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BLOCH'S FORMULA FOR VARIETIES WITH ISOLATED SINGULARITIES: I
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If X is a smooth quasi-projective variety, Bloch's Formula
states that the Chow group nzu.xu of codimension p cycles on X
modulo rational equivalence is equal to the cohomology group
:uﬁxmmey of the algebraic K-theory sheaf Kp. The purpose of this
note is to point out that a similar formula holds, modulo torsion,
when X is allowed to have a finite number of singularities.

To this end, let X be a quasi-projective variety for which
Sing(X) is finite. Let Y be a finite set of closed points of X
containing Sing(X). For simplicity, we shall assume that X is
connected and that dim(X)>2, which implies in particular that X is
reduced. (See [12] for the case d=1.)

As in [11,[7], we can define a relative Chow group e’ (x,Y),
generated by those codimension p cycles on X which miss Y, modulo
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rational equivalence given on codimension (p-1) cycles missing Y. Corollary 0.2. Let X,Y be as in the theorem. Assume that k is
The group CHL(X,Y) is poorly behaved, but the other relative Chow algebraically closed and that either char(k)=0 or char(k)>d.
groups satisfy the following version of Bloch's Formula: Then the kernel of g2: CH2(X,Y) » He(X,Kp) is a finite group. If

p is a prime dividing the order of this kernel then p<d-2 or p=2.

Main Theorem 0.1. Let X be a connected d-dimensional quasiprojective Proof. Let m be an integer such that m Ker(3?) = 0. By the
variety (d»>2) whaose singular locus is contained in a finite closed theorem, m exists and is prime to char(k). Collino has shown in
m ;
set Y. Then for 2<p<d there are maps 6 nzuﬂx.<w - :uﬁx.Mbu which [2] that for such m and k the kernel of CHZ(X,Y) — CHZ(X,Y) is
are isomorphisms modulo (d-1)! torsion. finite, whence the result.
More precisely, let J, denote the category of all abelian p
In a future paper, we will relate the maps g to the Chern
groups A such that m"A = 0 for some r. Then: p p p+l .
classes CH (X,Y) » Fil Kg(X)/Fil™ “Kq(X) of Collino [1] and
" P
(a) For 2<p<d-2 the kernel and cokernel of g 1ie in uﬁa-m__ Levine [5], as well as to the spectral sequence H (X,Kq) ==> Kg(X)
(b) Coker(gd-1) lies in Tq.2)1 and (if d>3) Ker(ad-1) ldes of [11]. However, the ideas involved in that relation are
in Jg-1)1 different in nature from the simple ideas of this note.

(c) The kernel and cokernel of gd lie in |umaa__m
§1. Smooth Varieties

Qur proof relies on the work of Shektman [3], Merkur'ev-

If Y consists in exactly one point, then in fact the ma

& ¥ 8 = Suslin [6] and Soulé [10] on the degeneration of the (Brown-

8 are isomorphisms. This was proven by Collino in [1].
u X . ) Gersten) Quillen spectral sequence :u.x.hﬁau => K_p-q(X).

I[f X is a surface, our result gives the known result that
] ’ They showed that the first three lines of the spectral sequence

CH2(X,Y) = H2(X,K2). 4] and [7].) H
it} ) fsew fadvens (E3ch Mo 3 Xi1e degenerate modulo torsion, yielding

3-dimensional, we can only say that the map 82: CHZ(X,Y) + HZ(X,K)
P i
is onto with kernel a 2-group. We do not knaw any example in Ks(X) = |Wﬂwmm H (X,Kq) mod torsion (s =0,1,2).

_ In this section we will derive a more careful version, following

about ker(g2) we can give in general: _
(8) w giv ge | their work. For the remainder of this section, X will denote a

which 82 fails to be an isomorphism. Here is the best result

regular scheme, essentially of finite type over a field.
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Gillet [3] and Shektman [9] have extended the usual
Grothendieck characteristic classes Coq: Ko(X) » _._n:x.mn_u.
obtaining functorial Chern classes cgq: Kg(X) » HI"S(X,Kq).

Recall (e.g., from [6] (8.6.1)) that cgq vanishes on Fild-S*lKg(X),
where Fi1°Kg(X) is the filtration resulting from the Quillen
spectral sequence. In particular, if we set s = -p+q then Csq

induces a map

|.u..a“ v u+u u
Csq' EC ﬂm_ xm_x_\m__ xm_x_ |+; _x.mn_.

