NORM VARIETIES AND THE CHAIN LEMMA
(AFTER MARKUS ROST)

Notes by Christian Haesemeyer and Chuck Weibel.

The goal of this paper is to present proofs of two results of Markus Rost, the
Chain Lemma 0.1 and the Norm Principle 0.3. These are the steps needed to
complete the published verification of the Bloch-Kato conjecture, that the norm
residue maps are isomorphisms KM (k)/p = H".(k,Z/p) for every prime p, every
n and every field k containing 1/p.

Throughout this paper, p is a fixed prime, and k is a field of characteristic 0,
containing the p-th roots of unity. We fix an integer n > 2 and an n-tuple (ay, ..., ay)
of units in k, such that the symbol {a} = {ai,...,a,} is nontrivial in the Milnor
K-group K (k)/p.

Associated to this data are several notions. A field F' over k is a splitting field
for {a} if {a}r = 0 in KM(F)/p. A variety X over k is called a splitting variety
if its function field is a splitting field; X is p-generic if any splitting field F' has a
finite extension E/F of degree prime to p with X(E) # 0. A norm variety for {a}
is a smooth projective p-generic splitting variety for {a} of dimension p"~1—1.

The following sequence of theorems reduces the Bloch-Kato conjecture to the
Chain Lemma 0.1 and the Norm Principle 0.3; the notion of a Rost variety is
defined in 0.5 below; the definition of a Rost motive is given in [14] and [15], and
will not be needed in this paper.

(0) The Chain Lemma 0.1 and the Norm Principle 0.3 hold; this is proven here.
(1) Given (0), Rost varieties exist; this is Theorem 0.7 below, and is proven in
11, p. 253].
(2) If Rost varieties exist then Rost motives exist; this is proven in [15].
(3) If Rost motives exist then Bloch-Kato is true; this is proven in [13] and [14].
Here is the statement of the Chain Lemma, which we quote from [11, 5.1] and prove
in §5. A field is p-special if p divides the order of every finite field extension.

Theorem 0.1 (Rost’s Chain Lemma). Let {a} € KM (k)/p be a nontrivial symbol,
where k is a p-special field. Then there exists a smooth projective cellular variety
S/k and a collection of invertible sheaves J = Jy,J1, ..., Jn_1,J}_1 equipped with
noNzero P-forms ¥ = Y1,Y5 - -+ s Yn—1,Vn_1 Satisfying the following conditions:
(1) dim S = p(p"~' = 1) =p" —p;
(2) {a1,...,an} ={a1,...,an—2,Ym—1,7_1} € K%<k( ))/ps
{al, N ,ai_l,’yi} = {al, ce ,ai_g,’yi_l,%{_l} S Kljw( (S))/p fO’f’2 < 1< n.
In particular, {a1,...,an}={7, V-, Y1} EKM(K(S))/p;
(3) v ¢ T(S, J)®P)  as is evident from (2);
(4) for any s € V(i) UV (v)), the field k(s) splits {a1,...,an};
(5) I(V(vi))+ L(V(v})) CpZ for all i, as follows from (4);
(6) deg(cy(J)4mS) is relatively prime to p.
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(We explain p-forms in section 1 and show in Definition 1.6 how they may be
used to define elements of KM (k(S))/p. For any V of finite type over k, I(V) is
defined to be the subgroup of Z generated by the [k(v) : k] for all closed v € V)

Rost’s Norm Principle concerns the group Ay(X, K1), which we now define.

Definition 0.2. (Rost, [6]) For any regular scheme X, the group Ao(X, K1) is
defined to be the group generated by symbols [z, a], where x is a closed point of
X and « € k(z)*, modulo the relations (i) [z, a][z, '] = [z, aa’] and (ii) for every
point y of dimension 1 the image of the tame symbol Ky (k(y)) — @k(z)* is zero.

The functor Ag(X, K1) is covariant in X for proper maps, because it is isomorphic
to the motivic homology group H_;1 _1(X) = Hompn (Z, M(X)(1)[1]) (see [11,
1.1]). Tt is also the K-cohomology group H%(X, K4 1), where d = dim(X).

The reduced group Ag(X, K1) is defined to be the quotient of Ay(X, k1) by the
difference of the two projections from Ap(X x X,K;). As observed in [11, 1.2],
there is a well defined map N : Ay(X, K1) — k> sending [z, a] to the norm of a.

Theorem 0.3 (Norm Principle). Suppose that k is a p-special field and that X is
a morm variety for some nontrivial symbol {a}. Let [z,] € Ao(X,K1) be such that
[k(z) : k] = p” for v > 1. Then there exists a point x € X with [k(z) : k] = p and
a € k(z)* such that [z, 8] = [z,a] in Ag(X,K1).

We will prove the Norm Principle 0.3 in section 9 below.

Our proofs of these two results are based on Rost’s 1998 preprint [8], his web site
[7] and Rost’s lectures [Rost] in 1999-2000 and 2005. The idea for writing up these
notes in publishable form originated during his 2005 course, and was reinvigorated
by conversations with Markus Rost at the Abel Symposium 2007 in Oslo. As usual,
all mistakes in this paper are the responsibility of the authors.

Rost varieties. In the rest of this introduction, we explain how 0.1 and 0.3 imply
the problematic Theorem 0.7, and hence complete the proof of the Bloch-Kato
conjecture. We first recall the notions of a v;-variety and a Rost variety.

Let X be a smooth projective variety of dimension d > 0. Recall from [5,
§16] that there is a characteristic number sq4 : Ko(X) — Z corresponding to the
symmetric polynomial Zt;l in the Chern roots t; of a bundle; we write s4(X) for
sq of the tangent bundle Tx. When d = p¥ — 1, we know that s4(X) =0 (mod p);
see [, 16.6 and 16-E], [10, pp. 128-9] or [1, I1.7].

Definition 0.4. (see [11, 1.20]) A v,,_1-variety over a field k is a smooth projective
variety X of dimension d = p"~1 — 1, with s4(X) # 0 (mod p?).

For example, s4(P?) = d + 1 by [5, 16.6]. Thus the projective space PP~ ! is a
vy-variety, and so is any Brauer-Severi variety of dimension p — 1. In Section 8, we
will show that the bundle P(A) over S is a v,-variety.

Definition 0.5. A Rost variety for a sequence a = (aq,...,a,) of units in k is a
Vn_1-variety such that: {ay,...,a,} vanishes in KM (k(X))/p; for each i < n there
is a v;-variety mapping to X; and the motivic homology sequence

P
To T

(0.6) H_i_1(X x X) H_y 1(X)— H_y_1(k) (=k%).

is exact. Part of Theorem 0.7 states that Rost varieties exist for every a.
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Remark 0.6.1. Rost originally defined a norm wvariety for {a} to be a projective
splitting variety of dimension p™~! which is a v,_;-variety. (See [Rost, 10/20/99].)
Theorem 0.7(2) says that our definition agrees with Rost’s when k is p-special.

Here is the statement of Theorem 0.7, quoted from [11, 1.21]. Tt assumes that
the Bloch-Kato conjecture holds for n — 1.

Theorem 0.7. Letn > 2 and 0 # {a} = {a1,...,a,} € KM(k)/p. Then:

0) There exists a geometrically irreducible norm variety for {a}.
Assume further that k is p-special. If X is a norm variety for {a}, then:

1) X is geometrically irreducible.

2) X is a vp_1-variety.

3) each element of Ao(X, K1) is of the form [z, ], where x € X is a closed point
of degree p and o € k(z)*. 0.2 below.)

The construction of geometrically irreducible norm varieties was carried out in
[11, pp. 254-256]; this proves part (0) of Theorem 0.7. Part (1) was proven in [11,
5.4]. Part (2) was proven in [11, 5.2], assuming Rost’s Chain Lemma (see 0.1), and
part (3) was proven in [11, p. 271], assuming not only the Chain Lemma but also
the Norm Principle (see 0.3 above).

As stated in the introduction of [11], the construction of norm varieties and the
proof of Theorem 0.7 are part of an inductive proof of the Bloch-Kato conjecture.
We point out that in the present paper, the inductive assumption (that the Bloch-
Kato conjecture for n — 1 holds) is never used. It only appears in [11] to prove that
the candidates for norm varieties constructed there are p-generic splitting varieties.
(However, the Norm Principle 0.3 is itself a statement about norm varieties.) In
particular, the Chain Lemma 0.1 holds in all degrees independently of the Bloch-
Kato conjecture.

1. FORMS ON VECTOR BUNDLES

We begin with a presentation of some well known facts about p-forms.

If V is a vector space over a field k, a p-form on V is a symmetric p-linear
function on V, i.e., a linear map ¢ : Sym?(V) — k. It determines a p-ary form,
i.e., a function ¢ : V' — k satisfying ¢(Av) = APp(v), by ¢(v) = ¢(v,v,...,v). If
p! is invertible in &, p-linear forms are in 1-1 correspondence with p-ary forms.

If V = k then every p-form may be written as p(A) = aX? or ¢(Ay,...) =
a]] A for some a € k. Up to isometry, non-zero 1-dimensional p-forms are in
1-1 correspondence with elements of k*/k*P. Therefore an n-tuple of forms ¢;
determine a well-defined element of KM (k)/p which we write as {¢1,...,on}-

Of course the notion of a p-form on a projective module over a commutative ring
makes sense, but it is a special case of p-forms on locally free modules (algebraic
vector bundles), which we now define.

Definition 1.1. If £ is a locally free Ox-module over a scheme X then a p-form
on £ is a symmetric p-linear function on &, i.e., a linear map ¢ : Sym?(€) — Ox.
If € is invertible, we will sometimes identify the p-form with the diagonal p-ary
form ¢ = po A : £ — Ox; locally, if v is a section generating £ then the form is
determined by a = ¢(v): p(tv) = at?.

Remark 1.1.1. The geometric vector bundle over a scheme X whose sheaf of sections
is £is V = Spec(5*(£7)), where £ is the dual Ox-module of £. We will sometimes
describe p-forms in terms of V.
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The projective space bundle associated to &€ is 7w : P(£) = Proj(S*) — X,
S* = 8*(£7). The tautological line bundle on P(€) is L = Spec(Sym O(1)), and its
sheaf of sections is O(—1). The multiplication S* @ £~ — S*(1) in the symmetric
algebra induces a surjection of locally free sheaves 7*(£7) — O(1) and hence an
injection O(—1) — 7*(€); this yields a canonical morphism L — 7*(V) of the
associated geometric vector bundles.

Definition 1.2. Any p-form ¢ : Sym?(£) — Ox on £ induces a canonical p-form
€ on the tautological line bundle L:

€ : O(—p) = Sym”(O(~1)) — Sym”(*E) = 7" Sym”(€) — 7*Ox = Ope).

We will use the following notational shorthand. For a scheme Z, a point ¢ on
some Z-scheme and a vector bundle V' on Z we write V|, for the fiber of V" at g,
i.e., the k(q) vector space ¢*(V) for ¢ — Z. If ¢ is a p-form on a line bundle L,
0# u € L|; and a = ¢|4(uP), then ¢|, : (L|4)? — k(g) is the p-form ¢|,(tuP) = at?.

Ezample 1.3. Given an invertible sheaf L on X, and a p-form ¢ on L, the bundle
V = O @ L has the p-form 9(t,u) = t» — p(u). Then P(V) — X is a P-bundle,
and its tautological line bundle L has the p-form e described in 1.2.

Over a point in P(V) of the form co = (0 : u), the p-form on L| is €(0, \u) =
—XNyp(u). If ¢ = (1 : u) is any other point on P(V') then the 1-dimensional subspace
L|, of the vector space V|, is generated by v = (1,u) and the p-form €|, on L|, is
determined by e(v) = ¢(1,u) = 1 — ¢(u) in the sense that e(Av) = M (1 — ¢(u)).

One application of these ideas is the formation of the sheaf of Kummer algebras
associated to a p-form. Recall that if L is a line bundle then the (p—1)st symmetric
power of P(O @ L) is Sym? " 'P(O ® L) = P(A(L)), where A(L) = @,y L¥.

Definition 1.4. If L is a line bundle on X, equipped with a p-form ¢, the Kum-
mer algebra Ay(L) is the vector bundle A(L) = @f:—ol L®% regarded as a bundle
of algebras as in [11, 3.11]; locally, if u is a section generating L then A(L) =
Olul/(u? — ¢(u)). If z € X and a = ¢|,(u) then the k(x)-algebra A, is the

Kummer algebra k(x)(#/a), which is a field if a € k(x)? and [] k(z) otherwise.

