if n > 0, a(n)1ly e = 0.
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By the Poincare-Birkhoff-Witt Theorem, The induced g-module V'(¢,0) is linearly iso-
morphic to U(g_). Since U(g_) is spanned by elements of the form (a; @ t™) - - (a, @ t" for

ai,...,a; € g and ny,...,n, € —Z, which correspond to ai(n1) - - - ar(ne)Lveo € V(¢,0)
under this linear isomorphism. In particular, we see that V'(¢,0) is spanned by elements of
the form a1(n1) - - - ag(ni) Ly o) for ar,...,ap € g and nq, ..., 0, € —Zy.

The g-module structure on V(¢,0) can also be obtained explicitly as follows: For a € g
and n € Z, we define the action of a(n) on V(¢,0) by

a(n)(ai(—n1) - ap(—ni)lveo) = a(n)ar(—n1) - - - ap(—ng) Ly (o)

when n < 0 for ay,...,ax € gand ny,...,nx € Zy,
a(n)(ai(=na) - - ax(—=nk)1v(e0))

= Z ai(—n1) -+ ai—1(=ni-1)[a(n), ai(=ni)]airs - - - ap(=np) Ly o)

k
= Z a1(—n1) T ai—l(_ni—l)([ay ai](n - nz) + n(a, ai)én—ni,og)ai—i-l o 'ak(—nk)lvw,o)

when n > 0 and

k(ai(—n1) - - - ar(—=ni)v(eo)) = lar(—n1) - - ar (=) Ly 0.

Then it is easy to verify that V' (¢,0) with this action of g is a g-module.
Let a(z) =Y, cpa(n)z™ ! for a € g.

Proposition 2.8.1. For a,b € b, we have
[a(z1), b(x2)]
_ x o _ x
~ ot (2] = o' (2)

T2 T2

= [a,b](z2) ((z1 — 22) ™" = (=22 +21) ") + €(a,b) ((z1 — 22) > — (—22 + 21) 7).
(2.8.111)

Proof. Using the commutator formula for the actions of g, we have

[a (1), b(x2)]
= > lalm),b(n)a;™ ey

= > ([a,b](m +n) + m(a,b)0minol) 27" 25"

m,nel

= Z [a,b](m + n)z; ™ tay "t + Z m(a, b)lxy™ Tt

m,ne’l meZ

o6



:(Z[ab )(mem> T

keZ meZ meZ
0
1 - A
= [a,b](x9)xy 0 ({EQ) la, b)&m% ) (1:2)
= [a, b](l’g) ((.ﬁlﬁl — 1‘2)_1 — (—1'2 -+ .971)_1) + E(a, b) ((.Tl — 1'2)_2 — (—.2?2 + .Tl)_Q) .
]
We define the weight of the element a(n1) - - ag(ni)1lv (o) to be —ny 4 --- —ny. Then

we obtain a Z-grading

neL

where for n € Z, Vi,)(£,0) is the subspace of V/(¢,0) spanned by elements of weight n. In
fact, Viny(£,0) = 0 for n < 0 and dim V,,)(¢,0) < oo for n € Z. So

Proposition 2.8.2. Forn <0, V(,,)(¢,0) =0, V(5)(¢,0) = Cly (), and dim Vj,,)(¢,0) < oo

Proof. By defintion, V(,)(¢,0) = 0 for n < 0, Ly € Vo)(¢,0) and it is also clear that
Vi0y(€,0) is one-dimensional.

Let n > 0, and let {ay,...,a,} be a basis for g. Then {a;(—m) |i,m € Z,1 <i <r,m >
0} is a basis for g_ and in particular, Vj,,)(¢,0) is spanned by

{a, (=n1) - as, (=) Ly | 1 < iy < <ryng,oooymg > 0,ng + -+ - g = nf,

which is a finite set since the positive integer n has only finitely many partitions. O

Let L(ve0)(0) be the grading operator on V' (¢,0). We also define Ly 0 (—1) on V(¢,0)
as follows: Define a linear map Dj : § — g by Dgk = 0 and Dj(a @ t") = —n(a @ t" ).
Then this defines a derivation on g. This derivation can be extended to a derivation Dy
on U(g). From the definition of Dy), we see that the image of U(g-) under Dy is in
U(g-). So the restriction of Dy ) to U(g-) is a derivation on U(g-). Using the isomorphism
between V' (¢,0) and U(g-), this allows us to define Ly (;0)(—1) as a linear map on V' by

