SLICES OF CO-OPERATIONS FOR KGL

PABLO PELAEZ AND CHARLES WEIBEL

ABSTRACT. We verify a conjecture of Voevodsky, concerning the slices of co-
operations in motivic K-theory.

INTRODUCTION

Fix a finite-dimensional Noetherian separated base scheme S, and consider the
motivic stable homotopy category SH(S) as defined in [19]. We write KGL for
the motivic spectrum representing homotopy invariant K-theory in SH(S). In
this paper, we study Voevodsky’s conjecture on slices of co-operations for KGL
(Conjecture 8 in [20]), which describes the motivic slices of the motivic spectra
KGLA---NKGL. We verify the conjecture when S is smooth over a perfect field
(see Theorem 0.1 below).

To describe the conjecture, recall that for any motivic spectrum F, Voevodsky
introduced a natural “slice” tower --- — f, 41/ — fq& — --- of motivic spec-
tra, and defined triangulated “slice” functors s, fitting into cofibration sequences
fer1E — foE — sq¢E. Roughly, {f;E} is the analogue of the Postnikov tower in
topology; s, is the analogue of the functor X — K (7, X, q).

If F is a topological ring spectrum, the ring E.E = m.(F A E) is called the ring
of co-operations for E; the name comes from [3], where m.(KU A KU) is worked
out (see Section 1 below). The title of this paper comes from viewing the motivic
spectrum KGL A KGL as giving rise to co-operations for K-theory. The easy part
of Voevodsky’s Conjecture 8 says that there is an isomorphism

s(KGLNKGL) = (TN HZ) ® maqg(KU AN KU).

Here HZ is the motivic Eilenberg-Mac Lane spectrum in SH(S), T is the motivic
space represented by the pointed projective line, and the tensor product of a spec-
trum with an abelian group has its usual meaning (see 0.5).

Since a ring spectrum FE is a monoid object in spectra, co-operations fit into
a cosimplicial spectrum N°*E = E”*t!. This is a general construction: in any
category with product A, a monoid F determines a triple TX = X A F and an
augmented cosimplicial object n — X A E""T1 for any object X; the cofaces are
given by the unit 1 — F and the codegeneracies are given by the product EA E —
E; see [22, 8.6.4]. We write N*E when X =1, so N"E = E/\"HL

Voevodsky’s Conjecture 8 (Slices of co-operations for KGL). As cosimplicial
motivic spectra, the ¢t" slice satisfies

$¢N*(KGL) = (T A HZ) ® 73y N*(KU).
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One reformulation of this conjecture is to take the direct sum over ¢ and use
the fact that s.E = @sq(E) is a graded motivic ring spectrum (see [10, 3.6.13]).
It is convenient to adopt the notation that £ ® A, denotes @,(T9 A E) ® A, for a
motivic spectrum F and a graded ring A,. In this notation, we prove:

Theorem 0.1. Assume that S is smooth over a perfect field. Then there is an
isomorphism of cosimplicial ring spectra

s, N*(KGL) = HZ ® 13, N*(KU).

Remark 0.1.1. If S is over a field of characteristic 0, it seems likely that Theorem
0.1 would follow from the work of Spitzweck [16] on Landweber exact spectra. Such
an approach would depend heavily on the Hopkins-Morel-Hoyois theorem [7].

Conjecture 8 is intertwined with Voevodsky’s conjectures 1, 7 and 10 in [20],
that HZ + 1 — KGL induces isomorphisms

HZ = so(HZ) +— so(1) — so(KGL),

and thus that Homsy(s)(s0(1), so(1)) = H(S,Z). These are known to hold when
the base S is smooth over a perfect field, or singular over a field of characteristic 0,
by the work of Voevodsky and Levine (see [9, 10.5.1] and [9, 11.3.6]).

Here is our main result, which evidently implies Theorem 0.1.

Theorem 0.2. Let S be a finite-dimensional separated Noetherian scheme. Then
(a) there are isomorphisms for all n > 0:

so(KGL) ® mor (KUY =5 5, (KGL™).

These isomorphisms commute with all of the coface and codegeneracy operators ex-
ept possibly ° and o°.

(b) Assume in addition that so(1) — so(KGL) is an isomorphism in SH(S), and
that Homgy(s)(s0(1),50(1)) is torsionfree. Then the maps in (a) are the compo-
nents of an isomorphism of graded cosimplicial motivic ring spectra:

50(KGL) ® 13, N*(KU) — s, N*(KGL).

The case n = 0 of Theorem 0.2(a), that so(KGL) ® 2. KU = s, KGL, is im-
mediate from the periodicity isomorphism T'A KGL = KGL defining the motivic
spectrum KGL and the formula 7o, KU = Z[u,u~!]. The need to pass to slices is
clear at this stage, because ma, n KGL = K,,(S) for S smooth over a perfect field.

The left side of Theorem 0.2 is algebraic in nature, involving only the cosimplicial
ring 7o, (KUY and H = KUo(KU). In fact, mo.(KU""*1) is the cobar con-
struction Cp(R, R) &2 KU, ® H®" for the Hopf algebroid (R,T") = (KU, KU, KU).
We devote the first four sections to an analysis of this algebra, focussing on the rings
F = KUy(CP*>) and H. Much of this material is well known, and due to Frank
Adams.

If E is an oriented motivic spectrum, the projective bundle theorem says that
EAP>® = E® F and hence that E AP®"" = E @ F®". Using this, we establish a
toy version of Theorem 0.2 in Propositions 5.8 and 6.4 that, as cosimplicial spectra,
KGL APt is KGL ® F®**! (the cobar construction on F) and

(0.3) s (KGLAP®" =5 (KGL) ® F®**! =~ 54(KGL) @ KU, (CP®"").
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Using a theorem of Snaith ([5] and [17]), we use the toy model to show that
KGLANKGL = KGL ® H and more generally (in 7.5) that

(0.4) KGL™"? = KGL® H®*™!

as cosimplicial spectra. Taking slices in (0.4) gives the isomorphisms in Theorem
0.2(a), and (with a little decoding) also proves compatibility with every coface and
codegeneracy map except for 3% and ¢°. This proves Theorem 0.2(a).

Compatibility with the coface maps 9° is established in Proposition 8.5, using the
extra hypothesis that so(1) = so(KGL), and compatibility with the codegeneracy
map o0 is established in Lemma 8.7, using the torsionfree hypothesis. This proves
Theorem 0.2(b).

