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Abstract

We establish both upper and lower bounds of the gradient estimates for the
perfect conductivity problem in the case where perfect (stiff) conductors are closely
spaced inside an open bounded domain and away from the boundary. These results
give the optimal blow-up rates of the stress for conductors with arbitrary shape and
in all dimensions.

1. Introduction

Let £2 be a bounded open set in R” with C>* boundary,n > 2,0 <« < 1, Dy
and D5 be two bounded strictly convex open subsets in £2 with C>¢ boundaries
which are ¢ apart and far away from 92, that is

Dy, D> C 2, the principal curvature of 9Dy, 3D, = ko,

1 (1D
g :=dist(Dy, Dy) > 0, dist(D; U Dy, 082) > rg, diam(£2) < —,
o
where kg, ro > 0 are universal constants independent of e. We will assume that the
C?>% norms of 3 D; are bounded by some constant independent of . This implies
diam(D;) = r§ for some universal constant 7; > 0 independent of &. We denote

Q= £2\D; U D;.

Given ¢ € C?(352), consider the following scalar equation with Dirichlet boundary
condition:

(1.2)

div(ag(x)Vuy) =0 in £2,
Uy =¢ onas2,
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where

k € (0, in D1 U Dy,
ak(x)={ €000 in Dy ? (1.3)

1 in 2\D; U D,.

It is well known that there exists a unique solution u; € H'(£2) of the above
equation, which is also the minimizer of /x on H(,} (£2), where

1
H)(2):={ueH' (2)|u=pondR}, Lv]:= 5/ ar| V%
2

As explained in the introduction of [10], the above equation in dimensionn = 2
can be used as a simple model in the study of composite media with closely spaced
interfacial boundaries. For this purpose, the domain §2 would model the cross-
section of a fiber-reinforced composite, D; and D> would represent the cross-
sections of the fibers, 2 would represent the matrix surrounding the fibers, and the
shear modulus of the fibers would be k and that of the matrix would be 1. Equation
(1.2) is then obtained by using a standard model of anti-plane shear, and the solution
uy represents the out of plane elastic displacement. The most important quantities
from an engineering point of view are the stresses, in this case represented by Vuy.

It is well known that the solution uy satisfies ||lug || c2.«(p,) < 0. In fact, if dD;
and 0 D; are C"™%, we have |lu [|cm.«(p;) < oo. Such results do not require D; to be
convex and hold for general elliptic systems with piecewise smooth coefficients; see
for example theorem 9.1 in [10] and proposition 1.6 in [9]. For a fixed 0 < k < o0,
the C"™*(D;)-norm of the solution might tend to infinity as ¢ — 0. Babuska,
Anderson, Smith and Levin [4] were interested in linear elliptic systems of elasticity
arising from the study of composite material. They observed numerically that, for
solution u to certain homogeneous isotropic linear systems of elasticity, || Vu|| g
is bounded independently of the distance ¢ between D; and D;. Bonnetier and
Vogelius [6] proved this in dimension n = 2 for the solution u; of (1.2) when
D; and D; are two unit balls touching at a point. This result was extended by
Li and Vogelius in [10] to general second order elliptic equations with piecewise
smooth coefficients, where stronger C LB estimates were established. The C1:A
estimates were further extended by Li and Nirenberg in [9] to general second order
elliptic systems including systems of elasticity. For higher derivative estimates,
for example an g-independent L°°-estimate of second derivatives of uy in Dy, we
draw the attention of readers to the open problem on page 894 of [9]. In [10] and
[9], the ellipticity constants are assumed to be away from 0 and oco. If we allow
ellipticity constants to deteriorate, the situation is different. It has been shown in
various papers, see for example [7] and [11], that when k = oo the L°°-norm of
Vuy for the solution uy of equation (1.2) generally becomes unbounded as ¢ tends
to zero. The rate at which the L°° norm of the gradient of a special solution has
been shown in [7] to be ¢~ 1/2.

In this paper, we consider the perfect conductivity problem, where k = +o00. It
was proved by Ammari, Kang and Lim in [1] and Ammari, Kang, H. Lee, J. Lee
and Lim in [3] that, when Dy and D, are balls of comparable radii embedded in
2 = R?, the blow-up rate of the gradient of the solution to the perfect conductivity
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problem is ¢~!/% as ¢ goes to zero; with the lower bound given in [1] and the

upper bound given in [3]. Yun in [12] generalized the above mentioned result in [1]
by establishing the same lower bound, £ ~!/2, for two strictly convex subdomains
in R2. In this paper, we give both lower and upper bounds to blow-up rates of
the gradient for the solution to the perfect conductivity problem in a bounded
matrix, where two strictly convex subdomains are embedded. Our methods apply
to dimension n = 3 as well. One might reasonably suspect that the blow-up rate
in dimension n = 3 should be smaller than that in dimension n = 2. However we
prove the opposite: As & goes to zero, the blow-up rate is ¢ ~1/2, (¢|Ing|)~! and
e lforn =2, 3andn = 4, respectively. We also give a criteria, in terms of a
linear functional of the boundary data ¢, for the situation where the rate of blow-up
is realized. Note that [1] and [3] contain also results for k < oo.
The perfect conductivity problem is described as follows:

Au=0 in 2,
uly =ul— ondD; UdD;,
Vu=0 in D; U Dy, (1.4)
Jop, 5+ =0 (i =1,2),
u=gq on 052.
where

ou Coulx +tv) —ulx)

— |4 = lim ——=,

av t—0t 1t

Here and throughout this paper v is the outward unit normal to the domain and the
subscript £ indicates the limit from outside and inside the domain, respectively.
The existence and uniqueness of solutions to equation (1.4) are well known, see
the Appendix. Moreover, the solution u € H'(2) is the weak limit of the solutions
uy to equations (1.2) as k — +o00. It can be also described as the unique function
which has the least energy in appropriate functional space, defined as Io[u] =
minye 4 Ioo[v], where

1
Io[v] := §/~ IVv|?, ved,
2

o = {v € H\(2)|Vv=0 inD;UD,}.

The readers can refer to the Appendix for the proofs of the above statements.

We now state more precisely what it means by saying that the boundary of a
domain, say £2, is C>% for 0 < a < 1: In a neighborhood of every point of 352,
2 is the graph of some C>¢ functions of n — 1 variables. We define the C>% norm
of 02, denoted as [|082||c2.«, as the smallest positive number % such that in the
2a—neighborhood of every point of 952, identified as O after a possible translation
and rotation of the coordinates so that x,, = 0 is the tangent to 92 at 0, 92 is given
by the graph of a C>* function, denoted as f, which is defined as |x'| < a, the
a—neighborhood of 0 in the tangent plane. Moreover, | f || c2.«(|x/|<q) < %
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Theorem 1.1. Let 2, Dy, Dy C R", ¢ be defined as in (1.1), ¢ € C%(3%2). Let
ue H(2)nc! (.é) be the solution to equation (1.4). For ¢ sufficiently small, there
is a positive constant C which depends only on n, ko, ro, 082 c2.«, |[0D1 ] c2.«
and |0 D2 || c2.«, but independent of € such that

C
Viulljos < — orn=2,
Vull ooy = ﬁ||¢||c2(89) f
C
Viulroosy S orn =23, 1.5
[ ”L @) = elIng| ||§0||(,‘2(3.Q) f (1.5
< ¢ >
||VM||L0<>(§) = ;”(P”cZ(aQ) forn Z 4.

