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COMMUN. IN PARTIAL DIFFERENTIAL EQUATIONS, 14(11), 1541-1578 (1989)

DEGREE THEORY FOR SECOND ORDER NONLINEAR

ELLIPTIC OPERATORS AND ITS APPLICATIONS

YanYan Li

Department of Mathematics, Princeton University

Abstract

We introduce, along the lines of [4], an integer val-
ued degree for second order fully nonlinear elliptic op-
erators which is invariant under homotopy within elliptic
operators. We also give some applications to the bi-
furcation problem for nonlinear elliptic equations. Ap-
plications to the existence of solutions of certain fully
nonlinear elliptic equations on compact manifolds can

be found in [7].
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Introduction

Leray Schauder degree theory has been very useful in the
study of quasilinear elliptic equations. It will certainly be
useful if a degree theory can be introduced for fully nonlinear
elliptic operators. Fitzpatrick and Pejsachowicz have intro-
duced in [4] an integer valued degree for quasilinear Fredholm
operator which is invariant up to sign under homotopy. They
have also pointed out that it is impossible to have an inte-
ger valued degree which is invariant under homotopy within
quasilinear Fredholm operators. But if we only restrict our-
selves to second order elliptic operators, it is possible. In
fact, following [4], we have used an elementary and construc-
tive method to introduce an integer valued degree for second
order fully nonlinear elliptic operator which is invariant un-

der homotopy within elliptic operators. We also give some

applications of this degree theory to the existence of solu-
tions of certain fully nonlinear elliptic equations on compact

manifolds (see [7]) and to the study of bifurcation problems
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NONLINEAR ELLIPTIC OPERATORS
of fully nonlinear elliptic equations. The author believes that

such a degree will be useful in dealing with more delicate

problems involving questions of multiplicities.
1 Degree of second order fully non-
linear elliptic operator with Dirichlet

boundary data

We first give a brief review of the degree theory introduced
in [4] for quasilinear Fredholm operators.
Let X, X; and Y be Banach spaces, with X compactly

embedded in X;. A map f : X— Y is called quasilinear

Fredholm if f has a representation of the form:
f(z) = Lg(z) + C(=) (1)

where

(i): Forz € X1, L, € L(X,Y) is Fredholm of index 0 and
the map z— L. is continuous from X; to L(X,Y), the set
of linear bounded operators- from X to Y, and

(ii): C: X—> Y is compact.
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It is proved in (4] that each quasilinear map f: X— Y
admits a representation of the form f(z) = M;(z) + C(z),

where z~— M is continuous from X; to GL(X, Y), the sub-

set of L(X,Y) consisting of isomorphisms, and C : X— Y
is compact. Moreover, the map C : X— X defined by
C(z) = M;*(C(z)) is compact.

The degree of f on O at 0, a bounded open set of X, is

defined as
deg(fa o, 0) = e(MO)deg'L.S.(Id + C—" 0, 0) (2)

where € : GL(X,Y)— {-1,+1}is an orientation of GL(X,Y)
(see [4]), degy, g denotes the Leray Schauder degree.

The degree defined in (2) may change sign under homo-
topy within quasilinear Fredholm operators.

In this section we define a degree for second order fully
nonlinear elliptic operators which is invariant under homo-

topy within elliptic operators.

Let Q C R™ be a bounded domain with smooth boundary,

f € C3(xRxR"<R™), 0 < a < 1. Let F be a differential

LI



NONLINEAR ELLIPTIC OPERATORS 1545

operator from Cg*(f}) to C?=(£1) defined by

F :u+— f(-,u, Du, D).

Here and later repeated indices will denote sum over the
indices.

Definition 1.1: F : Cg*() —» C*=({}) is said to be
elliptic on O , which is some bounded open set of C5*(f}) ,
if there exists 8 = B(0) > 0, such that, for any u € O,z €

Q,6eR"
"—fu"j (z?u’ Du’ Dzu)&fj Z ﬁlf‘z

Let O C Cy*(fl) be a bounded open set with 80 N
F-1(0) = ¢ and suppose that F is ellipticon O. We want
to define an integer valued degree for F on O at 0.

