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Abstract

We give a generalization of a theorem of Bocher for the Laplace equation to a
class of conformally invariant fully nonlinear degenerate elliptic equations. We
also prove a Harnack inequality for locally Lipschitz viscosity solutions and a
classification of continuous radially symmetric viscosity solutions.
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1 Introduction

On a Riemannian manifold (M, g) of dimension n > 3, consider the Schouten
tensor

1
k),
2n—1)"¢8
where Ric, denotes the Ricci curvature. Let A (A,) = (A4, -+, 4,) denote the eigen-
values of A, with respect to g, and let

(1.1) I C R" be an open convex symmetric cone with vertex at the origin,

(1.2) {AGR"|7Li>0,1gign}crc{zeRn|izi>o},
i=1

(1.3) fe€C=(T)NC’T) be concave, homogeneous of degree one,

and symmetric in A;,
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The following fully nonlinear version of the Yamabe problem has received much
attention in recent years:

(1.5) f(?L(Au%g))zl, «>0 and A(A;) €l onM.

For 1 <k <n,let op(A) = Li<ijcocip<n iy - Ai A = (A1, , A) € R", de-
note the k-th elementary symmetric function, and let I'y denote the connected com-
ponent of {A € R"|0x(A) > 0} containing the positive cone {A € R"|A;, -+, A, >
0}. Then (f,T) = (0./*, T satisfies (1.1)-(1.4). When (f,T) = (01,T}), (1.5) is
the Yamabe problem in the so-called positive case.

When M is a Euclidean domain and g = ggy is the flat metric, equation (1.5)
takes the form

(1.6) fA@m) =1, u>o0,
where A (A") denotes the eigenvalues of the matrix A* with entries
2 _ar 2n _om 2 _om 5
(Au)l'j = —n — 2M "*zvl'ju—i- (1/1_72)21/! n—2 ViuVju — WU n—2 |VM| 5’]

Equation (1.5) is a second order fully nonlinear elliptic equation of u. Fully non-
linear elliptic equations involving f(A(V?u)) was investigated in the classic paper
of Caffarelli, Nirenberg and Spruck [5].

Another equation which is closely related to (1.6) is
(1.7) A(A") € dl', u>0.
Equation (1.7) is equivalent to
f(A(A")=0, u>0 and A(A")el.

Both equations (1.6) and (1.7) arise naturally in studying blow-up sequences of
solutions of (1.5).

There have been many works on equations (1.6) and (1.7), which include Liouville-
type theorems for solutions of (1.6) and (1.7) in R", Harnack-type inequalities,
symmetry of solutions of (1.6) and (1.7) on R"\ {0}, and behaviors of solutions of
(1.6) near isolated singularities; see e.g. [6, 7,9, 11, 12, 14, 15, 16, 18, 19, 20, 21,
22,25, 26].

The main focus of the present paper concerns solutions of (1.7) with isolated
singularies. When I' =17, (1.7) is Au = 0. A classical theorem of Bocher [2]
asserts that any positive harmonic function in the punctured ball B; \ {0} C R" can
be expressed as the sum of a multiple of the fundamental solution of the Laplace
equation and a harmonic function in the whole unit ball B;. This can be viewed
as a statement on the asymptotic behavior of a positive harmonic function near its
isolated singularities. Our goal is to establish a generalization of this result for
(1.7).

Equation (1.7) is a fully nonlinear degenerate elliptic equation. For example,
whenI' =1 with k > 2, the strong maximum principle and the Hopf lemma fail for
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(1.7) (see the discussion after (1.9) below). For fully nonlinear uniformly elliptic
equations, extensions of Bocher’s theorem have been established in the literature.
See Labutin [17], Felmer and Quass [10] and Armstrong, Sirakov and Smart [1].

In the case of the non-degenerate elliptic equation (1.6) with (f,I") = (le / K Iv),
local behavior at an isolated singularity is fairly well-understood: It was proved by
Caffarelli, Gidas and Spruck [3] for k = 1 and by Han, Li and Teixeira [16] for
2 <k <nthatu(x) = u.(|x])(1+O0(]x|*)) where u, is some radial solution of (1.6)
on R"\ {0} and « is some positive number. This statement is complemented by
the classification of radial solutions of (1.6) by Chang, Han and Yang [8]. For (1.7)
with I satisfying (1.1) and (1.2), it was proved by the first author in [22] that a
locally Lipschitz viscosity solution in R" \ {0} must be radially symmetric about
{0}. We also note that Gonzalez showed in [13] that isolated singularities of C3
solutions of (1.6) with finite volume are bounded, among other statements. See
also [12] for related work in the subcritical case.

As mentioned above, solutions of (1.7) arise as (rescaled) limits of blow-up
sequence of solutions of (1.5), along which one may lose uniform ellipticity. For
this reason, it is of interest to consider solutions u of (1.7) which is not C2. We
adopt the following definition for less regular solutions of (1.7). For Q C R", we
use LSC(Q) and USC(Q) to denote respectively the set of lower and upper semi-
continuous (real valued) functions on Q.

Definition 1.1. Let Q be an open subset of R”, I" satisfy (1.1) and (1.2), and u be
a positive function in LSC(Q) (USC(Q)). We say that
A(AY) el (A(A") e R"\T)
in Q in the viscosity sense if for any xg € Q, ¢ € C?(Q), (u— ¢)(xo) = 0 and
u—@ >0 (u— @ <0) near xy,
there holds
A(A?(xp)) €T (A(A%(x0)) e R"\T).

We say that a positive continuous function u satisfies A(A") € T in Q in the

viscosity sense if A (A*) belongs to both I" and R" \ T" in the viscosity sense thereof.

It is well known that if a C? function satisfies the above differential relations in
the viscosity sense then it satisfies them in the classical sense.
In our discussion, the constant uli’ defined by

(1.8) pi € [0,n— 1] is the unique number such that (—ugt,1,...1) € 9T
plays an important role. Note that yi;* is well-defined thanks to (1.1) and (1.2). For

I' =1}, we have ,urt = ”T_k for 1 < k < n. In particular,

uli;>1 if k<5,
pr, =1 ifk=73,
pr, <1 ifk>14.
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As another example, for the so-called 6-convex cone

29:{), : 7L,~+92),j>0f0ralli}, 0 >0,
=1

we have 5" = ("1119)9 €[0,n—1).
For simplicity, in most of this introduction, we restrict ourselves to the case

where
(1.9) (1,0,...,0) € JT".

We note that when (1.9) holds, the range for pt is [0,n—2].

Clearly, the cone I', for 2 < k < n satisfies (1.9). See Theorems 1.8, 2.2 and 4.6
for the case where (1.9) does not hold. Note that, by (1.2), (1,0,...,0) € I, and by
(1.1) and (1.2), (1.9) is equivalent to

(1.10) (M,—1,...,—1) e R*\ [ forall A; € R.

In [24], it was shown that, under (1.9), the strong maximum principle and the Hopf
lemma fail for a large class of nonlinear degenerate elliptic equations including
(1.7). Conversely, if (1.9) does not hold, then the strong maximum principle and
the Hopf lemma hold.

Our first two main theorems (which cover the case I' = I'; for 2 <k < 7) are as
follows.

Theorem 1.2. Assume that T satisfies (1.1), (1.2), (1.9), and [.LF > 1. Letue€

ClOC (B1\ {0}) be a positive viscosity solution of (1.7) in By \ {0}. Then
pt -1 -1
u(x) 52 =q n2 |x| “F+l+w( )
where
a= inf |x|""2u(x) >0,
xeB\ {0}

and w is a non-negative function in Ly (B1). Moreover,

(1.11) either v = 0 in By \ {0} and u(x) = a|x|~ "2 > 0in By \ {0},
(1.12) 0r0<rginvfz§vfzgrgaxvi’/in3,\{0} VOo<r<l.
B

Finally, if a = 0 then u can be extended to a positive function in Cloo"f (By) and
lullcos(s,,,) < C(T',B) supu ¥ B e(0,1).

By,

Theorem 1.3. Assume that T satisfies (1.1), (1.2), (1.9), and .ul" =1. Letue
loc (B \ {0}) be a positive viscosity solution of (1.7) in B; \ {0}. Then

Inu(x) = —o In|x| +w(x),
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where o € [0,n—2] and w € L2 (B)) satisfying

(1.13) rginv‘fzgv"vglgaxvi’/inBr\{O} Vo<r<l.
B, B,

If o = n—2, then W is constant, i.e. u(x) = M,% for some positive constant C. If

o = 0, then u can be extended to a positive function in C*P (By) and ||u|| cop (B =
c(T,pB) supg, , u for all B <(0,1).