Lv(gyo)(—]_)al (nl) e ak(nk)l = (DU(gi)(al ® tnl) te (ak ® tnk))lv(&o)

for ay,...,a € g and nq,...,ng € Z,. More explicitly, we have

Ly oy (=1)1y o =0

and

= Z niar(—n1) -+ ai—1 (=ni—1)ai(—=n; — 1) @1 (=nig1) - - - ap(—ng) Ly o)



Proposition 2.8.3. The series a(x) for a € g, 1y and the operators Ly 0)(0) and
Ly 1,0)(=1) have the following properties:

1. Fora € g, [Ly()(0),a(z)] = zLa(z) + a(x)
2. LV(K,O)(_]-):lV(é,D) = O, [Lv(g,g)(—]_), CL(JZ)] = d%a(rc) fOT a € g
3. Foraeg, a(x)lygo € V(£,0)[[z]]. Moreover, lim,_,oa(x)ly o = a(—=1)1y o).

4. The vector space V(£,0) is spanned by elements of the form

ar(—nq) - - ap(—nr) Ly
foray,...,ar € g andny,...,ng € Z, .

5. Fora,bep,
(21 — 29)%a(21)b(x2) = (21 — 22)%b(x2)a(x).

Proof. For n € Z, from the definition of Ly (,0)(0) and the commutator formula for g, it is
clear that a(n) is an operator of weight —n, that is,

[Lv(20)(0), a(n)] = —na(n).

Then

[Lv(eoy (0), a(2)] = [Lv(eo) (0), Y _ a(n)z™""]
= [Lvieo)(0), a(n)]z "

ForneZ,ay,...,ar € gand ny,...,n; € Z,, using the fact that Lv(m)(—l) is obtained
from the restriction DU y to U(g—) of the derivation Dy ) on U(g), we have

[Ly(eo)(—1),a(n)]ar(=n1) - - - ar(—nx) Ly (e)
= Lyt (=1a(n)ai(—n ) -ax(—ng) Ly o) — a(n) Ly o (—1)ar(—n1) - - - ax(—ng) Ly o)
= (Dyg_)(a@t")(a1 @ ™) -+ (ar @ ")) 1y (e
—a(n)Ly o) (—1)ai(—=n1) - - arp(—nr) Ly (e
= Dy la@t™)(a @t") - (ar @ ")) 1y ()
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—a(n)Lvo(—1)ai(—n1) - ar(—ng) v

= —na(n — 1)ai(—n1) -~ ap(— nk)lvw 0) T ( )(Dug(ar @ ™) -« (ar, @ ™)) 1y (e
—a(n)Ly o) (—1)ai(—n1) - arp(—nk) Ly o

= —na(n — 1)a;(—nq) - ax(— ’I’Lk)lv(g 0)-

Then [Ly ) (—1),a(n)] = —na(n — 1). Thus

Lo (=1).a@)] = | Ly@o(=1), Y a(n)z™""!

neL

— Z[LV(E’O) (—1), a(n)]ﬁ_"_l

neL

—Z a(n — 1)z —n-l

Since a(n)ly ) = 0 for a € g and n € —N,

a(@)lveo = Y am)lyegr ™ = Y a(n)lyege "

nez neZly

In particular, lim, o a(x)1yv o) = a(—1)1y (o).
Using (2.8.111), we have

(21— @2)?[a(21), (2] = (11 — 22)?[a, ] (w2) (1 — @2) ™" = (—22 +21)7")
+ (21 — 22)%(a,b) (21 — 22) 7> — (=32 + 31) 7)
= la,b](z2)((z1 — @2) — (=22 4 1)) + £(a, 0)(1 — 1)
=0.

From Proposition 2.8.3 and Theorem 2.5.7, we obatin:

Theorem 2.8.4. The vector space V({,0) equipped with the the vertex operator map Yy (s0)
defined by

(V" Yooy (ar(—=n1) - - - ap(—ni) Ly o0y, 2)v)
= Resg, o - - - Resg, & ™ - - -f,;"’“fk_le((v’, a1 (& + 2) - ap(& + 2)v)). (2.8.112)

and the vacuum 1y o) s a grading-restricted vertex algebra. Moreover, this is the unique
grading-restricted vertex algebra structure on V (€,0) with the vacuum 1y gy such that Y (a(—1)1,z) =

a(x) fora € g.
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2.8.2 Conformal elememts of V(¢,0) for ¢ # —h"

We now give a conformal element of V'(£,0). Then V' (¢,0) in fact has a structure of a vertex
operator algebra. But the conformal element exists only when some assmptions are satisfied.
The first assumption is that the invariant bilinear form on g is positive definite (for example,
in the case that g is semisimple and the form is obtained from the Killing form).