Consider
S : C*(Q1) —» C*(Q1) xC=*(aN)
w— (—Au, (Djuy; + u)lon)

where v(z) denotes the outer unit normal of 951 at z.

It is well known that S is an isomorphism.
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Let F be the composite map of S and F, namely,

F= (F'(l),i'(z)) = SoF

F:cdo(Q) - c2(fl)) x C1=(8Q)

Since S is an isomorphism, F = 0 is the same as F=o.
We are going to define a degree for F' by defining a degree
for F.

Clearly F can be expressed, even though not uniquely, as

the following:

4

f’(1)(“)

= a,(z,u, Du, D*u)D;iuu + Co(z,u, Du, D?u, D3u)
+Ci(z,u, Du, D®u, D3u)u + C14(z, u, Du, D?u, D3u)u;
+C3ij(z,u, Du, D?u, D3u)u;; + Caiji(2, u, Du, D?, D3u)ujk

Fig)(u)

= —au(z,u, Du, D*u)D,,uy; + Eo(z,u, Du, D?u,v)
(3)

Where

a,(z, %, Du, D*) = —f,,,.(2, v, Du, D%u)
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By freezing coefficients in (3), the operator F is of the
form (1). Adding some lower order term in a canonical way
we can actually invert a,;D;;,¢+ lower order term. Therefore
F will be reduced to an operator of the form Id + Compact,
hence we can define thé degree by using Leray-Schauder de-
gree. Before carrying out this, we should first study the fol-
lowing linear problem:

Theorem 1.1: Let Cy,C1i,Caj, Caijik € C*(R) ,a, €
C1=(fl ), where 1 < 4,7,k,s,t < n. There exists § > 0, such

that, a,(z)éé; 2 Bl¢€2 VEER™, z€Q. Let

MY cd*(f) - C*(f) x Clh=(89)

w — (Mg)w, M(’;’)w)
where
= auDiigw + CaijeDijrw + CaijDijw
< +C'1.-D,-w + Clw - Na,;D,tw (4)

Mg)w

= —aotDatiw7i - “(altDltw + DiaatDctu'Yi)
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where N is a real number, 0 < u < 1.

Then there exists some constant Np, depending only on
llastllr.aqay, ICallcaqay » ICillcaqay » HiCaslleacay » ICaijkllcagon 5
n, B, such that, for any N > Ny, MY is an isomorphism from
Cy™(€)) onto C*(£l) x C1=(8Q) .Furthermore MY depends

continuously on
C1, C1i, Caij, Caij € C*(R) ,a,e € C1*(01)

with respect to the corresponding topologies.

Proof: According to [1] and [2], for any N € R, M¥ has
finite dimensional kernel and hence is Fredholm. From the
stability of the Fredholm index (see [6]), we know that the
Fredholm index of M¥ is the same as that of the following
map:

Ci(Q) —» C*(f) x C1=(89)

d(Aw)
-~

W (Azw,( - A'w)|an)

which is of Fredholm index zero. To prove that MY is an
isomorphism we only need to prove that M¥ has a trivial

kernel.
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Let w € C3*(Q1) , M¥Nw = 0. It is not difficult to see that

/n (MFw)(~aimDimw) > B fn 1V (auDuw)l? + N [ lawDw?

—C|lwli3ra(any — Cllwllzsayllwll )
where C depends only on ||C1]|¢s, [|Cuiller, [|Casjlico s [|Caiskli o,
llaijllctea-

Therefore there exists No > 0, such that,

fn(M(I{)'w)(_allemw) (5)
> £ [o IV (@uDuw)l? + (N = No) Jy lauDuewl?

We see from the calculation that Ny depends only on
llastllcragayl|Cilleaay » ICullcaay sl Cridllea(ny MCuijkllca(ay 7
It follows from (5) that forN > No, M¥ is injective, hence
an isomorphism from C§({l) ontoC*(fl) x C1=(4Q) .

Having proved Theorem 1.1 we are in a position to define

an integer valued degree for F : 0— C22(Q)) .

