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In this paper we prove that excision holds and that Mayer—vietoris sequences
exist for K-theory with mod p coefficients, as long as we restrict curselves to
Z_[é]-—algebras. Since this theory is related to the usual K-theory by a Universal
Coefficient Theorem, this provides a method of recovering at least some of the
structure of the usual K-groups.

To show the potential and imperfections in this method, we work through an
example in which Q/2 appears in the kermel of excision.

Our idea is that massaged K-groups will have Mayer-Vietoris seguences for a
wide class of rings. For exanple, it was proven.in [K-V, Appendix A} that the
Karaubi-Villamayor Theory KV, has Mayer-Vietoris sequences under a "Gl-fibration"
hypothesis. In [We], it was proven that the graups K,(A) @ 7:[11)_] = K*(A;g%]) have
Mayer-Vietoris sequences when restricted to the class of rings in which p is
nilpotent,

Having introdiced K-theory with coefficients 2_[11’] + it seems natural to con~
sider K-theory with coefficients 2/p. The theory K (;Z/p) was introduced in
Browder's paper [Br], and we recite the main features of this theory in §2 below.
In §3 we construct a theory KV*(;Z./p) and provide a spectral sequence relating it
to K*(;Z_/p). We will reap the benefits of this construction in §1, where the
vapplications-oriented reader may access the results withaut having to read the
details of the constructions involved.

I would like to thank the following pecple for useful comments and sugges—

tions: W. Browder, Z. Fiedorowicz, M. Karaubi, J. P. May, and J. Neisendorfer.

§1. Main Results

Our study of mod p K~theory is motivated by the following fact, ohbserved in
Wel: if A is a Z_.%J-algebra then the graups NK,(A) are g[rl,.]-imd.\les. This is
also true of the relative groups: if I is an ideal in aZ %J—algebra A, then

NK (A1) s a Z~Lé]-mod.11e by [we, (3.5)].
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The mod p K-theory K*(;g/p) is related to the usual theory K, ya

Universal Coefficient Theorem (see (2.1) below). Since

K*(A[x];yp) = K*(A:Z_/b) -] NK*(A;g/p), we deduce the following

Consequence 1.1. If A is a z_[é]-algebra, then K,(A[x1i2/p) = K,(A;2/p) and
K, (Alx],I[x]:2/p) = K (A:1;2/p).

This homotopy-like property suggests a comparison with the Karaubi-Villamayer
theory KV* of [K-V]. In §3 below, we construct a theory W*(A;g/p) for * > 1
which is related to the KV*—theory by a Universal Coefficient Theorem. By (3.3)

. below, there is a spectral sequence converging to KV*(A;yp) whose El tems

are

S

N Ke(As2/p)y > 1,820
1 s
Ege = NKl(A)ox:z_/p,t=1,s>0

0 otherwise.

] /It follows immediately that (if A isa 2 [Ilj]-algebra) the spectral sequence
collapses to give K*(A;Z./p) = KV*(A;Z_/p) for » > 1.

More importantly, by (3.4) below, there is a similar spectral sequence
obtained by replacing A by (A,I). This converges to graups KV*(I;Z_/p)
which do not depend on A, Again, the spectral seqn.;ence collapses to give

K*(A,I;g/p) = KV*(I;Z./p). We have proven:

Theorem 1.2. Let A be a Z_[i‘,-]—algebra with unit, and let I be an ideal of A.
Then for » » 1 we have
(a) K (RiZ/p) =KV (A;Z/p)

(b) K, (A,I;2/p) =KV (I:Z/p)

(¢) ("Excision") If f: A+ B is a ring map with I =z f(I), and if

f(I) is an ideal of B, then K*(A,I;Z_/p) = K*(B,I;Z/p).
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Since Kp(A,I;2/p) = Kp(A,I) @ Z/p, and excision holds for Kg, excision also
holds for Kg(:Z2/p). We can then prove the following result by splicing together

the long exact ideal sequences for K*(;g/p)-—theory:

Corollaty 1.3 ("Mayer-Vietoris"). Let Al — Az i

o

of z(l1-algeb
be a pullback square _[pJ algebras A3 Aq
with Ap — A4 onto. Then there is a long exact sequence
oK, (Bi%/P) — K (A)i2/p) — K (A i2/D) @K (A;Z/P) — K (A i%/P)...
valid for all integers *.