In this case, there exists an orthonormal basis {u/}2™%9 for g with respect to the form

(+,+). Let

dim g

0= z:u’uZ e Ul(g)
i=1

be the Casimir element of g. (In Definition C.17, we have introduced a Casimir element
associated to a representation of a finite-dimensional Lie algebra.)

We also assume that Q acts on g by a scalar 2hY, where h¥ € C. This assumption is
satisfied if g is a simple Lie algebra. In fact, g with the adjoint action is a faithful module of
g. By Proposition C.19, 2 acting on g commutes with ad a for every a € g. Since g is simple,
2 must act as a scalar, which we denote by 2h". (See [Hum], Section 6.) The number A" is
the dual Coxeter number of g. We further assume ¢ + h" # 0.

Let
1 dimg ‘ 4 1 dimg ' )
Wy (e,0) = m Z u'(=1)u'(—1)1y (o) = m Z u'(—1)*Ly (o) € Vig)(¢,0).
i=1 i=1

Theorem 2.8.5. The element wy0) is a conformal element of V' (¢,0) such that the central
¢ dim

¢+ hY

operator algebra with the conformal element wy 10y and central charge

charge for the corresponding Virasoro operators is . In particular, V(£,0) is a vertex

(dim g
(+hv

Proof. We need to calculate Yy (40)(w, z)w. We first calculate
Yy o) (u'(—1)°1, 2)w
for i,7 =1,...,dimg. By the definition of Yy (s, we have
u'(—1)*1 = Res,,xg ' (zo)u' (—1)1 = Reszzy  Yirro) (v (—1)1, zo)u'(—1)1.
Using this and the first equality in (2.4.30), we have

Yv(&()) (UZ(—]_)Q]., 1'2)
= ReSxox(;lYV(gvo) (Yv(g,o) (ui(—l)l, :L’O)ui(—l)l, xz)

e LI
0

—T9 + X1
Zo

Ty — T2

= Res,, 7y 'Res,, 7516 (
— Res,,z; 'Res,, 7516 ( > Yveoy (' (—1)1, 22) Yy g0y (u' (= 1)1, 1)
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= Res,, (21 — 22) "' (21)u' (22) — Resy, (=2 + 21) " ' (z)u’ (21)

= (Z u'(—m — l)ng) u'(wg) + u'(x9) Z u'(—m — 1)y | . (2.8.113)

meN me—7Z4

Using w € V(g), Vin)(¢,0) = 0 for n < 0 and u'(p)u’(q) = u'(q)u’(p) for p # —q and
1=1,...,dimg, we obtain

Yoo (u'(—=1)*1, 22)w

= (Z u'(—m — 1)1:’2”) u' (z9)w + u'(25) Z u'(—m — )z | w

meN me—27Z4
:ZZui(—m—l) w4 Z Zu — Dwzy" !
meN neZ me—7Z4 nEZ
. 7 7 m—n—1 7 7 m—n—1
= Z u'(—m — D)u'(n)wz) + Z u'(n)u'(—m — 1wz}
0<m<n<2 —3<m<n<m+3<2
+ Fi(z2)
2
= Z u'(—m — 2)wrh ™ + Z Jut (Dwzh ™2 4+ u'(—1)u' (0)wry !
m=0
0

2wz, "t + Z (Dwzy" 3 + Z (0)wzy ™% + Fy(x29)

u'
n=—3 n=—2 n=—1
= 2u'(=3)u' (2)wry ! + 2u' (—2)u' (Dwzy ' + 2u (= 1)u' (0)wzy b + 2u’ (=2)u' (2)wwy 2
+ 2u (=D’ (Dwzy 2 + u'(0)?wry? + 2u' (= 1)u' (2)wzy® + 2u’ (0)u' (1)wzy®
+ 2u(0)u' (2)wzy * 4+ u' (Du' (Dwzy* + Fi(x), (2.8.114)