When 0 < uff < 1, which is the case for I' = I'; with k > % there have been
works in the literature. In this case, I is closely related to the so-called 0-convex
cone YXg for some 0 < 6 < n]fz (see Appendix B for a definition). For such I,
Gursky and Viaclovsky [15] showed that classical solutions of (1.7) in a punctured
ball either extends to a Holder continuous function or is pinched between two mul-
tiples of |x|2*". ForI' =T, with % < k <n, Lishowed in [20] that bounded classical
solutions in a punctured ball extends to a Holder continuous function in the ball,
and Trudinger and Wang showed in [25] that solutions of A (A*) € T in B; in some
appropriate weak sense is either Holder continuous or is a multiple of |x — xo|>~"
for some xp. Using a result of Caffarelli, Li and Nirenberg [4, Theorem 1.1] (see
also Proposition 4.1), we prove:

Theorem 1.4. Assume that U satisfies (1.1), (1.2), (1.9) and 0 < /.LF+ < 1. Let

u € LSC(B1 \{0}) NLy:.(B1 \ {0}) be a positive viscosity solution of 2(A*) € T in

B\ {0}. Then either u = ‘x‘% for some C > 0, or u can be extended to a positive
_yt

function in Cloo’i Hr (B1). Moreover, in the latter case, there holds

it -1

<C(T) supu 2.
9B3)4

it -1
(1.14) l= o 5,

The Holder exponent obtained in Theorem 1.4 is optimal (see Theorem 2.2). If
I" does not satisfy (1.9), the rigidity assertion about singular solutions of (1.7) in
1

Theorem 1.4 is false. For example, for ' =Xy with 0 < 6 < P the function

n=2
u(x) _ u(|x|) _ (’x’—(n—l-&-e") o %) n—2+6-1
is a positive radially symmetric solution of (1.7) in B \ {0}, which is singular at
the origin but is not a multiple of |x|>~".

For Iy, k > 3, if u is a weak solution of A (A") € [y in By in the sense of [25],
then u is a viscosity solution of A(A*) € I' in B;. On the other hand, it is unclear
to us that the converse is true.

A key technical step of our proof of the Bocher-type theorems is the following
Harnack inequality for C%! viscosity solutions of (1.7) which is of independent
interest.
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Theorem 1.5. Assume that T satisfies (1.1) and (1.2). Let u € C%'(By) be a positive
viscosity solution of A(A") € dT in B). Then, for every 0 < € < 1, there exists a
constant C = C(I', €) such that

|Vinu| < C a.e. in By _¢.

Consequently,
supu < e inf u.
By ¢ Bi-¢
We note that an analogue of Theorem 1.5 for the equation
fAAY)) =y, AA") el inB
where V¥ is a smooth positive function in By was proved by the first author in [22].
For (f,T') = (le / o I';) and smooth ¥ > 0, gradient estimates for C3 solutions were
obtained by Gursky and Viaclovsky [15] based on earlier work of Guan and Wang
[14].
Beside Theorem 1.5, another ingredient in our proof of the Bocher-type the-
orems is a classification of all C? positive radially symmetric viscosity solutions
(I7)in{a < |x| <b}:={x€R" |a < |x| <b}, where 0 < a < b < eo.

Theorem 1.6. Assume that T satisfies (1.1), (1.2) and (1.9). For 0 < a < b < oo,
let u € C°({a < |x| < b}) be radially symmetric and positive. Then u is a solution
of (1.7) in {a < |x| < b} in the viscosity sense if and only if

( ) C1|x|’C2withC1>O,0§C2§n—2 if'ulle’
Uulx) = n—2
(C3 x| M+ 4. Cy) e with C3 > 0,C4 > 0,C3+C4 >0 ifuf # 1.

An immediate consequence of Theorem 2.2 and [22, Theorem 1.18] is:

Corollary 1.7. Assume that I satisfies (1.1), (1.2), (1.9) and ulf >1. Ifue
Cloo’é (B1\ {0}) is a positive viscosity solution of (1.7) in By \ {0} and if u is lo-
cally bounded near the origin, then u is constant.

Note that in the above, u is not assumed to be a priori radial.
Last but not least, we have the following asymptotics for isolated singularities
of (1.7) when (1.9) is not assumed.

Theorem 1.8. Assume that T satisfies (1.1) and (1.2). Let u € Cﬁ)’cl (B1\{0}) be a
positive viscosity solution of (1.7) in By \ {0}. Then

lim [x|" 2 u(x) = a € [0,00).

[x]—0

The rest of the paper is organized as follows. We start with a study of radially

symmetric solutions and super-solutions of (1.7) in Section 2. The key result of
this section is a Theorem 2.2, which is more general than Theorem 1.6. Also
in this section, we exhibit certain monotonicity properties which are used later
on. In Section 3, we prove Theorem 1.5. Proofs of the Bocher-type theorems are
presented in Section 4.
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2 Radially symmetric solutions and supersolutions

For a smooth radially symmetric function u, A (A") will take the form (V,v,...,v)
for some V and v. Thus, in studying radially symmetric solutions of (1.7), it is im-
portant to see which vectors of the above forms lie on dI". By homogeneity, it
suffices to see which of

(M,1,...,1),  (1,0,...,0),  (Ar,—1,...,—1)

belong to JT. In this respect, the constant y defined in (1.8) and the condition
(1.9) come naturally into our discussion. Recall that ,uli’ is well-defined thanks to
(1.1) and (1.2). If (1.9) is satisfied, i.e. (1,0,...,0) € JT, no vector of the form

(A1,—1,...,—1) belongs to I". Conversely, if (1.9) fails, i.e.
2.1) (1,0,...,0) ¢ 9T,
then there is a unique (A,—1,...,—1) on dI". We thus define
Up = +oo if (1.9) holds,
(2.2) Up € [n—1,00) is the number such that (ug,—1,...,—1) €

oI if (1.9) does not hold.
The following lemma, whose proof can be found in Appendix B, gives some
basic properties of ;Ll?.
Lemma 2.1. Assume that I satisfies (1.1) and (1.2). Then

(a) ,u;f and Uy are monotone in I

(b) uf =n—1(or ur =n—1) ifand only if T =T.
(c) /,Llir =0ifand only ifI' =T,

(d) /.Llir and Ur satisfy

—1 ol ifud > -2,
(n_2)+n“+ SHES{ o Vi >0

r oo otherwise.
(e) if (1.9) holds then 0 < put <n—2.
Theorem 1.6 is a special case of the following result.

Theorem 2.2. Assume that I satisfies (1.1), (1.2) and 0 < a < b < oo, Then every
radially symmetric positive viscosity solution u of (1.7) in {a < |x| < b} is one of
the following smooth solutions:

(a) u(x)=Cy|x|"2 withC; >0,0<C, <n—2when u =1,

n—2

(b) u(x) = (C3 |)C|7“1irJrl +C4)“lf71 withC3 >0, C4 > 0, C3+C4 > 0 when ,u;“ 75 1,

n—2

(c) u(x) = (Cs|x|™#r+1 — Cg)*r =" with Cs >0, Cg > 0, lim Cs el _Ce >0
r—r

when Uy < oo,
n—2

(d) u(x)=(—Cy|x|"#r 1 +Cg)*r " withC; >0, Cg >0, —limC; rir L g >0
r—a

when U < oo,
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Remark 2.3. Assume that I" satisfies (1.1), (1.2), (1.9), and 0 < b < . By the
above theorem, the only positive radially symmetric C? solutions of (1.7) in the
ball {|x| < b} are constants. If one has in addition that it > 1, then the only
bounded positive radially symmetric C? solutions of (1.7) in the punctured ball
{0 < |x| < b} are constants.

We first give the

Proof of Theorem 2.2 for classical solutions. Let r = |x| and

o _n—2

A = 3 M%A“:—uvzu—k "

1
2VM®VM— m |VM’2]

n—
Since u is radially symmetric, the eigenvalues of A* are
o Vi=—uu"+ % (u')?, which is simple,

1

Thus, by (1.8) and (2.2), for each r € (a,b),
either v(r) =0,
orv(r) > 0and V(r)+ ug v(r) =0,
orv(r) <0,ur <eoandV(r)+pup v(r)=0.

e andv:=—1uw' — L5 («)?, which has multiplicity n — 1.