In many cases, we can use mod p K-theory to gain information about 6rdinary

K-theory, Here are two examples of this philosophy:

Consequence 1.4. If I is a nilpotent ideal in a Z_%J—algebra A, then Ki(A,I)

is a Z.%]-md.\le. In particular, if QA then K,(A,I) is a Q-vector space.

To see this, recall that KV, (I) =0 by [We 2, (2.3)]. By Theorem (1.2) we '
have K*(A,I;g/p) =0 for * > 1. The samwe is true for * = 0 since KO(A,I) =0

is well known. By the Universal Coefficient Theorem (see [N, {2.4)]), K*(A,I;z/p) =0

for * =t and t+l implies that K. (A,I) is a g[éjﬂmdnle, as claimed.

We turn now to consideration of the excision map n:K*(A,I) + K*(B,I). In
[We, (5.7)], we proved that the kernel of n is a p-divisible abelian graup, and
that the torsion subgraup of odker(n) is p-divisible. 1In addition, there is no
p~torsion in the ockernel of K*(A,I) — KV*(I). One would like the kernel and
cckernel of n tobe 2 [1151 ~modules, but Exanple (1.6) below shaws that this
is ‘not the case.

Swan has pointed cut that these results can be improved in the following way.

There are doubly relative graups K*(A,B,I) fitting into a long exact sejuence

n n
s ee — K (B,I)~— K (A,B,I)— K (A,I)— K (B,I) ...
t+l t t t
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ence 1.5. If f: A+ B is amp of E%Jﬁlgebras inducing an isomorphism

4 of ideals I = £(I), then the daubly velative graups K,(A,B,I) are Z_%J-modxles
for * » 0. Moreover, the p~-torsion subgraup of ker( nt: Kt(A,I) — Kt(B'I” is

naturally isomorphic to occker( nt+1) ® 2/p®, where Z/p™ = colim(z/p").

To see this, we use grawps K _(A,B,I;2/p) constructed in §2 below. These al
4 fit into a long exact sequence for mod p K-theory. From Theorem (1.2c) above we se
# that K*(A,B,I;Z_/p) =0 for * > 0. By Universal Coefficients, the graips

K,(3,B,I) rust be Z.le,]—tmdxles for * >0, and K (A,B,I) =0. Finally, apply

9 2/p% to

0 ccker — K (A,B,I) — ker — 0.
- (nt'l'l) t( «B,I) (nt)

This yields an isomorphism between cdcer(ntﬂ) ®Z/" and Tor (ker( nt), /%) =

the p-torsion subgroup of ker( nt)'

EXAMPLE (1.6). Let R be a reqular commutative domain., Set
B = R{s,s"1,t,t"1}, I = (s-1)B, A=R & I. Then K)(B,I) = KVi(I) = Kg(R) is
well-known. The map n: Kj(A,I) — K1(B,I) is a surjection with kernel ker(n) €

R[t,t‘ll/z_-t'l = (UR) @ (R/Z°1). In partiaular, if Q C R, kex(n) = (Q-vector space

@ (9/2).

-1
The doubly relative group Kl(A,B,I) is naturally isomorphic to R{t,t ].

The cokernel of K (A,I)— K (B,I) is 2 if ZCR and %/n if ZMCR.

Proof. Since K2(B,I) = Ki(RIt,t71]) and g ® 1/12 = R(t,t~1], the exact

sequence of [GW, (2.4)] 1is

d n
Ki(R[t,t"1)) — R[t,t~1) — Kj(A,I) — K1(B,I)— O.

We have to analyze d. To a in Kl(R[t,t"ll) we first associate {a,s} in Ky(B,I
and then {q,l+e} = <det(a),e/det(a)> in Ky(B/12,1/12), where s-1 in B maps

to e in B/12 = R[t, t~1] (€] . Consulting [GW], we see that
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d(a) = dlog(det(a)) = det(a) > g det(a).

Now Kj(R[t,t™1)) = SK)(R[t,t~1]) @ Units(R) & {t"} by the Fundamental Theorem.

The first summand is the kernel of the det map, and 9_ is zero on the second

at
summand. Hence the image of d is the cyclic abelian subgroup of RI[t,t™1]

generated by t=1l = dlog(t). This establishes the formula for ker(n). _

It is well-known that K*(B,I) = K*_l(R[t,t']-]) = K*—l(R) ® K*_Z(R). Since
(A,I) contains (R[s,s™1],s-1), the first summand K*-I(R) splits off as a
summand ‘of K*(A,I). This is not true of the second summand, as we have seen.

