THE HIGHER K-THEORY OF COMPLEX VARIETIES

CLAUDIO PEDRINI AND CHARLES WEIBEL

ABSTRACT. Let X be a smooth complex variety, and let F' be its function field. We
prove that (after localizing at the prime 2) the K-groups of F are divisible above
the dimension of X, and that the K-groups of X are divisible-by-finite. We also
describe the torsion in the K-groups of F' and X.

In this paper we shall describe the abelian group structure of the algebraic
K-groups K, of a complex variety X and its function field F', at least when
n > dim(X) = tr. deg. (F') and K, is localized at the prime ¢ = 2. Our results
generalize Suslin’s description of the K-theory of the complex numbers C in [Sul],
and our earlier results for curves and surfaces in [PW].

Much of this paper depends upon the recent developments in motivic coho-
mology [SV,V2], related to the norm residue conjecture, that the norm residue
homomorphism KM (F)/m — HZ(F,7Z/m) is an isomorphism for all m; see [BK,
p. 118]. Here KM (F) is Milnor K-theory and H} (F,Z/m) is étale cohomology.
Since this conjecture might be settled soon, we have been encouraged to state
many of our results twice: first for £ = 2 and then under the assumption that the
norm residue conjecture holds.

Our first main result, theorem A (3.2), is that the mod 2¥ K-theory K, (F;Z/m)
is isomorphic to the polynomial ring H} (F,Z/m)[5], where 8 € Ko(F;Z/m) and
m = 2" for any v. (This would hold for all m if we knew the norm residue con-
jecture were true.) As observed by Suslin in [SuM] (see theorem 4.1), Theorem A
implies that the Quillen-Lichtenbaum conjecture holds for smooth varieties over
C (for all m = 2¥).

Our second main result, theorem B (5.1), states that the groups K, (F') are
2-divisible for n > d, d = tr. deg. (F'), and uses theorem A to describe the two-
primary torsion subgroup. If we assume the norm residue conjecture, then K, (F')
is divisible for n > d, and theorem A completely describes its torsion subgroup.

Our third main result, theorem C (6.1), is that the groups K, (X) are the sum
of a 2-divisible group and a finite group for n > dim(X). If X is projective, we
can improve this range to n > max{1, dim(X)—2}. If we assume the norm residue
conjecture, then the groups K, (X) are divisible-by-finite in these ranges.

Theorem C generalizes our result in [PW] that if X is a surface and n > 2
then K, (X) is the sum of a divisible group and a finite group, which is either
H2 (X, Z)tors or H3 (X, Z)1ors, according to the parity of n. An earlier indication
of this phenomenon was given by the result of Colliot-Théléne and Raskind [CT-R,
2.2] that the finite group H32, (X, Z)iors is a summand of H(X, Ky).

To see why there is a restriction on n, observe that each KM (F)/m is a sum-
mand of K, (F)/m by theorem A (m = 2"). Yet K} (F)/m # 0 for all m > 1 and
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all function fields F' of transcendence degree d. Indeed, if Fy = C(tq,...,t4) is a
purely transcendental subfield, then the transfer map K} (F) — K3 (E,) followed
by the canonical iterated tame symbol 9%: KM (E;) — KM (E4_1) — -+ = Z
of [Mi, 2.3] is nonzero because the composite sends the symbol {t1,...,ts} to the
integer [F' : E4]. On the other hand, if n > d then Voevodsky’s theorem [V2]
implies that KM (F)/2 = HL(F,Z/m) = 0, i.e., KM(F) is 2-divisible. Similarly,
the norm residue conjecture implies that KM (F) is divisible when n > d.

One way to interpret our results is to consider the comparison map p between
the algebraic K-theory of the variety X and the topological K-theory KU*(X) of
the underlying topological space. Defining the relative groups K/ (X) to fit into
an exact sequence

(4.2) - K, (X)L KU H(X) = K'Y(X) = K,(X) 5 KU™(X)--,

corollary 4.3 below states that K" (X) is uniquely 2-divisible (and conjecturally
uniquely divisible) for all n > dim(X) — 2. Writing the finitely generated group
KU™(X) as Z™ & By, the torsion part B,, comes from K, (X); by theorem C,
the free part Z™+1 of KU~""1(X) is mirrored by a (Q/Z)™+! in K, (X).

We have organized this paper as follows. In §1 we give some generalities about
the norm residue conjecture and what it implies in our context. In §2 we give
the additive structure of K, (F;Z/m), and the multiplicative structure in §3. We
mention that the usual difficulty with products in K, (F';Z/2) disappears because
vV/—1 € C; see [AT, 10.7]. In §4 we recall how Suslin’s argument in [SuM] yields
the Quillen-Lichtenbaum Conjecture for smooth complex varieties, and use the
relative groups K7 (X) to draw some simple consequences. In §5 we use Deligne
cohomology to prove theorem B, and in §6 we prove theorem C. For this step we
use Hodge theory and the sequence (4.2).

The results in this paper were first announced at the Colloque Karoubi in
November 1998, before the announcement of [FS]. For this reason, our results
do not invoke any multiplicative properties of the Bloch-Lichtenbaum spectral
sequence for F', nor the generalized spectral sequence for X, both of which are
established in [FS]. Even if we had used these more sophisticated tools, our proof
of theorem A would be shortened only slightly (see remark 3.2.1), while the proofs
of theorems B and C would not be affected at all.

It should be clear that although our use of Deligne cohomology requires working
over C, the method of Colliot-Thélene and Raskind [CT-R] works in the greater
generality of schemes over a field with finite étale cohomological dimension. Some
results in this greater generality, for K, (X;Z/m) and for K, of a surface, have been
given by Levine in §15 of [L], using the constructions in [FS] (see remark 4.1.1).