Since the norm on Ag4(L) is given by a homogeneous polynomial of degree p, we
may regard the norm as a map from Sym?A,(L) to O. The canonical p-form € on
the tautological line bundle L on the projective bundle P = P(A(L)), given in 1.2,
agrees with the natural p-form:

L% — Sym?7r* A(L) N, Op,
where m : P — X is the structure map and the canonical inclusion of L into
7 (A(L)) = @ '7* L®" induces the first map.

Recall from 1.2 and 1.4 that ¢ is a p-form on L, ) = (1, —¢) is a p-form on O® L
and e is the canonical p-form on LL induced from .

Lemma 1.5. Suppose that x € X has ¢|, #0 and that 0#u € L|,. Then €|(g.,) # 0.
Moreover, ¢(u) € k(x)*P iff there is a point £ € P(O @ L) over x so that €|, = 0.

Proof. Let w = (t, su) be a point of L|, over £ = (¢t : su) € P(O® L)|,. ft=0
then ¢ = (0 : uw) and e(w) = —sP¢p(u), which is nonzero for s # 0. If ¢t # 0 then
€l¢ is determined by the scalar e(w) = ¥(t,su) = t? — sP¢(u). Thus €|, = 0 iff
p(u) = (t/5)". =
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Remark 1.5.1. Here is an alternative proof, using the Kummer algebra K = k(x)(a),
a = {/¢(u). Since e(w) = 1(t, su) is the norm of the nonzero element t — sa in K,
the norm e(w) is zero iff the Kummer algebra is split, i.e., ¢(u) = a? € k(z)*?.

Finally, the notation {v,...,7/,_;} in the Chain Lemma 0.1 is a special case of
the notation in the following definition.

Definition 1.6. Given line bundles Hy,...,H, on X, p-forms «; on H;, and a

point € X at which each form «;|, is nonzero, we write {a1,...,a,}|, for the
element {a1|z, ..., |} of KM(k(x))/p described before 1.1: if u; is a generator
of H;|, and |, (u;) = a; then {ay,...,an}. = {a1,...,an}.

We record the following useful consequence of this construction. Recall that if
(R, m) is a regular local ring with quotient field F', then any regular sequence r1, ...
generating m determines a specialization map KM (F) — KM(R/m); if ay, ... are
units of R, any of these specializations sends {aq, ...} to {a,...}.

Lemma 1.7. Suppose that the p-forms «; are all nonzero at the generic point n
of a smooth X. On the open subset U of X of points x on which each o), # 0,
the symbol {a1|z, ..., anls} in KM (k(x))/p is obtained by specialization from the
symbol in KM (k(X))/p.

2. THE CHAIN LEMMA WHEN n = 2.

The goal of this section is to construct certain iterated projective bundles to-
gether with line bundles and p-forms on them as needed in the case n = 2 of the
Chain Lemma 0.1. Our presentation is based upon Rost’s lectures [Rost].

We begin with a generic construction, which starts with a pair Ky, K_; of line
bundles on a variety Xg = X_; and produces a tower of varieties X,., equipped
with distinguished lines bundles K,. Each X, is a product of p — 1 projective line
bundles over X, _1, so X, has relative dimension r(p — 1) over Xj.

Definition 2.1. Given a morphism f,_1: X,_1 — X,_5 and line bundles K,._; on
Xr—1, K;—o on X,_o, we form the projective line bundle P(O® K1) over X,_; and
its tautological line bundle L. By definition, X, is the product H’l’fl P(O® K,_1)
over X,_1. Writing f, for the projection X, — X,_1, and L, for the external
product LX --- X . on X,, we define the line bundle K, on X, to be K, =
(fro fre1)"(Kp—2) ® L.

fr—1

X, Ixo XL x IS X=X

Ezample 2.2 (k-tower). The k-tower is the tower obtained when we start with
Xo = Spec(k), using the trivial line bundles K_;, Ky. Note that X; = [JP! and
K, =L,, while X3 is a product of projective line bundles over [ P! and K5 = Ls.

In the Chain Lemma (Theorem 0.1) for n = 2 we have S = X,, in the k-tower,
and the line bundles are J = J; = K, J{ = f,; (K,_1). Before defining the p-forms
1 and v} in 2.7, we quickly establish 2.6; this verifies part (6) of Theorem 0.1, that
the degree of ¢; (Kp)pz_p is prime to p.

If L is a line bundle over X, and A = ¢1(L), the Chow ring of P =P(O & L) is
CH(P) = CH(X)[2]/(2% — \z), where z = ¢;(L). If 7 : P — X then m,(2) = —1
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in CH(X). Applying this observation to the construction of X, out of X = X,
with A\._1 = ¢1(K,—1), we have

OH(X7) = CH(XT‘—l)[ZT,l’ cety Z'fvp_l]/({zg,j - AT—lZT‘,j ‘ .] = 1a By 2 1})7

where z, ; is the first Chern class of the jth tautological line bundle L. (Formally,
CH(X,_1) is identified with a subring of CH(X,) via the pullback of cycles.) By
induction on r, this yields the following result:

Lemma 2.3. CH*(X,) is a free CH*(Xy)-module. A basis consists of the mono-
mials Hzf/ forei; € {0,1}, 0 < i <7 and 0 < j < p. As a graded algebra,
CH*(X,)/p = CH*(Xy)/p ®r, Ry, where Ry = Fp[Xo, A_1] and

RT = FPP‘*D )\0, ey )\m 2’171, ey Zr,pfl]/.[r,
Ir = ({ZZZJ — )\i_lziﬁj | 1 << T, 0< j < p}, {)\Z — /\i_g — Z?;%Z%] | 1 << ’I”})
Definition 2.4. For r = 1,...,p, set z,. = Ef;ll zr; and ¢ = [[ 2. It follows

from Lemma 2.3 that \; = X\j2 + z; and 2] = 3" 2) = SN2 N T =2\ in R,
and hence in CH(X.,.)/p.

By Lemma 2.3, if 1 < 7 < p then multiplication by [[¢; € CH™®D(X,) is an
isomorphism C'Hy(Xo)/p — CHo(X,)/p. If Xo = Spec(k) then CHy(X,)/p = Fp,
and is generated by [] .

Lemma 2.5. Ify € CHy(Xy), the degree of y- (1 -G is (—1)"®=Ddeg(y).

Proof. The degree on X, is the composition of the (f;).. The projection formula
implies that (f.).(¢.) = (=1)P~1, and

(Fr)e-Co-G) =y -G Gor) - (f)e(G) = (=1D)P My - G- G

Hence the result follows by induction on 7. (I

Proposition 2.6. For every 0-cycle y on Xo and 1 <r <p, \. = c1(K,) satisfies
y NPV =y GG in CHo(X,)/p, and deg(%:“’;”) = deg(y) (mod p).
For the k-tower 2.2 (with y = 1), we have deg(Ay ~?) =1 (mod p).

Proof. If r = 1 this follows from yA_; = yAg = 0in CH(Xp): A1 = 21 + A_1 and
y-( = y)\’ffl. For r > 2, we have A\, = 2z, + A2 and 2P = zr)\f:} by 2.4. Because
p—r >0, we have

AT — (g A\, g)PUDHET) = (2P L AP )L (2 4 A 9)PTT mod p
T T r—2
=(Z AP N ) T e A )P = )\gr:ll)(p*l) +T mod p,

where '€ CH(X,_1)[z,] is a homogeneous polynomial of total degree <p—1 in z,.
By 2.3, the coefficients of yT" are elements of CH (X, _1) of degree > dim(X,_1),
so yT must be zero. Then by the inductive hypothesis,

y NP =y AT =6 (G o)

in CH*(X,)/p, as claimed. Now the degree assertion follows from Lemma 2.5. O



NORM VARIETIES AND THE CHAIN LEMMA (AFTER MARKUS ROST) 7

The p-forms. We now turn to the p-forms in the Chain Lemma 0.1, using the k-
tower 2.2. We will inductively equip the line bundles L,. and K, of 2.2 with p-forms
U, and ¢,; the 71 and ~] of the Chain Lemma 0.1 will be ¢, and ¢,_.

When r = 0, we equip the trivial line bundles K_;, Ky on Xy = Spec(k) with
the p-forms ¢_1(t) = aot? and @o(t) = a1t?. The p-form ¢,_1 on K,_; induces a
p-form 9 (t,u) =t — p,_1(u) on O ® K,_1 and a p-form € on the tautological line
bundle L, as in Example 1.3. As observed in Example 1.3, at the point ¢ = (1 : z)
of P(O & K,_1) we have ¢(y) =¢¥(1,2) =1 — p,_1(x).

Definition 2.7. The p-form ¥, on L, is the product form []e:

U, (yn R Ry, 1) = [ ew).
The p-form ¢, on K, = (fr—10 fr)*(K,—2) ® L, is defined to be

Pr = (fr—l o fr)*((Pr—Q) RY,.

Proposition 2.8. Let x = (21,...,2p—1) € X, be a point with residue field E =
k(x). For —1 < i < r, choose generators w; and v; for the one-dimensional E
vector spaces K;|, and L;|, respectively, in such a way that u; = u;—o ® v;.

(1) If wilz =0 for some 1 <i <r then {a1,a2}p =0 € Ko(E)/p.

(2) If vils #0 foralli, 1 <i<r, then

{a17a2}E = (_1)r{ﬁprfl(ur71)790r(ur)} € KQ(E)/p'

Proof. By induction on r. Both parts are obvious if » = 0. To prove the first
part, we may assume that @;|, # 0 for 1 < i < r — 1, but ¢,|, = 0. We have
Ur = Ur_g @ v, and by the definition of ¢,., we conclude that

0= (Pr(ur) - @r—2(ur—2)lpr(vr)a
whence ¥, (v,) = 0. Now the element v, # 0 is a tensor product of sections w; and
U, (v,) = []e(w;) so e(w;) = 0 for a nonzero section w; of L|,,. By Lemma 1.5,
©r—1(ur—1) is a pth power in E. Consequently, {¢r_2(tur—2), or—1(tr—1)}g = 0 in
K5(E)/p. This symbol equals +{a1, a2} g in K3(F)/p, by (2) and induction. This
finishes the proof of the first assertion.
For the second claim, we can assume by induction that

{a1,a2}p = £{or—2(ur—_2), or—1(ur_1) } B

Now ¢, (ur) = @r—2(ur—2)¥,(v,). Letting K = k(z)(a), @ = ¢/p, _(ur—1), we have
Nk ) (t — sa) = tP — 50, _1u,—1) = €(t, su,—1), and hence V,.(v;) = N p(z) (V')
for some v" € K. But {¢,_1(ur—1), Ng/k(z)(v')} = 0 by Lemma 2.9 below. We
conclude that

{or—2(ur—2), 0r—1(ur—1)} g = —{@r—1(ur_1), 0 (u,;)} g mod p;

this concludes the proof of the second assertion. ([

Lemma 2.9. For any field k any a € k™ and any b in K, = k[¥/a], the symbol
{a, Nk, /i(b)} is trivial in Ko(k)/p.

Proof. Because {a,b} = p{¢/a,b} vanishes in K5(K,])/p, we have {a,N(b)} =
N{a,b} = pN({ ¢/a, b}) = 0. 0
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Proof of the Chain Lemma 0.1 for n = 2. We verify the conditions for the
variety S = X, in the k-tower 2.2; the line bundles J = J; = K, J{ = f;(Kp-1);
the p-forms ; and 41 in 0.1 are the forms ¢, and ¢,_1 of 2.7. Part (1) of Theorem
0.1 is immediate from the construction of S = X,,; parts (2) and (4) were proven in
Proposition 2.8; parts (3) and (5) follow from (2) and (4); and part (6) is Proposition
2.6 with y = 1. O

NORM PRINCIPLE FOR n = 2

The Norm Principle for n = 2 was implicit in the Merkurjev-Suslin paper [4,
4.3]. 'We reproduce their short proof, which uses the the Severi-Brauer variety X
of the cyclic division algebra D = A.(a,b) attached to a nontrivial symbol {a, b} in
Ks(k)/p and a pth root of unity ¢; X is a norm variety for the symbol {a, b}.

Theorem 2.10 (Norm Principle for n = 2). Ifz € X and [k(z) : k] = p™ form > 1
then for all A € k(x) there exists ©' € X and N € k(x') so that [k(2") : k] < p and
[z, A] = [z, N] in Ap(X,K1).

