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COPIMUN. IN PARTIAL DIFFERENTIAL EQUATIONS, 14(11,), 1541-1578 (1989)  

DEGREE THEORY FOR SECOND ORDER NONLINEAR 

ELLIPTIC OPERATORS AND ITS APPLICATIONS 

YanYan Li 

Department of Mathematics, Princeton University 

Abst rac t  

We introduce, along the lines of [4], an integer val- 

ued degree for second order fully nonlinear elliptic o p  

erators which is invariant under homotopy within elliptic 

operators. We also give some applications to the bi- 

furcation problem for nonlinear elliptic equations. A p  

plications to the existence of solutions of certain fully 

nonlinear elliptic equations on compact manifolds can 

be found in [7]. 

Copyright @ 1989 by Marcel Dekker, Inc. 
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7 Introduction 

Leray Schauder degree theory has been very useful in the 

study of quasilinear elliptic equations. It will certainly be 

useful if a degree theory can be introduced for fully nonlinear 

elliptic operators. Fitzpatrick and Pejsachowicz have intro- 

duced in [4] an integer valued degree for quasilinear Fredholm 

operator which is invariant up to  sign under homotopy. They 

have also pointed out that it is impossible to  have an inte- 

ger valued degree which is invariant under homotopy within 

quasilinear Fredholm operators. But if we only restrict our- 

selves to  second order elliptic operators, it is possible. In 

fact, following [4], we have used an elementary and construc- 

tive method to  introduce an integer valued degree for second 

order fully nonlinear elliptic operator which is invariant un- 

der homotopy within elliptic operators. We also give some 

applications of this degree theory to  the existence of solu- 

tions of certain fully nonlinear elliptic equations on compact 

manifolds (see [7]) and to  the study of bifurcation problems 
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NONLINEAR ELLIPTIC OPERATORS 1543 

of fully nonlinear elliptic equations. The author believes that 

such a degree will be useful in dealing with more delicate 

problems involving questions of multiplicities. 

1 Degree of second order fully non- 

linear elliptic operator with Dirichlet 

boundary data 

We first give a brief review of the degree theory introduced 

in [4] for quasilinear Fredholm operators. 

Let X ,  XI  and Y be Banach spaces, with X compactly 

embedded in XI.  A map f : X-t Y is called quasilinear 

Fredholm if f has a representation of the form: 

where 

(i): For x E XI, L, E L(X, Y) is Fredholm of index 0 and 

the map x- L, is continuous from XI  to  L(X, Y), the set 

of linear bounded operators from X to Y, and 

(ii): C : X-t  Y is compact. 
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7 It is proved in [4] that each quasilinear map f : X +  Y 

admits a representation of the form f(x) = M,(x) + C(x), 

where XI--+ M, is continuous from XI to GL(X, Y), the sub- 

set of L(X,Y) consisting of isomorphisms, and C : X +  Y 

is compact. Moreover, the map C : X +  X defined by 

Q(x) = M11(C(2)) is compact. 

The degree of f on 0 at 0, a bounded open set of X ,  is 

defined as 

where E : GL(X, Y)+ (-1, +I) is an orientation of GL(X, Y) 

(see [4]), degLSs. denotes the Leray Schauder degree. 

The degree defined in (2) may change sign under homo- 

topy within quasilinear Fredholm operators. 

In this section we define a degree for second order fully 

nonlinear elliptic operators which is invariant under homo- 

topy within elliptic operators. 

Let R C Rn be a bounded domain with smooth boundary, 

f E C ~ ~ Q ( ~ X R X R " X R ~ ~ )  , 0 < a < 1. Let F be a differential 
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NONLINEAR ELLIPTIC OPERATORS 

operator from c , 'P(~)  to C21a(n) defined by 

Here and later repeated indices will denote sum over the 

indices. 

Definition 1.1: F : c : I ~ ( ~ )  + C2*a(n)  is said to be 

4 a  - elliptic on 0 , which is some bounded open set of COB (n) , 

if there exists p = P ( 0 )  > 0,  such that, for any u E 0, x E 

n ,(€Rn 

Let 0 C C t v a ( n )  be a bounded open set with 8 0  tl 

F-l(O) = 4 and suppose that F is elliptic on 0 .  We want 

to define sn integer valued degree for F on 0 at 0. 