F can be represented as F = L,(u):
Ly : C32 (D) — C=(81) xC1=(89)

Ly = (L, L{D)
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Lg)w

a,e(z, u, Du, D*u) Dy pew + Co(z, v, Du, D?u, D3u)
+C1(z,u, Du, D?u, D3u)w + Cyi(z,u, Du, D?u, D3u)w;
+Caj(z, u, Du, D?u, D3u)w;; + Caiji(z, u, Du, D?u, D3u)
L.(‘z)w

—az(z,u, Du, D?u)D,;ywy; + Eo(z,u, Du, D?u)
(6)

where w € C3(f) .

Let

cY . ¢y ) - c*(f) x CL=(8Q)

be defined by

Cl (w)

= ( Nau(u, Du, D*u)Dw + Co(z,u, Du, D*u, D3u) ,

Let

Eo(z,u, Du, D®u)|sq )

(7

MY . CH*(Q) - Cc=2(f) x C1=(80)

MY =L,-c¥ (8)
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It is easy to see that for any u € O, Ly, MY are lin-
ear bounded operators and C is a compact operator. Ac-
cording to Theorem 1.1, there exists some positive number
No = No(0,B), such that, MY is an isomorphism for any
u € O, N > No. Furthermore L,, MY¥,CY continuously
depend on u € O with respect to its C** norm.

Ly(u) = 0 is the same as u + (MY)"*CY¥(u) = 0 and
u— (MYN)-1CY(u) is a compact operator from O to
Co*(€)) . Therefore we can define the degree of F as the
Leray Schauder degree of the map u—— u+ (MY)~! C¥(u).
More precisely we have the following definition.

Definition 1.2: Let F : O— C%%(fl) be an elliptic
operator, whereO C C3*({l) is a bounded open set with

80 N F-1(0) = ¢, we define a degree of F on O at 0 by
deg(F,O, 0) = degL.S.(‘u”'—) U+ (Mf)—lcy(u)’ 070)

where N > No(0, B),u— u+ (MY)-1CY(u) is a map from
0 to Ca*(Y) .
We justify the above definition by making the following

remarks.

1551
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Remark 1.1: The map w— u+(MY)"1CY(u) is of the
form Id+Compact : 0 — Cg"*({1) .

Remark 1.2: The degree isindependent of N > No(0, )
according to the homotopy invariance of the Leray Schauder
degree.

Remark 1.3: The degree is independent of the represen-
tation we choose in (6).

Remark 1.1 and Remark 1.2 are quite clear, we will only
explain Remark 1.3.

If we have another representation in (6), then we have G
and MY in (7) and (8). We need to prove that for N large

enough

degz g (u— u + (My)—ICf(u),O,O) (9)
= degps(u— u+ (MY)'Cl(v),0,0)

Consider a homotopy
w— u+ (tMY + (1 - t)MY ) (tC (u) + (1 - 1)CL (u))

where 0 <t<1.

Use Theorem 1.1, it is not difficult to check that for N

LI
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sufficiently large the above homotopy is an admisable homo-
topy for Leray Schauder degree . Therefore (9) follows from
the homotopy invariance of the Leray Schauder degree.

The degree we have defined above has the following prop-

erties:

Proposition 1.1: Let F be an elliptic operator from

O to C¥*(Q) , whereO C C5*({) is a bounded open set,
80N F~1(0) = ¢. Suppose that T C O and T N F~1(0) = ¢,
then

deg(F, 0,0) = deg(F,0\T,0)

Proposition 1.2: Let O C C3*(f)) be a bounded
open set and suppose that H € C([0,1]x ) x R™ x R™)
and t— H(t,-) is continuous from [0,1] to C3=(} x R™x
R™), 0< a<1, there exists 8 = B(0) > 0, such that, for

anyu € O,z € ,t€[0,1],6 € R*. we have
—Hy,;(t,z,u(z), Du(z), D?u(z))é:; > BI€)
and for any u € §0,0<t < 1,

H(t,-,u,Du, D%u) # 0 € C?=(Q1)

1553
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Then
deg(u— H(0,-,u, Du, D*u), O, 0)

= deg(u— H(1,-,u,Du,D%), O, 0)

Proposition 1.1 and Proposition 1.2 follow from the defi-
nition of our degree and the corresponding properties of the
Leray Schauder degree.