The cckernel of KZ(A,I}‘/—v KZ(BiI) = KVZ(I) is the E"l"l term of the
Gersten-Anderson spectral sequence Egt = NSK¢(A,I)=>Kg4t(B,I) = KVgyt(I),
described for example in [We 1,(2.6)). It is not hard to work out from the abowe
that E:t = NsKl(A,I) = Nsker(Kl(A,I)——> Kl(B,I)) =% ..st[t,t'l,xl, ...,xS)

in the nore or less cbvicus notation for s # 0, and from this that E“l"l = Eil is the

-1 ' ~1 -1 1
image of Z in R. (The 2-t factored aut in R[t,t 1/2-t < EOl gives rise
2
to the Ell term.) ‘This establishes the formula for cdker( nz).
To determine the doubly relative groups, we use the analogous spectral

sequence

1 s
E (rel) =N K (A,B,I)=>0
st t

1 s
constructed in (3.5) below. Since B is regular, we have E t(x:el) =N Kt(A,I)
s
S
for s # 0. From the above description of N Kl(A,I), we obtain the exact

sequence

2 =1 2
00— Ell(rel)—’ RFt,t ] — Kl(A,B,I)—> EOl(rel)-—» 0.

Since the cuter terms are zero, the middle two must be isamorphic. This finishes

the proof of (1.6).

The ultimate point in introducing a new theory such as K*(;Z/p) is in order
to say more about the structure of the usual groups K*. We can be somewhat
successful at this, but not canpletely. In order to illustrate this point, we

analyze the above exanple.
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It is convenient to use coefficients mod p®. These are defined as
n n
! Kt(;z_/p“’) = colim Kt(;yp }» and behave exactly as coefficients mod p . If
{ n

Ilf € R in Example (1.6) we have

K (A LZ/p™) = K (B,1;2/p™) =K (RiZ/p™) & K, (RiZp").

By Universal Coefficients, there is a noncanonical isomorphism
K*(A,I;z_/p“’) 3 K*(A,I) ® 2/p* @ (p-torsion in K*_l(A,I)).

, Since the kermel of n 1is p-divisible, it follows that every p-torsion element

in the kernel of K* J-(A,I) — K* l(B,I) is detected by a Z/p®-summand in
K* 2(R;@/p""). By (1.5), these summands also detect elements in the odkernel of
K*(A,I) — K*(B,I), a p-torsion free graup. The case * = 2 is described in

(1.6) abowe.

! For concreteness, consider the case R = Q. By (Bo], [Ql],

each group Ki(Q) is a nondivisible torsion group unless t = Oor t = l(mod 4), a

Ke(Q) is 2 ® (finite graup) for t = 0,5,9,13,.... By Universal Coefficients we se

that Kt(g,-z_/p“’) contains no (2/p™)-summands if t £1(mod 4), t # 0, one (2/0%

summand if t =0 or if t =z l(mod 4), t # 1, and a countably infinite number

of (Z2/p”)-suwmands if t = 1. We summarize:

Pro@sition 1.7. When R =20Q in Example (1.6), the kernels of the

ngs Ke(A,I) — K¢(B,I) are Q-vector spaces, except for t =1 and possibly
t = 2(mod 4). Each n is onto, except for t = 2 and possibly t = 3(mod 4). Fc
t = 6,10,14,... either a) ny4) is onto and ker(ng) is a Q-vector space, or

b) ccker(ng4)) =2 and ker(ny) = (Q-vector space) & Q/Z.

In the final case, either a) n3 is onto and ker( nz) is a Q-vector space,
or b) coker( n3) is a countably generated free abelian group and ker( nz) =

(- vector space) @ (ccker n3 ®Q/2).
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§2. Mod p K-Theory

This secti&n consists of an expansion of Browder's observations in [Br). We
will write (& for an exact category, so that the topological space BQQR gives
the K-theory of ({ via Kp(@) = myu1(BQQR) as in [Q]. The primary example is
C= P(A), the category of finitely generated projective A-modiles, and we write
Kn(A) for Kn(R(A)). v

If m»>2 and p > 1, the mod p Moore space PM2/p) is sm-lupem (an
m-cell attached to S™1 by a degree p map). Basic properties of PY2/) may be
foaund in [N]. The notation my(X:;Z/p) denotes [PM(Z/p),X] for m > 2, and a

space X.