Case 1: There holds

1 1
(2.3) V= ——uu —
r n—>2

(u')? = — uid In(r"%u)]’ = 0in (a,b).

Solutions to (2.3) are u = Cy or u = C‘o 2" In particular, V = 0 and hence A* =0
in (a,b).

Case 2: v is positive somewhere in (a,b). Let (¢,d) be a maximal open subinterval
of (a,b) on which v is positive. Then, in the interval (c,d),

{ v >0,
2.4)

+ n—1— +
VAutv=—uu’ —ud + "= () =0.

If puf = 1, we put u = ¢" and obtain w” + 1 w' = 0, which gives w = ¢; +¢; Inr.
It follows that

(2.5) u=Cir < in (c,d) for some C; >0

If put # 1, we introduce
n—2

u=wh 1,
The second line of (2.4) becomes w" + @ w’ = 0, which implies w = CyrHr+l 4
C4 and

n—2

(2.6) u=(C3r M+ 4. C)n " in (c,d).
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We next show that (c,d) = (a,b). Arguing by contradiction, assume for exam-
ple that ¢ # a. By the maximality of (c,d), we must have
1
-2
Since v # 0 in (c,d), we have C; # 0 if u =1 and C3 # 0 if u # 1. From the
explicit form of u, it can be seen that u/(c) # 0. Thus this implies
n—2

(2.8) u(c)=— c u(c).

(' (c))* =0.

2.7) v(c) = —% u(c)u'(c) — "

If u” = 1, this implies that C, = n—2 in (2.5) and so v is identically zero in (c,d),
contradicting the first line of (2.4). If uli’ = 1, this implies that C4 = 0 in (2.6), and
again results a contradiction. We have thus shown that (¢,d) = (a,b).

A calculation shows, in view of (2.5) and (2.6), that A is similar to diag(— u;r V,V,...

where

c? 20— .
cHc-G) e it =1,
2(n—1-pgt)

(n—2)C3Cqu 72t L ifpt £ 1.
The restrictions of Cy, C,, C3 and C4 in (a) and (b) follow.

V=

Case 3: v is negative somewhere in (a,b). Let (c,d) be a maximal open subinterval
of (a,b) on which v is negative. Then p- < o and, in the interval (c,d),

v <0,
- n__ Mg ooy on=l=lp oo
V+urv=—uu"—Tuu'+——- ()" =0.
Arguing as in Case 2, we arrive at

n—2

u=(Csr 1 4G4 " in (a,b).
It follows that A* is similar to diag(— g v, v, ...,v) where

Ao Antowp) oy
v=(n—-2)CsCeu 2 rHr

The remaining part of the theorem follows easily from the above. U

Here are consequences of what we have just proved:

Corollary 2.4. Assume that I satisfies (1.1), (1.2) and (1.9). For any 0 < a <
b < oo, o0 >0 and B > 0, there exists a positive radially symmetric function u in
C*({a < |x| < b})NC°({a < |x| < b}) satisfying
u .
2.9) { A(A") € T in {a < |x| < b},
ulap, = @, ulap, = P

if any only if

b
<(n—2)In-.
<(n—=2)In—

(2.10) 0<In

= R
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Moreover, the solution is unique.

Corollary 2.5. Assume that T satisfies (1.1), (1.2) and (2.1). Forany 0 < a < b <
oo, o > 0 and B > 0, there exists a unique positive radially symmetric function
solution u € C*({a < |x| < b})NC*({a < |x| < b}) to (2.9).

FIGURE 2.1. For (2.9) to have a solution when (1.9) holds, @ must sat-
isfy B < a < . No such restriction is need when (1.9) does not hold.

It is clear that the proof of Theorem 2.2 for classical solutions can be adapted to
give a complete classification for radially symmetric classical solutions of oy (A*) =
0 (without any ellipticity assumption). In this case, the solutions take the form

Cy |« if n = 2k,
() =9 A im0k

(Cs|x|” & +Cy) w2 ifn# 2k,
where the only restriction on the constants C; € R is such that x > 0 in the relevant
interval. We omit the details.

In the proof of Theorem 2.2 in the general case, we will use of the following

comparison principle which is a consequence of a result in [21] on the first variation
of the operator A”.

Lemma 2.6. Let QQ C R” be a bounded open set, I satisfy (1.1) and (1.2), u be a
positive function in USC(Q) (resp. LSC(Q)), v be a positive function in C*(Q) N
LSC(Q) (resp. C?(Q)NUSC(Q)) such that A(A*) € R"\T (resp. A(A*) €T) in
Q in the viscosity sense, and A(A") € T (resp. A(AY) € R*\T) in Q. Assume
that u < v (resp. u>v)on dQ. Then u <v (resp. u>v)in Q. In particular, if
A(A") € T in Q in the viscosity sense, A(A) € T in Q and u = v on dQ, then
U=vinQ.
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n—2
_h—z

1
vi(x) = (v(x)#—feS'x'z) Ja=1,2,...
l
By [21, Lemma 3.7], for some small § > 0 and for all ,
2.11) A(A%) € Tin Q.

It follows from the assumptions on # and v that infg v > 0, supgu < coand u <v
on dQ. Let B; be the smallest number such that §;v; > uon Q. If limsup, .. B < 1,
then, since v; — v uniformly on Q, v>uin Q as desired. Otherwise, along a
subsequence, fB; — 8 > 1. We have f; vi(x;) = u(x;) for some x; € Q. Since v > u on
dQ and v; — v on Q, we know that x; € Q. It follows, taking f3; v; as a test function,
A(APYi(x;)) € R*\ T, i.e. A(A"%(x;) € R*\ T, violating (2.11). This completes the
proof of the first part of Lemma 2.6. The proof of the second part is the same. [J

The following estimate for viscosity super-solutions of (1.7) can be viewed as
a generalization of (2.10).

Lemma 2.7. Assume that 1 satisfies (1.1), (1.2) and (1.9). For 0 < a < b < oo,
let u € LSC({a < |x| < b}) be positive, radially symmetric and satisfy A(A") € T
in {a < |x| < b} in the viscosity sense. Then u is non-increasing and |x|"~*u is
non-decreasing in |x|, i.e. fora < c <d <b,

u(c) d
(2.12) Ogmuu)g(”_”hi?

In particular, u is locally Lipschitz in {a < |x| < b}.
Proof. Let
_Inu(c) —Inu(d)
~ Ind—Inc

We first show the second half of the estimate: m < n— 2. Assume otherwise
that m = (n—2) + € for some € > 0. Define for u > 1,

2 —&(Inr—Inc
800 = (1) = u0) Gy exp [ ot i)

It is easy to see that &, (c) = u(c) and &, (d) = u(d). Note that A% has two eigen-
values A; of multiplicity one and A, has multiplicity (n — 1). A direct computation
using the explicit formula for &, shows that

Jo=— &~ (G <0in (a,h).

In view of (1.10), this implies A (A% ) € R"\T.
Now, u is a super-solution while &, is a sub-solution of (1.7) and both have the
same boundary values. By Lemma 2.6, u > ;. Sending i — oo results in
Cn—2

u>ulc)

in (¢,d),

rn—2
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which contradicts the assumption that m > n — 2.
The first half of the conclusion that m > 0 can be shown similarly. Assume
otherwise that this was wrong. Then the function
m(Ind —Inr)* }

;o [mlind—Tnr)®
Su = uld) exp | G T Ty

is a sub-solution of (1.7) which has the same boundary values as u. Thus, by
Lemma 2.6, u > &, in (c¢,d) which leads to a contradiction when we send y —
oo, 0

We are now in a position to give the

Proof of Theorem 2.2. It suffices to show that u is a classical solution. For any
a < ¢ < d < b there exists a smooth positive radially symmetric solution & of (1.7)
such that ii(c) = u(c) and @i(d) = u(d): This is a consequence of Lemma 2.7 and
Corollary 2.4 in case (1.9) holds, or of Lemma 2.5 in case (2.1) holds. By Lemma
2.6,u=1in (c,d). Since # is smooth, so is u. The conclusion follows. O

As mentioned in the introduction, the strong maximum principle fails for so-
Iutions of (1.7) when (1.9) holds. The next result recovers a strong maximum
principle statement in the radially symmetric setting.