D

where Fj(zy) € V(£,0)[[z2]] for i =1,...,dimg.
Using the commutator formula for the affine Lie algebra operators, the formulas

W' u'] = [, W] = [[u', o], [u', '] = 0,

the fact that {u’ }dlmg is an orthonormal basis and the invariance of the bilinear form (-,-),
we have

u'(2)u! (—1)%1 =0, (2.8.115)
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u'(1)u! (—1)*1 = [[u’,v], ] (=1)1 + 205,47 (—1)1, (2.8.116)
u' (0)u? (—=1)%1 = [u', v ] (—1)u! (=1)1 + o/ (—1)[u’, u?](—1)1

_ in:g ([, ), — D1+ f:g ([uf, 9], uP)ud (= 1)uf (=1)1
dlmg dlmg .
=Y 14+ > () —1)uf(—1)1
. (2.8.117)
Using the defintion of w,
Z[[u’,u’],u”] = Z[u”, [u', w!]] = Qu? = 2hY?
dimg dimg
Z[[ui,uj],uj] = Z[uj, (W, u']] = Qu' = 2hVu’
and (2.8.115)— (2.8.117), we obtain
u'(2)w = 0, (2.8.118)
% 1 Py i o] A
w(Dw = ST ;([[u ), ) (= 1)1 4 2050 (= 1)1) = u'(—1)1, (2.8.119)
w0 = Sy 3 3 (0 0 P L+ o w11
(gjhv) > 3 (@ [ D (DL (o D (-1 12)
=0 (2.8.120)
From (2.8.118)—(2.8.120), we obtain
u'(0)%w = 0, (2.8.121)
u'(0)u'(1)w = 0, (2.8.122)
u' (D' (Dw = ¢ (2.8.123)

Substituting (2.8.115)—(2.8.123) into the right-hand side of (2.8.114), summing over ¢ and
using the formula

Ly oy (—1)u'(—1)*1 = u'(=2)u'(—1) + v (= 1)u'(—2)1 = 2u'(—2)u’(—1)1,
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we obtain

dimg
Z Yv(gjo)(lbl(—l)z]_, 272)&1
=1
dim g dim g dim g dim g
=) 2wl (=2 (—D)ay + > 2wt (— Dt (—1)1ay” + Y eyt 4+ ) Fi(xs)
=1 =1 =1 =1
dim g
=2(0+ 1Y) Ly (o) (—Dwzy ' + 400+ hV)wzy” + Cdimglay* + ) Fi(zz).  (2.8.124)
=1

Dividing both sides of (2.8.124) by 2(£+h") and let G(2) = 5wy Yoiy * Fi(w),, we obtain

C
Yv(&o) (w, LEQ)W = Lv(&o)(—l)wIQ_l + 2&).%‘2_2 + §1$2_4 + G(l’g),

where
¢dimg

T

Using the commutator formula for Yy ¢y, we have

la(x1), Yv(e0)(w, 2)]
= Yvo(a(=1)1,21), Yy(eo)(w, 72)]

_ Tot+ @
— Res,, 270 ( 2 0) Yo o) Yo (a(—=1)1, z0)w, )

X

= Z Res,,x7 10 (x2 i xo) Yoo (a(n)w, xo)ag " (2.8.125)

Xz
nel 1

for a € g. From (2.8.115)—(2.8.117) and the fact that {u'};c; is a basis of g, by writing a € g
as a linear combination of u’ for i € I, we obtain

a(2)u?(—1)*1 =0, (2.8.126)

a(D)u! (=1)*1 = [[a, w'], w!](=1)1 + 2¢(a, v’ )u'(—1)1, (2.8.127)

a(0)u? (—1)°1 =) (a, [, u" ) (1) (=1)1 + Y (a, o, uf])u? (~1)uF(—1)1. (2.8.128)
From (2.8.126)—(2.8.128), we obtain

a(2)w =0, (2.8.129)

a(l)w = a(—1)1, (2.8.130)

a(0)w = 0. (2.8.131)



Using (2.8.129)-(2.8.131) and the formal Taylor’s theorem, we see that the right-hand side
of (2.8.125) becomes

e x0> Yooy (a(—1)1, z2)z;
1

ok db To 9 e
- Z Z Resmok_(;d_xlzcxl K ($_1) a(n)wg ;"™

d
=D o' (@) a(n)zy"! (2.8.132)