The paper is organized as follows. In Sections 1 and 2 we introduce the binomial
rings F' and H. As noted in Remark 1.6, KU,(CP*) = KU, ® F and KU,(KU) =
KU,®H. In Section 3 we quickly review Hopf algebroids and the algebroid structure
on (KU,, KU.KU). In Section 4, we recall how 7, N*KU is the cobar complex for
this algebroid, by showing that KU A P*"**! is KU @ C*(F, F), where C*(F, F)
is the cobar complex of the Hopf algebra F. Most of this material is due (at least
in spirit) to Adams.

In Section 5 we show that KGLAP>"*"! is KGL® C*(F, F), by mimicking the
development of Section 4. In Section 6 we show that the slice functors commute
with direct sums, and deduce (0.3). Section 7 establishes (0.4), and Theorem 0.2 is
established in Section 8.

Notation 0.5. For any graded abelian group A and motivic spectrum E, we can
form a motivic spectrum E ® A, as follows. If A is free with a basis of elements
a; in degrees d;, then F ® A is the wedge of the E A T%, and we may regard a;
as a map from EAT% to E® A. For general A, choose a free graded resolution
0— P, — Py — A — 0 and define £ ® A to be the cofiber of £ ® P, -+ E ® Pp;
Shanuel’s Lemma implies that this is independent of the choice of resolution, up
to isomorphism. The choice of a lift of a homomorphism A — B is unique up to
chain homotopy, so it yields a map £ ® A — E ® B unique up to homotopy. Given
homomorphisms A — B — (), this yields a homotopy between the composition
E®A—-FE®B—E®Cand E® A — E®C. That is, this construction gives a
lax functor from abelian groups to strict motivic spectra over E, and a functor to
motivic spectra over F.

There is a natural associative map (1® A) A (1® B) > 1® A® B, at least if A
and B have no summands Z/2, Z/3 or Z/4 [23, IV.2.8]; it is an isomorphism if A
and B are free abelian groups. Thus if F is a ring spectrum and A is a ring, the
composition (F® A) A (E® A) - E® A makes F ® A into a ring spectrum.
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1. UNIVERSAL BINOMIAL RINGS

Recall that a binomial ring is a subring R of a Q-algebra which is closed under
the operations r — (7). It is a A-ring with operations A"(r) = (7).

For example, consider the subring F' of Q[t] consisting of numerical polynomials
— polynomials f(t) with f(n) € Z for all integers n > 0. It is well known that F
is free as an abelian group, and that the «,, = ( ) form a basis. It is not hard to

t
n
verify the formula that

() =) eenf, )

The general ring structure of F' is determined by the combinatorial identity:

k
1.1 ixay = .
(1.1) airo;= 3 <k—i7k—j7i+j—k:>ak

k<it+j

Here (a)];c) denotes k!/alblel. (To derive (1.1), note that the left side counts pairs
of subsets of a set with ¢ elements. If the union of an i-element set and a j-element
set has k elements, the sets intersect in ¢ + j — k elements.)

The universal polynomials for A" (A\"(r)) show that the numerical polynomials
form a binomial ring. In fact, F' is the free binomial ring on one generator t: if R
is binomial and r € R the canonical extension of the universal ring map Z[t] - R

to F = R ® Q factors uniquely through a map F — R.

Definition 1.2. Let H denote the localization F[1/t] of the ring of numerical
polynomials; it is a subring of Q[¢, 1/¢].

Here is a useful criterion for membership in H.

Lemma 1.3. H = F[1/t] is the ring of all f(t) € Q[t, 1/t] such that for any positive
integer a we have f(a) € Z[1/a].

Proof. (Cf.[3, 5.3]) Multiplying f by a suitable power of ¢, we may assume that
f(t) € t*QJt], where v is the highest exponent of any prime occurring in the denom-
inators of the coeflicients of f. It suffices to show that f is a numerical polynomial.
Fix a > 0 and let p be a prime. If p|a then p does not appear in the denominator
by construction; if p t a then p does not appear in the denominator of f(a) by
hypothesis. Hence f(a) € Z, as desired. g

Recall that Q[t,1/t] is a Hopf algebra with A(¢) = t1t3. The usual proof [6,
1.7.3] that the functions (:L) form a basis of the ring F' of numerical polynomials
f(t) is easily modified to show that the functions (ffl) (trf) form a Z-basis of the ring
of numerical polynomials f(t1,t2) in Q[t1, t2]. Identifying Qlt1, t2] with Q[¢] ® Q[¢],
we obtain a canonical isomorphism between the subring F' ® F of Q[t] ® Q[t] and
the ring of numerical polynomials in Q[t1, t2].

Theorem 1.4. (a) H is a Hopf subalgebra of Q[t,1/t].
(b) H is a binomial ring; it is the free binomial ring on a unit.

Proof. For (a), it suffices to show that A : Q[t] — Qlt1, 2] sends F[1/t] C Q[1/t]
into the subring F[1/t] ® F[1/t]. But A sends ({) to f(ti,t2) = ("!?), which is
a numerical polynomial and hence belongs to F' ® F. Thus A sends t‘k(fl) to a
Z-linear combination of the functions (t1t2) % (") ("), which is in H ® H.
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For (b), fix f(t)/t™ in F[1/t], and set gi(t) = A\*(f/t™). For each nonzero a € Z,
Z[1/a] is a binomial ring, so gx(a) = A*(f(a)/a™) is in Z[1/a). O

Theorem 1.5. As an abelian group, H is free.

Proof. For m < n, let F(m,n) denote the intersection of H with the Q-span of
t™, ...,t" in Q[¢t, 1/t]. Then the proof of [2, 2.2] goes through to prove that F(m,n) =
R'*n=m and that H is free abelian, given the following remark: For each k,m,n,
(I:f) is a numerical polynomial, so (kt)_m(lff) is certainly in F[1/t][1/k]. O

Remark 1.6. The ring KU, ® F is KU,(CP>), and KU, ® H is isomorphic to the
ring KUy(KU). These observations follow from [1, IL.3] and [3, 2.3, 4.1, 5.3].
A Z-basis of KU,(KU) was given in [8, Cor. 13].

Since we will be interested in the algebras R ® F[1/t] over different base rings
R, we now give a slightly different presentation of Fr = R ® F and Fgr[1/t]. As
an R-module, Fg is free with countable basis {«ag,a1,...}, and we are given an
R-module map T : Fr — Fr (multiplication by t), defined by

(1.7) T(an) =na, + (n+ Dagg1.
Note that T'(ap) = a1. The localization Fg[1/t] is the colimit of the system

(1.8) )3 NG AN SN

To describe it, we introduce the bookkeeping index ¢~/ to indicate the j* term in
this sequence. By [22, 2.6.8], there is a short exact sequence of R-modules:

Oﬁ@FR tiji} @FR tij —>FR[1/t] — 0,

Jj=0 Jj=0

where ® (ot ™) = T(an)t 77 — it 7. Since @ is t~1-linear, we may regard @ as
an endomorphism of the free R[t~!]-module Fr[t™!] = ©Fg t~" with basis {a.,},
with

Blay) =T(a)t ™ —a, =+ Dt apy + (7 = Da,.
By abuse of notation, we write a, for the image in Fg[1/t] of the basis element a,
of Fg. Thus Fg[1/t] may be presented as the R[1/t]-module with generators a,
and relations

(1.9) 1 —ntHay, = (n+ Dt apy, n>0.

