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Let k be Z[4], Q or R, and set A =k{x, y)/(x2+ y2—1). We compute K5(4) and K3(4). Our
method is to construct a map ¢ : K,(k[i})— K. +1(A4) and compare this to a localization sequence.

We give three applications. We show that ¢ accounts for the primitive elements in K,(4), and
compare our results to computations of Bloch [1] for group schemes. Secondly, we consider the
problem of basepoint independence, and indicate the interplay of geometry upon the K-theory of
affine schemes obtained by glueing points of Spec(A4). Third, we can iterate the construction to
compute the K-theory of the torus ring A ®xA.

Introduction

Let k be a field of characteristic #2 and set A=k[x y)/(x*+y2—1), the
coordinate ring of the ‘circle scheme’. Roberts [15] has computed K.(4) up to
extension, in terms of the K-theory of k and k[i]. The purpose of this paper is
primarily to solve this extension problem in terms of a map ¢ : K, (k[i]) = K, ,(A4).

The construction we use generalizes to the following situation: k is a regular
ring containing b, ¢, and d~!, d=4c—b% The ring A is replaced by
k[x, y)/(x*+ bxy +cy*—d), and k[i] is replaced by /=k[a], a’+ba+c=0. In
Section 0 we give the necessary ring-theoretic background for this generalization
and show that Spec(A4) is a commutative group scheme over k.

In Section 1 we construct ¢ and give its main properties. We obtain the general
result when k, / are fields: K3(A)=K,(k)@e(/*)@DE, where E is an elementary 2-
group. In Section 2 we give examples and computations. In particular, we compute
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the (lower) K-groups of the torus scheme.

In Section 3 we describe the primitive elements of K,(4). When k, [ are fields,
@(/*) is the subgroup of primitive elements of K,(A).

In Section 4 we apply the computations of Section 2 to analyze the manner in
which the kernel of p*: K,A— K,k varies with the choice of a section p: A—k. For
the circle scheme over R, this ker(p*) is the same for points of S! differing by a root
of unity, but different if they differ by a transcendental element of S!CC.

If Y is an affine scheme obtained from Spec(A) by glueing k-rational points
D1, ..., prtogether, the K-theory of Y depends upon the way ker(pf) varies with i. We
illustrate this dependence for k=R in the two cases [=RXR (A=R[,t~']) and /=C
(A =A[x, y]/(x2+y2—1)). In the latter case, glueing y=+1 gives a figure eight:
Y(R)=S'vS!. The topological maps Ko(Y)—KO(S'vS")=(Z/2)?, SK,(Y)—
[S'vS!,SO]=(2/2)?are split epis, whose kernels are uncountable Q-vector spaces.

0. Preliminaries
In this section we set up the ring-theoretic background we will need.

Standing Assumption. £ is a regular, commutative (noetherian) ring, and A : k—/is
an étale map of commutative rings with / free of rank 2 over k.

Remark. If we merely assume that / is free of rank 2 over k with basis {u, v}, write
1=a,u+bw, ut=ayu+ by, uv=asu+ by, and substitute into u=a,u’+ b,uv, we
obtain 1 =a,a,+ b,a;. That is, the vector (a,,b;) is unimodular, and 1 is part of
some basis of / over k. If we take a e/ such that (1, ) is a basis of / over k, then
I=k[a] = k[t])/(f), where a is the image of ¢ in / and f(f) = {2+ bt +c= (t— a)(t — @).
Let d=4c—b%= —(a— @)% Then the following are equivalent:

(a) d is a unit of k,

(b) /is smooth over k,

(c) /is unramified over k,

(d) /is étale over k.

Write F(T,, T\) = T3+ bToT, +cT3 with b and c as above, and set
A=k[x, y)/(F(x,y)—d).

Note that F(b, —2)=d, so that there is a section g9: A—k defined by ey(x)=0b,
€o(y)= —2. Here are some examples.

Examples 0.1. (a) The generic example is the case ko=2[b,c, (4c—b> 1], f()=
t2+ bt + c. There is always a map ko —k inducing A, A, I,—1.

(b) The “circle scheme’ arises if k is a regular ring containing + and f(t) =t2+1
(d=4). For then /= k[i],
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A=k[X, Y)/(X2+ Y2-1),
S(X)z 1, E(Y)=O:

where X=—-y/2, Y=x/2.

(c) When k is regular of characteristic 2, take f({)=£2+t+c. We have A=
kix, y1/(x%+xy +cy?+1), e(x)=1 and &(y) =0. This is the general case if 2 =0: if /is
presented with b# 1, dividing «, ¢ and x by b puts f, F and A in the described form.

Observation. The ring A depends only on £ and /, not on the form F used to define
it. For if we present /=k[a'] we have e =apa’+4a;, apa unit in &, @, € k. The resulting
ring is

A'=k[x', y'1/ (Flagx'+a,y, y) = d). .
The linear change of variables x = agx’+ a,y’, y =)’ gives the isomorphism of A’ with
A.

Our study of the K-theory of A will be based on the following geometrical
interpretation. The equation F(Ty, T1) =0 defines a closed immersion

J: Spec(l)— Pk.
The complement is Spec(B), where
B=(degree 0 part of k[T, Ty]1p) = k[T, ToTy, T3/ (F(To, T)) — 1)
=k(X,Y,Z)/(X+bY+cZ—~1,XZ~Y?
=k[Y,Z)/(Y2+bYZ+cZ?*~Z)
=klx, yl/(x2+ bxy +cy’*—d)=A,

for x=dY+b, y=dZ—2. Under the isomorphism (degree 0 part of k[T, T ]p) =
k[Y,Z)/(Y2+bYZ +cZ*—Z) we have Y=T,T,/F and Z=T?3/F.

We now consider extension of scalars from & to /. All tensor products will be over
k. First of all, I®I=1[t]/(f) =1[t]/(t — a)(t — @) = X I, where the last isomorphism is
given by t=q, t=@ respectively. We have Spec(/) C IP}( D Spec(A). This extends to
Spec(/ x [)C P} D Spec(4 ®!), where the closed subscheme Spec(/ x /) is again given
by 0=T2+bToT,+cT2=(Ty—aT)(To—aT,). Since a—a is a unit of /, we can
introduce So=Ty— a7, S;=Ty— a7 as a new set of homogeneous co-ordinates for
Pl. Let u=Sy/S;. The complement of Spec(/x/) in P} is then Spec(/[u, u~1]), so
A®I=I/[u,u"']. One can check that u=(@—@) (x—ay) and u~l=
(@—a)~'(x—ay).

Let o be the k-algebra automorphism of / defined by o(a) = @. This induces auto-
morphisms of A®/, I[To, T;1, and P} =P} x Spec(/) which will also be denoted o.
The fixed rings of o are k, A, k[T, T,] respectively. Since a(Sy) =S, and o(S;) =S,
we have o(u) =u~, and the two copies of Spec(l/)C P} given respectively by Sp=0,
S, =0 are interchanged by . We have a commutative diagram
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Spec(!) x Spec(!) —5—g5 =5~ P * Spec(A®1)
1,0) lx 14 0.2)
Spec(/) — Py « Spec(A)

We note that A4 is regular since Spec(A4) is an open subscheme of fP,L. The ring / is
regular by [4, IV (6.5.2)(ii)], using the definition of smooth in [4, IV (6.8.1)].

0.3. We now describe the sections (augmentations) &: A-+k. First we show that
sections are in 1—1 correspondence with the units u of / satisfying o(u)=u"!. To a
given section &:A—k, we associate the element u=(®/)(u) of I/, where
e®I:AQI=Iu,u~'1—=1. Note that g is a unit and that o(u)=0(@/)(u)=
ERN(oW)) =€ Y)=u"". Conversely, given such a unit 4 of /, we consider
the l-algebra homomorphism J:A®/=/[u,u"1]—! defined by Jd(u)=pu. Since
o(u)=u""', 6 induces a map of g-invariant rings €: 4 =(A®!)°—-1°=k for which
e®I=40. The construction of & from u completes the correspondence.

The standard section &g corresponds to the unit 1. To the unit -1 corresponds the
section defined by x~ —b, y—2. These are the only two generic sections, since +1
are the only units of /; satisfying a(u)=u"!. To see this, note that k=
Z[b,c,(4c—b?'], ly=Z[b+ 2, (b+2a)" !, a], and o(b +2a) = —(b +2a).

Now let d,e: A—k be any two sections, corresponding to the units g, v of /,
respectively. Consider the /-algebra automorphism t of /[u,u”!] defined by
(1) = (u~ 'v)u. Note that 16 = a7, so that rinduces a k-algebra automorphism of the
fixed subring 4 = (/[u, u~"])°. Since e® /= (5 ® /)7, we also have £ = 57. Thus the two
augmentations of A4 differ only by a k-algebra automorphism 7 of A4.