Res,,z7'6 (

Taking the coefficient of 27" 2,2 for m € Z on the left-hand sides of (2.8.125) and the
right-hand side of (2.8.125), we obtain

la(m), Resz, 22 Yv 0,0y (w, 22)] = ma(m). (2.8.133)

Taking the coefficient of 27" 'a;' for m € Z on the left-hand sides of (2.8.125) and the
right-hand side of (2.8.125), we obtain

[a(m), Resg, Yy (,0)(w, 22)] = ma(m — 1). (2.8.134)
Since Yy (,0)(w, x2)1 € V (£, 0)[[x2]],
Res,, 29Yv 0,0y (w, 22)1 = Resg, Yy 0y (w, 22)1 = 0. (2.8.135)
From (2.8.133)-(2.8.135) and the definitions of Ly (,0)(0) and Ly (g0 (—1), we obtain

[a(m), Resa,22Yy (0) (W, ¥2)] = [a(m), Ly (6,0 (0)],

[a(m), Resy, Yy (e.0)(w, 22)] = [a(m), Ly (e,0)(—1)],
Resg, 72 Yy (0,0 (W, 72)1 = Ly (4,0)(0)1,
(w

ReSmQYV(ZO ,x2>1 = LV([’O)(—l)l.

From these formulas, we obtain

Ly 0,0)(0) = Resg,z2Yv (1,0 (w, 72),
LV(Z,O)(_l) = ReSxQYV(g’O) (w, 352).

Thus w is a conformal element and V' (¢,0) is a vertex operator algebra. ]

2.8.3 The vertex operator algebra L(/,0) (for Wess-Zumino-Witten
models)

Even for simple g and ¢ € Z,, the vertex operator algebra V(¢,0) is in fact not the vertex
algebra for the Wess-Zumino-Witten model associated. We need to take an irreducible
quotient of V' (¢,0).
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Let 1(¢,0) be the maximal proper submodule of the g-module V' (¢,0). In fact, it is easy
to see that I(£,0) exists: Consider all g-submodules of V/(£,0) that do not contain 1. In
particular, homogeneous elements of these ﬁ-submodules have weights greater than 0. Take
1(2,0) to be the sum of all such g-submodules. Then 1 & (¢, 0) since 1 has weight 0. 1(¢,0)
is maximal. Let L(¢,0) = V(£,0)/I(¢,0). Then as a g-module, L(¢,0) is irreducible, that is,
there is no g-submodule of L(¢,0) that is not 0 or L(¢,0) itself.

We take the vacuum of L(¢,0) to be the equivalent class of the vacuum of V'(¢,0). We
define the vertex operator map Yy 0) : L(¢,0) ® L(¢,0) — L(¢,0)((x)) by

Yioy(u+1(¢,0),2)(v+ I(£,0) = Yy o (u,x)v+ I(£,0).

The vacuum 1.0 is defined to 1y + 1(¢,0) and in the case £ + h¥ # 0, the conformal
element wy ) is defined to be wy (g0 + 1(¢,0).

Theorem 2.8.6. The graded vector space L({,0) equipped with Yie0) and 1 is a grading-
restricted vertex algebra. When €+ h" # 0, L(¢,0) equipped with Yic0y, 110y and wre) is
a vertex operator algebra.

Proof. We need only verify that Yy, ) is well defined; all the axioms can be verified using
the properties of V(¢,0). To prove that Y is well defined, we need only show that
Yve,0)(u, z)v € 1(¢€,0)((x)) when one of u and v is in I(¢,0). Since I(£,0) is a g-submodule
of V(¢£,0), we have a(x)v € I(¢,0)((x)) for a € g and v € I(¢,0). Then by the definition of
the vertex operator map Yy () (see (2.5.49), we have