Consider 

where 7 ( x )  denotes the outer unit normal of 8 0  at x .  

It is well known that S is an isomorphism. 
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1546 

Let 3 be the composite map of S and F, namely, 

P = (P(,), Y(,)) = S o F  

P : c,4sa(s2) -+ ca(s2) x c l ~ ~ ( a n )  

Since S is an isomorphism, F = 0 is the same as P = 0. 

We are going to define a degree for F by defining a degree 

for P. 

Clearly P can be expressed, even though not uniquely, as 

the following: 

Where 

a,t (x, u, Du, D ~ U )  = - fuar (x, u, Du, D ~ U )  
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NONLINEAR ELLIPTIC OPERATORS 1547 

By freezing coefficients in (3), the operator F is of the 

form (1). Adding some lower order term in a canonical way 

we can actually invert a,tD;;,t+ lower order term. Therefore 

F will be reduced to an operator of the form I d  + Compact, 

hence we can define the degree by using Leray-Schauder de- 

gree. Before carrying out this, we should first study the fol- 

lowing linear problem: 

Theorem 1.1: Let Cl, Cl;, Clij, CSijk E Ca(n) , a,t E 

C1sa(n ), where 1 5 i ,  j ,  k,s,t 5 n. There exists P > 0, such 

that, a,:(z)(;tj 2 /31(12 V( E Rn, z E fi . Let 

where 
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1548 

where N is a real number, 0 5 p 5 1. 

Then there exists some constant No, depending only on 

Il%tllci.qn), Ilcillcyn) Ilciillcyn) , llc2ijIlc~(il) 9 llc3ijkllcac0) t 

n, p,  such that, for any N > No, M~ is an isomorphism from 

c:~"(O) onto Ca(n) x C ' I ~ ( ~ R )  .Furthermore M N  depends 

continuously on 

with respect to the corresponding topologies. 

Proof: According to [I] and [2], for any N E R, M~ has 

finite dimensional kernel and hence is Fredholm. From the 

stability of the kedholm index (see [6]), we know that the 

Fredholm index of M N  is the same as that of the following 

map: 

which is of Fredholm index zero. To prove that M~ is an 

isomorphism we only need to prove that M N  has a trivial 

kernel. 
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NONLINEAR ELLIPTIC OPERATORS 1549 

Let w  E G'tsa(n) , M ~ W  = 0. It is not difficult to see that 

It follows from (5) that forN > No, M N  is injective, hdnce 

an isomorphism from C ; I ~ ( ~ )  ontoCa(n) x C**a(iXl) . 

Having proved Theorem 1.1 we are in a position to define 

an integer valued degree for F : O+ C2ta(n) . 

3 can be represented as 3 = L,(u) : 
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where w E ~;~"(fi) . 

Let 

C: : c;pa(n) + ca(n) x cl#a(sn) 

be defined by 
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NONLINEAR ELLIPTIC OPERATORS 155 1 

It is easy to see that for any u E 0, L,, M$ are lin- 

ear bounded operators and ~f is a compact operator. Ac- 

cording to Theorem 1.1, there exists some positive number 

No = No(O,P), such that, M$ is an isomorphism for any 

u E 0, N > NO. Furthermore L,, Mf, Cf continuously 

depend on u E 0 with respect to its C3~a norm. 

L,(u) = 0 is the same as u + (Mf)-ICf(u) = 0 and 

u- (Mf)-lCf(u) is a compact operator from 0 to 

C ; I ~ ( ~ )  . Therefore we can define the degree of F as the 

Leray Schauder degree of the map UH u + (Mf)-l Cf(u). 

More precisely we have the following definition. 

Definition 1.2: Let F : 0-t C21a(n) be an elliptic 

operator, where0 C C;la(n) is a bounded open set with 

80 n F-'(0) = 4, we define a degree of F on 0 at 0 by 

where N > No(O, P ) ,  u- u + (~f) - 'C$(u)  is a map from 

0 to c;sa(n) . 

We justify the above definition by making the following 

remarks. 
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7 Remark 1 .l: The map u w  u +  (Mf)-'C$(U) is of the 

form Id+Compact : 0 -, C;'"(Q) . 