Our first goal will be to show that the maps gy induce the direct
sum decomposition of K¢(X) mentioned above.

To give a feeling for what is going on, consider the case s=(.
Here the edge of the spectral sequence gives a surjection

3: H(X,Kq) » Fi1Pko(x) /F117

Ko(X). Composing with Cop yields
an endomorphism Top(s) of Iu;.hu_. The Riemann-Roch Theorem
asserts that it is multiplication by T:u-:u.w:.

In order to have a language to discuss this decomposition,
we introduce the Serre mcvn-ﬁomulnm .u.___ of mh.. the category of
abelian groups. ...—.-_ consists of all abelian groups A such that, for
some r, m"A = 0. To indicate that we are working in the quotient
category &4/T, we shall use the phase "mod Tp". For example,
mov:: is an isomorphism mod H_u-_.:. because the kernel and
cokernel of Cop(g) have exponent (p-1)!. (A is said to have
exponent m if md = 0.) A map f is zero mod H.__ iff some m"f = 0.

We will also use the fact that if two abelian groups A and B are

|
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isomorphic mod Jy, then there is a map A » B in @ whose kernel
and cokernel both Tie in Jp.

Having introduced the necessary notation, we can now state
our main technical result, which is implicit in Merkur'ev and
Suslin's proof of [6] (8.6.2). {ER’} denotes the Quillen
spectral sequence associated to the filtration Bucs of the

category M(X) of coherent sheaves on X. (See [8] (5.11)].

Proposition 1.1. Let X be a regular scheme, essentially of finite

type over a field. Fix m,p,q,s > 0 so that s = -p-q and assume:
(i) For all r»2, the differential leaving mw.a in the
Quillen spectral sequence is zero mod d.-_.
(ii) For all points x of codimension p in X the Chern class
Css(x): Ks(k(x)) » HO(Spec k(x),Ks) = Kg(k(x))
coincides mod Jp with multiplication by H-H,mIHAu-H__.

Then mad Jp there are natural surjections

nn -u.-nmu.-guu u+p
Kg(Mp) = HTIXK)) = Bp° 7 — E 1*_xmﬁxv\“*_xm_x_.
Moreover, the composition mmn_m_ coincides mod Jp with

multiplication by T:aLE-Z_ on :unx.mun_.

Proof. Quillen's construction of the spectral sequence shows
that the existence mod .H,.. of the surjections a and g is implied
by condition (i]. Moreover, Ks(Mp) is the filtered colimit of

the x...,._.: as Y ranges over the codimension p subschemes of Y. We
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nﬂ: now follow the proof of [6] (8.6.2) almost verbatim to see
that condition (ii) and the Riemann-Roch formula imply that

mwﬂﬁwu equals a-uwnupﬁn-HH_ mod Jp.

Remark. Condition (ii) always holds for s = 1,2, The example

€33° xu_x_ + xmﬁwu when k is a finite field shows that condition

(ii) need not hold for s = 3.

Corollary 1.2. Let X be a d-dimensional regular scheme, essen-
tially of finite type over a field, and set m = (d-1)!. Then:

(la) For O<p<d-l there are isomorphisms mod ”ﬁr

HP(X,K mﬂguxHHxU\ﬂ+dﬂ+waﬁxv

ua+~_

(1b) There is a surjection :aﬁx ) + nu#nxwﬁxv whose

la+~
kernel is annihilated by d!

(2a) For O0<p<d-3 there are isomorphisms mod .qr

HP (X K Fi1Pk, RxU\14du+_x (X).

Kprz) =
(2b) There are subgroups B_ 7_< Hx K4) such that

(d-1)18_ = 0, d! mﬁxmmﬁ,mmw Z_, and such that

7/ = mﬂ_a-mxmaxuxﬂida-uxmnx,.