Proof. By Merkurjev-Suslin [4, 8.7.2], N : Ag(X,K;) — kX is an injection with
image Nrd(D) C k*. Therefore the unit N([z,\]) of k can be written as the
reduced norm of an element A’ € D. The subfield F = k()\’) of D has degree < p,
and corresponds to a point 2’ € X. Since N([z/,N]) = Nrd(N) = N([z, \]), we
have [z, \] = [/, N'] in Ag(X, K1). O

3. THE SYMBOL CHAIN

Here is the pattern of the chain lemma in all weights.

We start with a sequence aq, as, ... of units of k, and the function ®y(t) = ¢P.
For r > 1, we inductively define functions ®,. in p” variables and ¥, in p” — p" !
variables, taking values in k, and prove (in 3.4) that {a1, ..., ar, ®,(x)} =0 (mod p).
Note that &, and V¥, depend only upon the units aq,...,a,. We write x; for a

sequence of p” variables x;; (where j = (ji,...,jr) and 0 < j; < p), and we
inductively define
p—1
(3.1) Wi (X1y ey Xp1) = Hi:1 [1—a419,(x:)],
(3:2) Dy 11(X0, - Xp—1) =P (X0) U1 (X1, 00y Xp—1)-

We say that two rational functions are birationally equivalent if they can be
transformed into one another by an automorphism (over the base field k) of the
field of rational functions.

Ezample 3.3. Uy(x1,...;xp—1) = [[(1—a12?) and @1 (xo, ..., zp—1) is 2 [[(1—a1a?),
the norm of the element xo [[(1 — z;c1) in the Kummer extension k(x)(a1), g =
¢/a;. Thus @, is birationally equivalent to symmetrizing in the z;, followed by the
norm from k[¢/a;] to k. More generally, ¥, (x1,...,Xx,_1) is the product of norms
of elements in Kummer extensions k(x1, ...,xp—1)(¥/b;) of k(x1, ..., Xp—1).

Ezxample 3.3.1. It is useful to interpret the map ®; geometrically. Let Rk(a)/kAl
denote the variety, isomorphic to AP, which is the Weil restriction ([16]) of the affine
line over k(«a), so that there is a morphism N : Rk(a)/kAl — A' corresponding to
the norm map. The function k? — k(«) defined by

(70,8155 8p-1) — o(l — s10 + soa? — oo £ Sp—104p71)
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induces a birational map A? < Ry(,)/xA'. Finally, let ¢ : AP~1 — AP71/%, | =
AP~! be the symmetrizing map sending (21, ...) to the elementary symmetric func-
tions (s1,...). Then the following diagram commutes:

1 m
AP = AL x AP AL AP s Ry Al = AP

T4

Remark 3.3.2. If p =2, ®1(xg,21) = 23(1 — a12?) is birationally equivalent to the
norm form u? — a;v? for k(y/ayr)/k, and @9 = ®1(x0)[1 — a2®1(x1)] is birationally
equivalent to the norm form ({a,as)) = (u? — a;v?)[1 — az(w? — a;t?)] for the
quaternionic algebra A_1 (a1, a2).

More generally, ®,, is birationally equivalent to the Pfister form

({a1,...,ar)) = {a1, .., ar—1)) L an{{a1,....,ar_1))

and ¥, is equivalent to the restriction of the Pfister form to the subspace defined
by the equations x¢ = (1,...,1).

Remark 3.3.3 (Rost [9]). Suppose that p = 3. Then @ is birationally equivalent to
(symmetrizing, followed by) the reduced norm of the algebra A¢(a1,a2) and @3 is
equivalent to the norm form of the exceptional Jordan algebra J(aq,as,as). When
r = 4, Rost showed that the set of nonzero values of ®4 is a subgroup of k*.

For the next lemma, it is useful to introduce the function field F;. over k in the
p" variables x;, . ;. , 0 < j; < p. Note that F;. is isomorphic to the tensor product
of p copies of F,_1.

Lemma 3.4. {a1,...,a,,®,(x)} = {a1,...,ar, ¥, (x)} =0 € KM, (F,)/p.
Ifb € k is a nonzero value of ®,., then {ay,...,a,,b} =0 € K%Fl(k)/p.

Proof. By Lemma 2.9, {a,,¥,(x)} = 0 because ¥,(x) is a product of norms of
elements of k(x)(¢/b;) by 3.3. If r = 1 then {a1,®1(x)} = {a1,25} = 0 as well.
The result for F,. follows by induction:

{ala '-'7a’r‘+17 q)T+1<X)} = {a/la -'-aar+l7q)’l‘(x0>}{a/l7 "'7a/T+l7\IJT+1(X)} = O

The result for b follows from the first assertion, and specialization from F;. to k,
using the regular local ring at the point ¢ where ®,.(c) = b. O

Remark 3.5. For any value b € k* of ®,,, any desingularization X of the projective
closure of the affine hypersurface X, = {x : ®,(x) = b} is a norm variety for the
symbol {ay, ...,an,b} in K}, (k)/p. Note that dim(X;) = p" — 1.

Indeed, we see from Lemma 3.4 that every affine point of X, splits the sym-
bol. In particular, the generic point of X} is a splitting field for this symbol. By
specialization, every point of X, and X splits the symbol.

The symmetric group ¥,_1 acts on {xi,...,%x,-1} and fixes ®,, so it acts on
Xp. It is easy to see that X;/¥,_; is birationally isomorphic to the norm variety
constructed in [11, §2] using the hypersurface W defined by N = b in the vector
bundle of loc. cit. By [11, 1.19], X is also a norm variety.

The Chain Lemma is based upon the observation that certain manipulations (or
“moves”) of Milnor symbols do not change the class in K (k)/p. Here is the class
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of moves we will model geometrically in section 4; strings of these moves will be
used in section 5 to prove the Chain Lemma.

Definition 3.6. A move of type C,, on a sequence ay, ..., a, in k* is a transforma-
tion of the kind:

Type Cn : (ala (X3} an) = (ala B3] an—?yan\pn—l(x)aan—l)~
Here U,,_; is a function of p"~! —p"~2 new variables x; = {x1.1,...,X1,p—1}-
By Lemma 3.4, {a1,....,a,} = —{a1,...,an-2,0,¥y_1(X),an-1}, so the move

does not change the symbol in KM (k)/p. If we do this move p times, always with

a new set of variables x;, we obtain a move (a1, ...,a,) — (a1, e, Gn—2, Yn—1,Yn_1)

in which 7,1, 7,,_, are functions of p” — p"~! variables x; ;, 1 <i<p, 1 <j <p.
Since these moves do not change the symbol, we have

(37) {a17...7an} = {a17"'7an72>’7n717771171}

in KM (k)/p. The functions 7,1 and v/,_; in (3.7) are the ones appearing in the
Chain Lemma 0.1.

Formally, if k(x1) is the function field of the move of type C,,, then the function
field F) of the move (3.7) is the tensor product k(x1) ® - - - ® k(x,). We will define
a variety S,_1 with function field F,.

n—1 n—2

Using p —-p more variables x; ; (1 <4 <p, 1 <j < p) we do p moves of
type Cp—1 on (a1, ..., an—2,vn—1) to get the sequence (a1, ..., Gn—3, Yn—2, Vh—a9; Vo—1)-
The function field of this move is F),_; ® F, and we will define a variety S,,_o with
this function field, together with a morphism S,,_2 — S,_1.

Next, apply p moves of type Cj_2, then p moves of type C,_3, and so on,
ending with p moves of type Cy. We have the sequence (v1,7],75, -, Vh_1) Nl
p" — p variables x1, ..., X,_1. Moreover, we see from Lemma 3.4 that

(3.8) {a1, ..., an} = {71,707, s Vh_1} In KTJLVI(k)

The net effect will be to construct a tower
(3.9) S=5 LN Sy — -+ — S0 — 8,1 — S, = Spec(k).

Let S be any variety containing U = AP"~P as an affine open, so that k(S) =
k(x1,...,xp—1), each x; is p™~! variables x;; and all line bundles on U are trivial.
Then parts (1) and (2) of the Chain Lemma 0.1 are immediate from (3.7) and (3.8).

Now the only thing left to do is to construct S = S, extend the line bundles
(and forms) from U to S, and prove parts (4) and (6) of 0.1.

4. MODEL P,,_; FOR MOVES OF TYPE C,

In this section, we construct a tower of varieties P, and @), over a fixed base
scheme S’, with p-forms on lines bundles over them, which will produce a model of
the forms ¥, and ®, in (3.1) and (3.2). This tower, depicted in (4.0), is defined in
4.2 below.

(4.0) Pn_1~>~«~~>PT—>QT_1~>Pr_1*>~~~>Q1~>P1‘>Q0:S/

The passage from S’ to the variety P,_; is a model for the moves of type C,,
defined in 3.6.
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Definition 4.1. Let X be a variety over some fixed base S’. Given line bundles
K, L on X, we can form the vector bundle V = O @ L, the P'-bundle P(V) over
X, and L. Taking products over S’, set

p—1
P:H1 PO®L); Q=X xg P
On P and @, we have the external products of the tautological line bundles:
L(1l,....,)=LXLX---KLon P, KKXIL(,...,1) on Q.

Given p-forms ¢ and ¢ on K and L, respectively, the line bundle L has the p-form
€, as in Example 1.3, and the line bundles L(1,...,1) and K K IL(1,...,1) are
equipped with the product p-forms ¥ =JJe and ® = p ® .

Remark 4.1.1. Let © = (x1,...,xp—1) denote the generic point of XP~!. The
function fields of P and @ are k(P) = k(x)(y1,...,yp—1) and k(Q) = k(zo) ® k(P).
We may represent the generic point of P in coordinate form as a (p — 1)-tuple
{(1 : y;)}, where the y; generate L over x;. Then y = {(1,y;)} is a generator of
L(1,...,1) at the generic point, and ¥(y) = [[(1—¢(y;)) by 1.3. If vy is a generator
of K at the generic point o of X, then ®(y) = ¢(vo)¥(y).

Example 4.1.2. An important special case arises when we begin with two line bun-
dles H on S’, K on X, with p-forms a and . In this case, we set L = H ® K and
equip it with the product form ¢(u ® v) = a(u)p(v). At the generic point ¢ of @
we can pick a generator u € H|, and set y; = u ® v;; the forms resemble the forms
of (3.1) and (3.2):

U(y) = [T1(1 - ae@)), @(y) = ¢(vo) U(y).

Remark 4.1.3. Suppose a group G actson S’, X, K and L, and K, L¢ are nontrivial
1-dimensional representations so that at every fixed point x of X (a) k(z) = k, (b)
L, = Lo. Then G acts on P (resp., Q) with 2P~! fixed points y over each fixed
point of XP~1 (resp., of XP), each with k(y) = k, and each fiber of L = LL(1,...,1)
(resp., K ®L) is the representation L7 (resp., Ko ® L?) for some j (0 < j < p).
Indeed, G acts nontrivially on each term P' of the fiber [JP!, so that the fixed
points in the fiber are the points (y1, ..., yp—1) with each y; either (0: 1) or (1:0).

We now define the tower (4.0) of P, and @, over a fixed base S’, by induction on
r. We start with line bundles Hy,..., H,, and Ky = Og: on S’, and set Qg = S’.

Definition 4.2. Given a variety @),_; and a line bundle K,_1 on Q,_1, we form
the varieties P, = P and @, = @ using the construction in Definition 4.1, with
X=Q,1, K=K, 1 and L = H, ® K,_1 as in 4.1.2. To emphasize that P,
only depends upon S’ and Hy, ..., H,, we will sometimes write P.(S’; Hy, ..., H;).
As in 4.1, P, has the line bundle L(1,...,1), and @, has the line bundle K, =
K, XL(1,...,1).

Suppose that we are given p-forms «; # 0 on H;, and we set ®y(t) = t¥ on
K. Inductively, the line bundle K,_; on @Q,_; is equipped with a p-form ®,_;.
As described in 4.1 and 4.1.2; the line bundle L(1,...,1) on P, obtains a p-form
v, from the p-form o, ® ®,._1 on L = H, ® K,_;, and K, obtains a p-form
.=, 1 QV,.
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Ezample 4.2.1. Q, = P, is Hf_l PL(O® H;) over S’, equipped with the line bundle
K; =L(1,...,1). If H; is a trivial bundle with p-form o4 (t) = a1tP then ®; is the
p-form ®; of Example 3.3.

