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ABSTRACT. The higher wild kernels are finite subgroups of the even K-groups of a number
field F, generalizing Tate’s wild kernel for K». Each wild kernel contains the subgroup
of divisible elements, as a subgroup of index at most two. We determine when they are
equal, i.e., when the wild kernel is divisible in K-theory.

INTRODUCTION

In this paper, we generalize a theorem of Tate from K5 to higher K-theory. If F' is
a number field, the classical wild kernel K¥(F) is defined to be the kernel of all norm
residue symbols Ko(F) — p(F,) as F, runs over the completions of F' at all finite and
real infinite places. This fits into the Moore exact sequence [Mil, p.157]:

(0.1) 0 — KP(F) = Ko(F) 25 @, u(F,) — u(F) — 0.

It is an unpublished result of Tate (see [BB, p.250]) that the subgroup div Ky (F)
of divisible elements in the torsion group K3(F') is a subgroup of the wild kernel of
index at most two. Hutchinson [Hul, 4.4] has proven the more precise result that
div Ky(F) # KY(F) if and only F' is special, a Galois-theoretic notion whose definition
is given in 5.2 below, and explored in [Hu2].

Our main result concerns the higher wild kernel K3’ (F'), a subgroup of Ko;(F') which
we shall define shortly, and the subgroup div Ko;(F') of divisible elements of Ky, (F).

Theorem A. Let F' be a number field.
(1) Ifi is odd and F is special, then div Kq;(F') is a subgroup of K3(F) of index 2.
(2) Ifi is even, or if F' is not special, div Ko;(F) = K3.(F).
Corollary A’. The image of KM(F) = (Z/2)™ in K4(F) lies in div K4(F), i.e., it
vanishes in each bounded quotient K4(F')/m.
It is the 2-primary part of this theorem that is really new. Indeed, the odd torsion
part of theorem A was established by Banaszak and Kolster (see [Ban]). We quickly
review the proof for odd torsion in section 1 below; it goes back 25 years, to Schneider’s

theorem [Sch]. (For simplicity, we use the Voevodsky-Rost theorem [V03] to identify
étale and algebraic K-theory, which Banaszak and Kolster did not).
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In the event that F is an non-exceptional number field (i.e., every cyclotomic ex-
tension of F' is cyclic), the 2-primary part of theorem A also follows from Schneider’s
theorem (and Voevodsky’s theorem [V]; see 1.1 below). This was first observed by
Ostvaer in [, 4.1a]. More generally, if F' is a totally imaginary number field, theo-
rem A is proven in 4.7 and 5.5 below.

To define the higher wild kernels, recall that u®® denotes the ith twist of the étale
sheaf p of all roots of unity; u®¥(F) is the (finite cyclic) subgroup fixed by the absolute
Galois group of the field F'. If v is a finite place of F', local duality yields isomorphisms
H?(F,, u@+1) = ;8 F,) which stabilize (at u®*(F)) for large m. There are Dwyer-
Friedlander maps \, : Koj(F) — Ko;(F,) — H2(F,, u®*1) = 4u®4(F,); see [DF], [Sou].

In contrast, when F, = R we have H2(R, u&*1) = 7Z/2 for all even m. For each of
the r1 real places v of F' we have maps A\, : Koi(F) — Koi(R) — H*(R,Z/2) = Z/2.
If i #1 (mod 4), these maps are zero, since K9;(R)/2 is zero unless ¢ = 1 (mod 4). (If
i =1 (mod 4) they yield a surjection Ko;(F) — (Z/2)™; see [RW], [WK].)

Definition 0.2. The ith higher wild kernel K3;(F') is defined to be the kernel of the
map Ap = @&y : Koi(F) = (Z/2)™ & 11, ginite #E" (F)-

It is clear from the definition of the A, that div K9;(F) C K3i(F'). These are finite
groups, because it is also easy to see from (0.4) that K3:(F) C K9;(OF).

Here is the analogue of sequence (0.1). If i = 1 (mod 4), let K, (F) denote the
kernel of the surjection Ko;(F) — (Z/2)™. If i # 1 (mod 4), it is convenient to set
KJ(F) = Ky;(F). The subgroup K,:(Og) of K2;(Os) is defined similarly.

Lemma 0.3. If F is totally imaginary, or ifi Z1 (mod 4), there is an exact sequence
(of torsion abelian groups), analogous to (0.1):

0 = KL (F) = Koi(F) 25 @y sinises® (Fy) — p® (F) — 0.
Ifi=1 (mod 4), there is an exact sequence:

w A i i
0 — KY(F) = K (F) =5 @y finitept® (Fy) = p®"(F) — 0.

Proof. In each case, the /-primary part of 0.3 follows from the Tate-Poitou sequence
for the £-primary cohomology groups H?(£) = limy H?(Og, Z(i + 1)). If F is totally
imaginary, or if £ is odd, it suffices to use the observation that Ky;(F) maps onto H2(£);
see [DF, 8.9], [RW, 0.4] and [WK, 6.5]. Now fix £ = 2. The same argument works
for even i, since H2(R,Z2(i + 1)) = 0 and K»;(F) maps onto H?(2) [WK]. For i = 3
(mod 4), use the fact that Ko;(F) maps onto the kernel H2(2) of H2(2) — (Z/2)™; see
[RW, 0.6]. For i = 1 (mod 4), it is K;(F) which maps onto H?(2). O

Let A{¢} denote the £-primary subgroup of an abelian group A.

Corollary 0.4. For each prime £, there is an exact sequence:

0 — K3:(F){¢} = K5(Op){€} = @y pie (Fu) — pgt (F) — 0.
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Indeed, (0.4) follows from the fact that Ko;(Op){£} = K2;(Os){£}, where S denotes
the set of finite places of F' over £, and a chase of the /-primary part of the following
diagram.

0— K¥(F) — Kfi(F) — @, p®(F,) — p®(F)—=0

! - l

0 — Kj;(Os) — Kyi(F) — @y u®(Or/ps) — 0

The sequence (0.4) is sometimes used to define the f-primary part of the higher
wild kernel; see [Ban, thm. 4] and [, 4.1a]. It also gives Tate’s simple formula
[T wi(Fy)/wi(F) for the index of K3i(F) in K2;(Op) when F' is totally imaginary. (Here
w;(F) denotes the order of the cyclic group u®*(F))

When F' has a real embedding, the connection between K-theory and étale coho-
mology becomes weaker. It is necessary to distinguish between the 2-primary subgroup
of Ko;(Os) and H?*(Og,Za(i + 1)); these are only isomorphic when i = 0,1 (mod 4)
by [RW, 0.6]. The cohomological analogue of theorem A concerns the Tate-Shafarevich
groups I1%(Og, u®it1) for m = 2¥, defined by the Tate-Poitou sequence:

(0.5) 0 — IMI%(Os, u& 1) — H2(0s, u&Y) L (2 /2@ [ | uSi(Fy) — uEi(F) — 0.
peS

This group is independent of the choice of S, as long as it contains all primes over 2; the
group 11*(Og, Zs(i + 1)) = im ITT*(Og, p&+) is sometimes called the ith (2-primary)
higher étale wild kernel of F'; see [Kol, NQD, Hut3].