The automorphism 7 of A is in fact a linear change of variables. To see this, set
x'=1(x), y'=1(»). Then X —ay' =(a-a&)rw)=(@-a)(u "V)u=(u "v)(x-ay).
Note that g ~lv=[(6®@ Nu] ~[(e®Nul =d~'[6(x) — ad(»)][e(x) — ae(y)]. If we write
out the matrices of e(x) —ae(y), d(x) — @d(y) relative to the basis (1, —a) of A/,
we obtain the desired linear relation:

<x'>=d_,[a(x) —ce(y) ] [(5(x+ by) cé(y)] C) )

Y e(y) e(x+by)||-60») I(x) )

0.4. We conclude this section by showing that A4 is a (cocommutative) Hopf algebra
over k, or equivalently, that Spec(A4) is a commutative group scheme over Spec(k).
Now /[u,u~']=A®! is a Hopf algebra over / with counit u~1, coproduct
AW)=u®u, and antipode S(u)=u"1. It follows from [18] that this structure is
induced by a Hopf algebra structure on A by base change.

In this case, the counit on A is our assumed ¢, while the coproduct and antipode
are given by:

dA(x) =e(x+ by)x@x— ce(x)y@y + ce(Y)(xQ y + y ®x),
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dA(y)=—-e(y)x@x+e(bx+cy)y®y+e(x)x®y + y&x),
dS(x) =e(x2— cyH)x+ e(bx2+ 2cxy)y,
dS(y)=e(xy + by?x—e(x*—cy?)y.

Remark. Suppose d=1. (If d is a square in k, replace f(f) = F(t,1) by F(t,d %), a by
d*a to obtain d=1.) We can then choose &(x)=1, &) =0. This has been done in
Examples 0.1 (b) and (c). The group scheme Spec(A) is then given by

Ax)=x@x—cy®y, A(Y)=y@x+x@y+by®y,
Sx)=x+by S(y)=—-y.

1. K.(A4)

The purpose of this section is to establish the basic properties of the map
¢0:K._1(l)>K.(A). The definition of ¢ is due to D. Grayson.

We must first discuss the exact sequence of localization. The discussion in 0.3
shows that there is no loss of generality in using only the standard section gy: A—k.
We will do this, dropping the subscript 0 for convenience of notation. Thus we now
have (e®/)(u)=1. Let K,(A) denote the kernel of &*:K,(4)—K,(k), so that
K.(A)=K,(k)®K,(A). The exact sequence of localization is

ad fu
o K ((A) — K1) 2 K (P~ = Ko(A4)—0.

Now K ,(Pi) = K,.(k)[0)® K,(k)[0,], where o is the structure sheaf of P} and o, is the
structure sheaf of the closed subscheme Spec(k) C IP,'( induced by &. There is an exact
sequence

0—=o(—=1)—0—0,0,

so in Ko(IP}) we have [0,) = [0] = [0(—1)]). Furthermore, o(—1) restricted to Spec(A) is
ker(e), so ker(e) is an invertible ideal of Spec(A) satisfying (ker(g))>=A. Also 0p
restricts to £,(1) = #, which in Ky(A) equals 1 — [ker(g)]. As in [15] the map j, factors
* Ae lo,) |

Kn(l) - Kn(k) Kn(lpk)

The projection formula for xe K,(A) gives

X-n=Xx:&,(1)=¢.(e¥(x) - 1)=g,*x).
In particular, for xe K«(k) C K.(A) we have x- n =¢,(x). Finally, we have g*¢,(x)=
eX(x) - €*(n7) = €*(x) - 0=0 for xe K ,(k), so &, maps K (k) into K,(4). In summary:
Theorem 1.1. There is a long exact sequence

“ Ro(A) —

£

e Koll) =2 K o) s Kyoa() =2 Ky y(K) .
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This sequence is in [15], but the homomorphism K,(k)—>K,(4) there was not
explicitly identified as €. .

Corollary 1.2. We have exact sequences
= -~ A..
0K, (k) /ALK (1) ——— R (A)~Ker(K,— () —=— K,_1(k))~0.
In particular, Ko(A) = Ko(k)® (Kok/A.Kol) - 1, where n=¢g.(1).

The structure of Ky(A) as a K(k)-algebra is given by Corollary 1.2 and the
relation #2=0. This can be seen as follows: as a Ko(k)-algebra, Ky(Pk)=
Ko(k)[X1/(X?), where X =[o0] —[0(—1)]. The restriction homomorphism KO(IP}‘)—’
Ky(A) is a Ky(k)-algebra surjection, and X restricts to #. Explicitly, this says that
A.Ko(/) is an ideal of Ky(k) — this may be seen directly from the projection formula
— and that the ring structure on Ky(A) is

(@a+bn)(c+dn)=ac+(ad+ bo)y.

Here a,b,c,de Ky(k) and the ~ denotes the class of an element in the K¢(k)-module
Ko(k)/2 . Ko(!).

Remark. The exact sequences in Theorem 1.1 and Corollary 1.2 are natural in &,
i.e., for each regular k-algebra k' there is a chain map from the sequences for &, /, A,
etc. to the sequences for k', I®k’, A XK', etc. To see this, note that by Lemma 1.3
below the following diagram commutes:

K() — Kk 2 kPh) ——  Ku(A)

K(I®K) —2 K, (k) 2 g (PL) —— KJ(AQK).

Thus the argument of [13, Remark 3.4, p. 128] applies: the map ® &’ induces a map
of fibrations, hence a map of the resultant long exact homotopy sequences.

Lemma 1.3. In the diagram

A—Lp

g B®¢g

J®C

C B®a4C,

suppose that B has a finite resolution by finitely generated projective A-modules,
and that B and C are Tor-independent over A, i.e., Torf(B, C)=0 for i>0. Then

g =(f®C).(BR®2)*: K.(B) K. (O).
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Proof. This is essentially Proposition 2.11 on p. 127 of [13]: if P, is an A-projective
resolution of B, then P, ® Cis an exact C-projective resolution of BR C, s0 (f® C).
exists. If L denotes the finite homological dimension A-modules which are Tor-
independent from C, then f, maps P(B) into L, and ‘QC’: L= H(C) is exact, so
g*f,+ is induced by ‘®,4C’:P(B)—H(C). This map factors as P(B)»P(BRC)—
H(C), which induces the map (f® C).(BXg)* on K-theory. [

Our intention is to solve the extension problem posed by Corollary 1.2. Loday
[10] has defined a product K;(R) X K;(R)—K;,;(R) for any commutative ring R.
This product will be written either in symbol notation { , } or simply by a dot. We
define a homomorphism

9:Ku_1()~Ku(4) )

by 9(0) =A%{¢ u}, where 1% : K.(A®!)— K ,(A) is the transfer. ( is in the subgroup
K. () of K, _1(A®]).)

The map ¢ is natural in k. To see this, consider a map u: k—k’ and an element
{e K, _i({). By abuse, we will also use u to denote the maps /=I/QRk’, AARK,
and AR/2ARIR K. By Lemma 1.3, with B=A®/and C=A4 XK', we have:

w0 =u*25 {6 u} = A Q) {uH0), u} = p(u*(Q)).
Corollary 1.4. ¢*¢ =0, so the image of ¢ lies in K,(A).

Proof. We have a diagram

/{A
A——> A®I
€ e®!
A

k—

From the above lemma we obtain s*¢(§)=s*}1f{§,u}=A,.(8®1)*{C,u}. Now
AQI=Mu,u"'] and (e®/)(u)=1, while {eK,(/). By naturality of the product
[10, Theorem 2.1.11],

e@NHLul={{e®@D*u}={(1}=0. U
Proposition 1.5. The composition 3¢ : K,({)=K,(I) is {~{~, where {=a({).
Proof. We use (0.2) to compare the two localization exact sequences via the transfer
map: .

K, 1(P)) — Ky (Uit 1™ ']) —— K(lg) X Ky (loo)

As ¢ (L,0)

Koy 1(P) —— K, (4) K,().
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If we examine the proof of the Fundamental Theorem [6, p. 236], we see that for
(eK,() we have '{{,u}=(,?) and similarly d'{{,u~!}=(?,{). This gives
3'{¢,u} =(¢, —{). Finally, we have p({) =A% {{,u} =(1,0)(¢, -0)=¢-C. O

We now note that the projection formula holds for Loday’s product [10], applied
to A:AARL

Proposition 1.6. Let i:A—B be a ring map, such that B is a finitely generated
projective A-module. Then the projection formula holds for Loday’s product, that
is: if xe Kp(A), ye K, _,(B), then x- i,y =i,(i*x- y) in K,(A).