Tl (BQQ 2/p)
for m > 1, Ko(G:Z/p) = Ko(@) @ Z/p for m = 0, and Km(@;2/p) = 0 for m < 0

We now define the mod p K-theory of Q@ to pe Kn(@:2/p)

(cf. [Br, p. 45]). Mod p K-theory is related to the usual K-theory by the

Universal Coefficient Theorem (2.1): For all m there is a short exact sequence

of abelian graups
0 — Kp(@) @ %/P - Km(Qizfp)'—’ Tor(Kp-1(@ ):%/p) — 0.

If p § 2 (mod 4) this sequence splits (not naturally), so that Kn(&;:;Z/) is a
g/p—m:)d.xle. If p =2 (mod 4), K,“(Q;?_/p) is a %/2p—module.

The proof of Theorem (2.1) may be found in [N, pp. 3,37} or [AT, p. 78]. Note
that fram [AT, p. 79] it follows that K(Z;2/2) = Z/4, while Kp(A;2/2) is a
%/2—modzle whenever multiplication by [-1] € Ki(A) is the zero map fram Kp 1(A) to

Kqn(A). For example, this is the case for finite fields, an observation made in [Br].

In order to proceed further, we are going to have to introduce a method of
conputing wo(;g/p) and ul(;g/p) for infinite loop spaces. It seems simplest to
work with spectra instead of topological spaces. For an introduction to spectra,
the reader is encouraged to read Chapter 1 of [A], and to consult {Al} [Sw] for
details., One good reason for preferring spectra is that spectra form an additive
category (see [Al, p. 156}). Another is that n*(;g/p) is a hamology theory on

spectra, but not on spaces.
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A (W-spectrum E 1is a sequence (Ey,E1,...) of based CW-conplexes togethe
with maps e:IE; + Ej4) (or by adjointness, maps Ej + QEj4)). For technical
reasons, each e nust embed ):l’::i as a subconplex of Ei+l' We call E an
f-spectrum if the Ej + QEj4) are weak eguivalences. Every infinite loop space
the initial space of an f-spectrum, and 2BQ& is no exception. For example,
could take the Q~spectrum

BQG = (9BO@,BO&,BOZL,...),
where Qi&‘, is the multicategory defined on [Wa, p. 194] (e comes fram the
7 milticategory map QiC © (=) + Qiﬂd described on p. 197 of [Wa]), or els:

could create BQ@® with an infinite loop space machine. A technical point: BQ&

shaild be (-1)-connected to avoid lim! difficulties.

There is an adjoint pair (I®,R®) of functors between spaces and spectra.
The spectrum I®X is (X,IX,I2X,...). If E is an @-spectrum then 9°E is E
in general Q°E is an infinite loop space, The homtopy groups of a spectrum a
T(E) = [L"9M,E] = m,(Q"E), where [D,E] denotes. homotcpy classes of maps in t

category of spectra. For example, mn(BQR) = Kn(&).

‘ We define the mod p homotopy graups 7w, (E;Z/p) to be [I*FN(Z/p),E]l, agreein
that when n < 2 we write ):“’P“(%/p) for the spectrum (point, ...,point,Pz(Z/p)
P3(Z_/p),...). By adjointness we have ‘that (B :Z/p) = ﬂm(ﬂBQQ;%/P) = Kn(@?2
for m » 2, while nl(gga;Z./p) = ﬂz(wa;z./p) = Ky(& ,-Z/p). Also

ﬂo(ggéi;z/p) = ﬂz(mQQ;Z/p) =Ko(¢?) ®2/p by the Universal Coefficient Theore

Thus we could have defined K*(a;g/p) as n*(gga‘_;z:/p) in the first place.

Remark. All the results of "Higher algebraic K-theory: I and II" ([Q] and [GQ}
hold for mod p K-theory. This applies specifically to: additivity for character

exact sequences, reduction by resolution, devissage, localization sequences for

abelian categories, localization theorems (for projective modules and for fin. g
modiales), and the Fundamental Theorem. This is because only very elementary

properties of homotopy graups are used, A subtle point is that exact functors

& +@ indice maps BQQX » BQO@ of H~spaces, which follows from Theorem 2 of [Q

In fact, BQ& + BQRJ3 is a map of spectra.
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We can now construct the relative graups K, (A,I;2/p). For an ideal I in
aring A, write BQ P(A,I) for the homotcpy fiber of the map BQ P(A) — BQ P(A/I)
of f-spectra. The homotopy graups are the usual Quillen relative K-groups:

K (A,I) = 7 (BQ B(A,I)). We then define K (A,1;2/p) = n_ (BQ B(A,I);Z/p).

