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Introduction

The purpose of this paper is to study the relationship between X,.(R) and
K, (R/I), where *x=2,3 and [ is a nilpotent ideal of the commutative ring R. The
tools that allow us to do so are the relative term Ka(R, I'} described by Keune [10]
and the Tate map K;R - 2% as extended by Gersten [7].

Now K,(R)= K,(R/I) is classically an isomorphism for —co< =1 (except for
units in K;) and onto for * = 2. Van der Kallen's computation [17] shows that it is not
generally injective for *=2. The other known results along these lines [14, 19] are
that this map is an isomorphism if we replace K, by its approximations K x for R
noetherian) or KV,

The main results of this paper are:

(1) K53(R) - K3{R/I) is neither onto nor into and maps exotic elements nontrivi-
ally.

{(2) K3(R)-» K3(R/I)isonto and Ka{R) -» K»(R/I) is a split surjection when R/T is
an integrally closed complete intersection, under various restrictions on I and the
characteristic.

(3) If 3¢ R, I* =0, then there is an exact sequence of R-modules

Ker(8) 2> A°T » K5(R, > I ®{2g1 -0,

where §: T ®1I —» [ ®{2z. The R-module structure on K.(R, I') is given by s(a, r}=
{sa, r).

Thus (3) gives a reasonably complete interpretation of K»(R, ) in terms of
differentials.

In Section 1 we study K2(R, I) in the case [ 2 =0. This lays the groundwork for
later sections and establishes {3). We give two applications: for 7€ R, p aprime ideal
of R we have Ki(R,, I,)=R,XrK2(R, I). Secondly, if R=k[x,,..., x. )/ P2,
char(k)# 2 and § = R/I is a complete intersection, J = P/P’ then K»(R, I)=A’I@®
1 ®102s
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334 Ch. A, Weibel

In Section 2 we consider R = k[x1, ..., x.)/P*, I = P/P’, where k is a field, 7€ k,
and study the map Ki(R, I)»> K>(R)., We show that this map is a split injection if
5= R/I is an integrally closed complete intersection. This is one instance of (2).

In Section 3 we consider R = k[x,, ..., x,}/P", k a field containing 1/m!, where
S =R/P is normal, and P = (¢). We establish (2) in this case and illustrate (1) for
I =(t"), m > j>m/2. We obtain similar results in case R is the truncated polynomial
ring k[+]/(t™), k any commutative ring containing 1/m!

I would like to thank A. Geramita, M. Krusemeyer and W. Vasconcelos for several
helpful conversations, as well as 8. Geller and L. Roberts. In addition, I am indebted
to K. Dennis for showing me [2] and other unpublished work on the Tate map
—dlog: K:R - 2. Finally, I would like to thank the Institute for Advanced Study for
its hospitality during my stay.

1. The case F*=0

Let R be a commutative ring, I a radical ideal of R. Then [10, Theorem 15] the
relative group Ki(R,T) is presented as an abelian group by generators {a,r)
(a, bl r, s € R) and relations

(D1) f{a,b}{-b,—-a)=1,

(D2) (a,ry{a,s)={a,r+s+ars),

(D3) {a,rs)={ar, s){as,r),

(D2 {(a,r){b,ry={(a+b+abnr),
(D3} {ab, ry={a, br){b, ar) (—abr, —1}.

Remark. The asymmetry between (D3) and {D3') follows from the fact that the
symbol {1, a)={(—a,—1) is not always zero, as the example (1,-2)=(2,-1)=
{—1,-1}#0 in K,(Z/4Z,?2) shows. However, if 3c R and a" =0, then we can
choose b € aR sothat 14+a ={1+4)°, and then 1 =(b, 1)=(-b, ~1*=(—a, —1), by
(D2".

Notation 1.1. We set §=R/I, and write TA T for the quotient of /&¢I by the
submodule {or subgroup) generated by {a ®b + bR a}. The quotientmap A :IRJ >
IAT is the universal skew-symmetric form; 7A [ is not to be confused with its
quotient, the second exterior power A°I = I a I (which has ar A @ = 0). We shall write
the image of a @b in I A [ asa A b. When 3¢ R we have I A I = A*J and shall drop the
tildes. When I =R, we shall write Kz(R, t) for Kz:(R, I,

We now assume I°=0. Then (D2') is additivity in I. Using additivity (D1) is
equivalent to {a, b} (b, a)=1. From this (D3') is equivalent to bilinearity in I xI.
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Thus there is a map (of abelian groups) ¢r: TA T » K;(R, I') given by ¢r(a X b) = {a, b).
We also note that (D2) can be replaced by the following ‘“‘twisted additivity” in R:

(D4) {a, r{a,s)y={a, r+s){a,ra).