(v, Yooy (ar(ma) - - ax(mi)1, 2)v)
= Resg,—0 - Resg, o8 - - 0 R((V, a1 (&1 + 2) -+ - ap (& + 2)v))  (2.8.136)

foray,...,ap € g,m,...,myp € Z,v € V(£,0)and v’ € V(£,0)". To prove that Yy 0 (u,z)v €
I(£,0)((x)) foru € V(¢,0) and v € I(£,0), we need only prove Yy (s 0)(ai(m1) - - - ap(ms)1, 2)v €
I(¢,0)((x)) for ay,...,ar € g, my,...,my € Z and v € 1(£,0). Let I(£,0)° be the annihila-

tor of I(¢,0), that is, the subspace of V(¢,0)° containing all linear functionals v" on V(¢,0)

such that (v',v) = 0 for all v € I(¢,0). Then Yy (0 (a1(mq) - --ar(mg)1, z)v € I(£,0)((z)) if

and only if (v, Yi/(¢0)(a1(mq) - - - ax(my)1, z)v) = 0 for all v € I1(¢,0)°. From (2.8.136) and

a(x)v € I(¢,0)((z)) for a € g and v € I(¢,0), we see that the right-hand side of (2.8.136) is

0 for all ' € 1(¢,0)°. Thus the left-hand side of (2.8.136) is also 0 for all o' € I(¢,0)°.

We also need to prove Yy (o0y(u, z)v € I(£,0)((z)) for uw € 1(¢,0) and v € V(£,0). Since
L(—1) can be expresed as a linear combination of products of a(n) for a € g and n € Z and
I(¢,0) is a g-submodule of V' (¢,0), we have L(—1)I(¢,0)v € I(¢,0) for v € I(¢,0). Then by
the skew-symmetry (2.4.28),

Yv(e0)(u, 2)v = e:’:L(*l)YV(&O) (v, —x)u € I1(£,0)((x)).
Il

The vertex operator algebra underlying the Wess-Zumino-Witten model associated to a
finite-dimensional simple Lie algebra g and a level ¢ € Z, is exactly L(¢,0). In this case,
there is an explicit formula I(¢,0) = U(g)eg(—1)*t11, where 6 is the highest root of g and
eg is a root vector in gy (see [K] and [LL]).
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2.9 Examples: Virasoro vertex operator algebras

In this section, we give the constructions of the grading-restricted vertex algebras and vertex
operator algebras associated to the Virasoro algebra.

2.9.1 The vertex operator algebras V' (c,0)

We have seen the Virasoro operators above. Here we introduced the Virasoro algebra ab-
stractly. The Virasoro algebra is the graded vector space Vir = [], ., CL,, ® Cc with the
bracket operation given by

1
Ly, Ln) = (m —n) Ly + —(m3 — M)0m4n.0C,
=0

12
[c, Ln]

for m,n € Z. The center element c usually acts as a fixed number ¢ on a Vir-module. This
number is called the central charge of the module. In the preceding section, we have shown
that V' (¢,0) is a Vir-module with the central charge ¢ = Ze‘levg. The Virasoro algebra Vir
has a triangle decomposition: Vir = Vir, @ Virg @ Vir_, where Viry = [], . 17, CL,, and
Virg = CLy & Cc are subalgebras of Vir.

Fix ¢ € C. Consider the one dimensional vector space Cw,. with a basis w.o. For any
n € Z, we shall use L(n) to denote the action of L, on a Vir-module or a module for a
subalgebra of Vir containing the element L,. We give Cw.( a structure of Viry @ Vire-
module by defining L(n)w.g = 0 for n > 0 andcw.y = cw.o. Note that L(0)w.o = Ow,,
which means that w.( is an eigenvector of Ly with eigenvalue 0. This is the reason why we
use the notation w.. We have the induced Vir-module M (c, 0) = U(Vir) ®u (vir, o virg) Ce 0,
which by the Poincaré-Birkhoff-Witt theorem is linearly isomorphic to U(Vir_) ® w.o. We
shall identify M (c,0) with U(Vir_) ® w,p so that the Vir-module structure on M/(c,0) give
a Vir-module structure on U(Vir_) ® w.o. Then M(c, h) is spanned by elements of the form
L(—nq) -+ L(—ng)wep for ny, ..., ng € Z; and the action of Vir on M (¢, h) is given explicitly
by

L(—n)(L(—ny) - - - L(—ng)weo) = L(=n)L(—ny) - - - L(—ng)weo
for n € Z, and

k
+ Z i(n?’ - n)5n_ni70L(—n1) s L(—Tbi_l)L(—TLH_l) ce L(—nk)w670
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—f- 5n70hL<—7’Ll> .. L(—nk)wcp

for n € N. Moreover, M (c, 0) has a basis consisting of elements of the form L(—ny) - - - L(—ng)wep
forng > --->n, > 1.