Lemma 2.8. Assume that T satisfies (1.1) and (1.2). For 0 <a < b < oo, letu €
C%({a < |x| < b}) and ii € LSC({a < |x| < b}) be positive, radially symmetric and
satisfy respectively A(A") € T and A(A") € T in {a < |x| < b} in the viscosity
sense. Assume that u < i in {a < |x| < b}. Then

either u < win{a <|x| <b}oru=uin{a < |x| <b}.

Proof. Suppose the contrary, then for some c,d € (a,b), u(c) < i(c) and u(d) =
i(d). We may assume that ¢ < d; the other case can be proved similarly. According
to Theorem 2.2, u is smooth (and takes some specific form).

We first observe that

u=iin{d < |x| < b}.

The reason is that if u(7) < @(7) for some d < 7 < b, we can apply Lemma 2.6 on
{c¢ < |x| < 7} to obtain, for small € >0, (1 +€)u < i in {c < |x| < F}, violating
u(d) =u(d).

Fix ad € (d,b) and let & = 3[u(c) +ii(c)]. If (1.9) holds, an application of
Lemma 2.7 to both u and i gives

0<im™) % ) oy
u(d) u(d) i(d) c

and hence, by Corollary 2.4, there exists a unique smooth radially symmetric so-
lution v of (1.7) in {c < |x| < d} satisfying v(c) = o and v(d) = u(d) = i(d). If
(2.1) holds, the existence of v is assured by Lemma 2.5. By Lemma 2.6, v < iz on
{c < |x| < d}. On the other, since u(c) < v(c) and u(d) = v(d), we have, in view of
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the explicit form of radial solutions given by Theorem 2.2, u < vin {c < |x| < d}.
Thus, u(d) < v(d) < i(d), a contradiction. O

A consequence is the following comparison type result, which will be used
later.

Corollary 2.9. Assume that I satisfies (1.1) and (1.2). For 0 < a < b < oo, let
ue C'{a < |x| <b}),i € LSC({a < |x| < b}) be positive, radially symmetric and
satisfy respectively A(A") € T and A(A") € T
sense. Assume that u|yp, < ii|yp, and u|yp, > il yp, for some a < d < b, then

a<uin{a<|x| <d}.

Proof. Assume the contrary that u(c) < i(c) for some ¢ € (c¢,d). According to
Theorem 2.2, u is a smooth function. An application of Lemma 2.6 yields

i>uonBy\B..

In particular, i(d) > u(d). We also know from the assumption that ii(d) < u(d).
So we have ii(d) = u(d). By Lemma 2.8, we obtain i = u on B, \ B., violating
u(c) < i(c). O

Lemma 2.10. Assume that I satisfies (1.1), (1.2) and (1.9). For0 <a <b < oo, let
u € LSC({a < |x| < b}) be a positive, radially symmetric solution of A(A") € T in
the viscosity sense in {a < |x| < b}. Then, for any a < Ry < b, the function

1 —Inu(R, .
) g,

W, (r) = ot wet
0 u(r) +2 u i (Ro) zfu;r 7&1
—R

is non-decreasing in r for r € (a,Ry).

Proof. Fix a < Ry < Ry < Ry. Using estimate (2.12) in Lemma 2.7 and Corollary
2.4, we can find uniquely two smooth radial functions v; € C*(Bg, \ {0}),i=1,2

such that
A(AY) € 9T in Bg, \ {0},
{ V,‘(Ro) = M(Ro),vi(R,‘) = u(Ri).
By Corollary 2.9, u(Ry) < vi(R3). It then follows from the explicit formula for v;
and v, in Theorem 2.2 that

%) < V1 in BRO\{O}.

To proceed, consider first the case where y # 1. By Theorem 2.2, there exist
non-negative constants f; and v; such that
n—2

vilr) = ()
Asvi(Ry) = va(Ro) = u(Ry), we have

-1

(RO) = —/.L,R N
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We thus have

n—2
pt-1

MF—I}

vi(r) = [u,. (fur* R “) +u(Ro) 7
Recalling v, < v; we thus get
o < .
On the other hand, as v;(R;) = u(R;), we have y; = Wg,(R;) and so Wg,(R2) <
Wg, (R1).

Let’s turn to the case where ,ulf = 1. The argument is similar. By Theorem 2.2,
there exist constants y; € [0,n — 2] and v; such that

Inv;(r) = —nr+v;.
As before, this leads
Inv;(r) = ¥i(R;) <lnR0 —Inr)+Inu(Ry).

Recalling v, < v;, we have g, (R2) < Wg,(R1), which finishes the proof. O

3 Key gradient estimates

In this section, we prove Theorem 1.5, a local gradient estimate for locally
Lipschitz viscosity solutions of (1.7).
For a locally Lipschitz functionvin Bj,0 < ¢ < I, x€ By and0 < 6 < 1 — x|,

define
v(y) = v(®)|
Masx)= sup ———".
* O<ly—xl<s [y—x|*

Note that [v], 5(x) is continuous and non-decreasing in §. Thus we can define

oo Af (1= |x])* V]a,1-1x(x) <1,

o(vyx,o0) =< p  where0 < pu <1—|x|and u%[v]gu(x) =1
if (1= [x)* V]g,1-pq () = 1.

The above function & (v, x, &) was introduced in [22]. Its inverse & (v,x,a)~! plays
a similar role to |Vv(x)| in performing a rescaling argument for a sequence of
functions blowing up in C*-norms. In particular, if § = §(v,x, ) < oo, then the
rescaled function w(y) := v(x+ 8y) — v(x) satisfies

w(0) =0 and [W]g,1(0) = 8%[V]g,s(x) = 1.
We start the proof in a special case.
Lemma 3.1. Let u be as in Theorem 1.5. There exists C = C(n) such that

supp, , u

1

n—2
- a.e. inBy,
1nf33/4u] /

|VInu| < C(n) [
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suy u
Ps, /4

inf33 /4 u

1
=
i ] and |y| = 3/4, we have

Proof. Forx € By, 0 <A gR;zl[

lnfz )LZ(y_x))

ug(y) == Wu()ﬂr =2 < (4R)"?supu = infu < u(y).

B34 Bsya

Also, we know that u, ; satisfies A (A"~*) € dI"in By \ By (x) in the viscosity sense.
Since u, 5 = u on dB; (x), we can apply [22, Proposition 1.14] to obtain

3.1) ugy <wuin By \ By (x) forall 0 <A <R, |x[ < 1/2.

By [23, Lemma 2], (3.1) implies the gradient estimate

C(n)

|VInu| < R a.e. inBj.
This concludes the proof. 0
We now give the

Proof of Theorem 1.5. We follow the proof of Theorem 1.10 in [22]. Since the
equation A (A") € JT is invariant under scaling, it suffices to consider € = 15/16.
We first claim that

Inu(x) —1
(3.2) sup ) I;”(y” < (T, a) forany 0 < & < 1.
X?éyeBl/g |x_y|

Assume otherwise that (3.2) fails. Then, for some 0 < & < 1, we can find a
sequence of positive C%! functions u; in By such that A (A%) € JT there but

|Inu;(x) — Inu;(y)]

sup
x#yEB| 18 |x - y|a

This implies that, for any fixed 0 < r < 3/4,

sup [Inu;]g (x) — oo,
XGBI/S

which consequently implies

inf (Inu;,x,a) — 0.
XGBl/g

It follows that for some x; € B34,

34—l 1 3/4 - |«

O(Inu;,x;, ) 2 veBy, O(Inu;,x, o)

Let 0; = m and & = §(Inu;,x;, o). Then

G.
(3.3) ;’ — 00,8 — 0, and & <48 (Inu;,z, o) for any |z —x;| < o;.

1
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We now define

1 o;
vi(y) = () ui(x; + &) for [y| < ?j

Then
(34) [ln Vi]aJ (O) — gl'a [ln Ml‘] Qg (.xl) — 1
Also, by (3.3), for any fixed f > 1 and |y| < 3, there holds

(nvila1(y) = &7 Inuila.g (xi + &)
<47¢ {3 sup &7 [Inui]ge4(2) + &7 [INui] e, pa(xi + z—:,-y)}
lz—(xi+ey)|<e;

<3 sup  S(Inwi,z, @) [Nui]g s0nu z0)(2)
|z—(xi+ey)|<e

+ S (Inui, x; + €, 00) " [INt] o, 5 (10t 1+ € y,00) (Xi + € 9)
3.5 =4

for all sufficiently large i. Since v;(0) = 1 by definition, we deduce from (3.4) and
(3.5) that

1
(3.6) B <wv;(y) <C(B) for |y| < B and all sufficiently large i.

