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We show that for the prescribing scalar curvature problem on §" (n=3,4),
we can perturb (in an explicit way) any given positive continuous function in
any neighborhood of any given point on S” such that for the perturbed function
there exist many solutions. The related critical exponent equations —Adu=
K{x)u'"* 2" =2in R” (n= 3, 4}, with K(x) being asymptotically periodic in one of
the variables, are also studied and infinitely many positive solutions (modulo trans-
lations by its periods) are obtained under some additional mild hypotheses on K(x).
Some a priori estimates to solutions of the prescribing scalar curvature problem on
SJ are as given. " 1993 Academic Press, Inc.

0. INTRODUCTION

Let (8", g,) be the standard n-sphere. The prescribing scalar curvature
problem is the problem of finding suitable conditions on a function K(x)
on S” such that K(x) is the scalar curvature of a metric g on §” conformally
equivalent to g,. For n>=3, we write g=u¥""2g.: the problem
(Nirenberg’s problem) is equivalent to finding a positive function « on §”
which satisfies the following partial differential equation.

n{n—2) n—2 2)

—A u+ K(x)u(rr+2Hn 2 (l)

%0 & "Tan—1n)

where 4, denotes the Laplace-Beltrami operator associated with the
metric g,.

For n=2, we write g=e>g,; the problem is equivalent to finding a
function u on §? which satisfies the following equation

—Agou+l=K(x)ez”. (1)
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It is easy to see, by multiplying (1) for n>3) by « and interpreting by
parts, that a necessary condition for solving the problem is that K has to
be positive somewhere. For n=2, this follows from the Gauss-Bonnet
theorem.

It turns out that there is at least another obstruction (Kazdan-Warner
obstruction) to solving the problem. In particular, if S$” is embedded as
usual in R"*' and K(x) is strictly monotone in one direction, then (1) ((1')
for n=2) is not solvable. For instance, (1) ((1') for n =2) has no solution
for K(x)=x""'+2.

There have been many works devoted to the existence and multiplicity
results, trying to understand under what conditions (1) ((1’) for n=2) is
solvable. For details please see the works of Moser, Kazdan and Warner,
Bahri and Coron, Chang and Yang, Chen and Ding, Ding and Ni, Ni,
Han, Escobar, Schoen, Zhang, Chang and Liu,.. ([Mo, KW, BC2,
CY1-3, CD, DN, Ni2, El-2, ES, Scl-3, Ha, Z, SZ, CL]), and the
references therein.

We state one of our results on (1) for dimension # =3, 4.

THEOREM 0.1. Let KeL™*(S") (n=3,4). If for some Xe8", §>0,
K e C%(B;(%)) (B«X) denotes the geodesic ball in 8" of radius & and centered
at %), K(X)>0, then for any k=1,2,3,.., m=2,3, .., £€>0, there exists
K im€L™(S"), K 4, —KeC%S"), K, in—Klcogn<t Koym=K in
S"\B,(X), such that, for each 2 <s<m,
nn—2) n-—2

2y 2
u+ u= Kl:.k,m(x) u(n+ M )

—A =
w0 4 an—1)

has at least k positive solutions with s bumps.

Remark 0.1. The perturbation K, ,, can be constructed explicitly
(Section 5) and it is a way of gluing approximate solutions into genuine
solutions. The method is variational, rather than through implicit function
theorems as in [Ta, Sc3, Ka, Sm, Po,..]. Theorem 0.1 is derived in
Section 5 as a corollary of Theorem 5.1. In fact, we know much more about
the structure of the solutions we produced. This becomes clear in Section 5.

Remark 0.2. From the proof (see Section5) we can see that if
dimension n=3 and Ke C'(B. (%)), then we can choose K, ,, to further
satisfy K, ;. ,,— Ke C™(S?).

Remark 0.3. One cannot expect to perturb any K(x) near any point
xeS” in the C' sense to obtain the existence of solutions. This is evident
if we take K(x)=x""'+2 and % to be different from the north and
the south poles, since the perturbed function would still violate the
Kazdan-Warner conditions.



SCALAR CURVATURE 45

Next we look at a related problem,

—Adu=K(x)ulr -2 in R”,

(2)

u>0

There have been many works on (2), see Ni [N1-N2], Ding and Ni
[DN], Li and Ni [LN], etc., and the references therein.

We should point out that (1) is exactly (2) (up to a harmless positive
constant in front of K(x)) after making a stereographic projection. There-
fore, if K behaves well at infinity and a solution » of (2) decays to zero at
infinity (hence » must decay to zero at the rate of |x|* "), then u is actually
a solution of (1).

In [Lil1], the author has studied

—du=K(x)u* in R?, (3)

and has proved for a large class of positive functions K(x) that (3) has
infinitely many positive solutions which decay at infinity at the rate of
1/1x|. In this paper, we prove some further results concerning both (1) and
(2) in dimensions n = 3, 4. Many of the results in this have been announced
and briefly described in [Li2].

Let E be the closure of C*(R") (set of all smooth functions with
compact support) under the norm |[ulf,= ({g.IVu[?)'”. E is clearly a

Hilbert space. We now simply use {-|| to denote {-|f .
We define the Sobolev constant S, by
23152
$,—min e V1)

we £ (jR" lulzmmfzy)m—— 2320

For any  in L*(R"), 0 <t <4/(n~-2), we define

1 2n o
fot) =5 [ v~ (25 )

2 (n—2)2) 2
(2n/{n— 21}~ ¢
X —_— u s uek,
f'/' (1 + l-|2> .

I,=1,,.
Clearly, 1, .€ C*(E, R).

THEOREM 0.2. Suppose that K(x)e L*(R?) satisfies

1. For some positive constant T>0, R>0, K(x,+IT, x;, x;)=
K(x,, x5, x3) for any integer | with |x,|, |x, +IT| > R, x={x,, x5, x;)eR".
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2. There exists x*e {x=(x,, x5, x3) | |x,| > R}, such that K is C* in
a neighborhood of x* with

K(x*)= sup K(x)>0,

xeRY, x| >R

AK(x*) #0.

Then for any m=2, 3, 4, ..., (2) has infintely many m-bump solutions in E.

More precisely, for any ¢>0, m=2 3,4, .., there exists some positive
constant [* > R, such that, for any integers [V, ., I'®) satisfying 2<k <m,
min, ¢, <, 1O, min, . [I'?— 19| 2 1*, there is at least one solution u of (2)
in Vik, e, B,(x'"), .., B,(x'*")) with

ke—e<Ig(u)<ke+e,

where X' = x* + (I'T, 0, 0), ¢ = (1/3)(K(x*)) 2 (S5)" and V{k, &, B,(x"""),
o B (x"1)) is some subset of E defined in Appendix A.

Remark 04. ueVi(k, e, B(x'"), .., B.(x*")) implies that » has most of
its mass concentrated in B.(xV), ..., B(x"). In particular, if (/'", .., %)) #
('Y, ..., ['*"), the corresponding solutions u and @ are different.

Remark 0.5, Let KeC*(R*)nL*(R%) satisfy the hypotheses of
Theorem 0.2. Then the conclusion of Theorem 0.2 holds not only for X, but
also for any functions in a suitably small C* neighborhood of K. This can
be seen easily from the proof.

THEOREM 0.3.  Suppose that K(x)e L™(R") (n =3, 4) satisfies
(i) For some positive constant T>0, K(x,+IT, x3,..,x,)=
K(x,, x,, ..., x,,) for any integer | and x =(x,, .., x,) e R".

(1) There exist some positive constants K,, K,, 6 >0, a bounded open
set OcR”, x*e O, such that

KeCY(0) for n=3 “@

Ke CH0) for n=4
K, <K(x)<K, xe0, (5)
K(x*)=K, = sukpn K(x)= maé K(x)+9, (6)

xeO0, K, — < K(x)< K,ay, VK(x) =0 implies AK(x)=0 ifn=4.
(7)
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Then for any £> 0, (2) has infinitely many solutions in E satisfying

c<Ig(u)<c+e or 2c—e< I (u)<2c+e (8)

and

sup{|lull .= | Ix(u) =0, u>0, ue E, u satisfies (8)} = oc, (9)
where

e=1 (KGR (S,

More precisely, for any ¢>0, there exists I1*>0, such that, for any
integers 1'V), 1) satisfying |1V —1'2)| > I*, there is at least one solution u of
(2)in V(1, e, O)u V(2,5 OV, O, K) with (8), where

0M=0+("T,0,.,0),0?=0+(?T,0,..,0),

and V(l,¢ 0), V(2,& 0", 0", K) are some subsets of E defined in
Section 1 and Appendix A.

One can easily derive from Theorem 0.3 the following corollary,

CoroLLARY 0.1. Suppose that K(x)e C'(R?) or C*(R*) satisfies (i) and

(i) Kmax=max  g. K(x)>0 is achieved and the set K "(K,.,)=
{xeR"| K(x)= K.} has at least one bounded connected component. If
n=4, we further require that AK>0 on critical points of K in the bounded
component.

Then for any ¢>0, (2) (n=23,4) has infinitely many solutions in E
satisfving (8) and (9).

Remark 0.6. Corollary 0.1 is not true any more if one drops the
hypothesis (ii)’. See [Lil] for the examples.

Theorems 0.1, 0.2, and 0.3, and some other corollaries are derived in
Section 5 from Theorem 5.1, a more general result on (2).

To derive Theorem 5.1, we first study a compactified problem
(Theorem 3.1) in Section 1-4. Then we derive Theorem 5.1 by using
Theorem 3.1 and some recent results of Schoen [Sc2]. Theorem 3.1 holds
for all dimensions n > 3. The dimension restriction n =3, 4 comes in only
when we do the blow up analysis to derive Theorem 5.1.

580/118;1-4
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To prove Theorem 3.1, we first establish some a priori estimates in
Section 1 (Propositions 1.1-1.4). Next we adopt and modify a minimax
procedure as in Coti Zelati and Rabinowitz [CR1, CR2]. The minimax
procedure mentioned above was introduced first in study’s of the existence
of homoclinic orbits to Hamiltonian systems. See [Se] for a closely related
minimax procedure introduced earlier by Séré¢, as well as a related and even
carlier paper by Coti Zelati, Fkeland, and Séré [CES].

In Appendix A (Proposition A.1) we rule out, for 3<n<6, the
possibility of “one point blow up” near any critical point of K with 4K #0.
This is needed in establishing Theorem 0.2. Using Proposition A.1 together
with some recent works of Schoen and Zhang (see [Z], [SZ]), we
immediately obtain the following result.

THEOREM 04. Let Ke CXS?) satisfy, for some constants K, d >0, that

K, < K(x), Vxe$§?,

min 14, K(x)| = d.

£0
IxeSI VK < d}

Then for all positive solutions u of (1), 0<a <1,

l[ull sy flae Il s S C,

where C depends only on K, d, || K|| c2s3,,» ® and the modulo of continuity of
V2 K on S’

In {HL], Han and the present author have given some existence results
as an application of such a prion estimates.

The author has been informed by Professor Chang that results similar to
Theorem 0.4 have been obtained in [CGY] by a somewhat different
approach.

1. SOME A PRIORI ESTIMATES
In this section we present some a priori estimates of solutions to the
equation
—du=K(x) |u[ "Dty x| 21,

for t >0 small.
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ProposITION 1.1. Suppose thar KeL™(R"\B,(0)) (n=3) with
| K| .- < Ay for some constant A,. Then there exists some positive constant
wy=uyn, Ag) >0, C(n, Ag) >0, such that for any solutions u of

—du=K(x) ¥ Du, x| >1,

with Vue L*(R"\B,(0)), ue L>"" - 2(R"\B,(0)), and

| var<a,
[x] =1

we have

fu(x)| < C(n, Ag) |x|°7", Vix|=2.

Proof. 1t follows from the proof of Proposition 3.1 in [Lil] that

J e < ot [ 19 < Cotm s
x[ =1

Throughout the paper, C,= Cy(n)> 1 denotes some universal constant
whose value may change from line to line.
We perform a Kelvin transformation on u by letting

X
.}‘=Ws IX' =1,

l"( r)—_._l_. (..’.L)
PET )

It is not difficult to see that v(y) satisfies

y
[¥]?

—A)= K< ) WO D), 0<yl <L,

Furthermore,

J|<| L 'VU,Z-*-JI <1 'UIZM(" 2)$C0(n)lul'

A theorem by Brezis and Kato [BK] implies that ve L™(B,,,(0)). It
follows then from the standard elliptic theories that ve C"* To prove
Proposition 1.1, we only have to prove

IUIL"(BLZ(OHSC('I, Ay). (10)



50 YANYAN LI
We prove (10) by contradiction argument. If (10) is not true, then there
exist some functions K;(x}), u;(x), j=1,2,3, .., such that, for [x| > 1,
HK/”L’ SA[]&

—du;= K, (x) |u |V P,

el ] <,
RES

[NEY

[0 o8y a00y) = s

where v, is obtained as before by a Kelvin transformation on u;.
Let y, € By,,,(0) be the maximum of the quantity

(09 =1y, 22 o, ()| = max (0.9 — Ly =272 o, ().

v <0

Let 6,=3(0.9—|y,|) > 0; clearly we have
O'(»” - 2)2 sup |U(’l 2 (%)(n— 2)/2 (09 _ '.vjl )111—2)9‘2 10‘,(},1_}[

i
Ba, (1)
= (3" 22 max (09— [y} 7 |o,(»)]

[yl <0

22 max (09— [¥)" P2 jo,(»)]

Iy} <152

> (H 22 (09— Hho- 12

ol

=(3)

- oo

10,01 = (09— 1) ™ max (09— |¥)" ' |u,(y)

2(09—1[p,D? ™2 max (09—[y)" 22 v;(»)

iy -pl<a

2(20,)2 "2 (6,)" % max |v,(p)l

[y ~wi<a;

= (5" 22 max [p,(y)].

[y »ylso,

Therefore we have
[y;l <0.9,

(6,)" =92 max |v;(¥)| = co,

Iy —yil <o

lo,(y)1 = ()" max [o,(p)l.

ly—yl <o
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Without loss of generality, we assume that
v;(y,)>0.
Let

) 1 << 1 >2,’(n2) .\ ) <oy 2
wz)= v, z+ v |, Izl <o (y)” o, — 0.
J v, ( yj) J b‘/ ( yj) 4 7 i i

Clearly,

| [V, 2 I, |27~ < Co) .
(B4 '-'/U'l)2 '"72}”1

1 2i(n—2) ) S
—dwy(2)=K, (( ) : +y,,) () 2 (2),

U/(y/')
Yzl <v ()" oy,
w,-(0)= 1,
|W,-(Z)| <2 znz’ Yzl < U./(»V/)ZM -2) o

51

By the standard elliptic theories, {w;} is bounded in W{;¢ (¢ > 1). There-

loc

fore, by passing to a subsequence, we can assume that w;, —~w in Wp?.