Pyis [V ' PHO @ Hy ® K)) over Q¥ and Ky = K, KIL(1,...,1).

Lemma 4.3. Ifr > 0 then dim(P,/S") = (p" —p" ') and dim(Q,./S") = p" — 1.

Proof. Set d, = dim(Q,/S’). This follows easily by induction from the formulas
dim(Pr41/5") = (p— 1)(d, + 1), dim(Q,+1/5") = p(d, + 1) — 1. O

Choosing generators u; for H; at the generic point of S’; we get units a; = a;(u;).

Lemma 4.4. At the generic points of P. and Q,, the p-forms V,, and ®, of 4.2
agree with the forms defined in (3.1) and (3.2).

Proof. This follows by induction on r, using the analysis of 4.1.2. Given a point
qg = (q1,...,qp) of Qf:i and a point {(1 : y;)} on P. over it, y = {(1,¥;)} is
a nonzero point on L(1,...,1) and y; = 1 ® v; for a section v; of K,._1. Since
e(l,y,) =1—a,P,_1(v;) and ¥,.(y) = [[€(1,y;), the forms ¥, agree. Similarly, if
vg is the generator of K,._1 over the generic point ¢g then vy = vg ® y is a generator
of K, and

P, (y') = r1(v0) ¥, (y),
which is also in agreement with the formula in (3.2). O

Recall that Kj is the trivial line bundle, and that ®¢ is the standard p-form
®y(v) = vP on Ky. Every point of P.= [[P(O®L) has the form w = (w1, ..., wp_1),
and the projection P, — [[Q,—1 sends w € P, to a point « = (x1,...,2p_1).

Proposition 4.5. Let s € S" be a point such that a1ls,...,a.|s # 0.
1. If ¥,|, = 0 for some w € P,, then {ai,...,a,} vanishes in KM (k(w))/p.
2. If ®,|, =0 for some q = (xo,w) € Qr, {a1,...,a,} vanishes in KM (k(q))/p.

Proof. Since ®, = &,_1 ® U, the assumption that ¥, |, = 0 implies that ®,|, =0
for any z9 € Q,_1 over s. Conversely, if ®,|; = 0 then either ¥,|, = 0 or
D, 1|z, = 0. Since &y # 0, we may proceed by induction on r and assume that
®, 1]z, # 0 for each j, so that ®,|, = 0 is equivalent to ¥,|, = 0.

By construction, the p-form on L = H, @ K,._1 is ¢(u, ® v) = a,P,._1(v), where
u, generates the vector space H,.|s and v is a section of K,_;. Since U,|, is the
product of the forms e[, some ¢€[,; = 0. Lemma 1.5 implies that a,®,_1(v) is a
pth power in k(z;), and hence in k(w), for any generator v of K,_1|,,. By Lemma
3.4,{a1,...,ar_1,P,_1} =0 and hence

{ala veey ar} = {a1, ceey Qr—1, ar(brfl} =0
in KM (k(w))/p, as claimed. O

We conclude this section with some identities in CH(P,)/p CH(P,), given in 4.8.
To simplify the statements and proofs below, we write ch(X) for CH(X)/p CH(X),
and adopt the following notation.

Definition 4.6. Set n = ¢;(H,) € ch'(5"), and v = ¢;(L(1,...,1)) € ch*(P,).
Writing P for the bundle P(O & H,, ® K,,_1) over Q,_1, let ¢ € ch(P) denote ¢ (L)
and let k € ch(Qn—1) denote ¢ (K,,—1). We write ¢;, k; € ch(P,) for the images of
¢ and k under the jth coordinate pullbacks ch(Q;,—1) — ch(P) — ch(P,).
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Lemma 4.7. Suppose that Hy,...,H,_1 are trivial. Then
(a) A" = ’yp"flnd in ch(P,), where d = p™ — p"~1;
(b) If in addition H,, is trivial, then v¢ = — ] cjK§, where e = pnt— 1.
(c) If 8" = Speck then the zero-cycles k¢ € chg(Qn—1) and ¥4 € cho(P,,) have

deg(k®) = (=1)"' and deg(v?) = -1 modulo p.

Proof. First note that because K,_1 is defined over the e-dimensional variety
Qn-1(Speck; Hy,...,H,_1), the element x = ¢;(K,_1) satisfies k""" = 0. Thus
(n+ k)" =n""" and hence ( + x)% = ?. Now the element ¢ = ¢; (L) satisfies
the relation ¢ = ¢(n + k) in ch(P) and hence

= cpnfl(n + k)= cpnflnd
in ch?” (P). Now recall that P, = [][P. Then v = 3 ¢; and

DI WA )

2

= ck. Setting b; = c§n7 = ¢jK5,
we have 4 = 4P" (=1 = (3°b;)P~L. To evaluate this, we use the algebra trick
that since b7 = 0 for all j and p = 0 we have (3 b;)P~" = (p — D! []b; = — ] b;.

For (c), note that if S’ = Speck then 7 = 0 and 7% is a zero-cycle on P,. By the
projection formula for 7 : P, — [] Qn-1, part (b) yields m,y* = (—1)? [] x. Since
each @,_1 is an iterated projective space bundle, CH(]][ Qn-1) = ®€’_1CH(QH_1,
and the degree of || K5 1s the product of the degrees of the 5. By induction on n,
these degrees are all the same, and nonzero, so deg([[#5) =1 (mod p).

It remains to establish the inductive formula for deg(x®). Since it is clear for n =
0, and the @; are projective space bundles, it suffices to compute that ¢y (Kn)pn_1 =
K¢y in ch(Q,) = ch(Q,_1) @ ch(P,). Since k! =0 and ¢;(K,,) = k + v we have

n—1 n—1 n—1
_ etl _
a(Kn)P =g 4P =42

When H, is trivial we have n = 0 and hence ¢

and hence ¢; (K,,)? = 4¢. Since v¥*! = 0, this yields the desired calculation:
e (K,)P 7 = e (Kp)er (Kn)? = (k +7)%% = k94, O

Corollary 4.8. There is a ring homomorphism Fy[\, 2]/(2P — AP712) — ch(P,),
sending A to n?" " and z to 4" .

5. MODEL FOR p MOVES

In this section we construct maps S, _1 — S, which model the p moves of type
C,, defined in 3.6. Each such move introduces p"~! — p"~2 new variables, and will
be modelled by a map Y;. — Y,_; of relative dimension p"~! —p"~2, using the P,_,

construction in 4.2. The result (Definition 5.1) will be a tower of the form:

In—1 =1L, L, Lo Ly Lo=J,
Sn_1= Yp i’ Yp—l — o= Y i’ Y i’ Yo = S,.
Fix n > 2, a variety S,,, and line bundles Hy, ..., H,_o, H, and J, = H,_1 on S,,.
The first step in the tower is to form Yy = S, and Y1 = P,,_1(Sn; H1, - .., Huea, Jn),
with line bundles Ly = J, and L; = H,, ® L(1,...,1) as in 4.2. In forming the
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other Y,., the base in the P,,_; construction 4.2 will become Y,._; and only the final
line bundle will change (from J,, to L,_1). Here is the formal definition.

Definition 5.1. For r > 1, we define morphisms f, : Y. — Y,._; and line bundles
]L;E and L, on Y, as follows. Inductively, we are given a morphism f,_; :Y,_; —
Y, _5 and line bundles L,_1 on Y,_q, L,._> on Y,_o. Set ]L? =L(1,...,1),

Yo =Pot(Yeoti Hi, oo Hyo, Let) 25 Yooy, Lo= f7 7oy (Lroa) O LY
Finally, we write S,y for Y}, and set J, 1 = Ly, J;, 1 = f;(Lp—1). By Lemma
4.3, dim(Y,./Y,_1) = p"~! — p"~2 and hence dim(S,_1/S,) = p" — p"~ L.

For example, when n = 2 and and H; is trivial, this tower is exactly the tower
of 2.1: we have Yr = Pl(Y;nfl;erl) = H]P)I(O D Lr71)~

Remark 5.1.1. The line bundles J,,_; and J/,_; will be the line bundles of the Chain
Lemma 0.1. The rest of tower (3.9) will be obtained in Definition 5.8 by repeating
this construction and setting S = Sj.

The rest of this section, culminating in Theorem 5.9, is devoted to proving part
(6) of the Chain Lemma, that the degree of the zero-cycle c1(J;)4™* is relatively
prime to p. In preparation, we need to compare the degrees of the zero-cycles
c1(Jp_1)dimSn-1 on S, 1 and ¢1(J,)3™5 on S,. In order to do so, we introduce
the following algebra.

Definition 5.2. We define the graded [F)-algebra A, and A, by A, = A /A1 A
and:

AT:Fp[)\,h)\o,...,)\r,zl,...,zr]/({zf—)\f:llzi,)\i—)\i,g—ZZ- | Z:].,?"})

Remark 5.2.1. By Corollary 4.8, there is a homomorphism A4, 2 ch(Y}), sending
Ar to 1 (L)P" " and 2, to ¢ (L2)P" ", When H,,_; is trivial, p factors through A,.

Lemma 5.3. In A,, every element u of degree 1 satisfies b’ = up)\gtp.

Proof. We will show that A, embeds into a product of graded rings of the form
Ak = Fp[hol[vr, ..., v)/ (0}, ..., 0F). In each entry, u = aXg + v with vP = 0 and
a € Fp, so uP = a)j and u?* = aAl, whence the result.

Since A,11 = A.[z]/(2P — AP712) is flat over A, it embeds by induction into a
product of graded rings of the form A’ = A[2]/(2P — uP712), u € Ag. If u # 0,
there is an embedding of A’ into Hf;ol A whose ith component sends z to iu. If
u=0, then A’ = Ajp.;. ]
Remark 5.3.1. Tt follows that if m > 0 and (p? — p) | m then ukPT™ = \myrp,
Proposition 5.4. In A,, )\gN’p = )\ngpz (T12°~ "+ T)o), where deg(T) =p>—p—1.

Proof. By Definition 5.2, A, is free over F,[A\o], with the elements []z]"" (0 <
m; < p) forming a basis. Thus any term of degree p" — p is a linear combination

N 2
of F = A "7 T[2P~" and terms of the form AJ™ [] 2 where Y m; = pV — p?
and mgo > p’V — p?. It suffices to determine the coefficient of F' in )\gN_p. Since
N 2
)\gN’p =X 7P )\gz’p by Remark 5.3.1, it suffices to consider N = 2, when F =

e
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As in the proof of Proposition 2.6, if p > r > 2 we compute in the ring A, that
N = (g + D) IO = (A2 (o Ay
=N+ N o) T AP = 2N g

where T € A,_1[z,] is a homogeneous polynomial of total degree <p—1 in z,. By
induction on 7, the coefficient of (2 ---2,)?~1 in A=Y 5 1 for all 7. O

Lemma 5.5. If S,, = Spec(k) and ¢ = ¢1(J,—1) € CHY(S,,—1), then

dimSn_l) =1

deg(c (mod p).

Proof. Set d = dim(S,,_;) = p" — p"~'; under the map A, 2 ch(S,_;) of 5.2.1,
the degree p? — p part of A, maps to CH?(S,_1). In particular, the zero-cycle
cd = p(/\p)pz_p equals the product of the p(z;)P~' = ¢;(L¥)%? by Proposition
5.4 (the T'A§ term maps to zero for dimensional reasons). Because S,_1 =Y, is a
product of iterated projective space bundles, CHy(Y}) is the tensor product of their
CHj groups, and the degree of ¢? is the product of the degrees of the c; (]L;E)d/p,
each of which is —1 by Lemma 4.7. Tt follows that deg(c?) =1 (mod p). O

Theorem 5.6. If S,, has dimension p™ —p™ and Hy, ..., H,_, are trivial then the
zero-cycles c1(Jp_1)3™9-1 € CHy(S,_1) and c1(J,) ™5 € CHy(S,) have the
same degree modulo p:

deg(cl(Jn_l)dimS"‘l) = deg(cl(,]n)dims") (mod p).

n—2

Proof. By 5.2.1, there is a homomorphism A, L ¢h(S,_1), sending A, to ¢1(L,.)?
and z, to ¢; (]L;E)p"&. Because H,,_1 is trivial, p factors through A,.