We will use the following notation. If A is an abelian group and m is a positive
integer, ,, A will denote the m-torsion subgroup of A, i.e., {a € A : ma = 0},
and we will write A/m for A/mA. The torsion subgroup of A will be written as
Ators, and its f-primary subgroup will be written as Ay ors. If £ is a prime, then
Q¢/Zy will denote the f-primary subgroup of Q/Z, i.e., the quotient of Q by the
localization Zy of Z at /.
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§1. THE NORM RESIDUE CONJECTURE

Let F be a field. The Milnor ring KM (F) is defined to be the quotient of the
tensor algebra of the abelian group F'* by the ideal generated by the quadratic
Steinberg relations {z,1 — z}, where z € F'* —{1}. Thus KM (F) =7, KM(F) =
F* and K} (F) = K»(F) by Matsumoto’s theorem.

The norm residue homomorphism F* — HZL (F, pu,,) induces a cup product
F* @ F* — H%(F, u2?). Tate observed that this product satisfies the Steinberg
relations. It follows that the norm residue map induces a ring homomorphism
KM(F)/m — HE(F, pr).

We shall say that the norm residue conjecture holds for m if the norm residue
homomorphism KM (F)/m — HZ, (F, n2*) is an isomorphism of graded rings. This
was proven for all m = 2” by Voevodsky in [V2], and is currently open for odd m.
Since Milnor K-theory is presented by generators (in degree one) and relations (in
degree two), this conjecture implies that the étale cohomology ring has the same
presentation.

When F' contains C, the root of unity e is a generator of the étale sheaf
L, allowing us to identify g, with the constant sheaf Z/m. This also identifies
its twists u®* with Z/m, allowing us to consider the residue homomorphism as a
morphism from KM (F)/m to H} (F,Z/m).

Our proof of theorem A will be based upon the following result, due to Luca
Barbieri-Viale [BV1, 4.3] [BV2, 2.2]; cf. [SV, 11.1] and [V2, 5.3]. We give the
short proof here, for ease of reference. If F' is a finitely generated field over C,
it is convenient to write H? (F,Z) for the direct limit of the classical (Betti)
cohomology groups H!' (U,Z) as U runs over all Zariski open subsets of some
fixed variety X with C(X) = F. This limit is independent of the choice of X.

When F is infinitely generated over C, H! (F,Z) will denote the direct limit
of the groups H' (U,Z) as U runs over all affine varieties with C(U) C F. The
theory of dominant rational morphisms implies that H7 (F,Z) is the direct limit
of the H? (F,,7Z) as F, runs over all finitely generated subfields of F'.

27i/m

Proposition 1.1. (Barbieri-Viale) Let F' be a field containing C. Assume either
that (i) £ = 2 or (ii) the norm residue conjecture holds for ¢ and F'. Then for each
n the group H (F,7Z) has no {-torsion, and for each m = ¢¥ we have:

KM(F)/m = H"(F,Z/m) = H" (F,7) ® Z./m.

Proof. Since H\(F,Z/m) agrees with H (F,Z/m) = li_r>nH§n(U, Z/m), we have
natural maps H' (F,Z) — H (F,Z/m) = HZ(F,Z/m) [M] and exact sequences

0— H'(F,\7Z)®7Z/m — H%(F,Z/m) = , H:(F,7) — 0.

Thus it suffices to show that the natural maps H. (F,Z) — H.(F,Z/m) are onto
for any n and m = ¢“. Via the canonical map H2 (U,O%) — H} (U, Z) we get
a canonical map F* — H} (F,Z), lifting the residue map F*/m = HL (F,Z/m).
This establishes the case n = 1. Now Tate observed that the cup product



4 CLAUDIO PEDRINI AND CHARLES WEIBEL

HL(F,Z/m)®" — H"(F,7Z/m) factors through the norm residue homomorphism
on KM (F)/m. Thus we have a commutative square

C

(F)®"  ——— HL(FZ)®" —— H(FL)

o] !

(F*/m)®n 22 KM(F)/m ——— HZ(F,Z/m).
residue
The bottom left map is onto by the presentation of K (F), and the norm residue
homomorphism is an isomorphism by Voevodsky’s theorem (or by assumption if
m is odd). It follows that the right map is an surjection, as required. |

Proposition 1.2. Let F be a field containing C. Each HJ,(F,Q2/Z5) is a divisible
group, and its m-torsion subgroup is KM (F)/m = HR(F,7Z/m) for all m = 2.

Similarly, if the norm residue conjecture holds for £, then each HZ(F,Q¢/Zy¢)
15 divisible, with

HE(F, Qo/Z0) = K3 (F) @ Qu/Ze = Hyy, (F, Z) @ Qo Ze,
and for all m = (¥ the m-torsion subgroup is KM (F)/m = H2(F,Z/m).

Proof. Fix a prime ¢ (such as ¢ = 2) such that the norm residue conjecture holds
for ¢. Divisibility follows from:

H (F,Qe/Z) = limy Hey (F, 2,/€°) = lim K (F) /0 = KN (F) © Qe /Zy.

Moreover, because there is no -torsion in H%'(F,Z), the Universal Coefficient
Formula implies that H, (F,Qg/Zy) is isomorphic to HZ, (F,Z)®Q¢/Z,. To deter-
mine the m-torsion with m = ¢”, we tensor the inclusion Z/m C Q;/Z, with the
(-torsionfree group H]. (F,Z), and invoke the isomorphism of H (F,Z)/m with
HI(F,Z/m) from 1.1. |

Example 1.2.1. For m = ¢ as above, we see that each group H;(F,Z/m) is free
as a Z/m-module. This is because the m-torsion of any divisible abelian group is
free.

If A is an abelian group, we write A, for its profinite completion @A/f” A.

Corollary 1.3. Let F be a field containing C. Then the completion KM (F)y™ has
no 2-torsion for all n.

Similarly, if the norm residue conjecture holds for £, then KM (F); is an (-
torsionfree group for all n.