As in [N, p.4], there is a functorial exact sequence ending in
...Kl(A/I;Z_/P) > KO(A:I:Z/P) > KO(A;Z_/p) > KO(A/I;Z_/p) + K 1(A,I;g/p) + 0.

Similarly, if (A,I) — (B,J) is a ring map, we can define K*((A,I),(B,J))
to be the hamotopy groups of the fiber BQ P((A,I),(B,J)) of BQ P(A,I) — BQ B(B,J),
and define K*((A,I),(B,J); %2/p) as ﬂ*(ggg((A,I),(B,I)); Z/p). When I 2J we
simplify- the notation, writing (A,B,I) for ((A,I),(B,I)). This yields the graups

K*(A,B,I) used in (1.5) above.
Warnigg. We have K 1(A'I) = KO(A/I)/im KO(A) in the exact seguence
0— KO(AII) ®2/p— KO(A,I:Z_/P) — Tor (K l(A,I),Z_/P) — 0.

This K_l(A,I) depends on the choice of A, and is not the usual negative K-theory
of [Ba, ch. XII]. As a consequence, excision need not hold for KO(A,I;Z/p).
Similarly, although KO(A,B,I) = 0, the groups K_l(A,B,I) and - K_z(A,B,I) may be
nontrivial, and the modile structure on K*(A,B,I) described in Consequence (1.5)
does not extend to the cases * < 0. These caveats may be illustrated by the sub-
ring R®I, I = (tz—l)B, of B =R[t], R= g[x,y]/(y2=x3—x). Here

K (A,I) =K (A,B,I) =0 but K (B,I) =K (A,B,I) =K (R) =2 & (C/ZxZ). It

D) =K (BT (B =K (B =K (R) =2 @ (¢/24)
2

follows that KO(B,I;g/p) = KO(A,I;g/p) @ (g/p) .

(n)

Construction 2.2. If E is (n-l)-connected, let E denote the fiber of the map
(n) .
E +K(r (E),n). We call E the n—connected cover of E. We will write K(A),
n

K(A,I), and K(A,B,I} for the O-connected covers of BQ P(A), BQ P(A,I), and

+
BQ P(A,B,I). The space Q%K(A) is BG2 (A) by the "+ =Q" theorem, and Browder
wrote K*(A;yp) for n*(ﬁ(A);Z_/p) in (Br]. By Universal Coefficients, Browder's

graups and curs agree except possibly when * = 0,1,

- ;".:lb'&c“ .
A %
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If we take (£ to be the category Nil(A) or End(A), we obtain groups
Nil (A;Z/p) = K (Nil(A))/K (A) and End, (Ai2/p) = K (End(A))/K, (A), and have Uni-
versal Coefficient theorems for Nil* and End*. Note that we have Endg(A:;Z/p)
Endg(A) ® Z/p, Nilg(A:Z/p) = Nilg(A) ® %/p = NKJ(A) @ 2/p. For
* >0 Nil (A;2/p) = NK*+1(A;z/p) holds by the Fundamental Theorem in [GQ].

We would like to say that the Endg(A)-module structure on NK*(A) induces
natural Endg(A) ® 2/p-module structure on NK*(A;Z/p), but this is not always s
we have to avoid p = 2(mod 4). The nodule structure arises fram the biexact pai
ing End x Nil =+ Nil, and we generalize Browder's result [Br, (1.7)]) accordingly
Theorem 2.3. Let {x® — € be a biexact pairing of exact categories in the

sense of Waldhausen [Wa, §9). Then for p # 2 (mod 4) there is an induced pairin

K (Q:Z/p) @ K*(B;Z_/p) — K (Ci2/p)-

Proof. By [Wa, (9.2)], the pairing induces a map of topological spaces

g BOQ A BQB+ BOQC ; the cited proof shows that a map BQ@A BQ®@ +BRE is
induced from the multicategory maps BQi& ®BQJ® + BOI+JC. (To make this map
unigue at the spectrum level, however, we must eliminate lJ'.m1 ambiguities; the
applications we have in mind are insensitive to this ambiguity.) The result we

want now follows from the following remark (or from [Br, (1.6)]).