Set N=M —n+2andy = AgN"’z, so p(y) = c1(Jn)3™5 € chg(S,). From
Proposition 5.4 we have )\gN 2 = y ]2 modulo ker(p). From Lemma 2.5, the
degree of this element equals the degree of ¥ modulo p. ([l

The p-forms. We now define the p-forms on the line bundles J,,_; and J},_; using
the tower (5.1). Suppose that the line bundles L_y = H,, and Ly = J, on S,, are
equipped with the p-forms 6_; and [y. We endow the line bundle L; in Definition
5.1 with the p-form 81 = f*(6-1)®¥,_1(0o); inductively, we endow the line bundle
L, with the p-form

67" = f*(ﬁr—2) ® ‘I’n—l(ﬁr—l)-

FEzample. When n = 2 and H; is trivial, we saw that the tower 5.1 is exactly
the tower of 2.1. In addition, the p-form 8, = ¥1(8,_1) agrees with the p-form
or = [*(pr_2) @ U, of 2.7.

Lemma 5.7. If By = a1 and B-1 = «,, then (at the generic point of Y1) the
p-form B, agrees with the form a,¥,_1 in (3.6).
Proof. By Lemma 4.4, the form agrees with the form of (3.1). |

Definition 5.8. The tower (3.9) of varieties .S; is obtained by downward induction,
starting with S,, = Spec(k) and J,, = H,,_1. Construction 5.1 yields S, _1, Jn_1
and J},_;. Inductively, we repeat construction 5.1 for ¢, starting with the output
Si+1 and J;41 of the previous step, to produce S;, J; and J/.
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By downward induction in the tower (3.9), each J; and J/ carries a p-form, which
we call v; and v/, respectively. By 5.7, these forms agree with the forms +; and ~;
of (3.7) and (3.8).

Since dim(S;/S;_1) = p'tt — p’ we have dim(S;/S,) = p™ — p'. Thus if we
combine Lemma 5.5 and Theorem 5.6, we obtain the following result.

Theorem 5.9. For each i < n, deg(cy(J;)¥™ %) = —1 (mod p).

Theorem 5.9 establishes part (6) of the Chain Lemma 0.1, that deg(cy(J;)4™51)
is relatively prime to p.

Proof of the Chain Lemma 0.1. We verify the conditions for the variety S = 5
in the tower (3.9); the line bundles J; and J/ and their p-forms are obtained by
pulling back from the bundles and forms defined in 5.8. Part (1) of Theorem 0.1
is immediate from the construction of S; part (6) is Theorem 5.9, combined with
Lemma 5.5. Part (2) was just established, and part (4) was proven in Proposition
4.5; parts (3) and (5) follow from (2) and (4). This completes the proof of the
Chain Lemma. O

6. NICE G-ACTIONS

We will extend the Chain Lemma to include an action by G = u; on S, J;, and
J! leaving 7; and ~/ invariant, such that the action is admissible in the following
sense. Here 1, is the cyclic group of p*" roots of unity.

Definition 6.1. (Rost, cf. [8, p.2]) Let G be a group acting on a k-variety X. We
say that the action is nice if Fixg(X) is 0-dimensional, and consists of k-points.

When G also acts on a line bundle L over X, the action on the geometric bundle
L is nice exactly when G acts nontrivially on L|, for every fixed point 2 € X, and
in this case Fixg (L) is the zero-section over Fixg(X).

Suppose that G acts nicely on each of several line bundles L; over X. We say
that G acts nicely on {Ly,..., L.} if for each fixed point x € X the image of
the canonical representation G — [[Aut(L;|s) = [[k(z)* is [[ G, with each G;
nontrivial.

Remark 6.1.1. If X; — S are equivariant maps and the X; are nice, then G also
acts nicely on X7 xg Xo. However, even if G acts nicely on line bundles L; it may
not act nicely on Ly X Lo, because the representation over (x1,xs) is the product
representation Lq|,, ® Lo|q,.

Example 6.2. Suppose that G acts nicely on a line bundle L over X. Then the
induced G-action on P =P(O @ L) and its canonical line bundle L is nice. Indeed,
if z € X is a fixed point then the fixed points of P|, consist of the two k-points
{[O],[L]}, and if L|, is the representation p then G acts on L at these fixed points
as p and p~!, respectively.

By 6.1.1, G also acts nicely on the products P =[[P(O® L) and Q@ = X xg P
of Definition 4.1, but it may not act nicely on L(1,...,1).

Ezxample 6.3. If a p-group G acts nicely on L, it also acts nicely on the projective
space P(A) of the Kummer algebra bundle A = A(L) of 1.4. Indeed, an elementary
calculation shows that FixgP(A) consists of the p sections [LY], 0 < i < p over
Fixg(X). In each fiber, the (vertical) tangent space at each fixed point is the
representation p@--- @ pP~ L If G = [ip, this is the reduced regular representation.
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Over any fixed point z € X, L|, is trivial, and the cyclic group of order p
acts on the bundle A|, by L? — L1 rotating the fixed points. This induces
G-isomorphisms between the tangent spaces at these points.

Ezample 6.3.1. The action of G on Y = P(O @ A) is not nice. In this case, an
elementary calculation shows that Fixg(Y) consists of the points [L] of P(A),
0 < i < p, together with the projective line P(O & O) over every fixed point x of
X. For each z, the (vertical) tangent space at [L']is 1D p& -+ & pP~ 1 if G = pp,
this is the regular representation.

When G = py, the following lemma allows us to assume that the action on L,
is induced by the standard representation p, C k>, via a projection G — pip.

Lemma 6.4. Any nontrivial 1-dimensional representation p of G = p; factors as
the composition of a projection G — p, with the standard representation of pip.

Proof. The representation p is a nonzero element of (Z/p)" = G* = Hom(uy,, Gyn),
and 7 is the Pontryagin dual of the induced map Z/p — G* sending 1 to p. O

The construction of the P, and Q. in 4.2 is natural in the given line bundles
Hy,...,H, over S’, and so is the construction of the Y;., S, and S in 5.1 and 5.8.
Since [];~; Aut(H;) acts on the H;, this group (and any subgroup) will act on the
variety S of the Chain Lemma. We will show that it acts nicely on S.

Recall from Definition 4.2 that P, and @), are defined by the construction 4.1
using the line bundle L, = H, ® K,_1 over Q,_1.

Lemma 6.5. If S' = Spec(k), then G = puj, acts nicely on L., P, and Q.
This implies that any subgroup of [];_, Aut(H;) containing s, also acts nicely.

Proof. We proceed by induction on r, the case r = 1 being 6.2, so we may assume
that ,u;’l acts nicely on Q—1. By 6.1.1, it suffices to show that G = p;, acts nicely
on P(O & L,), where L, = H, ® K,_1. Since the final component p, of G acts
trivially on K,_; and @,_; and nontrivially on H,., G = u?jl X [ip acts nicely on
L,. By Example 6.2, G acts nicely on P(O & L,.). O

The proof of Lemma 6.5 goes through in slightly greater generality.

Corollary 6.6. Suppose that G = py acts nicely on S’ and on the line bundles
{Hi,...,H,} over it. Then G acts nicely on L,, P, and Q,.

Proof. Without loss of generality, we may replace S’ by a fixed point s € S’ in
which case G acts nicely on {Hq,..., H,.} through the surjection My — . Now
we are in the situation of Lemma 6.5. (I

Ezxample 6.6.1. Since pz_l acts nicely on Y = P,_1(S’; Hy,...,H,_1) and on the
bundle K1, while y;, of G = p; acts solely on Hp, it follows that the group

pr = /‘Zil X pp acts nicely on {Hi,...,Hyp—1,H, ® L(1,...,1)} over Y.

We can now process the tower of varieties Y, defined in 5.1. For notational
convenience, we write H,,_1 for J,. The case r = 0 of the following assertion uses
the convention that Lo = H,_1 and L_; = H,.

Proposition 6.7. Suppose that G = Gy x py acts nicely on S, and (via G —
py) on {Hy,...,Hy,}. Then G acts nicely on each Y,, and on its line bundles
{Hlv RS Hn—27 Lra Lr—l}-
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Proof. The question being local, we may replace S’ by a fixed point s € S/, and
G by py,. We proceed by induction on r, the case r = 1 being Example 6.6.1,
since Ly = H, ® L(1,...,1). Inductively, suppose that G acts nicely on Y, and
on {Hi,...,Hp—2,L,,L,_1}. Thus there is a factor of G isomorphic to u, which
acts nontrivially on L, but acts trivially on {H1, ..., H,—2, L, }. Hence this factor
acts trivially on Y,11 = P,—1(Y;; Hy,...,H,—2,L,) and its line bundle L¥, and
nontrivially on L,41 = L, 1 ® L®. The assertion follows. ([l

Corollary 6.8. G = p; acts nicely on (S, J).

Proof. By Definition 5.1, S,_1 =Y, Jy—1 = L, and J,,_; = L,_1. By 6.7 with
r = p, G acts nicely on S,—1 and on {Hi,...,H,_2,Jn-1,J},_1}. By downward
induction, G = pp~" x p?, acts nicely on S; and {Hy, ..., H;_y, J;, J{} for all i <n.
The case i = 1 is the conclusion, since (S, J) = (S1, J1). O

Remark 6.8.1. If G = i acts nicely on S, Rost [8, p.2] would say that a fixed point
s € 8" is twisting for {Hy, ..., H,} if the map G — p;, C [[k(s)* = [T Aut(H;ls)
is a surjection.

7. G-FIXED POINT EQUIVALENCES

Let A = A(J) be the Kummer algebra over the variety S of the Chain Lemma
0.1, as in 1.4. The group G = py; acts nicely on S and J by 6.8, and on A and
P(A) by 6.3. In this section, we introduce two G-varieties Y and @, parametrized
by norm conditions, and show that they are G-fixed point equivalent to P(.A) and
P(A)P, respectively. This will be used in the next section to show that Y is G-fixed
point equivalent to the Weil restriction of Qg for any Kummer extension E of k.

We begin by defining fixed point equivalence and the variety Q.

Definition 7.1. Let G be an algebraic group. We say that two G-varieties X and
Y are G-fized point equivalent if FixgX and FixgY are 0-dimensional, lie in the
smooth locus of X and Y, and there is a separable extension K of k and a bijection
Fixg(Xk) — Fixg(Yk) under which the families of tangent spaces at the fixed
points are isomorphic as G-representations over K.

Definition 7.2. Recall from 1.4 that the norm A —- Og is equivariant, and
homogeneous of degree p. We define the G-variety Q over S x Al, and its fiber Q,,
over w € k, by the equation N(3) = tPw:

Q = {([8,1],w) e P(A® O) x A" : N(8) = t*w},
Qu = {[3,t] eP(AD O) : N(B) = tPw}, forw € k.

Since dim(S) = p™ — p we have dim(Q,,) = p"® — 1. If w # 0, then it is proved
in [11, §2] that @,, is geometrically irreducible and that the open subscheme where
t # 0 is smooth.

If w # 0, Q, is disjoint from the section o : S =2 P(O) — P(A @ O); over each
point of S, the point (0 : 1) is disjoint from @,,. Hence the projection P(A ® O) —
o(S) — P(A) from these points induces an equivariant morphism 7 : @, — Y =
P(A), n(8,t) = 8. This is a cover of degree p over its image, since 7(53,t) = w(8, (t)
for all ¢ € pp.

Theorem 7.3. If w # 0, G acts nicely on Q. and FizgQuw N (Qu)sing = 0.
Moreover, Q,, andY = P(A) are G-fized point equivalent over the field £ = k(D).
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Proof. Since the maps Q,, — Y — S are equivariant, 7 maps FixgQ., to FixgY,
and both lie over the finite set Fixg S of k-rational points. Since the tangent space
Ty is the product of TS and the tangent space of the fiber Y, and similarly for
Qw, it suffices to consider a G-fixed point s € S.

By 6.7 and Lemma 6.4, G acts nontrivially on L = J|, via a projection G — p,,.
By Example 6.3, G acts nicely on P(A). Thus there is no harm in assuming that
G = pp and that L is the standard 1-dimensional representation.

Let y € Y be a G-fixed point lying over s. By 6.2, the tangent space of Y| at y

is the reduced regular representation, and y is one of [1], [L], ... [LP~!].

We saw in Example 6.3.1 that a fixed point [ag : a1 : --- : ap—1 : t] of G in
P(A@ O)|; is either one of the points e; = [---0:a; : 0---: 0], which do not lie on
Qw, or a point on the projective line {[ag : 0 : ¢]}. By inspection, @, ® ¢ meets
the projective line in the f-points [¢¥/b: 0 :---:0:1], ¢ € tp. Each of these
p points is smooth on @, and the tangent space (over s) is the reduced regular
representation of G. d
Remark 7.3.1. Since m([¢¢/b:0: - :0:1]) =[1:0:---:0] for all ¢ € pp,

Fixg(Quw) — Fixg(Y) is not a scheme isomorphism over /.