Passing to the inverse limit over m in the sequence (0.5) of finite groups yields a
sequence for 111%(QOg, Zo(i + 1)). If 7 is odd, it looks exactly like (0.5), but if 4 is even
the term (Z/2)"* vanishes in the limit and we have the analogue of (0.3):

(0.6) 0 — II%(Og,Zy(i + 1)) = H?(Og,Z5(i + 1)) ]_[ pSi (Fy) — i (F) — 0.
peS

Since the Dwyer-Friedlander maps are compatible with the Tate-Poitou maps, we see
from lemma 0.3 that there is a canonical induced map K% (F) — 112(Os, Zy(i + 1)).

Theorem B. If F is a real number field, H*(Og,Zy(i + 1)) injects into the motivic
cohomology group H>"t' = H}(F,Z2)(i + 1)). Moreover:

(1) If i is odd and F is special, div H*>*t! is a subgroup of 1112(Og,Zs(i + 1)) of
mndex 2; .
(2) Ifi is even, or if i is odd and F isn’t special, div H>*T1F = 1112(Og, Zo(i +1)).

We introduce div H?*+1F in section 7 and prove theorem B in 7.6 and 7.8. If i # 2
(mod 4) theorem A is proven in 7.9; the final case i = 2 (mod 4) is handled in section 8
below, using the calculations in [RW].
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Notation. For any field K, and any Galois module M, we write K (M) for the ex-
tension field of K which is the fixed field for the kernel of Gal(K/K) — Aut(M).
Thus Gal(K/K) acts trivially on M if and only if K = K(M). We will apply this to
M= pS = pim ® -+ ® fim.-

For any abelian group A, div A denotes the subgroup of all divisible elements in A,
i.e., divA =NnA={a€ A:(Vn)(3b € A)a = nb}, and A{¢} denotes the ¢-primary
subgroup of A.

Acknowledgements. 1 would like to thank the many people were helpful in explaining
what was known about the subject, including Banaszak, Hutchinson, Nguyen Quang
Do and Ostvaer. The 2-primary part of the wild kernel was also defined by @stvaer in
[@], and generalized in [GK].

As this paper was being completed in May 2004, K. Hutchinson kindly sent me a draft
copy of his preprint [Hu3] in which he obtains essentially the same results, following the
approach of T. Nguyen Quang Do [NQD]. Hutchinson’s point of view and his methods
are somewhat different than those in this article.
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§1. NON-EXCEPTIONAL FIELDS

The purpose of this section is to give an off-the-shelf proof of the following result,
which was implicit in Schneider’s 1979 paper [Sch]. For £ odd, this was observed by
Banaszak and Kolster; see [Bal]. For ¢ = 2, it was first published by Ostvaer in [O].
We will give another proof of Schneider’s theorem in section 4 below.

Theorem 1.1. Let F' be a number field and © > 1.
a) If £ is odd, the £-Sylow subgroups of K¥.(F) and div Ko;(F') agree.
b) If F is non-exceptional, then div Ky;(F') = K3:(F).

Recall that a field F' is said to be non-exceptional if the Galois groups Gal(E/F)
are cyclic for every cyclotomic extension E of F. Any field F containing /—1 or v/—2
is non-exceptional, and every non-exceptional number field is totally imaginary. The
quadratic fields Q(\/ 3) are exceptional for every squarefree d except —1, —2.

Example 1.1.1. When i = 2, theorem 1.1 states that the classical wild kernel of Ko (F)
equals div Ko (F') when F' is non-exceptional. It seems certain that Tate knew this result;
a proof of this result was given recently by Hutchinson in [Hul, 4.5].

Proof of theorem 1.1. It is known that the /~Sylow subgroup of the finite group Ko;(OF)
is isomorphic to H?(Op[1/£],Z(i + 1)) if i > 0 and either £ is odd [WK, 6.2] or £ = 2
and F' is totally imaginary [WK, 6.5]. This is a consequence of the Voevodsky-Rost
theorem [V03] for odd ¢, and Voevodsky’s theorem [V] for £ = 2. Theorem 1.1 is now
just a translation of Schneider’s theorem [Sch, 4.8], which we restate as 1.4 below. O

Although Schneider’s theorem was originally stated only for odd /4, the proof in
Schneider’s paper applies verbatim for £ = 2 when F' is non-exceptional. This is hard
to see, because the proof in loc. cit. never mentions the running hypothesis on ¢. In
fact, the hypothesis on £ is actually used only once, when Schneider cites the following
theorem of Neukirch [Neul].

Fix a prime £ and a number field F', and let S be a finite set of places of F', including
all infinite ones and all places over £. Let M be a finite /-primary Galois module for the
absolute Galois group G = Gal(F/F), and let M’ denote its Pontrjagin dual module,
Hom(M, Q/Z(1)).

Neukirch’s Theorem 1.2. Suppose that the ¢-primary abelian group underlying M is
cyclic. If £ =2, assume in addition that F' is non-exceptional. Then:

a) HY(F,M) — ®,csH'(F,, M) is surjective;

b) H?(F,M') = ®yesH?(F,, M') is injective;

Proof. The assumption that £ is odd or F' is non-exceptional implies that the image of
G — Aut(M’) is cyclic. Hence assertion (a) is a special case of 6.4(b) of [Neul]. (See

6.4(e) if £ is odd.) By [Neul, 4.4] (a version of Tate-Poitou duality), parts (a) and (b)
are equivalent. [J

Corollary 1.3. (Schneider) Let M denote the Galois module Qg /Zy4(i) for i # 1. If
£ = 2, assume in addition that F is non-ezxceptional. Then the subgroup div H'(F, M)
of divisible elements is contained in the subgroup H'(Op, M), and in fact

div HY(F, M) = {a € H (O, M) : a, € div H'(F,, M)¥v over £}.
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Proof. If £ is odd, this is 4.4 of [Sch]. Schneider’s proof remains valid if £ = 2 and
F is non-exceptional because it uses Neukirch’s theorem 1.2, restated as (2.7) in [Sch,
p.187]. O

Schneider’s Theorem 1.4. If ¢ is odd, or if F' is non-exceptional, there is an exact
sequence for all © # 1:

0 — div H*(F,Z(i)) — H*(Og,Z4(3)) = Dves H*(Fy,Zs(i)) = Z/w;_1(F) — 0.

We may identify the maps H(F,,Z¢(i)) — Z/w;—1(F) with the canonical surjections
Z)wi—1(F,) = Z]w;—1(F).

Proof. This is a paraphrase of the conclusion of theorem 4.8 in [Sch]|. The hypothesis of
4.8 is satisfied, because H?(Op, Q¢ /Zy(i)) = 0 if i # 1 and either £ is odd or £ = 2 and F'
is non-exceptional [Li, 9.5]. This hypothesis allows Schneider to identify H?(Og, Z(i))
with the quotient of H(Op,Qy/Z4(3)) by its maximal divisible subgroup.