Note that L(—1)w.o # 0in M (c,0). To construct a vertex operator algebra from M (c, 0),
we need to take a quotient of M(c,0) to make sure that L(—1) acting on the vacumm is
0. Let V(c,0) = M(c,0)/U(Vir)L(—1)w.o. Then V(c,0) is a nonzero Vir-module since
U(Vir)L(—1)w.o # M(c,0). Let 1, = w.o + U(Vir)L(—1)w.o. Then using the Virasoro
braket relations, we see that V(c, 0) is spanned by elements of the form L(—ny)--- L(—ny)1
for ny,...,nx € Zy + 1. We now give V (¢, 0) a vertex operator algebra structure.

Define the weight of L(—n;) - - - L(—ng)1 to be ny+- - -+ny. Then V(c,0) = [],,cny Viny (¢, 0),
where V(;,)(c,0) is the subspace of V(c,0) consisting of elements of weight n. The vacuum
for V(c,0) is 1. and the conformal vector is w, = L(—2)1.. Let T'(x) = > _, L(n)z™ "2
This is the generating field for V(c, 0).

nez
Proposition 2.9.1. We have

d _ 1 o _ 1 c 0% _ 1
T(x1),T =|—T =) —2T(zg)=—a5'0 | — ) — ===2,'6 (= ).
(o) T = (Tl ) 030 () = 2o s (2] = 5 o (2
Proof. By the definition of T'(x) and the Virasoro commutator relations, we have

[T'(21), T'(22)]

m,ne”L
—-m —n— c m n—

- Z (m —n)L(m +n)x;™ 20,2 + D Z (m® — M) 00wy ™ 2wy "2

m,nez m,ne”
= Z (2m — k)L(k)zy™ 2oy Fm=2 4 % Z(m?’ —m)zy " 22

m,kEZL meZ

—m—2

= ) (k= 2)L(k)ay" Py (ﬁ) —2 3 L{k)ay* 22y (—m — Dy 22yt

m,keZ L2 m,keZ

c
ED) (—m 4+ 1)(=m)(—m — 1)z ™ 22) 2
meZ

d 1o [T o _ T c #® T
Iy — (28 o (ag) Lt () = £ s (2
(da:Q (x2)> 720 (:1;’2) ($2)8x1x2 g <x2> 12 8:6?352 g (xg)

Proposition 2.9.2. The space V(c,0), the series T(x), the vacuum 1. and the Virasoro
operators L(n) for n € Z have the following properties:

]

1. Foraeh, [L0),T(z)] = 2LT(x) + T(z).

dx
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2. L(-1)1. =0, [L(-1),T(z)] = LT ().

T

3. T(x)1, € V(c,0)[[x]]. Moreover, lim, 0T (x)1, = L(—2)1, = w,.
4. The vector space V (c,0) is spanned by elements of the form
L(—nq) -+ L(—ng)1,
forny,....ng € Z,.

5. Fora,bep,
(21 — ) T (2))T(22) = (21 — 22) T (22)T(21).

Proof. Properties 1-4 are either obvious or can be verified easily. Property 5 follows from
Proposition 2.9.1. O

We are ready to define a vertex operator map

Yvieo) : V(e,0) @V (c,0) = V(c,0)[[z, 2]
U@ v = Yyeo)(u, z)v.

Note that V (¢, 0) has a basis
{L(=ny) - L(—ng)1lc |y, ..o yng € Zy +1,nq > -+ - > my

So we need only define the vertex operator Yy (o) (L(—n1) -+ L(—ng)1., x).
By Proposition 2.5.2, we know that for v € V(¢,0),v" € V(c,0)', the series (v/, T'(z1) - - - T'(zx)v)
is absolutely convergent on the region |z;| > - -+ > |z;| > 0 to a rational function R({v', T'(21) - - - T'(zx)v))
in the variables z1,..., z; with the only poles at z; = 0 and z; = z for j # [. Using these
rational functions, we define Yy (. 0)(L(—n1) - - L(—ny)1,, 2) for any z € C* by

(V' Yv(c0)(L(=n1) - - L(—ny)1c, 2)v)
= Resg, o+ - Resg =08y ™ - & " R((W, T(& + 2) -+ - T'(& + 2)v)). (2.9.137)

Theorem 2.9.3. The Z-graded vector space V' (c,0) equipped with the the vertex operator map
Yv(c0) defined by (2.9.137) forni,...,ny € Zy+1,v € V(c,0) and v' € V(c,0), the vacuum
1. and the conformal element w. = L(—2)1. is a vertex operator algebra. Moreover, this is

the unique vertex operator algebra structure on V(c,0) with the vacuum 1. and conformal
element w, such that Y (L(—2)1.,2) = T(x).

