MEYER VIETORIS SEQUENCES AND

MODULE STRUCTURES ON NK_

C. A. Weibel

The purpose of this essay is to point out a number of
consequences of some module structures on the nilgroups NK;,
particularly in characteristic p. For examplé; if we ignore
p-torsion and only consider rings in which p is nilpotent,
then Quillén K-theory satisfies excision and has Mayer-Vietoris
exact seqlences. We can deduce similar, but weaker results in
characteristic 0 .

In §1 we introduce the notation we need about Witt vectors.

In §2 we remind the reader of the EndO(R)-module structure on

NK, (A). It is Stienstra's observation that this extends to
a W(R)-module structure, and we explore some elementary con-
sequences of this in §3. 1In §4 we compute this module structure

on NK, (k[el,e) and show that it is not the "usual" k-module

2
structure. In §5 we prove the above mentioned results

about K, (A) ® 2 [%] using known facts about Karoubi-Villamayor

theory. Finally, in §6 we discuss the problem of localization
of the ring, and show for example that for a finite group 7 the
groups NK,(Z ) are torsion groups, the only torsion being at
primes dividing the order of 7.
I would like to thank J. Stienstra for showing me that
I was talking about Witt vectors, and for explaining his point
of view to me. I would also like to thank R. G. Swan for
motivating this essay with his work on localization in [Swl.
Finally, I would like to thank L. G. Roberts and Queen's
University for their hospitality during the final stage of

work.
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§1, Witt Vectors

In this section, R denotes any commutative ring with
1. By W(R) we will mean the ring of all (big) Witt vectors.
That is, the underlying additive group of W(R) is the
multiplicative group 1 + tR[{t]] of power series. The
multiplication on W(R) is the unique continuous functorial
operation ®* for which (l-at) * (1-bt) = (l-abt); for example,
if d = g.c.d.(m,n) then »

(1.1) (1-at™) # (1-bt™) = (1-a"/9pn/dgmn/d,d

A very quick and readable introduction to this point of view
is [Bl 1,§I.1]; other points of view are discussed in {Cl1],
{6r]. and [SGAB]. Note that the "zero" and "one" of the ring
W(R) are 1 and 1-t in our convention, which differs from that
of [Bl 1] by a minus sign but agrees with [Stl].

A quick way to check multiplicative formulas in W(R) is
to use the ghost map gh:W(R) =+ gR. It is obtained from the

abelian group homomorphism

-t %;(mg) ¢ (1 + tRI[EID® » tRI[EIDT

a(t) > -t da
a(t) dt

by identifying the left side with W(R) and the right side with

IR (via Eantné*(al,az,...)). For example, gh(l—t)n = (NyNyeadle
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The map gh is a ring homomorphism (for the product structure
on IIR), and is an injection if R has no Z-torsion

(q.v. [B1 1,p.195]). If Q € R, gh is a ring isomorphism, so
that W(R) = IR,

Now suppose R 1is one of the following rings: s'lz

»~

for some set S of primes, ZP, or a (commutative) Q-algebra.

Then for r € R the coefficients of the power series

- r _ r 2 r 3
At(r) = (1-t)" =z l-rt + (2) t° - (3) t o+ ...
\

all belong to R . This is obvious for Q-algebras, and may
be proven for zp by an easy convergence argument. Here is

a proof for s712 that I learned from R. G. Swan: let
r=k/s, and suppose by induction that (ﬁ) € R for n < N. The
coefficients of tN in the equation
(-0 =% & vt T O ol ank
i=zo * i=0
are all in R , with the possible exception of s (ﬁ) . Hence

(§) € R as well.

1

Proposition 1.2 If R 1is s™'z, Zp, or a Q-algebra, the map

xt:rO* (1-t)T defines a ring injection from R to W(R).
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Proof. Composition with the ghost map, which is a ring in-

jection, gives the set map gh(At(r)) = (ryr,...). Since

gh(At) is a ring injection, A_ must also be a ring injection.

t

Remark 1.3 We can formulate Proposition 1.2 in the language of

A-rings (see [SGA61). A binomial ring is a commutative ring

R with no &-torsion, such that (z) € R for every r €¢ R, n ¢ N.