Remark 1.1. We draw the attention of readers to the independent work of Yun [13]
where he has also established the upper bound, £ ~!/2, in R?. The methods are very
different. Results in this paper and those in [12] and [13] do not really need D
and D; to be strictly convex, the strict convexity is only needed for the portions in
a fixed neighborhood (the size of the neighborhood is independent of &) of a pair
of points on d D1 and d D> which realize minimal distance ¢. In fact, our proofs of
Theorem 1.1-1.2 also apply, with minor modification, to more general situations
where two inclusions, D; and D», are not necessarily convex near points on the
boundaries where minimal distance ¢ is realized; see discussions after the proofs
of Theorem 1.1-1.2 in Section 1.3.

To prove Theorem 1.1, we first decompose the solution u of equation (1.4) as
follows:

u = Civ; + Crvy + v3 (1.6)

where C; := Ci(e) (i :_1, 2) is the boundary value of u on 0D; (i = 1,2)
respectively, and v; € Cz(é) (i =1,2,3) satisfies

Avy =0 in 2, (w7
vi=1 ondDy, vi=0 ondD,Uds2, ’
Avy =0 in £2, (18)
v=1 ondD;, v,=0 onoD;Uds2, ’
Av3 =0 in 2, (1.9)
v3=0 ondD;UdD,y, wv3=¢ onas2. ’

Define

31)3 3U2 31)3 avl
Qclop] = (1.10)
Dy Y] v 9D, n 40 FPR

then Q, : C2(9§2) — R is a linear functional.
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Theorem 1.2. With the same conditions in Theorem 1.1, letu € H'(£2) N C1(2)
be the solution to equation (1.4). For ¢ sufficiently small, there exists a positive
constant C which depends on n, ko, ro, 1082|c2.e, 10D1]lc2a, 10D2]|c2.« and
l@llc2(952y. but is independent of e such that

IVull o) 2 20 = forn=2,
IVull oo () 2 28 e forn =3, (1.11)
Vit ooy 2 121l L forn > 4,

Remark 1.2. If ¢ = 0, then the solution to equation (1.4) is # = 0. Theorem 1.1
and Theorem 1.2 are obvious in this case. So we only need to prove them for

lellc2@s2) = 1, by considering u/ ¢l c252)-

Remark 1.3. Itis interesting to know when | Q. [¢]| = % for some positive constant
C independent of . Roughly speaking Q. [¢] — Q*[¢]ase — 0, and this amounts
to Q*[¢] # 0. For details, see Section 3.

Theorem 1.1-1.2 can be extended to equations with more general coefficients
as follows: Let n, §2, D1, D, € and ¢ be the same as in Theorem 1.1, and let

Ay(x) = (agf'(x)) c C2(2)
be n x n symmetric matrix functions in Q satisfying for some constants 0 < A <
A < 00,
MEP S af (D& S AIEP, Vxe 2, VEeR", (1.12)

and a (x) € C2(2\D; U D).
We consider

Ox; (a;j (x) Bxl.u) =0 in 2,

uly = ul— on dDy UAdD;,

Vu=20 in Dy U Dy, (1.13)
Jan, as (X)oguvily =0 (i =1,2),

Uu=gq on 052.

where repeated indices denote summations as usual.
Here is an extension of Theorem 1.1:

Theorem 1.3. With the above assumptions, letu € H'(2)NC! (é) be the solution
to equation (1.13). For ¢ sufficient small, there is a positive constant C which
depends only onn, kg, ro, |082||c2.a, 10 D1 || c2.«, 10 D2l 2.0, A, Aand || Az ||
but independent of € such that estimate (1.5) holds.

@y

Similar to the decomposition formula (1.6), we decompose the solution u of
equation (1.13) as follows:

u=CiVi+CVho + Vs (1.14)
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where C; := Ci(e) (i :_1, 2) is the boundary value of ¥ on 0D; (i = 1,2)
respectively, and V; € Cz(fj) (i =1,2,3) satisfies

o (@wam)=0  ng 01s)
Vi=1 ondD;, Vi=0 onoDyUds2,
o (@@ o) =0 ind, 016
Vo=1ondDy, V,=0 ondD;UdS2,
ey (@ ) 8, v3) =0 in 2, a1
V3=0onadaD UdD,y, V3=¢ onoasf2.
Define
Odgli= [ o vav [ a0,
dD 052
—/ al (x) 9, Vs u,-/ al (x) 95, Vi v;, (1.18)
Dy a2

then Q, : C2(3§2) — R is a linear functional.

Theorem 1.4. With the same conditions in Theorem 1.3, letu € H'(£2) N C1(2)
be the solution to equation (1.13). For ¢ sufficiently small and Q.[¢] defined by
(1.18), there is a positive constant C which depends only on n, kg, ro, |10 D1 || c2.«,
10D2||c2e, A, A and || Az but independent of € such that estimate (1.11)
holds.

@y

Along the approach in this paper, we have extended, in a subsequent paper [5],
Theorem 1.1 and 1.3 from two inclusions to multiple inclusions, see Theorem 1.5
below.

The complementary problem to the perfect case is the insulated case when
k = 0in (1.2). For n = 2, Ammari, Kang, H. Lee, J. Lee and Lim have given
in [1] and [3] the optimal bound when D and D; are balls of comparable radii
embedded in £2 = R2. The blow-up rate of the gradient of solutions is ¢ ~'/2 as
the distance between D and D5, €, goes to zero. They obtained this by converting
the insulated case to the perfect case using harmonic conjugators. The situation for
n = 3 is different since the k = 0 case can not be converted to the k = oo case. In
the subsequent paper [5], we have proved that the above mentioned optimal upper
bound &~1/2 is also an upper bound of || Vu||z~ for n > 3. In fact, what we have
obtained is a local version of the estimates, see Theorem 1.6 below. On the other
hand, we do not know yet whether the estimates are sharp for n = 3.

Now let, as before, 2 be a bounded open set in R” with C>¢ boundary, n > 2,
0 < o < 1. Instead of two inclusions, let {D;},i = 1,2,...,m, be m strictly
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convex open subsets in £2 with C>“ boundaries, m > 2, satisfying

D; C 2, the principal curvature of dD; = ko,

gij :==dist(D;, Dj) > 0, (@ # J) (1.19)

. . 1
dist(D;, 082) > rg, diam(2) < —,
ro
where «g, ro > 0 are universal constants independent of ¢;;. As before we will
assume that the C%% norms of 9 D; are under control, while &; j can become very
small.
Fori # j, let

dist(xl’:/,xi]}) = dist(D;, Dj) = ¢;; > 0, xfj e dD;, xl]] €dD;,

and

1 . .
x?j = E(xfj +x;’j).
It is easy to see that there exists some positive constant § which depends only on
ko, ro and {||d D; || -2« }, but is independent of {g;;} such that any ball of radius 2§
can intersect at most two elements in {D; }. We will only be interested in those pair
i, j satisfying

Bjj := B(x]}, 8) intersects both D; and D). (1.20)

Given ¢ € Cz(B.Q), consider, form = 2,

., (a;f(x) ax,.u) —0 in 2 .= 2\U", D;,

uly =ul- ondD; i=1,2,...,m),

Vu=0 onD; (i=1,2..m, (121
Jyp, @5 (0)dguvjly =0 (i=1,2,....,m),

u=q onds2,

where a;j (x) satisfies condition (1.12). Then we have

Theorem 1.5. ([5]) Let $2,{D;} C R", {ex} be defined as in (1.19), n = 2,

S C2(382), and let u € HY(£2) N Cl(ﬁ) be the solution to equation (1.21),
with u = C; on Dy. Then for any pair i, j satisfying (1.20),

Ci—C;
IVall s @ng,) < C 92 + Cliolicape
C
—=lelc2pe forn=2,
NG @42) (1.22)

A

C —
ERInET] ||(P||c2(ag) forn =3,
C
;.j.”‘ﬂ”c%ag) forn 24,

where C depends only on n, m, ko, ro, 082 c2«, {|10D;llc2«}, A, A and

kl —
{1051 02 5}
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All our previous theorems concern perfect inclusions (k = 00). Now we con-
sider the complementary problem when k£ = 0 (insulated inclusions) in (1.2).