Proof. This is Theorem 4.1 on p. 202 of [2). O

We now calculate Ky and K of the generic rings &y and /,. This will be used in
proving Theorem 1.9, as well as in Section 2. Recall that ko= Z[b, ¢, (4c— b?)~ '], and
ly=kola) =Z[b+2a, (b+2a)),a]. We have Ky(ko)=Ky(lp)=2Z, because ky and
are localizations of regular rings whose Kj is Z. Also, SK,(/p)=0 and K,(/p) =
(Z/2Z)®Z on units +1,b+2a. To compute K;(ky), we use the localization exact
sequence, whose relevant portion is

Katkol4]) —— Ki(ko/(2) == Ki(kg) —— K, (ko[4)).

Since ko/(2) =F4[b,b~1,c] and ko[4] =Z[4, b,d,d '], we have K (ko/(2)) = {b™} and
Ki(ko[4]) = {xd™"}. The following diagram shows that 7,(b)= [,2,]:

G %)
0—— k2—2 1, 42 > ko/(2) ——— O
b 1| = = b 2 =
(4(: b) B - (2‘0 b) =|b
0—— ki—5 v -kg——— ko/()— 0.
G 9

Since K5(Z[$)]) = K3(Z), K5(ko[+)) is generated by the symbols {—1,1}, {—1,d}, and
{2,d}. Using the fact that 9 is the tame symbol for the prime (2) of k (this will be
shown in Lemma 1.8 below), we have 3{—1,—1}=09{—1,d}=0and 3{2,d}=d"'=
b-2 (mod 2). This establishes:

Lemma 1.7. The units of ko are {+d™}, while the unique nonzero element of
SK, (ko) is [2) = 7.(b). The units of lyare {+(b+2a)™} and SK,(l) =0.

There remains only the claim about d. This holds in a more general setting than
we need at the moment.

Lemma 1.8. Let R be a regular domain, (f) a principal prime ideal such that R/f is
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regular. Then the boundary map 0:K,(R[f~')—K,(R/f) in the localization
sequence is the tame symbol, in the following sense: if g, h are units in R[f~], then
0{g, h} = (—1)*@VWgvh)/p¥e) where v is the (f)-adic valuation.

Proof. It is an elementary exercise in commutative algebra that the units of R[f~!]
have the form g=uf", u a unit of R. By additivity, it is enough to show that the
formula holds for {u,f} and {f,f}. The element d{g, 4} is described in Proposition
7.7 of [7]. By (7.8), (7.11) of [7] we have d{u,f}=[R/ful=u and 3{f,f}=
[R/f,-11=-1. O

Remark. The proof actually proves the following more general proposition. Let R
be an integral domain with (f) a principal prime ideal. Then the boundary map
3:Ky(R[f~ ')~ K (Hp) in the localization sequence of [6] is the tame symbol on
Steinberg symbols {g 4}, composed with the natural map K,(R/f)—K;(H)).
Regularity of R and R/f allows us to identify K,(R/f) and K;(H)).

We have applied Lemma 1.8 with R=k,, f=2. In this case K(R[f"')) is
generated by Steinberg symbols, so d is completely described. We postpone the
computation of K, and Kj of kg, /, to Section 2, where we need them.

We now return to the discussion of ¢.

Theorem 1.9. The element o(1)=1%u) (1 € Ky(!)) lies in SK,(A) and equals
}’][f((,;"))] Y=y .1, where x is either —1 or —d. If 2=0 then (1) =0. If 2 is a unit of k
or if SK,(k)=0, then p(1)=(-1)- n=(—d)- 1.

Proof. Relative to the basis (1, —a) of A®/ we have

o L [fx o etx) —ce(y) \]7'
o[, 2 T

(For the first equality, recall that « is normalized so that (¢®/)(u)=1.) It follows
that the ‘norm’ of u in K(A) is

womstw- (] () L)
X &(x) x || e(x)
since x2=d (mod y). By Proposition 1.5, dg(1)=1-1=0, so for some x € K,(k) we
must have p(1)=¢e.(x)=x"7-

To compute y, note that (by the discussion in 0.3) there is a map ky— k& inducing
Ap— A and inducing our section ¢ by base change, where ko= Z[b, c, (4c — b?)~!]. This
means that y € K|(k,), and is determined up to 1.K (/o).

By Lemma 1.7, K(lg)={+(b+2a)™} and K;(ko)={xd™} ®SK,(k;), the only
nonzero element of SK;(ko) being m.(b). Now A, (b+2a)=d+n.(b), A.(d)=d?
and A.(—1)=+1. Therefore K,(ko)/A.K,(lp)=(Z2/2Z)®D(Z/2Z), and x can be
chosen from the set of representatives { +1, +d}. On the other hand, the map k,—R
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giving the circle scheme (i.e., b =0, ¢ =1) takes ¢(1) to [1] = [;]. By [12, p. 129] this
is a nontrivial element of K;(4®&®R), while d-n is mapped to 4-7=1-1=0. This
means that y is either —1 or —d.

Finally, we note that if 2=0 we have d=b*=1,(b) and (—1)-7=1-7=0 so
¢(1)=0. If +ek then d=A1,(b+2a) so (-d)- n=(-1)-n. If SK,;(k)=0 then =,(b)
maps to 0 in K, (k) so A.(b+ 2a) =d and again (—d)- n=(—1) - n. We have not been
able to decide if x = —1 or x = —d. The observation that if SK;(k) =0 then (-d) - n=
(—1) - 7 shows that the question of whether x is —1 or —d is a subtle one, because we
can’t test by mapping to a simple known example. [

Theorem 1.10. The following diagram commutes, with the bottom row (but not the
top row) exact:

K() —2 K~ K0

A*0) X @ {¢~-¢

As ~ ‘] ym
Kpii(l) == Ky () —1 By ((A) —— K1) == K, (k).

Proof. Exactness of the bottom row is Theorem 1.1. The left loop commutes by the
projection formula, and the right loop commutes by Proposition 1.5. Finally, if
£ e K, (k), the projection formula yields (M*(ﬁ):,lf{l*(é),u} =¢&-294@), which is
{& x}n by Theorem 1.9. [

Remark. One consequence is that A*1,K,(/)={{+{|{e€K,/} is contained in the
kernel of ¢. We will see in the next section that it is sometimes (but not always) the
kernel for n=1. When k, [ are fields, Theorems 1.9 and 1.11 show that
0 :Kol/2*A Ky(I)— K |(A) is injective if and only if —1 is not a norm in k*.

If k is a field but f(¢) factors, then /=kx k and A=k[z,z7']. In this case
0: K,()/A*1.K,()=K,(k)>K,,(A) is an isomorphism (as may be seen from
Proposition 1.5).

Theorem 1.11. If k, { are fields, then:

Ro)={0n},  Ki(4)=SK,(4)=k*/Norm(I*) n,
and

Ky(A)=p(*)®E-n,  Norm(/*) C ker(p) C k*,
and E=K,(k)/(A.Kyl+ {k* —1}) is an elementary 2-group.
Proof. The formulas for Ko, K, follow from Corollary 1.2. By Hilbert’s Theorem

90, the map d¢: /*—Ker(Norm : /*—k*) is onto. Thus K,(4) is generated by ¢(/*)
and K,(k)/A.K,(l)- n. Hilbert’s Theorem 90 also implies that d¢ has kernel k*, so
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by Theorem 1.10 we have o(/*)NK;(k)/AKo(l)- n=0k*)={x k*}={-1,k*}.
Since K;,(k)/A.K5(l)- n is an elementary 2-group, it splits as {—1,k*} @ E for some
E. Thus K,(A) is generated by ¢(/*) and E, where p(/*)NE={-1,k*} NE=0. This
gives the desired direct sum decomposition of K,(A4). The inclusion Norm(/*) C ker ¢
follows from Theorem 1.10, and kerp Ckerdp=k*. [

Remark. The computation of SK;(A4) was already given in [15], at least for the
circle scheme (Example 0.1(b)). We will give an example in which £+ 0 in Section 2.

Remark 1.12. In general, consider the following conditions:

(H90,): Every (e K, _({) wit[\ AE)=0
has the form { - for some (e K, _({).

(H90,)":  A*K,_(k)={leK, ,()|{=C}.

If (H90,)’ holds, the proof of Theorem 1.11 gives K,(4)=Im ¢ @ En, where E is
an elementary 2-group. If (H90,)” also holds, then in fact E is isomorphic to
K, (K)/(AK,(1)+x- K,_(k)). We will use this remark in Section 2.

2. Examples

In this section we provide examples with k=R, Q, Q(¢) to show that Theorem
1.11 is the best possible. We then analyse the generic cases, and end by computing
the K-theory of the torus.