Proof. By 1.1, we have KM (F)/m = HI (F,Z)/m for all m = ¢”. Hence the
¢-adic completions of KM (F) and H (F,7Z) agree. But it is well known that
the ¢-adic completion of an (-torsionfree group is ¢-torsionfree; see [AM, 10.3] for
example. |

We conclude this section with an analysis of H} (X, C*) which we will need in
section 5. It is a generalization of Lemma 4.1 and 4.2 of [PW].
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Lemma 1.4. Let F = C(X) be the field of rational functions of a smooth variety
X over C. Assume either that (i) £ = 2 or (ii) the norm residue homomorphism
holds for £. Then for all j and m = £¥:

(1) mHgn(FJCX) = Hgt<F7 Z/m)’
(2) Hi, (F,C*) is {-divisible, and its (-primary torsion subgroup is

H,(F,C™)g-tors 2 HY, (F,Qu/Z¢) = HY, (F.Z) © Qu/Z
(3) If A; denotes the finite group HJ, (X, Z)iors, then
H(X,Z/m) =, H], (X, C*) ® A;/m;

(4) Hgt(Xv @Z/Zﬁ) = Hgn(XvCX)Z-tors-

Proof. From the exponential sequence, and the fact that HZ (X,C) is uniquely
divisible, it follows that HJ 1 (X, C*) is the sum of a divisible group and the finite
group A; = HJ (X,Z)iors- Replacing X by open subsets U and passing to the
limit, the fact that (HJ (F,Z) = 0 (see 1.1) implies that HJ (F,C*) is (-divisible.
Using the Kummer sequence for 0 — Z/m — C* % C* — 0, this implies
part (1), that H? (F,Z/m) = ,,HI (F,C*), and that H? (X,Z/m) is an extension
of mHI (X,C*) by Aj/m = HI-1(X,C*)/m. To prove (3), that the extension
splits, we need to observe that the inclusion A;/m — HZ (X,Z/m) factors as

Aj/m = HITH(X,CF) fm S0 i (X, Z) fm S0 T (X Z/m),

where the final map is a split inclusion by the universal coefficient theorem. Passing
to the limit over m yields (2) and (4). |

We can also show that the ¢-adic cohomology H" (X, Z,) = @HQ(X, Z/e) is

the sum of a torsionfree group and the finite /-primary torsion subgroup (A )e_tors
of H' (X,Z).

Recall that the (-adic Tate module Ty(H) of an abelian group H is the inverse
limit of the system of groups s H.

Tg(H):@{KH(—KQH(—"'(—@/H(—”'}

It is well known that the Tate module is always torsionfree (see [CT-R, 1.3]).

Corollary 1.5. Let ¢ be either 2, or a prime for which the norm residue conjecture
holds. Then H™(X,Zy) is the direct sum of the torsionfree group Ty(HZ (F,C*))
and the finite group (An)e-tors-

Proof. By Lemma 1.4, H"(X,Zy) is the inverse limit of the tower of groups
HL(X,z/¢t") = HI (X, Z/t") = o H (X,C*) & A, /¢¥. That is, it is an ex-
tension of the Tate module of H? (X,C*), which is torsionfree, by the ¢-primary
group (An)e-tors- |
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§2. THE ADDITIVE STRUCTURE OF K, (F;Z/m).

The goal of this section is to prove the additive part of theorem A. This involves
the groups K,,(F';Z/m), which fit into a universal coefficient sequence:

0— K,(F)/m— K,(F;Z/m) = n,K,_1(F) — 0.

When n = 2 for example, we have ,, K1(F) = p,, (F) and Ko (F)/m = HZ (F, u®?)
for every m by the Merkurjev-Suslin theorem [MS]. If C C F' then the inclusion
of Z/m = K5(C;Z/m) is split by Ko(F;Z/m) — pum(F). Thus Ko(F;Z/m) =
Ky(F)/m & Z/m, where the summand Z/m is called the Bott summand, and is
generated by the Bott element 3, corresponding to the root of unity ¢, = €27/,

For the sake of uniform exposition, we shall work with a prime ¢ such that
the norm residue homomorphism holds for ¢ (and hence for all powers of ¢). In
particular, the reader may take ¢ = 2 throughout.

We begin with a study of the groups CH*(F,n;Q./Z;). These are the direct
limits of the groups CH!(F,n;Z/{") as v — oc.

Lemma 2.1. Assume that the norm residue conjecture holds for £ (e.g., £ = 2).
Then the groups CH'(F,n;Q/Z¢) are divisible.

Proof. Suslin has proven that CH*(F,n) = H,~"(F,Z(i)) for all i and n, where
H); denotes motivic cohomology; see [Su3] and [FV], [V1] (cf. [W, 4.2]). Using
[V2], we have:

CH'(F,n;Qq/Z) = Hyy " (F,Qq/Z(0)) = HE ™" (F, Qo /Zy).
These groups are divisible by proposition 1.2. |

The Bloch-Lichtenbaum spectral sequence [BL| has an analogue with coefficients
(constructed in [RW] and [FS]), starting from the higher Chow groups of [Bl]:

(2.2) By = CH U(F,—p—q;Qu/Z¢) = K_p—q(F; Qu/Zy).
This is the direct limit of similar spectral sequences with coefficients Z /¢ .

Operations 2.3. Now Soulé has shown in [Sou3] [GS, 7.1] that the Adams opera-
tions ¥* act naturally on this spectral sequence, commuting with the differentials,
and that ¥ = k% on the row ¢ = —i. We deduce two facts from this.

First of all, by [Sou2, 2.8], for each r there is an integer M, independent of p
and ¢, so that M - dP? = 0. That is, the image of each differential has bounded
exponent. In the case at hand, when the EY? are divisible groups, this forces the
differentials d5? to be zero. By induction, the EP? are divisible and the differentials
dP? are zero for all r, i.e., the spectral sequence converging to K, (F;Q¢/Z¢) must
degenerate at Fs.