K be the weak * limit of {K,((1/v,(y,)*" P z+y,)} in L

 (R"). One
easily that |K|,- < A,. Sending j — oo, we obtain

—Aw =K |w|¥ =Py in R”
We see easily that w(0)=1 and
J,, (912 w72 < Cotm)

Multiplying (11) by w and integrating by parts, we have

J‘ 'VW|2 =J. E |w|2m‘(n -2)
R” R

ni{n - 2) 1 2ni(n — 2)
< Ao (L Vi 2) (s—) :
Therefore we have

2/(n — 2} 1 2ni(n —2)
1 <A, (j |Vw|2) (-)
R" S,

1

‘ 2ni(n—2)
< Ag(Coln) u, )y D (:S'—)

Let
sees

(11)
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This is a contradiction if we choose u, = p,(n, A,) to satisfy

) 1 2nitn - 2)
Ag(Coln) p (n, Ag))* 2)('S_> <1. }

We can deduce from Proposition 1.1 the following result.

PropoSITION 1.2, Let u,=pu,(n, A5) >0, C(n, Ay) > 0 be the constants in
Proposition 1.1, then for any 2 <, <[, < oG, there exists a positive constant,
Ry =R,(n, Ag, uy, 11, 1) > Ly, such that, for any Ke L™(Bg (0\B,(0)) with
IKl ;- < Ay and any solutions u of

—Adu=K(x) [u|*" Pu, 1 <|x| <Ry,
with
| Val* + D <y,
1< lx|< Ry 1< (x| < Ry
we have
2C(n, A
i) < 26040 g <l

len 2

Proof. Suppose the contrary, that for R,=1,+/, 3,4, 5, ..., there exists
u, such that, for 1 <|x| < R,, we have

— Au,= K, (x) ul 7",

1Kl < Ao,

2 2n -2
| Vi |2+ | 4 <
t<ixi<R 1<ixl< R,

but

max |x|" ?|u;(x)| >2C(n, 4,).
hglxlsh
Arguing as in the proof of Proposition 1.1, we know that for any
O<pu<l, |y, ||L1(BR 2O1\B1 0D is bounded by a constant independent of j.
Let u be the Wi ‘weak limit of u, (passing to a subsequence); we know
that
—Au=K |u|¥" Dy,
max |x|" "% ju(x)] = 2C(n, 4o), (12)

h<lxlgh

where K(x) is the weak * limit of K,(x) in L™, ||K| .« < 4.
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On the other hand, it follows from Proposition 1.1 that
C(n, A
() <-,(7"|——) Vx| >2

This contradicts (12). |

PROPOSITION 1.3.  Suppose that Ke L*(B,(0\B,(0)), I,>1, 1> 100/,
u is a solution of

—Au(z) = K(z2) lu(2)| ¥~ y, I, <zl <1,

satisfying

A
[u(2) €= IR HE S

B

Then we have

ClA MKl m L
1= = 2

V < s
[Vu(z)| FE 3

where C(A, | K| «,n) is some positive constant depending only on A,
1Kl L= n.

Proof. For any re (4, 31,), we have

— du(z) = KG) )"V u S<Iz <,

Iu(z)isl—zrf—zs(%)nwfi, %SIZISZL
Let
v(x)=r""2u(rx), 1<|x <2,
we have

— Av(x) =r1—2]((rx) Jo(x)] 4 Dy,

Using the fact that |v(x)| <2" 24 and | — dv(x)| < |K]j, « 2724+ 2Vin=2)
in the annulus {xeR”|$<x<2}, we deduce from the standard elliptic

theories that

IVo(x)| S C(A4, K|l <, ), x| =1,
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namely,

C(A, |K| =,
IVMzné—Lj%%%—ﬁl lzl=r. 11

PROPOSITION 1.4, For any 2 <l <!, <o, Ay>0, there exists 0 < u,=
ws(n, Agy < pi(n, Ag), =11, 15, n, Ay) >0, such that, for any 0<1<1,
Ke L™(B, (0\B(0)) with |K| . < Ay and any solutions u of

—Au=K(x) luf¥" 2y, 1 <|x| <2R,,

with
J IVII|2+J. |u'2n/‘(nf2)<u2’
1< |x|<2R 1< x| <2R;
we have
3C(n, A,)
fu(x)] QT(I-"—T’ Vi < x| <1,

where R,, C(n, A,) are the constants in Proposition 1.2.

Proof. Suppose Proposition 1.4 is false, there exists a sequence 1,0,
and u_ satisfying

— du, = K(x) Iur’|4,~(n - 2'ut,, | <|x|<2R,
with

2 2ni(n -2
| Vi )2 + | g |27 <
1< |x]<2R 1< |x|< 2R

and
max {|x|""? u, (x)] } = 3C(n, Ay). (13)

h<lxlgh

Choosing p,€(0, u,) to be small, we use an argument similar to
that used in the proof of Proposition 1.1 to obtain (by passing to a
subsequence}

U, —u in CLX({xeR" | 1 <|x| <2R,}).

foc

It follows that u satisfies all the hypotheses of Proposition 1.2 and
therefore satisfies

max  {Ix1"~2 u(x)|} <2C(n, 4,). (14)

h<lxl<h

Equations {13) and (14) contradict each other after sending j to co. |
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2. A MINIMIZATION PROBLEM

Let x, x,;eR", [x; —x,| 210, Q=R"\{B,(x,)u B,(x;)}. We define E,
by taking the closure of {u|ue C*(R2), suppu is compact} under the

norm
1/2
”u” Eo = (JQ Ivulz) + (jﬂ }ullnyln - 2))

Clearly, E, is a Banach space.
It has been proved in [Lil] (see Proposition 3.1 there) that ue E, iff
there exists u € E, such that u=14|g and Yue E,,

(n- 2)2n

el

n-2)2n 172
(f lulZn,[nZ)>' ) SCO(”) <J‘ lvulz) . (15)

In the following we study a minimization problem. Let 2 be as before
and let Ke L™ (£2) satisfy

1Kl - < Ao,

for some constant A,,.
We define, for 0 <t <2/(n—2), a functional on E, by

] , 2’1 — 1 2 {n-2)2)t
L =3 [, 1vu _(n—z_’> LK(I T I-Iz)

X |u|2itn =20 - uekE,.

It follows from Holder inequalities and (15) that for any «e E, we have

)= [ Vel < 40 o) B 538,

< 4Coln) (jg |Vu|2)“*‘2’<2"‘“‘"* B0 (16)

PrROPOSITION 2.1. There exist some constants, QO <ro=rqn, Ag) <1,
Cy= C‘32(n)> 1, such that, for any x,, x,€R", |x;,—x,/=10,
(PEH]" ((By(x1) v Bi(x3)))  with  r=|0llw2as0)0mem S o the
Sfollowing minimum is achieved.

: 2 2
min {It(l{) | ue EQ, ula(gl(m)uB]lxz)) =, J.Q 'Vul < C}(n) ro}‘
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The minimizer is unique (denoted u,} and satisfies IQ |Vu,’<iC J(n) r.

Furthermore, the map ¢ —u,, is continuous from H'?(3(B,(x,) U B,(x,)))
to E.

Proof. 1t is well known that there exists constant C;= Cy(n)>0 and
®e E,, such that

f Vo |? <———C3én) r?
Q2

and

Dl o500 0 Bixay = P

The value of C; had been chosen now. As for the value of ry(n, 4,), it
is determined in the following.
First we require ry(n, 44) >0 to be small enough that

1 5 5 (1L2)Y2ni(n —2)— 1)
1@ <3 [ 1o+ oCom ([ vor?)
2 Q

4 ,
<- 2
5 j:z Vel

Cy(n)
10

2
[

<

Then we choose ry(n, A,) >0 to further satisfy
Ao Co(n)(20rCy(n)) VA& == 1 (17)

We observe first that for any w in {ue Eg | C3r?/2< [, |Vul*> <20C;r3}
we can derive from (16) and (17) that

1 2
Lw>g | v

1 <C3)2)
zZ -
4 2

> [ (D).

Next we prove the existence of the minimizer.

Write u=v+ @, v|,0=0, J (v)=1(u)=I(v+ D).

We only need to minimize J (v) for [, [Vv|? <2C;(n) r} due to the above
argument. It is easy to see that if r, is small enough then J, is strictly
convex in the ball {ve E, | v].0=0, {, |Vv]><2Cs(n)rl}. Therefore it is
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standard to conclude the existence of a unique local minimizer v,. Set
u,=v,+ @, then u, is a local minimizer. As discussed above, u,, satisfies
fa IVu,|? < (Cy(n)/2) r*. The uniqueness and the continuity of the map
¢ —u, follows from the strict local convexity of J,. An alternative proof
can be made by integration by parts. See [Lil] for the details.

3. UniForM Lower BOUNDS OF THE GRADIENT VECTORS IN
CERTAIN REGIONS OF F

We introduce some notation which is used throughout the paper.

From now on, B,(x)<=R”" denotes a ball of radius r>0 centered at
xeR" Let {K,(x)} be a sequence of functions in L>(R"), satisfying the
following conditions.

(i) There exists some positive constant 4, > 1, such that, for any
1=1,23, .,

IK(x)| <A4,, VxeR" (18)

(i) For some integer m>2, there exist x!’eR", 1<i<m,

R,<§min,,, |x{" —x}”"), such that K, is continuous near x}".

lim R,= o0, (19)
= x
K(x'")y= max  K,(x), 1<ig<m, (20)
xe Bgy x4
lim K,(x!{")=a"", 1<ism, (21)
I —
KO(x) = (weak *) lim K, (x+x{"), 1<i<m. (22)
{— oo

(iii) There exist some positive constants 4,, A;> 1, §,, 4, >0, and
some bounded open sets O!", .., 0" < R" such that, if we define for
1<i<m,

0" = {xeR" | dist(x, 0{") < ,},

m ”m
o~ oy. 06,-{) o
i=1 i=1

we have

. o . 1
x7e 0y, diam(0{") < m R,,

1
e (o, 0])

(23)
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K, (x")= max K,(x)+4,, (24)
xedo)
max IVK,(x)| < A4;. (25)

For ¢>0, we define V,/(m e)=V(me 0)),., 0, K) as in
Appendix A. For the reader’s convenience, we repeat the definition here for
m=2.

ueV,(2,¢) if ue E and there exist a;, o, eR, x=(x,, x,)e 0" x 0%,
A=(4,, 4,), such that

1
)"l’ 2.2>",
&

la; — K, (x,)? "] <, i=1,2,
Hu - (p(a7 X, A)” <g,
where

Qo x, A) =0, 8(x,, A1)+, 0(x,, 4,),

(n 22
(x;, ’]~i)(_l’)=(n(n—2))‘" 2)4 (_—_)_,____) .

T+ A7y — x|
It is well known that for any x;e R", 4;>0,
Mx;, A)eE,
—A48(x;, 4,)=8(x,, A" TV D in R,

i6€x,, 21 = 18(0, D,

S = (f [V5(0, 1)|2>”".

Let 7,>0 be a sequence satisfying

lim 1,=0, lim (|x$"] + [x$2P)o=1. (26)
=

{-

PROPOSITION 3.1.  There exists ey € (0, 1) depending only on A,, A,, A,,
n, 04, and m, but independent of I, such that, for any 0 <e<eg,, ueV,(2, ¢),

min  |Ju— @(a, x, 1)| 27)

(o, x.A) € Bae
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has a unique solution modulo permutation, and it is achieved in B, with
x, €0, x,e 0% for large I, where

&

B* = {(aa X, A) ' X = (X[, XZ)’ xl’ xZERn’

1 1
-2)4 — (3 4
ZA(,,,ZhugalsaZSzA(Zn ’l—(AlalZ)azlw’tZ;g .
2

Proposition 3.1 follows immediately from Lemma A.1 in Appendix A.
For ue V,(2,¢), 0 <& <y, we always make the minimization (27) and
denote u as

u=o d(x, A))+ah 8(xhy, A+,

where o; = a’=a/(u), x,= x!=x!(u), ..., are well defined by the uniqueness
of the minimizer in (27).

LEMMA 3.1. There exists some constant A,= A4(8,, A))> 1 such thai,
for €,€(0,e,) small enough and for [ large enough, 0<t<1,, any
ueV,(2, &) with x,(u)ye OV, x,(u)e O, and dist(x (u), 20!") <, /24,
or dist(x,(u), 80'¥) < 8,/24, satisfies

1
I, (W)= + P —,
where

D ‘
C“'=;(a“))'2" n)/2 (S")n. (28)

Proof of Lemma 3.1. First we can prove that
Imi - I<I(~’(i)‘2 MM' = Osl(l )a

where -, (1) denotes some quantity which goes to zero as ¢, goes to zero.
See [BC1] for the proof of the above (see also Lemma 4.2 of [Lil]).

Without loss of generality, we assume that for x,=x,(u),
dist(x,, d0!V)< &,/24,. Then we have the following for ¢, >0 small and /
large.

[Kl,r(u)

1l

IKI.r(ai ox;, A+ %1(1 )

“'MN ] MN

1]([,1.'(Kl(xl')(2A"]/4 5('Yis ’i,)) + oc‘( 1 )
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- 2 l (2- »)2 2_< 2" _ )l
-3 {2 K/(x)® ™2 [ V8(0, 1)) = (=5~

- a4 l ((n—2)2)t
X K,(x,-)""’*“””" 2} “J‘K1<1 " I |2>

X 8{x;, 8,y b (1)

_ Z { K (x) "'ija(o 12—

i=1

x [ K 8(x,, e } + o, (1) +2(1)

2 J -2 | ,
) {— Kix)? " [ 1980, DIP === Ki(x) "2 (n(n—2))"

(x)" "

(4;)
JLSTrw e 2”2”}“”‘“)““)

1952 s , n—-2 (2 - ny2
—’Zl{ Koo)' 2 [ 1980, 1)1 =252 Ky(x)

x [ (0, 127 2'}+c,,l(n+ )

21 22
=3 ;K/(X,-)"’ S+ e, (1) +o(1)
i=1
1 " { DAt s
>~ (K,(XV') —38,/2)* ™2 (S,,)”+;K/(X$”’)“ (S, o, (1) 4 0(1)
S (7)
Z c +A

i=1

The choice of 4, and the last two inequalities are evident (see (21), (20)

(28), (25), and (24)).
From now on, the value of 4, is fixed and the value of ¢, is also fixed

THEOREM 3.1.  Suppose that {K,} is a sequence of functions in L™(R")
satisfying (1), (ii), and (iii) of Section 3. If there exist some bounded open
sets OV, .., 0" = R" and some positive constants &,, §,> 0, such that, for

all 1 <igm,
xPe 0, for all |,

o\ —
{u| Iy} =0,u>0,uc E, " <Igo(u) <V + 85}

A V(L 85, 0%, K9) = 4. (29)
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Then for any €>0, there exists integer I_,,>0, such that, for all 121,
0 <t <1, there exists uy=u,;, € V,(m,¢e) which solves

2 ((n—2)2)t ‘
—du,= K, (x) (—-—1 ~ ‘|2> e 2R
u,cE, (30)

u,>0.