(2c) There is an exact sequence (which is split mod Uﬂn+pv_w“
0 — K¢ (XK gp) = Fi1% 1k o (X) — e nx,l Kgy) — 0
B gL
Here w CH ﬁx ) and wn-pﬂnn Hx ) are
na+m ® .na+~

subgroups of exponent (d+1)! and d!, respectively.
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Proof. We can apply (1.1) with m = 1 for (1b) and (2¢), and can use
(d-1)! for (1a), (2a). This leaves (2b). By (1b) it suffices
mn-mqua

to show that the natural surjection Z_ + Z /B = has kernel

of exponent (d-1)!. By the construction of the spectral sequence we
know that XNQMd-mv maps onto Z_, so in order to prove (2b) it is
enough to show that for Y of pure codimension d-2 the composition

c
ky() & 7, - ESBd 2, Ry g

— d-1
coincides with the the natural map o, multiplied by (-1)7 “(d-1)!.
This follows from the Riemann-Roch formula, using the argument in

(6] (8.6.2).

Remark. Soulé actually has a slightly stronger version of (la)
and (2a) in [10], Theorem 5, but the improvement is not useful

for our purposes.

Corollary (1.3). Let X be a d-dimensional regular scheme essentially
of finite type over a field, and suppose that mx—ﬁxv = 0. Then:
(la) For l<p<d-1 the groups =uﬁx.Mﬂ+HU lie in ”ﬁnupu_
(1b) If d = 0, the group =nﬂxuma+Hu has exponent d!
(2a) For O<p<d-3 the Chern class map
€y peat Ka) » WPIKK ) s surjective mod LYY
(2b) The cokernel of ¢ 4 xmﬂxu + H82(x (X,k4) has exponent d!

d-1
(2¢) The cokernel of S, g+1’ Ko(X) + H (X,K4pp) has exponent d!

¥ > d +1)!
(2d) The cokernel of S g2’ xmﬁxv H7(X,Ky,,) has exponent (d+1)!
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Proof. SK,(X) is the kernel of the map K, (X) » K, (k(X)), whose
image is HO(X,K;), so SK;(X) = T.}n_c:. Hence Fi1%K, (X) = 0
for all p»1, and la), 1b) follow from (1.2). (2a) follows
from (1.2.2a). Next, (1.2.2b) implies for every x e zn:nhx.x

Sy
n-mﬁx.mny has

)
that dlx is in mA_a-mxmnx-. So coker(K,(X) + H
exponent d!. For p = d-1 or d, all differentials leaving

mw.-ﬁn+mu are zero; hence we can apply (1.1), with m = 1, to get

(2¢) and (2d).

§2. The Semilocal Singular Case

If A is a semilocal ring, it is well-known that m°ﬁ>v =
mxyah_ = 0. [f the spectral sequence of [11] degenerated

completely, we would have =nﬁmumnr,m ) = HP(Speca

2p o) =
p# 0. This is trivial if dim(A) = 0, and proven in [12] for

0 for

1-dimensional A. If A is normal of dimension 2, then

H (Spech,k,) = H(Spech,k,) = 0 by [7] (6.5). In this section
we extend these results to higher dimensions. Because of our
lack of knowledge concerning the higher K-theory of nilpotent

ideals, we must assume A is reduced.

Theorem (2.1). Let A be a reduced semilocal ring of dimension _

d » 1, essentially of finite type over a field. Assume that
Sing(A) < Max(A). Then for all p # O the groups ~

p p .
HP(spech,K ) and H (Spech,K,) Tie in ..ﬁ_. More precisely: |
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in Jgpy IF Lepga-l
zﬁmumn?me_ is in Tgqy 1f p=d
0 if pra+l
(in T, 5y, i 1pca-3
in Ty qy, if p=d-2 or d-1 (p0)
I:%an?m.?,z is y
in Ty if p=d
\ 0 if pad+l

Proof. Me will write zﬂ;.wn. for Iu_m%n;rwn_ in this proof.
If A is regular, then we know by [8] that the spectral sequence
for xmﬁ>u degenerates completely, yielding xmnru.MI+ xoﬁpLMme

for all s and :uﬁ>.wnu =0 for p# 0. IfAis local, then
HP(A,-) = O for all p # 0. We can therafore assume that

Max(A) = aa.uH....uwu with r#0 and induct on the size of Max(A).
Let ﬁaw.....nmw be the minimal primes of A; since dim(A)>l we can

assume that m is not minimal, so that T = A - =u* - :au intersects

m and consists of nonzero divisors. As in [7] (6.2) or

[131, Proof of (1.1), the ring R = T "A_ is regular, has
dimension at most d-1, and mxp_mv = 0. By induction, the theorem
holds for the semilocal rings >_. and P_. Employing the argument

used in [7] (6.5), there is an exact sequence

p-1 T — WP p ;
HORK ) — H ;.F.v (ALK & H (ApsKs)
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By (1.3.1), the left-hand group lies in ”am-NUW for 2<p<d-1, has
exponent (d-1)! if p=d, and is zero if p>d+tl. By induction,

the theorem holds for xuﬁp.Mﬂ_. since zpn>LMHU = Pic(A) = 0
always holds.