We first analyze the circle scheme over R, i.e. A =R[X, Y]/(X2%+ Y2-1). To do
this, recall that K,C is a Q-vector space, and that the action of complex conjugation
has two eigenvalues, +1. This induces a decomposition: K,C=K; (C)PK; (C).
Moreover [16], 1*: K,R—+K5 (C) is onto with kernel Z/2, and is split by A, /2. Thus
the (H90;)-conditions both hold.

The sequence of Corollary 1.2 for n=2 becomes

0-2/2—21 Ry(4) —— 5! 0.

The following result shows that this sequence does not split, answering a question of
Roberts [15].

Theorem 2.1. The map ¢ induces isomorphisms Ky(A)=SK,(A4)=2/2, K5(A)=
Ky (R)Y®S', and K3(A)=K3(R)YDK; (C)D(K3(R)/A.K+C)ny. The element p(—1)=
{-1,-1}p= (—1)[,}\:] of K,(A) is nonzero. (This answers the question raised in [12,
p. 129].)

Proof. We apply Theorem 1.11. For K, we have E=0, and Norm(C*)=R%, C
ker(¢). By Proposition 1.5, d¢ : C*/R%,=S! = ker(Norm : C*—R*)=S' is multipli-
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cation by 2. (R% ¢ is the multiplicative group of positive real numbers.) By Theorem
1.10, ¢(—-1)={-1, -1} - n, and this is nonzero because it is the generator of the copy
of Z/2 in the above sequence from Corollary 1.2. This completes the analysis for
K,.

To compute K3(4), we note that d¢ is the projection of K»(C) onto K; (C),
followed by multiplication by 2. But K5 (C)=1*1,K,(C), so by the remark after
Theorem 1.10 we have ¢(K7(C))=0. Thus Im(p)=K;(C). By Remark 1.12,
K3(A)=K; (C)DK3(R)Y/(A.K5C +x - K,R). Since p(A*K,(R)) = p(K5 (C)) =0, we see
by Theorem 1.10 that x-K,(R) maps to zero in K3(4), and therefore that
%+ K5(R) € 1,K5(C). The stated decomposition of K3(4) follows. [

Remark. If k=R, the construction in Section 0 can produce only two rings: the
circle scheme and R[¢, ¢~ !]. This follows from the observation after Example 0.1,
since R has only one quadratic extension field.

Remark. We do not know if 4, : K3C—K3R is onto. One interesting fact, shown in
the proof of Theorem 2.1, is that {—1,—1,—1} =A,(x) for some x (this is nonzero
by [9)).

Since we will need it, we insert the following result.
Proposition 2.2. If ZCckcQ then K;(k)=12/48.

Proof. By [11], K3(Z)=2Z/48. The fact that K;Z— K;(k) is onto follows from the
localization sequence. The order 24 subgroup is Im(J), and Giffen [9] has shown
that Im(J) injects into K3(R), a fortiori into K3(k). O

The kernel of ¢:/*—K,(A) can be strictly larger than the norms N/*. This is
illustrated by the following example, where NQ(i)* g Q2% (the multiplicative group
of positive rational numbers).

Theorem 2.3. When k=Q, I=Q(), we have (for the circle scheme)
SK(A4) =Q*/NQ(i)*= countable, infinite 2-group,
K3(A4) = K(Q)D(Q1)*/Q30),

KA =K;Q)®XDY
where

X=KQ0/1*K,Q= 11 (FH@® 11 F5/FY
p=14 p=3(4)

)
Y=K,Q/1.K;3Q()=either 0 or Z/2.

Proof. We know SK; by Theorem 1.11. In order to compute K, and K; we need to
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analyze K,@Q and K,Q(i). Since K,Z[i]=0 [22, p. A8], the localization sequences for
Z and Z]i) give the commutative diagram with exact rows:

0 —’Kz(D(i)"lﬁ[ (Z[i]/p)*—0

Ax IIN 2.4)

0~K,Z— K,Q —— 1L Ff— 0
p

We claim that ]I Nis onto. There are two cases to consider. If p=1 (4), pZ[i] =p;p,
and the norm map is N=(1,1): F;x F;—F}. If p=3 (4), p does not split and the
norm map is N: Fp:—Fp. In either case N is-onto, whence the claim. (Note that
Fy=(Z[i)/(1 +i))*=1 also.)
The next claim is that
. As (,)o
K,Q0) » K,Q

is exact, where ( , ). is the symbol of [12, p. 104]. That the composition is zero
follows from the diagram

> {+1}-0 (2.5)

KQ() —2— K,Q

oy

KC —2 kR —L e

{x1}.

The square commutes by Lemma 1.3, and the composition in the bottom row is zero
since K,C is divisible. (In fact, the bottom row is exact.) Also, (—1,—1),,=—1 in
(2.5), so we need only show that if xe K,Q and ( , )(x)=1, then x=4,(y) for
some y€ K,Q(i). We saw above that there exists ze K,Z and y € K,Q(i) such that
A«(¥)=x+z. If we apply ( , ) — Which splits the inclusion K,Z— K,QQ — we con-
clude that z=0 and x=4,(»), establishing exactness of (2.5).

As noted in the proof of Theorem 1.11, the kernel of d¢ is Q* By (2.5) and
Theorem 1.10 p(Q%,)=0, yet o(—1)={~1,~1}n#0. Thus the kernel of ¢ is Q%,.
Finally E=0, so the computation of K,(4) follows from Theorem 1.11.

The conditions (H90;) follow by applying Hilbert’s Theorem 90 to the
components of "IIN. By Remark 1.12, K;4)=Imp@Y, where Y=
K3(Q)/(1.K3Q30) + {Ky(Q),—1}). We claim that {K,Q,—1}CA.K3Q3). If
x€ A.K,Q(), then {x, —1} € 1.K;Q(i) by the projection formula. By (2.5), {-1,—1}
represents K,Q/A.K,Q(1), while {—1,—1,-1} €1,K3Q(i) by diagram chasing in
Theorem 1.10 (using the fact that 0={—1,~1} in K,Q(i)). As K,(Q) is cyclic, Y is
cyclic. As 2Y =0, Y must be either 0 or Z/27Z.

It remains to show that Im ¢ =X, i.e., that A*K,Q is exactly the kernel of ¢. That
PA*K,Q =0 follows from {K,Q,—1} cImA, (proved in the preceding paragraph)
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and Theorem 1.10. On the other hand, ker ¢ C ker d¢, and the latter equals A*K,Q
by (H90;). O

Remark. If we replace /=Q(i) by some other quadratic extension, one would expect
similar results. K,(4) is either /*/Q* or /*/Q%,, depending on whether or not the
image of 1. :K,(/)~K,(Q) contains {—1,—1}. With K;3(4) there could be some
difficulty because nontrivial wild symbols in K,(/) may cause (H90;) to fail.

2.6. We now give an example in which ¢ does not map onto K,(4). We take the
circle scheme over k= Q(¢), so that /=Q(i, ¢). By Theorem 1.11 we have to show that
E=K,(k)/(AK3l+{k* —1}) is nonzero. Consider the commutative diagram:

0 — KQ0) — K060 — 11.31 Py ——0

Aa Aa IIN

0 — KQ) — KRy — Lpl k(py* —0,

where p (resp. P) ranges over the nonzero primes of Q[¢] (resp. Q(i)[¢]). It follows
from (2.5) that K,(@) is in the subgroup 1.K,/+ {k* —1}, so that E is a quotient of
I1k(p)*. If fe Q(#)* then the p-coordinate of {—f, —1} is the tame symbol (—1)"",
Since each p is principal, it follows that the image of {k* —1} in I1k(p)*is 11{=1}.
If p is split and P lies above p, then NI(P)*=k(p)* so it is enough to consider
nonsplit p. Hence

E= 1L k()*/(£NIP)*),

nonsplit p

which is a countably infinite 2-group. (Even p=(¢) gives an infinite contribution.)

The generic circle scheme has k =Z[3;], /= k[i]. Recall that Corollary 1.2 yields an
exact sequence

0= K, (K)/AK (1) —— R,(A)~Ker(K,_,() —2s Ko 1(k)) 0.

We can use this for 0<n <3 to calculate K,(4). First of all, Ko(/) =Ky(k)=Z and 1.
is multiplication by 2. Thus K,(4) =Z/2. Next, SK,(k) =SK,(/) =0, so K, (k) = k*=
{£2"} and K ;()=/*={i"(1+i)"}. We have Ai.(i)=1, A.(1+i)=2, so
K\ (k)/2.K,(I)=2/2 (generated by —1) and K;(4)=SK,(4)=2Z/2. The kernel of
A« K (1) K (K) is Z/4 (generated by i). The localization sequences yield K;(k)=
K,(Z) and K,(/)=0, so Corollary 1.2 becomes

0—-2/2-Ky(A)—Z/4-0.