1

The above discussion shows that S °Z, Zp, and Q-algebras are

binomial rings. A A-ring is a commutative ring R with a

given ring homomorphism At : R+ W(R). Proposition 1.2 shows
that every binomial ring is a A-ring in such a way that Xt

is an injection, and in this guise is proven on p.322 of

[scas].

(1.4) In order to perform brute force computations, it
is useful to introduce the following three abelian group
endomorphisms of W(R): the homothety [rl] : a(t) = a(rt),

the Verschiebung Vm : a(t) » a(t™), and the Frobenius transfer

1/m

Fm :oalt) = a (3t ) .

z
gM=1

Fo is a ring endomorphism, and Fm(lt(r)) = At(r) for the ring

map At of Propositionl.2. Since every Witt vector can be written

uniquely as a product a(t) = H(l-rmtm), we can think of
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multiplication by a(t) as the endomorphism I Vm[rm] Fo.

The theoretical foundations of this viewpoint are developed
in [Cl1] and [C2]. This viewpoint is applied to K-theory

computations in [Bl 1], [LR1, and [Stl].

(1.5) The subgroups I = (1+t"RI[t11) of W(R) are

actually ideals, as is clear from the formula (1.1). We will

call the resulting topology on W(R) the t-adic topology.

W(R) is separated and complete in this topology, and the

[
quotient rings wN(R) = W(R)/IN‘}1 are the rings of truncated

Witt vectors. In particular, Wl(R) gz R, so the ring maps

At of Proposition 1.2 are split injections.

When p™ = 0 in R and N is fixed, (l-t)pn e Iy for
large n . Thus "p" is nilpotent in each WN(R), but "pn £ 0"
in W(R). From this, we see that the composite 2p - W(ip) + W(R)

is a ring injection, which is continuous with respect to the

p-adic and t-adic topologies.

§2, EndO(R)

In this section, we recall some facts about the ring

EndO(R). A very readable survey of the relation of EndO(R)

to W(R) may be found in {[Gr].

We can define EndO(A) for any ring A with 1. Let

End (A) denote the exact category of endomorphisms of finitely
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generated projective right A-modules. This is the category
denoted P (Y on p.5 of [Ba]: objects are pairs (M,f) with
f ¢ End (M), and morphisms (Ml’fl) > (Mz,fz) are maps

a:Ml > M

with f,.a = af,
2 z i

There are twe interesting subcategories cf End (A). One

-

is the full exact subcategory Nil (A) of nilpotent endomorphisms,

and the other is the reflective subcategory of zero endcmorphims,
which is naturally equivalent to P (A), the category of f.g.

A-projectives. We define Endn(A) and Niln(A) by the

splittings

=
ot
~y
ot}
[a¥

(A)

"
=

N~
=
et

® Ind_ (A
n

y

n
X
>;
~

K Nil (A) & Nii_(A)

Now suppose that A is an R-algebra for some commutative

ring R. Then there are exact pairings

® : End (R} x

i
o)
[a

(A) +

t
pu]
o,

{A)

1)

(M@ N, £ 8¢g).
R

@ : End (R) x

=z
[
fa

(A) »

b=
-
b

’ll

1

(M,f) 8 (N,g)

These induce maps K

¢ End (R) & K, End (A)+K.End (A}, K, End (R)

# K, Nil(A)+K,Nil{A) by the usual generators-and-reliations
tricks on KO . It is easy to see that (0,0) and (R,1) ¢ KO(End(R)

act as the zero and identity maps. If we take R = A, we see
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that K0 End (R) is a commutative ring with 1. KO(R) is an

ideal, generated by the idempotent (R,0), and the quotient

ring is Endo(R). Since (R,0)8 reflects End (A) into 5 (A,
K4(R) acts as zero on End, (A) and Nil, (A). The following

is immediate (and well-known):

i

Proposition 2.1 If A is an R-algebra with 1, End, (A) and

Nil, (A) are graded modules over the ring End, (R) .

|
Remark 2.2 Of course, we can use the construction in

[Wa, §9] to see that End, (A) and Nil, (A) are graded modules

over the graded ring ]-Snvd,.= (R) . We will not use this, except
to make the following observation: there is another embedding
of P(R) into End(R), namely as the subcategory of identity
endomorphisms. It is not hard to see that this induces a
ring homomorphism K,(R) + End,(R) preserving "one". The
resulting K,(R)-module structure on Nil, (A) agrees with the
"usual" one, obtained by identifying Nil, (A) with a K (R)~

submodule of K,,; (Alyl]). We will return to this point in §3.