Proposition 1.3: Let F : Ca*(f}) —» C%2(}) be el-
liptic on some neighborhood of 0, satisfying F(0) =0, F is
Frechét differentiable at 0 and F'(0) is invertible. Then u =0
is an isolated point of F~1(0). Furthermore deg(F,O,0)
=deg (F'(0),0,0) where O is any open neighborhood of 0 in
C4"*(£)) which does not contain any other points of F~1(0)
and on which F is elliptic.

Proof: Proposition 1.3 is straight forward once we apply

Proposition 1.2 to the following homotopy:

YPtw) 0<t<
H(t,u)=< ¢
F(Ou t=0
Proposition 1.4: Suppose that an elliptic operator F

happens to be a linear operator, namely, F : u— —a;;(z)Ds;u+
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bi(z)Diu+c(z)u, where a;j;,b;, c are sufficiently smooth func-
tions, there exists some 8 > 0, such that, forany{ € R, z €
Q, ai(e)tg; > P)€|?. If furthermore 0 is not in F~1(0)

we have

deg(F,0,0)= ) (-1)%
A;i<0

where ); is an eigenvalue of F with algebraic multiplicity 5;
for 1 = 1,2,3,..., A1 < A2 < ..., O is any open set of
Cy(8) containing 0.

Proof: Use the notation as before only notice that the
operators Ly, MY, CNcan be chosen as linear operators in-

dependent of u:

MY = (M{), M§)

M(I;’)u = A(aij(z)Diju) — NaijDiju + Caiji(z)Dijku
+C3i;(z)Dsju + Cri(z)Diu + Cq(z)u
MHu = —a;j(z)Dijpu
(2) 1] 17U Tk
cN=F-MVN

where F = SoF and S is the operator we defined before.
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According to our definition,
deg(FsO’ 0) = degL.S.(Id + (MN)-ICN) O, 0)

where O is any open neighborhood of 0 € C5*(2) .

Let
H: C*@) - C*=(f)
U —a;j(-)D.-,-u
G :=SH :CH™(f)) - C2(f) x C1=(80)
Then

Id+ (MMN)1cN = (MN)"'GH-'F
deg L_s,(Id + (MN)_ICN,O,O)
= deg L_s_((MN)_lG, 0,0)deg L_s_(H"lF, o, 0)

It is well known that

deg (H™'F,0,0)= ) (-1)%
A;<0

To conclude the proof we only need to prove that for large
N,

degL_s,((MN)_lG, 0, 0) = 1.

Notice that

LI
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G s w— (A(a4i(2)Diju), (~as5(2) Digwlom+( 55 (2) Dig)lo)
Define the following homotopy:
MNu = (A(a;;(z)Diju) — Nai;iDiju + tCsijk(z) Dijku
+tCai;(z) Diju + tCri(x) Diu + tCy(z)u,
—a;5(2) Dijeuy +
(1~ t)(—aij(z)Dijulon — Drai;(z)Dijure)

where 0<t<1.
Applying Theorem 1.1 we know that for N sufficiently

large,
MYF : c3o(f)) - C*(Q)) x C1*(8Q) are isomorphisms,
where 0 <t < 1. It is also clear that
MFN — G : Ci™*(Q) —» C2(Q) x C1=(8Q)

is compact, hence (M¥)~1G is of the form Id+compact. Ac-
cording to the homotopy invariance of the Leray Schauder

degree we have, for N large enough that

deg 1.5.(M{")7'G,0,0) = deg L.5.(MJ)G,0,0)
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Clearly MY = MV, therefore we only need to prove that
deg £.s.((M$)1G,0,0)=1 (10)

Since (MEN)-1G, 0<t <1 isan admissable homotopy
and M§ = G, use the homotopy invariance of the Leray

Schauder degree we have (10).

2 Degree of second order fully nonlin-
ear elliptic operator on compact Rie-

manian manifold

We have defined a degree for second order fully nonlinear
elliptic operator with Dirichlet boundary data in section 1.
In this section we define such a degree for second order fully
nonlinear elliptic operator on compact Riemanian manifold.