Furthermore, u, satisfies

-ty ()<Y M +e (31)
~ .

i=1 i=1

Remark 3.1. Equation (29) can be replaced by
sup{fiull o+ [ Lyo(u) =0, u>0,ue E, "< Lo(u) < ¢+ 6,} < 1/85.

We prove Theorem 3.1 by contradiction argument and, for simplicity,
only for m=2. The changes for m > 2 are evident. From now on we sup-
pose the contrary of Theorem 3.1, namely, that for some &* > 0, a sequence
of I = oo, 0 <1, < 1, (without loss of generality, we assume that the follow-
ing statement is true for the whole sequence), such that (30), for T =1, has
no solution in V,(2, ¢*) satisfying (31) with ¢=¢* The above is always
referred to as “the contrary of Theorem 3.1

We define, for ¢,>0, ¥,(2, &,) < E by the following.

ue V,(2, &,) if there exist a;, 2, € R, x=(x,, x,)€ 0" x 0, i =(4,, 4,),
such that

1

Ay Ay >—,
&
Ai—1l<e,,  i=1,2,
la,-K,(x,»)‘Z*"'/“|<£2, i=1,2,
2 ;L,- N\ 2/pi— 1)
) °"’<1+131-—x,-)2) l sf

Throughout the paper, p;= (n+2)/(n—2)—1,.

LeMMA 3.2, For ¢,>0 small enough, depending only on ¢,, ¢*, n (but
independent of 1), we have, for I large enough,

V(2 e) e V2, (1)) e Vi(2.6) NV, (2, 8%), (32)

where o (1) denotes some quantity which is independent of | and tends to zero
as &, tends to zero.
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Proof of Lemma 32. For ueV,2,¢&), let o, a,, x=(x,,x,),
A= (A, 2,) be as in the definition of ¥,(2, ¢,), and we can check easily that

A

2 _ (n -2)2
u—3 o\ ————3
Z (]'*"]v?"_xilz)

i=1

Sep(1)+0(1)).

Lemma 3.2 follows immediately.

ProOPOSITION 3.2. Under the hypotheses of Theorem3.1 and the
contrary  of Theorem 3.1, there exists t,e(0, min{egy, €, ¢*, d3}),
e,€ (0, min{ey, &, &5, €%, 03 }) which are independent of I, such that (32)

holds for ¢, a::d there exists O4=0,4(83,€3)>0, [}, ., > 1, such that, for any
121, o ue Vi(2, 2NV (2, 82/2), g (1) = (¢ +P)| <&, we have

£, 61°

k()| 2 B4,

where I'y, , denotes the Fréchet derivative and as usual we often identify the
dual space of E as E through the inner product.

Proof. Evidently we have, under the contrary of Theorem 3.1, that for
each /,

inf{ 17, () | we V2, e \F (2. €2/2), U () ~ () + )] <3} >0,

We prove Proposition 3.2 by contradiction argument. Suppose the con-
trary; then no matter how small &,, £, >0 are, there exists a sequence of
! — oo (without loss of generality we assume the following statement holds
for the whole sequence), such that

{H,}E [7[(2’ 62)\‘71(25 82/2)’ (33)
lIK,.r,(“))“(C“)'*'C(z)N<£3, (34)
fim 7y, ()] =0, (35)

We write
w=oh 8(x!, A Y+ ab 8(xh, A+, (36)

after making the minimization (27). It is elementary to derive for ¢,>0
small enough that

Sogll), (37)
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lal— K, (x)2 "4 <o (1), i=1,2, (38)
loll <,(1), (39)
dist(x}, O{"), dist(x}, O) <, (1). (40)

See [BC1] (also [Lil]) for helpful arguments to derive the above.
Claim 1.

lim A{= lim ii=o00,  provided ¢, >0 is small enough.

/- x {— +x

Proof of Claim 1. Suppose the contrary, A\ =2, +(1) along a
subsequence / — o0. Without toss of generality, we assume the above for the
whole sequence.

For xe R”, we define a linear isometry T,: £ — E by

(T w)(-)=u(-+x).
It follows from (36) that
Tou=o18(0, A1) +ay 6(xf—x{, A4)+ Tyv,
By passing to a sequence, we have

llm a[l = Otl € [%(Az)(z AR 052(] )a 2(A 2)“‘ s + cez(l )]3

- <
Tyv,—wo weakly in E.
It follows from standard functional analysis arguments that

[woll < lim [T vl <o.,(1). (41)

I — o
It follows from (ii) that

lim |x{— x| > lim R,= cc. (42)
! = {— x

Therefore we have the following weak convergence in E,
Tgu—~w:=0a,0(0, 4;)+wo. (43)

It is obvious that w0 if ¢, is small enough.
Next we prove that w is a solution of the following equation,

—Aw=T,K'V(x) w*" 2w inR", (44)

where (e 0", dist({, 30'") > 6,/2.

5RO 118 1-5
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For any test function ¢ € C(R"), it follows from (35) that
U o u T _@)=o(1) | T_y ol

=o(1) [ell
=o(1).
Therefore, by using (26), (43), (22), and (25), we obtain
1 ((n—2)2)y 4 5
o(1)= f Vu, VT _ o~ f K, <1~+—|—|5) lu| Y2 w, T g
1 (=221
= f V(T u) Vo —J‘ (TyK)) (m)

X AT guy| =2 (Taw) @

= [ Vi Vo — [ TLKD(0) w02 wp +o(1),

where { =lim,_ (x! — x{'') along a subsequence.

We have thus established (44).

The positivity of w follows from the following argument.

Let w=w*(x)—w (x), w*(x})=max{w(x),0}, w (x)=max{ —w(x),0}.
It follows from (43) and (41) that [ (w ™~ )* 2 << (1). Multiplying (44)
by w~ and integrating by parts, we have

f IVw ~|? gj T K (x)(w )22

‘ (n—2)n
<ol (J oo ye2)

SR

If &, >0 is small enough, we immediately obtain w~ =0; namely, w=0.
It follows from (44) and the strong maximum principle that w> 0.

We also need to estimate the value of 77 xn(w) in order to obtain a
contradiction. The estimate we are going to establish is

I pn(w) < eV o, (1), (45)

where o, (1) denotes some quantity which goes to zero as o, (1) goes to
zero.

The first part of (45) can be proved by multiplying w on (44), integrating
by part, using the definition of S, and the fact that K’ <a'". For the
details please see Lemma 5.1 in [Lil].
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It is clear that (see (18))
IKD(x) <4, VxeR"

Using (36) and noting the facts

1
E<o£2(1)<1, (46)

lim |x{ —x}| = o0,
=
”UIH g ogz(l )a
we have, for large /, that
IK/,rl(u/) = IK,_t/(all 5(x/1 ’ )"ll)) + IK,.r/(alz 5(“"27 j'12)) + 052(1)

= IT,’IK/,rI(all 0(0, A1)+ g, (@ 0(xY, A5)) + 2, (1) + (1)
= IT,(’IKI-fI(al 5(0’ j'l)) + [K/.rl(al2 5(x12’ 112)) + 04:2(1 ) + o(l)
= IT;KQ’((XI 5(03 ;‘l)) + IK[.t/(alz 6("(-’2’ ;"/2)) + Ocz( l ) + C(l)
= I gl(w) + I, (@ 8(x5, 25)) + ¢, (1) + (1),

where +(1) denotes some quantity which, for fixed ¢,, £;, goes to zero as
! — o0. Therefore

T (W) = T, fug) — Ly, (0 8(x5, A5)) 4o (1) +0(1). (47)
Using (35) and (36), we have

o(1) = I, o fu)(a3 8(x3, 45))
= I (25 0(x5, A5))ah 3(x5, 25)) +<(1);

namely,
2 (1 —2)/2)yy 5
[vie oot = [ K (757) (s atet, e
+ou(1)+2(1), (48)
| .
Lol 804, 24) = = [ [V(ah 8(xh, 44D (1) + o(1). (49)
Note that

f IV} 8(x3, 2317 2 (3(A45)2 7™ =2 (1))(S,)"
> 3(A4;)27 "4 (S,)" > 0. (50)
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By the definition of S,, we have

{J IV 8(xh, 25))12} 2
S,;S 1 7 I TR
{J‘ [[xz 5(.\'2, AZ)] nin — } n 20

_ U 1V(h 3(x, 25))173
{Il.r ’-"SZ}ISR/ [(alz 5(.’({7’, }.[2)]2"”‘(" 72]}(”" 2)/2n + 0(1)
(see (46) and (19))
1 IV 3(xt, A5))12}12

IH W gy Loy B(xy, A4)) ]2t 20y (1)
(Holder inequality and (26))
i IV(azé(r’z,z’z))ﬁ}” K (x!)in 22

< jl‘r\', |<R/ )(2/(1+[ '2)) n- 2)/2)x; )

n

X[ az 5(X2,A2))]2" n 2)- r(}(n 2)/2n+

- [ IV, 8(xh, 25)2 12 - (@) D2 o(1)
R+ -2 23 gd §(x], 25) 7%/ D ayin =220 4 ()

(see (21), (46), and (19)).
Using (50) and (48), we have

<

(see (26), (20))

1in
S, < {f lV(a’zé(xé.A’z))lz} (@) 2 o(1),
Together with (49) we obtain
1
Ik'/,r,(a'z‘s(x'z,l'z))?;( a?) @ (S, + (1) + (1)

=c® 4o (1) +(1).

Putting (47), (34), and the above estimate together, we obtain the
second part of (45).

It is very easy to see from (44), (45), (29), (43), and the positivity of w
that for ¢, >0 small enough we obtain a contradiction. Hence we have
proved that lim,_, , 4% = o. Similarly we can prove that lim,_, , i5= o0,
Claim 1 has been established. |

For i>0, xeR" we define. 7., E—=FE by (F, ul)=

ll\f

A2 riy( A+ x), ue E. It is clear that 7' u(-)= A"~ Du(i(- — ’C))~

LEMMA 3.3. There exists some constant C= C(A4,,n), such that, for
small ¢, and large I, we have

()7 (A4 <C.
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Proof of Lemma 3.3. Using (35) we have
L o) (8(xT, A7) =o(1). (51)

It follows from Claim 1, (42), and (39) that

[ v, 1) Vo, ) ==(1),
[ VoVl ) =0 01),

1 ((n—2)/2) i L
[R(rms) otk abymatst )=o)

1 (tn—2)/2)y
Ja(mm)  rsehao

Using the above estimates, we can derive from (51) that

. 1 (n- 2)2)1y Ll
" [ K77 3(xt 44

=t [ IV 80}, 2D+ (1) +,,(1) (52)
It follows immediately from (52), (38), (26), (23}, (40), and Claim 1 that

(A1) < C. Similarly we can prove that (15)"<C.
Without loss of generality, we assume that

<A, (53)
A straightforward computation yields (see (36))
Tt =8 0(0, 1)+ 85 8(2 (xh— x4}, A4 + T vy (54)
where
gl =al (A1)l = 22 =21,

Sl 1N 2y2-2(p 1)
@y, =ay{A)" o 1),

Passing to a subsequence, we have, for some u, € E, &, € O'V, that

T4 i~ uy, weakly in E, (59)

lim (x{—x;")=¢,. (56)

- x
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It then follows from (22), (25), (56), and (40) that

lim K,(x})2 =4 = KDg, )2, (57)
-

For any test function ¢ € CZ(R"), it follows from (35) that
o(1) =T ()T ) 1 0)

- (All)zlpu Ly(pi—11—n {j Vg—l.xivx’.”l Vo -—J. Tx;nK, (77 -}—x'1 —x(ll)>
f1

1 ((n--2)2)7y
L S 4/(n—2) -
X(l +1-/44 +x’1I2) Tl (9—"‘1"‘1“'”}'

Let /— oc, we obtain, using (55), (26), (56), (22), (40), and Lemma 3.3,
that

[V, Vo — [ KD ) 1] 2 w0 =0,

Namely,
—duy = K& [y |V 2wy (58)
It is clear from (54) that u, is not identically zero if &, is small enough.
We then argue as before to obtain that u, > 0.

According to the uniqueness (up to a conformal group) of positive
solutions of (58), there exists A* >0, x* e R”, such that

wy = KU(E) 4 8(x*, 3%). (59)

Claim 2. For | large enough, we have |x*| <o, (1), [A*—1]<< (1),
(24)7=1+o,(1).

Proof. Letting (A))"= B, ..+ (1) (we need to pass to a subsequence,
of course), we recall that

Sl _ i n=2Y2=20p1— 1) _ (3l y—((n—2)8)1) + O(tH)
&) = (4}) Pl =al(Ay) e .

It follows from (38) and (57) that
af = KUUE)E T 4o, (1) + (1), (60)
Therefore

& = KO(E)? (B, " 4o (1) 4 o(1), (61)
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From (54), (53), (42), (37), and (55), we see that
& 8(0, )+ T, ;1 Jv—~u weakly in E. (62)

It follows from (61), (62), (39), and Lemma 3.3 that

IKU(EN2 - (B,, )"~ 5(0, 1)

— K& S(x*, A% = opy(1) + o(1).
It follows immediately by sending / to oo that
[x*| =0, (1), A*=1+0.(1), B, ., =1+0°,(1)

Claim 2 has been established. ||

We define £,€ E by
Tl du=ug+ T 08, (63)

It foliows from (55) that

T80 weakly in E.
Claim 3. | I,  (E)) = (1), provided ¢, is small enough.