There is a well-defined map x:EndO(R) + W(R) given by

taking characteristic polynomials : X(M,f) = det(i-tf). Note
“that x(R,0)=1 and x(R,1)=1-t. It is easy to see that X is
a ring homomorphism, and that the image of X is the set of
all rational functions in W(R), i.e., quotients of polynomials

in 1+tR[t]. The induced t-adic topology on End (R) is defined
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by the ideals I, = {f e EndO(R) | X(£) 2 1 (mod tN}, and

End0 (R) is separated in this topology. The key fact is:

Theorem 2.3 (Almkvist [A]). The map X : End0 (R) + W(R) is

a ring injection, and W(R) is the t-adic completion of End0 (R).

The operations on End0 (R) inducing the homothety,
Verschiebung, and Frobenius of (l.4) are discussed in {eér] .

Grayson also points out in [Gr] that End, (R) is a A-ring via

0

At (M,f) = (AnM,Anf)tn, and that X is a A-ring homomorphism.

The A-ring structure on W(R) is given in [SGA6,p.319].

Exercise 2.4 Show that X(f) = 1 + a,t + ...+ amtm for the

1
endomorphism
0 -a
m
Lo O
L L]
f = l" 0
O3
-a.
of R™ . Then show that if o oe 0 then £ & Vv represents 0

in Nil0 (A) whenever X(f) = 1 modulo tN .

§3. The W(R)-modules NK,(A).

We keep the notation that R 1is a commutative ring with

1 and that A is an R-algebra with 1. We take NKn(A) to be the
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kernel of "y=0" : K/ (Alyd) -~ Kn(A). NK (A) is isomorphic

to Niln (A) via the composite

-1

Nil (M)

. 3 .
NKn(A) c Kn(A[y]) c Kn(A[x,y]/(xy=l)) > Ko M
(this is proven on p.237 of [6Q1). Thus the groups NK_ A

are EndO(R) modules. For n > 1, this is just Proposition 2.1;

for n = 0 (and n < 0) this follows from the functoriality of

the modulé structure and the fact that NK, (A) is the

"contracted functor" of NK; (A), q.v. [Ba, XII §7].

Theorem 3.1 (Stienstra [St2]). For every y e Nily (A) there
is an N so that Yy 1is annihilated by the ideal

Iy ® {f|x(£f) = 1 mod tV} of Endg (R). Consequently,

NK, (A) is a module over the t-adic completion W(R) of EndO(R).

The second sentence follows from the first by Theorem 2.3.
The first sentence may be proven in the spirit of Exercise 2.4,

but we will refer the reader to [St2] for a careful proof.

Exercise 3.2 Use the sign convention that [1l-vy] € NK,y ¢9)
corresponds to (N,v) - (N,0) € Nil0 (A) and Exercise 2.4 to
show that the W(R)-module structure on NKl (A) is completely

determined by the formula a(t) * [1-vy] =[a(vy).]
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Show that the ring map K (R) - End,(R) induces the "usual”
K, (R)-module structure on NK (A), i.e., that coming from the
K, (R)-module structure on K,(Alyl). Use this to show that for
Y € Kn_l(R), (N,v) € Nil (A), and a(t) e W(R) we have the

formula

a(t) * {y,l-vy} = {y,a(vy)} ¢ NKn (A).

This formula was first proven by Bloch on p.238 of [Bl 1], and
is especially useful in determining the W(R)-module structure

on NKQ(A). {See Example (4.%).)

Corollary 3.2 Fix an integer p and a ring A with 1.