Notice that ag = t~ta. It is not hard to verify directly, beginning with (1.8),
that multiplication by ¢t~1 is an isomorphism on Fg[1/t]. It also follows directly
from the ring structure on F' and the identification of the colimit with Fg[1/t].

If R contains no Z-torsion, so that R C R ® Q, it is easy to see that Fr[1/t]
embeds in Frgg[l/t] = R® Q[t,t7!], as we saw at the beginning of this section.
The presentation of R ® H as an R-module looks different when R has Z-torsion,
as we shall see in Section 2.

Example 1.10. (See [3, 2.2]) If R contains Q, the presentation (1.9) shows that
Fg[1/t] is the R[t~!]-module with generators {ag, a1, ...} modulo the relations:
1

(n+1)! (1=t (1 =2t (1= nt Hay.

t_"an_,_l =
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That is, Fr[1/t] = R[t,t71] on generator ap with the relations

Ay = Qp.
n

Variant 1.11. Adams uses a variant of the above construction. Fix a unit u of R
and set v = ut, so t = v/u. We consider B = uT to be multiplication by v with
(1.7) replaced by B(8,) = nuf, + (n + 1)Bn+1, where 8, = u™«,,. Replacing the
bookkeeping index ¢t~ by v=!, (1.9) becomes (1 — nu/v)B, = (n + 1)v=B,11, or
(n+1)Bpt+1 = (t — n)ufy, and we recover

B =u" <v/u>ﬂo = U"<t>ﬂo-
n n

These 3, are the elements described by Adams in [1, I11.13.7] as the generators of
KU.(KU), regarded as a submodule of KU,(KU) ® Q = Q[u, 1/u,v,1/v].

2. THE {-PRIMARY DECOMPOSITION

In this section, we suppose that R is an algebra over Z/¢” and give a basis for
the colimit Hr = Fr[1/t] of the sequence Fg I -Drp-L o of (1.8).
Recall from Section 1 that the elements of F' are polynomial functions N — Z,
and that the «,, = (Z) form a basis of F.
Lemma 2.1. For each q € Z, FQZ/q embeds in the ring of all functions N — Z/q.
Proof. If f € F satisfies f(a) =0 (mod q) for every a > 0 then h(t) = f(t)/q is a
numerical polynomial, and f(¢) = qh(t) is in ¢F. O

Example 2.2. Suppose that Z/2 C R. Then the relations agr = t~langy1 and
(1 — t7Yagey1 = 0 imply that Hr = Fg[1/t] is the free R-module with basis
{241,k > 0}, with aor = aopq1.

In fact, F//2F and H/2H are Boolean rings by Lemma 2.1. In particular, each a,
is idempotent in the ring F/2F, including ¢t = a1, and H/2H =t F/2F is a factor
ring of F//2F. In addition, if m < 2" —1 then (1.1) implies that a,,aar—1 = agr_1.

When R is a Z/¢"-algebra, Fr has a similar block decomposition. To prepare
for it, let L’ denote the free R-module on basis ag, a1, ..., ar—1, and let L denote
the submodule of L' on «y, ..., ap—1. Following (1.7), we define maps b : L’ — L'
by

(2.3) bk(ai) = (kl+1i)o; + (k€+i+1)04i+1, i=0,.,0—2
and bk(agfl) = (kg + 0 — I)Ozgfl. Note that bk(L) C L.
Lemma 2.4. The maps L — L[1/b;] — L'[1/by] are isomorphisms for all k.

Proof. The restriction of b, to L is represented by a lower triangular matrix, whose
determinant Hf;ll (k¢+1) is a unit in R. Thus each by, restricts to an automorphism

of L. Since ¥ = 01in R, (by)” maps ag into L. The result is now straightforward. O

We can now describe the R-module Hr = R ® Fg[1/t] when R = Z//; the case
¢ = 2 was given in Example 2.2. The maps ¢y : L' — Fg, ¢r(e;) = ageti, induce
an isomorphism @®¢y, : @y, L’ — Fr under which the map @by, is identified with
the map T of (1.7).
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Corollary 2.5. If Z/{ C R with { prime, the map ®dr : ProoL — Hpg is an
isomorphism. Thus the elements a,, n Z 0 (mod ¢) form a basis of Hg.

Proof. The maps ¢y : L' — F satisfy ¢ o®br, = To¢. Hence the map ®¢y induces
an isomorphism between @ L = @ L'[1/bi] and Hr = Fr[1/t]. O

Theorem 2.6. If R is a Z/{"-algebra, the R-module map ®¢y : P L =y Hp is an

isomorphism. In particular, the elements a,, n Z 0 (mod £), n > 0, form a basis.

Proof. Let F), denote the free R-submodule of Fg on basis {angyi : 0 < i < ¢},
where ¢ = ¢¥. Then F'g is the direct sum of the F,. Since T'(ang—1) = (ng—1)ang—1,
T sends F), into itself, and there are isomorphisms Fy — F},, o — g4 commuting
with T'. Therefore Hp = Fr[1/t] is isomorphic to € F),[1/t], and it suffices to show
that Fy[1/t] is free on the a,, with 0 <n < ¢ and n Z 0 (mod ¢).

For k =0,..,0" 71, let FOZM denote the R-submodule of Fjy generated by the «;
with k¢ < i < q. These form a filtration of Fy, and the maps ¢y : L' — FOZM induce
R-module isomorphisms with the filtration quotients

i L iFOZM/FOZ(kH)Z
such that Toy, = byods. By Lemma 2.4, it follows that ¢y, induces an isomorphism
L= L'[1/by] = FZR JFZRH41 1),
By induction on k, it follows that ©¢y, induces an isomorphism @ L = Fy[1/t]. O

3. HOPF ALGEBROIDS

Recall from [14, A1.1.1] that a Hopf algebroid (R, T') is a pair of commutative rings,
with maps np,mr : R >, e: T 5> R, ¢c: T 2T and A: ' -5 ' ®p I satisfying
certain axioms, listed in loc. cit.