Again as in [7] (6.5), there is a commutative diagram with

exact rows (pal):

p-1 p-1 -yl — WP — WP
H ;_._.._n.n_ & H :I.m.n, H ;.m.ﬂ_v H ;.F_, H ;q.xln
nmn nmnﬁmv
xm;a_ @ xm;q_ Ky R === Dy

Now apply (1.3.2) with g = p*tl. This proves that the cokernel

of ¢ (R) lies in ”a. if l<p<d-3, has exponent (d-1)!

2,ptl d-2)!
if p=d-2 or d-1, has exponent d! if p=d, and is zero if pad+l.
Since inductively the same is true for =u~>ﬂqu+py. it also

J#mAam for :uﬁ>mMﬂ+—,.

Remark (2.2). The hypotheses that A be reduced can be relaxed to

requiring that A has at most one embedded prime (m), without

changing the proof.

Remark (2.3). For the groups Innthau. xa-Hﬁp.mav. xa-mn>Lmn-p.

and :nﬁ>Lma+—v it is possible to give a more precise result, i.e.,
to find an upper bound for their exponents depending on the
number s of singular primes in Spec A and the number m of maximal

n
ideals of A. 1n fact, let n be such that 2 1is the smallest

T | R——
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n
power of 2 greater than or equal to min{m,2s}. Then (d-1)! is
an upper bound for the exponent of :nﬁp.mav. xn-ﬁ>.mav. and
Iaumﬁp.ma-pv. while (d!)" is an upper bound for the exponent of

d
H _nhriuu,

The proof of this uses induction on n, arguing as in (2.1):
divide Spec A into two pieces c*. one containing m:-w singular

primes of A, the other containing the remaining maximal primes

of A. Consider the Mayer-Vietoris sequence for Iuﬂ-.wﬁﬁ. as in
the proof of (2.1), and use induction to get the exponents of the
groups Ivﬂca.may. hence the exponent for :qﬁ>Lmnu. The result
follows for the other groups by looking at the commutative
diagrams of exact sequences, as in (2.1), using (1.3) for the

exponent. of coker(Ky(U;NU,) — KPH (U AU, K,)).

§3. Proof of the Main Theorem.

In this section, X will denote a connected quasiprojective
variety of dimension d>2. We will also assume that Sing(X) is
contained in a finite set Y of closed points on X. As in
[11,[7], we define the relative Chow groups cH’(X,Y) to be the

cokernel of the cycle map:

k(x)* — 2
codim x=p-1 codim x=p
V(x)nY=¢ V(x)aY=¢

Since X is connected and dim(X) # 0, X is reduced and Y contains

no component of X. Embedding X in a suitable projective space,
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there is a hyperplane H missing Y with X-H affine, say X-H =
Spec(8). Localizing B at the primes in Y yields a reduced
semilocal ring A, essentially of finite type over a field, with
sing(A) < Y = Max(A). In fact, Xy = Spec(A) is the intersection
of all affine open meighborhoods U of Y such that X-U is a
divisor. Thus the "Standing Assumptions” of [7] are met.

By Corollary (4.2) of [7], there is an exact sequence for p>Z:

P
p-1 — CuP 8" up P .
H ﬂmumn?mnu_ CH(X,Y) HY(X,K ) H _mumnp.mauv 0.

K
-."ﬂ
By (2.1), the right-hand term lies in u..n_-m__ if 2<p<d-1, and in

Juwa-ww_ if p=d. Also by (2.1), the left-hand term lies in umn-m,_

if 2<p<d-2 and in .uﬂ. if p=d-1 or d. It follows that P is an

d-1)!
isomorphism mod J ), when 2<p<d-2, onto mod Hn-m: when

p=d-1, and finally an isomorphism mod QA. R for 2<p<d.

This proves the Main Theorem.
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