To determine the extension, we observe that de(l1+i)=(1+1i)/(1—i)=i, and
o(1+i)*=9p(—4)=¢(—1)={—1,—1}7, the generator of the left hand copy of Z/2.
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For n=3 the sequence becomes
Ky() =22 2/48- Ry(4) -0,

from which we see that K;(4) =Y’ where Y'=0 or Z/2. In fact Y’ is the same as the
Y of Theorem 2.3. This can be seen by diagram chasing in the following com-
mutative diagram:

KyZ[4,i] —2 KyZ[4] —— Y —— 0

]

KsQ) — Ky@Q) —— ¥ —— 0.

onto

The left vertical arrow is onto by the corollary to Theorem Sonp. 113 0f [13] (K, of
a finite field being zero). Altogether, we have:

Proposition 2.7. Let A =Z[}][x, y]/(x2+y*—1). Then Ko(A)=ZDZ/2, A*=2Z[4]*,
SK(A)=272, Ky(A)=Ky,(Z)DZ/8 and K3(A)=K;Z[$)® Y. (Y is the group of 2.3
and is either 0 or Z/2.)

Now we analyze the generic cases. We have ko= Z[b, ¢, (4c— b))~ '], ly=kola] =
Z[a, b+ 20, (b+2a)" "], and Ag=kylx, y)/(x2+ bxy+cy?—d) as in Example 0.1(a).
Here c=—a(a+b) and d=4c—b?=~(b+2a)% The generic case for 2=0 occurs
with ky/(2) = Fylc, b,6 "], lo/(2) =F;[e, b,b~'], and Ay/(2).

Proposition 2.8. Ky(4,/(2))=2/2 on n, K{(4¢/(2))=SK,(4,/(2))=2Z/2 on b-y,
and K ,(Ay/(2))=0 for n=2.

Proof. Observe that Ky(ko/(2))=Ky(ly/2))=2Z, K,(ko/(2))=K,(ly/(2))=2Z gener-
ated by the unit b. For n=2, K, (ko/(2)) =K,(lo/(2)) = K,(F))@® K, _(F3), which is a
cyclic group of odd order by Theorem 8 of [14]. As A,A*is multiplication by 2, 4, is
an injection on all K, and an isomorphism for n=2. For n=0, 1 the cokernel of 4, is
Z/2. The computation of K*(A4¢/(2)) is immediate from Corollary 1.2. O

The generic case when 2 is a unit occurs with ko[4]=2Z[4,b,d,d" 1], lh[+]=
Z[4,b,b+2a,(b+2a)~ "], and Ay[1].
Proposition 2.9. For all n=0 there are exact sequences
0-Z/2@K(Z[$])) —— R,(Aol})) -2 Tor(K,-1(Z[4]),Z/2)—0.
For low n we have

Ko(Aol$))=2/2 on 1,
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K\(Aol3)=2/2®2/2 on (-1)-nand 2y,

K,(Ao[4]) =Z/4 on generator ¢(b + 2a),

Ry(Aol4))=2/2@Z/2 on (K5Z)- n and p{-1,b+2a},

Ki(Aol4]) = @Z/2@KsZ)DZ/2 on (K4Z) - and p{—1,-1,b+2a}.

Remark. For n=2 we have Z/2®K,Z=7Z/2Q@K,(Z[$]), and for all n we have
Tor(K,Z,2/2)=Tor(K,Z[4]),Z/2). This follows from the localization sequence of
(Z,Z[4)) and the fact that for m=1 the group K,,(F,) is cyclic of odd order (by
Theorem 8 of [14)).

Proof. Observe that K,(ko[4])=K,(,[4]) =K.(Z[$)) DK, _1(Z[$]). Let { be an
element in the K,(Z[}]) summand of K,(kq[4]). The corresponding element in
K.(lo[3]) is A*¢, and A.(4*¢) =2{. Using the decomposition in [6], the elements in
K, 1(ko[+)) and K., (/o[4]) corresponding to { are {{,d} and {A*{,b+2a}. Note
that as K,(ko[$]) consists of units we have A,(b+2a)=N(b+2a)=d. The
projection formula yields 1,{A*,,b+2a}={{,A.(b+2a)} ={{,d}. We have shown
that A, acts component-wise as multiplication by 2 and 1, so the short exact
sequence of the Proposition follows immediately from Corollary 1.2.

Now KoZ[4)=Z K\(Z[$)={x2"}, KxZ[$)=2/2 on {-1,-1}, and
K3(Z[4))=Z/48 (by Proposition 2.2). This immediately yields K, and K, for Ao[4],
and gives K, (n=2,3,4) as extensions of Z/2="Tor(K,_,Z[}],Z/2) on generators
—1, {-1,-1}, and {-1, -1, —1} respectively. We lift these elements to K,(4,[4]) by
using Proposition 1.5 to observe that dg(b+2a)=(b+2a)/(b+2a)=-1, and
similarly dp{-1,b+2a}={-1,-1}, dp{-1,-1,b+2a}={-1,-1,—1}. Now
(b+2a)?=—-d=(—1)- A.(b+2a), so by Theorem 1.10 we have 2¢(b + 2a) = p(—d) =
@o(—=1)={-1,-1} -5, which is nonzero. This shows that K;(4,[$])=2Z/4 on
generator ¢(b+ 2a). On the other hand, 2¢{-1,b+2a}=¢{+1,b+2a}=0, and
20{—1, —1,b+2a} =0 similarly. This shows that the extensions K; and K, of Z/2 by
Z/2@® K (Z[4]) split. The form given in the Proposition follows from the remark
preceding the proof.

Now we tackle A,. By the discussion preceding Lemma 1.7 and by Corollary 1.2,
Ko(Ap)=Z/2 on n, and K(Ay)=K,(ko)/A.K (). By Lemma 1.7, K,(lo)=
{£(b+2a)™} and K (ko) = { +d™} ®SK (ko) (the latter summand generated by [3)).
As 2,(-=1)=1 and A,(b+2a)=d[}], we have Ri(Ay)=2/2®2/2 on (-1)-5 and
d-n.

Since A, is free (hence flat) over k,, there is a morphism ‘®y, A4’ between the
localization sequences for (kg, kg[4]) and (Aq, Ao[4]). This yields the commutative
diagram (with exact rows and columns):
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0 0 0 0 0

L

Knlko/2) = Ky(ko) = Knkol$]) = K- 1(ko/2) = Kon_ (ko)

fn fn-l

| ! | |

Ky(A0/2)= Kn(Ag) = Kn(Aol4]) = K- 1(A0/2)> K- 1(Ag)

L 4

Ko(Ao)~ Ko(Aol$]).

Proposition 2.8 implies that f,, is an isomorphism for n=2. Diagram chasing then
shows that K,(4,)—K,(Ao[+]) is an isomorphism for n=3, and an inclusion for
n=2. As the generator ¢(b+2a) of K,(Ay[4]) is in the image of Ky(Ay) (by
naturality of @), we see that K,(4¢)=K,(A4,[1])=Z/4 as well. Using the remark
after Proposition 2.9, we have:

Proposition 2.10. For n=2 there is an exact sequence

0-Z/2QK (Z) —1— R (Ag) —— Tor(K,_(Z),2/2)~0.

For low n we have
Ko(Ag)=Z/2 on n,
KA =SK(A)=2Z/2®Z/20on(-1)-nandd- 1,
K,(Ao) =7Z/4 on generator ¢p(b+2a),
Ki(Ao)=Z/2@®Z/2 on (K5Z) - n and p{—1,b+2a},
Ki(Ag)=@Z/2QK,ZYDZ/2 on (KZ)- 1 and ¢{—1, —1,b+2a}.

For n=2 the inclusion Ay— Al%] induces an isomorphism on K,,.

Preparatory to Section 3, we now compute the K-theory of the torus. For any
covariant functor F from k-algebras to abelian groups, define a new functor AF by
AF(B) =ker(F(B®¢): (BRA)— F(B)). Since B¢ is split by the inclusion of B in
B®A, we have F(B® A) =F(B)®AF(B). In this notation, AK,(k) denotes K,(A).
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If we copy the formalism of [3, p. 663], reading AF for NF, we obtain the natural
decomposition F(BRAR®A)=(1+A)*F(B)=F(B)®2AF(B)®A2F(B). Similarly,
FBRRM™ A)=(1+A)"F(B) =@/ ,(")AF(B) for any k-algebra B, and for B=k
we have F(®{L, A) = @ o(MAF(k).

Write C(k) for the exact sequence in Theorem 1.1. As this sequence is natural in
k, we get a split exact sequence 0—+C(k)— C(A)-+AC(k)-+0, where AC(k) is the
sequence Al Ag, )

= AK () — AK (k) — AK (k) —— AK,_,())--.

Because of the splitting, the sequence AC(k) is exact; diagram chasing shows that
AC is natural in k. Repeating the process yields natural exact sequences A'C(k):

e AR (1) -2 4K () 22 AT IR (k) = A, (), (2.11)
which end in AK()—> A'Ko(k)— A+ 'Ko(k)—0.