Relation (D4) shows that we cannot put a module structure on Imi{g) to make
¢ a module map. For example, let F=F,;(¢), R=F[e]. By [17, Example 3],
K»(Fle), ) =F/F’@F, the isomorphism being (ex, eXey, 1)« (x, y). Identifying F
with I T on generator € A e, we have (1) ={c, £) =0, yet ¢(¢) = (et, e} # 0.

In order to circumvent this difficulty, we consider K,(R, I, the quotient of
K5>(R, I by the subgroup generated by the {(a, ra), acl, re R. Since 2{a, ra)=
{a’, ra) =0, the kernel of K»(R, I)» K,(R, I) is an elementary 2-group.

Lemma1.2. K,(R, I)isan 8{= R/I)-module under the action s{a, r) = {as, r), and -
AT » K5(R, I) is an S-module homomorphism.

We have K»(R, I = Ky(R, I) in the following situations:

(a) 5 eR.

(b} R/ann(I) is perfect of characteristic 2.

(c) f<(annI), in which case & =0.

Proof. Since {a, rb)={ar, b), the action sends all the relations of Ka(R, I} except
(D2) into {(sums of) relations, as well as fixing the set {{a, ra)}. The S-module
structure now follows from {D4).

Whense R, (D2)yields 1 = <a,ra/2)* =(a,raXa, r’a’/4)={a, ra). Incase (b) we
have {a, ra)={a, sla)={as, sa) =1. Finally, case (¢} follows from the observation
that (7, (ann I)*y=1. To see this, we note that for x,, y; € ann (I) we have

<a, P th-) =[ax;, yi)lay, xp=1.

In the special case R = S8[¢], I = &R, the map & is zero and IE'Z(R, g}Y={1; as an
S-module by results of van der Kallen [17].

Vorst [18] has shown that there exists a well-defined group map ¢:Ka(R, I}~
I &g given by ¢{a, r)=a®d7 This fits together with ¢ to give the following
description of K>(R, I).

Theorem 1.3, When I*=0 the following sequence of abelian groups is exact and
natural in R and I:

I7I SKAR, DS I®s05 0.
This induces an exact sequence of S-modules:
2 b @
AT =Ky (R, [N =I®2s->0.

Proof. As oy =0, ¢l{as, r)=s¢la, r), and ¢ is onto, we have only to show that
¢ coker(y) > I @ (2 is an isomorphism. For each a € I define

D.: 5 - coker(y)
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by the formula D,(F)={a, r). Using (D4) we sce that D, is a well-defined additive
map and that coker(y) is an S-module. By (D3) it is a derivation, and so induces a
map 8,: 2s > coker(yr) of S-modules, 8,(s dF)={(as, r). The 8, induce a map
8:1 & (15 » coker(¢) in the standard way. The formula for §, shows that § is onto and
that @8 =id(F ® f2s), whence ¢ :coker(if) = I R 1, as desired.

Remark. When R=8®/, I° =0, we recover results of van der Kallen [17] and
Dennis—Krusemeyer [3, (6.7)]. From [3, (6.3)] the map  is an isomorphism when
R =Z&1I The example R = 8[¢e], § a perfect field of characteristic 2, shows that ¢
can be zero when TA [ #0. However, ¢ is an isomorphism when R =Z/4, even
though § =Z/2. The following result shows that ¢ is “almost™ a split injection if
R =S®]I. It was proven in the case € S using different methods in [3].

Corollary 1.4, If R = S@ 1, the second sequence of Theorem 1.3 is split exact, and
KR, N =AT®I ®42).

If €8, this gives K2(R, 1) as well. If § is perfect of characteristic 2, & induces
AT =Ky(R,I).

Proof. We define p 1 Ko(R, ) AT by{a, s@b)—> a » b. Allrelations are preserved,
so p is a well-defined group map. Since p is a left inverse for ¢ in Theorem 1.3,
the decomposition of K,(R,I) follows. The two special cases follow from
Lemma 1.2.