Thanks to (3.6), we can apply Lemma 3.1 to obtain
(3.7) |VInv;| < C(B) in Bg , for all sufficiently large i.

Passing to a subsequence and recalling (3.3) and (3.6), we see that v; converges in
CO% (o < o’ < 1) on compact subsets of R” to some positive, locally Lipschitz
function v, which satisfies A(A") € JI  in the viscosity sense. By the Liouville-
type theorem [22, Theorem 1.4],
v = v, (0) = limv;(0) = 1.
j—yo0

This contradicts (3.4), in view of (3.7) and the convergence of v; to v.. We have
proved (3.2).

From (3.2), we can find some universal constant C > 1 such that

0
uij) S u S CM(O) in BI/S'

Applying Lemma 3.1 again we obtain the required gradient estimate in By/jg. [
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4 Bocher-type theorems

In this section we prove the Bocher-type theorems stated in the introduction.
We start in Subsection 4.1 by proving the regularity assertion across isolated sin-
gularities with mild growth in our Bocher-type theorems. Subsection 4.1 contains
the proof of Theorem 1.8. Theorems 1.2, 1.3 and 1.4 are proved in the next three
subsections. In Subsection 4.6 we consider a case where (1.9) does not hold. Sub-
section 4.1 and Subsections 4.2-4.6 can be read independently.

4.1 Isolated singularities with mild growth

We will need the following removable singularity result for super-solutions of
1.7).

Lemma 4.1. Let I satisfy (1.1) and (1.2), u € LSC(B; \ {0}) be a positive solution
of A(A") € Tin B \ {0} in the viscosity sense. Then u, with u(0) = liminf,_,o u(x),
is a positive function in LSC(B,) satisfying A(A") € T in By in the viscosity sense.

Proof. 1t is easy to see that u, with u(0) = liminf,_,ou(x), is in LSC(B;). We know
from A (A%) € T"and (1.2) that Au < 0 in By \ {0} in the viscosity sense. Since {0}
has zero Newtonian capacity, Au < 0 in B; in the viscosity sense. Consequently,
inf u> minu > 0.
By ,\{0} 9By,
In particular, u(0) > 0.
We have shown that u is a positive function in LSC(B) ) and satisfies Au < 0 in

By in the viscosity sense. It follows that u is lower-conical at {0} (as defined in
[4]) : For any ) € C*(B) ;) and for any € > 0,

inf [(M—H‘[)(x) — (u+n)(0) —e\x|] <o.

XGBI/Z
The proof of [4, Theorem 1.1] gives that A (A) € " in By in the viscosity sense. [

Proposition 4.2. Assume that T satisfies (1.1), (1.2), and 0 < ulf < 1. Letue
LSC(By\ {0}) NLy:.(B1 \ {0}) be a positive function satisfying A(A*) € T in By \
{0} in the viscosity sense and

liminf|x|" "2 u(x) = 0.
|x]—0
TR
Then, the function u with u(0) = liminf), _,qu(x) is in CIOO’Cl T (B)). Moreover,
H -1 il
=" [[coas, ) < C(T') maxu ="
9B3)4

Proof. By Lemma 4.1, A(A") € T in the viscosity sense. Let v(x) = v(|x|) =
minyp  u. Then A(A") € T in B) in the viscosity sense, hence v is super-harmonic.
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It follows that v is non-increasing. Also, by the hypothesis, liminf, o7~ v(r) =0,
hence there exists 0 < r; < 3/4 such that

@.1) P 72v(r) < (3/4)" 2 v(3/4).
Thus, since v(r;) > v(3/4), there exists C; > 0 and C, > 0 such that the function

n=2_
#(r) = (Cr | Gy
satisfies ¥(r;) = v(r1) and ¥(3/4) = v(3/4). By Theorem 2.2, A(A”) € 9T in By \
{0}. By Corollary 2.9, we have v < ¥ in (0,r;). In particular, v is bounded at the
origin and
u(0) = liminfu = liminfv(r) < co.

[x]—0 r—0

By Lemma 4.1, A(A") € I in the viscosity sense. By the super-harmonicity of

u,

c:=infu=minu > 0.

Bsya B34
For X € By /5, consider
I ’x_ﬂi#FJrl py:—zl
éf()C) = C(W +b) T
where b > 0 satisfies
n=2_

4.2) Eo() = b 1 = ().
We will show that
(43) u> éf in B3/4.

It is easy to see that

Er(x) < 4ni2 lx—%* " <cforallx € 0Bz 4.

Also, by (4.2), for any 0 < € < 1, there exists 0 < § < % such that
4.4 (1—¢€)& <uin Bg(x).
Since A(A1=8)%) € T in B34\ {¥} according to Theorem 2.2 and (1 —€)&; < u
on d (B34 \ Bs(X)), we can apply Lemma 2.6 to obtain
(1—€)& <uin B3y \Bs(%).
Thus, in view of (4.4),
(1 — 8)6)3 <u in B3/4.
Sending € — 0, we obtain (4.3).
Set
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We deduce from (4.3), in view of (4.2), that

e —
w(x) —w(X) < ————— maxw for all x,X € By .
4ur—1 9B3)4
Switching the role of x and X we obtain
e — 5|+

w(x) —w(x)| < max w for all x,X € By ),

41 9By,

which proves the result. U
Proposition 4.3. Assume that I" satisfies (1.1), (1.2), and 1 < /.L;r <n-—1. Let
ue CoL(B1\ {0}) be a positive viscosity solution to (1.7) in B; \ {0} satisfying

loc
liminf |x|" 2 u(x) = 0.
|x]—0
Then, for all 0 < a < 1, the function u with u(0) = liminf|y_,o u(x) is in Cl%'g (By).
Moreover,
lullcoa (s, ,) < C(T', &) érll/gu.

Proof. Let u be the extended function. We first prove that

4.5) maxu = supu, O0<r<l.
JB, B,

By Theorem 2.2, the function, with0 < e < land 0 <r <1,

+ ui—17 A2

—ut il e 7 S A

Ver(x) = [e x| ~#r H fsupyp u ]”F if ut > 1,
supgp ur®|x| ¢ ifut =1,

satisfies A(A"r) € 9T in B, \ {0}, ve, > u on dB,. Clearly, there exists & — 0"
such that

min[ve , — u] — o0 as i — oo.
9B;,

Here we have used ,uli’ > 1. An application of Lemma 2.6 on B, \ B;, gives
u <ve,in B, \ Bs,.

Sending i — o and then € — 0, we obtain (4.5).
Since u is a positive super-harmonic function in B; \ {0} and the Newtonian
capacity of {0} is zero, we have

4.6) minu = infu.
JB, B,

For 0 < |x| < £, applying Theorem 1.5 to u(x+ %) leads to

c(I)

(4.7) [VInu(x)| < ]

for all x € By 3\ {0}.
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In particular,

(4.8) R:=

1

1 |maxgp,  u| "?

T >Cc(m)™!' >o.
mingp,  u

For0 < A < |x| < Rand [y| = 3, we have, in view of (4.5),

A2 R2(y-)
uep(y) = =2 ”<x+ W)
< (2R)" % supu = (2R)" > maxu < min u < u(y).
B3/4 aB3/4 8B3/4

Since u,; = u on dB) (x) and A(A"2) € 9T in B34 \ By (x), we can apply the
comparison principle [22, Proposition 1.14] to obtain

ugy <win By \ (B (x) U{0}) forall 0 < A < |x| <R.

By Lemma A.1, we have

C
4.9) [ maxInu —minlnu| < (’I;)r forall 0 < r < R/2.
B, r
We deduce from (4.5), (4.6) and (4.9) that
, C(n)r
(4.10)  sup|lnu—Inu(0)| < rglaxlnu — rgmlnu < R forall 0 <r <R/2.
B, B,

r

From (4.10) and (4.7), we can use interpolation to show that Inu € 0> (Bg/2)-

To obtain better regularity, we refine our usage of Lemma A.1 and the super-
harmonicity of u. Fix o € (0,1), xo € Bg/g and let ro = |xo|. By Lemma A.1, we
have
C(n)

R

(4.11) Inu(x) —Inu(xp) < |x —xo| for any x € B, »(x0) \ B, (0).