(a) If A is an S™'Z- algebra, NK,(A) is an s™1z-module.
(b) 1f A is a Q-algebra, NK,(A) is a center(A) -module.
(c) If A is a Zp—algebra, NK.(A) is a Zp-module.

(d) If pm=0 in A, NK4(A) is a p-group.

Proof. The first three parts follow from (1.2) and (3.1). 1In
case (d), note by (1.5) and (3.1) that every element of NK,, (A)

is annihilated by some p" € ZP, i.e., that NK,(A) is a p-group.

Historical Remark (3.4) The observation that NKO,NKl are

p-groups for Z/me—algebras is due to Chase, and may be found
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on p.646 of [Bal. Chase asked in [Ge, Problem 18] if the
same were true for all NK*; The affirmative answer of (3.3)
is implicit in [Bl 1] (as well as [Bl 2], [vdk, p.310], and
[stl]). For Q-algebras, it was remarked on pp.13,51 of [Baz]

that NK.,NK, are divisible groups. For S-lZ-algebras, Swan

¢ 1

1

proved in [Sw] that NU, NPic are S~ *Z-modules, and observed
1"

that the same was true for NKg,, NK, . The Endo(R) approach

is due to Stienstra, mentioned on p.68 of {st1l], and will

appear in [St2].
\

Corollary 3.5 If I is an ideal in A, the relative groups

NKg(A,I) are W(R)-modules, and there is an exact sequence of W(R)-modules

(6) NE,,,(A) > NK o (VD) > NK (A,T) > NK, () > NE(WT).

®+1 *+1

In particular, if A is an R-algebra for R one of s, £, e-algebre,
then NK,(A,I) 1is an R-module. If 1€ A and p" =0, then NKy(A,I)

is a p-grouwp.

Proof. The comutative diagram

N11(A) X End(R) ———> Ni1(A)

..L

NAL(A/I) x End(R) ———> NAL(A/T)

is a speclal case of diagram (5.5) of [We3], with A = C = Nil(A),

B = End(R), etc. The discussion following (5.5) -~ especlally the
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the penultimate paragraph of Section 5 - applies here to prove that (after
discarding the sumand K (R) of KyEnd(R)) the sequence (#) is an exact
sequence of End,(R)-modules. By Stienstra's theorem (3.1), (%) is
actually a sequence of W(R)-modules. The vest of the Corollary follows
as in (3.3) above.

Corollary 3.6 (Murthy-Pedrini [{MP]) Let A be an algebra over

a field k 2 Q . Then NKn (A) is either zero or a torsionfree

divisible group of rank at least [k:Q). 1In particular, if

k is uncountable, then NKn(A) is either zero or of uncountable

rank. The same is true of NKn(A,I).

Proof Each group NKn(A), NKn(A,I) is a k-vector space. We

remark that the rank of these groups is always infinite - see

Proposition 4.1 below.

Proposition 3.7 Let A = A, ® A1 ® ... be a graded ring, and

write K (A) = Ky(A ) @ Rg{A) . Then:
(a) if @ € A (resp. A is an S_lz-module), R, (A) is a

Q-vector space (resp. an s™1z-module)

(b) if A is a 2/p" Z-algebra,

K,(A) is a p-group.
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Proof There is a ring homomorphism ¢:A + Aly] defined on

A, by Y(A) = Ay". Apply K, to the following commutative

diagram:

A
54444;’ f (y=1)
A — Alyl "
| | =0
A, ——> A .

We see that K,(¥) maps K, (A) into NK, (A) as a summand. Now

apply (3.3).

§4, Other methods

There are two other ways to obtain a W(R)-module structure

on NK,(A). For completeness, we mention them here. Proof that
they agree with the EndO(R) pairing will appear in [st21.