Let £2, D; C R", g;; be defined as in (1.19), ¢ € CZ(B.Q). The insulated
conductivity problem can be described as follows, fori = 1,2, ..., m,

., (ag"(x) Bxl.u) -0 in®,

a () dyuvjly =0  ondD;,
U=q¢ on 052.

(1.23)

The existence and uniqueness of solutions to equation (1.23) are elementary. By
the maximum principle, [[u]l; 5y = ll@llL>@0)-

To obtain an upper bound of || Vu|| (g for solutions, we only need to consider
the following local situation: For any pair i, j satisfying (1.20), consider

a, (a;/(x) 8xl.u) =0 in2NBGY.29),
@ ()0 uvjly =0 on (9D; UD,) N B(xf},28), (1.24)

lul <1 in 2N B, 26).

Then we have

Theorem 1.6 ([5]). Let 2, {D;} C R", {&4;} be defined as in (1.19),n = 2. For any

pair i, j satisfying (1.20), let u € Cl(ﬁ N B(x?j, 28)) be a solution to equation
(1.24). Then

< (1.25)

c
e

where the constant C depends only on n, m, ko, ro, |0D;|lc2a, 10Dl c2a, A, A
kl
and {”az ”Cz

Vu ||L°<>(§mB,-j)

@
The paper is organized as follows. In Section 2 we prove Theorem 1.1—1.2. In
Section 3 we give a criteria for | Q. [¢]] to be bounded below by a positive constant

independent of . Theorem 1.3—1.4 are proved in Section 4. In the Appendix we
present some elementary results for the conductivity problem.

2. Proof of Theorem 1.1 and 1.2

In the introduction, we write u = Cjv; + Cavy + v3 as in (1.6). To prove
our main theorems, we first estimate || Vu||; g, in terms of [C; — C3|, and then
estimate |C; — Ca|.

In this section we use, unless otherwise stated, C to denote various positive
constants whose values may change from line to line and which depend only on 7,
Ko, 10, [|082||c2.a, |0 D1 ||c2.« and |0 D2 || c2.0.
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Proposition 2.1. Under the hypotheses of Theorem 1.1, let u be the solution of
equation (1.4). There exists a positive constant C, such that, for sufficiently small
e >0,

1 C
S 1C =S IVulng £ < 1= Co [+ Clielcgey: @D

To prove this proposition, we first estimate the gradients of vy, vy and v3. Without
loss of generality, we may assume throughout the proof of the proposition that
l¢llc2 9y = 1; see Remark 1.2.

Lemma 2.1. Let vy, vy be defined by equations (1.7) and (1.8), then forn 2 2, we
have

R

vy H
J— _l’_ J—

av

C.

A

av

< C
Vv ||LOC(§) + [Vvy ||Loc(§) = —,
& L%®(382) L%(382)
Proof. By the maximum principle, || vy || Loo(3) < 1, and since v; achieves constants
on each connected component of 82, and each connected component of 32 is C2¢

then the gradient estimates for harmonic functions implies that
Cllogllze C

dist@Dy, D)) €

Similarly, we can prove ||[Vu;|| Loo(3) < C/e. The second inequality follows from
the boundary estimates for harmonic functions. O

Vv ”LOO(Q) =

Before estimating |Vv3|, we first prove:
Lemma 2.2. Let p € C2(§) be the solution to:
Ap =0 in$2, 2.2)
p=0 ondD1UAdDy, p=1 o0nos2.
Proof. Let p;(i = 1,2) € C2(£2\D;) N C'(£2\D;) be the solution to:
Api =0 in 2\D;,
pi=0o0ondD;, p;i=1 onads2.

Again by the maximum principle and the strong maximum principle, we obtain
0 < p1 < 1in 2\D;. Since D, C £2\D1, we have p; > 0 = p on 3D. And
since p; = p on d Dy and 92, therefore p; > p on 2. Now because pr=p=0
ondDjand p; > p >00nf~2,so

IVellrewp) S IVpillLc@p,) = C.
Similarly,
IVollLe@p, = IVe2llLe@n,) = C.

By the boundary estimate of harmonic functions, we know that ||V ||~ 5 2) <C.
Since Ap = 01in £2, 0y, p is also harmonic, by the maximum principle,

Vol < max ([IVollLe@py. IVelLe@ny), IVellxoa) < C.
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Now, we estimate |Vv3|:
Lemma 2.3. Let v3 be defined by equation (1.9), for n = 2, we have
Vsl oo (3 = C.

Proof. Sincev; = —p = p =00ndD;(i = 1,2),and —p S v3 = ¢ < pon
052, we have, by the maximum principle,

—p<v3<p inf2.

It follows, fori = 1, 2, that
IVvsliLo@p) = IVellLe@p) = C.

By the boundary estimate,

IVusllLepe) = C.
By the harmonicity of dy, v3 and the maximum principle,

IVv3l o) < C.
O

Remark 2.1. Without assuming [|¢||¢2¢5) = 1, we have

Vsl @apiuapy) < Cllellieope),

where C has the dependence specified at the beginning of this section, except that
it does not depend on |02 || ~2.«. This is easy to see from the proof of Lemma 2.3.

The above lemma yields the main result of [2].

Corollary 2.1 ([1]). Let By and B be two spheres with radius R and centered at
(R £ %, 0,...,0), respectively. Let H be a harmonic function in R3. Define u to
be the solution to

Au=0 in R*\ B; U By,
u=>0 on 0By U 0By,
u(x) —Hx) = 0(x|™Y as|x| - +oo.

Then there is a constant C independent of € such that
IV (u— H)||LOO(R3\W) § C.

Proof. By the maximum principle and interior estimates of harmonic functions, the
C?3 norm of u| B,z (0) 18 bounded by a constant independent of ¢. Apply Lemma 2.3
with £2 = Byr(0) and ¢ = u|p,,(0), we immediately obtain the above corollary.
O

With the above lemmas, we give the
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Proof of Proposition 2.1. Since u = Cj on D1, u = Cy0n 9Dy, and dist(0 Dy,
d0D») = &, by the mean value theorem, 3 £ € §2 such that

|C1 — Co|
IVull poo(zy 2 VU@ 2 —

By the decomposition formula (1.6),

Vu = C1Vv; + CoVuy + Vs = (C1 — C2)Vuy + CoV(v1 4+ 12) + Vs,
Hence,
IVullpoo( 3y =1C1 = C2llI VUil Loy + 1C2HIV (01 + 02) [l o5 + V31 100 (5)-
By Lemma 2.2, since vi + v =1 — p in .6, we have

IV @1+ )l @) = IV = )l o) = VPl ) < C.

Using the fact we showed in the Appendix, |[u[ 1oy = C, so |Ci| + |C2| = C.
Therefore using also Lemma 2.1 we obtain,

C
||V“||L00(§) é ; |Ci—C | +C.

This proof is now completed. O

Later we will give an estimate of |C; — C»|, which, together with Proposition 2.1,
yields the lower and upper bounds of ||Vul|; g, for strictly convex subdomains
D and D».

2.1. Estimate of |C1 — C2|

Back to the decomposition formula (1.6), denote

v Javs

a,-,-:/ —— @ j=12), bl-=/a — (=12. (23

ap; v p; v
We first give some basic lemmas:

Lemma 2.4. Let a;;j and b; be defined as in (2.3), then they satisfy the following:

1. ajp =ap1 >0, a;; <0, axp <0,
2. =CZan+ay<—%, —C<an+apn<-¢,
3. il =C, |ba] =C.