Remark 1.2: The degree is independent of N > No(O, P )  

according to the homotopy invariance of the Leray Schauder 

degree. 

Remark 1 .S: The degree is independent of the represen- 

tation we choose in (6). 

Remark 1.1 and Remark 1.2 are quite clear, we will only 

explain Remark 1.3. 

If we have another representation in (6), then we have e$ 
and %f in (7) and (8). We need to prove that for N large 

enough 

Consider a homotopy 

where 0 < t 5 1 . 
Use Theorem 1.1, it is not difficult to check that for N 
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NONLINEAR ELLIPTIC OPERATORS 1553 

sufficiently large the above homotopy is an admisable homo- 

topy for Leray Schauder degree . Therefore (9) follows from 

the homotopy invariance of the Leray Schauder degree. 

The degree we have defined above has the following prop- 

erties: 

Proposition 1.1: Let F be an elliptic operator from 

0 to C2@(n)  , where0 C ~ t @ ( h )  is a bounded open set, 

80 n F-'(0) = 4. Suppose that 8 c 0 and 8 n F-l(0) = 4, 

then 

Proposition 1.2: Let 0 C C;'"(O) be a bounded 

open set and suppose that H E C([O, 1] x 0 x Rn x R"') 

and t~ H(t ,  .) is continuous from [0, 11 to  C3sa(n x Rn x 

R"'), 0 < a < 1, there exists p = P ( 0 )  > 0, such that, for 

a n y u E 0 , x E n , t E [ O , 1 ] , ~ E R n .  wehave 

and for any u E 80,O 5 t 5 1, 

H(t,  ., u, Du, D2u) # 0 E C2@(n) 
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Then 

deg(u- H(0, ., u, Du, D ~ U )  , 0, 0) 

= d e g ( u w  ~ ( 1 ,  ., u, DU, D ~ U )  , 0, 0) 

Proposition 1.1 and Proposition 1.2 follow from the defi- 

nition of our degree and the corresponding properties of the 

Leray Schauder degree. 

Proposition 1.3: Let F : c:'~(O) + C2la(O) be el- 

liptic on some neighborhood of 0 ,  satisfying F(0) = 0, F is 

Frechht differentiable at 0 and ~ ' ( 0 )  is invertible. Then u = 0 

is an isolated point of F-l(0). Furthermore deg(F,O,O) 

=deg (F'(o), 0 , O )  where 0 is any open neighborhood of 0 in 

c ~ ' ~ ( O )  which does not contain any other points of F-l(O) 

and on which F is elliptic. 

Proof: Proposition 1.3 is straight forward once we apply 

Proposition 1.2 to the following homotopy: 

Proposition 1.4: Suppose that an elliptic operator F 

happens to be a linear operator, namely, F : ut-i -a;j(~)D;ju+ 
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NONLINEAR ELLIPTIC OPERATORS 1555 

b;(x)D;u+c(x)u, where a;j, b;, c are sufficiently smooth func- 

tions, there exists some p > 0, such that, for any ( E Rn, x E 

52 , a;j(x)(;(j 2 . If furthermore 0 is not in F-l(O) 

we have 

where Xi is an eigenvalue of F with algebraic multiplicity pi 

for i = 1,2,3,. . ., XI < X2 < . . . , 0 is any open set of 

~ i ~ ~ ( n )  containing 0. 

Proof: Use the notation as before only notice that the 

operators L,, M:, Cccan be chosen as linear operators in- 

dependent of u: 

where F = SOF and S is the operator we defined before. 
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where 0 is any open neighborhood of 0 E c:~"(Q) . 

Let 

H : c;'"(n) -, C2@(Q) 

Then 

deg ~ . s . ( I d  + (MN)-lCN, 0,O) 

= deg L . s . ( ( M ~ ) - ~ G ,  0,o)deg L.S(H-'F, 0,O) 

It is well known that 

deg (H-'F,0,0) = ( - I ) ~  
X i  <O 

To conclude the proof we only need to prove that for large 

N ,  

degLas.((MN)-lG, 0,O) = 1. 