Also by the same lemma,

@.12) Inu(x) — Inu(z) < C;”) lx — % for any x, % € 9By, (0).

It remains to bound Inu(x) — Inu(xo) from below for x € B, >(x0) \ By, (0).
Let yp = % and define

v(y) = :O[mu(xo + %Oy) —Inu(xo)] for y € B1(0) \ Ba(—2y0).

As u is super-harmonic, so is v. In addition, by (4.10) and (4.12),

C
@13 )< Sy sorany y € B(0)\ Bal-230),
C
(4.14) v(y) —v(@) < () |y — §| for any y,§ € dB,(—2yo) NB1(0).

R
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Define w as the harmonic function in B; (0) \ B2(—2yy) such thatw =von d(B;(0)\
By(—2yp)). Then (4.13), (4.14) and elliptic regularity imply that

C(n,a
Il 01200 < CVIeo 108, -y + M=) < R )

Thus, by the maximum principle,

v(y) —v(0) > w(y) —w(0) > —

Recalling back we obtain that

C(n,a
) 1y o any y € By/2(0) \ Ba(~230)

(4.15)  Inu(x) —Inu(xg) > —

C(n,a
(R) |x —xo|* for any x € B, /»(x0) \ B, (0).

From (4.11) and (4.15), we get

Cn,a
|Tnu(x) —Inu(xg)| < (R ) |x — x0|* for any x € B, /(x0) \ Br,(0).
This implies that
C(n,a) o
(4.16)  |u(x) —u(y)| < —R |x — y|” for any x € Bg/g(0) and y € B)y /4(x).

(Here xg could be either x or y, whoever that has smaller norm.)
To complete the proof, we show that

C(n,a)
R

4.17) [Inu(x) —Inu(y)| < x —y|* for any x,y € Bg/3(0) \ {0}.

The assertion is readily seen from (4.7), (4.8) and (4.17). To prove (4.16), we may
assume without loss of generality that |x| > [y|. If [x —y| < |x|/4, (4.17) follows
from (4.16). Otherwise, |x —y| > |x|/4 and so by (4.10),

C) - C)
R R
which also implies (4.17). [l

|Inu(x)—Inu(y)| < |lnu(x)—Inu(0)|+|Inu(y) —Inu(0)| <

|'x_y|7

4.2 Leading term at an isolated singularity
Proof of Theorem 1.8. Define

v(r) = I(I}lllgflu.
Then v is positive and super-harmonic in B; \ {0}. Since {0} has zero Newtonian
capacity, v is super-harmonic in B;. In particular, v is non-increasing.
We claim that lim,_,o "2 v(r) exists and is finite. Fix some 0 < p; < 1 and for
0 < p < p1, let wy, be the radially symmetric function which is harmonic in By \ {0}
such that w, (p) = v(p) + 1 and wp (p1) = v(p1). In fact, wp(r) = a1 p " +azp
where

vip)+1—v —n
app = (p) 2E€1) >0andayp =v(p1) —aip 912 .

p2"—p;
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Note that wy (r) > v(r) for all 0 < r < p. (Because if w(s) < v(s) for some s < p,
the maximum principle implies that w, (r) < v(r) for s < r < py, which implies in
particular that w,(p) < v(p) contradicting our choice of wy(p).) It follows that

limsup 7”2 v(r) < limsupr" 2w, (r) = aj p forall 0 < p < p;.
r—0 r—0

In particular, limsup,_,, 7" 2v(r) is finite. Also, we obtain from the above that

limsup 7”2 v(r) < liminfa; , = liminfr" 2 v(r),
r—0 p—0 r—0

which proves the claim. We thus have

a := liminf|x|" "2 u(x) = im "2 v(r) < oo.
|x|—0 r—0

We next claim that

A :=limsup |x|" "% u(x) is finite.
|x|—0

To prove the claim, let, for 0 < r < 1/4,

1
u(y) =u(ry), 5 <ll<2.
Then v, satisfies A (A*") € dT"in {1/2 < |y| < 2}. Thus, by Theorem 1.5,

maxu, < C minu,
23 JB;

where C depends only on n. Equivalently,

maxu < C minu.
0B, 0B,

It follows that A < Ca < oo.
Next, we show that A = a. Assume by contradiction that A > a. Then, for some
€ > 0, we can find a sequence x; — 0 such that
(4.18) ;" u(x;) > a+2e.
Furthermore, we can assume that

(4.19) ;|2 5ninu:|xj|”_2v(|xj|)§a—|—8.
B

Define

1 —
uj(y) = n72“<*.>7 M <Rj=lx 7"
Then, by (4.18) and (4.19),
A(A%) € IT in Bg, \ {0},
(4.20) { %) 7\ OY

minu; < a+ € and maxu; > a+2€.
831 aBl

Since minyp, u; is bounded, we can apply Theorem 1.5 to obtain the boundedness
of uj and |Vu;| on every compact subset of R"\ {0}. By the Ascoli-Arzela theorem,



BOCHER-TYPE THEOREMS 23

uj, after passing to a subsequence, converges uniformly on compact subset of R” \
{0} to some locally Lipschitz function u,. Furthermore, by (4.20), u, satisfies (1.7)
in R"\ {0} in the viscosity sense. By [22, Theorem 1.18], u, is radially symmetric
about the origin, i.e. u.(y) = u.(]y|). This results in a contradiction as the second
line in (4.20) and the convergence of u; to u, imply that

maxu, > a-+2€>a-+ € > minu,.
B JB,

We conclude that A = a and thereby finish the proof. U

When /.Llf = 1, the leading term for a singular solution of (1.7) might not be
]x\*(”*z); see Theorem 2.2. A more precise picture is given by the following
lemma.

Lemma 4.4. Assume that U satisfies (1.1), (1.2), (1.9) and ,ur+ =1 Letuce
(B, \ {0}) be a positive viscosity solution of (1.7) in By \ {0}. Then there

loc
exists 0 < o < n—2 such that

Inu(x)
im =—
k=0 In|x]|
Proof. Let
(4.21) v(x) =v(|x|) = minu.

(:)BM

Then v € C°(B; \ {0}) and satisfies A(A") € T in the viscosity in By \ {0}. By
Lemma 2.10, the function
Inv(r) —Inv(1/2)
|Inr|

is non-decreasing for r € (0,1/2). This implies in particular that

1 1
o = liminf ) _ o Inv(r)
k=0 |Infx|]| =0 [Inr|

exists and is in [0,o0).

Here we have used the fact that u > mingp, LU > 0, a consequence of the super-
harmonicity of u in By \ {0}. Also, by Lemma 2.7 (or Theorem 1.8), o € [0,n—2].
Next, by Theorem 1.5,

C
|VInu(x)| < o in B; \ {0}, and so 0sc Inu <Cfor0< |x| <1.
x B

I+l

It follows that

Inu(x) < Inv(x) C
[Infx|| = [Infx]| * [In|x]|

The conclusion easily follows. O
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4.3 Proof of Theorem 1.2
We start by showing that

(4.22) rginWﬁWﬁrgaxWinB,\{O} VOo<r<l.
B, B,

Fix 0 < r < 1. We first consider the case where a > 0. For 0 < € < a, set
n—2

-1
i) = [(ate)F o] o]

r

u+—l n—2
Ve r(x) = [(a —g) e x| TR 4 fginﬂ ey
7 B

r

Then, by Theorem 2.2, we have A(A") € 9T and A(A") € dT in B, \ {0}, and
Ve, <u <v{, on dB,. Furthermore, by Theorem 1.8, there exists 6 = §(¢,r) >0
such that

Ve, <u<vg,inBs\{0}.
Thus, by Lemma 2.6,

ve, <u<vg, inB,\{0}.

Sending € — 0 we obtain (4.22).

Next, consider the case where a = 0. The argument above establishes the first
(n—2)k
part of (4.22). The second part follows from the super-harmonicity of u = w = .

We turn to the proof of the dichotomy (1.11)-(1.12). Assume that (1.12) does
not hold. Then by (4.22)

minw = inf w(x) =0.