By the fourth line of equation (1.4), C; and C3 satisfy

(2.4)

a;1Cy +apC+b =0,
a21C1 +apCyr+ by =0.
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By solving the above linear system, using aj2 = ap) and ajjax — appaz; > 0
which follows from Lemma 2.4, we obtain
—biax + bran _ —bai1 + bianp

, Oo=—"7"7"——, 2.5

C = 5
ayjaxn —ajy,

2
ajlay — aj,
and therefore,

by —ab
) — ¢yl = 1= b2l where @ = 2LT92 _ g (5
lai — aais| ax +apn

Based on this formula, we will give the estimates for |aj| — «ajz| and |by — ab;|,
then the estimate for |C; — C»| follows immediately.

Proof of Lemma 2.4. (1) By the maximum principle and the strong maximum prin-
ciple,

0<v <1 ing.

By the Hopf Lemma, we know that

8v1 av1 31)1

— <0, — >0, — <0

av aD, v 9Dy W |50
Similarly,

0 0 0

v > 0, e < 0, a2 < 0.

av 9D, v 9Dy W |50

Thus aj; <0,a12 > 0,a1 > 0and ay < 0.
Also, since vy and v, are the solutions of equations (1.7) and equations (1.8),
respectively, we have

dvy vy
0=/ Avi vy — [ Avy-v =— — 14 — -1
17, 17, ap, v ap, OV

= —az1 +ai, 2.7

that is ap; = ay».
(2) We will prove the first inequality, the second one stands for the same reason.
By the harmonicity of v; in §2,

dvy vy
ayl +ax = — ~Av1+ —_— = — < 0.
17 9 OV a 0v

By Lemma 2.1,

v
an+azl=/ —li—C
2 al)

On the other hand, since 0 < v < 1in £ and v; = 1 on d Dy, by the boundary
gradient estimates of a harmonic function, 3 B(x, 27) C §2, such that v; > 1/2 in
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B(x, r), where 7 is independent of . Let p € C2(2\D, U B(x, 7)) U C' (82 U
dD> U dB(x, r)) be the solution of the following equation:

Ap =0 in 2\Dy U B(x, ),
p=1/2 ondB(x,7r) p=0 onaDyUds2.

By the maximum principle and the strong maximum principle, 0 < p < 1/2 in
£2\D, U B(x, ). A contradiction argument based on the Hopf Lemma yields,

oS 1

— onadf2.
v C

On the other hand, since p < v on the boundary of £2\D; U D, U B(x, r), we
obtain, via the maximum principle, 0 < p < vy in 2\D; U Dy U B(x, 7). It
follows, using p = vy = 0 on 942, that

0 0
M <% o
av av
Thus,
d 0 1
all—i-azl:/ ﬂ§/ —p§——-
bXel av 02 av C
(3) Clearly,

a d a
0:/ AU]'U3—/ AU3'U]=/ ﬂ(p_|_/ ﬁl:/ ﬂ(/)_FbI
2 7} a2 v ap; OV ae OV

Thus,
dvy
|b1|=‘/ —-¢‘</
a OV a0

Therefore, we finished the proof. O

0]

<C.
o | —

2.2. Estimate of |a11 — aaiz|

By a translation and rotation of the axis, we may assume without loss of gen-
erality that D1, D; are two strictly convex subdomains in §2 C R" which satisfy
the following:

(—¢/2,0") € dDy, (¢/2,0') € D,, ¢ = dist(Dy, Dy). (2.8)

Near the origin, we can find a ball B(0, r) such that the portion of 9D; (i = 1, 2)
in B(0, r) is strictly convex, where r > 0 is independent of €. Then d D1 N B(0, r)
and 9D, N B(0, r) can be represented by the graph of x; = f(x’) — ¢/2 and
x1 = g(x’) + &/2 respectively, where x’ = (x2, ..., x,). Thus f(0) = g(0") =0,
V() =Vg0)=0,and —CI < (D>f(0")) < —¢{1, £1 < (D*g(0)) = CI.
With these notations, we first estimate a;; fori = 1, 2.
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Lemma 2.5. Let a;; be defined by (2.3), then
1 C .
C\/Eé_aiiéﬁ’ forn=2,i=1,2.

Proof. It suffices to prove it for a;;. By the harmonicity of vy, we have

2 801
0= [ Avi-vi=~—[_[Vvy|"— |VU1| —apy,
17 17 aD

that is
2
ay = —/~|Vv1| .
2

Now we construct a function (here in R2, we let x = x1, Yy =Xx2)

_ x—g(y) -5
V) =———" 2 2.9
(. ) gy —f(y) +e 29)

on 0, := 2N {(x, )| |y| < r}. Itis clear that w(x, y) is linear in x for fixed y
and

w |po,nnap;=1; W IB©,nnap,= 0,
so we have
gn+5 o ) g+5 )
/ [0xw(x, y)|“dx §/ [0y v1(x, y)|“dx,
fm-5 fn-5

that is

1 g+5 5
—i/ [3xv1(x, )|
gy —f(y) +e FO)—5

Integrating on y we get

/r/2 /g(y)+2 5 - r/2 1
Py 2 [y
fo-5 ! o &M —f)+e

1 [ 1 1
— dy = . 2.10
C/o yi+e Y C.e 2.10)

v

Thus

/r/2 /8(}’)+2 5 - 1
—ayn 2 [0xv1(x, y)|["dxdy 2 ——.
fm-5 Cye

On the other hand, we can find ¢ € C 2(£2) such that

¥ =00n 0y, ¥ =1ondDi\(Opa), ¥ =00ndD\(Ora),
Y =00n0d82, and [Vy|L=) = C.
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We can also find p € C2(§2) such that
0<p=<1,p=10n0,, p=00n2\0, and |Vp| = C.
Letw = pw+ (1 —p)¥,thenw = 1 = vy on dD;; w = 0 = vy on dDy;

w=0=v;0n0d2 and w = w on 5r/2. Then by the properties of ¥, p and the
harmonicity of v, we have

/~ [V > < /~ [Vw|? < /~ IVw|? + C. 2.11)
2 2 2200, 2

A calculation gives

5w — §MEM = fM+8) — () —x+5(E' W= f'()
o () = f(y) +e)? '

We will show [, 18y]* < C. Indeed,

r/2 rg(N+5 5
/ / [dyw(x, y)|“dxdy

fm—35
r/2 rg(N+5
2
fmn-5
g'y)? (@) —x+ 52 ) — f/()?
X dxdy
&) — f(y) +e)? &) — fO) +e)*

r/2 1 2 r/2 (o _ ! 2

g ) / &) — o)

=2 — o7 dy+2 2 L Vg
/0 ST re” Tl s re

r/2 y2 r/2 y2
SC/ —d +C/ d
= Jo Y*+e Y 0o Y:+e Y

<C. (2.12)

Then by (2.11) and (2.12)

lay| =/ IVv1|2</ IVw|* + C
£200,2

12 re(+s
< c/ / |Dw(x, y)|>dxdy + C

fo—5
/ 1 q - r2o q
=C —y+C:C/ ——dy+C
o & —fN+e 0o Y +e
C
< = 2.13
=7 (2.13)

The proof is completed. O

Similarly, we have



ELLEN SHITING BAO, YAN YAN L1 & B1ao YiN
Lemma 2.6. Let a;; be defined by (2.3),
1 .
E|]ne| < —aq;; £ Cllng|, forn=3,i=1,2.

Proof. We consider

x—g(x') =5
gx) — f(x) +e

w(xy, x') =— (2.14)

on Oy/2 == 2 N {(x1, x| x| < %}. Use the same proof in Lemma 2.5, we have

/2 g )+5
j[ j/ 10, W(x1, x")|?dx;dx’ < C.
0 f 2

@)-3%

Therefore, it suffices to verify that

[ 195, W1, X)) ~ [Inel.
2200, 2

Indeed,

1
/ |85, W(xy, X)) = / , ——dx
2N0,2 IW<r2 8X') — f(xX) + ¢

r/2 ¢
~/ —  _di~|Ine|.
0 Ci2+¢

This completes the proof. O

Lemma 2.7. Let a;; be defined by (2.3),

1

E§—aii§C fornz4,i=1,2.