The first is to use the Dieudonné ring D = End(W). Cartier
proved in [Cl] that every endomorphism of the functor
W :(R-algebras)+ (abelian groups) can be written uniquely as

v [rmn] F_, where the operations [rl, V ,F are those of

(1.5). There are three pertinent types of endomorphism of

* *
NK,(A)! The homothety [r] = Pps the Verschiebung V= (1m) s
and the Frobenius transfer (1m)* . These are induced by the
endomorphisms pr(y) = ry and lm(y) = y" of Alyl. It is proven

on p.317 of [Bl 2] that Fm corresponds to the endofunctor
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8(N,v) = (N,vm) of Nil (A), so for every y inNK,(A) we have
Fm(y) = 0 for large m . Thus the expression va[rmn]Fn(Y)

makes sense. Cartier has given in [C2] the necessary relations
for this to define a D-module structure on NK,, hence a W(R)-
module structure using the map W(R) + D of (1.5). This brute
force approach is the one taken in [Bl 1], [LR], and [Stl].

A nice application of this method is the following, which van der

Kallen attributes to Farrell:

Proposition 4.1([vdK]l,p.310) For every 1 the group NKi(A)

is either zero or is not finitely generated.

Proof If not, then there is an M such that Fm = 0 on NKi(A)

for all m » M. Pick a # 0 in NKi(A) and choose an integer m > M

with ma # 0, and note that Fm(Vma) = mo, a contradiction.

The second method is given on p.315 of [Bl Z].

Bloch considers the biexact functor

P (RI[EIDx Nil (A) » B (),

M& (N,v) =M B N
R{Lt]]

where N 1is considered to be an R-module with t acting
via V . Waldhausen's machinery (in §9.2 of [wal) produces

a map
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W(R) 8 NK,(A) € K (RI[EID) @ K, j Nil (A) > K, (A) .
Bloch then injects NK,(A) as a summand in NKg(A[x]) via
y+ xy and obtains a pairing W(R) & NK,(A) + NK,(A) . Work

is then needed to show that this defines a module structure.

Note that the original map W(R) & NK,(A) > K,(A) is the

composite of the module map and the projectio% "y=1"

NK, (A) + K,(A). Bloch also shows in {Bl 1,p.224] that

(H.?) The relative groups K*(R[£]ﬂ£m+1), e) = C K, (R)

have the structure of W(R)-modules.

We warn the reader that there are two different W(R)-module
structures on NK*(R[E]/(€m+1),€): one from the Endj(R)

pairing, and one induced fromthe pairing(4.2) on K,(R[e,yl,€).

We will not consider Bloch's pairing (4.2), except to give the

following two examples of the difference in module structure:

Example 4.3 Let X be a Q-algebra, and set R = k [e]/(en+1=0).

If we give Kl(R,e) the K-module structure induced from the

W(R)-module structure of (4.2), then there is an R-module

isomorphism €R = K,(R,e), f+ exp (f). As a sample of the
1

W(R)-module structure, we note that (l-rt) * exp(f(e)) = exp(f(re)).

The R-module structure on NKl(R,e) induced from the Endo(R)
pairing agrees with this : xt(r) # exp(f) = exp(rf) for f = f(e,y)
in eyR[yl. The W(R)-structure on NKl(R,e) gives (l-rt) * exp

(f(e,y))= exp (f(e,ry)) however, which is different. The map
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"y = 1"¢ NKl(R,e) > Kl(R,e) is an R-module map but not a

W(R)-module map.

Example (4.4) We describe the R-module structure on NKz(R,e)

for R = klel, 52 = 0, k a Q-algebra. It was a surprise to me
that we cannot replace "Q-algebra" by "field of characteristic

# 2,3", since the formulas require Qk to be a Q-module. Recall
that there is a well-known group isomorphism Qk = Kz(R,E) given

by adb k> <ae,b>. (We are using Stienstra's <,> notation in
order to make use of the computations in {stl1].) Using Bloch's

pairing in u.2), KZ(R,E) is a k = wl(k)-module and Qk=K2(R,e)

is a k-module isomorphism: this observation is stated on p.62
of [stll.