The analysis of the groups AK, is particularly simple, since we have
Ko(l®@ QL A) =Ko Tuy, uy Yy ooy thm, ' 1) =Ko(l). It follows that AKy(l)=0 for
i>0. From the ending of (2.11), we deduce that A'Ky(k)=AK,y(k) for all i>0. In
particular, Ko(A®A) = Ky(k)D3AK(k) as a Kq(k)-module.

Proposition 2.12. As a ring, Ko(A®A)=K(A) ®kiKo(A). As a Ky(k)-module, it
is generated by 1, n®1, 1®n, and (n®1)(1 ®n). More generally, if K runs over
any fixed indexing set, then Ko(@yA)= Qg Ko(A).

Proof. Let B be any k-algebra. Then B®;A is an augmented B-algebra with
augmentation B&®e¢e: B&QA— B. The structure of Ko(B®y,A) as a Ky(B)-algebra is
given by Corollary 1.2 and the subsequent remark. That is, Ko(B®yA)=Ky(B)®
[Ko(B)/(BRA)Ko(BR1)] - 1, where 2=0 and

u=[BRrA]-ker(BQ¢)] =[BRyA] - [BRker(e)]

in Ko(B®A). (Recall that ker(¢) is a projective A-module.) Thus u is the image of
n=[A] —[ker(¢)] under the homomorphism Ky(4)—Ky(B®A) induced by the
inclusion A =k ®,A-+B®;A. For this reason we will write g =1®#.

Now suppose that B=®)/.,4. We have seen that as a Ky(k)-module Ky(B) =
Ko(k)® @i-1({)AK(k). Since Ko(B®!) = K(l), we have

Ko(B)/(BR1)+Ko(BR!) = [Ko(k)/A:Ko(N]DDi-1 (NAK(K).

But AKy(k)=Ky(k)/AKy(), SO AKy(k) Rk AKo(k) = AKy(k) and
Ko(B)/(BR 1)+ Ky(BR!) = Ko(B) Rk AKo(k) as Ko(B)-modules. Thus Ko(BRA) =
Ko(B) ®xKo(A) as Ko(k)-algebras. The formula for Ko(&®A) now follows by
induction and (for infinite ®) the fact that K, commutes with direct colimits.

In particular, if B=A then Ky(4A®A)=Ky(A)D[Ko(A)/(ARQL)Kg(ARI)] -
(1®1n). By (1.2), Ko(A)=Ky(k)® [Ko(k)/A.Ko(l)] - n. But AR A is regarded as an
A-algebra via a—a®]1l, so this n is identified with 7® 1€ Ky(A®A). Finally,
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Ko(A®N=K(l), so Ky(ARA)=Kok)DAKoK)- (nR®1)DAKy(k)-1®nD
AKy(k) - (1R 1)(1® 7). The summands of Ky(X)/-;A4) can be identified in a similar
manner. [J

Note that we do not claim that Ko(B® A) = Ko(B) Qk« Ko(A) for any k-algebra B.
In fact, this is false for B=1.

In order to analyze the higher K-theory of A® A, we need a description of the ({")
summands AK,(/) of K,(IQ®M A=K, (lu,ui’,...,umu,']). Since
I®A=I[{u,u""], we have AK,(I)=K,_,(/), and by induction A’K (/) =K,,_ (/). The
summand corresponding to the subset {jj,...,j;} of {l,...,m} is obtained by
multiplying K,,_;(/) by the element {u;,...,u;} of Ki(l[ul,ufl, ...,u,,,,u,;l]). If we
think of the sequence A'C(k) in (2.11) as a summand of C(Q()}= 1 A), then AK, (1) is
the summand K, j()-{uy...,u;} of K,I®XA). Thus the composite
K, iD=AK,()~AK(k)2K,(XA) is the map sending (eK,_ () to
Av{C uy, ..., u;}. In particular, the transfer AA. is just the map ¢ of Section 1, and
we have the long exact sequence

e Ky (D 4K 00 =B 4K, (k)— K, o). (2.13)
ending in
K (1®n) 2
o)~ AK (k) =21 42K, (k) 0.

We can use the description of Theorem 1.1 to obtain the following result:
Proposition 2.14. Assume [ is a field, and let n,, n, denote n®1, 1Q@n in
K(ARA). Then AQAY*=k*
SK{(A®A)=(k*/NI*)- n, @ (k*/NI*) - 1, (k*/£NI*) - 1773,
Krx(AR®A)=K(k)@(Imp X Im @)D ZDEn @ Eny @ En n,.
Proof. By Theorem 1.11 and the decomposition K, (A®A)=(1+A4)K,(k), we
only have to show that A%K,(k)=(k*/+NI*)-nn, and that A2K,(ARA)=Z®
Enn,. Notice that the two copies of AK (k) CK,(A) are embedded via the maps
ARN* (1A K, (A)»K,(AR®A), where 1:k—A is the inclusion. Thus by

naturality the elements {-n7€ AK, (k) are embedded as (AR 1)¥ ={- (AR )*(n) =
{-n,and as {-#,, and similarly for AK,(k). The ending of (2.13) is

z—2— (k*/Ni%). 5, —2— A2K,(k)—0,

and ¢(1) =(—1)- 5, by Theorem 1.9, so the computation of 4%K,(k) follows. From
(2.13) we get an exact sequence

K1) —2— AKy(k) —2 A2K,(k) —2— 7 —2— (k*/NI*)- ;.

But AK,(k)=Im(p)® En,, and Im(d) is either Z or 2Z (depending of whether or not
—1eNorm(/*)), so A%2K,(k) must be En;n,®Z. O



86 L.G. Roberts, C.A. Weibel

Remark. If —1is not a norm, then the Z in A%K,(k) is generated by A, {u®1, l@u}.
This follows from Proposition 1.5, since we have dpu®1)=u®1)/(a®1)=
u?®]1. If —1is a norm of an element in /* A,{u®1,1®u} is not a generator.

Corollary 2.15. Let B= IR[x,,xz,y,,yZ]/(x%+yf— l,x§+y§— 1) be the coordinate
ring of the torus. Then:

KoB=2®(Z/2)},
K\B=R*®(Z2/2)%
K:B=K,(R)®(S'xSH@Z.
KB is generated by 1, n,, n, and nn,, SK(B) is generated by

(1) n;= [y"], i=1,2.
Xi
The subgroup (S'xSY)Y@®Z of K,(B) is obtained by transfer from B®C=
C[tlytl_l:tbtz-l]-

3. Primitive elements

In this section we give a partial answer to a question raised by Bloch [1]). In order
to clarify matters, we need a short digression.

Let ¢ denote the category of functors from commutative k-algebras to abelian
groups. Bloch [1] has defined an internal hom-functor Hom( , ): ¢ x € — ¢. Now
Ge ¢ is called representable if G(R) =Homy_,,(4, R) for some fixed commutative
(and therefore cocommutative Hopf) algebra A4 over k. It turns out that
Hom(F, G)(k) is the subgroup of primitive elements of the group F(A), i.e., those
elements xe F(A) for which A*(x)=x®1+ 1®x in F(4&®;A), where A4 is the
coproduct and x® 1 means F(A®1)(x), 1®x means FG&®A)(x). Bloch has asked
for a description of Hom(X,, G), i.e., for the primitive elements in K,(A).

Now the unit i: k= A is split by the counit g, so if AF(k)=ker(e*), F(A)=F(k)®
AF(k). Moreover, e=(e®e)4=(ERe)ARI)=(EReE)IRA), so (ERE)* xR+
1®x— A*(x))=¢e*(x) for any xe F(A). Thus the primitive elements lie in AF(k).

We now consider the problem of determining the primitives in K,(A), where A is
the ring under study in this paper.

Proposition 3.1. ¢(x) is primitive for every xe K.(l).
Proof. A*p(x)=A*A%{x,u}=(A4®14),A¥{x,u}, where 4;: AQ I+ AR ARl is the

induced coproduct. By 0.4, AT(u) =A4,(u) =u®@u =(u® 1)(1 ®u), while AT(x)=x in
K.(A®A®I). We then compute:
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A*p(X) =A@ ({xuR1} + {x, 1®u})
=(A1@AN).({xu}®1+1®{xu})
= {xu®1+1®@{xu})
=p()®1+1®p(x). O

One immediate consequence is this: in the circle schemes over R and @, every
element of K,(A) is primitive.
We now show that Im(g) often accounts for all the primitive elements of K, (A4).

