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Abstract. We show that the natural map from 2-adic algebigitheory to 2-adietaleK -theory
induces an isomorphism in positive degrees for rings of 2-integers in totally imaginary number
fields. In this sense, 2-adic algebraictheory of totally imaginary number fields satisfietale
descent in positive degrees.
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0. Introduction

We prove the following theorem:

THEOREM 0.1. Let¢ = 2, and letF be a totally imaginary number field with ring
of ¢-integersRy = Op[1/£]. The Dwyer—Friedlander map

¢r: K(Rp); — K¥(Rp);
induces isomorphisms
¢rv: Ku(Rp; Z) —> KE(Rp; Z,)
for all x > 1. Hencegr induces a homotopy equivalence of connected components.

In this sense, 2-adic algebraic-theory for totally imaginary number fields
satisfieetale descent, sin@aleK -theory does so, more or less by construction.

The Dwyer—Friedlander map in question was constructed in [2], where it was
shown that 2-adicallyr, is surjective in positive degrees whéhcontainsy/—1.
Keeping this hypothesis it was proven in [5, 0.4] tlgat, is an isomorphism in
positive degrees. The present note uses a Tate spectral sequence to extend this result
to arbitrary totally imaginary number fields.
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1. Descent and Codescent

Let F be a totally imaginary number field, and Ebe any prime, even or odd. We
shall write R for the ringOr[1/¢] of ¢-integers inF. We are interested in theale
cohomology of the sheavés,/Z,(i) andZ,(i), always supposing> 2.

We shall use the following facts, which may be found in [5, 7]. Firgf(RF;
Q¢/Z(i)) = Ounlessn = 0,1, andH(RF; Z¢(i)) = O unlessn = 1, 2. Next,
the groupsHY(Rr; Q¢/Ze(i)) = Z/w” (F) and HA(Rr; Z,(i)) are finite. Also
Hélt(RF; Z,(i)) is a finitely generated,-module, andHélt(RF; Qy/Z,(i)) is Pon-
tryagin dual to one such.

Now supposeE/F is a Galois extension of totally imaginary number fields,
unramified outside the prime 2. This implies that S is a Galois covering of
SpecRr), with groupG = Gal(E/F). For eachetale coefficient sheafl on Ry,
there is a first quadrant Hochschild—Serre spectral sequenceEwittrm E5 ¢ =
H?(G; H{(Rg; M)) converging toH. ™ (Rr; M). See, e.g., [4, Ill. 2.20]. Writing
A€ for the invariantsH°(G; A) of a G-moduleA, this yields natural isomorphisms

Hg(Rr; Qe/Z4(i)) —> HY(Res Qe/Ze(1))°,
HARp; Zy(i)) — HYRE; Z,())°,
compatible with the restriction maps fét/F. The second isomorphism uses that
HY(RE; Ze(i)) = O fori # 0.
WhenM is discrete, there is also a second quadrant Tate spectral sequence with
ExtermE, " = H,(G; Hi(Rg; M)) convergingtd]é”J“q(RF; M). See[6,Ch. 1,
App. 1] or [3, 3.1]. If we writeA for the co-invariantdy(G; A) of a G-module

A, the edge maps are the corestriction mafJsRg; M) — HZ(Rr; M). When
M = Q/Z,(i) andi > 2 thenH(Rg; M) = 0 for g > 2, so the edge map

HARp: Qu/Z4(0)) ¢ —> HARp: Qu/Z,(i))

is a natural isomorphism faE/F. Since its construction assumes that the coeffi-
cient moduleM is discrete, the Tate spectral sequence does not apply directly with
M = 7Z,(i). Nonetheless:

LEMMA 1.1. Let E/F be a Galois extension of totally imaginary number fields.
For i > 2, the corestriction map induces an isomorphism

HZ(RE: Z,(i))c —> HEL(RF: Z,(i)).
Proof. The extensioZ, - Q, — Q,/Z, induces a short exact sequence
0 — Hy(Rg: Z,(i) ® Qp/Zy — Hyg(Rp: Qu/Z,(i)) — HGH(RE: Z4(i)) — 0.