Let (M, g) be a n-dimensional compact Riemanian man-
ifold and suppose f* € C3*(M x Rx R* x R*),0< a < 1.

Let F* be an operator from C**(M) to C%*(M) defined by:
F* i u—s f.(':u: W, V’u)

where \u, \Pu denote the covariant derivatives of u (See [3]).

LI
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Definition 2.1: Let O* C C**(M) be a bounded open
set, F* is said to be elliptic on O* if there exists §* =
B*(0*) > 0, such that, for any u € O*,z € M,{ € R

_of
av;,-u

(@‘, U, VU, veu)flej 2 :3‘|£|2

Let O* C C%*(M) be a bounded open set with d0* N
F*71(0) = ¢ and suppose that F* is elliptic on O*. We
proceed as in section 1 to define an integer valued degree for
F* on O* at 0.

Consider
§* : C*(M)— C*(M)
u— — Au+4u

It is well known that S* is an isomorphism.

Let F* be the composite map of $* and F*, namely,
F* = §*%F* : C¥*(M)— C*(M)

Since S* is an isomorphism, F'* = 0 is the same as Fe=0.
As in section 1 we define the degree of F'* by defining a degree

for F*.
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Clearly F* can be expressed as the following:

F"(‘U.) = a’:t(z’ u, Vi, vzu)v&'atu + 06(2, u, VU, vz'u, v"u)

(11)
Where

a *
a:e(“’;ua WV, V"u) = _F{tu(z:'m Vi, V“)

As in section 1 we need to study the following linear prob-
lem first :

Theorem 2.1: Let a3}, € C1*(M), where 1 < s,t < n.
There exists 8* > 0, such that, a%(z)&&; > B*l¢]2  Vé €

R", z € M. Let
M*N . Cte(M)— C*(M)
where
M*Ny = a3 Viww — NAw+ Nw (12)

where N is some real number.
Then there exists some constant Ng§, depending only on
lla%llct.a, n,8%. such that, for any N > N§, M*¥N is an iso-

morphism from C4*(M) onto C*(M). Furthermore M*N

LI
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d=pends continuously on a,, € C**(M) with respect to the
corresponding topologies.

Proof: According to [1] and [2], for any N € R, M*N has
finite dimensional kernel and hence is Fredholm. From the
stability of the Fredholm index (see [6]), we know that the
Fredholm index of M*¥ is the same as that of the following
map:

C4'°‘(M)——> C*(M)
w— A2w— Aw+w

which is of Fredholm index zero. To prove that M*Y is an
isomorphism we only need to prove that M*" has a trivial
kernel.

Let w € C4*(M), M*Nw = 0. It is not difficult to see

that
/M(M'Nw)(— Aw+w)
> [ aw(avw@n)+ ¥ [ 1auk+
oN /M |wl® + N /M w? = Cllwl|gaanyllwllara(ar)

where C depends only on ||a};||c1.a-

1561
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Therefore there exists N§ > 0, such that,

(

/M(M‘Nw)(— Aw+w)
{2 Z [ o)+ -85 [ 1sw? (9)

+W=N3) [ [+ (V=) [ w?

\

We see from the calculation that N§ depends only on
lla2,|lcra,m,8* It follows from (13) that for N > N§, M*V is
injective, hence an isomorphism from C**(M)onto C*(M).

Now we are ready to define an integer valued degree for
F*:0*— C¥(M).

F* can be represented as F* = L%(u) where
L : CY*(M)— C*(M)
is defined as:
Liw = ay(z, u, W, VPu)Dinw+C§(z, u, W, Vu, Fu) (14)

where w € C4(M).
Let

C*y : CY(M)— C*(M)

be defined by

LI
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C*J(w)=NAw-Nuw+Ci(z,%,7 4,V 2u,V u)

(15)
Let

M*Y ot (M) co(M)
MY :=1,-c*F (16)

It is easy to see that for any u € O*, L%, M*Y are lin-
ear bounded operators and C*Y is a compact operator. Ac-
cording to Theorem 2.1, there exists some positive number
N§ = N§(0*,B*), such that, M*¥ is an isomorphism for any
u € 0*, N > N¢. Futhermore L2, M*Y,C*Y continuously
depend on u € O* with respect to its C>* topology.