Now fix a local field F,,. By local duality, the tower of groups {H2(F,, u$')}5, is
Pontrjagin dual to the increasing sequence of groups HY(F,, ,uz?,l_i) = ,u%?,l_i(Fv). This
sequence stabilizes at Z/wq_;(F,) for v > 0, and this group is the Pontrjagin dual of
p®i=1(F,). Therefore we may identify the final map in Schneider’s sequence with the
sum of the canonical surjections p®~1(F,) — p®~1(F). O

Schneider is also credited with proving the following result, in [Sch, 6.1]:

Theorem 1.5. Suppose tha.t £ is odd (or that £ = 2 and F is non-exceptional). For
each v > 0, set E, = F(uy') and G, = Gal(E,/F). Then the {-primary part of the
wild kernel is

K5i(F){£} = lim Pic(Og, [§]) (1), {£}-

However, [Sch, 6.1] needs decoding as Schneider phrased his result in different lan-
guage; see [Kol, 1.7] [NQD, 1.1]. By Tate-Poitou duality, the wild kernel is dual to the
kernel R_; of H(Og, Q¢ /Z¢(—1)) = ®vesH (F,, Q¢ /Z¢(—1)). Schneider then passes to
the field Fp, = UF({pv), where the problem is solvable using the Iwasawa module and
class field theory, and then uses Galois descent for the pro-cyclic group Gal(F /F).

We omit the details, since we will prove a slightly stronger result in 4.3 (and 4.3.1)
below, namely that the inverse limit on the right of 1.5 stabilizes for large v.
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§2. GALOIS COINVARIANTS

Eventually, we are going to consider a finite Galois extension F' C E and study the
transfer maps between their respective Tate-Poitou sequences for M = p®*+1. Recall
that Tate-Poitou duality for any Galois module M (over F) ends in the map

®oesH (Fy, M) — HO(F, M")¥.

Each component of this map is a surjection, because it is dual (under local duality
H?(F,,M) = H°(F,, M")#) to the injection M'(F) — M'(F,).

2.1. For the Galois module M = p®**+1 we have M’ = u®~% and the dual of u&~*(F) is
p®i(F), so we may further identify these maps with the canonical surjections u®i(F,) —
p2i(F). In particular, if Gal(F/F) acts trivially on %!, the ending of the Tate-Poitou
sequence is @,cg u8 — ut.

Proposition 2.2. Let I' be a profinite group, I'y a closed normal subgroup of finite
inder, and G = I'/T'1. Let M be a discrete I'-module, or a bounded complex of mod-
ules, such that H1(I', M) = 0 for all ¢ > n. Then the corestriction map induces an

isomorphism H™(I'1, M)q = H™(T',M).

Proof. The result follows from the second quadrant Tate spectral sequence EY? =
H_,(G,HYT'y,M)) = HP*t4(T', M), which converges because M has finite cohomolog-
ical dimension. See [Se, Ch. I, App. 1] for example. O

Corollary 2.3. Let E/F be a Galois extension of totally imaginary number fields, with
Galois group G. For every finite Galois module M, and every G-invariant set of places
S of F containing all ramified places and all places over |M|, the corestriction maps
induce isomorphisms

H*(E,M)g — H*(F,M),  H*Oggs,M)g — H*(Og, M).

Proof. 1t is well known that HY(F,M) = 0 and H?(Og, M) = 0 for ¢ > 2; see [Se,
I1.4.4] or [Kahn, 3.1.1]. The hypotheses on S ensure that O g is étale over Og. O

Similarly, for every Galois extension F, C E,, of nonarchimedean local fields, and
every Galois module M, the corestriction map H?(E,, M)g — H?*(F,, M) is an iso-
morphism. This follows from lemma 2.2, since F), has cohomological dimension 2.

In the specific case M = u@+! we saw before 3.1 that H?(F,, M) = u®*(F,). From
this, we extract the following useful formula, which we will need in 2.7.

Corollary 2.4. For any Galois extension F,, C E,, of nonarchimedean local fields, and
Z = Gal(E,/F,), the H*corestriction induces an isomorphism pSi(E,)z — pS (F,).
Application 2.5. Let E/F be a Galois extension of totally imaginary number fields,
with Galois group G. Then the vertical corestriction maps are all onto in the Tate-Poitou

diagram: . . .
HZ(EwU'%H_l) — Gawljf%,z(Ew) — /J’;?L’L(E) — 0

J l l

HY(Fp3tt) — @upSi(F) — pSi(F) — 0.
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Now suppose that we are given a finite Galois extension F' C E of number fields,
with Galois group G. For each prime ideal p of O, G acts on the set of primes over
p; if q is a prime of Of over p, the subgroup fixing ¢ is the decomposition subgroup
Zy, C G, and it is the Galois group of E;/F,. Moreover, Z, also acts faithfully on pse.

Lemma 2.6. Let Z, C G denote the decomposition subgroup of a prime q of E over a
prime p of F. Then ®q), p&' is the induced module Ind (Z;,, (u®h).

m

Proof. This is straightforward; cf. the proof of [Hul, 4.1]. O

Corollary 2.7. Set M = @, H2(Eq,u%+1) = Byp pSt. Then Mg = @ypn S (Fp),
and Hy, (G, M) = @y Hp(Zy, ) for all n.
Proof. By 2.6, M = @, Ind gp (u&1). Since induced modules are also coinduced modules
[WH, 6.3.4], the second assertion follows from Shapiro’s Lemma. The description of Mg
follows from the observation 2.4 that (u$')z, = u$'(F,). O
Proposition 2.8. If F is totally imaginary, and G = Gal(F(u®)/F), then the H*-
corestriction p®iq = pSi(F) is an isomorphism for all m.
Proof. Applying the right exact G-coinvariant to the top row of 2.5 yields the diagram
with exact rows:

H*(E,p3* e — (®qp2 15 (Eq))e — 13 (E)e — 0

| ]

H*(F, p™) — @y pi'(Fy)  — wf!(F) — 0.

The left vertical map is an isomorphism by 2.3, and the middle vertical is an isomorphism
by 2.7. The right vertical map is now an isomorphism by the 5-lemma. [

We remark that the usual corestriction map pu8(E,)g — p&(F,) is the norm, and
need not be an isomorphism when |Op/p| = 3 (mod 4) and m = 2¥; see 3.5 below.

§3. GROUP COINVARIANTS

In this section we consider a finite group G acting faithfully on the sequence (0.3)
and show that sometimes the coinvariant sequence is exact. We will fix a number field
E and assume that Gal(E/E) acts trivially on the Galois module x&¢. We have in mind
the case E = F(u®?), where F' = E, so that the action of G on u®? is faithful.

Definition 3.1. Let T be a set of finite places in a number field £ on which a finite
group G acts, and assume that Gal(E/E) acts trivially on the Galois module u®*. Let
M? denote the kernel of the map ®qer pSt — 1t in (0.23. We will study the exact
group homology sequence

22, H, (G, M;%i) — Hl(GaMo) —H, (G, Dqer M%) KX Hl(GaliS;%i) —

(3.1.1) : . o
— Mg —(Sqer tim' )G = ' — 0.

Let M be a Galois module, such as p®!. The next result is a modification of the
proof of [Hul, 2.3 and 2.4], which is the special case i = 1.
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Lemma 3.2. Let G be a finite cyclic subgroup of Aut(M), where M = Z/2" as an
abelian group. Assume that G # {£1}. Then H,(G, M) =0 for all p # 0. Equivalently,

the canonical norm map is an isomorphism: Mg — MGC.