In the second place, the same divisibility granted above allows us to construct
idempotent operators on the spectral sequence. Fix N > 0 and k£ and define

N

fi(t) = H(t—kj)7 ci = fulk) = [ (6" = #7).
%
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Then f;(¢*) acts on the spectral sequence, is multiplication by ¢; on the row ¢ =
—i, and vanishes on all other rows with ¢ > —N. If x is in EP? or K,,(F,Q¢/Zy),
we define e;(x) to be f;(¥*)(y), where y is such that c;y = x. It is easy to see
that e; is a well-defined operator on the spectral sequence, satisfying e; = e?.
Indeed, e; is the identity on the row ¢ = —i and is zero elsewhere. Since e; acts
on the filtration for K, (F;Q./Zy), it follows that the image of the operator e; on

K, (F;Q¢/Zy) is a summand isomorphic to CH*(F,n; Qu/Z¢) = HX"(F,Qq/Zy).

Proposition 2.4. Let F' be a field containing C. Assume either that (i) ¢ =2 or
(7i) the norm residue homomorphism holds for ¢. Then K, (F;Qq/Zy) is a divisible
group for all n. Moreover, there is a canonical isomorphism for all m = (¥ :

[n/2]
Ko (F;Qu/Z0) = P CH (F,n;Qu/Ze) = @D HY ™ (F,Qu/Z0);
n/2<i<n 7=0
‘ [n/2] ,
K,(F;Z/m)= @ CH(F,n;Z/m)= @ HL > (F,Z/m).
n/2<i<n 7=0

Proof. Our analysis of the Adams operations in 2.3 shows that the spectral se-
quence (2.2) degenerates at Fo, and each K, (F;Q¢/Z;) is canonically a direct
sum of the CH*(F,n;Qg/Z¢). The indexing in the statement of 2.4 uses j = n —i.

The coefficient sequence 0 — Z/m — Qu/Zy =% Q¢/Zy — 0, together with the
divisibility of the groups K, (F;Q¢/Zs), shows that K, (F;Z/m) is the m-torsion
subgroup of K, (F;Q¢/Z¢). Its description follows from proposition 1.2. |
Example 2.4.1. Whenn = 2, Ko(F;Q/Z) is the direct sum of the Bott summand
Q/Z = H°(F,Q/Z) and the Brauer group Br(F) = Ky(F)® Q/Z = H*(F,Q/Z).

This proves the additive half of theorem A. In order to analyse the ring struc-
ture, we first turn to étale K-theory of F. Recall from [DF, 5.2] that there is a
right half-plane Atiyah-Hirzebruch spectral sequence:

pa _ { HE(F,Q¢/Z) q even }

2 0 g odd
Proposition 2.5. Let F' be any field over C. Assume either that (i) ¢ = 2 or (i)
the norm residue homomorphism holds for (.

Then K¢ (F;Qq/Zy) is a divisible group for all n, and the Atiyah-Hirzebruch
spectral sequence (2.5.0) degenerates at Ey to yield:

K& FiQu/Z) = @ HP(F,Qu/Z);  KHF;Z/0) = @ HP(FZ/).
(od 2) (od 2)

(2.5.0) = K _(F;Qu/Zy).

—pP—q

Proof. The proof for étale K-theory is similar to the proof of proposition 2.4, using
proposition 1.2, and goes back to Thomason [T, 4.3]. Here we use the action of
the Adams operations on the Atiyah-Hirzebruch spectral sequence (2.5.0), exactly
as in 2.3, to see that it also degenerates. |
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§3. THE RING K. (F,Z/m)

In this section we shall state theorem A and deduce some simple consequences
for the ring K, (F;Z/m) and its cousin, the étale K-theory K¢ (F;Z/m) of F with
coefficients Z/m.

We begin with a description of the étale K-groups K¢ (F;Z/m). Recall that
there are natural maps p,(X): K,(X;Z/m) — K¢(X;Z/m) for any scheme X,
constructed in [Fr2, 1.3]. Thomason proved in [T, 4.1] that p(X) induces an
isomorphism K (X;Z/m) = K.(X;Z/m)[B37!], at least in our case when X is a
smooth variety over C. (See [DFST| when m isn’t divisible by 2 or 3.)

For every field F' the composition of KM (F) — K,,(F;Z/m) with p,, (F) induces
amap 7,: KM(F) — KE(F;Z/m).

Theorem 3.1. Let F' be any field over C. Assume either that (i) m = 2V or
(ii) the norm residue conjecture holds for m. Then 7: KM(F) — K¢(X;Z/m)
duces a graded ring isomorphism

KN(FZ/m) = KY(F)/m[B, 571 = HE(F; Z/m)[B, 71

Proof. The map F*/m — K{(F;Z/m) induces a graded ring homomorphism
from KM (F)/m[B] to K¢ (F;Z/m). In terms of the filtration coming from the
analogue of (2.5.0) using coefficients Z/m, there is an isomorphism of Fi? =
HL(F, pty,) with FX/F*™  and the Bott element 8 € ES? induces an isomor-
phism between ES? = HY (F, u,,) and Z/m. Together, they induce a bigraded
ring isomorphism HZ, (F,Z/m)[8, 7] — E3* by [DF, 5.4] if ¢/ # 2. But the
spectral sequence degenerates by 2.5, and this isomorphism is compatible with the
abutment map KM (F)/m|B, 57 to K¢ (F;Z/m), again by [DF, 5.4]. The result
follows. |

Theorem A (3.2). Let F' be a field of transcendence degree d over C. Assume
either that (1) m = 2" or (ii) the norm residue conjecture holds for m. Then
(1) The Bott element B is a nonzerodivisor in the ring K.(F;Z/m).
(2) K.(F;Z/m) is a polynomial ring over KM (F)/m, where the indeterminate
B in Ko(F;Z/m) is the Bott element. That is, there is a graded ring
1somorphism:

K. (F;Z/m) = K} (F)/m[] = H (F, Z/m)[5].

(3) the natural maps pp(F): K,(F;Z/m) — K (F;Z/m) are injections for
all n, and isomorphisms for n > d — 1. Thus for alln > d — 1 we have a
canonical multiplicative decomposition:

@Ed:/om HZ(F,Z/m) if n 1s even;

K, (F;Z/m) = .
{ WA HZH(F Z/m)  ifn is odd.
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Remark 3.2.1. For tr. deg. (F') < 2, part (3) was announced by Suslin in [SuM,
p. 350]; a proof may be found in [PW, 2.1]. Suslin’s proof in loc. cit. assumes
multiplicative properties of the Bott element 8 € K5(C;Z/m) on the Bloch-
Lichtenbaum spectral sequence, properties which were then unknown. (These
properties are now consequences of our theorem A, or of [FS].)

Lemma 3.3. Let F be a function field F = E(s) over a field E, where s is an
indeterminate. Assume that the map KM (k)/m|[B] — K.(k;Z/m) is an isomor-
phism for all finite extensions k of E. Then the map KM (F)/m[8] — K.(F;Z/m)
1$ also an isomorphism.

Proof. We regard F' = E(s) as the field of fractions of the polynomial ring
R = EJs]. For every residue field k = EJ[s]/p of El[s|, there is a tame symbol
Ok: Kn(F;Z/m) — K,_1(k;Z/m), and the direct sum over all such k is one
of the maps in the K-theory localization sequence. It is well-known (see [Soul,
p.271]) that the K-theory localization sequence breaks up into short exact se-
quences, and that it is a sequence of modules for the graded ring K.(C;Z/m).
Since Ko;(E[s];Z/m) = Koi(E;Z/m), this gives us a commutative diagram of
graded modules with exact rows (the top row is exact by [Mi, 2.3]:

0 — KM(E)/m[g] — KM(E(z))/m[8] 2 ©KM,(k)/m[8] — 0

! l l

0 — K.(E:Z/m) — K (B®);Z/m) > &pK._1(k;Z/m) — 0.
By assumption, the outside vertical maps are isomorphisms. The 5-lemma shows
that the middle vertical is an isomorphism too. |

Proof of theorem A. The ring map KM (F) — K.(F;Z/m) induces a ring map
¢: KM(F)/m|[B] — K.(F;Z/m) sending the indeterminate 3 to the Bott element
in K5(F;Z/m). By theorem 3.1, the composition p¢ is the natural injection

KX(F)/mlB) C KX(F)/m[B, 7] = K (FyZ/m).
Thus ¢ is an injection. We need to show that ¢ is onto. For this we use induc-
tion on d = tr. deg. (F'). By proposition 2.4, there is a natural decomposition of
K, (F;Z/m) as the direct sum of subgroups ®,,,,(F'), each naturally isomorphic to
KM(F)/m, where p <n and p =n (mod 2).

For p < d, the group KéW(F) is generated by terms {z1,...,2,} where p < d.
Since tr. deg. ¢ C(z1,...,2p) < p, K)'(F) is generated by the images of the groups
K ]])‘4 (E) as E ranges over all subfields E of F' having transcendence degree < p over
C. Hence the corresponding subgroup ®,,,(F) of K,,(F';Z/m) is generated by the
images of the subgroups ®,,(E). For each such E, our inductive hypothesis yields
an isomorphism fitting into a commutative diagram of ring homomorphisms:

KM(B)/m[f] —— K.(E;Z/m)

l l

KM (F)/m[B] —— K.(F;Z/m)
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Hence the image of the bottom map contains every summand ®,,(F") for p < d.
It remains to consider the summands ®,4(F) of K,(F;Z/m); these are iso-
morphic to HZ (F;Z/m) = K} (F)/m. This summand is generated by terms a
corresponding to {z1,..., x4}, and such a term comes from an element aq of the
summand @,,4(Fp) of K,,(Fy; Z/m), where Fy = C(x1,...,xq). Since ®,,q(Fp) =0
when tr. deg. (Fy) < d, we may assume that Fy is a purely transcendental subfield
of F. Write Fy = E(z1), where E = C(z2,...,z,). By the inductive hypothesis,
KM (k)/m[B] = K.(k;Z/m) for all finite extensions k of E. By lemma 3.3 the
same is true for Fy. Hence ag € ®,4(Fp) comes from an element of KM (Fy)[f],
whose image in KM (F)[3] maps to a. Hence the map is onto, as desired. i
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84. THE QUILLEN-LICHTENBAUM CONJECTURE

If KU*(X) denotes the topological K-theory of complex vector bundles on
the underlying space X (C), and KU*(X;Z/m) is the corresponding theory with
coefficients Z/m, then we know by [Frl, 1.6] that K¢ (X;Z/m) =2 KU "(X;Z/m).

Theorem 4.1. (Quillen-Lichtenbaum Conjecture for varieties over C) Let X be
a smooth variety over C. Assume either that (i) m = 2" or (ii) the norm residue
conjecture holds for m. Then the canonical homomorphism

pu(X): Kn(X:Z/m) — KSH(X:Z/m) = KU~™(X;Z/m)

is an isomorphism for all n > dim(X) — 1, and an injection for n = dim(X) — 2.

Suslin announced this result for curves and surfaces in [SuM, 4.7]; see [PW, 2.2].
Suslin’s proof goes through in our setting, as it only depends upon our theorem A.