If we use the k[yl-module structure on NKQCR,E) coming
from the (4.2) pairing on KE(R[y],s), we obtain the klyl-module
isomorphism (yﬂk[y}) ® klyl = NKz(R,e) which (for b in k and f;
in k[yl) associates yfldb®f2 and <syfl,b><ef2,y>. On the other

hand, we will show that under the k-module structure induced

from the EndO(R)-pairing we have the formulas:

(4.4.1) At(r) * <gyf1,b> = <reyf1,b> (b in k,

. f.(y) i
(4.4,2) At(r) ¥ <e,yf,> = <e,ryf >, ;{y) in kly])

Thus (for example) the two actions of r on <s,yl> are different if
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dr # 0, so that "y=1" : NKZ(R,e) - KZ(R,e) is not a k-module

homomorphism. Using these formulas, it is easy to see that

there is a k-module isomorphism

(yﬂk[y]) 8 klyl = NKZ(R,c)

yf,db @ fzb* <€yfl,b> <e,yf2> -
We now derive the formulas (4.4.,1)and (4.4.2). By

functoria}ity of the W(R)-module structure, we can assume that

b is a unit of k . Formula (u4.4.1) then follows from Exercise

3.2 and Example 4.3, given the identification <fe ,b>={1-bfe,b}.

To establish (4.u4.2), we first consider the case f2(y) = b .

Using the formulas on p.62 of [Stl], which are also valid for

the module structure on NK,(R), we find that

<g,rby>, m = 1

(1-rt™) * <e,by> =
o, m#1.

The formula (4.4.2) for <e,by> is immediate. For <£,byl> we use

the following formula of Bloch, found on p.316 of (B12] (note

the missing V in [B12]):

(4.,4,.3) Vm[Fm(w)*Y] = w % Vm(y) (w in W(R),y in NK,(A)).
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We can now compute:

o m % "
At(r)"<e,by > At(r)"vm<c,by> = Vm[FmAt(r)"<e,by>]

Vm[kt(r)*<e,by>] = Vm<e,rby> = <e,rbym>

The formula (4.4.2) now follcws from the fact that <e,yf,> is

additive in f2 .

n+l

Exercise 4.5 Show that for R = klel/ (e ), k a Q-algebra,

there is an isomorphism of R-modules

(9, 8 eyR{y1) ® eyRlyJ = NK,(R,¢e)

k

exp(eyfz)-l N

.

eyfldb & ayfzk» <eyfl,b> <E,
€

§5. Main Results

In order to pass from the NK;-groups to K;-groups, it is

necessary to consider the Karoubi-Villamayor groups, whose

key property is that KV, (A) = Kv,(Alyl). Recall that the

groups NPF(A) are defined by iteration from N9F o= F using the

formula NE(A) = kernel of F(Alyl) » F¢A) . If F = K, and
A is an R-algebra, we see that the NPK*(A) are W(R)-modules

for p # 0 by functoriality of the W(R)-module structure on

NK, . The result we need is this:
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Theorem 5.1 If A is a ring with unit, there is a first

quadrant spectral sequence (defined for p > 0, q > 1)

1 P
EX- = NPX_ (A) = KV w) .
Pq q p*q

If I is an ideal in A , there is a spectral sequence

1 P
E- = NPK_ (A,I)=>KV 1)
jale] q ) p*q ¢

) .
Moreover, there is a long exact sequence

ees * KV,

i41 (A1) -+ Hi(C*) @ KVi(I) - KVi(A) > ..

. e 2 KVl(A/I) + KO(I)/imNKl(A/I) - KO(A) - KO(A/I) .

Here C, is a chain complex with Cp the cokernel of

P P
N Kl(A) + N Kl(A/I).

Proof See [We2], theorems 2.5, 2.6, and 3.2. The spectral

sequence was originally discovered by Gersten and Anderson.
Since p-groups form a Serre subcategory of all abelian

groups (and since KO(A) = KVO(A) by definition), we immediately deduce the

following result:

Theorem 5.2 Let A be a Z/me-algebra with unit, and let I

be an ideal in A. Then K,(A) 8 Z [%] 3 xv,(n) @ 2 [3) and

K (A,I) @ Z [%] 3k, (D ez 3.
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Corollary 5.3 ("Excision") If f = A > A, is a map of

Z/pmz—algebras with unit, and I is an ideal of Ay with

I = £(I), then

1, 3 1
Ky(Ay,1) @ 2[51 > Ky (h,,I) @ z[EJ .