Let M be a I'-comodule with structure map M N M ®RT. Recall [14, A1.2.11]
that the cobar complez C(M, R) is the cosimplicial comodule with C° = M and
O™ = M @r'®R" with cofaces given by 9, n;, and A : ' = I'®@gI'. In particular,
when M = R (with ¢ = ngr), the cobar complex is a cosimplicial ring.

Example 3.1. For any commutative algebra R, (R, R ® R) is a Hopf algebroid
withnp(r) =r® 1, nr(r) =1@r, c(r@s)=s@rand A(r®s)=r®1®s. The
cobar complex Cg r(R, R) is the standard cosimplicial module n R&™ L

If T is a Hopf algebra over R, then (R,T) is a Hopf algebroid with n; = ng the
unit, € the counit, ¢ the antipode and A the coproduct. In this case, the cobar
complex is classical.

Example 3.2. The pair (Rg,'g) = (Q[u, 1/u], Q[u,1/u,t,1/t]) is a Hopf algebroid
with nz(u) =u® 1, nr(u) = c(u) = tu, c(t) =1/t, e(t) =1 and A(t) =t @ ¢t.

Recall from Definition 1.2 that H is the subalgebra of Q[t, 1/t] generated by the
(:1) If R=7Z[u,1/ul and T' = R ® H, then (R,T) is a sub-Hopf algebroid. If we
set v = tu then we have nr(u) = v, c(u) = v and

Alu)=u®l, A(t) =t®t, Alv)=utt=1Qv.

Of course, KU, = R and 7.(KU A KU) =T, and the formulas given by Adams in
[1, I1.13.4] show that (R,T) is the original Hopf algebroid (KU,, KU.KU).

Lemma 3.3. The Hopf algebroid (R, R® H) of Example 3.2 is split.
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Proof. The natural inclusion of the Hopf algebra (Z, H) into (R, R ® H) is a map
of algebroids [14, A1.1.9], and the identity map on R ® H is an algebra map. O

Fix Rand I' ® R® H as in Example 3.2. Because the algebroid (R,T") is split,
we can say more: Cp(M,R) = Cy(M,Z) (see [14, A1.2.17]), and the latter is the
usual cobar complex of M as a comodule over the Hopf algebra H. For M = R we
have the following description.

Corollary 3.4. The cobar complex Cp(R, R) has C" = R® H®™. The coface maps
Cm — O™t are given by the units np,nr : R— R H =T of T and Ap.

4. ORIENTED TOPOLOGICAL SPECTRA

This section is intended to serve as a template for the motivic constructions
which follow, and is restricted to topological spectra. No originality is claimed for
these results. To emphasize our analogy, we will write P> for CP° in this section.

If E is a topological ring spectrum, then combining the ring structure of E with
the H-space structure of P> we obtain a natural ring spectrum E A P°°. Following
Adams [1] and Snaith [15], the motivation for studying F[1/t] comes from the
computation of E A KU, where E is an oriented spectrum.

Recall that a commutative topological ring spectrum F with unit 1 15 B is said
to be oriented if there is a map P> A 1 -5 S? A E whose restriction to CPL A1
is 1 Ang (using S? = CP'). As in [1, I1.2], this data yields a formal group law on
E.[[z]] & E*(P*), and dual elements §,, in Es,(P®) = ma, (E A P>).

When F is orientable, the 3, induce maps

EnS 2P A B AP o EAP™,
and these maps induce an isomorphism from @, , EAS?" to EAP> (by [1, p. 42]).
Consequently, we have

E,(P®) = 1. (E AP®) @W*E/\SQ"

Thus E,(P>) is a free graded E,-module on generators 3, in degree 2n, n > 0.
Let & : S3 = CPY — P> be the map that classifies the tautological line bundle

on CP', and let b: P® A1 — S~2 AP>® A1 denote the adjoint of the stable map
52/\]P’°°/\1—>52/\IP’°°/\1 P AP® AL —"=P® AL,

Let j = £—1 denote the map P> — BU; — KU classifying the virtual tautological
line bundle of rank 0. By Snaith [15, 2.12], the map j induces an equivalence from
the homotopy colimit of the sequence

—2
PP AL 8 2P A1 T8 SR AL—
to the spectrum KU. We write u = uxy for the map §? — P> 4 KU. The map

S2AKU"™ KU ANKU ™ KU

is the periodicity isomorphism for KU (cf. (7.1)). Composing j with the inverse
of the periodicity isomorphism, we obtain an an orientation for KU whose formal
group law is = 4+ y + uxy.
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Smashing with E yields maps bg : EAP® — S~2 A EAP* and an equivalence
between ' A KU and the homotopy colimit of the sequence of spectra:

—2
(4.1) EAP® 2 g2 npAP® S L g4 pEAP® — > ...

We now make the connection with the algebraic considerations of Section 1.

Lemma 4.2. The coefficient of x'y’ in (z +y + uxy)® is (kfi,kj;,iﬂ;k)“iﬂ_k'

Proof. The product has 3% terms. The only terms producing the monomial x%y’
are those with exactly k — j of the factors must be z, exactly k — ¢ must be y, and
the remaining ¢ + j — k must be uzxy. O

Corollary 4.3. Suppose that E is an oriented spectrum with a multiplicative group
law p(x,y) = ¢+ y + uzy such that u is a unit of E.. Then the homotopy groups
of the cosimplicial spectrum E N poo/etl form a cosimplicial group E, @ F®*+1
isomorphic to the cobar compler Ey @ Ctg - (F, F) of Example 3.1.

Proof. By the above remarks, m.(E A ]P’OO/\”“) is a free E.-module with basis
Bio A -+ Bi.,, which we identify with E, ® F®"! by sending 3; to u‘a;, as in 1.11.
The coface maps are easily seen to correspond, and for the codegeneracies it suffices
to consider 0¥ : 7, (E AP>® AP®) — 7, (E AP>®). Adams showed in [1, 11(3.4-5)]
that the cofficient ai—“j of 0%(B; ® B;) is the coefficient of 2’y in (x + y + uay)*,
which is given by Lemma 4.2, and agrees with (u’c;) * (u/a;) by (1.1). O

Lemma 4.4. Suppose that E is an oriented spectrum with a multiplicative group
law p(z,y) = = +y + uzxy such that u is a unit of E.. Then

7. (ENKU) %ligw*(S_%/\E/\]P"’o) ¥ B @linF~E,®H.

Proof. Identifying R = E, and Fr = E,(P®) = m.(E A P*>), Adams shows in [1,
I1(3.6)] that multiplication by 8; is given by the formula (1.7), with ¢ replaced by
v = ut as in Variant 1.11. Comparing with (1.8), we see that the ring F, (P>°)[1/61]
is isomorphic to F, ® H. From (4.1), we obtain the result. O

Remark 4.4.1. Lemma 4.4 fails dramatically if u = 0, for example when £ = HZ.