Proof. From Proposition 2.9.2, we see that the conditions to apply Theorem 2.5.7 in are
satisfied. Then by Theorem 2.5.7, we see that (V(c,0), Yy (o), 1c) is a grading-restricted
vertex algebra and it is the unique grading-restricted vertex algebra structure on V(c,0)
with the vacuum 1. such that Y (L(—2)1.,2) = T(z). It is clear that the axioms for the
conformal element w, holds. In particular, (V' (c,0), Yy (0., Le, we) is a vertex operator algebra
with the uniqueness stated in the theorem. O
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2.9.2 The Virasoro vertex operator algebras L(c,,,0) (for minimal
models)

When ¢ = ¢,, = 1 — 6% for coprime p,q € Z, + 1, the associated conformal field
theories are the minimal models. The vertex operator algebras for the minimal models are
not V(cp4,0). As in the case of Wess-Zumino-Novikov-Witten modules, we have to take an
irreducible quotient of V' (¢, 4, 0), which are also an irreducible quotient of M(c,4,0).

To obtain an irreducible quotient of M(c,,,0), we need to give a maximal proper Vir-
submodule of M(c,,,0). In fact, there is only one maximal proper Vir-submodule of
M(cp4,0). Consider the set of all proper Vir-submodules of M(c,,,0) that do not contain
We, ,0- This set is nonempty because we have at least the Vir-submodule U(Vir)L(—1)w,, 0
generated by L(—1)w,, o. Take the sum of all proper Vir-submodules in this set. Then
this sum also does not contain w,, 0 and is thus the unique maximal proper Vir-submodule
I(cpq,0) of M(cpy,0).

Let L(cpq,0) = M(cpq,0)/1(cpyq,0). Then as a Vir-module, L(c, 4, 0) is irreducible. Since
I(cpq,0) is maximal, it must contain U(Vir)L(—1)w,, 0. Hnece L(c,q,0) must also be a
quotient of V' (¢, 4,0). In particular, there exists a proper Vir-submodule J(c, 4, 0) of V' (¢, 4, 0)
such that L(cpq,0) = V(cpg,0)/J(cpg,0). Let 1p, 00 = 1c,, + J(cpg,0) € L(cpg,0) and
WEiepq0) = L(=2)1¢, . +J(Cpg;0) € L(cpgq,0). Since 1., , generates V (¢, 4, 0), J(cpq,0) cannot
contain 1., . So 17, 0 # 0. We also need to show that L(—2)w,, o is not in I(c,4,0). If
L(—2)w,, ,0 € J(cpgq,0), then

@ C
+ P,q — P,q 1

Cp,q 6 Cp,q 6 Cp,q*

L(2)L(-2)1.,. = L(—-2)L(2)1

Since ¢, 4 # 0, 1.,, must also in J(cpq,0) and thus J(cpq,0) = V(cpgq,0). Contradiction.
Thus L(—2)1.,, is not in J(c,4,0) and consequently, wr, .0y # 0. For u,v € V(c,4,0), we
define

Yiey.00) (4 J(Cpq,0)), 2) (v + J(cpg: 0)) = Yvie, .00 (1w 2)v 4+ J(cpg, 0).

This is well defined since for u € V(c,,,0) and v € J(cpq,0) or u € J(cpy,0) and v €
V(cpg,0)s Yv(epp0)(w )0 € J(Cpg,0). In particular, we have

YE(e.00) Wiy 0.0 T) (0 4 T (Cpgs 0)) = T(x)v + J(cpg, 0)[[z, 2] (2.9.138)
for v € V(cp4,0). Then we the following result:

Theorem 2.9.4. The Z-graded vector space L(c,4,0) equipped with the the vertex operator
map Y, ,0), the vacuum 1, . o) and the conformal element wi(c, 0y i a vertex operator
algebra. Moreover, this is the unique vertex operator algebra structure on L(c,,,0) with the

vacuum 1, o) and conformal element wi ., 0y such that (2.9.138) holds.

Cp,qs Cp,q>
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