Corollary 5.4 If I is a nilpotent ideal in a Z/pmz-algebra

A with unit, then K, (A,I) is a p-group.

Proof: We have KV, (I) = 0 by [We 1, Theorem 2.3].

Theorem 5.5 ("Mayer-Vietoris"). Let 2

A
be a pullback square of Z/pwz—algebras 3 Au

with A2 - Au onto. Then there is a

long exact sequence

1 1 1 1q...
--K*+1(Aq)QZ[EJ*K*(Al)QZ[ﬁl*[K*(AZ)OK*(As)]QZ[ﬁl*K*(A“)QZ[E]'

valid for all integers * . The same is true if we replace K,

by KV,

Proof: We splice together the long exact ideal sequences for

Ay » A; and A, * A, in the familar way.

1 3
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Example 5.6 Let k be a finite field of characteristic P -

Then K*(k[x,y]/(x3=y2)) = K,(k) & (p-group) follows either from

the fact that the ring is graded and (3.7), or from the conductor

pullback square. For the node Ay = k[x,y]/(y2=x2+x3) it is
well-known that KV, (A;) = K,(k) & K44 (k) from the conductor
pullback square. Since K, (k) is a group of Order prime to p
(for * # 0), we must have Ke(hy) = Ky (k) @ Kgyq(k) @ (p-group).

If we try to use the same technique for our other A-rings,

the best’we can do is this:

Theorem 5.7 Let A be an R-algebra with unit, and let I be an
ideal in A, where R = s™1z or q. Let n be either
Ke(A) > KV, (A) or K (A,I)~ KV,(I) . Then:

(a) IfR = g%

Z, ker (n) is divisible by the primes in
S and coker (n) has no S-torsion.
(b) If R = Q, ker (n) is divisible and coker (n) is

torsionfree.

[

Remark From Example (4.4) we know that dl:Ei2 -+ Eéz is not a

k-module homomorphism for a Q-algebra k, so it is not reasonable
to expect a k-module version. In [Wed], I will give an example to show

that ker (n) and coker (n) need not be S-lz-ﬂxmeles.
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Proof We prove (a); (b) is a special casge. In the spectral

sequence of (5.1), the E;q are R-modules for p > 1 . By
induction, we observe that E;q is an R-module for p > n ,
S-torsionfree for 0 < p < n, and Kq(A)/(S-divisible group)

for p = 0 . The key observation here is that, if h is any
map from an S-lZ—module to an abelian group, im (h) is
S-divisible and ker (h) is S-torsionfree. For n = » we see

that Kq(A)/(S-divisible group) is a subgroup of KVq(A),

and that the quotient is filtered by S-torsionfree groups,

whence the result.

Corollary 5.8 Let I be a nilpotent ideal in a ring A . Then:

(a) If A is an S';Z-algebra, K.(A,I) is S-divisible.

(b) If Q =« A, K,(A,I) is divisible.

Proof Again, KV,(I) = 0 by [We 1, Theorem 2.37,

In a subsequent paper [Weld], I expect to show that Kg( ,I) is
an R-module in Corollary 5.8 by the method of K-theory with mod p

coefficients.

§6. Localization of R

In this section, we consider the effect of localizing A

on the resulting map NK,(A) =+ NK*(S-IA) .
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1

Lemma 6.1 Let R be one of S~ Z, Zp, or a Q-algebra. Then

(for each nonnilpotent s in R and integer i) (Iis ) is

n ]
in R[1/s] and (i ) is in s R for large n .

Proof The first part follows from (1.1). For the second part,

choose n large enough so that g.c.d. (i!,sn’l) = g.c.d.(its™.

Proposition 6.2 Let R be one of S°1

Z, Zp, or a Q-algebra.