Replacing E by E A KU, which we orient by A nxy, Lemma 4.4 yields 7. (E A
KUANKU) 2 E, ® H® H. The two maps F, ® H —» FE, ® H® H, induced by

(0]
EANKU — EANKU?, aregiven by np®1 and 1@ Ay, and E,@ HOQ H 25 E,® H
is given by Corollary 4.3. An inductive argument establishes:
Corollary 4.5. The homotopy groups of the cosimplicial spectrum form the cosim-
plicial group:
T (EANKUMTY = B, @ HO"
This is the cobar complex Cp(M, E,) of Example 3.2 with M = E, ® H.

When E = KU, we can also form the cosimplicial spectrum N*(KU), as in the
introduction, and we have:

Proposition 4.6. The cosimplicial ring m.(N*KU) is KU, ® H®*, the cobar com-
plex Cp (KU, KU,) of 3.4. In particular, for every n we have an isomorphism

T (KU = KU, @ H®™.
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KU with finite coefficients

Fix a prime ¢ and a power ¢ = ¢, and let P denote the Moore spectrum for
Z/q. We will assume that ¢ is chosen so that P is a ring spectrum with unit. For
example, if £ # 2,3 then this is the case for any v > 1; see [23, IV.2.8]. Smashing
P with KU yields the standard cosimplicial spectrum P A KU"*! associated to
the triple — A KU. Set R = m.(P A KU); the Universal Coefficient Theorem yields
R =17Z/q[u,1/u]. Since P A KU is oriented by the orientation on KU, we see from
Lemma 4.4 and Theorem 2.6 that 7.(P A KU A KU) = R® H is a free R-module
with basis {8, : n # 0 (mod ¢)}, and from (4.5) that 7.(PAKU""™1) = R@ H®".
In fact, (R, R® H) is the mod ¢ reduction of the Hopf algebroid of Lemma 3.3.
Set E = PAKU. Then each f3,, determines a map S?? AE — EAP™® — EAKU.
By Lemma 4.4, the direct sum of these maps is a homotopy equivalence of spectra

PEANST S EAP®
There is a sequence (4.1) for E A P>, with colimit £ A KU. By Example 3.2,

m(FANKU) > E,® H. Since R = m,(E) is a Z/g-module, Theorem 2.6 applies:
the 8, with n £ 0 (mod ¢) form a basis of E, ® H.

Proposition 4.7. For E = P A KU, there is a homotopy equivalence of spectra

EANS™ = EAKU.
n#0 mod £

Proof. The argument we gave in Corollary 2.5 shows that the left side is the colimit
of (4.1). i.e., EA KU. In effect, we just notice that the components E A §?* —
E A S?"=2 of b are multiplication by n and are thus null-homotopic when £|n, while
the maps E A S?" — E A S?" of b are multiplication by (n + 1) and are thus
null-homotopic when £|n + 1. O



SLICES OF CO-OPERATIONS FOR KGL 11

5. THE MOTIVIC E A N*(P>)

We now turn to motivic spectra. The goal of this section is to describe the
cosimplicial spectrum E A N*(P®) = EAP>"*T! associated to an oriented motivic
spectrum E. Here the motivic space P> is defined as the union of the spaces
represented by the schemes P".

The Segre maps P™ x P* — P* induce a map m : P>® x P> — P> making
P>° A1 into a ring T-spectrum. Then n — F AP " g the standard cosimplicial
spectrum associated to a spectrum F and the triple — A P> [22, 8.6.4]. If F is a
ring T-spectrum, then this is a cosimplicial ring spectrum.

A commutative ring T-spectrum E with unit 1 — E is said to be oriented if

there is a map P> A 1 5T A E whose restriction to PL A1 is T A 7. (Compare
with Section 4.) As pointed out in Example 2.6.4 of [13], KGL is an oriented ring
spectrum in SH with a multiplicative formal group law [13, 1.3.1 and 1.3.3].

When FE is oriented, the projective bundle theorem in [4, 3.2] yields an isomor-
phism with inverse Gc™:

(5.1) OB PEAT = E NP>

n=0

If we let Fg, denote the free graded abelian group on generators 3, in degree n > 0,
then E AP is the free graded E-module spectrum E ® Fg.. By (5.1), the terms
E AP are isomorphic to the direct sum of terms E AT A --- A T'n, ij > 0.

Lemma 5.2. The coface map &7 : E NP — E AP sends the summand
ENT®A--- AT to EANTHA---T% ANTO AT+ - AT,

Proof. Since the coface maps are determined by the unit map 1 — P>, it suffices
to observe that the map

E=EAT° S EAP®X@EAT"

is just the inclusion of T° into @T™, by the projective bundle theorem. O

At this point, we may interpret the coface maps in £ A N*(P>°) in terms of Fy,.
Recall (from [22, 8.1.9]) that a semi-cosimplicial object in a category is a sequence
of objects K™ with coface operators 8° : K"~! — K™ (0 < i < n) satisfying the
cosimplicial identities 879" = 9?97 ~1 if i < j.

For example, n — FG" ! is a semi-cosimplicial graded abelian group, where the
codegeneracies insert 1 = . (The generators (3, of Fy, lie in degree n.) We may
also form the semi-cosimplicial spectrum F ® F, g”“. Note that the codegeneracy
maps Fg"“ — an associated to the product F® F — F are not graded, as (1.1)
shows, so we do not get a cosimplicial spectrum in this way.

Corollary 5.3. Let E be an oriented spectrum E. Then there is an isomorphism
of semi-cosimplicial ring spectra, £ ® Fg?'*l — E APt

Lemma 5.4. For any oriented E, the component maps EAT™ — EANT ANT7 of
the diagonal E NP> — E NP> AP are the canonical associativity isomorphisms
when © + j = n, and zero otherwise.
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Proof. The maps 3, : EAT™ — E AP in (5.1) satisfy c* o 8, = dpn, where c” is
the projection E AP>*° — E'AT™. We have a commutative diagram:

Bn A

ENT" —= > E NP> E A (Pe)riti 290 o g AT

A ChonrC l

ENP® AP ——== E A (P®)N A (PN 5 EATN AT,

IR

The top horizontal composite is ¢!/ o 8,, = d,,;+;, and the entire composition is
the component map in question. The result follows. O

We now turn to the codegeneracies 07 : E AP®" ! E AP These are all
induced from the product P> A P> — P>. After taking the smash product with
E, and using (5.1), we may rewrite the product as an E-module map

P EAT AT = (EAP®)A(EAP®) - EAP® = EAT".