Proof. We only need

1 r/2 tn—2
/ |0 W(x1, X =/ p ——dx’ ~/ s—dr ~ C.
O l<r2 8X) — f(xX') + ¢ o Cii+e

The proof is completed. O

Lemma 2.8. Let o be defined by (2.6), we have

1
C

A
A

a S C.

Proof. By the definition of o and using the second statement in Lemma 2.4, we
are done. 0O

To summarize, we have
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Proposition 2.2. Let a;j and o be defined by (2.3) and (2.6), we have

L. c}[ S lan —aap| = f forn=2,
2. &llnel < lay —aapl £ Cllng|  forn=3,
3. %§|a11—aalz|§c forn =4,

Proof. Since aj; < 0,ai12 > 0,a1; +ajp < 0and o > 0, we have
lai1| < lain —aapp| < (1 +o)lar].
Combining the results of Lemma 2.5, Lemma 2.6, Lemma 2.7 and Lemma 2.8, the
proof is completed. O
2.3. Estimate of |by — ab;|

Proposition 2.3. Let by, by, a and Q¢[¢] be defined by (2.3), (2.6) and (1.10), we

have

| Qe[|

ET S |by —aby| = Cllgllc2pg)-

Proof. Combining the third result in Lemma 2.4 and Lemma 2.8, we have
b1 — abs| < |b1] + lallb2] = Cliellc22)-

On the other hand, by the definition and the harmonicity of v; and v, and using
Lemma 2.4, we obtain

|b1(ax + aiz) — ba(an + apn)l
laz + a1z

31)3 vy / 3U3/ 8Ul
R av 9D, AR 8\)

Now we are ready to prove our two main theorems:

|b1 — abs| =

>1 |Q8[¢1|

Dy

This completes the proof. O

Proof of Theorem 1.1-1.2. By Proposition 2.1 and (2.6), then using Proposition
2.2,2.3, we are done. 0O

As we mentioned in Remark 1.1, the strict convexity assumption of the two inclu-
sions can be weakened. In fact, our proofs of Theorem 1.1-1.2 apply, with minor
modification, to more general situations:

In R”, n 2 2, under the same assumptions in the beginning of Section 1.2
except for the strict convexity condition, 8D1 N B(0, r) and 0D, N B(0, r) can be
represented by the graph of x; = f(x) — § and x; = g(x') + 5, then f(0") =

g(0)=0,V(g— f)(0) =0. Assume further that

2m<

Aolx| g(x) — (X)) S mlx' 1P, VIX| £ r/2, (2.15)

for some g-independent Ag, A > 0,m = 1 € Z.
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Under the above assumption, letu € H L2)nc! (5) be the solution to equation
(1.4). For ¢ sufficiently small, there exist positive constants C and C’, such that

n—1 n-l
1Q:[¢]l &7 T < | Vull e S Clolepg €5, ifn—1<2m,

C/
|Qclell 1 1 .
' S Vil oo () =€ c——— ifn—1=2m, (216
" elng = Wtlie@=Clolccan) - S 1 m,  (2.16)
|Qcle]l 1 1 .
o 5 SIVulix@) = Cllelicaag) - - ith—1>2m,

where Q.[¢] is defined by (1.10), and C depends on n, m, Ag, A1, ro, [|082] 2.,
10 D1l 2.« and || D2 || 2., C" depends on the same as C and also l@llc2 (o). but
both are independent of .

The proof is essentially the same except for the computation of | &1V 2.

In fact,

r/2 rex)+5
/ / |9 w(xy, x)*dxdx’ < C,
0 f

CORS |

still holds. Then by (2.10) and (2.13) we only need to calculate

1 r/2 pn—2
/ ’ ’ dx’ N/ Z—d'o
i<r2 8X) — f(x)) + e o pM+te

Indeed, if n — 1 < 2m,

n—2

1

r/2 n—2 n—1 r/2e2m N n—1

/ ;O dp=82m _1/ z—dS""CSW_],
0o pMm+te 0 sm 4+ 1

if n—1=2m,

r/2 n—2 1 r/2 1
/ P _dp=— ———dp™ ~ Cl|lng|,
o pM+te 2m Jo pM+e

if n—1>2m,

r/2 pn—2
/ 3 dp ~ C.
o pMte

Therefore, we obtain (2.16) by using the same arguments in the proofs of Theo-
rem 1.1 and Theorem 1.2.
Actually, we can replace 2m by any real number 8 > 0, the results still hold.
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3. Estimate of | O [¢]]

In order to identify situations when || Vu || L behaves exactly as the upper bound
established in Theorem 1.1, we estimate in this section |Q.[¢]|. To emphasize the
dependence on ¢, we denote D1, Dy by D1, D>, denote ¢ by ¢., and denote vy, vy,
v3 defined by equation (1.7), (1.8), (1.9) as v, vag, v3¢. In this section we assume,
in addition to the hypotheses in Theorem 1.1, that along a sequence ¢ — 0 (we
still denote it as €), Dy, — D}, Dy, — Dj in C>* norm, ¢, — ¢* in C1*(32).
We use notation £2* = £\Dj U D3, and assume, without loss of generality, that
D} N D} = {0}. We will show that as ¢ — 0, v;, converges, in an appropriate
sense, to v;" which satisfies

Avi =0 in 2%, a1
vy =1 ondDf\{0}, v} =0 onadf2UaID;\{0}, ’
Avy =0 in £2%, (32)
vy =1 ondD3\{0}, v5 =0 onads2UID\{0}, ’
Avy =0 in 2, (33)
v%‘:O on 3D} U D3, v;szp* on d52. ’

First we prove

Lemma 3.1. There exist unique v} € L®(2%) N Co(ﬁ \ {OhH N C2(2%),
i =1, Ziwhich solve equations (3.1), (3.2) and (3.3) respectively. Moreover,
v¥ e CL(2%\{0}).

Proof. The existence of solutions to the above equations can easily be obtained

by Perron’s method, see theorem 2.12 and lemma 2.13 in [8]. For the reader’s
convenience, we give below a simple proof of the uniqueness. We only need to

prove that O is the only solution in L®(£2*%) N Co(ﬁ\{O}) N C2(£2%) to the
following equation:
Aw =0 in Q%
_ (3.4)
w=0 ond2*\{0}.

Indeed, V ¢ > 0, we have

" 2wl oo 3 ~
w(x)| < |X|—_2() on 3(2*\B:(0)).
By the maximum principle,
" 2wl oo (3 -
lw(x)| < LXE@D | Wx e 2*\B.(0).
|x|7172

Thus w = 0 in 2*. The additional regularity v¥ € C'(£2*\ {0}) follows from
standard elliptic estimates and the regularity of the 9 D; and 0§2. O
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Lemma 3.2. Fori =1,2,3,

Vie —> V] in Clzoc(fj*), as € — 0, (3.5)
ov; avF
/ ”‘8_>/ Loas £—0, i=1,2, (3.6)
a0 Jdv R av
d avi
/ &—>/ B a5 £ 0. (3.7)
ap;. IV apy v

Proof. By the maximum principle, {||v;. ||z} is bounded by a constant independent
of €. By the uniqueness part of Lemma 3.1, we obtain (3.5) using standard elliptic
estimates. By Lemma 2.3, {||Vv3. ||~} is bounded by some constant independent
of €, s0 [[Vv3| L= < oo. Estimate (3.6) and (3.7) follow from standard elliptic
estimates. The proof is completed. O

Similar to Q.[¢.], we define

v v} vt vt
0*1¢"] :=/ —3/ —2—/ —3/ o (3.8)
3DT Jv 0 Jv BDé‘ Jv b¥e] Jv

then Q* : C2(382) — R is a linear functional. Let Q,[¢,] and Q*[¢*] be defined
by equation (1.10), (3.8), then, by the above lemmas,

Oclps] — Q*[QD*], as ¢ — 0.