Proposition 3.2. Ky(A) contains no primitive elements (except 0), i.e.
Hom(K,, G)=0. -

Proof. We first consider the generic case 7€ KgA, of Example 0.1(a). We write
q=ker(¢) so n =1—[q]. By Propositions 2.10 and 2.12 we have 1?0(A0®A0) =(2/2)}
on generators 7;=1-[a®Ad, n2=1-[40®q], and n+m—mn=1-
[0®Aol[40®a] =1~ [a®q]. It follows that det(n,72) = [A® a][a® A] ' [Ao®0a] ' =
1. Hence Pic(4¢®A,) consists of the four elements 1, [q®A(], [4o®q], and
[a®a].

Now A*np=1—A4*g], where A4*[q] € Pic(A9® Ay). By the counitary axiom for
coalgebras, we must have [q]=(1®e&)*4*[q]=(e® 1)*4*[q]. Inspection of the
possibilities shows we must have 4*[q] =[q® q]. Thus # is not primitive, as ® 1 +
1®n —A*n=nn2#0. _

In the general case, the typical element of Ky(A)=ker(e*) is x-n for
xe Kok/A .Kyl. By naturality we have

M1+ 1Q(x-n)—A%x-n)=x- M@ +x- (1®n)—x-4*1n)
=x-(1112).

By Proposition 2.12, x- (17,12) =0 iff x=0, and this shows that x- n is primitive only
whenx=0. O

Corollary 3.3. The primitive elements in (K,k)n C K,A are exactly the elements
Im(p) N (K 4k)n.

Proof. For xe K, (k), the same argument shows that x - 5 is primitive iff x- (17,1,) =
0 in A%K,(k). The exact sequence (2.13) shows that this is so just in case
x-neoK,_ ). O

In particular, if / is a field then ¢(1)=[%}] is the only (0) primitive element of
K(A), and ¢(/*) are the only primitives of K,(A4). More generally, we have (by
Remark 1.12):
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Corollary 3.4. The set of primitive elements of K, (A) is exactly Im(p) whenever the
condition (H90,)' of Remark 1.12 is satisfied.

We conclude with the following special case. If /=k X k, so that A = k[f, t 1], then
K. (A)=K,_(k)=Im(p). The conditions (H90,) are satisfied for each n, and we
recover the result of Bloch [1]: the subgroup of primitive elements of K,(A4) is
t- K, _ (k).

4. Basepoint independence

In this section we explain the basepoint problem, and solve it (partially) for the
circle scheme. We then indicate how this affects the K-theory of schemes obtained
by glueing k-rational points together.

The general basepoint problem for schemes X over S= Spec(k) may be stated as
follows. A (k-) rational point of X is a section p : S—X of the structural morphism.
Locally, X =Spec(A) for a k-algebra A and p is given by an epimorphism A4 — 4, the
composite k—>A—+k being the identity. A rational point induces a direct sum
decomposition K,(X) =K.(S)@ker(p*).

Basepoint problem. Determine how the summand ker(p*) varies as a subgroup of
K.(X) with the k-rational point p.

As an example, set X =A}=Spec(k[x),...,x,]). If k is regular, then by [13]
K.(X)=K.(k), so ker(p*)=0 for every p-rational point.

Proposition 4.1. Fix n=1, X=A}. The subgroup ker(p*) of K;(X) is independent
of p iff the two maps ‘t=0’, ‘t=1": K(K[¢t])-* K(k) agree.

Proof. Only if is clear. Conversely, given p, q and u € ker(p*), we have to show
g*(u) =0. Changing coordinates, we can assume that p,q: k[x,, ...,x,] =k are given
by p(x) =0, g(x;)=a;. Map f: k[x), ..., x,]->k[t] by f(x))=a;t. Then (¢=0)*/*u)=
p*u) =0, so we must have (t=1)**(u) =qg*(u) zero as well. [

Remark 4.2. The second condition in Proposition 4.1 is equivalent to K;(k) = [KJk,
where [K;] denotes the homotopization. See [25]. For i=1, [K ]k agrees with the
Karoubi—Villamayor functor, KV,(k). We see from the Gersten—Anderson spectral
sequence and a result of Vorst [23] that if k is K;_;-regular (i=2) then [K;]k=
KV,(k). As the Karoubi—Villamayor groups are often easier to compute for non-
regular rings, the basepoint problem is related to the problem of computing K;(k).

Another example of a scheme satisfying basepoint independence is X =P}, k
regular. In this case K,(X) = K.(k)®Z[op]/(of,) by a result of Quillen [13, p. 143].1f



K, and K5 of the circle 89

p is a k-rational point (a section p: Spec(k)—.X of the structural morphism), then
P*(0p) =0 [15, Section 3], so ker(p*) =K, (k)- [0,] is independent of the choice of p.

A simple example in which ker(p*) varies is supplied by X =Spec(k[¢,¢~']). For
simplicity, let us assume that k is regular, so that K (X)=K,(k\)®K,_ (k).
According to [10], a typical element can be written u+ {v,¢}, where u e K,(k),
ve K, _ (k). Every rational point p is given by sending f to a unit & of k. This sends
u+{v,t} to u+ {v, a}. Hence:

Proposition 4.3. If p is the rational point t=a of X =Speck[t, ¢t~ '], multiplication
by t/a gives the isomorphism K, _ (k)—ker(p*) C K, (X). For n=1, Ko(k)=12, the
isomorphism 7 =Xer(p*) is the exponential map i—(t/a)’. It follows that ker(p*) C
K(X) is different for every rational point p.

We turn to the basepoint problem for the circle X=Spec(A), A =k[x,y]/
(x2+y?—1), k a field of characteristic # 2. As 7 =*(0,), the analysis of Pk shows
that K,(k)- n Cker(p*), independent of p. Hence the sequence of Corollary 1.2
becomes

0= K, (k)/ A K (1) —— ker(p*)—ker(,)—0.

As ker(A.)=0 for n=0,1 it follows that X satisfies basepoint independence for K|,
K. For K,, we now assume k= R.

Proposition 4.4. Ife'®is a root of unity, the k-rational point py= (x — cos 8, y — sin 6)
satisfies ppo =0, and ¢ : S' —ker(py) € K»(A) is an isomorphism. Hence ker(pg) =
ker(p}) if €®=% is a root of unity.

Proof. Let z=el?eS.. By Lemma 1.3 we have plo()=piid{zu}=
A(Pe®A)*{z,u} = 1.{z,€!%}, and this is zero since {z,ei%} = {17 ei"} = {z!/" 1} =
0. O

We now analyze the case of a general point py. As in the proof of Proposition 4.4
we have pfp(z) = A.{z,€'%}. By [16] we have for ze S! that

A*pEo(z) = A*A,{z, €10}
={z,¢e!%}{z e} =2{zef}.

As A* is injective on A.K,C, and K,C is divisible, we conclude that pje(z) =0 iff
{z,¢!} =0. In particular, if z and e!? are algebraically independent over @,
Pio(z)#0 by a result of Springer [19]. Thus ker(p})=ker(p}) if €= is
transcendental.

We now show how the solution of the basepoint problem is useful in computing
the (lower) K-groups of ‘glued’ schemes [17]. For simplicity, we assume that £ is a
field and A is a regular affine k-algebra. We set S=Spec(k), X =Spec(A).
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Definition 4.5. Let p,,...,p, be k-rational points of X. The scheme ‘obtained from
X by glueing the p; is Y =colim(Y), where Y is the graph

X

Hpi \\\\
. N
Sx{1,..51} /Y
ITid yd
<

in the category of schemes (over S). Note that Y=Spec(B), where B=
{ae A|p,(a)=---=p,(a)}. Moreover, [[p;: A—]]k is onto, since the ideals ker(p;)
of A are comaximal. We thus have a cartesian square

B— A
4 Ip:

k_A_, Mk
and an associated Mayer—Vietoris sequence [3, p. 490]. We immediately obtain
SKy(Y)=SKy(X) and a sequence

0—-U(Y)— U(X) o, [1 U(k)/A U(k)—Pic(Y)—Pic(X)—0.

It is clear that U(Y) = U(X) iff X satisfies basepoint independence for units U
relative to the points p,, ..., p,.

We can extend the Mayer—Vietoris sequence to the left if we replace the Quillen
K-theory with the Karoubi—Villamayor K-theory (see Remark 4.2). This is because
the regularity of k& makes [[p; a Gl-fibration [5]. As K, =KV, for the regular
schemes S and X [5], the sequence looks like this:

Mp! | J1Kn4i(S) 0 » KV,(Y)—~K,(X) e/,
AKn+1(S)

Thus KV,(Y) maps onto K,(k)® ([ \ker(p})). If all the ker(p}) agree, this is all of
K, (X), so we obtain short exact sequences

2Ky (X))

0= (K4 1(8))! ! —2— KV,(Y) = K,(X)—0.

Since we are only interested in Quillen’s K-theory, we restrict ourselves to n<2,
where the connection between K ,(Y) and KV,(Y) is well known. We first recall the
following result of Geller and Roberts [8, Theorem 2], true for any commutative
ring k.