,§20 k>0
Since each term EAT? ATV is a compact E-module, its image lies in a finite sum.
Thus the product is given by a matrix whose entries afj are the component maps
ENT'ANTI — EATE

In terms of motivic homotopy groups, E., .(P>) = EBZOZO E,.(T™) is a free

graded E, .-module with generators §,, € Ea, »(P*), n > 0, corresponding to the
unit of Eay, »(T") = Epo. Dually, E**(P>) & E**[[z]] and (as in topology) the
orientation yields a formal group law of the form y = = + y + Ei,j>1 ai jr'y’ in
E.[[z,y]] =& E*(P>° x P>°), where N

(55) aj,j € E2i+2j—2,i+j—1 = HOHISH(TiJrj, E N T)
We can now extend a result of Adams to the motivic setting.

Theorem 5.6. If E is an oriented motivic ring spectrum, then a’fj =k a1,14j—k;
with a1,14—r as in (5.5).

Proof. This follows directly from Lemma 5.4, together with Adams’ calculation in
[1, T1(3.6), p. 46]. ]

Remark 5.6.1. For fixed 7, j the maps afj are zero unless k < i + j. Therefore the
image of E A T* A T7 under the product lands in the finitely many terms E A T*
with £ <7+ j.

Our next task is to replace E ® FZ*T! by E® F®*! to get a cosimplicial
spectrum. This is possible when F is periodic in the following sense. If E, has a
unit in FEs 1, represented by a map T 5 E, then u A F induces an isomorphism
T A E — E with inverse u=!' A E. We call it a periodicity map for E, and say that
E is periodic. If E is oriented and periodic, we can use the periodicity map for £
to define maps «y, : E — E AP such that 8, = u"a,, resulting in a rewriting of
the projective bundle formula (5.1) as

(5.7) By, | @ZO:O E-—=5 E AP

Using this new basis, each E A P> is isomorphic to E @ F®",
Now suppose that FE is an oriented spectrum with a multiplicative formal group
law p = & + y + uay, with v a unit in E5 ;. In this case, it is convenient to change
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our orientation to eliminate u, as suggested in [1, II(2.1)]. This produces the new
formal group law x + y + zy. To see this, let ¢’ denote the element ut of E°(P>°);
then the formal group law implies that

p(t') = (ux) + (uy) + (uz)(uy) = 2" +y' + 2"y

Proposition 5.8. Let E be an oriented ring spectrum E with multiplicative group
low x 4+ y + uxy, u a unit. Then the cosimplicial ring spectrum E A P11 s
E® Chop(F, F).

In particular, KGL AP s isomorphic to KGL ® Cropr(F, F).

Proof. After the change in orientation indicated above, the projection bundle for-
mula yields isomorphisms E @ F®" =5 EAP®"". The respective coface maps are
insertion of 1 and T° (by Lemma 5.2), so they agree. The codegeneracies of the
left side are given by the product F ® F — F, whose coefficients are given by (1.1).
These agree with the matrix entries afj on the right by Lemma 4.2 and Corollary
4.3, as the proof of 4.3 shows. 0

6. THE SLICE FILTRATION

Recall [20, 2.2] that s,(E) denotes the ¢ slice of a motivic spectrum E, and
that sq(E AT?) = sq_;(E) AT". The following result is well known to experts.

Proposition 6.1. The slice functors sq commute with direct sums.

Proof. Tt suffices to prove that f, commutes with direct sums, since there is a
distinguished triangle of the form f,41 — f; — s4. For simplicity, we will restrict
ourselves to the case ¢ = 0; the argument for arbitrary ¢ is exactly the same.
Consider a direct sum F = ®,F, in SH. Since SH is closed under direct
sums, @ fo(Ey) is effective. By [10, 3.1.14], there is a family of compact objects K
such that, for every X — Y, fo(X) — fo(Y) is an isomorphism if and only if each
[K,X] — [K,Y] is an isomorphism. In the case at hand, for every such K we have

(K, ©fo(Ea)] = @K, fo(Ea)] = K, Eo] = [K, ©Ea].
Therefore @ fo(Eq) — fo(DE,) is an isomorphism. O

Example 6.2. Suppose that E is oriented. Applying s, to (5.1) yields the formula

BSsq-n(E)NT" = sq(E AP*) with component maps s4(5,). More generally, the
slice s,(E A P>"") is isomorphic to

B s (E)AT A AT,

where ¢ = 7 + i1 + -+ + i, and the coface maps in s,(E A P>"*) are given by
Lemma 5.2, with E replaced by sq(E). Thus, except for the codegeneracy maps,
the cosimplicial spectrum @,s,(E A P>"**1) is isomorphic to @s,(F) ® E2eth,

We will need the following observation: for any motivic ring spectrum E, s, E =
@sq(E) is a graded motivic ring spectrum; see [10, 3.6.13]). Since Z[u,u™'] is a
graded ring (with u in degree 1), we can form the graded motivic ring spectrum
50(E) @ Z[u,u™1] = @ T A so(E).

o

Lemma 6.3. As ring spectra, so(KGL) @ Z[u,u™'] — @& s,(KGL).

More generally, soE & Z[u,u™ ] N for any oriented ring spectrum E with
a unit u i Ey 1.
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Proof. The periodicity isomorphisms u? : KGL AT? — KGL, and more generally
EANT? — E, induce isomorphisms sqF AT? = s, compatible with multiplication.
These assemble to give the result. (Cf. [16, 6.2].) O

Proposition 6.4. Suppose that E is oriented, and has a multiplicative group law
T4y +uzxy. If u is a unit, we have isomorphisms of cosimplicial ring spectra:
s (B APt 2 5 (B) @ FO ! = 50(B) @ Z[u,u™ '] ® Cpgp(F, F).
In particular, s,(KGL AP =~ 5(KGL) @ Zu,u™ '] ® Crop(F,F).
Proof. Applying s, to 5.7 yields the simple formula, with component maps s,(c, ):
)®F = @ ) — 5q(E AP®).
The rest is immediate from Proposmon 5.8 and Example 6.2. O

When E = KGL, Propositions 5.8 and 6.4 give the formulas for KGL AP>"*H!
and its slices which were mentioned in the Introduction.

7. EANKGL

In this section, we describe the augmented cosimplicial spectrum E A KGLA*+!
associated to an oriented spectrum E and the triple — A KGL.

E EANKGL—=ENKGLANKGL =% EAKGL" ...

Replacing E by EAKGL™", we are largely reduced to the description of EA KGL,
nr and the map o : EA KGL A KGL — E AN KGL.