Remark. A pairing DA E + E of spectra indices a map
v (D;2/p) @ % (Eiz/p) » w (E:2/p) in the following way. For p £ 2 (mod 4)
there is an isamorphism (cf. (Br, (l.4)1) MA M = ﬂvrlﬂ in the category of

spectra, where M = :*P0(Z/p). The map now cames from

M2 @ ME] — [MAM/DAE] — [MAME) — ME],

where the last map is induced by a splitting p: M — MAM.
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Corollary 2.4. Let R be a commtative ring, A an R-algebra, and p £ 2 (mod 4).
Then the groups NK*(A;Z/p) are modules over the ring W(R) @ Z/p of Witt

vectors mod p.

Proof. This follows fram (2.3) above and [We, (3.1)], to wit: NK*(A;Z/p) is a -
module over the ring Endp(R) © Z/p and every element is annihilated by same
ideal Iy ® 2/py so© NK*(A;Z/p) is a module over the t-adic completion

W(R) @2/ of Endp(R) @ %/p.

Remark. If ée R, W(R) @ Z/p = 0. At the cpposite extreme, if R is a perfect
field of characteristic p (p any prime # 0), the chost map (conposed with a

projection) induces an isamorphism

WR)®2Z/p = ;IB R.
-7 =l

We conclude this section with a related result we will not need, which I

learned fram J. P. May and J. Neisendorfer,

Theorem 2.5. A conmutat';ive associative biexact pairing & x& — £ makes
K.(Q:?_/p) a graded commutative, associative ring under the following restriction
on p: if 2jp then 16lp, and if 3|p then 9lp.

In particular, when R is a commtative ring and p 1is as abowe,
K*(R;g./p) and End'(R;g/p) are comutative associative rings. Moreover,
K*(A;%/p) is a K*(R;%/p)—mochle and NK*(A;Z/p) is an End*(R;Z/p)-mod.xle for

every R-algebra A.
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Proof. The pairing induces a commutative, associative map of spectra

BQQ A BQQR~>BQL. Choosing p: M + MAM gives the product on K*(a:;g_/p) for
p ¢ 2 (mod 4). By [0], p is cocommutative when p ¢ 4 (mod 8), and p is co-
associative under the stated restriction on p (the case p = 0 (mod 9) is prc
in [01, Theorem (3.3)]). Category theory naow shows that K*(C;Z./p) is comutat

and associative.

It (2, x P — ® is a biexact pairing, associative with respect to the
pairing on (& , then the resulting mdile structure BQ& ABQ @ — BQ @ mak

K*(Gb;z/p) a K*(Q;Z/p)—nodjle (under the restriction on p). The pairings

PB(R) x P(A) — P(A), End(R) x Nil(A) — Nil(A) have been used to establish the

last sentence in the theorem.




§3. Mod p Kv-Theory

In this section we construct functors KV*(A;Z/p), prove an excision result,

and construct the spectral seqguences which we used in section 1 above. The results
of this section parallel those of [We 1], and many remain valid if we replace P
by an exact functor & .

By the phase "simplicial OW-spectrum” we will mean a simplicial object E, in

the categoryj of CW-spectra beforev passage to hamotopy (this category is described
on pages 139-144 of {Al}). We want to construct the "total spectrum" [E| by
geametric realization of the underlying tgpological spaces (see [M, p. 101)),
so we will in fact insist that the face and degeneracy maps be honest geometric
maps, i.e., "functions" in the sense of [Al, p. 140].

' If A is a ring with unit, we can form a simplicial ring A, which in degree
n is the o!)ordinate ring AlxQ,...,xnl/(Ixi = 1) of the "standard n-simplex," the
face and. degeneracy maps being dictated by the geametry. Constructing K(A,)
as in (2.2) produces a simplicial CW-spectrum whose initial spaces form the
simplicial topological space BG1+(A_). (We warn the reader that deep spectrum work
requires a functorial version of (2.2), an issue we shall neglect, as we are only
interested in the hamtgy graups involved.) Thus no(lﬁ(A,)l) =0, and form > 1
we have KVp(A) = m(lK(A ) 1),

We define KVp(A;Z/p) to be myp(lK(A)1;Z2/) for m > 1 and ignore Kvg.

Thus KV1(A;Z/p) =KVi(A) ®Z/p, and for m > 2 there is a Universal Coefficient

Theorem as in (2.1) above:
0 — KVp(A) @ 2/p — Kip(A:Z/p) — Tor(Kvp-1(A),Z/p) — 0.