Remark 7.4. For any w € k> of N, any desingularization Q' of Q,, is a smooth, ge-
ometrically irreducible splitting variety for the symbol {a1, ..., an, w} in Kflvil (k)/p.

Assuming the Bloch-Kato conjecture for n, Suslin and Joukhovitski show Q' is
a norm variety in [11, §2]. Note that the variety X,, of 3.5 is birationally a cover

of Q.

To construct Y, we fix a Kummer extension E = k(e) of k. Let B be the Og-
subbundle (A®1) ® (Os®e) of Ap = A® E and let Ng : B — Og ® E be the
map induced by the norm on Ag.

Definition 7.5. Let U be the variety P(A) x; P(B)*®~1) over S*P and let L
be the line bundle L(A) ® L(B)®¥®=1Y over U, given as the external product of
the tautological bundles. The product of the various norms defines an algebraic
morphism N : L — Og®FE.

Lemma 7.6. Let u € U be a point over (sg,S1,...,8p—1), and write A; for the
k(s;)-algebra Als,. Then the following hold.
(1) If {a} doesn’t split at any of the points so,...,Sp—1, then the norm map
N : L, — k(u) ® E is non-zero.
(2) If {a}|s, # 0 in KM(k(s0))/p, then Aq is a field.
(3) Fori>1, if {a} p(s) #0 in KM (E(s;))/p then A; @ E is a field.

Proof. The first assertion follows from part (4) of the Chain Lemma 0.1, since by
1.4 the norm on L is induced from the p-form ~; on J. Assertions (2-3) follow from
part (2) of the Chain Lemma, since {a} # 0 implies that v is nontrivial. O

Definition 7.7. Let A¥ denote the Weil restriction Resp,,A', characterized by
AE(F) = F @ E ([16]). Let Y denote the subvariety of P(L ® O) x AF consisting
of all points ([ : ¢],w) such that N(a) = tPw in E. We write Y, for the fiber over
a point w € AF. Note that dim(Y,,) = p"* — p = p dim(Q.,).

Notation 7.8. Let ([ : t],w) be a k-rational point on Y, so that w € AF(k) = E.
We may regard [« : t] € P(L ® O)(k) as being given by a point u € U(k), lying
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over a point (sg,...,8p—1) € S(k)*P, and a nonzero pair (o, t) € L, x k (up to
scalars). From the definition of L, we see that (up to scalars) « determines a p-
tuple (bo,b1 + ti€, ..., bp—1 + tp_1€), where b; € Al,, and t; € k. When a # 0,
bp # 0 and for all ¢ > 0, b; # 0 or ¢; # 0. Finally, writing A; for Als,, the norm
condition says that in E:

p—1
Nao/r(bo) Hi:l Na,or/e(bi +tic) = tPw.

If kK C F is a field extension, then an F-point of Y is described as above, replacing
k by F and E by FE ®y, F everywhere.

Remark 7.8.1. If w # 0, then « # 0, because N(«) = tPw and (a,t) # (0,0).
Lemma 7.9. IfY has a k-point with t = 0 then {a}|p = 0 in KM (E)/p.

Proof. We use the description of a k-point of Y from 7.8. If t = 0, then a # 0,
therefore by £ 0 € A and b; + tie # 0 € A; ® E. By Lemma 7.6, if {a}|g # 0
in KM(E)/p then Ay and all the algebras A; ® E are fields, so that N(a) =
Na,/i(bo) Hf;ll Na,oE/E(bi +ti€) # 0, a contradiction to tPw = 0. O

Consider the projection Y — AP onto the second factor, and write Y,, for
the (scheme-theoretic) fiber over w € AP. Combining 7.6 with 7.9 we obtain the
following consequence (in the notation of 7.8):

Corollary 7.10. If {a} # 0 in KM (E)/p and w # 0 is such that Y ,, has a k-point,
then Ag and the A; ® E are fields and w is a product of norms of an element of Ay
and elements in the subsets A; + € of A; Q E.

Remark 7.10.1. In Theorem 7.13 we will see that if w is a generic element of F
then such a k-point exists.

The group G = p;,; acts nicely on S and J by 6.8, and on A and P(A) by 6.3. It
acts trivially on A®| so G acts on B, U and Y (but not nicely; see 6.1.1).

In the notation of 7.8, if ([ : t],w) is a fixed point of the G-action on Y then
the points uy € P(A) and s; € S are fixed, and therefore are k-rational (see 6.1).
If w is defined over F, each point (b; : ¢;) is fixed in Bl,,. Since S acts nicely on J,
Example 6.3.1 shows that if ¢ = 0 then either ¢; # 0 (and b; € FF C A; ® F') or else
t;=0and 0 #b; € J\S”@FQAZ-@FiS for some r;, 0 < r; < p.

Lemma 7.11. For all w, FizgY ,, is disjoint from the locus where t = 0.

Proof. Suppose ([« : 0],w) is a fixed point defined over a field F' containing k. As
explained above, by # 0 and (for each ¢ > 0) b; + t;e # 0 and either ¢; # 0 or there
is an r; so that b; € J"i|;, ® F. Let I be the set of indices such that ¢; # 0.

By Example 6.3, by € J|2™ for some ro, and hence Ng,(b) is a unit in F,
because the p-form v is nontrivial on J|,. Likewise, if i ¢ I, then N4, gr/r(b;) is
a unit in F.

Now suppose i € I, i.e., t; # 0, and recall that in this case b; € F' CA; QF. If we
write E'F for the algebra EQ F = Fe]/(e? —e), then the norm from A; ® EF to EF
is simply the p-th power on elements in EF, so Na,gpr/pr(bi + tie) = (b; + ti€)P
as an element in the algebra FF. Taking the product, and keeping in mind ¢ = 0,
we get the equation

. . — . )P —
Hie[ NA¢®EF/EF(bz + tze) - HiEI(b’L + tze) =0.
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Because E'F is a separable F-algebra, it has no nilpotent elements. We conclude

that
Hiel(bi + tiﬁ) =0.
The left hand side of this equation is a polynomial of degree at most p — 1 in ¢;

since {1,¢,...,e?~1} is a basis of F® E over F, that polynomial must be zero. This
implies that b; = t; = 0 for some i, a contradiction. ([l

Proposition 7.12. If w € AF is generic then FizgY ., lies in the open subvariety
where tT[7_, t; # 0.

Remark 7.12.1. The open subvariety in 7.12 is G-isomorphic (by setting ¢ and
all ¢; to 1) to a closed subvariety of A(A)P, namely the fiber over w of the map
Nagp/e : A(A)P — AF defined by

p—1
N(bo,...,bp—1) = Na,/k(bo) H1 Na,op/E(bi +¢).

Indeed, A(A)P is G-isomorphic to an open subvariety of Y and Ny, ep /E is the
restriction of a — N(a).

Proof. By Lemma 7.11, FixgY,, is disjoint from the locus where t = 0, so we may
assume that ¢ = 1. Since w is generic, we may also take w # 0. So let ([ : 1], w) be
a fixed point defined over F' DO k for which ¢; = 0. As in the proof of the previous
lemma, we collect those indices 7 such that t; # 0 into a set I, and write EF for
E®y, F. Recall that for ¢ € I, we have b; € F. Since j ¢ I, we have that |I| <p—2.
For i ¢ I,
Na,oer/er(bi +ti€) = Na,gr/r(bi) € F*
(the norm cannot be 0 as tPw = w # 0 by assumption). So we get that

IL,. (5 + 1P =

for some & € F*. If we view w as a point in P(E)(F) = (EF — {0})/F*, then we
get an equation of the form

[Hiel(bi + tié)p} = [w].
But the left-hand side lies in the image of the morphism [],.; P' — P(E) which
sends [b; : t;] € PY(F) to [[](b; + tie)P] € P(E)(F). Since |I| < p — 2, this image is
a proper closed subvariety, proving the assertion for generic w. ([l

Theorem 7.13. For a generic closed point w € AP, Y, is G-fized point equivalent
to the disjoint union of (p — 1)! copies of P(A)P

Proof. Since both lie over S, it suffices to consider a G-fixed point s = (sg, ..., Sp—1)
in S(k)P and prove the assertion for the fixed points over s. Because G acts nicely
on S and J, k(s) = k and (by Lemma 6.4) G acts on Js via a projection G — p,
as the standard representation of p,. Note that J, = J,, for all ¢.

By Example 6.3, there are precisely p fixed points on P(A) lying over a given
fixed point s; € S(k), and at each of these points the (vertical) tangent space is the
reduced regular representation of u,. Thus each fixed point in P(A)P is k-rational,
the number of fixed points over s is p?, and each of their tangent spaces is the sum
of p copies of the reduced regular representation.

Since w is generic, we saw in 7.12 that all the fixed points of Y, satisfy t # 0
and t; # 0 for 1 < ¢ < p— 1. By Remark 7.12.1, they lie in the affine open



22 NORM VARIETIES AND THE CHAIN LEMMA (AFTER MARKUS ROST)

A(A)P of P(L @ O). Because p, acts nicely on Js, an F-point b = (bg, ..., bp_1) of
A(A)? is fixed if and only if each b; € F. That is, Fixg(A(A)?) = AP. Now the
norm map restricted to the fixed-point set is just the map A? — AF sending b to
bh TT7Z, (bi + €)P. This map is finite of degree p?(p — 1)!, and étale for generic w, so
Fixg(Y ) has pP(p — 1)! geometric points for generic w. This is the same number
as the fixed points in (p — 1)! copies of P(A) over s, so it suffices to check their
tangent space representations.

At each fixed point b, the tangent space of A(A)P (or Y) is the sum of p copies
of the regular representation of p,. Since this tangent space is also the sum of the
tangent space of AP (a trivial representation of GG) and the normal bundle of AP in
Y, the normal bundle must then be p copies of the reduced regular representation
of up. Since the tangent space of A? maps isomorphically onto the tangent space
of AF at w, the tangent space of Y, is the same as the normal bundle of A? in Y,
as required. O

Remark 7.13.1. The fixed points in Y, are not necessarily rational points, and we
only know that the isomorphism of the tangent spaces at the fixed points holds on
a separable extension of k. This is parallel to the situation with the fixed points in
Q. described in Theorem 7.3.

8. A 1,-VARIETY
The following result will be needed in the proof of the norm principle.

Theorem 8.1. Let S be the variety of the chain lemma for some symbol {a} €
KM(k)/p and A = @f;ol J® the sheaf of Kummer algebras over S. Then the
projective bundle P(A) has dimension d = p™ — 1 and p* { s4(P(A)).

Proof. Let 7 : P(A) — S be the projection. The statement about the dimension is
trivial. In the Grothendieck group Ko(P(A)), we have that

[Tea)] = 7" ([Ts]) + [Th(a)/s]

where Tp(4)/s is the relative tangent bundle. The class s4 is additive, and the
dimension of S is less than d, so we conclude that s4(P(A)) = sq(Tpa)/s). Now
[Tp(a)/s] = [T (A) @ O(1)pcays] — 1; applying additivity again, together with the
definition of sy and the decomposition of A and hence 7*(.A) into line bundles, we

obtain
p—1

sa(P(A)) = deg Y 1 (7T @ O(1))%.
=0
The projective bundle formula presents the Chow ring CH*(P(A)) as:
p—1

CH*(P(A)) = CH*(S)lyl/(] [ (v — i)

=0
where z = —cy(J) € CHY(S) and y = ¢1(O(1)) € CH*(P(A)). Then s4(P(A)) is
the degree of the following element of the ring CH*(P(.A)):
p-1 . p—1 i .d—i
LA =Y y—ie) = 3 il
for some integer coefficients a;. Since x € CH'(S), we have 2" = 0 for any r >
dim(S) = p" — p. It follows that s,,(P(A)) = a,_1y?~'24™(). By part (6) of the
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Chain Lemma 0.1, the degree of ™) = (—1)dim(S) ¢, (J)4m(S) i prime to p. In
addition, 7, (yP~1) = 7. (c1(O(1))P~1) = [S] € CH(S). By the projection formula
sq(P(A)) = ap_1deg z4m(S)  Thus to prove the theorem, it suffices to show that
ap—1 =p (mod p?); this algebraic calculation is achieved in Lemma 8.2 below. O

Lemma 8.2. In the ring R = Z/p?[, y]/(Hf;OI(y —ix)), the coefficient of yP~1 in
U = Y00 (y — iw)P" L is pab, with b= p™ — p.
Proof. Since u,, is homogeneous of degree p™ — 1, it suffices to determine the
coefficient of 477! in w,, in the ring
_ — 2 p—1 —_ 7)) o~ p—1 2

Rl -1 =2/ ] - =TI, 2/v*
If m =1, then vy = f:_ol (y — )P~ is a polynomial of degree p — 1 with leading
term pyP~!. Inductively, we use the fact that for all a € Z/p?, we have

PP = 0, ifpla
1, otherwise.