Proof. For any ¢ e E, it follows from (35), (58), (63), and Lemma 3.3
that

o(1) Il
=TIy, (U NT 5t 1 9)

-1

((n—2)2)y
~[Vu VT g0~ [ & (1577) " ) 7
- (M)z(pu Wip— 1) ~n {j V(F/',_A:‘_,{u,) V(p—J K, (7+x’,>
1

2 ({n—2)/2)1y
—1
x (m) | Toa ud (T u,)(p}

= (A ) p= e JvuIV(P'*'J-V(«/u’ &) Vo — J‘K/( Il)

—1
|-9—1,x’,,x’lu1|m (T4 1)@

)((nf2)/2)r/

14 //1 + x)?
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= (32 D= { [KOED 204 [V, 18) Ve

J- % . , 2 (n—2)2)7
— S+ x|
'(ii ">(1+|-/ﬂ~’l+x’.12>

X\ Tt &7 (T« e

il o) Wn—2y2)y
+] ’(7’,+x‘>(1+|-/ﬂ,+x’,|2>

T L C /N I

p 2 (tn—2y2)y
‘f ( +“)<1+|-/z’.+x112)

X | T dul " : (T4t u,)(p}

=L ST} @)+ (A7)0 Dimm e {f K& )y )+ 2V =D

2 ((n—2)/2}yy
+| K (57 + x| ———
J ’( Y)<1+|-/i’1+x’1|2)

X | Tt NP U T v EDe

2 (n~2)2)7y
K| 7+ ———s
J '(ﬂ’ x><1+l-/ﬂ~’1+-’6’1l‘>

SEARTI '(%,Ag_x/,u,)q)}. (64)

It follows from (26), (57), (59), Claim 2, Hdélder inequalities, and the
Sobolev embedding theorems that

- 2 (tn—2y2)
J— e Pt
U'“(A’,”'XI+\-/A’,+x’.|2) ()"0

=<(1) |lel. (65)
Using (63), (64), Lemma 3.3, and some elementary inequalities, we have

(ST ,,, @)l

— [ Ky

<eo(1) ol +O(1) f UTa &l Ly + 1 2 &)l ()71} o]

<eo(1) llell.
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The last inequality follows from the fact that F, ; (&, — 0 weakly in E,
(59), Claim 2, Holder inequalities, and the Sobolev embedding theorems.
Claim 3 has been established (Lemma 3.3 is needed here). |

Claim 4.
]K,.rl(él) <+ g3+ (1)

Proof. Using Claim 2, we have

IK/,r,(ul)

1 1 2 (n—2)2)y
=5jlvu’lz—p1+1jK’(Hl'lz) ™!

ly—n 1 1 ) !
= (A})ore i {EJIV%a{..{’Iu,I "_ITIK’(T,“LX‘)

((n—2)2)1; .
Trsgoul '}
<1+| /i’+x’|2> Sl

1 n—2 .
— (ill)z(PM Ditpi—1)—n EJ. |V9‘ull_x1u[|2— JK, (_/1_11+x,l>

! 2n

(tn—2y2)y ,
7, pr+ls 4 o(1).
(1+| 7 +"1| ) | 1.;.1,.#,”1‘ } (1)
Using (63), we obtain

]Kl.rl(ul)

= (Ao {% [ 1921+ [V, V(71 080

1
+5 | VT g0

n— ) (tn - 221y
ri+
fK’( T )(1+| /i’+r’|2) ]

2 ((n—2)2)ty .
—_— 7728 P+
(ﬂ, T )(1 + /3 + X ) it

—omj (174,807 04173 8l 7} )

1 n—2 .
=7 ”(f )+(}_’)2(Pl+l)/(p11)n{_ qu '2_ K (*—+X/>
Kee> 00700 2j ‘ 2n IR

2 ((n—2)/2)y
X(erx'llz) (un)"’“}+C(1)- (66)
1
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The last equality follows from the fact that 7, ;1 «&,—0 weakly in E

and (59).
It follows easily from (56), (22), and the definition of S, that

1 n—2 . 2 Un 2127
— ) IVu,|? = Kl — LA | e S, i+l
vt (e ) @

IIKQ‘)(QJ(“I)"' o(1)

> KW(E)2 (8,)7 +o(1)
=+ o(1). (67)
It is easy to check that
(AL)2ore o= D=n s . (68)

Claim 4 follows from (66), (67), (68), and (34). |
From (63), (36), and (59) we have

Si=u— 1A, M
=ab 8(x}, AY) +wy,
where

= (x], 2= KU(E )0 (a1 202

xé(l, +x’,,l*/1’,)+v,.

Using Claim 2 and (60), we have, for large /, that
Wil < <, (1).
To sum up, we have obtained the following for large .

q
ul—Ju’ ’u1+éu

Er=ab d(xh, A +w, (69)
fwll < opy(1), (70)

I, ) <P+ e+ (1),
Ik ==(1). (1)

We can simply repeat the previous argument on &, instead of on u,. For
the reader’s convenience, we carry out the details.
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A simple calculation yields (see (69))
T 8= 85000, )+ T 1w, (72)

where
alz=alzulz)(n72)/’2—2/(mfl)' (73)

By passing to a subsequence, we have, for some u, € E, ¢, e O?, that

Ty &=ty weakly in E, (74)
lim (x}—x}?)=¢,. (75)
{— o

It follows easily from (25), (22), and (75) that

lim K,(x3)* "% = K2(&,) 2" (76)

{— 20

For any test function ¢ € C*(R"), it follows from (71) and Lemma 3.3
that

o)=L JENT 1t 1)

= (,112)2(p1+1)/(mfl)-n {J‘VF/_,‘ZIZ‘XIZCIV([)-—‘[ Tx‘,z’KI (1;7+x12_x521)
2
1 ((n—2)2)y
x(]+| Y 2) |97.1’2.x’251|4/("*2’7”(-%,A’wa’zf,)(p}.
JA5+ X

Letting / — oo and arguing as before, we have

[ Vi, Vo — [ K2(E0) il D iy =0,

Therefore
—duy = KP(E,) [uy) " 2wy, (77)

Arguing as before, we can prove, for ¢, small enough, that «, >0 and for
some x**ecR”, 1**>0,

uy = KO(E2) 274 5(x*%, 1%%). (78)

(}IC)‘lftiml 5. I(:;))r ! large enough, we have [x**| <o (1), [A** —1{ <o (1),
15)7 = 1+4¢,,(1).

Proof. Tt follows from (22), (25), (75), and (40) that

lim K, (x4)2 "= KD (&) (79)
{— oc
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From (38) and (79), we obtain
ah= KD(E) ™ 4o, (1) +2(1), (80)

We write (along a subsequence) (45)"=A4,, ,,+°(1) and we derive from
(73) and (80) that

&= K2(E)2 M4, )T o (1) 4 o(1). (81)

£3.63
From (72), (81), (74), (70), and (78) we sce that
IKDAE)? 7 (4,,,,) " 278 5(0,1)

— K& RS (xR, )| =, (1) + (1)

It follows immediately by sending / to oo that

[x**| =-_(1), A¥*=145 (1), A =140,(1)
Claim 5 has been established.
We define n,€ E by
T dCi=uy+ T dn,. (82)

Clearly,
Tibini—~0  weakly in E.

Claim 6. |[I%, (1) =-(1), provided ¢, is small enough.

Proof. For any ¢ckE, it follows from Claim3, (77), (82), and
Lemma 3.3 that

(1) ol
= I ENT i 1 9)

. 1 ((n =22y g
-[vev Lwor- [ &) 17 DT e
= (AL)2r+ W= D= {J. V(F,Vifz‘xgi,)V(p—J. (l’ + ‘c2>
((n- 2)2)y
pi—1
(l +, /A i le ) "/IAI \'léll ('//}2 X3 )(p}

= (Ay)Mpr e o {J- Vu, Vo + V(Z134.4n) Vo “J K, (7 + xlz)
2

((n--2)2)7;
<1 +1 /A’ + x4)? ) 1T 4807 (%,xg‘..»gél)w}
2
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= (“-Iz)zm+ Wpi=y=n {J- Kg](éz)(uz)('ww("» D ¢+ _[ V(f/.;.;,,rgm) Vo

. , 1 (=217
— | K| = —_—
J '(lé+xz)(l+1-/i’z+Xle>

X NIt Ml T ande

. ; 1 ((n—2)2)y
K R ) —_—e
*f ’(ié*“) 1+t-/l’2+x;t2)

S EZSINY P LG ATV Y
1 (n-2)2)y
- K —_—
f ’( ><1+| /i’+vzl2>
x| T b ! (Zzg.xgéz)w}
=Ly 0NT ) @)+ (A5 Do “K‘ﬁ’(éz)(uz)‘"”'”‘"z’co

; 1 {{n—2)2)7y
+IK’(/2”2)(1 AL xh 2)

X Tl P T e
. ; 1 ((n - 2)2)y
| K|+ x4 ) s
P
SEAILE (%.;.g.xgimp}- (83)

It follows from (26}, (76), (78), Claim 2, Holder inequalities, and the
Sobolev embedding theorems that

j 1 ((n- 2)/2)1;
K(=+xi )| —————s L)
’(Az 2)(1 +|-/A'2+xg|~> (u2)"

= [ K2y e 2 q»’ =<(1) lgl- (84)

Using (83), (84) Lemma 3.3, and some elementary inequalities, we have

| K, r/(r’l)(j l/l tI(P)|
<<l +0(1) [ {170 4nl” M uz 4170 anl ) '} o]

<e(1) llel.
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The last inequality follows from the fact that 7, ;; .n,—0 weakly in E,

(78), Claim 2, Holder inequalities, and the Sobolev embedding theorems.
Claim 6 has been established (Lemma 3.3 is needed here). ||

Claim 1. Iy, . (n,) <&+ (1), provided e, is small enough.
Proof. Using Claim 5, we have

L)

1 1 (n - 2)2}
=_1|IV&EIZ= pitl
siver-—=[x(o)
2 pr—1)—n ! )
e Y L e T i
((n- 22y
(1+| /,'{1_*_)( ) I'g—;.i./z.xlzéllm+l}
L 1 , n—2
= (g ’{ J IV gt jK,(A, <)

((r—=2)2)y
> |15, le}-l—c(l).

(1+l SRy + x4)?

Using (82), we obtain

IK/,I[(&/)
1
= (Ag)l(l’%# t)yip—1)-n {ij Ivu2|2 + J Vu2 V('g—/,’P‘/zr’[)

-2 - ;
ZJ‘IV'/IA’ Sl — n JK/</{/2+"2>

1 (n 2127 n—"2 .
[ pr+l K _+, i
"(1+|~/A’z+x’22> el | ’(Aa ”2>

1 ((n-2)2)y .
X\ 7 12 |t ) P
<1+|~//1'z+x'22) B

- 0“)] UT ol Pruy +17 5 dnil |u2}m}} + (1)

i 1rm J1 n—2
=Tt e e T2 [k ()

1 ((n -2y
X<l+| /j.l+\'l|2> (uZ)pH‘l}‘*'o(l)- (85)
AT A2
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The last equality follows from the fact that 7, ;; .n,—0 weakly in E

and (78).
It follows easily from (75), (22), and the definition of S, that

1 n—2 . 1 (tn =212y
— | \Vu,|?2 - K| — i P+
2J| u2| zn J‘ I(ig +x2>(1+'/l/2+x/2'2> (uz)

= Ix'f'(:;)(uz) + (1)

1
>~ KO(E)2 (S, + (1)
n

= 4+ o(1). (86)
It is easy to check that
(}ulz)z(l’l‘*”,"(l'/‘”*"2]' (87)

Claim 7 follows from Claim 4, (85), (86), and (87). §
Claim8. 1f ¢,>0 is small enough, we have 5, — 0 strongly in E.

Proof. 1t follows from Claim 6 and Claim 7 that

2 ((n - 2)2)y ,
o= (;7m) e 8

1 2 1 2 (e By 2n/(n—2)—1
2 V= [ K In A2/ g (1),

Therefore we have
(192 <ney (1), (89)

Suppose that Claim 8 does not hold, then along a subsequence we have
¥ =14-<(1). (90}

We derive from (88) and (90), by using Holder inequalities, that

(pr+ 1)(n-—2)/(2n)
) + (1),

J- IV'MZS Cin, A)) <J |,1’[2n/(n72)

and then

[ 19007 <l A [ 1> 4 (), o1
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It follows from (91) and the definition of S, that

{2
s < U1V

n= (J‘ |'7/| 2n/(n — 2))(n —2)/2n

< (j IV’/’Ilz)l/’2 (C(n, Al))(”“‘z)/’Zn
([ Vn 4 -(1)) D7

Thus
L/n
&swmAmW“%waﬂ. (92)

Because of (89), (92) cannot hold if &€, > 0 is small enough. Claim 8 has
been established. |

Rewriting (63) and (82), we have

-1 -1

u/:'aj.l,/llz,x’zul+‘9—/ AN TE o/ 1P (93)

Claim 9. For &,>0 small enough, we have
(}»[l)rlz 1 +0£3(l)+0(1), (].g)”: 1 +o£](1)+ O(l).

Proof. The following holds for ¢, small only.
First, we deduce from (66), (67), and Lemma 3.3 that

T, ) 2 T, (&) + (AP DD mm oD g o), (94)
Second, we deduce from (85), (86), and Lemma 3.3 that
T, fE) 2 i, )+ (A)2P D= o2 g o(1), (95)

Third, we deduce from Claim 8 that
T, (n)==(1). (96)
Finally, we put together (34), (94), (95), and (96) and obtain

2
Z {(;#)2(/’/-*!)‘«‘1/)/*' 1)—n__ 1 } (’m<£3+0(1).

i=1
Hence the conclusion of Claim 9.

Claim 10. Let 6;=0,/2A,>0. Then if &, >0 is chosen to be small
enough, we have, for large /, that

dist(x!, 00" = 6, (97)
and
dist{x}, 60¢") = &. (98)
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Proof. Suppose the contrary, that for a sequence of /— oo, either
(97) or (98) fails. Without loss of generality, we assume that
dist(x}, 60{") < §,. Using (24) and (25), we know that

o
K6 S K (x(0) =81+ 4305 = K (x{") = 5 (99)

Using (36), (39), (37), (38), Claim 1, Claim 2, Claim 5, (26), (99), and
(21), we obtain
IK;,rl(ul)
=1y, (] 8(x, 20+ Iy, (o) 8(xh, A5)) +=,(1)
=T, (K (X)) 8(x5, A0 + Ly (K (x5) 2777 8(x, 49)) + 2, (1)
=L (K (x50 0(x ], A1) + T (K (x)2 " 6(xh, A)) + on(1)
-5 { [ 190k, e 6(xt, a2

i=1

-2 ) ‘
Sl EICHIL B C iﬁ)i“'""’“} + o (1) + (1)

I

K, (x()? -2 IIV5(0 D%+ e, (1) + (1)

1
K (x)® 72 = (8,)" 4o 1)+ (1)

I MN II—MN

é
K(xVy—=
() 2

V

(2~ n)/Zl
) n(S) + K (x}?)2-mn (S )"+ o(1) + (1)

43 51 eome n 2) 1 n
atV——= =(S,)"+ (@) =(S8,)" + o,,(1) + (1)
2 n n 2

o((1) (n—2)/2
=cm(m> + P 4o, (1) o(1). (100)
1

If £,>0 is small enough and / large enough, (100) contradicts (34),
Claim 10 has been established. |

Using (59), Claim 9, (56), (22), and (25), we obtain that
T oty = ()P V(A = x1))

=(/~LI‘)2/(p,—1|—(n—2]/2 K(o[)(él)(z ’")"’45(‘( +7’ }.*/ll)

580/118:1-6
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:K(Ui,(él)(zr")’“‘&( ZI ,ﬂ.*l/)'*'%,(l)

X (2—n)y4
=K, (x +1,> 5( +)~,,/1*,1'>+o€3(1)+o(1).