Then for leach nonnilpotent s in R and integer N there is

an isomorphism

wR)| 2| - WN(R)[ L J = wN(R[l} ) .
Xt(s) l-st s
Proof For a,b in any commutative ring A we have
A[%] = A[%] just in case there are a,R in A and integers
m n

m,n so that ac = b°, b = a~ . We take a = At(s) = (1-t)%,

b = (1-st) and choose m,n so that

n
alt) = (1-s")/S | p(t) = (1-t/8)"

belong to WN(R); this is possible by lemma 6.1. We then have

. n *
a*a = 1-s™t = b'™ and b*g = (1-t)% = an, proving the first
isomorphism. The second isomorphism is easy to establish from

the equation (1-rs™*t™)*(1-st) = (1-rs™ 1™ .
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Remark TFor the (big) Witt vectors, w(R)[At(s)-l] and

w(R)[(l—st)'l] are distinct subrings of W(R[s-llh at least

1

for R = 8°°Z or Ep . This is because a(t), B(t) ¢ W(R) when

s is a prime of R .

Theorem 6.3 (Vorst) Let R be a commutative ring with unit,
and let A be an R~algebra with unit. Then for every multiplicative

set ScR of nonzerodivisors on A there is an isomorphism

{(1-st)|seS} IW(R) @ NK,(A) » NK,(S™1n)
W(R)

Proof This is (1.4) of [V], as interpreted in Remark (1.8) of
[vl.

Corollary 6.4 Let R be one of T-lz,lp, or a Q-algebra, and

let A be an R-algebra. Then for every multiplicative set ScR
of nonzerodivisors on A there is an isomorphism of s~ !R-modules:

1

STTR 8 NK,(A) » NK*(S-lﬂ) .
R

Proof NK,(A) is the direct colimit over the family of finitely
generated W(R)-submodules M . By Stienstra's Theorem (3.1) we

have

sTlRaM = (A()} MW (R)E M = {((1-st)} twrra M .
R

W(R) W(R)
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The corollary now follows from (6.3) by taking colimits of both
sides.

i

Consequence (6.5) Let % be a finite group of order n , and

let p be a prime dividing n . Then NK,(A) is a p-group for
A= Z(p)[ﬂ] and Zp[v]. NK, (Z[n]) is an n-torsion group, and
ti

Z., 8 NK(Z[n]) = NK*(Z(p)n) . Similar statements hold for

{p

NK,(R[v]1), where R is a finite extension of sz or Zp.

Proof Z[%] 8 NK,(A) = NK*(A[%]) = 0 , since A[%] is a regular

ring. (See [Bal, pp.6u48, €95 for previous results.)

Consequence (6.6) Let A be a ring with no Z-torsion. Then the

rank of the abelian group NK,(A) is the dimension of the Q-vector
space NK,(QA), and the p~torsion subgroup of NK,(A) is the
torsion subgroup of NK*(l(p)A) .

In order to apply these results when S contains zerodivisors, we

can use the following result of Vorst:

Theorem 6.7 (Vorst [V](1.,7)) Let A be a reduced commutative
ring. Then for every multiplicative set ScA there is an

isomorphism

{(l-st)|s€S}-1W(A) 8 NK, (A) » NK*(S'IA) .
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1

Corollary 6.8 Let R be one of T ~Z, Zp, or a §-algebra, and

let A be a reduced commutative R-algebra. Then for every

multiplicative set ScR there is an S-lR-module isomorphism

1

ST"R 8 NK,(A) -+ NK*(S-IA) .

Consequence (6.9) Let R be the coordinate ring of an affine

variety over a field of characteristic zero. Then NK,(R) is a

torsion R-module supported only at the singuiar locus of the

variety.

Consequence (5.10) ([Bal,p.€u48) Let R be a reduced commutative

ring, and n an integer with R[}] regular. Then NK,.(R) is an
n «

n-torsion abelian group.

Consequence (6.11) Vorst's Theorem 1.9 of [V] in characteristic

zero merely states that the R-module NKi(R) is zero iff it is

locally zero.

Remark In [Sw], Swan proved that for every commutative ring
A and for every multiplicative set ScZ there are isomorphisms

INPic(A) + NPic(S™1A) . The possibility

s~inuca) » NU(sTia), ST
of generalizing this result to the higher nilgroups was the

original motivation for this paper.
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