Thus for m > 2, if we set k = (p™~' —1)/(p — 1), then a?" ! = aP=D+k@*-p) =
aP~! € Z/p?, and therefore

p—1 ’ p—1
U = (=" T =Y (y—iP T =
i=0 i=0
holds in R/(xz — 1); the result follows. O

9. THE NORM PRINCIPLE

We now turn to the Norm Principle, which concerns the group 4o(X, K1) asso-
ciated to a variety X. In the literature, this group is also known as H_; _1(X) and
H¥(X,K411), where d = dim(X). We recall the definition from 0.2.

Definition 9.1. If X is a regular scheme then Ag(X,K;) is the cokernel of the

61‘1 . . .
map &, Ko (k(y)) (Oew) @, k(z)*. In this expression, the first sum is taken over all

points y € X of dimension 1, and the second sum is over all closed points =z € X.
The map 0y @ Ko(k(y)) — k(z)* is the tame symbol associated to the discrete
valuation on k(y) associated to x; if « is not a specialization of y then 0, = 0. If
x € X is closed and « € k(x)* we write [z, «] for the image of « in Ay(X, K1).

The group Ag(X,K;) is covariant for proper morphisms X — Y, and clearly
Ao(Speck, K1) = k* for every field k. Thus if X — Spec(k) is proper then there
is a morphism N : Ay(X,K;) — k*, whose restriction to the group of units of a
closed point x is the norm map k(x)* — k*. That is, N[z, a] = Ny(y)/k(@).

Definition 9.2. When X is smooth and proper over k, we write Ay(X, K1) for the
quotient of Ag(X, K1) by the relation that [x1, N, /5, ()] = [22, Ny /s, ()] for every
closed point z = (21, 22) of X X X and every « € k(z)*.

It is proven in [11, 1.5-1.7] that if X has a k-rational point then Ay (X, K;) = k*;
if X(k) = ), then both the kernel and cokernel of N : Ag(X,K;) — k* have
exponent n, where n is the ged of the degrees [k(x) : k] for closed x € X. In
addition, if x,2’ are two points of X then for any field map k(2’) — k(z) over k
and any a € k(z)* we have [z,a] = [2/, N, /] in Ag(X, K1).
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To illustrate the advantage of passing to Ag, consider a cyclic field extension
E/k. Then Ay(Spec E, K1) = E* and by Hilbert 90, there is an exact sequence

0 — Ay(Spec B, K1) — k* — Br(K/k) — 0.

We now suppose that k is a p-special field, so that the kernel and cokernel of N :
Ao(X, K1) — kX are p-groups, and that X is a norm variety (a p-generic splitting
variety of dimension p™ — 1). The Norm Principle is concerned with reducing the
degrees of the field extensions k(x) used to represent elements of Ag(X,K;). For
this, the following definition is useful.

Definition 9.3. Let Ay (k) denote the subset of elements 6 of Ag(X, K1) represented

by [z, a] where k(z) = k or [k(x) : k] = p. If E/k is a field extension, Ay(F) denotes
the corresponding subset of Ag(Xg, K1).

Lemma 9.4. If k is p-special and X is a norm variety, then Zo(k) s a subgroup
Of Ao()(7 K:l)

Proof. By the Multiplication Principle [11, 5.7], which depends upon the Chain
Lemma 0.1, we know that for each [, a], [2/, /] in Ag(k), there is a [z, a"'] € Ag(k)
so that [z, o]+[2/, o'] = [z, a"] in Ay(X, K;). Hence Ay (k) is closed under addition.
It is nonempty because E = k[¢/a1] splits the symbol and therefore X (E) # (. It

is a subgroup because [z, a] + [z,a71] = [x,1] = 0. O

Lemma 9.5 ([11, 1.24]). If k is p-special and X is a norm variety, the restriction
of Ap(X, K1) N Ao (k) is an injection.

Proof. Let [z, ] represent 6 € Ag(k). If N(§) = Ni(z)/k(a) = 1 then a = o(3) /8.
for some 8 by Hilbert’s Theorem 90. But [z,0(3)] = [z,4] in Ag(k); see [11,
1.5). O

gxample 9.5.1. If X has a k-point z, then the norm map N of 0.2 is an isomorphism
Ag(k) =2 Ag(X, K1) = k*, split by a — [z, a]. Indeed, for every closed point z of
X we have [z,a] = [z, Ny k0] in Ag(X, K1), by [11, 1.5].

Our goal in the next section is to prove the following theorem. Let E/k be a field
extension with [E : k] = p. Since k has pth roots of unity, we can write E = k(e)
with e? € k.

Theorem 9.6. Suppose that k is p-special, {a} g # 0 and that X is a norm variety
for {a}. For [z,a] € Ao(E), there exist points x; € X of degree p over k, t; € k
and b; € k(x;) such that Ng.y/g(a) = [ Ng(,)/8(bi + tie€).

The proof of Theorem 9.6 uses Theorem 10.4, which in turn depends upon the
cobordism results in the appendix. Theorem 9.6 is the key ingredient in the proof of
Theorem 9.7, and we will see that the Norm Principle follows easily from Theorem
9.7.

Theorem 9.7. If k is p-special and [E : k] = p then Ag(Xg, K1) gt Ap(X, K1)

sends Ag(E) to Ag(k).
Proof. If {a}r = 0 then the generic splitting variety X has an F-point x, and

Theorem 9.7 is immediate from Example 9.5.1. Indeed, in this case Xp has an E-
point 2’ over z, every element of Ag(E) = E* has the form [2/, o], and Ng i [2', o] =
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[, a]. Hence we may assume that {a} g # 0. This has the advantage that E(x;) =
E ®y k(x;) is a field for every x; € X.

Choose 6 = [z,a] € Ag(E) and let x; € X, t; and b; be the data given by
Theorem 9.6. Each z; lifts to an E(x;)-point z; ® F of Xg so we may consider the
element

0 =0 [0 E,b; + tie] € Ay(Xp,K1).
By 9.4 over E, 6’ belongs to the subgroup ZO(E). By Theorem 9.6, its norm is
N(©') = NE(z)/E(O‘)/HNE(m)/E(bi +tie) = 1.

By Lemma 9.57 0’= 0. Hence NE/k(Q) = E [a:i, NE(wi)/k(wi)(bi + tie)] in ZO(X, /Cl).

Since Ag(k) is a group by 9.4, this is an element of Ag(k). O

Corollary 9.8 (Theorem 0.7(3)). If k is p-special then Ag(k) = Ao(X,K1), and
N : Ag(X, K1) — kX is an injection.

Proof. We may suppose that X (k) = (. For every closed z € X there is an
intermediate subfield E with [k(z) : E] = p and a k(z)-point 2z’ in Xp over z.
Since [/, 0] € Ag(E), Theorem 9.7 implies that [z, ] = N[2/,a] is in Ag(k). This
proves the first assertion. The second follows from this and Lemma 9.5. O

The Norm Principle of the Introduction follows from Theorem 9.7.

Proof of the Norm Principle (Theorem 0.3). We consider a generator [z, o]
of Ap(X,K1). Since [k(z) : k] = p” for v > 0, there is a subfield E of k(z) with
[k(2) : E] = p, and z lifts to a k(z)-point 2’ of Xp. By construction, [2/,a] € Ay(E)
and Ao(Xp, K1) — Ao(X, K1) sends [2/, ] to [z,a]. By Theorem 9.7, [z, ¢] is in
Ay (k), i.e., is represented by an element [z, o] with [k(z) : k] = p. O

10. EXPRESSING NORMS

Recall that E = k(e) is a fixed Kummer extension of a p-special field k, and X
is a norm variety over k for the symbol {a}. The purpose of this section is to prove
Theorem 9.6, that if an element w € E is a norm for a Kummer point of Xg then
w is a product of norms of the form specified in Theorem 9.6.

Recall from 7.2 that Q C P(A @ O) x A} is the variety of all points ([3,t],w)
such that N(8) = tPw, and let ¢ : Q@ — A} be the projection. Extending the base
field to E and applying the Weil restriction functor, we obtain a morphism

Rq = Resg(qr) : RQ = Resp/i(Qr) — A”.

Moreover, choose once and for all a resolution of singularities Q — Q, which is an
isomorphism where ¢ # 0. This is possible since @ is smooth where ¢ # 0, see 7.2.

Remark 10.1. Since k is p-special, so is E. As stated in Lemma 9.5, the norm map
Ao(E) — E* is injective; we identify Ag(FE) with its image. Thus [z,a] € Ao(E)
is identified with Ng(.) g(a) € E*. By [11, Theorem 5.5, there is a point s € S
such that E(z) = As; ® E; Under the correspondence E(z) = A(A),(E), we identify
a with a point of A(A)(E), lying over s € S. Then Ng(.y/g(a) = Rq([a, 1], N(c)).
In other words, Ag(E) C E* is equal to ¢(Q(E)) — {0}.
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To prove Theorem 9.6 it therefore suffices to show that Y, (k) is non-empty when
w = Rq([3,1],w). To do this, we will produce a correspondence Z — Y x 4» RQ that
is dominant and of degree prime to p over RQ. We construct the correspondence
Z using the Multiplication Principle of [11, 5.7] in the following form.

Lemma 10.2 (Multiplication Principle). Let k be a p-special field. Then the set
of values of the map N : A(A)(k) — k is a multiplicative subset of k*.

Proof. Given Remark 10.1, this is a consequence of Lemma 9.4. O

Lemma 10.3. Let F = k(Y) be the function field. Then there exists a finite
extension L/ F, of degree prime to p, and a point £ € RQ(L) lying over the generic
point of AP,

Proof. Let F’ be the maximal prime-to-p extension of F'; then the field FF' =
E ®;, F' is p-special. We may regard the generic point of Y as an element in Y (F).
Applying the inclusion F' C F’ to this element, followed by the projection Y — AF,
we obtain an element w of AP (F’) = EF’'. By 7.8, w is a product of norms from
A(A)(EF’). By the Multiplication Principle 10.2, there exists § € A(A)(EF") such
that N(8) = w. Now let & be the point ([5,1],w) € RQ(F’). Then Rq(§) = w and
¢ is defined over some finite intermediate extension F C L C F’, with [L : F] prime
to p. U

Write 1, for the point of Y (L) defined by the inclusion F' C L. We can now define
vylzs RQ to be a (smooth, projective) model of (n1,&) € (Y x4e RQ)(L).

Theorem 10.4. The morphism g : Z — RQ is proper and dominant (hence onto)
and of degree prime to p.

Proof. Let w € AF be the generic point, k(w) the function field and F(w) = F ®
k(w). As degree is a generic notion and invariant under extension of the base field,
we may replace Y «— Z — R(Q) by its basechange along the morphism

Spec(E(w)) — Spec(k(w)) — A",

to obtain morphisms f : Zg,) — ?E(w) and g : Zg) — RQEw). Using the
normal basis theorem, we can write E(w) = E(ws,...,w,) for transcendentals w;
that are permuted under the action of the cyclic group Gal(E/k).

We will apply the DN Theorem A.1 with base field &’ = F(w). In the notation of

Theorem A.1, we let r = p; we write Y for some desingularization of VE(“,); we let
X be RQE(W), and we let W be a model for Zg(,,) mapping to ¥ and X. Finally,
we let u; = {a1,...,an,w;} € KM (K)/p.

Observe that our base field contains E, so RQE(W) = ResE/k(QE) X ae E(w)
splits as a product RQE(“,) = Hle Qwi, where Q,,, is the fiber of Q@ — A! over the
point w; € A'(E(w)) = E(w). Therefore we have X = [['_, X; where X; is Q,,,
the resolution of singularities of @,,,. By Remark 7.4, X; is a smooth, geometrically
irreducible splitting variety for the symbol u; of dimension p™ — 1. Thus, hypothesis
(1) of the DN Theorem A.1 is satisfied.