We are going to need some spectral sequences arising from simplicial spectra
such as K(A,). it seems best to do this in the following generality. Recall fram
[A] that the homotopy category of CW-spectra hJ is an additive category with the
' property that every split epi E — El has a kernel E2, i.e., E = Elsz for

sare E_ in E.
2

Definition 3.1. Let E, be a simplicial object in an additive category € , and

assune that every split epi in E has a kernel in 6 Define NE:t to be the kemel
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of the split epi do: Et+l—+ Et. By shifting the face and degeneracy indices 4

one, NE, becones a sinplicial object as well. We have Et+1 =z }E:t eNEt by

s S-
construction. We can iterate this construction to obtain N E = N(N E ), sett
0 S ]
N E, = E, by convention. By atuse, we will write N E for N Eo. It is an ea

exercise to see that

E, = (e =E@ (DNEQ...0 ('i‘miz ®...®N"E.

Using this formula, it follows that the cckernel of the (split) map

@
LTIy ): E —E
(0' g1 j=0 s-1 s

s
is naturally isamwrphic to N E.

s s
If F is an additive functor on 8 we have N F(E,) = F(N E,). For exampl

if E, is a simplicial spectrum then

2
N*E: * «—E +—NE ~—NE +— ...
7 9 T 4

\ is a chain conplex in the additive category k}J The homotcpy groups of the

simplicial abelian graup [D,E,] may be computed as

x [D,E) =H (N*[D,E]) =H ([DN'E]).
[ s ’ s

For this reason, we may think of N*_E_I as the Moore camplex associated to E.

When E is a functor from rings to £, we can fom E(A.). In this case
NE(A) 1is the kermel of E(t = 0): E(A[t]) — E(A), and we recover the original
definition of the functor NE in [Ba, p. 658]. In partiaular,

NK (A) = 7 (NBQ P (A))
(B = T NERE ).

Now let E, be a simplicial CW-gpectrum, and write |E| for the total
spectrum. Write F |E| for the subspectrum of |E| generated by E . It is
s s

standard (cf. (M, p. 102]) that the cofiber of F 1IE:I — F |E| is
s- s

s 8 S
T(NE) = LE /(im0 seeer0 ):VE —E).
s 0 s-1 s-~1 s
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This yields an exact coauple in the additive category nd:

VF  IE| —=\F [E| |
s s-1 s S ;
S S
INE.
S

Embedding h,J in an abelian category gives an Atiyah-Hirzebruch type "spectral

1 -t s -s-t
sequence of spectra" with E ¢ = NE=1I IEl. Convergence follows for
s
exanple fram (Sz, pp. 338-9]. The same is true if we apply an exact functor such

as [D,1:

Theorem 3.2. Let E, be a simplicial CW-spectrum. For every spectrum D there

is a right half-plane hawlogy spectral sequence

1 t s s t s+t
Est = [LDNE] =N [EDE])=» (L D IEl].

Applications 3.3. If we take D = £s0 we obtain the stable Bousfield-Kan spectral

1 s 2
sequence E =1 (NE)=»n (lEl) with E = 1w n (E,}). For E, = K(A.) this
st t s+t st st -

yields the Gersten—-Anderson spectral sequence E:t = NSKt(A) =P» Kvs+t(A), defined
for s >0, t » 1.

If we take D = r*P9(Z/p), we obtain a mod p analogue:
E:t = nt(NsE;@_/p) = “s+t( IEI;@_/p).' For E, = K(A,) this yields a first quadrant

spectral sequence (defined for s > 0, t » 1):

NSKe (A;2/p), £ > 1
El = =3 KVg4 (AiZ/D).
NSK)(A) x Z/p, t = 1
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We will now construct relative versions of the above spectral sequences. Whe
I is an ideal of A we can form the simplicial spectrum K(A ,I ). By [We 1, (2.6)
the hamotopy groups of the total spectrum |[K(A,,IA )| are independent of the choic
of the ambient ring A, and for m > 1 we have KVu(I) = w,(IK(A,,IA )]). This
being said, we define

Kvn(1:2/p) = mn(IK(A,,IA,)172/p)

for m > 1. Note that KVi(I;Z/p) = KV1(1) ® 2/p by the Universal Coefficient

Theorem, since wug(lXK(A,,IA)]) = 0.