Proof. Under the identification of Aut(M) with Z/m*, any element of Aut(M) is mul-
tiplication by an integer relatively prime to m. Let ¢ be a generator of G. As £ = 2,
the generator ¢ of any subgroup of Aut(M) is multiplication by either 52° or —52" for
a <v—2, and if t # +1 then t/¢ is multiplication by 1 + 2¥; with j odd. (This is an
easy exercise.) It follows that the norm 1 +¢ -+ --- +t/¢/=1 is represented by an integer
N satisfying N(t — 1) = 2¥j. Given this, the sequence

YNy Y SNy Y Sl Ny Y

is manifestly exact, i.e., the group homology vanishes.

Remarks 3.2.1. a) If G = {1} the norm map is zero; see 3.6 below.
b) This lemma also holds when M = Z/¢¥ for odd ¢, even if G = {+£1}.

Application 3.3. Consider E = F(u®') and G = Gal(E/F), where m = 2”. By con-
struction, G acts faithfully on p®* so we may identify G with a subgroup of Aut(u®?) =
Z/m>*. Here are two cases when (u®%)g = (u8)C = u®i(F).

a) If F' is non-exceptional then G is cyclic, and (by considering larger cyclotomic exten-
sions) it is easy to see that G # {£1} when m > 8.

b) If i is even, we also have G cyclic and G # {41}. To see this, choose v € Gal(F/F)
and suppose that v(¢) = ¢* for every mth root of unity in F. T hen under Gal(F/F) —
G C Aut(p®?) =2 Z/m>, we see that v maps to multiplication by a*, which is a square.
Hence G is a subgroup of the squares in Z/m>. But the squares in Z/m> form a cyclic
group which does not contain —1. The assertion follows.

Lemma 3.4. Let E = F,(u8'), where m = 2¥. Then the norm pSi(E) — uS(F,) is
onto if and only if ¢* Z —1 (mod m).

Proof. (Cf. Hutchinson [Hul, 3.1]) Set M = u®‘. By construction, G = Gal(E/F,)
is a subgroup of Aut(M). Now G is generated by the Frobenius ¢, which acts on M
as multiplication by ¢*. Since MY = u®i(F), we see that there are two possibilities:
q* # —1 (mod m), when the norm map is onto by lemma 3.2, and ¢* = —1 (mod m),
when ¢ acts as —1 and the norm map 1+ ¢ is zero. [

Remark 3.4.1. 1f m = {¥ for an odd prime £, the same proof (using 3.2.1) shows that
the norm map &' (E) — u@'(F,) is always onto.

Corollary 3.5. Let F' be a number field and fit m = 2¥ > 8 large enough that E =

F(u®") # F. Suppose that either i is even, ¢ = +1 (mod 4) or F is non-exceptional.
Then for every prime p of Op[1/2] and every prime q of O over p, the norm map

pel = p3l(Op/q) — us(Or/p) is onto.

Proof. Set Op/p = F, and Og/q = E. We first claim that E = F,(p8’). Indeed, the

hypothesis that F' # E implies that if i = 2*s with s odd then a = v — X is positive and

F(u®") = F({2a). (See [RW, 1.9] for example.) Since (2« € E, the claim follows.
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If i is even, then ¢° cannot be —1 (mod m) since —1 is not a square in Z/mX.
Similarly, if ¢ = +1 (mod 4) then ¢* Z —1 (mod 4). In either case, we are done by 3.4.

We may therefore assume that 4 is odd and that p®i(F,) = {£1}. Since F is
non-exceptional and m > 8, no automorphism of E maps to —1 under Gal(E/F,) —
Aut(u®) 22 Z/m>. This is in particular true for elements of the decomposition group
of g such as (lifts of the) Frobenius ¢ or ¢, i.e., for ¢*. O

Lemma 3.6. Suppose that M = 7Z./2¥ as an abelian group, and that G C Aut(M) =
(Z/)27)* contains —1. Then for any decomposition G = {+1} x C with C cyclic,

H,(G,M) = H,({£1}, M¢) = Z/2

for all p. In particular, H (G, M) = Hom(Z/2, M¢) and Mg = Hy(G, M) = M/2.

Proof. C satisfies the hypotheses of lemma 3.2, so the Lyndon-Hochschild-Serre spectral
sequence Hy,({£1}, Hy(C,M)) = Hpi4(G, M) degenerates to yield the lemma. The
specific formulas are standard; see [WH, 6.2.2]. O

Corollary 3.7. If Z C G C Aut(M) with Z # G, then H{(Z,M) — H1(G, M) is the
zero map, and if —1 € Z then Hy(Z, M) = Hy(G,M).

Proof. If —1 # Z, then Z is cyclic and the result follows from lemma 3.2. Thus we
may assume that —1 € Z, and hence that G is not cyclic. Since Aut(M) = {1} x C'
with C' cyclic, we may find cyclic subgroups 1 C Cy C C C Cy with Z = {+1} x Cy
and G = {£1} x C. Since Cy # C, Mg, = M/2°M and M¢c = C/2°M for a > b.
It follows that the map Hom(Z/2, M¢,) — Hom(Z/2, M¢) is zero, and that there are
natural isomorphisms Hy(Z, M) = Hy(G, M) = M/2M. O

Proposition 3.8. Assume that i is even or that F is non-exceptional, and m = 2".
Set G = Gal(F(u2')/F). Then Hi(G, M®) =0 and there is an exact sequence:

0 — Mg — ®pa p8i(Fy) — p&H(F) — 0.

Proof. By 3.2 and 3.3 we have H;(G,p%") = Hy(G,u®") = 0, as well as (u8i)g =
(p®)G = u®i(F). Hence the sequence (3.1.1) breaks up to yield an isomorphism
Hy(G,M°) =2 Hi(G,M), M = @q2 p&, and an exact sequence involving M¢g. Given
2.7, it suffices to show that for each p | 2 we have Hi(Z,, p&') = 0. But this follows
from 3.2, because each decomposition group Z;, is a subgroup of G, so it is cyclic and
is image in Z/m* does not contain —1. [

Remark 3.8.1. Proposition 3.8 holds for any number field F' if we replace 2 by an odd
prime £. We omit the routine ve;"iﬁcation, noting that 3.2.1(b) is the crucial step, and
that the Galois group Gal(F(us'/F) is always cyclic.
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§4. TOTALLY IMAGINARY NUMBER FIELDS, ¢ EVEN

By (0.4), the wild kernel is the intersection of the kernels of Kq;(Or) — u®i(F,)
as m — oo. On the other hand, div Ky;(F') is the intersection of the kernels of the
maps Ko;(Op) — Ko;(F)/m. In this section, we will compare these subgroups using
the identification (for m odd or for m even and F' totally imaginary) of Ky;(Or)/m
with H2(Og, u@t1); see [WK, 6.5].

We first dispose of a basic case; if + = 0 it is the Kummer sequence in class field
theory. In our applications, 7" will be the primes over 2.

It will be convenient to adopt the notation that Pic(Or)(7) denotes the Galois module
Pic(O7) ® S, where N = | Pic(Or)|. Thus Pic(Or) ® u&! = Pic(Or)(i)/m for all m.