Our goal is to understand the kernel of ¢ in the non-split case. One simple but
useful case follows immediately from 1.2(c):

Corollary 1.5. When I cann(I)’, ¢ : K2(R, I) =1 ® 2.

To handle the general case, we set T=R@®[ J=0®I, and §=R/I. By [11,
Theorem 58] there is an exact sequence

5
RECPY B N —=JBsf2s—0,

where §{a ®b) = a ®db. We identify T with Keune’s R(I)}; by associating r®ac T
with (r, r+a)< R(I};. By [10, Theorem 14] there is an exact sequence

T ®I KT, F)— KR, [)—0,

where n(a®5b) =[x12(—bDb), y21(0Da)]™" ={a, b@® —b) (see p. 175 of [10]). By
naturality, the map (T,J)—+(R,I) induces a map of exact sequences in
Theorem 1.3.
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All this data fits together to form a commutative diagram:
JAT IAT

iy i,

' i
JRI —Ky(T, J) = K5(R, [) =—— 0

P @5

We now state our main result on Ker(i), again in terms of its quotient Ker(d;).

Theorem 1.6. Let8: IR > T® g be 8(a®b)=a®db. Then Ker(iy) = A (Ker §),
and we have the exact sequence of S-modules

Ke[(&) —ArAzI ifz(R, I) :;I ® QR/I =0.

Proof. We first pass from [ X I to A* and note that
A TRI=TRI» AT

is the same map as —pm, where py is the map of Corollary 1.4. Explicitly,
pmla®by=pla, bE—-by=—anb.
Let 8 € Ker(¢;). A diagram chase shows that ¢, {8) = () for some a« € F @1, and
that §(a) = 0. From Corollary 1.4 we see that a (@)= —p,;u;(B) = —8in AL
Conversely, suppose 8§(a) =0 for « € J®I. Then ¢m(a) =0, so n{a) = ;{(8) for
some 8 € I+ I It follows that 8 € Ker(;) and 8 = psn(a) = — A (a). Done.

We can apply this result in the following geometric situation. Let & be a field of
characteristic #2, and let P be a prime ideal of A =k[x,,..., x,] generated by an
A-sequence. Set R = A/P?, §=A/P; Spec(R) is the *“first neighbourhood of
infinitesimals’ [5, 16.1.2] of the complete intersection Spec($) in A”. The ideal
I=P/P?is a free S-module.

In this case we have only to consider the map d: 7 - § ¥l = S®{2,4. By Theorem
1.6 we see that  is an injection iff d is.

Corollary 1.7. If§ = A/ Pisacomplete intersectionin A =k[x, ..., x,],char{k) #2,
then the map i is a split injection, so that as abelian groups

KR, = AT ® I ®0s).
Here R=A/P*, [ =P/ P*.
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Proof, Let F be the subfield Q or Z/pZ of k. The quotient field L of § is separably
generated over F [5]. (If L./ k were separable, we could have used F = k instead.) Itis
well-known [11] that the separability condition implies that d:f - S ®{24,F is an
injection. By the above remarks i is an injection. Thus the sequence of Theorem 1.3
is a s.e.s. of vector spaces over F, and splits as such. Done,

Warning. The splitting will not respect the S-module structure on K(R,I) in
general,

We conclude the section by noting the following simple local-global principle, and
remarking that nil ideals in commutative rings are never K;-regular.

Proposition 1.8. When 1€ R and I” = 0, for every multiplicatively closed set U of R
we have Kx(Ry, In)=Ko(R, Dy and Ker(y)y = Ker(y), where gy AL -
KRy, I). In particular, & (resp. Ko(R, I) is zero iff i, (resp. Ko{R,, 1)) is zero for
every m € Max(R).

Proof. By Lemma 1.2, K;{(R, I) is an R-module, so K;(R, I'};; makes sense. The
sequence of Theorem 1.6 is natural in R, and the outside terms localize properly.
The result now follows from the five-lemma.

Proposition 1.9, NK:(R, I)# 0 whenever I is a nil ideal in a commutative ring R,

Proof. A standard argument of Algebraic Topology (see the weaving argument of
[12]) gives the exact

NK,(R, I*)» NK,(R, I » NK,(R/I?, I/ I*) > NSK (R, I?).

The hypotheses imply that NSK (R, I’} = 0, so we start all over with I = 0. Now the
summand I[¢]®@d¢ of I[{]® (25 is never zero, so it follows from Theorem 1.3 that the
subgroup {J[¢], #) is a nonzero summand of NK»(R, T).