Proof. (Suslin) Using the K-theory localization sequence and induction on d =
dim(X), theorem A implies that the “Bott” map K| (X;Z/m) — K, _o(X;Z/m)
(multiplication by the Bott element) is an injection for n = d — 2 and an isomor-
phism for n > d—1, where X is any irreducible scheme over C. When X is smooth,
so that K,,(X;Z/m) = K (X;Z/m), this Bott periodicity implies the result by
Thomason’s theorem [T, 4.1] [DFST]. |

Remark 4.1.1. Levine uses [FS] to state this result more generally for varieties
over fields of finite étale cohomological dimension in [L, 13.3].

Let K7 (X) denote the relative term in the natural sequence
(4.2) = K,(X) L KU YX) = K'(X) = K,(X) & KU T™(X) —

Corollary 4.3. Forn > dim(X)—2, the groups K'*(X) are uniquely 2-divisible.
If the norm residue conjecture holds, the groups K (X) are uniquely divisible.

If n =dim(X) — 3, K'®(X) is 2-torsionfree, and {-torsionfree for every other
prime £ for which the norm residue conjecture holds.

Proof. Write K geé for K¢ (X;7Z/¢). The usual homological yoga yields a sequence
with coefficients Z/¢:

Ko (X;Z/0) BKUT N X;Z/0) - K5 — Ko (X;2/0) B KU (X, Z/0).
When n > dim(X) — 2, the group K;;fé vanishes by 4.1. It contains K" (X)/l as
a subgroup, and the /-torsion in K¢, (X) as a quotient, whence the result. |

Now KU "(X) is a finitely generated group; if B,, is its torsion subgroup and
ry, its rank, then KU " (X) = B, ® Z™.
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Theorem 4.4. Forn > dim(X) — 2, K, (X) fits into an extension
0— K2(X) = Kn(X) = Qn — 0,

where Qy, is a finitely generated group of rank o < ry, (Qn)2-tors = KU (X))o tors
and K2 (X) is 2-divisible with 2-corank T < r,11. Thus if we localize at the prime 2
the group K2(X) becomes divisible and there is a uniquely divisible group V,, such
that

Kn(X)(2) = (Bn)(Q) ©® Z((jz) s> (Q/Z)Z—Z) s> Vn-

If the morm residue conjecture holds, KO (X) is divisible with torsion subgroup
(Q/Z)", T < rpy1, and Q,, = B, ®Z? for some o < ry,. Thus there is a uniquely
divisible group V,, such that

K,(X)2B,32Z°® (Q/Z) & V,.

Proof. The first assertion is obvious from (4.2): K%(X) = ker(p) and Q,, = im(p).
The rest is obvious from 4.3, since after localizing at 2 the group K¢ (X) becomes
uniquely divisible (=2 Q7 © V,,) and K", (X) becomes torsionfree. i

Remark 4.4.1. We will see in theorem C that when n > dim(X) we have 0 = 0
and when n > dim(X) we have 7 = r,,;1. This can be improved somewhat when
X is projective. However in the example X = Spec C[z, 271, y,y 7] we have 0 = 1
for n = dim(X), and 1 =7 < 141 = 2 for n = dim(X) — 1; see [PW, 6.8.1].

Another interesting case of theorem 4.4 arises when n = 0 and X is an irre-
ducible projective surface. Here Ko(X) = Z®Pic(X)®CH?(X), the Picard group
Pic(X) is an extension of the finitely generated Néron-Severi group NS(X) by the
divisible Pic®(X), and the Chow group CH?(X) is an extension of the degree part
Z by the divisible group Ap(X) of zero-cycles of degree zero. From this it is easy
to see that in the decomposition of theorem 4.4 we have Qg = Z? ® NS(X), while
K§(X) is the sum of the divisible groups Pic’(X) and Ag(X).
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§5. DrIvisIBILITY OF K, (F')

We now turn to theorem B.

Theorem B (5.1). Let F' be a field of transcendence degree d over C. Then the
groups K, (F') are 2-divisible for all n > d.

If the norm residue conjecture holds for F' then the groups K, (F) are divisible
for alln > d.

Of course, this implies that the torsion subgroup of K, (F) is isomorphic to the
divisible group K, 1(F,Q/Z), which was described in 2.4 and 1.2.

We will need the Deligne-Beilinson cohomology groups H7,, and we refer the
reader to [EV] for details of their construction. We shall also need the Chern class
maps, which were constructed in [Bei| and [Gil, Gi2].

cit Kn(X) — HZ (X, Z(i)), i>1,

Examples 5.2. If a € F*, then ¢,(a) =0 for n # 1, and ¢;(a) is the image of a
under the isomorphism Hj,(F,Z(1)) = F*.

If ai,...,a; are units in F, and = = {a1,...,a;} € K;(F), write (x) for the cup
product c¢i(aq)---ci(a;) in H{)(F, Z(7)). Then the product formula ([Sch, p. 28])
yields ¢j(z) = (=1)771(j — 1)!(z), and ¢, (x) = 0 for n # j.

Similarly, the choice of an mth root of unity ¢ € C* determines a unique Bott
element 3 € K5(C;Z/m) whose Bockstein is ¢, and elements ((i) € H3,(C, Z(i)) =
C*(i), i > 1. Let v; € ;nKa;_1(C) denote the Bockstein of 3* € Ko;(C,Z/m). Tt
was proven in [PW, 4.4] that ¢;(v;) is (=1)*"1(i — 1)!¢(i), and the proof there
shows that ¢, (y;) = 0 for n # i.

Lemma 5.3. Let F' = C(X) be the field of rational functions of a smooth variety

X over C. Assume that either (i) £ =2 or (ii) the norm residue conjecture holds
for £. Then for all m = £¥:

(1) mHH(X, Z(i)) = H (X, C%) for all i > j;
(2) mHH(F,Z(6)) 2 Hip ' (F,C*) 2= HITH(F, Z/m) for all i > j;

Proof. (Cf. [PW, 4.1]) Suppose i > j, so that F'HJ1(X,C) = 0, where F" refers
to the Hodge filtration. There is an exact sequence (see [EV, 2.10.c]):

0 — HI H(X,C*(i)) » HH(X,Z(i)) — F'H],(X,C).