Notice that 



D
ow

nl
oa

de
d 

B
y:

 [A
us

tra
lia

n 
N

at
io

na
l U

ni
ve

rs
ity

] A
t: 

00
:1

3 
31

 O
ct

ob
er

 2
00

7 

NONLINEAR ELLIPTIC OPERATORS 1557 

Define the following homotopy: 

where 0 5 t 5 1. 

Applying Theorem 1.1 we know that for N sufficiently 

large, 

M: : ~ $ ~ ( n )  + C a ( n )  x C11a(aS2) are isomorphisms, 

where 0 5 t 5 1. It is also clear that 

is compact, hence ( ~ f ) - l G  is of the form Id+compact. Ac- 

cording to the homotopy invariance of the Leray Schauder 

degree we have, for N large enough that 
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Clearly M F  = M ~ ,  therefore we only need to prove that 

Since ( M ; ~ ) - ' G ,  0  5 t 5 1 is an admissable homotopy 

and M t  = G ,  use the homotopy invariance of the Leray 

Schauder degree we have (10) .  

2 Degree of second order fully nonlin- 

ear elliptic operator on compact Rie- 

manian manifold 

We have defined a degree for second order fully nonlinear 

elliptic operator with Dirichlet boundary data in section 1. 

In this section we define such a degree for second order fully 

nonlinear elliptic operator on compact Riemanian manifold. 

Let ( M ,  g) be a n-dimensional compact Riemanian man- 

ifold and suppose f * E C3ta(M x R x IE" x IE"'), 0 < a < 1. 

Let F* be an operator from C 4 @ ( M )  to C 2 @ ( M )  defined by: 

where gu, p?u denote the covariant derivatives of u (See [3]). 
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Definition 2.1: Let 0* C C4~a(M) be a bounded open 

set, F* is said to be elliptic on 0* if there exists P* = 

P*(O*) > 0, such that, for any u E O*,x E M,( E Rn 

-- Of * (,,us w, a u ) ( i t j  2 P * I ( I ~  
ju 

Let 0* c C4sa(M) be a bounded open set with OO* n 

F*-'(0) = 4 and suppose that F* is elliptic on 0'. We 

proceed as in section 1 to define an integer valued degree for 

F* on 0* at 0. 

Consider 

It is well known that S* is an isomorphism. 

Let F* be the composite map of S* and F*, namely, 

- 
Since S* is an isomorphism, F* = 0 is the same as F* = 0. 

As in section 1 we define the degree of F* by defining a degree 

for F. 
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As in section 1 we need to study the following linear prob- 

lem first : 

Theorem 2.1: Let aft  E C1pa(M), where 1 < s,t 5 n. 

There exists P* > 0, such that, u ~ ~ ( x ) ( ; ( ~  2 P*l(la V( E 

Rn, x E M. Let 

where 

M * ~ W  = aftn;,tw - N A w + NW P I  

where N is some real number. 

Then there exists some constant No+, depending only on 

Ilaftllcl,a, n,P*. such that, for any N > No+, M * ~  is an iso- 

morphism from C4la(M) onto Ca(M). Furthermore M * ~  
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NONLINEAR ELLIPTIC OPERATORS 1561 

depends continuously on sat E C1pQ(M) with respect to the 

corresponding topologies. 

Proof: According to [I] and [2], for any N E R, M * ~  has 

finite dimensional kernel and hence is Fredholm. From the 

stability of the Fredholm index (see [6]), we know that the 

Fredholm index of M * ~  is the same as that of the following 

map: 

which is of Fredholm index zero. To prove that M * ~  is an 

isomorphism we only need to  prove that M * ~  has a trivial 

kernel. 

Let w E C4ta(M), M * ~ W  = 0. It is not difficult to  see 

that 

where C depends only on Ila;jllc~,P. 
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7 Therefore there exists N,' > 0, such that, 

We see from the calculation that No+ depends only on 

IlaftJJcl,, ,n,P* It follows from (13) that for N > N,', M * ~  is 

injective, hence an isomorphism from C4*a(M) ontoCa(M). 

Now we are ready to define an integer valued degree for 

F* can be represented as B. = L:(u) where 

is defined as: 

where w E C4*a(M). 