Applying Theorem (3.2) to D = =50 and E, = K(A_,IA.) gives the spectral
1 s
sequence Est =N Kt(A,I)# KV +t(I) of [We 1, Theorem 2.6). Using D= E”PO(Z_A
s

instead yields

Corollary 3.4. There is a first quadrant spectral sequence (defined for s > 0,

t > 1):

NSK¢ (A,1;2/P)y £ 1

1
Egt = =DRVg4(1:2/P).
NSKy(A,I) ®2/p, t =1 ~

Application 3.5. Consider the simplicial spectmum X(A ,B ,I,) associated with
excision. Since nogg P(A,B,I) = 0 is known, each seguence

K(At,Bt,It) —_ E(At,It) —-— E(Bt,It) is a fibration sequence of connected spectra.
| It follaws that |K(A,,B ,I )| — I|K(A,,I)|~ IK(B,,I,})| is a fibration. Since
the latter map is a hamotopy equivalence by [We 1,(2.6)1], IK(A,,B,,I,)] is

j contractible. By Theorem 3.2, there are spectral sejuences

1 s
E =NK(a,B,I)=0,
st t

1 S
E =N K (A,B,I;A/p) =>»0,
st t

defined for s >0, t > 1.
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Remark (M. Karoubi). It would be interesting to have an axiomatic description of

KV*(;Z/p) similar to the axioms in [K-V] for the theory KV*. It is not clear
what the definitions shauld be for Kv¢(;Z/p), t = 0,1. For example, if A — A/I

is a "Gl-fibration" in the sense of [K~V], then there is a fibration
nxK(A ,IA ) — K(A )—+ K(A/1,),

where = is a constant simplicial abelian graup. The long exact sequence for mod p

hamotopy yields a long exact ideal sequence ending in

...KVl(A;Z/p)-—+ KVl(A/I;Z/p)——* "1®2Z/p— 0.

In general, = is a subgraup of KO(I) and 7 ®Z/p need not inject into

K (I 2/p.
0()®~/p




—*—

407
REFERENCES

{a) J. F. Adams, Infinite Loop Spaces, Annals of Math. Study 90, Princeton U.
Press, Princeton, 1978.

[al} J. F. Adans, Stable Homo and Generalized Cohomology, University of
Chicago Press, Chicago,

{AT] S. Araki and H, Toda, Multiplicative structures in mod q coharology
theories I, Osaka J. Math 2 (1965), 71-115.

[Ba] H. Bass, Algebraic K~Theory, Benjamin, New York, 1968.

{Bo} A, Borel, Cohamwlogy réele stable des graupes S—arithmetiques classiques,
C. R. Acad, Sci. Paris t. 274 (1972), Al700-Al702.

[Br] W. Browder, Algebraic K-Theory with coefficients Z/p, Lecture Notes in
Math. 657, Springer-Verlag, Berlin-Heidelberg-New York, 1978.

[GQ) D, Grayson, Higher Algebraic K-theory: II (after D, Quillen), Lecture Note:
in Math. 551, Springer-Verlag, Berlin-Heidelberg-New York, 1976.

(GW) S. Geller and C. Weibel, K2 measures excision for Kl, Proc. AMS 80 (1980),
1-9.

[K=V] M, Karcubi and O. Villamayor, K-théorie algebrique et K-théorie topologigus
Math. Scand. 28 (1971), 265-307.

M] J. P. May, Geametry of Iterated Loop Spaces, Lecture Notes in Math. 271,
Springer-Verlag, Berlin-Heidelberg-New York, 1972.

N] J. Neisendorfer, Primary Homotcpy Theoty, Memoirs AMS No. 232, AMS,
: Providence, 1980.

0] S. Oka, unpublished letter.

[01] S. Cka, Module spectra over the Moore spectrum, Hiroshima Math. J. 7 (1977
93-118.

Q) D. Quillen, Higher algebraic K~theory: I, Lecture Notes in Math. 341,
Springer-Verlag, Berlin-Heidelberg-New York, 1973.

Q1) D. Quillen, Finite generation of the groups K; of rings of algebraic
integers, Lecture Notes in Math. 341, Springer-Verlag, Berlin-
Heidelberg-New York, 1973.

[sz] R, Switzer, Algebraic Topology-Hamotopy and Homology, Springer-Verlag,
Berlin-Heidelberg-New York, 1975.

[Wa) F. Waldhausen, Algebraic K-theory of generalized free products, Ann. Math.
108 (1978), 135-256.

[We} Weibel, ger—vletons seguences and module structures on NKx,
Proceedln@ 1980 Evanston K-theory conference, Lecture Notes in Math.,

Springer-Verlag, Berlin-Heidelberg-New York.

[Wel}] C. Weibel, KWtheory of categories, Trans. AMS, to appear.

[We2) C, Weibel, Nilpotence in algebraic K-theory, J. Alg. 61 (1979), 298-307.