Proposition 4.1. Suppose that a number field E satisfies E = E(u*) for some prime
power m # 2, and that T is a finite set of nonarchimedean places of E containing all
places over m. Then there is a natural exact sequence

0~ Pic(Or) @ u! — H(Or, u§™) - @D 1! %% u 0.
qe”T

Proof. (Tate [Ta76, 6.2]) The case ¢ = 0 is the Kummer sequence from class field
theory; tensor it with the free Z/m-module p$’ and use the natural H?(Or, ugth) =
H?(Or, piy) @ @ to get the desired sequence. [

Remark 4.1.1. If in addition m annihilates K;(Og){2}, we may identify K»;(Og){2}
with H2(Og[1], p&**1). In this case, (0.4) implies that Pic(Og[1])(i)/m = KX(E).

Application 4.2. Suppose that G is a group of automorphisms of E fixing F = E©.
Let S be a set of places of F', containing all places over m, and T the places of E over S.
By naturality, G acts on the sequence of 4.1. Recall from 3.1 that M denotes the kernel
of the map “add” in 4.1. Applying group homology and invoking 2.3 with S = T/G,
we obtain the following exact sequence, complimentary to (3.1.1):

H,(G, M°) = Pic(Or)(i)g/m — H*(Og, p2F1) - M3 — 0

We now turn to an interpretation of the terms in this sequence involving M, re-
stricting to the case m = 2¥ > 4. Let mg be the largest power of 2 dividing the order
of K2;(Or), so that the 2-Sylow subgroup of Ks;(Or) is isomorphic to Ka;(Op)/my.
Corollary 4.3. If F is non-exceptional, or if i is even (and F is totally imaginary),
then Pic(Og[1])())g/m =2 K¥(F){2} for all m = 2" > mg, where E = F(u8").
Proof. Let S be the places over 2 and set M = p®i. Since F is totally imaginary, 2.3
identifies K»;(Or[1])/m = H?*(Or(3], u3') with K»(Op[3])e/m = H*(Opl3], u8)c.
The result follows by plugging 3.8 into 4.2, and comparing to (0.4). O
Remark 4.3.1. Replacing 2 by an odd prime £ yields a similar result: for any number
field F, K¥(F){¢} is isomorphic to Pic(Og[1/£])g/m for E = F(u®?), when m = £ is
large enough. The proof is the same, replacing 3.8 by 3.8.1.

We now turn to the subgroup div Ko;(F).
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Lemma 4.4. Let x be an arbitrary element of Pic;(Op). For every m and a € Z/m*,
there are infinitely many prime ideals p of Op that represent x in Picy(OF) and have
norm = a (mod m).

Proof. This is a special case of the generalized Dirichlet Density Theorem; see [Neu2,
VII.13.2]. (Compare [Hul], where the relevant details of the proof of Dirichlet Density
are extracted.) O

Theorem 4.5. Let m = 2V be large enough that E = F(u®') # F. Then the corestric-
tion map H*(Og[1], u8*1) — H2(Op[1], u&i*1) induces the eract sequence

Pic(Op(4])()a/m — H*(Op(3], upi ™) — H(F, p5) — @ppa 55 (Or /p) = 0

If F' is non-exceptional, or ¢ even, the left map is an injection by 4.3 above.

Proof. Consider the diagram whose rows are the exact localization sequences:

O] i . i i
EX@u® =% @y u8 — H*(Og[i], p&t) — H*(E, St

! [ ! !

HY(F,p&t) — @y p&'(Or/p) — H?*(Op[L], p&it) — HP(F,pdith).

The cokernel of the upper left horizontal map d(4) is PIC(OE[%D p®i. The cokernel
on the lower right is the sum of the groups HY(Op/p, uSt) = O(OF/p p&=%)# which
we have identified with u&!(OFp/p).

If 7 is even, or F' is non-exceptional, the second vertical map is onto by 3.5, and the
result follows by a diagram chase. We may thus assume that ¢ is odd. By 3.5 again,
the second vertical map N is onto all terms p&(F,) with ¢ = +1 (mod 4); we claim
that the other terms come from H!(F, u®i"‘1) @ image(IN). To see this, suppose that
Or/po = F, with ¢ = 3 (mod 4). Since u® (Or/po) = {£1}, it suffices to lift the
element z Wthh is [—1] in the po factor and [+1] elsewhere.

By lemma 4.4, there is a prime ideal p; with [p1] = [po] in Pic(Or[1]), and |Op/p1| =
1 (mod 4). From the commutative diagram

H'Fpus) —— @z —— Pie(Op[])/2 -0

! !

HY(F, p3i ) —— @pud'(Or/p)

it follows that x is equivalent modulo the image of H'(F, u®i*1) to a term supported
at p1, and we have seen that this term is in the image of N. [

Remark 4.5.1. Again, the result still holds if we replace 2 by an odd prime £. In fact,
the proof is easier, as N is onto by 3.4.1.
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Corollary 4.6. If m = 2¥ > my, then the image of Pic(Og[1])(i)a — K2,(Or){2} is
the 2-Sylow subgroup of div Ko;(F).

Proof. Consider the kernel N, of K3;(Op) — Ko;(F)/m. Since the N, form a de-
scending chain of subgroups of the finite group K2;(OF), they stabilize at div Ko;(F)
for large m. But N, is the image of Pic(Og[i])(i)¢ — Ka2:(Or){2} by 4.5. O

Remark 4.6.1. If £ is odd, the image of Pic(Og[1/£])(i1)g — K2;(Or){£} is the £-Sylow
subgroup of div K9;(F) for any number field F'. Indeed, the proof of 4.6 goes through,
using 4.5.1. Combining this with 4.3.1 yields a proof of Schneider’s theorem 1.1(a).

Proposition 4.7. Let F' be totally imaginary, and suppose that either i is even or that
F' is non-exceptional. Then div Kq;(F) = K3(F).

The £-Sylow subgroup is isomorphic to Pic(Og,[1])(i)a,/t¥ for all large v, where
E, = F(u$") and G, = Gal(E, /F).

Proof. Combine 4.3 and 4.6 to see that the 2-Sylow subgroups are the same. The /-
Sylow subgroups are the same for £ # 2 by Schneider’s theorem 1.1(a); see 4.6.1. The
identification with coinvariants of Picard groups is given by 4.3 and 4.3.1; ¢f. 1.5 O
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§5. TOTALLY IMAGINARY NUMBER FIELDS, ¢ ODD

We now consider the case in which ¢ is odd and F' is exceptional, but totally imaginary.
In this case, pS!(F') = Z/2. We will be comparing the sequences (3.1.1) and 4.2 when
m > mg > 4; by 2.7, 2.8, and 4.6, the sequence

(5.1) 0 — div Ko (F){2} = K2 (Op){2} = ®p2 p& (Fp) = p&(F) = 0

is exact, except possibly at Kq;(Or){2}; (5.1) is exact iff the map p; is onto in (3.1.1).
Since F is exceptional and 4|m, v/—1 € F(u®"); this is because the automorphism
¢ — ¢! of F acts nontrivially on u®?. Tt follows that F(u®?) is a cyclotomic extension
F(¢) for some 2-primary root of unity (.
The following definition is due to Hutchinson [Hu2]. Note that if ¢** = 1 and
u=C_+ ¢ 1isin F then ¢ € F(y/—1): ( satisfies (2 —u( +1=0.