This usesHézt(RE; Q, (1)) = 0. Since this sequence is natural with respect to auto-
morphisms ofF over F, it is G-equivariant.
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The corestriction map induces a map of exact sequences

HX(RE; Zo())6 @ Qp/Zy —> HERE; Qo /Ze(i))6 —> HZ(REg; Z(i))g

~

HARE; Z4(i) ® Qo /Zy —> HERF; Qu/Z(i) —> HEA(RF; Zo(i))

The upper and lower right horizontal maps are surjective, and the lower left hor-
izontal map is injective. The middle vertical map is an isomorphism by the Tate
spectral sequence. Hence, the right-hand vertical map is surjective. Its kernel is a
finite group, and isomorphic to the cokernel of the left-hand vertical map, which is
divisible. Hence, these groups are zero, and the right-hand corestriction map must
be an isomorphism. O

2. Proof of the Theorem

LetK,.(Rr; Zy) andKf‘(RF; Z,) denote the algebraic aidaleK -theory of R - with
¢-adic coefficients, respectively. We need to show that the universal maps

or. Ki(Rp; Zy) —> Kft(RF; Zy)

are isomorphisms.
The edge maps in the Dwyer—Friedlander spectral sequence [2] induce natural
isomorphisms

DF;1: K$ [(Rp; Zy) —> HA(RF; Z4(i)),
DFi2: K§ ,(Rp; Zy) —> HA(RF; Z,(i))

in total degrees > 1. Whent = 2, the Bloch—Lichtenbaum spectral sequence [1]
leads (via [5, App. B]) to natural isomorphisms

BL;1: Koi—1(Rp; Zy) —> HE(Rr; Z,(i)),
BL; 7 Koi—2(RF; Z¢) —> HA(RF; Z4(i))

in total degrees > 1.

Now let F be a totally imaginary number field, not containikg-1, and let
E = F(~/—1) be the quadratic extension containigg-1. ThenG = Gal(E/F)
is cyclic of order 2. It is known thapr is surjective for alk > 1, and that it is an
isomorphism forr = 2, by [2] and [5, 0.4].

Forx = 2i — 1, we use the following commutative diagram:

1 . BL;3 oF et DFi1 1 .
HARp: 20(i)) <2 Koi_1(Rp: Ze) =5 K51 (Rp: Z0) —> HA(RFp: Zo()

L= ! ! |

Ly o DF
HARE: Z¢()® ——"—Kai 1(R; Z0) —> K& (RE; Z0)0 —> HA(RE; Z,(0))°.
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Before takingG-invariants, the bottom row consists of isomorphisms, an@-is
equivariant by naturality with respect to the Galois-automorphisnis/@f. Hence
the row of G-invariant submodules also consists of isomorphisms.

Using the descent isomorphism at both ends and convergence of the Dwyer—
Friedlander and Bloch—Lichtenbaum spectral sequences we deducgrtlisita

natural isomorphism in degr&2i — 1).
Forx = 2i — 2, we use the following commutative diagram:

. (BL; 2)G . (¢E) E . (DF; 2)G
HZ(RE; Z0())6 ————— Kai—2(RE; Ze())6 ——> K§'_5(RE; Ze(1)g ———

S HZ(Rp: Zy())G

- | -

2 . BL; 2 . oF et . DF; 2 2 .
HG(RF; Ze(D)) «~———— K2i2(Rp; Z4())) ——— K5 _»(Rp; Ze(i)) ———— HG(RF; Ze (D).

Before takingG-coinvariants, the top row consists of isomorphisms an@-s
equivariant as before. Hence, also the rowedoinvariant quotient modules consists
of isomorphisms. Using Lemma 1.1 we deduce ¢hats also a natural isomorphism
in degreg2i — 2). This completes the proof of the theorem.
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