9B, B\{0}
We thus have Au < 0 = A(a|x|~"~2)) in B;\ {0}, u > a|x|"*~?) in B, \ {0} and the
set {x € By \ {0} : u(x) = a|x|~ "2} is non-empty. The strong maximum principle
for the Laplacian implies that u = a |x|~*~2) in B; \ {0}. The last assertion follows
from Proposition 4.3. g

Corollary 4.5. Assume that T satisfies (1.1), (1.2), (1.9) and [.Llf > 1. Let Q be
an open subset of R" containing U%:13|pl,p2|(p,-) for two distinct points p| and
p2. Assume that u € C°(Q) is a positive solution of (1.7) in the viscosity sense in
Q\{p1,p2} and

lim |x—pi|" 2 u(x) = a; > 0.
|x—pi|—0

Then, for any r < |p1 — p2|,

ppt 1 mt-t
inf } (u(x)'FZ —a;,"? x\_“ﬁ_l> > 0.

B (pi)\{pi
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Proof. Assume otherwise that, for some 0 < r < |p; — p2

prt—1 [

inf u(x) —a,"”’ x| 741} =o0.
B (p)\{p1}
By (1.11) in Theorem 1.2,

u(x) = ailx—pi| "D in B,y (1)
This implies that

a= lim |x—po|" 2u(x) =0,
[x—pa]—0

a contradiction. O

4.4 Proof of Theorem 1.3

By Lemma 4.4,
Inu(x)

m =aec|0,n-2|
i T = * € 01 =2

To proceed, consider first the case &¢ = n — 2. The function v given by (4.21)
satisfies A (A") € T in the viscosity sense in B; \ {0}. By Lemma 2.10, the function

Inv(r) —Inv(s)
Ins—Inr

is non-decreasing in r for r € (0,s). It follows that
Inv(r) —Inv(s) > lim Inv(r) —Inv(s)

=o=n-—2.
Ins—1Inr r—0 Ins—Inr x=n

On the other hand, by estimate (2.12) in Lemma 2.7,
Inv(r) —Inv(s)

<n-2.
Ins—1Inr "

Combining the last two estimate we immediately get

C
v(r) = 2 for some positive constant C.

In particular, v is harmonic in By \ {0}. As u is super-harmonic in By \ {0}, u > v
in By \ {0} and u touches v in the interior, the strong maximum principle implies
that u = v. This establishes the result for @ = n —2.

Next, consider (1.13) for 0 < @ <n—2. For 0 < € < min(a,n—2— ), let

v, (x) =exp [— (a+¢€)lInlx| +rgaxvi’/] ,
, B,

ve (x) =exp [— (a—¢€)Inlx| —i—%linvi’/} .
; B,
As in the proof of Theorem 1.2, an application of Lemma 2.6 gives v, , < u < vsfr
in B, \ {0}, which implies (1.13).
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Finally, consider a = 0. The argument above shows the first part of (1.13). The
second part of (1.13) follows from the super-harmonicity of u = ¢". The remaining
assertion on the regularity of w follows from Proposition 4.3. g

4.5 Proof of Theorem 1.4

The function v defined by (4.21) belongs to LSC(B; \ {0}) N Ly (B; \ {0}) and
satisfies A (AY) € I"in By \ {0} in the viscosity sense. We claim that

(4.23) either v(x) = T for some C >0 or sup v < oo.
X B] \{0}

Indeed, if the first alternative in (4.23) does not hold, we can find 0 < r; <rp <1
such that

v(in) # =55 —
Using (2.12) in Lemma 2.7, we thus have

2
v(r) <v(r) < v n)r;z’ .
4
As in the proof of Proposition 4.2 (see the argument following (4.1)), this implies
that v is bounded near the origin. This proves (4.23).

If the first alternative in (4.23) holds, we have u > v in B} \ {0}, Au <0 =
Av in By \ {0} and the set {x € B; \ {0} : u = v} is non-empty. By the strong
maximum principle for the Laplacian, # = v and the conclusion follows. If the
second alternative in (4.23) holds, the conclusion follows from Proposition 4.2. []

4.6 An analogue of Theorem 1.4 when (1.9) fails

In contrast to Theorem 1.4, when (1.9) does not hold, there are unbounded
solutions in a punctured ball of (1.7) which are not of the form M% See the

remark below Theorem 1.4. In any event, we have:

Theorem 4.6. Assume that T satisfies (1.1), (1.2), (2.1) and 0 < [J.l'f < 1. Let
u e LSC(B1\{0})NLy, (Bl \ {0}) be a positive viscosity solution of L(A*) € T in

Bi\ {0}. Then ue C1 7" (B \ {0}) and

‘l‘ml "2 u(x) = a € [0, +o0).
In addition, ifa =0 then u € C

loc

(Bl) and (1.14) holds.
Proof. Extend u by u(0) = liminf|,_,yu(x). By Proposition 4.1, A(A*) € I" in B,
in the viscosity sense. Also, by Proposition 4.2, u € c-m (B1\ {0}).

loc
As before, the proof evolves around function v defined by (4.21), which belongs
to C(B; \ {0}) and satisfies A(A¥) € T in By in the viscosity sense. By super-

harmonicity, v is non-increasing.
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Case 1: There exists 0 < r; < rp < 1 such that

v(ry) 5

r)1172

The proof of Proposition 4.2 (see the argument following (4.1)) shows that v is
Tt

bounded at the origin, u € Cy'. ™" (B;) and (1.14) holds.

loc

Case2ForallO0<ri<mr<l,

v(r)) <

v(ry) 2
(4.24) v(r) > rﬂj
1
In other words, 7’2 v is non-increasing.
We claim that
(4.25) a:= liminf |x|" "% u(x) = liminf 7"~ > v(r) is finite.
|x]—0 |x|—0

Indeed, by (4.24), we can choose Cs > 0 and Cg > 0 such that the function
n—2
\7(}’) = (C5 pHr —6‘6)“571
satisfies #(1/2) = v(1/2) and #(2/3) =v(2/3). By Theorem 2.2, ¥ satisfies A (A”) €
oI in B, /3 \ {0}. By Corollary 2.9, we have v(r) < ¥(r) for 0 < r < 1/2, which
proves the claim.
Recalling (4.24), we see that

a
(4.26) v(r) < P forall0 <r< 1.

Since v is positive, a is non-zero.
Next, we prove that

n—2

p- —1 _ =
4.27) u(x) > [an% || M maxvi’/} et
9B3 4

up —1 up —1 _
where (x) = u(x) "= —a 2 |x|7Hr *1. For sufficiently small £ > 0, define

up -1 _ n—2
Ve r(x) = [(a —g) T |x M maxvi’z} et

r

Clearly, ve » < u on dB, and, by (4.26), for some 6; — 0, v » < u on dBs,. Also, by
Theorem 2.2, A(A"r) € dT"in B, \ {0}. Hence, by Lemma 2.6, v¢ , < u in B, \ Bs,.
Sending &; — 0 and then € — 0, we obtain (4.27).

Note that the argument leading to (4.3) is applicable in the present situation and

leads to

-1 -1

[.u@) ],,22[ x4 ]“F+l+[ u®) 1

(1-A)r infyp u
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for all x € B, \ {0},% € B4, \ {0},0 <A < 1,0 < r < 1. In particular, this implies
|
that the function w :=u += extends to a C>'~# function in B (with w(0) =0 in

view of (4.25)).
For j > 1, define

wj(x) = jiHr w(;ﬁ) for x| < j.

The Hoélder continuity of w implies that the w; is bounded in CO1-Hr (Bg) for

any fixed R > 0. Thus, up to a subsequence, w; converges uniformly to some
n—2

_ut - _
Weo € Cll M (R™). Furthermore, if we define ., = wli ! ,then A(A*~) e I'in R".

loc

By (4.26) and (4.27),

N

Al . _
maxwe =a 2 ' M and minu. = ar
0B, JB,

"=2) forall 0 < r < oo,

In particular, u..(x) > a|x|~"~?). As u., is super-harmonic and u..(x) = a x|~ "2

for some x, the strong maximum principle implies that u..(x) = a|x|~"*~2) and
+

Hpt + .
Weo(x) = a 2 |x|17Hr . Recalling the convergence of w; to W, we see that

a= lim |x|""2u(x),
[x]—=0

which finishes the proof. g

Appendix: A calculus lemma

For a continuous function w, let wy ; denote the Kelvin transformation of w
about the sphere dB (y), i.e.
;Ln—z AZ(X_ )

—w|y+ 7)) wherever the expression make sense.
=y e —y[?