We begin with a few generalities. The T-spectrum K GL comes with a periodicity
isomorphism T'A KGL — KGL; see [19, 6.8] and [20, 3.3]; our description of it is
taken from [13, 1.3]. Let £ : T — P* be the map that classifies the tautological
line bundle on P!, and let b : 1AP>® — T~ A1AP>™ denote the adjoint of the map

TAPe 1L poo p poo ™y oo

As observed by Gepner-Snaith [5, 4.17] and Spitzweck-Ostveer [17], KGL is the
homotopy colimit of the resulting sequence,

IAP® e ta1ape L2 apee Z20

and the colimit map 1 AP*>° — KGL is the map classifying the virtual tautological

line bundle £ — 1 of degree 0. We write ux for the map T— 1 A P> L KL,
Then multiplication by ug is the perlodlclty isomorphism

(7.1) TAKGL " KGLAKGL - KGL

for the T-spectrum KGL; see [13, 1.3.3].
Smashing b with any spectrum E yields maps by : EAP® — T A E AP,
and yields a sequence of T-spectra

. _

(72) EAP® a7 laAEAPe L Ep-2 gapel "2

with homotopy colimit E A KGL, parallel to the sequence (4.1) in topology.
When F is oriented, the adjoint EAT AP — EAP> of by is the composition of

the map 51 : EAT — E AP of (5.1), smashed with P>, with the product on P°.
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Therefore bg corresponds to multiplication by 1, and the following observation
follows from Theorem 5.6.

Lemma 7.3. If E is oriented, the components EAT? — T~ NEATF of the map
be of (7.2) are multiplication by k a1,1+;j—k-

We now assume that E has a multiplicative formal group law y = x + y + uzy
with v € Es 1 a unit of B, If o, : B = E® F =2 E AP is the map defined by
(5.7), Lemma 7.3 says that

be(Bn) =nuln+ (n+1)Bny1, or bp(an)=na,+ (n+1apt.

Comparing with (1.7), this shows that the map bg : EAP>® — T-1 A EAP™ is
induced from the homomorphism T : F' — F, T(f) = tf. Recall from Definition
1.2 that the Hopf algebra H is defined by H = F[1/t] and that C}%(Z,Z) = H®™
in the classical cobar complex (see Example 3.1).

Theorem 7.4. If E has a multiplicative group law x + y + uxy with u a unit, we
have EN KGL = E® H, and isomorphisms of cosimplicial spectra for all q € Z:

EANKGL™T' 2 E@ H®*T' 2 Ew Cy(Z,Z);
s.(EANKGL™) >~ 5, (E)@ H®* T =2 5, (E) ® Oy (Z, 7).
In addition, E — E N KGL corresponds to EQZ — E® H.

Proof. By (1.7), multiplication by ¢t on E ® F is given by the same formula as
multiplication by bg on EAP>. It follows that the homotopy colimit £ A KGL of

the sequence (7.2) is the same as E ® colim(F ——» F — ---) = E ® H. Replacing
E by EA KGL"" shows that EA KGL "t =2 E®@ H®"! and hence that s.(E A
KGL ) = 5, (E) ® H®™ L. The coface and codegeneracies of these cosimplicial
spectra are identified by Propositions 5.8 and 6.4. O

When E = KGL we get the formula mentioned in the Introduction:

Corollary 7.5. KGLANKGL = KGL ® H, and KGL"*2 =2 KGL @ H®**!. In
addition, np : KGL — KGL AN KGL corresponds to KGL®Z —- KGL ® H.

Example 7.6. When F = E®Q, we have EAKGL" = E@Qlt1,t7 ", ..., tn, t;, 1],
because Q ® H = Q[t,t~1].

Set ¢ = ¢” and write E/q for the cofiber E ® Z/q of E— E. An elementary
calculation shows that (E/q) @ H 2 E® H/qH.

Corollary 7.7. Suppose that E has a multiplicative formal group law x + vy + uxy,
such that v is a unit of E .. Then the family of maps B, : EANT" = EANP® —
EANKGL with n 20 (mod £) induces an isomorphism

o

E®H/("H = (E/t") NT" = (E/t") NKGL.
n#Z0

Moreover, the slices sp,(E /" N KGL) are isomorphic to €D, o Sm—n(E/€") NT™.

Proof. Immediate from Theorems 2.6 and 7.4. O
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8. THE COSIMPLICIAL KGL SPECTRUM

In this section, we complete the information in the previous section to determine
the slices of the cosimplicial spectrum N*KGL, with N"KGL = KGL "1,

KGL = KGLAKGL 3 KGL™ §

Its codegeneracies are given by the product on K GL, and its coface maps are given
by insertion of the unit nx : 1 — KGL; in particular, 0°,9' : KGL - KGLAKGL
are the canonical maps ng = nxg A1 and nr = 1 A nk, respectively. There is also
an involution ¢ of KGL A KGL swapping the two factors, and we have ngp = conr.
By Corollary 7.5, there are isomorphisms KGL ® H®" —» KGL "1 such that
the diagram
1Aincl

KGL®7Z "L koL o H
KGL —" - KGL A KGL

commutes. As 0' = n;, this establishes the initial case of the following lemma.

Lemma 8.1. The isomorphisms KGL @ H®" =3 KGL "+ of Corollary 7.5 are
compatible with all the coface and codegeneracy operators of N*KGL, except pos-
sibly for 8° and o°.

Proof. Recall the standard construction (the dual path space of [22, 8.3.14]) which
takes a cosimplicial object X * and produces a new cosimplicial object Y* with Y =
Xn"FL coface maps 9% = 8?1 and codegeneracy maps o} = 0?1. Applying this
construction to N*KGL yields the cosimplicial spectrum KGL"**2? of Corollary
7.5. Since this is isomorphic to the cosimplicial spectrum K GL ® H®* by Theorem
7.4, the result follows. O

Proof of Theorem 0.2(a). Taking slices in Lemma 8.1, we see that the isomorphisms

s.(KGL)® H®" =5 5, (KGL"*1) are compatible with all of the coface and code-
generacy operators, except possibly for 8° and . ([l

Remark 8.2. It is tempting to consider the cosimplicial spectrum KGL® Cy(Z,Z),
where C4(Z,Z) is the cobar complex over H. However, its coface maps 9° and
codegeneracy maps o are not the same as in N*KGL.

To finish the proof of Theorem 0.2(b), we need to show that the isomorphims
in Proposition 8.1 are indeed compatible with 9° and ¢°, under the two additional
assumptions. We will do so in Propositions 8.5 and 8.11

Definition 8.3. The map vg : T A1 - KGL A KGL is defined to be nr(uk),
where ug : T — KGL is the map of 7.1.