Similarly, we obtain
. x** (2—-n)4 ¥
J/A, "uz—K1< T) 5(x’z-i-—)—,—,/1**)[2)+o£](1)+0(l).
2 A2

Therefore we can rewrite (93) as (using Claim 8 and the above)

x* (2—n)4 x*
u,=K[| x\ += S x\ +=, a*i!
! ARy Y 1
1 1

x** (2—-n)/d4 x**
+K,<x’2+7—) 6(x’2+7—,,1**2’2>+o53(1)+o(1). {101)
2

2

We now fix the value of & to be small to make all the previous
arguments hold and then make &,>0 small (depending on &,, in par-
ticular) to make the following hold (using Claim 9).

[(A*A) — 1] o, (1) +o(1) < &5/2, [(A**A5)" — 1] S oy (1) +o(1) < £,/2.
(102)

From (101), Claim 1, Claim 9, and (102), we se that for ;>0 small, we
have

u,e V,(2,6,/2)  forlargel.
This contradicts (33).

Proposition 3.2 has been established.

4. COMPLETION OF THE PROOF OF THEOREM 3.1.

We complete the proof of Theorem 3.1 in this section.
In this section, T =1,. We define

vie=18""€ C([0, 1], Ho(Bg(x{")))| gV(0)=0, Iy, (g'"(1)) <0},
717 ={g? e C([0, 1], Hy(Br(x{"))) | 83 =0, Ix,.(g*(1)) <0},

eip= jnf, max Iy (g"(6,)),
N gler) o< I
ci= inf = max . 82(6,)).

3(2)511) 00 s
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Here we have abused the notation of I ,. We consider it as
Ix, .t Ho(Bg(x}")) = R and also I, : H{(Bg(x}*')) - R.

ProposITION 4.1.  Letting {K,} be a sequence of L™ (R") functions
satisfying (20) and (21), we have

il =c"+o(1), (103)
e =e? +o(1), (104)

where (1) denotes, as usual, some quantity which goes to zero as / goes
to oc.
Proof. 1t is easy to derive from the definitions of ¢{') and c}? that for

some constant C(4,, n) >0, we have

1

e 4o 1 < (l), (2)< A , . 1
C(Al,’l)+ ( ) c/.t Cl.r C( 1 n) (05)

Let n be a cutoff function defined as

ne Cr(B,(0)),

1, x| <3,
n(x)=<0, Ix| 21,
=0, elsewhere,

and 4, be a sequence satisfying

lim 4,= o0, (A)7"=1+o(1), (106)

/= o

for any ue Hy(Bg(x{"))\{0}, it follows from the definition of ¢{'’ that

1 1 (j ,VuIZ)(pwtlf(pfl)
(ED] ={ - —
Cie golsn'ag‘m 1K1,T(tu)_(2 p+ 1) (_f K2/ (1+ |- 2) @ D2 [ r+ )T b-

Throughout the paper, p={(n+2)/(n—2)—1.
Picking u=n(- + x!{") 3(x{", 4,), we obtain

1
el <= (@) (S,)" 4 (1),

The other side of the inequality can be proved as the following.
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For any /, 7 fixed, it is well known that there exists {u, } = H(Bg(x}")),
such that

lim 1y, () =},

k — x
I, (ug) = Ostrongly in H '(Bg/(x}"))ask - cc,

where H ~'(Bg(x{")) denotes, as usual, the dual space of H}(Bg(x!")).
It follows from some standard arguments that

2 ({n—-2)i2)t
2 _ - p+1 o (1
J.BR[“_;”) |Vuk| '[BR,(.\‘}"I K, (1 ny |2> 1) +o,(1),

1 1 2 (- 2)2)t

= Vi - —— K (—= Pl =t fo (1),

213“\;“.' Wil ’<1+s-|-) )7 = 1) 4 (1)
(107)

Here -,(1) denotes some quantity which tends to zero as k tends to
infinity.
It follows that

c;“:lj
W T n

BR/(.\/

o 1Vl (1) 4 241 (108)

By (26), (105), (108), (107), and the definition of S,, we have
S < {j Ivuk|2}”2

nx {j‘ ,ukIZn/’(nfﬂ}(n -2)2n
{j lvuk|2}”2
ST )T 77D

{.Hvuk| 'ZK( lli)l/(p+l)
ST AT K2+ P D 7o Ty

1/n
- {J |V“k12} K(x")7 =220 4 o(1) 4o (1).

Namely,
lim [ Vi) > K, (x{0)2 "2 (S,)" + (1) (109)
Ak —

One deduces from (108), (21), and (109) that ¢!} = (1/n)(a'"’)* "
(S,)"+°(1). One can establish (104) in the same way.



SCALAR CURVATURE 83

We define

I={G=g"+g?|g" g'? satisfy (110)-(114)}.

g, gPeC([0,1]% E), (110)

g0, 0,)=g'(6,,0)=0, 0<80,,0,<1, (111)

I {811, 0,) <0, I, (g7(8,,1)<0, 0<0,,0,<1, (112)
suppg'’ c Be(x('),  0e[0,1]7 (113)

supp g¥'c Bp(x?),  0e[0,1]% (114)

We define also

b,.= inf max I, (G(6)). 1

Gely 8ef0.1)

ProPOSITION 4.2. Letting {K,} be a sequence of L™(R") functions
satisfying (20) and (21), we have b, .= c!") + ¢{Z) + o(1).

Proof. Let g g2 satisfy (110)-(114). Since any curve joining
{0} x[0,1] and {1} x [0, 1], after being composed with g'", lies in y{!),
we know that (I, .(g'")) " (¢!") < [0, 1]% is a nonempty compact set. For
any ¢>0, by the continuity of g'*', there exists an open cover D, of
(Ix. (")) ' (c}"), which is a union of finite open balls, such that
Iy, r(g‘”)>c"' ¢ on D,. As mentioned before, as any curve joining
{0} x[0,1] and {1} x [0 1], after being composed with g'", lies in y}'’,
it has to intersect D, by the deﬁnmon of ¢{'!. This means that we can find
a curve in D, connecting [0,1]x {0} and [0, 1]x {1}. This curve, after
being composed with g'?, lies in )"2’ because of (111) and (112); therefore
there exists at least one point 6, on the curve such that 7, (g'(8,)) > c{?.
Notmg that 8_e D,, we have l,(, (g1(8,)) = ¢ — &. By the compactness of
[0, 172 we have for some e [0, 1]% lim, _,06 =0 along a subsequence.
Clearly, 37_ | I+, .(g'(8)) = ¢{'! + ¢{?). Therefore 6, , = ¢!} + c{7).

For 0<8,,0,<1, let

gi1(0,) =0, CK,(x{")2 " n(- + x{") 8(x, 1)),
g2(0,) =0, C K, (xP)2 =4 p(- + x1) 8(x'\?, 4,),

where C,=C,(A4,, Ay, n)>1 is some constant chosen large enough that
for large / we have,

IK/ t(g}l)(l) <0
[Klr(gIZ)(l))<0
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It is easy to see that such a C,(4,, 4,, n) exists. We fix the value of
C,(A,, A4, n) from now on.
For 8=(0,,6,)[0, 17 let

G,(6)=g"(6,)+g{*(0,).
[t is clear that G,e I', and

max I, (G/(6))
68e[0,1]
= max Lo (g00)+ max Ty (g]"(0,)

< max g, (m( +x{") 8(x{", 1))

Ogr<x

+ max [, (tn(- +x ) 8(xi?, 1))

O0<i<
I e Lo ane-mp2
=5, (@RS @S, o)
=i+ 2+ o(1).
The last equality follows from Proposition4.1. Therefore, b, <c{?+
e O |
In the following, we show that if we suppose the contrary of

Theorem 3.1, we can construct H,e I, for large /, such that

max Iy (H/(8)<b.,

#e(0.1]2

which contradicts the definition of b, ,.
We achieve this by the following three steps.

Step 1: Choose some suitably small number ¢,>0 and construct
G,e I';, which satisfies

max k. (G(0))<b, +ey
8efo0,
and some further properties.
Step 2: We follow the negative gradient flow of /, . to deform G to
U, with
max [y (U, (8))<b,.—

fe[0.17?

However, U, is not necessarily in I', any more since the deformation may
not preserve properties (113)-(114).
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Step 3: Applying Propositions 3.2, 1.3, 1.4 and 2.1, we modify U, to
obtain H,e I'; with

max_ I, (H,(8)) < by, —e4/2

0e[0,1)2

All three steps are completed for large / only. Now we start to establish
these three steps.

Step 1: Let G, be the one we have just defined. We establish some
properties of it which are needed.

LEMMA 4.1. For any 0 <e< 1, there exists A, =A,(¢g, A,, A5)> 1, such
that, for any I=2 A, 0<6,, 08,< 1, we have that

Lo g0 =) —¢  implies|C,0,— 1| < Co(n) e,  (115)

I (82(0)) =¥ —¢  implies |C,0,—1] < Coln) /e,  (116)
Proof. Lets=C,8,.

[K,.r(g(l”(gl))

ST, ()2 [ 90+ x(0) 6, 1))

K| r=t

— §Pt lKl(x}l))—((n~2)/4)(p+ 1)
4

<[ &, (*2—‘ T ) Sl
]+,,2 I !

_ G+ o(n)) $K(x0)2 2 [ V80, 12

-2
—(nzn + 0(1)) sPHIK (xf)emmr2 J (0, 1)>/¢n =2

=(("4+. 2__ n—2 o p+i 1
_(<2+ (l))s ( 3 + (1))s )c}“.

It is not difficult to see that there exists some universal constant
Co(n)>1 and A, =A,(¢g,, A,, A3) such that, for /= 4,, (115) and (116)
hold. |

LEMMA 4.2. For any 0 <e< 1, there exists A, = A,(e, A,, A;)> A,, such
that, for 2 4,, 0<8,, 8,<1, we have
£

00 (117)

IJ!(,,:(85l 0,))< C;},) +
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and
Ix,(87(0, N +— T (118)
Proof.
Ix, (87(6,))
< max IK,,(tg,”(f) ))
O<r<x
1 (V- +x{") d(x}", )17
n {J‘Kl(z/(l +l |2))((n 2)7)r'rl( +X‘$”)5(’C“) AI)IP+1}2/lp—l)
__1_ jVé(x“' A/)| +O(”}n,z
T K (xE) S(x M, A2 B o)} DR
_C/I + (1)

Therefore, there exists A,=A,(¢, 4,, A;) > A,, such that, for /> 4,,
0<0, <1, we have (117). It is clear that (118) follows in a similar way. |}

LEMMA 4.3. For any 0 <e <1, there exists Ay= A,(&, A,, A3)> A5, such
that, for | 2 A5, we have

IK,.T(G/(B))MEMO.J]?<max{cm+5, C(2)+£}_

Proof. Lemma 4.3 follows easily from (117) and (118). ||

LEMMA 4.4. There exists some universal constant C,= Cy{n)> 1, such
that, for any 0<e<i, [2 Aq(e, A), A,), 8 [0, 177

I, AGU(0)) = V) + P — g implies |C,0,— 1] < Cy /e, i=1,2.
Proof. Since gi"'(8,) and g!*(6,) have disjoint supports, we have
Iy, (G(0))= I, (8"(0))) + I, (£17(8,)).
It follows from Lemma 4.2 that
I, (g§"(0,)) < c}) +¢/10,
I, (g2(0,:)) < e+ ¢/10.
Therefore, 14, (G(0)) = ¢} + {2 — ¢ implies that

IK/.r(gﬁl)(g ))>C‘I]t,_28’
I, (87%6,)) = c?) —2e.
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Lemma 4.4 follows immediately from Lemma 4.1 and the above two
inequalities.
Let
M, =sup{|lly, ()il lue Vi(2,¢,)},

B,=dist(3V (2, £,), OV ,(2, £,/2)).

It is very easy to see that there exists some constant C,=C,(A4, &} > 1,
such that
M, < Cy(Ay, &) (119)

It is also clear from the definition of ¥,(2, ¢,) that

B, =22 (120)

Using Lemma 4.4, we choose ¢, to satisfy, for / large, that

£4<E3, e4<1/24,, (121)

¢ €3 52(32, 83)2
fT8Cy(4,,8y)"

T, (G (0)) = c!') + ¢’ — ¢, implies that

G,/(0)e 17/(2’ €,/2), x (G (8)) e 0}”’ x(G(0))e 01]2).

(122)

(123)

We know from Lemma 4.2 that for / large enough

max I,(G,(0))<c))+ i) + 4.
fe[0,172 g -

We consider the negative gradient of I, ,,

d
d_.f(s’ u0)= _]’K/,r(é(s’ u()))a 520
AY

(0, uo) = uo.

It is well known that I, . satisfies the Palais Smale condition and, due
to the contrary of Theorem 3.1, the flow defined by (124) never stops
before exiting V,(2, e*).

We define U,e C([0, 1]% E) by the following. If I, (G,(8))<c})+
et —e,, we define s¥(6)=0. If I, (G,(0))>c!")+c{?) —¢,, then, accord-
ing to (123), G,(8) € V,(2, £,/2), x,(G,(8))e 0!, and x,(G,(0)) e 0. We
define s*(0)=min{s>0] I, (&(s, G,(8))=c{ )+ c\?) —e,} and U,(0)=
E(s(8), G,(9)).

The above definition is justified in the following.

(124)
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LEMMA 4.5. For any uge V,(2, €,/2) with x,(uy) € OV, x5(uo) € 0!, and

et el — £a < I, (o) < V4@ +e,, the flow line &(s,up) (s=0)
cannot leave V (2, £,) before reaching I.'(c!')+ %) —e,).