Definition 5.2. A number field F' is special if F' is exceptional and for every prime p
of F over 2 there is a 2-primary root of unity ¢ such that ¢ +¢(~! belongs to F, but not

to F. That is, ¢ € F,(v/—1) but ¢ ¢ F(v/-1).

Remark 5.2.1. Setting E = F(u®"), it follows from [Hu2, 2.2(1)] that F is special iff
Zy, # Gal(E/F) for every prime p over 2.

Example 5.3. (Hutchinson [Hu2, 2.7]) Suppose that F = Q(v/d), where d is a square-
free integer. Then F is special if and only if either: (a) d = —1 (mod 8) and d # —1,
or (b) d = +£2 (mod 16) and d # £2. Indeed, F is exceptional iff d # —1,—2, while
F, = Qu(V/d) is non-exceptional iff d = —1 (mod 8) or d = —2 (mod 16); if Fy is
exceptional then ((s + (g 1)/2 =2 € Fy iff d =2 (mod 16).

Lemma 5.4. Let i be odd. If F' is an exceptional, totally imaginary number field, then
(for m > mgy > 4): (5.1) is exact if and only F is not special.

Proof. (Cf. [Hul, 4.4]) We have remarked that the sequence (5.1) is exact iff p; is onto.
If F is special, then each Hi(Z,, M) — H1(G, M) is zero by 3.7, and hence p; = 0.

If F' is not special, then there is some p’ with Z,» = G. Using 2.7, we see that the maps
p1 and ps are split surjections. Thus (3.1.1) yields H1 (G, M°) & @4 H1(Z,, &) and
(with 4.2) the exactness of sequence (5.1). O

Combining 5.4 with 3.2, 4.2 and (3.1.1), we obtain the following theorem. It was
proven for 4 =1 in [Hul, 4.4].

Theorem 5.5. Let F' be a totally imaginary number field, and let i be odd.
(1) If F is not special, then div Kq;(F) = KY¥.(F).
(2) IfF is special, then div Ko;(F') is a subgroup of index 2 in K3.(F), and there is a
map Koi(Op) — M2 which induces a surjection K¥.(F) — H1(G, u®") = 7./2.

Example 5.6. (Hutchinson [Hu2, 3.1]) Suppose that F' = Q(v/d), where d < 0 is
square-free and d = 2 (mod 16). Then {—1, —1} is a nonzero element of K3’ (F), not in
div Ko(F), and K3 (F) = div Ko(F) @ Z/2. For these fields, K2(Op)/K3 (F) has odd
order.
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§6. TOTALLY POSITIVE COHOMOLOGY

New features arise when F' has a real embedding. Although we still have available
all of section 3 (including 3.8 for even 1), the descent result 2.3 fails, because when ¢ is
odd the composmlon of H*(E, u®) ¢ — H*(F, u®') with the surjection H?(F, u8') —
H?(R, u®") = 7Z/2 must be zero. And when i is even, the exact sequence 4.1 must be
adjusted to include real places in T'. These facts follow from the following considerations:

6.1. When i is odd and 4|m, the field F(u®) is a cyclotomic extension containing
v/—1, by the argument after (5.1). However, When i is even, the field F( %) has many
real embeddings; the automorphism ¢ — (=1 acts trivially on F(u®?) because it acts
trivially on pu®!.

Definition 6.2. Suppose that M is a 2-primary Galois module over the S-integers of
a number field F' with r; > 0 real embeddings i, : F' — R. Then M is a submodule of
the induced module @, (i, )«M. The totally positive étale cohomology of M is defined to
be HY (Os, M) = HP"Y(X, ®, (i)« M/M). It is shown in [CKPS] that HY (Os, M) =
HE (F, M) =0 for p # 1,2. By construction, there is an exact sequence

0 —H}(0s,M) —» H' (Og, M) - &,H"(R, M) —
H3(0s,M) = H*(Og, M) — &,HP(R, M) — 0.

The Tate-Poitou sequence for M = u@+t! is

(6.2.1) H3 (05, 3™ = [ #8i(F,) — udi(F) — 0.
pes
Example 6.3. Set M = Zy(i + 1) = lim p&+'. Since the cohomology groups with

coefficients u®*! are finite we have H2<05, M) = lim H?*(Og, pi*1). Since H"(R, M)
is Z/2 if i — n is even, and zero if i — n is odd, we have sequences:

(Z/2)™ — H3(0s,M) — H*(Os,M) — 0, i even,
0— H2(0s, M) — H*(Og, M) = (Z/2)™ =0, i odd.

Apparently the HY construction first arose in a letter from Kato to Tate, circa 1973.
The cohomological bound is due to Tate; see [Ta70]. In particular, lemma 2.2 applies
t0 Dy (iy)« M /M|1], and we deduce the analogue of 2.3:

Lemma 6.4. Let E/F be a Galois extension of number fields, with Galois group G.
For every finite 2-primary Galois module M, and every G-invariant set of places S of
F containing all ramified places and all places over |M|, the corestriction maps induce
isomorphisms

H2(E,M)g = H2(F,M), H?(Op.s,M)g — H2(Og,M).
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Corollary 6.5. When E = F(u&?), H2(Og,s, u&)c = H2(Og, u2?).

Example 6.6. It is not hard to see that: HY(Og,G,,) = 0; if (’);5’4r is the group
of totally positive units and Picy is the narrow Picard group then H}(Og,Gy,) is
Picy(Os) @ R /In(Og ,); and H:(Os,Gyy,) is the positive Brauer group Bry (Os),
defined as the kernel of the surjection Br(Os) — (Z/2)"; see [RW, 7.3]. The classical
Kummer sequence has the analogue

0 — Pic;(0s)/m = H2(Os,pim) = @  Z/m 2% Z/m — 0.

finite q€S

Let j be the signature defect of Og, i.e., the rank of the cokernel of the signature
map OF — {£1}". The Kummer sequence also shows that (Z/2)7 is the kernel
of Picy(Og) — Pic(Og). Moreover, if E = F((,) and G = Gal(F((y)/F) then
HQ(OE,S,um)G o Hi(@s,um) by 6.4. It follows from 6.2 that for m = 2¥ larger
than the order of Pic(Og){2} we have the sequence

(6.6.1) 0— (Z/2)) — H*(Op.s, pm)c — H*(Os, im) — (Z/2)™ — 0.

The sequence (6.6.1) illustrates the failure of 2.3 for real number fields.

Lemma 6.7. If G = Gal(F(u®)/F), then the H2corestriction uSig = pSi(F) is an
isomorphism for all m.

Proof. Copy the proof of lemma 2.8, with H? in place of H?, using (6.2.1) and 6.5. O
As in the proof of 4.1, tensoring 6.6 with u®* and using 6.4 yields:

Proposition 6.8. Suppose that a real number field E satisfies E = E(u8) for some
m = 2¥ > 2, and that T s a finite set of nonarchimedean places of E contazmng all
places over 2. Then there is a natural exact sequence

0 — Picy (O7) ® p&' — H2 (O, p&T) —)@ ,u®’a—>,um — 0.
qeT

Similarly, the discussion in 4.2 goes through, using Pic,, H i, 6.4 and 6.8 in place of
Pic, H?, 2.3 and 4.1, to get

(6.9) Hi(G,M") - Picy(Or)(i)g/m — H3(Og, ) — M2 — 0.