Corollary 3.1. If ¢* € C*(0%2) satisfies Q*[¢*] # 0, then |Q¢[@e]] = é, for
some positive constant C which is independent of ¢.

In the following we give some examples to show that, in general, the rates of
the lower bounds established in Theorem 1.2 are optimal. Let 2 C R", n = 2,
be a bounded open set with C> boundary, 0 < « < 1, which is symmetric with
respect to xq-variable, that is, (x1, x") € £ if and only if (—x1, x’) € £2, where
x' = (x2, -, xn).

Let D]“ be a strictly convex bounded open set in {(x1, x") € R"|x; < 0} with
C?“ boundary, 0 < < 1, satisfying 0 € oD} andD_T C 2.Set Dy = {(x1,x') €
R*|(—x1,x") € D}}.

Let ¢ € C2(3£2)\{0} satisfy

1
Podd (x1, x) 1= 3 [p@x1, x) = @(=x1, x)] £ 0 (or 2 0), (3.9

on (32)T :={(x1,x) € 082|x; > 0}.
For ¢ > 0 sufficiently small, let

. / € / *
D i={.4) e 2 & +3.x) € pi}.
Dy, 1= [(xl,x’) e ‘(xl — %,x’) IS D;‘},

Qe = Q.
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Proposition 3.1. Under the above assumptions, we have |Q¢[¢]| = = for some
positive constant C independent of €. Consequently,

||Vbtg||Loo(§) 2 #g forn =2,
forn = 3, (3.10)
forn = 4,

~ 1
IVuell oo @) 2 cerme

IV IV
Ql_.

||Vus||L00(§) P

where ug is the solution to equation (1.4).

The above proposition can be easily obtained by the following lemma which
gives a necessary and sufficient condition instead of condition (3.9) on ¢ for the
lower bounds (3.10) to hold.

Let

1

(V3)odd (x1, x') = 3 [vi(x1, X)) — v (—x1, x)]. (3.11)

we have

Lemma 3.3. Under the same hypotheses in Proposition 3.1 except for the condition
3.9), let Q¢[¢] and (v;)odd(x) be defined by equation (1.10) and (3.11), then the
following statements are equivalent:

1. For some positive constant C independent of ¢, we have |Q[¢]| 2 %
2. faD* d(vg)odd 75 0.

Proof. By symmetry, the strong maximum principle and the Hopf Lemma, we can

easily obtain
/ ovf _ / ov3
00 ov AR av

Q*[<p]=/ ovf / vy / vy
00 ov 3[)1k ov 3D; ov
_/ vy / 9(v3)odd _/ 9(v3)odd

92 ov BD* av BD’Z“ av

__2/ 81)1/ 8(113)0dd
N IR av D} av '

Hence, 0*[p] # 0 if and only if [, . 30004 4 (). Then by Corollary 3.1, we
complete the proof. O

Then

Proof of Proposition 3.1. Note that (v3)odd(0, x") = 0 by symmetry, and (v3)odd
is harmonic with (v3)odd = @odd = 0 (or = 0) but not identically zero on (9 )7,
Now by using the strong maximum principle and the Hopf Lemma, it is clear that

fa D a(v3)°dd # 0, Hence, by Lemma 3.3 and Theorem 1.2, we are done. O
2
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Remark 3.1. If ¢ = >"_, b;jx; with b; € R and b; # 0, then by Proposition 3.1
we have |Q.[¢]| = é Therefore, by Theorem 1.1 and 1.2, the blow-up rates of
||Vu||Loo(§) are ¢~ 1/2 in dimension n = 2, (¢|Ine])~! in dimension n = 3 and
¢~ in dimension n > 4.

Now instead of a bounded set §2, we consider R”:

Au, =0 in R"\ D, U Dy,
Ugl4 = Ug|— ondD. UdDy,,
Vu, =0 in Dig U Dy, (3.12)

Jip, =0 (=12,
imsup|, oo X" ue(x) — H(x)| < o0,

where H (x) is a given entire harmonic function in R”.
we have the following result regarding the lower bound for |Vu|:

Proposition 3.2. With the same assumptions on D1, and D¢ as in Proposition 3.1,
and let H(x) be an entire harmonic function in R" satisfying Hogq(x1, x) =
T[HG1 x) = H(=x1,x)] <0 (or > 0) on R, := {(x1,x") € R"|x; > 0}, then
for some positive constant C independent of €, we have

1
||VM8||LOO(R"\D]5UD25) = N3 forn =2,
forn =23, (3.13)
forn =4,

- 1
||Vu8||L00(]R"\D15UD25) Cisllna\

IV IVl

IVutell Loo @\ Br;0Ds0) 2 To
where u is the solution to equation (3.12).

Proof. Step 1. First, we show that there exists a positive constant C independent
of &, such that for any small ¢ > 0,

" ug ) — HW| £ €, Vx e R\Dy, U Dy, .19

(i) For any bounded open set U C R" with C! boundary dU satisfying
oU N D1z U Dy, = (), we have, in view of the first and the fourth lines in (3.12),

3
/ due _ / Aup = 0. (3.15)
au v U\D1:UDs;

(i) We show that there exists a positive constant M independent of ¢, such that
lue — Hll oo g\ Bro0m5) = M. ¥ smalle > 0.

We only need to prove

2
lue = Hll oo me\ Brz0D50) < Z(ngaxH — r%in H). (3.16)
i=1 ie ie

Since Vu, = 0 in Dy, U Dy, u, is constant on each D;., denoted as C;(g). We
know that

| l‘im (e (x) — H(x)) =0, (3.17)

and
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Ci(e) —maxH Su, — HZCi(e) —minH, onDj, i=12  (3.18)
Dj, D

If (3.16) did not hold, say,

2
sup(us — H) > Z(maxH —minH),

R~ i=1 Dig Die

then, because of (3.17) and (3.18), there would exist 0 < a < sup(us — H) such
Rn

that U := {x € R" | (uy — H)(x) > a} # ( satisfies 0U N D1, U Dy, = . We

may assume, by the Sard theorem, that a is a regular value of u, — H, and therefore

0 - H
U is CL. By the Hopf lemma, % < 0 on dU, and therefore
v

/ d(ug — H)
—— < 0.
AU ov

On the other hand, using (3.15) and the harmonicity of H in U, we have

—H H
/ Mz_/ 8_=_/AH=0.
U dv au v U

A contradiction.
(iii) Consider wg(x) := us(x) — H(x). Fix a constant Ry > 0, independent of ¢,
such that DY U D5 C Bg,/2(0), and let

B2 (y) : ( > ) 0<lyl <~
We(y) = ——we {—5 ], 0<lyl<—.
‘ Iyln=2 7% \y2 Ro

Then w; is harmonic in By, g, \{0}. By the last line of (3.12), there exists a positive
constant C (&) such that

— 1
[we(MI = Celyl, 0<lyl< R
0

Therefore, Aw, = 0in By, and w, (0) = 0.By (ii), we have |w;| = C,ond By g,
for some positive constant C independent of ¢. Hence, |wy| < C, |Vwg| < C in
B1/2Ry), then

[we (W) = Clyl, Iyl < L
- ’ 2Ry
Therefore, also using (ii), (3.14) holds.
Step 2. For R > Ry, let 2 = Bg(0). Let ¢, := u.|s50, then by Corollary 3.1
and Theorem 1.2 it is enough to show, for some R, that Q*[¢*] # 0, where ¢* is
defined at the beginning of this section. By symmetry, we have