Definition 2.2: Let F*: 0*— C%%(M) be an elliptic
operator, where 0* C C%*(M) is a bounded open set with

80* N F*~1(0) = ¢, we define the degree of F* on O* at 0 by
deg(F*,0%,0) := degy,5,(w— u+ (M*))C* (1), 0,0)

where N > Ng(0,8*),w— u + (M*Y¥)1C*Y (u) is a map

from O* to C4%*(M).
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We justify the above definition by making the following
remarks.

Remark 2.1: The map u— u + (M*Y)~1C*Y(u) is of
the form Id+Compact : 0* —» C+*(M) .

Remark 2.2: The degree isindependent of N > N$(0, 8*)
according to the homotopy invariance of the Leray Schauder
degree.

Remark 2.1 and Remark 2.2 are valid due to the similar
reasons as in section 1.

The degree we have defined above has the following prop-
erties:

Proposition 2.1: Let F* be an elliptic operator from
0* to C**, where0* C C**(M) be a bounded open set,
80* N F*7}(0) = ¢. Suppose that J* C O* and U* N

F*~1(0) = ¢, then
deg(F*,0*,0) = deg(F*,0*\ U*,0)

Proposition 2.2: Let O* C C%*(M) be a bounded

open set and suppose that H* € C([0,1] x M x R™ x R™)
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and t— H*(t,-) is continuous from [0, 1] to C3*(M x R™ X

R™), 0< a<1, there exists 3* = 8*(0*) > 0, such that,

for any u € O*,z € M,t € [0,1],6 € R*. we have

_oR*
av.-,-u

(t, 2, u(z), (), Vu(z))ét; 2 B¢

and for any u € 60*,0<t<1,

H*(t, ',U,W,Vzu) #0€ Cz'a(M)

Then

deg(u— H*(0,-,u, W, Vu), O, 0)

= deg(u— H*(1,-,u, W, Fu), 0, 0)
Proposition 2.3: Let F*: C4(M)— C?»*(M) be el-
liptic on some neighborhood of 0, satisfying F*(0) = 0, F* is
Frechét differentiable at 0 and F*'(0) is invertible. Then u =
0 is an isolated point of F*~1(0). Furthermore deg(F*,0,0)
= deg (F"(O),0,0) where O* is any open neighborhood of
0 in C%*(M) which does not contain any other points of

F*~1(0) and on which F* is elliptic.

Proposition 2.4: Suppose that an elliptic operator F*

happens to be a linear operator, namely, F* : u— —a};(z)%ju+
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bi(z)viu + c*(z)u, where af;,bf,c* are sufficiently smooth
functions, there exists some §* > 0, such that, for any £ €

R*, z e M, aj(z)éé; > B*1€|*. If furthermore 0 is not in

F*=1(0) we have

deg(F*,0%,0) = E (-1)%
Ai<o0

where ); is an eigenvalue of F* with algebraic multiplicity
B; for 1=1,2,3,..., M1 < A2 < ..., O* is any open set of
C4*(M) containing 0.

The proof of Proposition 2.1-2.4 is similar {o that of Propo-

sition 1.1-1.4,
3 Global bifurcation for second order
fully nonlinear elliptic equations

Rabinowitz has proved in [9] a beautiful global bifurcation
result for compact operators, which applies to quasilinear el-
liptic equations. Using the degree we have introduced for
fully nonlinear second order nonlinear elliptic operators, we

prove a similar result for nonlinear elliptic equations.

LI
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Suppose that
g€ C(RxQ xR"xR™)
and
A— g(A,9)

be continuous from R to C>*({} , Rx R*x R™). There ex-

ists 3 € C(Rx{ x Rx R"x R, (0,+00)), such that,

—Gui; (A 2,4, Du, D?u)éi€; > B(A, z,u, Du, D%u)|¢|? forall ¢ €

R", whereA € R,ue Cg*({)) ,z €.
Let

G: Cy*(l) xR — C2(Q)

(u, A) — g(},+,u, Du, D?u).