Proof. Suppose Lemma 4.5 is false, then we can find 0 <s, < s, with

I (Sl up)) 2 cf? + e} —eq, 5, <5<,

E(sy, up) €OV,(2, £5/2),

E(sa, up) €OV (2, &5),

E(s, u0) € V(2 ea0\P (2, 85/2), 5, <5<,
Because of (124) we have, for s >0 and / large, that
T, (805, up)) < I, (140)
<A+ el +e,

1
A1) (2)
<(1,1 +C/.r +5;
4

1
<P e p—,
a

The last inequality holds for / sufficiently large. It then follows from the
definition of 4, (See Lemma 3.1) that

dist(x,(E(s, uy)), 00") 2 6, /24,, 0<s<s,,
dist(x,(&(s, ug)), 001) 2 6,/245,  0<s5<s,.
Consequently,
x,(E(s, up)) e OV, 0<s<s,,
x2(&(s, uo)) € OFF), 0<s<s,.
Using Proposition 3.2, we have
2642 I, (&(s1, up)) — I, (E(52, o))

st d
- f T &5 o) ds
= [ 1 (80, wo)) 11 ds

= JAZ d4(ey, 85) ds

s1

= d4(¢,, 83)2 (s2—51).



SCALAR CURVATURE 89
On the other hand,

Bi<lE(sy, #o) — &(52, uo)ll

52
<

31

d
ZS: é(S, uO) ds

<M (s;—5)

Using (120) and (119), we obtain that
€
Ing/(sz“Sl)

2e,

<C2(A1,82)m,
4L ¢25 ©3

which contradicts (122). |

We can see from Lemma 4.5 that s*(6) is well defined. Since /I, , has
no critical point in ¥,(2,e)n{uluek, Iy (u)—c"—c?<e}e
V2, e*)n{u|uek, |Iy (u)—c"'—c?)<e*} under the contradiction
hypothesis, s¥(8) is continuous in 8, hence U,e C([0, 1]?, E).

It follows that if I,.(G,(6))>c{")+c{? —e,, then U/8)e V,(2,¢,)c
Vi(2, o,,(1)), x(U,(0))e 0;”, x,(U(8)) e 0}2)‘

This implies that

'f IVU(0)17 + [U(0)1> " =2 <o, (1), (125)
2

U0} HYYB ) L B S o 1), (126)

where

Q,=R"\{B,(x{""u B,(x{*)},

r=4(diam OV 4 diam 0?'),

diam 0" =sup{|x—y| | x, ye O'V},

diam O®' =sup{|x—y| | x, ye O*'}.
Without loss of generality we can assume that ¢, > 0 has been so small
that we can apply Proposition 2.1. We modify U,(6) in 2, after making the

following minimization.
Let

¢,(0)= U/(G)la(s,u‘”;uB,(x',z’))-

!
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Because of (125) and (126), we can apply Proposition 2.1 to obtain the
minimizer u,(0) to

. 2 2
min {Ik'/.r(u) | u€ Eg,. ulasid o s = @(6), L IVul* < C(,r()},
!

where E, is the closure of {u|ue C™(2,), supp « is compact} under the
norm Jull z, = ([, [Val?)' 2 + (g, [l D)2 and ry=ry(n, 4,)>0
is the constant given by Proposition 2.1,

We define for 8 [0, 1]° that

Ui8)(x), xeR"\Q,
u(/l/(())(x)s XE.Q,.

W,(9>(x)={

It follows from Proposition 2.1 that W,e C([0, 1]% E) and satisfies

max Iy (W,(0))< max [, (U (0)<c!)+ci?)—e,,  (127)

0e[0.112 Del0.17?

f IV, ()] + W, (0)"" 2 <o, (1),

(972
2 (n— 2}t .
a0 = &) (5775) WAON I WO),  in@,. (128)
For /,>100/,, /, > 10r (we determine the values of /,, /, at the end), we
introduce cutoff functions n,e C”(R") for large /,

1, [x— x| <!y or |x—x?| <1,
1(x)=40, lx—x{"I = hand [x— x| 21,

=20, elsewhere.

lO
Vi< xeR”

Let
H,(8)=n,W,(0).

Multiplying (128) by (1 —n,) W,(8) and integrating by parts, we have

2 (tn—2)/2)z
[Vt =) w00 VW,0)= [ & (75773) (=) W, (6) 7.
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Therefore

2 ({re— 23/2)t
[lvw,wW K, (T+TT) w0 ]

-f(R" B! o (R By

[ =V((1—n,) W,(8)) VW ,(8)

J( Bry (i) Brt N O (B By Py

3 \(n-2)
+K1(1"71)<"1‘1TF) IW/(H)V'H]

10
— [W/(0)] VW, ()]

>~ | [
Bty B D O Bty By 2y L2 — 1

+IVIW,(0)1* + 4, IW,(G)I“']-

It follows from Proposition 1.4 that there exists some constant
C,=C,(A4,,n)>1, such that for / large enough,

CS(AU n)

o <SSk <l < (129)
|W,(9)(x)lsu—c_i%g;—l?—z, L<le—xPl<h,  (130)
1vw,(9)(x)|<‘~f%‘:‘l—:;—";”ﬁ, h<lx—xPl<h,  (131)
VW, (0)(x)| < sty 1) L <lx— x| <1y, (132)

x—x@p- 1

Consequently, we obtain

2 ((n -2t
[IVW[(O)lz_KI(TmE) IW/(9)|"“]

f{R" B2 (R By )

log(ly) 1
>—COC3(A1,n){;’g(;)+I—}. (133)
274 1
Using (129)-(133), we obtain
1y, .(H,(8))
1 5 1 2 n -2}y el
s [ vawionr-—= k() o

1
== [ V0 1WAO) + [ 0,W,(8) Vi, Y,46)

1 1 2 ((n--2)/2)t .
+§f|n,|2|vw,(6)12—p+lfK,(HHZ) I, W (0)17
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logi, 1

<IK/I(WI(0))+COC3(A1,S3) y 2
!

(1—1n)?) VW, (0))?

1 2 ((n—2)2)c
el e e

log 1,
=1

1
+ —— |VW,(0)|?
f(k" Bty e (R B} ‘))[ 2l (0l

1 2 itn—2)2)t
+P+1K’<1+I~I2) ‘W'w)lﬂl]

gl,
l)+((2)—84+C0C3(A‘,£3) +C0 3(A )

< IK,.r( W (0)+ CoCs(A,, &3)

The last inequality follows from (127) and (133).
Therefore we have, for large /, that

log ! 1
BN S )+ —aat CoColdy o) { P22+ 1 (130
2740 1
Now we choose /, > 10r, I,> 100/, to be so large that
ogl | €
AA,,e;){[ ﬁ; +l—}<—25‘-. (135)

Then for / large enough (depending on /,, {,, ¢’s, C's), we have
H,erl, (136)
It follows from (134) and (135) that for / sufficiently large,

max_ Ly, (H(0)) < cfl) + 8 2_Z_p (137)
fe[0.1] 2
Equalities (136) and (137) contradict the definition of b, ..
Theorem 3.1 has been established. Remark 3.1 can be established
without much change; we leave the details to the reader.

5. MAIN THEOREM AND ITS APPLICATIONS

In this section we present our main theorem from which we deduce
Theorems 0.1, 0.2, and 0.3,
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THEOREM 5.1. Assume that {K,} is a sequence of functions in L=(R")
(n =3, 4) satisfying conditions (i), (ii), (iii} (see Section 3). When n=4 we
Surther assume that K,e CHJ™ , O\") and AK,(x) =0 for all

i=1
xX€ O;i), K,(X;')) - 50 < KI(_Y) < K,(x(,“), VK[(,V) = 0-
Assume also that there exist some bounded open sets O'V, .., O™ < R"
and some positive constants 8,,0,>0, such that, for all 1 <i<m,
O —x"c 0", for all l,
{ul Ien(@)=0,u>0,ue E, "' <In(u) <" +6,}
AV(1, 85, 0V, KWy = ¢, (138)
Then for any £> 0, there exists integer I, ,,> 0, such that, for all 11,
there exists u,€ V,(m,e) which solves

.m>

—Adu;= K (x) u{" =2 inR",
ueE, (139)

u,;>0.
Furthermore, u, satisfies

c—e<I(u)< Y c+e (140)
1

i=1 i=1
Remark 5.1. Equation (138) can be replaced by
sup{ lull o= | Ixo(u)=0,u>0,ucE, "< Iyo(u) <c'"+68,} <1/85.

To prove Theorem 5.1, we apply Theorem 3.1 to obtain (for large /) u, .
(0 <t<1t,) as solutions of (30). Noting that u,, belongs to V,(m, -,(1)),
which consist of functions with m (m>2) “bumps,” we can apply some
recent results of Schoen to conclude that, as r tends to zero, there is no
blow up occurring under the hypotheses of Theorem 5.1. Namely, u, .
remains bounded as t tends to zero. Therefore it follows from the standard
elliptic theories that there exists u,€ V,(m, =,(1)), such that, as 1 — 0 along
a subsequence, u,,—u, in WZ(R") (V¢>0) and u, satisfies (139) and
(140). Theorem 5.1 is then established.

We establish the boundedness of {u,.} (as T — o) in the following.

First, by some standard blow up arguments, the blow up point (see
Definition B.1 in Appendix B) cannot occur in R"\(J™ , 0!") since the

i=1
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energy of {«, .} in the region is small by the fact that u, . € V,(m, (1)) and
the definition of V,(m, -_(1)).

Therefore the blow up points can occur only in |J” , 0!". By the struc-
ture of functions in V,(m, (1)) and some blow up arguments (see the
proof of Proposition 2.1 in [Lil]) we obtain that there are at most m
isolated blow up points (See Definition B.2 in Appendix B); namely, the
blow up occurs in {7,, .., 7,,}. for some 7, 0!,

In the following we apply some resuits of Schoen.

Using the fact that we are in dimension n=3,4, we conclude (see
Theorems B.2, B.3 in Appendix B) that an isolated blow up has to be an
isolated simple blow up (See Definition B.3 in Appendix B). From the
structure of functions in V,(m, . (1)) we know that if the blow up does
occur, there have to be exactly m isolated simple blow up points. Let us
consider this situation only namely, {7, .., ¥,,} is the blow up set and they
are all isolated simple blow up points.

In the following we assume that p,=(n+2)/(n—2)—1,, 7,—» 0" is the
subsequence such that the blow up occurs at u;=u, . and all the results in
Appendix B apply to u,. Here and in the following we suppress the
dependence of / in the notation since / is held fixed in the blow up analysis.

In our situation, K,(x)= K(x)(2/(1 +|x]*))"" =¥ i5 the sequence of
functions in Appendix B.

Let y=7, and {y,} be the sequence as in Definitions B.2 and B.3.
Applying (164) to u,, we obtain

2n 3 d &
"y, ~x d
n—2 J~<*B,,<y,) 7 T(ﬁr’ ar) ]
T, 0K,
= -1 d Lyt g
¢(n) ( +p,-+ 1) .(B,,(y,)r or ui *

nt;
+1

+

c(n)~! J. Ku?t!
i Bs(v))
1,0"
pi+1

where (n)=(n—2)/(4(n— 1)) and

T(a .Q):(n_z)ug/(n—ﬂ {iz(ufZ/(n~2))_lA(uA2/(n~2])}
1 i n 1 M

c(n)"LB(v)K,-u’,”“dé, (141)

ar’ or or?
Arguing as in Appendix B (see (182)), we have

7,6"
pit1

lim u,(y,)? c(n)™! Kus*'dé=0. (142)
i o 28,
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LEMMA 5.1. Under the hypotheses of Theorem 5.1, we have, for each
O0<o <1, that

lim w,(3)? [ (=20 VKG) Ul () dy 0
Proof. First we look at the case n =3, Note that {K,} has uniform C|,.
continuity in our situation, therefore we have

j (y—y,) -VKup*!
B,(yi)

=[Gy VKD [ ey =yl ult

Bl yi) Bolxi)

= ol (y) D) (143)

The last equality follows from Propositions B.1 and B.3 in Appendix B. In
particular we have used the evenness of the function (1 + &, [y[%)? "2,

When n=3, Lemma 5.1 follows from the above estimate, Corollary B.1
in Appendix B, and the fact that in dimension n=3, p,=5—1,.

Next we look at the case when #n =4. It is easy to see that the only thing
we need to do is to obtain a better estimate than (143).

Choosing an orthonormal coordinate (depending on /) such that the
Hessian of K, at y, is diagonal, we have

[ r—y) vEup
Bo( >}

n

=j (y=y)-VK(p)ult'+
By(vi)

Hy—ydiut
Bal i) k=1

+ oly—pil?)ull.
Bs(y))

Applying Proposition B.5, we obtain
VK (¥ = O(u; ()=~ 2y,

(2—n)2

Applying Proposition B.3 and the evenness of (1+k,|y|?)
have

, we

J (y—yyul*t=olu(y) " 1"2).

B y1)

Therefore

j (y—y:i)-VK,(y) uf"* "= C(“.‘(J’i)i(p'f M,
By( ¥i)

580; 118/ 1-7
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Applying Proposition B.3 and Corollary B.1 we have (here p,=3—r;
since n =4)
n 2

J‘ ZaK

2
Bo(yi) = ax

3K,
= Z 72 () L (y—ydup*!

Xk ol yi)

: (ry “,Vi)lz(uf'+ !

_ (Y Iy’ s )
= aK () () (3] i dr o).

Therefore (using lim;_, , 4K,(y,)=0)

2
tim u ()| Y ok

R 2
i— o0 By((1) =1 6

)y —y)iultt 20,

Applying Proposition B.3 and Corollary B.1, we have

J o(ly—pil?)ul* =o(u; 7 1)
By((y;

Note that we are in the case # =4 and therefore Lemma 5.1 follows from
the above estimates, Corollary B.1 in Appendix B, and p;=3 —1,

Using (141), (142), and Lemma 5.1, we can deduce as in Appendix B
that

2o Cim ) w7 T (55 ) Cim )l 3)) >0,

n—2 i
(144)
where

0 ¢
7(55) (im w2 wl)

=(n—2) llm u,.(yi) ul_)zf“‘(" -2)

Lk 1 ‘
{ 5 ((lim w,(y)u,) 2"~ == A((lim u,-(yf)u,-)zf‘"‘z’)}'

6" i n i~ oo

(145)

Applying Proposition B.2 and the maximum principle, we deduce that
for some positive constants a,>0 (1 <i<m) and some nonnegative har-
monic function &(y) in R”, we have, in CJ_(R"\{J, §;, ..., Vm}), that

a, + “
|},__}—)an2

lim w(y) u(y)= )

kzzly Yk
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In particular, in a small punctured disc centered at ¥, we have

lim u,(y,) u(y) =———s + A+ a(y), (146)
i [y =7l

where a,, 4> 0 are positive constants, « is a smooth function near y =y

with 2(y)=0.