Q*[q)*]:/ vy / ngk_/ 3
A ov BDT av a[)iF av
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Without loss of generality, we may assume Hyqq(x) > 0 on R’,. Recall that
v3 is the solution of (3.3) with boundary data ¢*. In the following we use notation
(v3)n to denote the solution of (3.3) with boundary data /. Since Q*[¢™] is linear
on ¢* and by symmetry Q*[Heven]l = H[¢ke ] = 0, Where Heyen(x) 1= H(x) —
Hoaa(x) = 5 [H(x1,x") + H(=x1,x")] and similar for ¢,, we may assume
H(x) = Hogd (x). _

Now consider w(x) = H(x) — (vg‘)H(x). Then w(x) is harmonic in £2* which
is defined at the beginning of this section. By symmetry, w(—xy, x’) = —w(xy, x’),
w(x) = H(x) on 3D} UdD; and w(x) = 0 on 9£2. Therefore,

Jw 2 _ 2

-2 H— = [ wxAwkx)+ |Vw| _|[Vw]© 2 0.
apy v Jgs a2

On the other hand, (v3)y = 0on d D3, (vgk)H > 0on (3£2)" and, by the oddness of

W) n, WHH =0o0n{(x1,x") | x; =0} Thus, by the maximum principle and the

strong maximum principle, (v3)y > 0in £2* and in turn, using the Hopf lemma,

0 H . . .
5 > 0 on 9 D5. Hence, using the harmonicity of H,
v
(v a(v3 oH 0
max H ( )H / jr e ik ( > gl _ [ g%
aD; aD; av aD; av
1
> / |VH|2 > —,
D3 C
Therefore,

/ 0wPs 1
GD; ov = C7

for positive constant C independent of R.

For s, := ¢, — H on 052, by step 1, there exists a constant C > 0 which is
independent of ¢ and R, such that [|s; ||L~@ae) < CR'™". By Remark 2.1, we have
IVW3)s*lliLe@pruapy) = Clls* L= ), thus,

/ d(v3)s
BD;k av

for some positive constant C independent of € and R.
Therefore, for large enough R,

/ 9 (v3)g* :/ 3(v§)H+/ I (v)s* 21#0'
8D’2* v (’-)D’z* av E)D;‘ av C

. v
It is also clear that [, % <0, Thus,

0 v D* 31)

This proof is completed. O

< C/ Is*lLe@e) < CR™"
aD*

i

Remark 3.2. In R%, when D, and Dy, are identical balls of radius 1, the estimate
(3.13) was established in [2] under a weaker assumption dy, H (0) # 0.
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4. Proof of Theorem 1.3 and 1.4

In the introduction, similar to the harmonic case, we still decompose
u=C1Vy+ CyV, + V3 asin (1.14). Proposition 2.1 holdisince Lemma 2.1-2.3
hold for Vi, V2, V3 defined by (1.15)—(1.17) and p € C?(£2) which is the solution
to:

p=0o0ondD;UIDy, p=1 onads2.

The proofs are essentially the same. Now we start to estimate |C; — C2|. By the
decomposition formula (1.14), instead of (2.3), we denote

[ Ox; (aéj (x) 8xl.,o) =0 ing,

Aim :/ s (x) 3y, Vi vj (Lm =1,2),
o (4.1)

b,:/ aj (x) 0, V3 v (I=1,2).
oDy

Then Lemma 2.4 and (2.4)—(2.6) still hold for a;,, and b; defined above. In fact,
to prove Lemma 2.4 with general coefficients, we only need to change g—’; to

aéj (x) 0y, * v}, change Axin 8xj (aéj (x) 9y, *) and change vy, va, v3 in Vi, V3, V3,
respectively, in the original proof of Lemma 2.4. For instance, (2.7) is changed to

0= /ﬁ Ox;j (“;j (x) By, Vl) V2 - /ﬁ Ox (“;j(x) dx; Vz) Vi

- —/ al (x) 9, Vi vj - 1 +/ a (x) 9, Vo vj - 1
D> 9D
= —ay +ap. 4.2)

Therefore, to estimate |C; — C»|, it is equivalent to estimating |aj; — aaj2| and
|by — aby|. For |a1; — aayz|, Lemma 2.5—2.7 still hold for a;;(I = 1, 2) defined
by (4.1). The proof is quite similar and the only thing which needs to be shown is
the following:

0= /~ ., (agf (x) By, Vl) v
2
- _/~a;f'(x) 05, Vi, Vi —/ a (x) 8, Vi vj - 1
2 0D
=—/¢%ﬂ%%%w—mh
2

that is

ay = —/~ as (x) 3y, Vidy, V1.
2

Then by the uniform ellipticity of aé/ (x) and the harmonicity of vy,

|mnzx/jvwﬁzx/ijﬁ
22 2

and
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lan] < / a5 (x) By, wdy, w < A/~ IVw|? < A/~ IV + C,
2 2 QﬂOr/z

where w is defined in the proof of Lemma 2.5 with the same boundary data of V;
and w is defined by (2.9) and (2.14). Thus, Lemma 2.5—2.7 follow by the same
computations. Then Lemma 2.8 and Proposition 2.2 hold with the same proofs.
For |by — ab;|, Proposition 2.3 also holds for b;(I = 1, 2) defined by (4.1) and

Q:[¢] defined by (1.18). The proof is the same after changing g—j to alzl (x) Oy ® vj.
Combining the above propositions, we obtain our theorems.

Acknowledgments The second author is partially supported by NSF grant DMS-0701545.

5. Appendix: Some elementary results for the conductivity problem

Assume that in R”, £2 and » are bounded open sets with C?%“ boundaries,
0 < a < 1, satisfying

m
® = U s C £2,
s=1

where {ws} are connected components of w. Clearly, m < oo and wjs is open for
alll < s < w. Giveng € C 2(382), the conductivity problem we consider is the
following transmission problem with Dirichlet boundary condition:

i [ (kat! @) = @) o+ 0 0] b} =0 in2. o
Uy =@ on ds2,
where k = 1,2, 3, ..., and y,, is the characteristic function of w.
The n x n matrices A;(x) = (allj (x)) inw, Ay(x) = (alzj (x)) in 2\@ are

symmetric and 3 a constant A = A > 0 such that

MEP < d (EE; < AP (Yx € w), MEP S aY (0)&E; < AE] (Yx € 2\w)

forall & € R" and a}/ (x) € C2(@), d (x) € C2(2\w).
Equation (5.1) can be rewritten in the following form to emphasize the trans-
mission condition on dw:

[0, (aﬁf (x) ax,.uk) -0 in o,
axj (aéj (x) 3x,-14k) =0 in 2\w,
_ 5.2)
ugly = ug|-, on dw, (
alzj (X) 0, urv;j ‘4_ = kallj ()0, up v _on ow,
Up = ¢ onds2.

Here and throughout this paper v is the outward unit normal and the subscript +
indicates the limit from outside and inside the domain, respectively. We list the
following results which are well known and omit the proofs.
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Theorem 5.1. Ifu; € HY(2) is a solution of equation (5.1), thenuy € C! (.Q_\w) N
C' (@) and satisfies equation (5.2).

Ifup € Cl(.Q\a)) N CY ) is a solution of equation (5.2), then uy € HY ()
and satisfies equation (5.1).

Theorem 5.2. There exists at most one solution uy, € H'(2) to equation (5.1).