We also suppose that
G(0,\)=0 V AeR (17)

Definition 8.1: Ao € R is called a nonbifurcation point
of G if there exists an open neighborhood of Ag in Cg'*(2) x

R, say U, such that,

1567
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Un{(u,)) e Cy*) xR:G(u,)) =0}

=Un{0,)) e Ca*() xR}

Otherwise Ao is called a bifurcation point.

Theorem 3.1:(Local bifurcation)

Let G be as above,a, are not bifurcation points, a <
g. If

deg(F('aa)1010) # deg (F(aﬁ)aoao)

where O is a small neighborhood of 0 in Cg'*({1) , such that,
0 N G(-,e)7(0) = {0}, 0 N G(-,8)7*(0) = {0}

Then there exists at least one bifurcation point in (e, 8).

Theorem3.2: (Global bifurcation)

Let G beas above, S be the closure of {(u, A} € Cg*(})x
R:G(u,\) =0, u # 0}in C5*({}) . Suppose that a,f are
not bifurcation points of G, a < 8.Let § = SU{0}x[a,4],C
be the connected component of § to which {0} x[a, 3] be-
longs to. If deg (G(+, ), 0,0) # deg (G(+,8),0,0), where O

is a small neighborhood of C3*(f}) , such that,
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0N G(-,@)7*(0) = {0}

0N G(-,8)"1(0) = {0}
Then € is either unbounded or containing a point (0, A*) with
A* € R\ [a,0].

Proof of Theorem 3.1:

We prove it by contradiction argument. If not, then there
exists ¢ > 0, such that,G(u,A)# 0 for a < A < f and0 <
llull < e

Let

B.(0) = {u € C*(Q) : [lull < €}

we have
deg (G(':a)’Bt(O)! 0) = deg (G("ﬂ):BC(O)! 0)

Since G(-,A) is an admissable homotopy for @ < A < 8.
This is a contradiction to our assumption.

The proof of Theorem 3.2 is similar to that of Theorem
1.4 in [9], we only need to apply our degree instead of Leray

Schauder degree.
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In the following we state a result more general than The-
orem 3.2.

Suppose that G* satisfies all the hypotheses of G except
to replace (17) by the following:

There exists some constants a} < a* < * < 7, such

that

G*(0,0)=0 Vai<A<fH

Then we have the following result.

Theorem 38.3:

Let G* be as above and §* = {(u,A) € Ca*({}) x R :
G*(u,A) = 0} . Suppose that a*,B* are not bifurcation
points of G*. Let §* = §*\{(0,a*),(0,5*)} and C* be the
connected component of S* to which {0} x (a*,3*) belongs
to. If deg(G*(:,a*),0%0) # deg(G*(-,8*),0*,0), where

O* is a small neighborhood of C&*({}) , such that,
0* N G*(-,a*)"}(0) = {0}

0*nG*(-,A")71(0)= {0}

Then C* is unbounded.
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The proof of Theorem 3.3 is similar to that of Theorem

3.2

4 Some more applications

Consider the following nonlinear eigenvalue problem:

f(z,u, Du, D?u) = Aa(z)u + h(z,u, Du,)))
(18)
%lan =0
where 2 C R™ is a smooth bounded domain,u € C5(f}),0 <
a <1,. f,h,a are sufficiently smooth functions.

Let

G : C5*(1) x R— C2=({)
be the following map:
G : (u,A)— f(-,u, Du, D*u) — A(a(-)u + h(-,u, Du, \))
Suppose that for any u € C3*(f}) ,z € O ,£ € R™,
— fu; (=, u, Du, D*u)¢:€; > Bz, u, Du, D2u)|¢)?  (19)

where 8 € C(Rx{l x Rx R*x R™, (0, +00)).

Suppose also that
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h(z,u,p, A)= of V |ul? + |p|2) as (u,p)— 0 in RxR™ (20)

uniformly for A in any finite interval.
f(,0,0,0)=0 VzeQ (21)

a(z)>a>0 Vze (22)

where ag is some positive constant.