Since F*H’(X,C) is torsionfree, this yields part (1). Part (2) follows from 1.4(1)
and (1) by taking the limit over all open U in X. |

Remark 5.3.1. Let ai,...,a; be units in F, and z = {a1,...,a;} € K;(F).
For i > 1 and ¢ = i+ j, the isomorphism K} (F)/m = H! (F,Z./m(j))
H? (F,7/m(q)) sends x to (®*®(a1)U- - -U(a;); the isomorphism HZ, (F,Z/m(q))
mHLT(F,Z(q)) in 5.3(2) sends this element to ¢(i) U (z).

I
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Now recall from theorem A that every element of K,,(F,Z/m) is a sum of terms
Biz;, where x; € KJM(F)/m and 2i + j = n. The Bockstein d sends f'x; to
the K-theory product {v;,z;} in K,_i(F), where v; = 9(8") € K3;—1(C). Thus
every element in the image of K,,(F,Z/m) — K, _1(F') may be written as a sum
T = Zzi+j:n{7i7$j}~
Lemma 5.4. For each element x = o, ;_ {7, zj} in mKn_1(F) and each
q < n, the Chern class

K1 (F) =% Hy V' (F Z(q)) =2 HY(F.Z/m) = K3 (F)/m

sends x to (—1)77 (g — 1)! z24—p.

Proof. The hypothesis ¢ < n implies that ¢ > 2¢ + 1 — n. The displayed isomor-

phism between ,,, Hal 7' =" (F, Z(q)) and H2~"(F,Z/m) is now given by lemma 5.3,
The product formula for ¢, [Sch, p. 28] and example 5.2 show that ¢, ({7, z;}) =

0 for q # i + j, and that if ¢ = ¢ + j then in H%q+1_n(F,Z(q)):

(541) cq{res}) = — L) Uesas) = (~1)7 (g — D16 U )
S T G - T ' "

Since ¢ determines i = n — g and j = 2¢ — n, there is only one such term in ¢,(z).
The result now follows from remark 5.3.1, which states that the isomorphism
Kj(F)/m = ,,HL ™ (F,7Z(q)) sends z; to (i) U (z;). |

Proof of theorem B. Suppose that K, (F') is not ¢-divisible for some n, and choose
x € K,(F) — (K, (F). For each m = ¢, m > 2, the universal coefficient theorem
yields a splitting K,,(F,Z/m) = K,(F)/m & ,nK,—1(F), so the image Z of z in
K, (F)/m C K,(F,Z/m) is not in ¢ - K,,(F,Z/m). Hence Z is an element of
exponent exactly m.

By theorem A we can write Z = ) f'z; where z; € K} (F)/m and 2i +j = n.
Because n > d, KM(F)/m = 0. Hence each term in this sum has j < n. Pick j
so that «; ¢ (- KJM(F) and set ¢ = 7+ j. Since j < n, ¢ < n. By construction
of Z, > o, i {vinz;} = 9(x) = 0 in ,K,—1(F). But by lemma 5.4 we have
cq(07) = £(¢ — 1)!x;, and this is nonzero for » > 0. This contradiction proves
that K, (F) is ¢-divisible. |
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§6. THEOREM C

In this section we shall prove theorem C, that K, (X) is divisible-by-finite when
n > dim(X), provided that we localize at a prime ¢ for which the norm residue
conjecture holds (such as ¢ = 2). Since our technique is to compare with the
finitely generated groups HJ, (X,Z) and KU " (X)), it is convenient to write A; =
A;(X) and B, = B,(X) for the torsion subgroups of H} (X,Z) and KU "(X),
respectively. Thus

(6.0) HI (X,Z)= A;©Z% and KU ™(X)XB,oZ™,

where b; is the jth Betti number of X, and r, = Zf;np boi—n. We shall also write
V,, for the uniquely divisible group V,, = K%(X)®Q, and Q,/Z, for the {-primary
subgroup of Q/Z. The localization of an abelian group K at the prime ¢ will be
written as K ).

Theorem C (6.1). Let X be a smooth variety over C. Suppose that n satisfies
either (a) n > dim(X) or (b) X is projective and n > max{1l,dim(X) — 2}. If the
norm residue conjecture holds then K, (X) is a divisible-by-finite group, with

K, (X)= B, (Q/Z)"+ & V,.

In general, this isomorphism exists after localizing at any prime £ (such as ¢ = 2)
for which the norm residue conjecture holds. That is, for such an £ and for all
n satisfying (a) or (b) above the localization K, (X)) is divisible-by-finite, and
there is a noncanonical decomposition

Kn (X)) = By @ (Qe¢/Zy)" " @ V.

Here By, (y) is the £-torsion subgroup of KU ~"(X), ry1 is the rank of KU }(X),
and V,, is uniquely divisible.

If either (a') n = dim(X) or (b') X is projective and n = max{0, dim(X) — 2},
we still have K, (X)etors = Br(o) © (Qe/Zg) 1.

Example 6.1.1. If X is a smooth projective surface over C, this follows for all
n > 0 from [PW, 6.7]: K,,(X) = B, ® (Q/Z)"™+* @ V,,. In this case, B, is either
Ay or As, depending on the parity of n. For n = 0, we saw in 4.4.1 that the
image of Ko(X) — KUY(X) is Z? @ NS(X), where the Néron-Severi group is
NS(X) = Ay ® ZP. In this case Ko(X) = Z**? @ Ay & (Q/Z)™ & V), where
r1 = by + bz = 4q, where ¢ = dim H' (X, Ox); see [PW, 6.3].