2. Image in K;:(R)

We now apply the computations of Section 1 to compute K(A/P?), where
A=kl[x1,...,x,],k a field of characteristic #2. We restrict to the complete
intersection case in order to expedite computation. Set R=A/P* S=A/P, [ =
P/P*. The sequence

2.1)  Ks(R)—>Ks($)—Kx(R, )5 Kx(R)—Ky(S) >0

shows that K,(R) is determined (up to extension) by K,(5) and K;(R, I) when ¢ is
an injection. In this case we will also have K1(R) - K;(5) onto. We will also see that
this gives K»(R) = Kx(S)DA T DT ® £2).
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Our primary tool will be the *“Tate map” from K>(R) to %, taking {u, v} to
{uv)" ' du A de. This map was defined in [7] up to sign; R. K. Dennis has shown [2]
that it takes {a, b} to (1 +ab) ' da a db. We will compose with 2% - S® 2% in this
section. The advantage gained is that

S®OL=SR0%

is a free S-module, and (a, #) maps to da A db. Call the map K:(R) -~ S® 0% “Tate”.
We first pause to acquire the following useful results from exterior algebra. We
forget our restriction on k, § until {2.6).

Proposition 2.2. Let V = W be an inclusion of free S-modules, § any commutative
ring. The kernel of V@ W > AZW/A2V is contained in V&(VLn W), where Vi n
W={we W|Swn V#0}.

Proof. Let L be the total quotient ring of §, and write V. = V®L, etc. Now L is a
semilocal ring of dimension 0, so [8, § 20.4] W,/ V. must be free. Thus we can choose
a complementary L-module Z so that W, =V, @ Z We have APW, =AV, ®
A’Z BV, ®Z)and V®(W/ V), embeds in the third summand. The result follows
from the fact that the kernel of W (W/ V). =W,/ V. is Ve n W. Done.

Corollary 2.3. Let W be a free S-module, v € W a faithful element. Then the kernel of
(v n=): W > A*W is the submodule I 'v, where I is the trace ideal of v in W.

Proof. Fix a basis {x,.} for W and write v =Y v,X., V' = Sv. Note that ! is generated
by the v, so Vo~ W =1I "o The proposition now implies that ker(v A —)C [ o,
Conversely, given s€ I~ we have
vAST= 2 [Ua(svp)— (St )]xa A xg = 0.
o<
Remarks. If W is not free we have the following counterexample. Let § = kv, w]
and let W be the ideal (¢, w). Then AW =k on generator v A w and the kernel of
(v A —)is (v, w).
If v is not faithful, then ¢ A ann(v) W =0, while ann(2) Wz [ v,

The following result is essentially a nonseparable version of [15] and [16]. I am
indebted to W. Vasconcelos for the main ideas in the proof.

Proposition 2.4. Let S = A/P be a complete intersection in A =k[x4, ..., x,]. Then
{2s is torsionfree if and only if § is integrally closed.

Proof. Let L be the quotient field of §. Since L is separably generated over Q or
Z/pZ, the sequence

0- P/P? SS® 04> 0,50
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is exact. Restricting attention to a finitely generated summand of § ® (2,4, we argue as
in [16]: as pd{{2) = 1, the associated primes of (25 (hence all its primes, as § is C-M)
have height <1. Thus § is normal iff 25 is free for all height 1 primes p. In particular,
this proves the “if” part.

Conversely, suppose some R =5, is not a DVR, height (p)=1. Then some
el —R has epc R, As § is not invertible, some fe P—pP has §(f) € p(R@124).
Let w denote the image of e8(f)in {1z ; w is a torsion element. Moreover, w # 0 since
w = 0 would imply that e8(f) = 8(g) forsome g€ P, i.e.,thatefe R @ P/P’.Buteg R
and some coordinate of f is a unit of R, so this is absurd. Done.

Corollary 2.5. Let I =P/ P S =klx1,...,x.]/ P a complete intersection. Then the
map

A d®1): T @02 > (S@NL)/AAT)

given by § ®dy —dx ady (mod dA 1) is an injection if S is integrally closed. If P = (x)
is principal this map (dx ~A —: {25~ § @25 is an injection if and only if § is a normal
hypersurface in A",

Proof. We apply Proposition 2.2 with V =dI, W =8®1{2,. Since 2 = W/V, V.
W = V iff {25 is torsionfree. The last statement follows from Corollary 2.3.