By Theorem A.10, tq1(X;) = tq4,1(P(A)); by Lemma A.6, we conclude that
54(X;) = vsa(P(A)) (mod p?) for some unit v € Z/p. Since s4(P(A)) # 0 by
Theorem 8.1, we conclude that hypothesis (3) of the DN Theorem A.1 is satisfied.

Furthermore, K = k/(X; x -+ x X;_1) is contained in a rational function field
over I; in fact, the field E(w;)(Q.,;) becomes a rational function field once we
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adjoin ¢/. Since E does not split {a}, K does not split {a} either. It follows that
K does not split u; = {a} U {w;}, verifying hypothesis (2) of Theorem A.1.

We have now checked the hypotheses (1-3) of Theorem A.1. It remains to check
that X and Y are G-fixed point equivalent up to a prime-to-p factor. In fact, we
proved in Theorem 7.13 that YE(w) is G-fixed point equivalent to (p — 1)! copies
of P(A)?, hence so is Y (since the fixed points lie in the smooth locus), and in
Theorem 7.3 that X; is G-fixed point equivalent to P(A). That is, Y is G-fixed
point equivalent to (p—1)! copies of X. Therefore the DN Theorem applies to show
that g is dominant and of degree prime to p, as asserted. (I

Proof of Theorem 9.6. We have proved that there is a diagram Y Lz RQ such
that the degree of g is prime to p. By blowing up if necessary we may assume that
g: Z — RQ factors through § : Z — RQ, with deg(§) prime to p.

Let [z,a] € Ag(E), and set w = Np(;)/e(a). By Remark 10.1, there exists
a point ([8,1],w) € RQ(k). Lift this to a point in RQ(k) (recall that RQ —
RQ is an isomorphism where ¢ # 0). Since Z — RQ is a morphism of smooth
projective varieties of degree prime to p and k is p-special, we can lift ([5,1], w)
to a k-point of Z, and then apply f : Z — Y to get a k-point in Y,,. By the
definition of Y and Corollary 7.10, this means that we can find Kummer extensions
k(x;)/k (corresponding to points s; € S, and determining points z; € X because
X is a p-generic splitting variety), elements b; € k(z;) and t; € k such that w =
[I; Ne,) e(bi + ti€), as asserted. ]
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A. AprpPENDIX: THE DN THEOREM

In this appendix, we give a proof of the following Degree Theorem, which is
used in the proof of Theorem 9.7, which is the key step in establishing the Norm
Principle. Throughout, k£ will be a fixed field of characteristic 0, p will be a prime,
n > 1 will be an integer and we fix d = p™ — 1.

Recall from Definition 7.1 that if X and Y are G-fixed point equivalent then
dim(X) = dim(Y), the fixed points are O-dimensional and their tangent space
representations are isomorphic (over k).

Theorem A.1 (DN Theorem). Forr > 1, let uy,...,u, be symbols in K2, (k)/p
and let X = [[] X;, where the X; are irreducible smooth projective G-varieties of
dimension d = p™ — 1 such that:

(1) k(X;) splits u;;

(2) w; is non-zero over k(Xy X --- x X;_1); and

(3) p* 1 sa(Xi)
Let Y be a smooth irreducible projective G-variety which is G-fixed point equivalent
to the disjoint union of m copies of X, where p{ m. Let F be a finite extension
of k(Y') of degree prime to p, and Spec(F) — X a point, with model f : W — X.
Then f is dominant and of degree prime to p.

Spec(F) ——=W

) i l \i(dominant)
finite g

Spec(k(Y)) ——Y X
The proof will use two ingredients: the degree formulas A.2 and A.5 below, due to
Levine and Morel; and a standard localization result A.10 in (complex) cobordism
theory. The former concern the algebraic cobordism ring Q.(k), and the latter
concern the complex bordism ring MU,. These are related via the Lazard ring L,;
combining Quillen’s theorem [1, I1.8] and the Morel-Levine theorem [3, 4.3.7], we
have graded ring isomorphisms:

Q. (k) = L, = MU,,.

Here is the Levine-Morel generalized degree formula for an irreducible projective
variety X, taken from [3, Theorem 4.4.15]. It concerns the ideal M(X) of Q. (k)
generated by the classes [Z] of smooth projective varieties Z such that there is a
k-morphism Z — X, and dim(Z) < dim(X).

Theorem A.2 (Generalized Degree Formula). Let f:Y — X be a morphism of

smooth projective k-varieties. If dim(X) = dim(Y") then [Y] — deg(f)[X] € M(X).
Trivially, if [Z] € M(X) then M(Z) C M(X). We also have:

Lemma A.3. Let X be a smooth projective k-variety. If Z and Z' are birationally

equivalent, then [Z] € M(X) holds if and only if [Z'] € M(X).

Proof. By [3, 4.4.17], the class of Z modulo M(Z) is a birational invariant. Thus

[Z'] — [Z] € M(Z). Because M(Z) C M(X), the result follows. O

We shall also need the Levine-Morel “higher degree formula” A.5, which is taken
from [3, Theorem 4.4.24], and concerns the mod p characteristic numbers ¢4, (X)
of Definition A.4, where p is prime, n > 1 and d = p™ — 1.
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Choose a graded ring homomorphism ¢ : L, — Fp[v,] corresponding to some
height n formal group law, where v,, has degree d; many such group laws exist, and
the class ¢4, will depend on this choice, but only up to a unit. (See [3, 4.4].)

Definition A.4. For r > 0, the homomorphism ¢4, : Qqq(k) = L,.q — F,, sends
x to the coeflicient of v} in ¥(x). If X is a smooth projective variety over k, of
dimension rd, then X determines a class [X] in Q,4(k), and t4,(X) is tq([X]).

Theorem A.5 (Higher Degree Formula). Let f: W — X be a morphism of smooth
projective varieties of dimension rd and suppose that X admits a sequence of sur-
jective morphisms

X=x0" 5 x0rD ... xO = Spec(k)
such that
(1) dim(X®) =id.
(2) Ifn is a zero-cycle on XD x xa—nk(XU™V), then p divides the degree of 7).
Then tq,(W) = deg(f)ta,(X).

Here are some properties of this characteristic number that we shall need. Recall
that if dim(X) = d then p divides s4(X), so that sq(X)/p is an integer.

Lemma A.6. Let X/k be a smooth projective variety, and k C C an embedding.
(1) Forr =1, there is a unit u € F), such that tq1(X) = usq(X)/p.
(2) If X =1[_; X; and dim(X;) = d for all i, then ty,(X) = [[;_, ta1(X:).
(3) tar(X) depends only on the class of (X xj C)*™ in the complex cobordism
ring.

Proof. Part (1) is [3, Proposition 4.4.22]. Part (2) is immediate from the definition
of ty, and the graded multiplicative structure on Q.(k). Finally, part (3) is a
consequence of the fact that the natural homomorphism Q.(k) — MU, is an
isomorphism (since both rings are isomorphic to the Lazard ring). O

Remark A.6.1. The class called sq in this article is the Sy in [3]; the class called
$4(X) in [3] is our class s4(X)/p.

The next lemma is a variant of Theorem A.5. It uses the same hypotheses.
Lemma A.7. Let X be as in Theorem A.5. Then (M (X)) = 0.

Proof. Consider Z with [Z] € M(X). If d does not divide dim(Z), then ¢([Z]) =0
for degree reasons. If dim(Z) = 0, then the image of Z is a closed point of X; since
the degree of such a closed point is divisible by p, we have ¢([Z]) = 0. Hence we
may assume that dim(Z) = sd for some 0 < s < r. The cases r = 1 and s = 0 are
immediate, so we proceed by induction on r and s.

Let f : Z — X be a k-morphism with dim(Z) = sd, and let f, : Z — X()
be the obvious composition. As dim(Z) = dim(X(®)), the generalized degree for-
mula A.2 applies to show that [Z] — deg(f)([X)]) € M(X(®)). By induction on
r, P(M(X®)) = 0, so ¥([Z]) = deg(fs)¥([X®)]). We claim that deg(fs) = 0
(mod p), which yields ¥([Z]) = 0, as desired.

If fs is not dominant, then deg(fs) = 0 by definition. On the other hand, if f;
is dominant, then the generic point of Z maps to a closed point 7 of X+ x ()
k(X (%)), By condition (2) of Theorem A.5, p divides deg(n) = deg(fs). O



30 NORM VARIETIES AND THE CHAIN LEMMA (AFTER MARKUS ROST)

We will need to show that (M (Y)) = 0 for the Y appearing in Theorem A.1.
This is accomplished in the next lemma.

Lemma A.8. Suppose X, Y and W are smooth projective varieties of dimension
rd over 'k, and f: W — X and g : W — Y are morphisms. Suppose further that
PY(M(X)) =0 and that p does not divide deg(g). Then (M (Y)) = 0.

Proof. Suppose [Z] € M(Y). As g : W — Y is a proper morphism of smooth
varieties, of degree prime to p, we can lift the generic point Spec(k(Z)) — Y to a
point ¢ : Spec(F) — W for some field extension F/k(Z) of degree e prime to p. Let
Z be a smooth projective model of F possessing a morphism to Z and a morphism
to X extending the k-morphism f o q : Spec(F) — X. Hence [Z] € M(X). By
the degree formula for the map Z — Z, e[Z] — [Z] € M(Z). If dim(Z) = 0, then
M(Z) = (0). In general, M(Z) is generated by the classes of varieties of dimension
less than dim(Z) that map to Z (hence a fortiori also map to Y) over k. By
induction on the dimension of Z, we may assume that ¢(M(Z)) = 0. Moreover,
¥([Z]) = 0 by assumption; since p does not divide e, we conclude that 1([Z]) = 0
as asserted. O

Finally, we will use the following standard bordism localization result.

Lemma A.9. Suppose that the abelian p-group G = py; acts without fized points on
an compact complex analytic manifold M, by holomorphic maps. Then ¢([M]) =0
in IFp.

Proof. By [12], [M] is in the ideal of MU, generated by {p, [Mi]...,[My_1]}, where
dime (M;) = p* — 1. Since p is the only generator of this ideal whose dimension is
a multiple of d = p™ — 1, ¢ is zero on every generator and hence on the ideal. [

Theorem A.10. Let G be p, and let X and Y be compact complex G-manifolds
which are G-fized point equivalent. Then ¥ ([X]) = ¥([Y]).

Proof. Remove equivariantly isomorphic small balls about the fixed points of X
and Y, and let M = X U—Y denote the result of joining the rest of X and Y, with
the opposite orientation on Y. Then X and Y determine canonical weakly complex
structures on punctured neighborhoods of the fixed points. As these structures are
completely determined by the normal bundles at the fixed points (see [2, 3.1]), they
glue to give M a canonical weakly complex structure. Moreover, G acts on M with
no fixed points, and [X] — [Y] = [M] in MU.. By Lemma A.9, ¥ ([X]) — ¢([Y]) =
([M]) = 0. 0

We can now prove Theorem A.l. Note that the inclusion k(Y) C F induces a
dominant rational map W — Y; we may replace W by a blowup to eliminate the
points of indeterminacy and obtain a morphism g : W — Y, whose degree is prime
to p, without affecting the statement of Theorem A.1.

Proof of the DN Theorem A.1. We will apply Theorem A.5 to X and the X®) =
H§:1 X;. We must first check that the hypotheses are satisfied. The first condition
is obvious. For the second condition, it is convenient to fix ¢ and set F' = k(X3 x
ox Xy1), X' = X® x -1y F. By hypotheses (1-2) of Theorem A.1, the symbol
uy is nonzero over F' but splits over the generic point of X’; by specialization, it
splits over all closed points. A transfer argument implies that the degree of any
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closed point 7 of X’ is divisible by p; this is the second condition. Hence Theorem
A5 applies and we have ¢4, (W) = deg(f) ta,(X).

By Lemmas A.8 and A.7, we have that ¢(M(Y)) = 0; by the generalized de-
gree formula A.2, we conclude that ¢([W]) = deg(g) ¥([Y]), so that tq4,.(W) =
deg(g) tar(Y) # 0. Hence

deg(f) ta,r(X) = deg(g) tar(Y).

By Theorem A.10 and Lemma A.6(3), mtq,(X) = tq,(Y). Condition (3) of
Theorem A.1 and Lemma A.6 imply that t41(X;) # 0 for all ¢ and hence that
tar(X) # 0. It follows that mdeg(g) = deg(f) # 0 modulo p, as required. O
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