Corollary 6.10. Let ¢ be even, F' a number field, and m = 2¥ > mgy. Setting
E = F(u8), we have II12(Op[1], u@t1) =2 Picy (Og[i])(i)g/m, and there are exact
sequences:

0 — Picy (Op[i])()a/m — HE(OF[3], u ™) = @pjo pS (Fy) — ui (F) — 0;

0 — Pic(Op[3])(i)a/m — HX(OF(3), s ) —(Z/2)™ & @ uSi(Fy) — uSi(F) — 0.
p|2
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Proof. Combining (6.9) with 3.8 yields the first sequence. The second follows from this
by a diagram chase using

(Z/2)™" — Picy (Ogl3])(H)a/m — Pic(Op[3])(1)g/m — 0

H ! l

(Z/2" — HY(Opl3],u5™") — H*(Opli],pd™) — (Z/2)™ —0.
The description of III" (Op[1], u@*1) follows from the second sequence. [

Theorem 6.11. Let m = 2V be large enough that E = F(u®') # F. Then the core-
striction map induces the eract sequences

Picy (Op[3])(i)a/m — HL(Op[3], up' ™) = HI(F, u5™) = @y uy (Op/p) = 0;

Pic(Op[4])(i)a/m — H*(Op[3], up ™) — H(F, u5™") = @ppa 1 (Op/p) — 0.

If i is even, the left maps are injections.

Proof. Adding the subscript ‘4’ to the groups in the proof of 4.5 readily proves exactness
of the first sequence; the injectivity of Picy in Hi for even 7 is given by 6.10. Exactness
of the second sequence, as well as injectivity of Pic in H? for even i, follows from this
by chasing the following diagram, where Og = Op|[1].

(z/2) — H2(Og, p& ) — H?*(Og,p@t) — (Z/2)™ — 0

- ! l l-

(Z/2) — HZ(F,p®itl) — H2(F,u8+l) — (2/2)7 0. O

§7 THE MOTIVIC WILD KERNEL FOR REAL NUMBER FIELDS

The 2-local motivic cohomology group H>; ZH(F) = H3,(F,Z(5(i + 1)) has all the
properties ascribed to the 2—Sylow subgroup of Ko;(F) in sections 1 and 4. Its sub-
group of divisible elements is the intersection of the kernels of the maps to the groups
H2,(F,Z/m(i+ 1)) for m = 2¥; by Voevodsky’s theorem, the target groups are isomor-
phic to the étale cohomology groups H?2(F, u®i+1).

Lemma 7.1. Let F be a finite field. Then for all 1 > 0,
K3 1(F), n=1

0, else.

Proof. First note that by construction, Hy, (F, A(¢)) = 0 for n > 4 and all coefficients A,
so we may assume that n < i. Since Hy, (F, Q(7)) is a summand of Ky, ,,(F)®@Q = 0 by
[B], each H}% = HY(F, Z(3)(i)) is a 2-primary torsion group. Since Hjy, (F,7Z/2(i)) =
H{,(FF, Z/2) vanishes for n # 0, 1, the universal coefficient theorem implies that H gj =0
for n # 1,2 and that H? A s d1V1Slble The motivic-to- K-theory spectral sequence now
degenerates to yield H})' 2 Koy 1 (F) and Haptt o Koi(F) = 0. [
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Lemma 7.2. Fori>n > 2, Hy (Os,Z9)(1)) = H(Os, Zs(1)).

Proof. As in the proof of 7.1, H};(Os,Q(:)) = 0 so Hy;(Os,Z2)(i)) is a 2-primary
torsion group for all n > 2. Since H"T(Og, u®?) = (Z/2)™ for all n > 2 and m = 2,
we see that Hy;(Og, Z2)(i)) is a finite group of exponent 2 if n > 3, and finite if n = 2.
The result now follows from universal coefficients. [J

Corollary 7.3. If: > 0 is even, then there is an exact sequence for all large m = 2V :

0 — H3(0s,Z)(i+ 1)) — H*(Os, p@thy 5 (Z,/2)™ — 0.

Proof. Since H*(Og, Z2)(i+1)) = @H*(R, Zs) (i + 1)) = Z/2 for even i, and the group
H3(Os,Z9)(i + 1)) is finite, this follows from universal coefficients. [

Lemma 7.4. Fori> 1, Hy (Os,Z)(i+1)) = Hy(F, Z)(i+1)) is an injection with
cokernel ©pxsKai 1(Or/p){2}, and Hy (Os, Zg)(i)) = Hy (F, Z2)(i)) for all n > 3.

Proof. 1f i = 0, all groups are zero, so we may assume that ¢ > 1. Set M = Z(2)(i—|—1) and
consider the localization sequence in motivic cohomology [Le|, which by 7.1 simplifies
to:
0 — Hy (Os, M) = Hy (F,M) = ®K»;_10r /p){2}
— H3 (O, M) — Hy (F,M) =0 — -
—0— Hy(Os,M) > Hy(F,M) >0 —---.

Now the composite Ko;(F){2} — H2,(F,M) — ®Ka;_1(Or/p){2} is onto; see [WK,
1.6]. The result follows. O

Recall that Ha; ™ is an abbreviation for H2,(F, Z3)(4)). Let div H'TY(F) denote
2,i+1

the subgroup of divisible elements in Hj; ™.
Corollary 7.5. If m > my, the image of Pic(Og[1])(i)¢ — HJZ\,’,Z'Jrl is div sz\/’[iH(F).
If i is even, Pic(Og[L])(i)g/m = div H>'T1(F).

Moreover, div Hyy 71 (F) C II?(Os, Z(i + 1)) C H3,(Os, Lz (i + 1)).

Proof. By lemma 7.4, div Ha; " is a subgroup of Hay "1 (OF) = H},(Or[1], Z2y(i+1)),
which is a finite group. Thus the sequence of kernels N,, of Hayt'(Op) — H2(F, u&it+!
stabilizes for large m, at div Hyy T, But Hyp V' (Op) injects into H2(Op[4], u&i+?) for
large m, so Ny, is the image of Pic(Og[1])(i)g — H?(OFp[1], p&*+1) by 6.11.

To see that div szv_’,iﬂ lies in I12(Og, Zo(i + 1)), it suffices to show that it lies in the
kernel of each map Hjy;(Og, Z2)(i + 1)) = H*(Og, p&t') — H*(F,, p$'*"). But this
is clear since Og — F, factors through F. [

Combining 6.10, 7.3 and 7.5 yields the following proposition, which together with
(0.6) proves the “; even” half of theorem B(2):
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Proposition 7.6. Let F' be a real number field. If © is even then

0 — div Hy ' (F) = H3(Or[3], Zey (i + 1)) = (2/2)" @ [ ] 8 (Fp) — u&(F) — 0.
p|2

Now let i be odd. Combining (3.1.1), (6.2.1), (6.9) and 7.5, we obtain the analogue
of (5.1), namely sequences

0 — div Hy* — H3 (Op[3], pS) = @y 5 (Fy) = pSi(F) = 0

7T 0= div HE " = HXOF[3], 18 =@/ & [ [ nSi(Fy) — u(F) =0

pl2

which are exact except possibly at H i and H?; the homology at this point is the cokernel
of the map p; in (3.1.1). Note that the target of p is Z/2 by 3.6. Of course, we see
from (0.5) that the homology is I11%(Og, 1)/ div Hy;' . Substituting (6.9) for 4.2,
the proof of lemma 5.4 goes through to prove:

Proposition 7.8. Let i be odd. Then (for m > mgy > 4):

(1) If F is not special, the sequences (7.7) are exact. .
(2) IfF is special, the homology of (7.7) at H? is TI?(Og, u@i+1)/div Hy T = 7,/2.