Let 

C*: : C4pa(M)- Ca(M) 

be defined by 
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Let 

It is easy to see that for any u E 0 * ,  L:, M*: are lin- 

ear bounded operators and c*: is a compact operator. Ac- 

cording to Theorem 2.1, there exists some positive number 

Ng+ = Ng+(O*yP*)y such that, M*: is an isomorphism for any 

u E 0 * ,  N > No*. Futhermore L:, M*:, c*: continuously 

depend on u E O* with respect to its C3pa topology. 

Definition 2.2: Let F* : O*+ C2va(M) be an elliptic 

operator, where 0* C C4sa(M) is a bounded open set with 

8 0 .  n F+-'(o) = 4, we define the degree of F* on 0* at 0 by 

*N -1  deg(FL, 0 * ,  0 )  := degL.S.(u- u + (M ) ~ * : ( u ) ,  O , O )  

where N > No+(O, P*),  u- u + (M*:)-~c*:(u) is a map 

from 0* to C 4 @ ( M ) .  
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We justify the above definition by making the following 

remarks. 

Remark 2.1: The map UM u + (M*:)-~c*:(u) is of 

the form IdtCompact : O* -, C41a(M) . 
Remark 2.2: The degree is independent of N > N,'(O,P*) 

according to the homotopy invariance of the Leray Schauder 

degree. 

Remark 2.1 and Remark 2.2 are valid due to the similar 

reasons as in section 1. 

The degree we have defined above has the following prop- 

erties: 

Proposition 2.1: Let F* be an elliptic operator from 

0* to C2sa, whereO* c C41a(M) be a bounded open set, 

aO* n F*-l(0) = 4. Suppose t'hat o* c O* and D* n 

FeV1(0) = 4, then 

deg(F*, 0*, 0) = deg(F*, 0* \ 0*, 0) 

Proposition 2.2: Let 0* C C4ta(M) be a bounded 

open set and suppose that H* E C([O, 11 x M x Rn x R"') 
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NONLINEAR ELLIPTIC OPERATORS 1565 

and t w  H*(t, .) is continuous from [ O , l ]  to C3@(M x Rn x 

R"'), 0 < a < 1, there exists p* = P*(O*) > 0, such that, 

f o r a n y u ~ O * , x ~  M , t ~ [ o , l ] , ( ~  Rn. wehave 

and for any u E a 0 * , 0  I t 5 1, 

~ * ( t ,  ., u, p, a u )  + o E c ~ ~ ~ ( M )  

Then 

deg(u++ H1(0, .,u, w, 94 , 0, 0) 

= deg(u- H * ( l , - , u , w , ? u ) ,  0, 0) 

Proposition 2.3: Let F* : C4*a(M)+ C21a(M) be el- 

liptic on some neighborhood of 0 ,  satisfying F*(O) = 0, F* is 

Frechht differentiable at 0 and F*'(o) is invertible. Then u = 

0 is an isolated point of F*-' (0). Furthermore deg(F*, 0,O) 

= deg (F*'(o), 0,O) where 0* is any open neighborhood of 

0 in C4pU(M) which does not contain any other points of 

F*-'(0) and on which F* is elliptic. 

Proposition 2.4: Suppose that an elliptic operator F* 

happens to be a linear operator, namely, F* : u w  - u ~ ~ ( x ) ~ ~ u +  
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bf (x)v;u + C * ( Z ) U ,  where arj, b f ,  c* are sufficiently smooth 

functions, there exists some p* > 0, such that, for any ( E 

Rn, x E M, arj(z)(;(j 2 P*\(I2. If furthermore 0 is not in 

F*-'(0) we have 

deg(F*, O*, 0) = ( - I ) ~ .  
Xi<O 

where A; is an eigenvalue of F* with algebraic multiplicity 

Pi for i = 1,2,3,.  . ., XI < A2 < . . . , 0* is any open set of 

C41a(M) containing 0. 

The proof of Proposition 2.1-2.4 is similar to that of Propo- 

sition 1.1-1.4. 