Example 6.1.2. If X is a smooth projective 3-fold over C, then theorem C holds
for all n > 1. The lack of divisibility information about K¢ (X) (see 4.3) prevents
us from making any blanket assertion about Ko(X)¢os. Nevertheless, we can say
something here in terms of the Chow groups CH*(X) of codimension i cycles
modulo rational equivalence.

Now CH3(X) is the sum of a divisible group and Z, and Roitman’s theorem
states that CH3(X)iors =2 Alb(X)s0rs = (Q/Z)?2. The composition of the cycle
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map CH3(X) — Ko(X) with the Chern class c3: Ko(X) — CH?3(X) is multipli-
cation by 2, so the image F3K(X) of CH?(X) in Ko(X) is isogenous to CH?(X).
The composition of the cycle map with the direct image Ko(X) — Ko(C) = Z
coincides with the projection CH?*(X) — Z, so F3Ky(X) is a direct summand of
Ko(X). Since c; and ¢z vanish on F3Ky(X), we have a decomposition

Ko(X) 2 Z®Pic(X) ® CH*(X) ® FPKo(X).

As with surfaces, the torsion in NS(X) is As, so Pic(X )iors is Ao ® (Q/Z)%9. By
[Su2], CH?*(X)¢ors is NH3.(X,Q/Z), the kernel of H3,(X,Q/Z) — H3.(F,Q/Z),
where F' = C(X). Assembling this information, we obtain:

Ko(X)tors 2 A2 ® (Q/Z)" @ NH, (X, Q/Z).

Note that Ay is a summand of NH2 (X, Q/Z); this follows from 1.1 and the cal-
culation that H3, (X, Q/Z) = Ay © (Q/Z)".

The proof of theorem C will use Beilinson’s observation [Bei, 1.7.3] that the
Deligne Chern classes ¢; are compatible with the analytic Chern classes. That is,
if we set n + 7 = 2¢ then the following diagram commutes, with the bottom row
exact:

K,(X) —— KU™(X)

HI(X,7())) —— Hi (X,Z) —'— Hi (X,C)/FiHi (X,C)

Lemma 6.2. Let X be a smooth complex variety of dimension d, and set n =
2i —j. Then the image of 0 is the torsion subgroup A; of HJ (X,Z), provided that
either (a) n > dim(X), or (b) X is projective and n > 0.

Proof. (a) By [D, 8.2.4], FiHJ (X,C) = 0 if i > dim(X) or if i > j. If i < j and
i <dthenn=2i—j<i<d. Thusifn>dim(X) then n is the complexification
map HI, (X,Z) — HI (X,C). Hence im(f) = kern is the torsion subgroup A;.

Part (b) is due to Gillet [Gi2, 5.5]. When X is a smooth projective complex
variety, the Hodge structure on HJ (X,Z) is pure of weight j. If n > 0 then
j < 2i and we have H? (X,R)NF*HJ (X,C) = 0. Therefore the kernel of 7 is the
kernel A; of HI (X,Z) — HJ, (X,R). But A; is the image of : H)(X,Z(i)) —
HI.(X,7Z). |

Remark 6.2.1. This fails for n = d, for example if X = SpecC[t,,t;!,.. .td,tgl].

The next lemma is well known (cf. [Fr2, 3.4][Bei, 2.3]), but we were unable to
find a good reference for it. Note that as stated it fails for n = 0, but it would
hold for n = 0 if we replaced the non-existent ¢y with the rank function.

Lemma 6.3. For everyn > 0:

a) KUT"(L)®Q 2, ®;H*~"(L,Q) is an isomorphism for any compact space L;
b) KUT"(X)®Q RN ®;H*="(X,Q) is an isomorphism for any complex variety
X.
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Proof. Write X = X — Z for compact X and Z. If D is a small tubular neighbor-
hood of Z,, then L = X,, — D is compact and KU*(X) = KU*(L). So it suffices
to prove that KU "(L) ® Q = &; H2:""(L,Q) for any compact space L.

If n = 0,—1 this is classical, except that the rank is used in place of the
nonexistent co; see [K, V.3.26]. For n < —2, the Bott periodicity element 5 €
KU™2(point) yields the formula c;y1(z - 8) = —i - ¢;(x) for all z € KU ""2(L)
when i > 0, and ¢;(z - 8) = rank(z) for x € KU°(L). The result now follows from
induction on n. |

Corollary 6.4. Assume that either (a) n > dim(X) or (b) X is projective, and
n > max{1l,dim(X) — 2}. Then the image of p,: K,(X) - KU ™(X) is finite,
and B, /im(py,) is a finite group of odd order, whose order is prime to every prime
¢ for which the norm residue conjecture holds.

Proof. Form the commutative diagram

K,(X)®Q -2 KU ™X)®Q

l@ci §l@ci

SHE™(X,Q()) —— @HZ (X, Q).

By lemma 6.3 the right vertical map is an isomorphism. By lemma 6.2, the bottom
map is zero when either (a) or (b) holds. Hence the top map is zero, i.e., the image
of p,, is contained in B,,. Since the cokernel lies in K", (X), which has no ¢-torsion
when n > dim(X) — 2 by 4.3, the rest follows. |

Proof of theorem C. Set d = dim(X). By theorem 4.4, we have a decomposition
forall n > d — 2:

(6.5) K (X)(0) = Broy © Z{yy @ (Qe/Ze)™ © Vi

Here o is the rank of p,, and 7 is r,,41 — rank(p,11). When (a) or (b) holds, the
images of p,, are finite by 6.4, so their ranks o and 7,41 — 7 must be zero.

When n = d, or X is projective and n = max{0,d — 2}, the image of p,; is
still finite by 6.4, so 7,41 — 7 must still be zero, i.e., 7 must equal 7,,41.

Finally, if the norm residue conjecture holds we may replace (6.5) by the de-
composition K,,(X) = B,, ® Z° ® (Q/Z)™ @ V,, of theorem 4.4. |
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