Theorem 4.6. Let Y=_Spec(B) be the scheme obtained from X =Spec(A) by glueing



Ky and K5 of the circle 91

disjoint k-rational points p; together. Then Q L ,s=0and K\(B,I)=K (A, I), where
I=Xker(p: B—k).

As an easy consequence, we deduce the following result:

Corollary 4.7. The scheme Y is K,-regular if X is regular. Hence K,(Y)=KV,(Y)
and NK,(Y)—Ky(Y)—=KVy(Y)—0 is exact.

Proof. The second statement is a well-known consequence of the first [21]. Now
Theorem 4.6 for k (and k[xy, ..., X,]) give exact rows in the commutative diagram

! !
Ko(X X M)~ I_Iz KA =K (Y X A=K (X X AR~ H2 Ky (M)

Ky X) —— [[ K(k) — K ((Y) —— K{(X)—— [[ K (k).
The five-lemma gives the K-regularity of Y. [

Proposition 4.8. Let A be an algebra of finite type over a field k. Let B be obtained
(as in Definition 4.5) by glueing k-rational points p,, ...,p;of Spec(A). Then B is an
algebra of finite type over k (hence noetherian).

Proof. We have B={aeA|p;(@)=--=pia)}. Every aeA satisfies f(t)=
[1(¢—pi(a)) — [1(a—pi(a)), a polynomial with coefficients in B, so A is integral over
B. By [20, p. 58], B has finite type over k. [

Example 4.9. Let X =Spec(R[t,71]), and let Y be obtained by glueing =1 and
t=qa, a#0 or 1. Then Y= Spec(B), where
B={feR[4t~"| (1) =f(@)}
=R[(-D(E—a) 1t~ Dt —a)t~'(t— 1)t —a)].

A sketch of the real points is given in Fig. 1. The computation of the K-groups falls
into three distinct cases:

a>0 a<O
Fig. 1. Y(R) in Example 4.9.

Case 1: a=—1. We have SKo(Y) =0 (this is always the case for a 1-dimensional
ring). One easily verifies that U(Y)=R*xZ={ar*"|acR*neZ}. From the
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Mayer—Vietoris sequence of [3, p. 490] we get Pic(Y) = R, (multiplicative group of
positive real numbers). Because of Theorem 4.6, the Mayer—Vietoris sequence of
Quillen K-theory extends to the K, terms (the proof is as in [12, p. 55]. This yields
SK(Y)=K,(R)/{-1,-1}=K7 (C).

To compute KV,(Y), we have the exact sequence

Kay(X) 22220 K y(R) =K Vy(Y) = Ky(X) 22 Ky(R).

Now K,(X)=K,(R)® {R* ¢}, and since 0= {R* 1} ={R%,, —1}, the kernel (at the
K, level) of pf—p*, is K,(R)Y® {R%,, t}. Thus KV,(Y) maps onto K»(R)®{R%, ¢}.
By (4.7), K5(Y) maps onto KV,(Y). Thus we have a surjection K,(Y)—K,(R)®
{R%,, t}. This surjection is split, since for r>0 we have {r, t} = {Vr, 12} with t2€B.

Similarly, K3(X)=K3(R)@K,(R) and the map py—p*, (at the K; level) is seen to
be 0®{,—-1}. Again, {r,s,—1}=0 unless ,s<0 when it is {—1,—1,—1}=0.
Summarizing, we have:

Proposition 4.10. When a=—1, for Y as in Example 4.9, Pic(Y) = R%,, SK(Y) =
0, U(Y)=R*®Z, SK,(Y)=K;(C), and Ko(Y)=K(R)Y®R%:,®D(?). There is an
exact sequence

NK»(Y)~ (D)~ K3(R)/{-1,-1,-1}—0.
Remark. By Corollary 4.8 of [26], it follows that (?) is K3(R)/{—-1,—-1,-1} @ R™*.

Case 2: <0, a+—1. Again we have SKy(Y)=0, but U(Y)=R* The Mayer—
Vietoris sequence yields Pic(Y)=R*/{a"}=R/Z since a¢<0. Also, SK,(Y)=
Ky(R)/{R* a}. Now {—1,a} ={-1,—1} and, as in [12, p. 107] and [19], it follows
that SK(Y) is a Q-vector space of uncountable dimension.

Case 3: a>0, a#1. We have SKy(Y)=0, U(Y)=R* Pic(Y)=R*/{a™}, and
SK(Y)=K,(R)/{R* a} as in Case 2. This time, though, we have Pic(Y)=7/2®
R/Z and SK(Y)=2Z/2Z@®V, V a"Q-vector space of uncountable dimension. Note
that in this case we can map B to the ring of continuous functions on the circle. The
resulting maps I?O(Y)*KNO(S‘)=Z/ZZ and SK(Y)—n(SO)=12/2Z given in [12]
are easily seen to be onto. The K-theory is noticing the fact that the circle has not
been punctured.

Example 4.11. Let X=Spec(4), A =R[x, y]/(x2+y*—1), and let Y be obtained by
identifying the point pg=(x—1,y) to pg=(x—cos 8, y—sinf), §#0. A rotation (by
6/2) and translation allow us to check that Y=Spec(B), B=R[x,y]/(z*+
x¥x+cos0/2)2—x?). Since dim(B)=1, SKy(Y)=0. We claim that Pic(Y)=
R%,@(Z/2)2. To see this we have to show that the sequence (from [3, p. 490])

0—R* —2— Pic(Y)- Pic(X)—0
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X X

8 =T/2 8=1u

Fig. 2. Y(R) in Example 4.11.

splits. The B-ideals 7, =(z,x+ cos(6/2) £1) both map to the nonzero element of
Pic(X)=12Z/2. To show that the sequence splits it suffices to show that one of {7, } is
of order 2. But -

(I4)*=(z% z(x +cos(6/2) + 1), (x + cos(6/2) + 1)?)B
=(x+cos(8/2) + 1)B - (x¥x+ cos(8/2) — 1), z,x +cos(8/2) + 1)B
=(x+cos(6/2)+1)B,

since x + cos(6/2) + 1 and x2(x + cos(6/2) — 1) are comaximal in B. This shows that I,
has order 2 in Pic(B). A similar argument works for 7_. In fact it can be shown that
I_=0d(-1)®1I,. To compute SK;(Y) we utilize the analysis of K,(4) in Section 2.
We have an exact sequence
S'—22, k,(R)-SK,(Y)—2Z/2—0.

The left-hand map is pa¢: 2= A.{z,€i’}, and evidently cannot map onto the torsion
element {—1,—1}. In any event coker(pgp)=K,(R). Now the splitting for Pic(Y)
gives a splitting here in exactly the same fashion. Thus there is a canonical
isomorphism

SK(Y)=(Z/2)*®@YV,
where V is K5 (C)/A*1,{S',ei%}, an uncountable vector space over Q. If ei®is a root

of unity, we have V=K (C) since p}p =0, but this is not so in general.

Proposition 4.12. When 0=n, Ky(Y)=K,(R)Y®S'@(?), and there is an exact
sequence NK,(Y)—(?)—+K;3(R)—0.

Remark. By Corollary 4.8 of [26], it follows that (?) is K3(R)® R*.

Proof. We first show that pd =p»: K;3(X)— K;3(R). As in the proof of Proposition
4.4, we have p}o(y) =1.{y, €} for ye K5(C). But {y,1}={y, -1} =0in K;(C), so
pop=pip=0. By Theorem 2.1, Img is all of K3(A). Thus p§ =p*, and the Mayer—
Vietoris sequence for KV-theory yields an exact sequence
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By Corollary 4.7, K,(Y) maps onto KV,(Y), so we have a surjection K,(Y)—
Ky(X)=Ky(R)®S'. We now lift ¢:S'>K,(X) to K,(Y) by the map z~
(B®A).{Vz, t?} (recall that t2e B and ze S! CC). Note that z has two square roots,
but our lifting is well defined in K5(Y) because

(BRA){-1,12} =(BQA)+(BRAY*{~1,1*} = {-1,12}2=0.

We do have a lifting of ¢, since in K;(4) we have /lf{\/E, 1%} =/lf{z, t} = @(z). This
yields a direct sum decomposition K,(Y)=K,(R)®S'@(?); putting this together
with Corollary 4.7 yields the exact sequence of Example 4.11. O

We conclude by making a topological remark. The real points of Y look like
S'vSY, so we get maps Ko(Y)—~KO(S'VvSY)=(Z2/2)?, SK(Y)—[S'vS!,S0]=
n,(SO)2=(Z/2)%. By inspection we see that these maps are onto and split by
na=U,]1~1€Ko(Y) and {r., —1} € SK{(Y).
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