The existence of the solution can be obtained by using the variational method.
For every k, we define the energy functional

k[ ! ij
I[v]:= = [ a] (x)0yv0, v + = ay (x)0x; vy, v, (5.3)
2 Jw 2 )ew !
where v belongs to the set
H)(2):={veH (2)|v=g¢ onde)}

Theorem 5.3. For every k, there exists a minimizer u; € H'(82) satisfying

Ir[ur]l = min  I;[v].
veH) ($2)

Moreover, uy € H! (82) is a solution of equation (5.1).

Comparing equation (5.2), when k& = +o0, the perfectly conducting problem
turns out to be:

o, (a;/ (x) 8xl.u) —0  in2\m,
uly =ul— on dw,

/ a (v 14 =0 (s=1,2,-- m).
dwy

lu=9¢ on ds2.
We also have similar results:

Theorem 5.4. Ifu € H' () satisfies equation (5.4) except for the fourth line, then
ue Cl(2\w)NC ().

Proof. By the third line of equation (5.4), we have u = const on each component
of w, so u = const on each component of dw. Thus # = const on each component
of 9(£2\w).

Since u € H'(2) satisfies o, (a'zj (x) ax,.uk) — 0in Q\@, ulpo =
@ € C*(9£2) and u = const on each component of 3(£2\), by the elliptic regu-
larity theory, we have u € C'(2\w) N C'(w). O

Theorem 5.5. There exists at most one solution u € H'(£2) N C'(2\w) N C! (w)
of equation (5.4).
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Proof. Itisequivalent to showing thatif ¢ = 0, equation (5.4) only has the solution
u = 0. Integrating by parts in the first line of equation (5.4), we have

0= —/ ., (afj(x) Bxiuk) ‘u
2\@

= / aéj(x)axiuax,.u —/ u 'a;j(x)axiuvj
2\@ : )

g,\/ |Vu|2—/ @ - a ()3, uv,
2\@ 982

= /\/ |Vul?.
2\@

Thus Vi = 0in £2\w. And since u = ¢ = 0 on 92, we have u = 0 in £2\w. Since
u|l+ =ul|-ondwandu = C on w, we get u = 0 on w. Hence u = 0 in £2, that is
u = 0 is the only solution of (5.4) when ¢ = 0. O

_ +/ u ~a;j(x)3xiuvj
dw +

_+ Cs/ aéj(x)axiuvi
dwy '

+

Define the energy functional

1 .
Io[v] = 5/9\5131 (x)axivaxjv, 5.5)
w

where v belongs to the set

o = {v € HM\(@)|Vv Eomw}.

Theorem 5.6. There exists a minimizer u € </ satisfying

Ioo[u] = min Io[v].
oolu] vedoo[]

Moreover, u € H'(£2) N C'(2\w) N C' (@) is a solution of equation (5.4).

Proof. By the lower-semi continuity of I, and the weakly closed property of <7, it
is easy to see that the minimizer u € A exists and satisfies Ox; (alzj (x)0y; u) =0in

§£2\w. The only thing which needs to be shown is the fourth line in equation (5.4),
that is

/ a;j(x)axiuvj |+ =0, s=1,2,--- ,m.
dwy
In fact, since u is a minimizer, for any ¢ € C2°($2) satisfying ¢ = 1 on o, and
¢ =0onw(t #s),let
i(t) = Iolu+tp] (€R),

we have

di
I'(0) == —
i'(0) ”

1=0 =/ aéj(x)axiu¢xj =0.
2\o
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Therefore
0= —/ Ox; (a;j(x) axiuk) ¢
2\w
= / a5 () dguee, + [ ¢ ad (0)dquv; |y
.Q\E dwy
=/ al (x)dguv; |,
dwy
foralls =1,2,---,m. O

Finally, we give the relationship between u and u.

Theorem 5.7. Let uy and u in H'(82) be the solutions of equations (5.2) and (5.4),
respectively. Then

Uy — u in H](.Q), as k — 400,
and

lim  Ji[ur] = Ioolul,
k——+o00

where I and I are defined as (5.3) and (5.5).

Proof. Step 1. By the uniqueness of the solution to equation (5.4), we only need
to show that there exists a weak limit « of a subsequence of {u;} in H 1(§2) and u
is the solution of equation (5.4).

(1) To show that after passing to a subsequence, u; weakly converges in H ' (£2)
to some u.

Letn € H; (£2) be fixed and satisfy n = 0 on o, then since uy is the minimizer

of I in H}(£2), we have
A 2 1 ij A
S 1Vila gy € fil) < el = 5 /Q\wa2 @y € 5l

that is
IVl 20y < Inll i@y = M.

where M is independent of k.

Since ux = ¢ on 952 and sup, lurll g1y < 00, we have uy — u in H(’} (£2).
(2) To show that u is a solution of equation (5.4).
In fact, we only need to prove the following three conditions:

o (@ o) =0 in2\@, (5.6)
Vu=0 inw, 5.7

/ aé/(x)axiuvjh- =0, s=12,....m. (58)
dwy
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(i) For every k, since up € H'(£2) is the solution of equation (5.1), then
V¢ € CX(82), we have

k/ aij(x)axiukgbxj' +/ aéj(x)axl.uk@j =0.
@ 2\w
Thus, V ¢ € C°(2\w) C CZ(£2),
0 =/ a;j(x)axiukd)xj —>/ aéj(x)axiuquj,
2\ 2\&

since up — u in H)(£2) C H'(2).
Therefore,

/9\ ai () udy, =0, ¥¢ e C(2\w),

that is (5.6).
(i) Let n € H(; (£2) be fixed and satisfy n = 0 on o, then since uy is the
minimizer of I; in H(; (£2), we have
<A

kA 2 1 ij 5
S IVurlagy < Tl < i) = 5 /Q e enmign £ Tl gy

which implies
||Vuk||iz<w) — 0, ask — oo.

By (1), since uy — u in H'(£2), then uy — u in H'(w). Therefore, by the
lower-semi continuity, we get

Oék/ |Vu|? §/aij(x)8xiu8xju §/aij(x)8xiuk8xjuk
w w w

< AlIVuellya,, — O as k — oo.

(@)

Hence, [ |Vu|> =0 = Vu =0 in w, which is just (5.7).

(iii) By (i) and (ii), u satisfies (5.6) and is either constant or ¢ on each component
of 3(£2\w). Thus,u € CZ(.Q_\a)). Foreachs =1, 2, ..., m, we construct a function
p € C2(2\w), such that p = 1 on dwy, p = 0 on dw;(t # s), and p = 0 on 2.
By Green’s Identity, we have the following:

0=_/ 3y, (a (%) qur) p
)

:/ aé’(x)axiukaxj,o —/ paé’(x)ax,.ukvj
2\@ 982

_ +/ paéj(x)f)xiukvj
dw +

:/ a;J(x)axl,ukaxjp—i-k/ allj(x)ax,-uk‘}j |-
2\w dwy

= / aéj(x)axiukaxjp.
2Q\@
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Similarly,

0=—/ s, (a;j(x)i)xiu)p:/ agf(x)ax,,uaxjp+/ al (x)dyuvj | .

\@

Since uy — u in H'(£2), it follows

0:/ ayl (x) 3, udy, p —> ayl ()3, udy, p.
2\@ 2\&

Thus,

ij
/ ay (x)oyuvj |y =0,
dwy

forany s = 1,2, ..., m. Therefore, we finish the proof of the first part.
Step 2. Since uy is a minimizer of I and Vu = 0 in w, for any k € N,

Lelur] = Ilul = Ioo[ul.

Then lim supy_, , oo Tklux] < Too[u].
On the other hand, by Theorem 5.7, since u is the weak limit of {u} in H L(£2),
we obtain

Ioolu] :/ as (x)dy, udyu §liminf/
I?) ! k— 400

a;j (X)axiukaxj'uk § lim inf Iy [ug].
o k—+00

Therefore,

lim Llug] = Isolul.
k——+00

The proof is completed. O
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