Look at the linearized equation of (26) at u =0:

Lu = da(z)u
(23)
ulan =0

where
Lu := fy,;(2,0,0,0)Ds5u + fu(z,0,0,0)Du + fu(2,0,0,0)u

Let X; be the first eigenvalue of (23). It is well known
that X; is a simple eigenvalue.
According to the classical theory of linear elliptic equa-

tions, there exists § > 0,such that,

G(-,A)'(0) is invertible for A € (A — 6, A1 + 6)\ {\1} (24)
where G(-,))'(0) denotes the Frenche derivative of G(-,)):

Cy™() —» C*=(Ql) at 0, namely,

LI
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G(2)(0) = L - Aa(e)

We deduce from (24) the existence of a positive continu-

ous function p(A),A € (A1 — 8,21 + 8) \ {\1}, such that,
F(,M)7H0)N Byay =0 (25)

where

A€ (A =6, +8)\{\}
Byxy = {u € Co*() : llullgaagm, < p(A)}

Apply Proposition 1.3 and Proposition 1.4 and the fact

that A; is a simple eigenvalue of (23) we have:
deg (G(a a):Bp(a) n Bp(ﬂ)s 0) =1

deg (G("ﬁ))Bp(a) n Bp(ﬁ):o) =-1

) )
where a~>\1—~2-,ﬂ—>\1+§-

Let S be the closure of {(u,)) € Ca*(Q) xR : u #
0,G(u,)) = 0} in CF*(§)), § = SU{0}x[a,B], C be the
connected component of § to which {0} x[a, 8] belongs to.

Apply Theorem 3.2,C is either unbounded or containing a
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point (0,)*) with A* € R\ [a,B].

Theorem 4.1: Under the hypotheses (18) through (22),
C is actually unbounded.

To prove Theorem 4.1 we only need to rule out the pos-
sibility that C contains a point (0, A*) with A\* € R\ [a,4].

Let

P* = {ue CHQ) :uz)>0,Vz €, %[an <0}
P~ ={uecCy*() : —ue€ P}
P=PtyP-

where bu denotes the outer normal derivative of u on 99} .

el
Lemma 4.1: There exists an open neighborhood of (0, A;) €

C5*(f)) xR, say U, such that,
weP VY(u,\)eUnC

Proof: We prove it by contradiction argument. If not,

then there exists a sequence {(u*, A\*)} C C,such that,
u* does not belong to P, k=1,2,3,...
JUm (050 = (0,%) in O3(0) xR

Gk, ) =0 k=1,2,3,...
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Divide the equation by ||u’°||cg,a(m and let kgo to 400

we obtain
uk uk =
L——k-————— - Ala(m)—k——-q 0 in C2=(Q) (26)
[ v oty

Due to the fact that the embedding from Cg*(}) to

C3=(Q1)is compact, there exists v € C3*(Q1), such that,

uk

—g———v  strongly in Co*(Q1) along a subsequence
| ||cg.°(n)

Pass to the limit in (26) we have
Lv = Ma(z)v, ve Co(22)\{0}

It is well known that v belongs to P. Therefore

uk

A € P for klarge enough
|| “cgva(n)

This is a contradiction.

Lemma 4.2: Suppose that u is not identically zero and
there exists A, such that (u,)) € C,then ue P.

Proof: We proveit by contradiction argument. If not, ac-
cording to Lemma 4.1, there exists (u,A*) € C,uc 8P. By
the strong maximum principle and Hopflemma (See [GT]), u =

0 € Cg**(Q) . This is a contradiction.




1576

If C is not unbounded, then according to Theorem 3.2,
there exists A* € R\ [a,f], (0,)*) € C. Therefore, there ex-
ists a sequence {(un, A\n)} € C, unis not identically zero, u, €
P, (up, An)— (0,A*) . Use a similar argument as that in the
proof of Lemma 4.1, we can prove that A*is an eigenvalue of
of (23) with an eigenfunction in P, which is clearly a con-
tradiction.

Theorem 4.1 follows from Lemma 4.1 and Lemma 4.2.
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