Choosing ¢ >0 small enough, it follows from a direct computation
(using (146) and (145)) that (144) leads to a contradiction. This implies
that there will be no blow up under the hypotheses of Theorem 5.1 and
hence Theorem 5.1 is established.

Proof of Theorem 0.1. Let Y € C*(R") satisfy

"!p” CZ(R")< o0, (147)
l‘im Y(x)=:¢,. >0, (148)
Jx| - x
AY(0)=0, (149)
and
i Yo(x)x,<0  Vx#0. (150)

i=1

Remark 5.1. It is well known that under (147), (148), and (150), ¥
violates the Kazdan-Warner conditions and therefore

—du=y |u|*" =P uinR" (151)

has no nontrivial solution in E. Recall that the Kazdan-Warner conditions
are

J Z !ﬁx,(x) X; |u|2n,f’(n72|=0

i=1

for any solution ue E of (151).
Let Ke L™(R") satisfy, for some positive constants 4, > 1, R>1, and
K,.>0,

1Kl = <Ay,
Ke C°(R"\By),
lim K(x)=K

Jx| = o

(152)

oo

For any O<e<1, k=1,2,3,..,m=2,3,4, ..., we choose an integer k
such that for any 2<s<m, ()= k. We then choose e, e, .., e;€ 0B, to
be k distinct points.
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Let

Or=max |K(x)—K,| + max W(x)—¥.l, R>1,
x| =R

Xz R
and Q!" be the connected component of
{xlelx—le)—y. )+ K, —6 7> K(x)}

which contains x =/e;.
We define

R;= min sup{|x—/le]|xeQ},

1gism
and

K (eW(x—le) =Y. )+ K, —d 4, if xe Q"
om0 K(x) otherwise.

It is easy to prove that
diam(@\")< /1,  forlarge,

and )
lim R,= co.

R

With K, .., defined as above, for any 2 <s<m, we prove that for /
large enough,

——Au=Kﬂ.k.m',u'"+2)‘ﬁ("k2), in R",
uek, (153)

u>0

has at least & solutions with s bumps.
Let e, ..,e; be any s distinct point among e, .., e;, W€ define for
i=1,2,..,s that

xW=le,,
0" = By(x"), OY’: By(x{"),
KD=e(y—y.)+K,,
a = s((0)— ¥ ) + K.

Clearly we can apply Theorem 5.1 to conclude that there exists at least
a solution in V,(s, ¢) for large I It is also easy to see that if we choose a
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different set of s points among {e,, .., ¢;}, we get different solutions since
their mass are distributed in different regions by the definition of V,(s, €).
By the choice of k, there are at least k different sets of such points.
Therefore (153} has at least & solutions for large /. Now we fix / large
enough to make the above argument work for all 2<s<m and set
K. im= K, xm, Clearly there are at least k£ solutions with 5 (2<s<m)
bumps to the following equations

—Adu=K, ;a8 inR”",
uck,

u>0.

Theorem 0.1 follows from the above after performing a sterographic
projection on the original equation. We leave the details to the reader. ||

Proof of Theorem 0.2. We prove it by contradiction argument. Suppose
Theorem 0.2 is false. Then for some &£ > 0 (without loss of generality, we can
assume £ to be very small), ke {2,3,4,..}, there exists a sequence of
integers 74", ..., I*), such that

fim 79 = oo,
- ox
lim |7 = 1| = o0, i},
I— =
but (2) has no solution in V(k, & Bx}"), .., B{x!¥")) which satisfies

kc—e<Iy<kc+E, where c= (1/n)(K(x*))? "2 (S,)", x{"=x*+(I\"T, 0, 0).
We now define, for £ >0 small, that

Kl(xls x2’ x}): K(xla X2, x})y
0 = B(x{"), 0\ =B,(x"),
R,=min{/|I], /1" = IV},

i)

KD(xy, %2, x3) =K (x1, X5, x3) = lim K(x, +IT, x,, x;),

X[~ 20
a'' = K(x*).
It is easy to see that K is T-periodic in x, and satisfies
K. is C? in a neighborhood of x*,

K. (x*)=sup K_(x)>0,
xeR”

AK , (x*)#0.
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Applying Proposition A.1 in Appendix A and Theorem 5.1, we
immediately get a contradiction.

Theorem 0.3 can be proved in a similar way; we leave it to the reader.

Proof of Theorem 0.4. Under the hypotheses of the theorem, it has been
proved by Schoen and Zhang that there is no more than one point blow
up. See [Z] for the details. However, it follows from Proposition A.1 in
Appendix A that one point blow up may not occur either. Hence the
conclusion of the theorem.

APPENDIX A

Let K(x) be some L™ function defined on R”, O, 0P, ., O™ cR"
open sets with dist(O'”?, 0V") > 1 Vi #j. Suppose that Ke C°(U™, O'”) and
we define V(m, e)=V(m,e, O, .., 0" K), for ¢>0, as the following
open set in E.

ueVim,e) if ueE and there exist o= (0, .., %), %, . & ER",
X=X, 0 X)) X, €09, A=(4,, .., 4,,), such that

\ , 1
Al s Ay > 7
£

[o; — K(x)? ") <e 1 <igm,

”ll— (P(CX, X, }')“ <&

where

Ll

(,D(a, X, )") = Z a; 6(xi3 }"i)’
ii (n—2)/2
1+1,-2ly—x,-|2) .

i=1

o(x;, A )Ny)= (n(n—Z))("J"m(
It is well known that for any x,eR”, 1,>0,
(x;, 4,) € E,
—48(x,, 4;)=8(x;, A,)" =D jn R”,

16(x;, A)1 = 118(0, 1),

S, = (f V(0 1)|2)”".
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LeMMma A.l. Suppose further that for some &,>0, K(x) is C' in
{x|dist(x, U7, 0'")<8,} and satisfies

0<K,<K(x)<K,<oo if dist (x, U 0'“)@50,

i=1
[K(x)| < K; < o0 vxeR”,
IVK(x)| < K4 < 00 if dist (x, U 0‘”) <9,

i=1

Then there exists ¢4=¢o(K,, K, Ky, K4, n, 8¢, m) >0, such that, for any
O<e<ey, ueVim, e,

min  Ju— (e, x, )|

{x,x.A)€ By,

has a unique minimum, and it is achieved in B,,, where

B, = {(a, X, A x={x,, .., x,), x;e R", dist(x,;, 0") < 5,/2,

2 .
WSdiﬁm, A=Al v Al A1y ooy Ay = 1/8}

The proof of Lemma A.1 only requires some modification of Proposi-
tion 3.1 in [Lil]. See also [BC1] and Appendix A of [BC2] for the
original argument of this type.

ProposiTioN A.l. Let K{(x)e L=(R") be C? and positive near x*eR",
where x* is a critical point of K with AK(x*)#0. Then for 3 <n<6, there
exists £, >0 (&, depends on K,, K,, K+, K4, n, 8,, the modulo of continuity
of D?K) and an open neighborhood O of x*, such that

— Au=K(x)un+in-2) inR”,
uck, (154)
u>0.

has no sofution in V(1,¢,, O, K).

Let O be a small neighborhood of x* where |VK| << |4K].
According to Lemma A.f, if ¢>0 is small enough, any function
ue V(l1, ¢, O, K) can be represented uniquely as

u=ad(x, 1)+, (155)
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where o= K(x)? " 4+ (1)eR, xeR", A>0 (where -,(1) denotes some
quantity which tends to zero as & tends to zero), and v e E satisfies

jvaw:o,
jvaxvv=0, (156)
fvaA.Vu=o,

where 3., §; denotes the partial derivatives in x, 1, respectively.

LemMMA A2, For B> 1, there exists C(B)> 1, such that, for any a, be R,
we have
lla+b1"—(lal”+ B lal”~* ab)]
{C(ﬂ) b} ” <2
<
C(PYIbIP +]al?~21b1%)  f22

Proof of Lemma A.2. Set x=b/a (if a#0); it is equivalent to prove
that for any x e R, we have

1+ x] %~ (1 + Bx)|
<{C(ﬂ)lxl” f<2
SLCBNIx P+ X2 B2

The above 1s obvious (check it for x small and large).

LemMa A3, IfueV(l,e O, K) is a solution of (154), then v in (155)
satisfies

o] SC(IDIZ(X)' +i>. (157)

'{2

Proof of Lemma A3. Multiply (154) by v and integrate by parts. We
obtain, by using Lemma A.2, that

K

= J K(ad(x, A)+ p)n+ 2V =2y

= [ K(ad(x, 1))+ D2y

2 [ K@, D) 2074 O oD + ol)
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= [ (K= KGe))od(x, A 202y

2
P [ K3, )2 024 Ol 2+ o],

+

The last equality follows from (156).
It follows that
(1+2,(1) llv)* < Cf [K— K(x)| 8(x, 2)+ 20 =2 |p|

+n+2
n—2

(1+0,(1)) [ 80x, )4 202

+ CJ‘ |K — K(x)} 6(x, ;V)M(n ~2) 2
Using Lemma A.2 of [BC2] and the Holder inequality, we have

”UNZSCI |K— K(x)| o{x, ;t)(n+2)/‘(n72, ol

‘ (n+2)2n
<c{f k= ke o e L

DK 1
<C {’ ;x)' +F} Iol.

Proof of Proposition A.l. Let ug=ay0(x,, 4g) +v, be a solution of
(154) in ¥F(l,¢ O, K). Introduce u,=uayd(xy, Ao+7)+1v, and we have
(since u, is a solution)

d
?d—tl(u’”':():o'

Recall that
n

_ZJ‘KIu,IZ'”‘("* 2)
n

|
Hu) =3 [ V=5

Therefore we have
d
0 =;1'; I(“l)'l:ﬂ

=IV“0 V(e 8,(x0, 10))—IK luolmn - uolog 8,(xg, 4p))

= — [ K I 8(0, 20) + 1ol "+ "2 (g 8,0, 2o)).
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The last equality follows from (156) and the fact that

[ Vd(xq, 40) V8,(xg, 4g)=0.
Applying Lemma A.2, we have

[ K 1ato 8x0, 26) + w6l ™+ 272 (21 8,(x0, 4o))

= | K20 8(x0, 260" " (24 6,0, 40))

n+2
n—2

+ J K(ag 6(xq, 10))4/(" - (eto 3;(xq, 49)) 1o
fO l (n+2)(n-2) 5 ; 6
(1) | ol [0:(xq, o)l n>

O(1) [ 1egl? 8(:xg0 20) ™"~ 18, x0, o)l

+
e

L 0 [1ogl "2 215, x0, 20)l 3<n<6

=I+ 11+
We estimate [, I1, and Il one by one.
I= [ (K~ K(xo)} (20 8(x0, )™ 272 (24 8,(x0, 4o))
= [ (VKo = x0)
+ 3 Ky (ol y = Xo): (3 = Xo), + (] y = Xol)}
ij
x (2 8(xg, A" ™ 2" (2 8,(xo, %0)) dy
= Ry gl o1y = x0l)

x (29 8(xg, Ao))" T P2 (a4 6,(x0, Ao)) dy

1 1
= (Cil -+ Oﬂ(l)) AK(XO) (')_5'*' © (F))’
Lo 0

where C > 1 is some constant depending on K, K,, n.
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Note that

nt i J‘ é(x,, ’10)4‘/("7 » 0,(Xo, 4g) g

n——
d \ n
=c_ﬁj'5(x0,“tn+2»( D ol

d

=-d}f (—A48(xg, 4)) Vol = i

=J (— 48 ,(xqs A0)) Vo

= j V5,(xo, 4o) V0o
-0,

The last equality follows from (156).
We have

1< O(1) [ 1K= K(xo)] 8(x0, 26)*" 2 18:(x0, 20)] Ivol
1
<O(1) = [ 1K= K(xo)l 8(x0, 1) " 2" [
0

1 ‘ {n+2)2n
<00t - (1K= Kxo) 2 6o, o2 )

0

1
< O(1) 75 livoll

4]

DK( 1
| (3"0)’_*_72).
A3 Ay

<0(1)(

The last inequality follows from Lemma A.3.
For 3 <n <6, we have (noticing that |4, 8;(xq, 4¢)] < C{n) d(xq, 4¢)),

1 <
1) < 0(1) 1 [ 1ool? 8(xo. 20}~ 4+ 0() 2= [ 6]+ 2772 3, 20)
}‘O }'0

1 1 #
<O(1) = fivofl* + O(1) 7~ ffolf 7 +2/=2)
o o

|DK(xo)|* | 1 ) <|DK(X0),M+2)/M~2) 1 )
—+=3 1+ 0(Q1) o R oo
A Ay Jnn =D A DT

|DK(xo)|” + IDK(xo)| "7 2 ( ! ))

% PR

SO(])(

éO(l)(
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For n>6, we have

< o(1) ' [/ 1ol 210 206,50, )
t N ,
<O(1) 7 | logf " * 2772 6(xo, Ao)
A’()

1 ‘
< 0(1 ) )_ IIUOH|11+2)r’1'l 2)
‘0

]DK(X )'(rx+2)‘/‘(n—2) 1
< 0(1)( i%n,c“(ﬂ*Z) + FIEEECE) o

It follows from the above estimates that for 3<n <6, if £¢>0 is small
enough, then A, is very large and we have (using |VK(x,)| <<|DK(x,)|)

1] > | + |11,

This contradicts (157).

APPENDIX B

For the convenience of readers we present in this appendix some results
of Schoen (see [Sc2], also [Z]).
We first recall a local form of the Pohozaev identity (see [Sc3]).

THEOREM B.1. Let (N, g) be an n-dimensional compact Riemannian
manifold with smooth boundary. Let R= R(g) be the scalar curvature func-
tion of N, and suppose X is a conformal killing vector field on N. Then

2n
jN(:gXR)dvf.—‘zjw T(X,v,) do,, (158)

«

where T = Ric— (1/n) Rg is the trace free Ricci tensor, & y denotes the Lie
derivative.