3 Global bifurcation for second order 

fully nonlinear elliptic equations 

Rabinowitz has proved in [9] a beautiful global bifurcation 

result for compact operators, which applies to quasilinear el- 

liptic equations. Using the degree we have introduced for 

fully nonlinear second order nonlinear elliptic operators, we 

prove a similar result for nonlinear elliptic equations. 
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Suppose that 

be continuous from R to C31a(n , R x Rn x Rn2). There ex- 

ists p € C(R x 0 x R x Rn x R"' , (0, +oo)), such that, 

-guij(X, 2, u, Du, D2~)(i( j  2 P(X, X ,  21, Du, D2u)l(I2 for ( E 

Rn, where X E R, u E C;'"(n) , x E . 

Let 

We also suppose that 

Definition 3.1: Xo E R is called a nonbifurcation point 

of G if there exists an open neighborhood of Xo in C;~"(O) x 

R , say U , such that, 
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Otherwise A. is called a bifurcation point. 

Theorem 3.1 :(Local bifurcation) 

Let G be as above, a,@ are not bifurcation points, a < 

p. If 

deg(F(.,a),O,O) # deg (F(.,P), 0,O) 

where 0 is a small neighborhood of 0 in ~ i ! ~ ( f i )  , such that, 

0 n G(., a)-'(0) = {0), 0 n G(., p)-'(0) = (0) 

Then there exists at least one bifurcation point in ( c Y , ~ ) .  

Theorem3.2 : (Global bifurcation) 

Let G be as above, S be the closure of ((u, A) E c$"(fi) x 

R : G(u, A) = 0 , u # 0) in G'ita(n) . Suppose that a, p are 

not bifurcation points of G, a < P. Let 3 = su {0)x[a, p],G 

be the connected component of 3 to which {O)x[a,P] be- 

longs to. If deg (G(.,a),O,O) # deg (G(-,/3),0,0), where 0 

is a small neighborhood of c i s a ( n )  , such that, 
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0 n G(-, a)-'(0) = (0) 

0 n G(.,p)-'(0) = (0) 

Then is either unbounded or containing a point (0, A*) with 

A* E R \ [a,PI. 

Proof of Theorem 3.1: 

We prove it by contradiction argument. If not, then there 

exists E > 0, such that, G(u, A) # 0 for a 5 X 5 P and 0 < 

llull 5 6 .  

Let 

Bd(0) = (21 E ~ : ' ~ ( f i )  : 1 1 ~ 1 1  < E )  

we have 

deg (G(., a), B€(O), 0) = deg (G(.,P), B m ,  0) 

Since G(., A) is an admissable homotopy for a 5 A 5 P . 
This is a contradiction to our assumption. 

The proof of Theorem 3.2 is similar to that of Theorem 

1.4 in [9], we only need to apply our degree instead of Leray 

Schauder degree. 
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In the following we state a result more general than The- 

orem 3.2. 

Suppose that G* satisfies all the hypotheses of G except 

to replace (17) by the following: 

There exists some constants a: < a* < P* < Pi , such 

that 

Ge(O,A)=O V a i < A < P ;  

Then we have the following result. 

Theorem 3.3: 

Let G* be as above and S* = {(u, A)  E ~ : * ~ ( n )  x R : 

G*(u,A) = 0) . Suppose that a*,P* are not bifurcation 

points of G* . Let = S*\{(O, a*), (O,PZ)) and c* be the 

connected component of to which (0) x (a*,P*) belongs 

to. If deg(G*(.,a*),O*,O) # deg(G*(.,P*),O*,O), where 

0* is a small neighborhood of ~ i ' ~ ( n )  , such that, 

Then c* is unbounded. 
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The proof of Theorem 3.3 is similar to that of Theorem 

3.2. 

4 Some more applications 

Consider the following nonlinear eigenvalue problem: 

f ( x ,  u, Du, D2u) = A(a(x)u + h(x, u,  Du, A ) )  
(18) 

ulan = 0 

where R C Rn is a smooth bounded domain, u E Cisa(Q)  ,0 < 

a < 1 ,  . f ,  h, a are sufficiently smooth functions. 

Let 

G : C ~ ' " ( Q )  x R-i C21a(n) 

be the following map: 

G : (u ,  A) -  f (., u, Du, D2u) - A(a(.)u + h(. ,  u,  Du, A ) )  

Suppose that for any u E Cisa(fi)  , x E 0 , ( E Rn , 

where p E C ( R  x n x R x Rn x R"' , (0, too)).  