Wy A (X) = |

In [23, Lemma 2], we show, as an extension of [19, Lemma A.2], that if wis a
positive continuous function in B; (0) and

wy 2 (x) < w(x) for any By (y) C B1(0) and x € B1(0) \ By (y),
then Inw is locally Lipschitz in B;(0) and

-2
IVInw(x)| < 1”_7‘)4 a.e. in By (0).

We present a generalization which is needed in the body of the paper.

Lemma A.1. Assume that w is a positive continuous function in By (0)\ {0} and

wy (x) S w(x) for any By (y) C B1(0)\{0} and x € B1(0) \ (B, (y) U{0}),
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then Inw is locally Lipschitz in B1(0) \ {0}. Furthermore, for all x € By 5(0) \ {0}
and all y € By /»(0) \ By /2(0), there holds

2
Inw(y) —Inw(x) < C(n) max (|y x|, i x ‘Z‘y‘ )

In particular,

suplnw — infInw < C(n)R for any 0 <R < 1/2.
8BR BBR

Proof. By [23, Lemma 2], Inw is locally Lipschitz in B;(0) \ {0} and

[Vinw(x)| < C|§:’l) a.e. in By 5(0)\ {0}.

Thus it suffices to consider x € Bj/6(0) \ {0} and all y € B} /16(0) \ By /2(0). Let
y—x 1
e= andt=|y—x
|y —x sy
Consider first the case |y| > |x|, i.e. 2x-e+7 > 0. Then, for z; = x+ }e and
A= 3(4—1)V/2, we have
2 It 1

1
A - v - 2
=1 351 tareslal,

and thus

w(x) > w5, (6) = (4)" 2 w(y) = (1—-41)"T w(y).
It follows that

Inw(y) — Inw(x) < — =2 In(1 — 4r) < C(n)1.

Next, assume that |y| > |x|. Let

x|? x|? 4
H = l‘>*l‘>0
—(2x-e+t)  |x2—y?

If s > }P then
1 t 1
Al =
=16 2516
and so we continue to have Inw(y) — lnw( ) < C(n)t as desired. If s < §, we

1
+ > e+ |x)? = |z,

consider zp =x+se and A, = \/s(s — ). We have
23 =s"—st=5"4+2sx-e+|x]* = ||
This leads to

ln—Z s—1 (n=2)/2
w(x) > WZzJQ( x) = si—Z w(y) = (s(”)—Z)/ZW(y)

and so

mw(%%md)<—n;%n0—i)§Cm%.
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The assertion follows. O

Appendix: Proof of Lemma 2.1 and more on " and

Associated with a I" satisfying (1.1) and (1.2), we have introduced [.Llf €0,n—
1] and pp € [n— 1,00] in (1.8) and (2.2) respectively. In this appendix we provide
more properties of I in connection with gt and pi and prove Lemma 2.1.

It is convenient to extend the definition of /Jri for cones I satisfying (1.1) and
I' C T'; (instead of the stronger condition (1.2)):

u;:sup{z:(—z,l,l,...,l) eF},
ue :inf{t:(t,—l,—l,...,—l) er}.

In the definition of ur, if the set of such 7 is empty, the corresponding infimum is
taken to be +oo. Evidently, - € [n—1,00] and pt <n—1.

We claim that i > —1. To see this, pick an arbitrary A = (4;,...,A,) €T and
consider the set of all permutations of A. This is a subset of I" and so its center of
mass (AH"Y'['M” yeees A‘+"'1'+7L") belongs to I'. Since A; +...+ A, > 0, this implies
that (1,...,1) € I'. As I' is open, we can thus find some € = £(I') > 0 such that
(1—¢,1,...,1) €T, which implies u > —(1 —€), as claimed.

Define

G () = {r: I satisfying (1.1, € Ty and pi° :u},u e(~1n—1],
¢ (1) = {r: I satisfying (1.1),' € T and pp :u},u eln—1,00,

and
LT (1) = %™ (u), and UT () = UG ().

In what to follow, we show that LI'*(u) and UT*(u) belong to €+ (i) and give
an explicit description for these cones. More specifically, we have

Proposition B.1. There hold

B.1) €Fn—1)={1}, LT (n—1)=UT*(n—1) =T},

1 n
— Y <Oforalli},Vu e(~1,n—1),
S

n—1-—

(B2) LI (u)= {A i

- vy H e ; An—

(B.3) UI''(n) {l.7LL+n_l_‘qu_17Lj>0f0rallz},VuE( l,n—1),
- — . . 17 - . / p—

(B4) LI (/.L)—{?L.l,—i—u_(n_l)jz_llj>0f0rallz},V/.t€(n 1,00],
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0 - ,
——— Y Ai<Oforalit,Vue(n—1,o,
u—(n—l)j_; ! } ( |

(B.6) UL (u)= u{r: (1.1) and (1.2) hold and pt :u},vu e[0,n— 1.

(B.5) UT (u)= {)L i

Proof. We will only prove the statements about ¢+ (n— 1), LI'" (1) and UT* ().
The ones about ¢~ (n— 1), LI () and UT"~ (i) can be proved analogously.
Let S be the set consisting of (—u,1,...,1) and its permutations, and conv(S)
the open convex hull of S. For convenience we denote S = {v,vs,...,v,} with
vV = (—[.L,l,...,l).

Assume that g =n—1. If [ € ¢ (u), then conv(S) C I'. On the other hand,
since L # —1, {vi —Vvn,v2 — Vy,...,Vy—1 — v} is linearly independent. Also, as
n=n—1,5C dI';. Note that 0 is the center of mass of S and hence is in conv(S).
Thus conv(S), and therefore I', contains a neighborhood of the origin relative to
the plane dT';. By homothety I' O dI'y, which implies that I' = I';. We have shown
that €t (n—1)={I1},andso LT (n—1)=UT'"(n—1) =T7.

Assume that & < n— 1. Observe that LI'* (1) is the cone consisting of points of
the form A for some ¢ > 0 and some A € conv(S). This is because the latter cone
is a member of € (u). Consider a face, say F, of LI'"(u). F is a plane going
through the origin and n — 1 other points in S. Clearly, there is a unique i such that
the i-th coordinate of those n — 1 points is 1. It follows that the equation of F is

1 n
Ai——— ) A;=0,
nflfuj_; J

whence (B.2).

We turn to (B.3). Let A denote the cone on the right hand side of (B.3). It is
easy to check that A € € (u) and hence A C UT"(u). Arguing by contradiction,
assume that UT'" () \ A # 0. Then we can find a cone I' € (i) and a vector
A €Tl suchthat A1 +...+ A, =n—1—p and A; + u <0 for some i. By symmetry,
we can assume that i = 1, i.e. A; < —pu. Note that this implies x := A, +...+ A, >

n— 1. Now, by convexity, (A1,;%5,...,,*7) € I, which implies that
—1
(u,l,...J) er.
X
It follows that p > % > 11, contradicting the definition of € *(u). (B.3) is
proved.
Finally, (B.6) follows from (B.3) as UT'" (i) D T, for u > 0. O

Proof of Lemma 2.1. (a) is clear. (b) follows from €= (n—1) = {I'1}. (c) follows
from (1.2) and UT*(0) =T,. (e) is a consequence of (d).

For (d), note first that (—u;t, 1,...,1) € I C UT—(up ), which implies that

m(‘#ﬁq‘(”— 1) <o.
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Likewise, (Up,—1,...,—1) e T C UT*(u) and so
Hy
—1 —(n—1))>0
b == 1)
(d) follows. [

Note that the cone UT'" (1) was used in Li and Li [18], Gursky and Viaclovsky
[15] and Trudinger and Wang [25]. A family of cones connecting I'; and I" was
used in [18]:

r,:{x : t7L+(1—t)61(7L)e€F}, 0<r<l,

where e = (1,1,...,1). The so-called 8 —convex cone

n
Yo = {l : 7L,~+927Lj>0foralli}
j=1
was used in [15, 25]. It is clear that

Zg=(In) 1 =UT" <<n_1)6

o ), forall 6 > 0.
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