Letting #>0 be a C? function defined in a neighborhood of the origin
of R”, set

g=u4/('l——2) Z (dx‘)z, (159)

i=1

rP=Y (x)%  B,={xeR"||x| <o}
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We can derive from (158) (taking X = r(¢/dr)) that (see [Be], [Scl])

J’ raR(g)uz””""_”dx: 2n J. a"u2T<—a— i) dé, (160)
5, 2 Jas,

or n— or’ or

where dx is the volume element of 3. (dx')?, d¢ is the surface element of the
unit (n— 1)-sphere,

o & v [y | o 2
. =)= _ i(n /(n —= A /n - 2) .
e e A A

Here 4 is with respect to the flat metric 37_, (dx')%.
Let X be a positive C? function near the origin of R", 1<p<
(n+2)/(n—2) and u >0 be a solution of

Au+ Ku? =0 (162)

near the origin.
Let g be defined as in (159); it follows from a straightforward computa-
tion that (see [Be])

R(g)=—c(n) ' u "+ "D gu=c(n) ' Ku ", (163)

where 1= (n+2)/(n—2)—p and (n)=(n—2)/(4(n—1)).
It follows from (160) and (163) that

2n ) J ¢
n T __,__
n-—2 agﬂa " (6r 6r> d

= ~1 t 8_15 p+1
= c(n) (|+p+1>f8ﬂraru dx

nt -1 p+1
+p+lc(n) Lﬂ Ku
—pri] clm) | Kwrde, (164)

where T(8/dr, 8/0r) is as in (161).
Let t,> 0 satisfy lim,_, , 1,=0 and p,= (n+ 2)/(n—2)— 1,. Consider

._Au‘.=K'_(x) u%n+2)ﬁ‘(n—2) -1 in Q,
(165)
u,>0
where 2 < R” is an open set,

{K,} are bounded in C| (£2) and have a positive lower bound. (166)

loc
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We are mainly concerned with what happens to «, when 1, tends to 0. It
follows from standard elliptic theories that if {«;} remain bounded, then for
some ue Cp (), u; tends to u in CZ,_ along a subsequence as t, tends to 0.

Otherwise, we say that u; blows up.

DEFINITION B.1. Suppose {u;} satisfy (165). ye Q is called a blow up
point of {u;} if there exists a sequence y; tending to y, such that
u,(y;) = 0.

DEeFINITION B.2.  Suppose {u;} satisfy (165). e Q is called an isolated
blow up point of {u,} if there exists 0<7<dist(y, 6Q2), C>0, and a
sequence y; tending to y, such that 7 is a local maximum of u,, u,;(y,) — o0,
and

u(y)<Cdist(y,y,) ¥~V forall yeBi(y,). (167)
Let 7 be an isolated blow up of {u,}; we define

|
[0B,| Jag,ir)

u(r)= u, r>0,

and
W(ry=r¥r Vi (r), r>0.
DerFinITION B.3. 7€ Q is called an isolated simple blow up point, if J is

an isolated blow up point, such that for some p >0 (independent of i) w;
has only one critical point in (0, p).

PROPOSITION B.1.  Suppose {K;} satisfy (166) and {u;} satisfy (165). Let
F€Q be an isolated blow up point of {u,;} be the sequence of points as in
Definition B.2. Then for any R,— oc, ¢,— 07, we have, after passing 1o a
subsequence (still denoted as {u;}, {y;}, etc.), that

“ui(yi)il ui(ui(yi)i‘p'/ e +y)—(1+k,| "2)(27")‘/2”(2(82:(,10” <¢,

Ru,(y,) 7~ Y250 as i— o0,
where k;=(n(n—2))"' K;(y).

Proof. Consider

Ci(—")=u,’(y,‘)‘] uu,(y;)” ri= 1)/2x+yi)a [ x| <"ui(yn')(p'A 2,
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We have

— AL =Kol (p) P P x4 ) LT ] <)V

£:(0)=1,V{,(0)=0, (168)

0<{(x)<C x|~ 2m 0, [x| < Fu,(p,) 02
Applying the Harnack inequality to {, (using (168)), we obtain for 0 <r <1
that

max {; < Cmin {,, (169)

aoB, OB,

where C > 0 is some constant depending only on n, C and the upper bound
of |Kill .=

Noting that —A4¢, 20, {,(0)=1, and (169), we obtain (using the
maximum principle)

max {; < C, (170)
B,
for some positive constant C.

It follows from (167), (170), and the standard elliptic theories that there
exists { >0, such that (after passing to a subsequence),

(=0 in G (R,
—d4{=lim K (yp){"*?"" 2 inR",
{20,00)=1, V{(0)=0.

It follows that (see [CGS])

{(x)=(1+ lim k, [x[?)?" "2

Proposition B.1 follows immediately.

PrOPOSITION B.2. Suppose {K;} satisfy (166) and {u,} satisfy (165). Let
y € Q be an isolated blow up point of {u,} and {y;} be the sequence of points
as in Definition B2. Then for any 6>0 we have (after passing to a
subsequence)

Cilu(y) + ki (y)Y " D x—p Py " P2 gu(x),  |x—pil<é,

where k,=(n(n—2)) "' K,(y;) and Cs;,—> 1 as 6 0", i > 0.
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PROPOSITION B.3.  Suppose | K,} satisfy (166) and {u,} satisfy (165). Let
7€ be an isolated simple blow up point of {u;} and {y,;} be the sequence
of points as in Definition B.2-B.3. Then for any 6 >0 we have (after passing
to a subsequence)

u(x) < Cyu (p )L+ Kk (p)P ' x—y|2) 273
[(x =yl S Rau;(p;) 7172
ux) < Coiu(y) Hx—y >
R (y) 7" x—y| <6,
where
Ru(y,) " Y250, R >0 as i— o0,

Cs;;—1 as 6-0% and i— oo,

For the proof of Proposition B.2-B.3, see [Sc2] and [Z].
PROPOSITION B.4. Suppose {K;} satisfy (166) and {u;} satisfy (165). Let

Y€ be an isolated simple blow up point of {u,} and {y.} be the sequence
of points as in Definition B.2-B.3. Then as i — oo, we have

t=0 j aKu"'“dx)+0(u(y) 2)
By OF

= 0(“[(}’[)7(,” Sy,
Proof. Applying (164), we obtain

2n ¢ 0
—n ‘_) v v a,
n—2 jnlm_r,) s T<5"’ 5’) :
oK;
— -1 pi+1
C(n) ( p 1) J-Br(H ar u dx

"
—c(n)© [ K
'

Ku?+ ' dg,

OB ;)

c(n
where

= Z (y—yi)lz(’

k=1

J ¢ 2/(n - 2) o2 =2/{n —2) 1 ~2/(n— }
A 2/ L o, 2 = A=y
T(505) = =2 P {gm )= )
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Proposition B.4 follows immediately from Propositions B.2 and B.3, and
the above.

COROLLARY B.1.  Under the hypotheses of Proposition B4, lim,_ . u;(y,)"
=1.

PROPOSITION B.5. Suppose {K.} are bounded in C*(B,(F)) and {u;}
satisfy (165). Let y € Q be an isolated simple blow up point of {u;} and { y,}
be the sequence of points as in Definition B.3. Then

VK, (y)] = O(u;(y,)~ 7= 172,

Proof. Define a cutoff function ne C*(B,,,), satisfying
nx)=1, lx| <

nx)=0, |x|=

Multiplying (165) by 5(du;/0x,) and integrating by parts, it follows from
Proposition B.3 and the standard elliptic theories that

1 J' oK, Py
pl + 1 B, axl
1 Qu, 1 an
=— Vu,|? —Vu, Kub+! —
2J‘ Vuil 0x, B, 0x, U p,+l B i ox,
1 on
== Vu,|? —— ul —Vu,V
2 By2\Bia | ! 0x, JBI 2\ By c”r g
__l__ FLas _é'?_
pi+ 1 By2\Bya e axl
= O(“i(yi)—z)-
Therefore (see Proposition B.3 and Corollary B.1)
oK 1

__i y up'+l
p (y; )p'+1 N n

1 oK, 1 oK'

- p,+l +— — pr+1

pit+1 g,{éx[( )= ax,} 1 pi+1Jg ox! Wi
1

= +1J {——( ) K}u"'“n+0(u(y) %)

( ly— ylu(y)"'“dv')+0(u(y) ?)

= O(y, ,V) (pi— 11/2)

580;118:1-8
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Clearly we can estimate (0K,/0x.)(y;) (2<k<n) in a similar way.
Proposition B.5 follows immediately.

THEOREM B.2.  Assume { K} satisfy (166) and {u;} satisfy (165). Assume
also that y€Q is an isolated blow up point of {u;}. If n=3, then y is an
isolated simple blow up point.

Proof. We argue by contradiction. Assume the contrary, ye 2 is an
isolated blow up point, but is not an isolated simple blow up point.
It follows from Proposition B.1 that the first critical point of w,(r) (r > 0)

occurs at r=(/n(n—2)/K,(y)+-(1)u,(y;) "2 and it is the only

critical point in the interval 0 <r < Ru,(y;) 7~ 172,
Let r, be the second smallest critical point of w,(r) in the interval
0 <r<F. It follows from Proposition B.1 and the above that

oz Ru(y,) D2 (171)

Note that (see Proposition B.1) w,(Ru,(y;)” "~ "?) -0 as i » co; thus
we have (otherwise there would be another critical point of w,(r) between
Riu,(y;) """~ 2 and r;)

w;(r;)—0 as i— 0. (172)
According to the contradiction hypothesis, we have

r,—0 as i— oo. (173)
Let
v,(y)= r,mp' Yuir v+ v Iyl <Ffr.
It follows from (171) that

v (0)=rY"" Vu(y)z RF" 1 - 0.
We derive from (165) that
—dvi(y)y=K(r;y+y)o(p)7, i< (174)

It is easy to see that y =0 is an isolated simple blow up point of {v;}.
Therefore Propositions B.2 and B.3 apply to {v;}.
Set

By =222, <A,

It follows from (174) that
—A4v(y)=w,(r)" " " K(riy+y) 5,07, IYI<Fr. (175)
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It follows from (167) that
i WIS C Lyl =22yl < Ffrse (176)

Applying the Harnack inequality to {v,} (see (174) and (176)) we obtain
for some C >0 that

_l_ X .
c YT Ivl=1

#;(») is bounded on compact set of R"\{0}.

It follows from (175), (177), and (172) that (after passing to a
subsequence) for some ( y),

5;(y)—=8(y) as i—coinC) (R™\{0}),
—A45=0,5>0, in R"\{0}.

It follows from standard elliptic theories that there exist some
nonnegative constants b, ¢ such that

y)=>blyl*> "+c, yeR™{0}. (178)

Note that §,(y)=1; we conclude that §(y)=1 for some |y| =1, namely,
b+c=1.

Note also that |p|?'»~ " 5,(|p|) (here 5,(r) = (1/08,) {5 v; for r>0) has
a critical point at |y| = |; we conclude that " ~2"2j(r) has a critical point
at r=1; namely, b —c=0.

Therefore we have

B(y)=3(y> "+1), peR"\{0}.

To sum up, we have derived under the contradiction hypothesis that
there exist {v;} such that

—dv,(»)=K()vn)™ <,

v;>0,

»y=0is an isolated simple blow up point of {v,},
Ki(»)=Kriy+y).,  yI<ir,
ri—»0,w,(r)—-0 as [— o0,

v,(y)

1
L= ) =5 07T i CLRN(0)) (179)
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Applying (164) to {v,} (see (179)), we obtain, for any 0 < g,

2 J 0
i ol T ——,_\i d¢
n—2g, or or

1]

Lo 1 & Pt 1
e J;'B”Kibi dé
K.
+c(n)"'(l+ THN rfa—r'uf'“dx, (180)

where

0 0 -2 [0 o] —2/tn— }
—, = })=(n- >(n — (07" ——A(p, ¥ V). (181
T(ar’ C.,r) (n=2) 0" 225 (v, A, D) (181)

Applying Propositions B.2 and B.3, we obtain that

n

c(n)*'f RvP 1 dE = O(v,(0)~#+ 1),

Pi + 3B,
Therefore
: 2 Tio’n t % +1
lim v;(0)° —— c(n) Ko2* di=0. (182)
= x P +1 a8,

It follows from Propositions B.2 and B.3 and (174) that

j. r(_a.lf_‘vm“
B, or !

Multiplying (180) by v,(0)? and letting / tend fo oo, we obtain for n=3,
by using (182) and (183), that

<Cr [ roptl=o(,0) ), (183)
B,

2o (lim v,»(O)v,-(y))ZT(a a)(hm 0,(0) v,(y)) dé

n—2 ABy, i— 6 a i— oo
=c(n)! ]1m v,(0)? J v"'“
=0 (184)

The last equality follows from (183), Corollary B.1, and the fact that
(p;i—1)2=2-1,/2 when n=3.

Using (179), (177), and a direct computation, we see that if we take
o >0 small enough, (184) is violated. Theorem B.2 is thus established.
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In the following we treat the case n=4 and obtain the following
theorem.

THEOREM B.3. Assume {K;} is bounded in C. (Q) and {u;} satisfy
(165). Assume also that j € is an isolated blow up point of {u;}. If n=4,
then ¥ is an isolated simple blow up point.

Proof. We argue the same way as in the proof of Theorem B.2 until
(182).Then we use the uniform Cj,_(£2) boundedness of {K,} and proceed

as follows.
Choosing an orthonormal coordinate system (depending on /) such that
the Hessian of K; at y, is diagonal, we have

J’ ré&v’_’l+l
B, 6r !

= j y .VIE',_U‘;""'l
B,

VAN

[IERZIUr
B,

+max DR [ |y2ort
B, B,

=[ y-VR@©up
B,

+r? max |1)2K,.|f |y 2 ort,
B (3e) B,

Applying Proposition B.5 to (179), we obtain
IVK.(0)] = O(v,(0) 7~ 172,
Applying Proposition B.3 to (179), we have

[ yorrt=cu0) 2,

B,
Therefore

[y VR©) o =c(w,0) 1),
2,
Applying Proposition B.3 and Corollary B.1 we have (using n=4)
1 |yI?
2pP =3, (0) 2 - | ————sdy+.(l )
[oerst=u0 2 (3] i dy+e()
Therefore (using lim;_, _ r;=0)

" 8K,
lim u,.(O)Zj Y rstort =0, (185)

- o B, -1



116

YANYAN LI

Multiplying (180) by v,(0)* and letting i tend to oo, we obtain for n=4
using (182) and (185), that

2n

af (lim ©,(0) 5,())? T(: a)(hm v,(0) v,(y)) dE>0. (186)

n—2 3B, {— X

As before, by using (179), (177), and a direct computation, we see that
if we take o>0 small enough, (186) is violated. Theorem B.3 is thus
established.
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