We define v: TANKGLANKGL — KGL N KGL to be multiplication by vg.
Lemma 8.4. We have commutative diagrams

TAKGL M TAKGLAKGL T Asy(KGL) “2"% 7 A sy (KGL A KGL)

) | ) |

MR
KGL—"" + KGLAKGL Se41(KGL) —2 > 5,11 (KGL A KGL).
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Proof. For reasons of space, we write K for KGL. In the diagram below, the
top rectangle commutes by definition of vy, and the bottom rectangle commutes
because ng is a morphism of ring spectra.

T T TAN KA
TALL A K25 P A (K AK) —<2 A1
ug ANK UK/\KAK\L

wc\ K AK MR (AR S

lmK mK/\K\L

K—" JKAK.

The left and right verticals are the maps v and v, respectively. This establishes
commutativity of the first square in Lemma 8.4. As the second square is the
composition of the natural isomorphism T'A s, (E) = sq+1(T AE) and the ¢'" slice
of the first square, it also commutes. O

Recall that so(1) — so(KGL) is an isomorphism if the base S is smooth over a
perfect field k, or any scheme over a field of characteristic 0. This is so because it is
true over any perfect field [9], and so commutes with the pullback SH(k) — SH(S)
in these cases; see [12, 2.16] and [12, 3.7].

Proposition 8.5. Assume that so(1) — so(KGL) is an isomorphism. Then the
isomorphisms sq(KGL) @ H®™ = sq(KGL "t are compatible with 0°.

Proof. Since 1 is an initial object, there is a unique map from 1 to KGL AN KGL;
the assumption implies that nz = nr as maps so(KGL) — so(KGL A KGL). Now
for any q € Z, Lemma 6.3 says that u? : T9 A so(KGL) — $q(KGL). By Lemma
8.4, we have a diagram

T4 AMR

T4 A so(KGL) —£ T4 A so(KGL A KGL)

sq(KGL) — 2> s,(KGL A KGL).

This determines the maps ng : $q(KGL) — s,(KGL A KGL). Summing over g,
and invoking Lemma 6.3 twice, we see that ng is the map

50(KGL) ® Z[u,u™'] = so(KGL) ® Z[u,u™ ", v,v]

sending the copy of so(KGL) indexed by u? to the copy of so(KGL) indexed by
v?. Since we saw in Example 3.2 that this is the same as the map induced from
ngr : Z[u,u™'] = Z[u,u"'] ® H, this shows that we have a commutative diagram

D s (KGL) —2" @ s,(KGL) ® H

L, )

@ s,(KGL) — 2~ @ s,(KGL N KGL).

The result follows for n > 0, since 9° : KGL"" — KGL""*1is ng AKGL 1. 0O
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To conclude the proof of Theorem 0.2, we have to compare the slices of the
codegeneracy 0 : KGL AN KGL — KGL (the product) with the map of Example
3.2,

(8.6)  so(KGL)® Zlu,u )@ H -3 s0(KGL) ® Zu,u™'], e(u) =¢e(v) = u.
Recall from 1.2 that Z[t,t!] is a subring of H, and that ¢ : H — Z sends t to 1.

Lemma 8.7. The restriction of the product s,(KGL AN KGL) — s,(KGL) to
s(KGL)®Z[t,t '] = s.(KGL)® H = 5,(KGL N KGL)
equals the composition
s(KGL) @ Z[t,t '] — s.(KGL) ® Z = 5. (KGL).

Proof. Since 0" : KGL AN KGL — KGL is a left inverse to both 7, and nr, and
u=mng(u), v =ngr(u), we see that ¢° sends the copies of so(KGL) indexed by the
monomials u? and v? (in Z[u,u"!] ® H) to the copies indexed by u?. Since o is
a map of ring spectra, the copies indexed by v’ ® t/ = w77 map to the copies
indexed by u'. O

Recall from Example 7.6 that KGL "' @ Q =2 KGL @ Q[to,ty ", ., tn, 1, '].
This is KGL ® Cyy, ,-1)(Z, Z), where Cgy, —11(Z,Z) is the nt" term of the cobar
complex of Example 3.2 for the Hopf algebra Q[u,u"1].

Now consider (R,T') with R = Q[u,u"1] and ' = R[t,t"!], as in Example 3.2.
Combining Lemma 8.1, Proposition 8.5 and Lemma 8.7, we obtain the rational
version of the KGL slice conjecture :

Corollary 8.8. Let (R,T') be as above, and assume that so(1) — so(KGL) is an
isomorphism. As cosimplicial motivic Ting spectra,

s, N*(KGL ® Q) = so(KGL) ® C2(R, R).
As in [3, 6.1], it is easy to verify that the diagram
(8.9) KGLAP® — ' KGLAKGL
- lv
T'AKGLAP® % T A KGL A KGL

commutes, where bx is KGL A b, b is the map in (7.2) and the right side is multi-
plication by vk (smashed with T1).

Lemma 8.10. If S is smooth over a perfect field, then so(1) — H[Z] is an iso-
morphism in SH(S).

Proof. This is true over the ground field F', by [9, 11.3.6]. Now the slice functors
sq commute with the pullback 7* over 7 : S — Spec(F); see [12, 2.16]. Because S
is smooth, HZ also pulls back over 7* (see [19, 6.1], [21, 3.18]), and we have

80(15):7'('*80(1}?):W*(HZF):HZS. [l
Now the group Hom sy (s)(HZ, HZ) = HY(S,Z) is torsionfree, and equal to Z if

S is connected; cf. [18, 3.7]. It follows that if S is smooth over a perfect field, so
that sg(1) = HZ, the the hypothesis of the following Proposition is satisfied.



SLICES OF CO-OPERATIONS FOR KGL 19

Proposition 8.11. Assume that Homgy(s)(s0(1),50(1)) is torsionfree. Then the
isomorphisms sq(KGL) @ H®" = sq(KGL 1) are compatible with o°.

Proof. Every element of H is a power of ¢ times a numerical polynomial, so it
suffices to check the test maps ay, @ so(K) — so(KGL) ® H = so(KGL AN KGL)
corresponding to the elements (:L) of H. If n = 0,1 we are done by Lemma 8.7.
For n > 2 the composition

so(KGL) 5 so(KGL) 22 so(KGL A KGL) 2 so(KGL)

is given by o%(t(t — 1)+ (t —n + 1)) = 0 in the ring [so(KGL), so(KGL)], which
is Z by Lemma 8.10. Since 0%, corresponds to an integer, and is killed by n!, we
must have 0%a,, = 0. O
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