This completes the proof of the “i odd” half of theorem B.
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§8. K-THEORY WILD KERNELS

We now turn to algebraic K-theory. Rognes and Weibel [RW, 0.6][WK, 7.9] show
that if 1/2 € Og and i = 0,1 (mod 4) then Ky;(Os){2} = H%(Os,Zs(i + 1)), while if
i =3 (mod 4) then there is an exact sequence

0 = Kqi(05){2} = H*(Os,Z2(i + 1)) — (Z/2)™ — 0.

Proposition 8.1. Ifi # 2 (mod 4) then the maps K2;(0g){2} — H?(Og,Z2(i + 1))
induce isomorphisms K¥(F){2} 2 11?(Og,Zy(i + 1)) for each S.

The case i Z 2 (mod 4) of Theorem A follows immediately from 8.1 and theorem B.

Proof. When i =0 (mod 4), the isomorphism K»;(Og) & H?(Og, Za(i+1)) is compati-
ble with the maps to u®*(F,). The proposition follows immediately from the comparison
of (0.4) and (0.6).

When i is odd, we compare sequences (0.4) and (0.5), letting m be large enough that
the 2-Sylow subgroup of H?(Og, Zs(i+1)) equals H?(Og, p&i*t1), uSi+1(F) = u®+1(F)
and u®”’1(F ) = u®*L(F,) for each v | 2.

When ¢ = 3 (mod 4), we see from 6.3 that K»;(0s){2} = H2(Os,Zy(i + 1)).
When i = 1 (mod 4), the comparison of (0.4) and (0.5) shows that K. (Og){2} =
H2(Og,Z5(i + 1)). Since IT*(Og,Zy(i + 1)) is the kernel of HZ(Os,Zo(i + 1)) —
[T u®(F,), this suffices to prove the proposition in both cases. [

When 7 = 2 (mod 4), there are elements of KQZ(F) not detected by H2(Og, u®t1).
This includes the image of the Milnor K-group KM (F) =2 (Z/2)™ in K4(Og) C K4(F);
see [RW]. Rognes and Weibel [RW]|[WK, 7.9] show that if 1/2 € Og then there is an
exact sequence

(8.2) 0 — (Z/2)” = Koi(0s){2} = H*(Os,Z3(i + 1)) — 0.

The number p is not yet understood, but satisfies 5 < p < ry, where j is the signature
defect of Og, defined as the dimension of the cokernel of H(Og,7/2) — (Z/2)™.
The motivic-to- K-theory spectral sequence yields the exact sequence

(8.3) HY(F, p®+1) 25 HY(F, y®+2) = Koy(F)/m — H2(F, &) - 0.

Proposition 8.4. Ifi =2 (mod 4), m = 2" and E = E(u?), the edge maps (Z/2)™ =
HA(E, u8+2) — Ko (E)/m are zero.
In particular, the maps KM (E) — K4(E)/m are zero.

Proof. The last sentence is the particular case i = 2, since KM (E) & H*(E, u®4). Tt
suffices to show that the differential dy : H'(E, ,u,®’+1) — H*(E, p®*2) is onto in the
motivic-to- K -theory spectral sequence. If m = 2, dy is onto because we may identify
it with the signature map E*/2 — (Z/2)"; the details are given in [RW, 7.4-5]. This
shows that the bottom right horizontal map is onto in the commutative diagram:

EX@u8 = HYE, S+l 2 HYE,uSi?) = (2/2)m

- l =

EX@uS* = HY(E, p§') 2% HA(E, u§™?).
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Since H(E, p&i+?) = (u$i*2/2)™, the right vertical map is an isomorphism. The
two left horizontal maps are isomorphisms because Gal(FE/E) acts trivially on p&'. A

diagram chase establishes the surjectivity of the differential d3, so the result follows
from (8.3). O

Lemma 8.5. If F = F(u®) and E = F(u$%), where F is exceptional, i is even
and m = 2V, then there is a root of unity { so that E = F(u), v = ( + (7, and
c=C+(2€F.

Proof. If E = F we are done. Otherwise, let a be minimal such that F(v/—1) does
not contain a primitive 2%th root of unity ¢ (so (2 € F(v/—1)). Then v = a+b — 1,
where i = 2% (j odd); see [WK]. Let & be a primitive 2“*'st root of unity and set
G = Gal(F(£)/F). Since v/—1 ¢ F, we may identify G with the unique subgroup of
Aut(pom) of order |G| = 2°*2 containing 7(¢) = ¢71, namely (r,0), where o(¢) = &°
for s =1+2%"1. Since 7 and ¢ fix ¢ = (2 + (72, c € F. Since 7 and ¢? act trivially on
pS: | they generate Gal(F (¢)/E). Tt follows that E contains u = (+¢~ ' butu ¢ F. 0

Lemma 8.6. If E = F(u&), i even, then H*(E, p&+?) = Ind ¢ HA(F, u@+?), and
HY(E, u$i*?)q = H*(F, p3i*?).

In particular, KM(E) = d € KM(F) and KM (E)q = KM (F).
Proof. Since the isomorphism H*(F, u$i*?) = [ H*(R, u$"*?) is natural in F and
m, it suffices to compare the real embeddings of £ and F'.

By induction on m, we may assume that [F : F] = 2. By 8.5, there is a root of
unity ¢ so that E = F(( + (1), and ¢ = (> + (=2 € F. But every real embedding of
F sends ¢ to 2cos(f) for some 6, and sends ¢ + 2 to a positive real number, because

|2 cos(f)| < 2. Since u? = c+ 2, every real embedding of F' induces two real embeddings
of E, conjugate under Gal(E/F). O

Theorem 8.7. The kernel (Z/2)? of K2;(0s){2} — H?*(Og,Zs(i + 1)) in (8.2) is a
subgroup of div Ko;(F).
In particular, the image of KM (F) — K4(F) lies in div K4(F).

Proof. Every element of the kernel lifts to H*(E, u+2) by 8.6. Since it is m-divisible
in K9;(E) by 8.4, it is m-divisible in Ky;(F). O

Proof of theorem A when i is even. Comparing (0.4), (0.6), (8.2) and 8.7 yields the
commutatitive diagram with exact rows:

0 — (Z/2)P — divKy(F) — divH?*(F,Z)(i+1)) — 0

H l >

0 — (Z/2)) — K¥(F) — 11?(0g,Zy(i+1)) — 0.

The right vertical map is an isomorphism by theorem B. Theorem A, which asserts that
the middle vertical map is an isomorphism, now follows from the 5-lemma. [
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