Suppose also that 
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uniformly for X in any finite interval. 

where ao is some positive constant. 

Look at the linearized equation of (26) at u = 0 :  

Lu = Xa(x)u 

ulen = 0 

where 

Let X1 be the first eigenvalue of (23). It is well known 

that X1 is a simple eigenvalue. 

According to  the classical theory of linear elliptic equa- 

tions, there exists 6 > 0,such that, 

G(-, x)'(o) is invertible for X E (A1 - 6, X1 + 6) \ {A1) (24) 

where G(., X)'(O) denotes the French6 derivative of G(., A) : 

~ $ ~ ( f i )  + C21a(fi) at  0 , namely, 
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G(., x)'(o) = L - Xa(z) 

We deduce from (24) the existence of a positive continu- 

ous function p(X), X E (A1 - 6, X1 + 6) \ {A1), such that, 

where 

Apply Proposition 1.3 and Proposition 1.4 and the fact 

that X1 is a simple eigenvalue of (23) we have: 

6 6 
where a = X1 - -, p = X1 + -. 

2 2 

Let S be the closure of {(u, A) E ~ $ ~ ( n )  x R : u # 

0, G(u, A) = 0) in ~ : ~ " ( n ) ,  3 = S U {O)x [a,P] ,  be the 

connected component of 3 to which (0) x [a ,  P] belongs to. 

Apply Theorem 3 . 2 , c  is either unbounded or containing a 



D
ow

nl
oa

de
d 

B
y:

 [A
us

tra
lia

n 
N

at
io

na
l U

ni
ve

rs
ity

] A
t: 

00
:1

3 
31

 O
ct

ob
er

 2
00

7 

1574 L I  

point (0, A*) with A* E R \ [a,P]. 

Theorem 4.1: Under the hypotheses (18) through (22), 

is actually unbounded. 

To prove Theorem 4.1 we only need to  rule out the pos- 

sibility that 8 contains a point (0, A*) with A* e R \ [a,P]. 

Let 

8% 
where - denotes the outer normal derivative of u on a R  . 

a7 

Lemma 4.1: There exists an open neighborhood of (0, XI) E 

c:~~(O) x R, say U , such that, 

Proof: We prove it by contradiction argument. If not, 

then there exists a sequence {(uk, Xk)} C 8, such that, 

uk does not belong to  P, k = 1,2,3, . . . 

lim (uk, Xk) = (0, XI) in ~ : * ~ ( i i )  x R 
k--t +oo 

G ( u ~ , x ~ ) = O  k = 1 , 2 , 3  ,... 
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Divide the equation by I I ~ ~ l l ~ ~ , a ~ ~ ~  and let kgo to +m 

we obtain 

Due to the fact that the embedding from ~ $ ~ ( f i )  to 

3a - 
C31a(fi) is compact, there exists v E Col (R ) , such that, 

uk 
-+ v strongly in c;la(n ) along a subsequence 

II~~llc;~-(n) 

Pass to  the limit in (26) we have 

It is well known that v belongs to P . Therefore 

uk 
E P for k large enough 

I l ~ ~ l l e a ( n )  

This is a contradiction. 

Lemma 4.2: Suppose that u is not identically zero and 

there exists A ,  such that (u, A) E c ,  then u E P.  

Proof: We prove it by contradiction argument. If not, ac- 

cording to Lemma 4.1, there exists (u, A*) E c, u E 8P. By 

the strong maximum principle and Hopf lemma (See [GT]), u = 

0 E C!;"(n) . This is a contradiction. 
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If c is not unbounded, then according to Theorem 3.2, 

there exists A* E R \ [a, p] , (0, A*) E c. Therefore, there ex- 

ists a sequence {(%, A,)) E e, u, is not identically zero, u, E 

P, (u,, A,)-, (0, A*) . Use a similar argument as that in the 

proof of Lemma 4.1, we can prove that A* is an eigenvalue of 

of (23) with an eigenfunction in p ,  which is clearly a con- 

tradiction. 

Theorem 4.1 follows from Lemma 4.1 and Lemma 4.2. 
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