Theorem 2.6. Let S=A/P be an integrally closed complete intersection in A=
k[x1,...,x.], char(k)#2. Set R = A/P’, I = P/P*. Then:

i) Ki(R)=K:AS)DA TSI @)

(ii)y The map Ks(R)- K;(S) is onto,

Proof. By the introductory remarks of this section, it is enough to show that the
composite

Tate(t,): K2(R, I)» K2(R) > S® 0%

is an injection. This is a vector space map over Q or Z/pZ and splits as such, so that
Tate splits ¢y.

The map Tate(r,): AT > S®N% is just A°d:f g—>df adg, so it is enough to
show that the induced map I ® {25 > S ® 2%/d(AI) is an injection. This situation is
covered by Corollary 2.5 since the induced map is easily seen to be A(d®1). Done.

The astute reader may wonder what happens if 2% is used instead of its quotient
$® 2% The answer seems complicated in general. To illustrate the point, we
consider the special case of a plane curve given by f(x, y)=0. The map from
K(R, 1) = {2 to 2% is w > dt A w + ¢ dw. Using the ideas of Corollaries 2.3 and 2.5
we see that the kernel of this map lies inside the subgroup I " dt of 2. To compute
the image in 0% we project to the summand .Of;,k ={R/tJ)dx ~ndy, where J =
(at/ox, ot/ oy)S.
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Lemma 2.7. Let R = k[x, y1/(¢%), S = k[x, v1/(t}, and pick ec J ™' so thatw = ¢ dt e
2. Write w =wy+w, dx +w, dy and let s € § be such that w,(9t/dx)—w,(8tfoy)=
st (mod 9 in kix, v]. Then the map I 'dt=>S/J=tQ%; induced by
Tate(e,): 25> 2% sends o 10 s +{dw,/0x — dw,/dy).

As an application, set t=x"~ yz. A typical element of I''dt is w=
{a +bx)(3y dx —2x dy), a, b € k, when char(k)# 2, 3. The element s is —6(a + bx)
and the image of o in $/J = k[x]/(x") is —(11a +13bx). We thus distinguish four
cases. In the first three, @ € k is such that da =0 in f2,.

char(k)=3: The kernel of Tate(s,) is all {af, ).

char(k)=11: The kernel of Tate{..) is all 3ayt, x){(—2axt, y).

char(k)=13: The kernel of Tate(i,} is all 3axyt, ¥ —2ax’t, y).

char{k}=0, 5, 7or p > 13: The map Tate(t, ) is an injection. Hence K3(R) - K3(5)
is onto and K»(R)= K,(8)D (2.

3. Higher order nilpotence

Consider the following two situations. For convenience we fix an integer N = 3.

(A) k is a commutative ring containing 1/N!. Set A=k[t], S=k, and let
R, =A/(t™) be the truncated polynomial ring for m = 1.

(B) k is a field containing 1/N!. Set A=k[x,,...,x.]), and let 0 # 1€ A be such
that § = A/(#) is an integrally closed domain. Let R,, denote A/(t™), the (m — L)th
neighbourhood of infinitesimals of § for m=1.

Note that if § is regular in (B) we recover case {A) with £ = §. For then § is formally
smooth over the ground field (Q or Z/pZ) and R, + § splits.

We now demonstrate the main results (1), (2) mentioned in the introduction.

Theorem 3.1, Assume either case (A) or (B}, and let 2<=m =< N.
(a) For m > >>m/2 the following sequence is exact:

KB(Rm) - K3(R;)-'> RJ’H*]-_) 0-

The map Ki(R,,)~ Ks(S) is onto.

(b) For m=3 the maps K:(R.,) > K3(R,._1) are not onto. For N>m =4 every
element of K»(R,,) not coming from K5(R,, .1) maps to a nonzero element of K3(R_1).
Thus Kx(R,.)» K3(R,._1} is a nontrivial map on the “exotic” elements, i.e., those
elements mapping to 0 in K5(8) but not coming from Ks(R,.41).

(¢} We have K2(R..)= K:(SYDK.(R,., t). The abelian group K:(R..,t) is iso-
morphic to 8™ ®s8g and is filtered by the images F, of K2(R,.., ) with Fy/ F 4, = (.
Moreover, the composite

K3{(Rom ) —— K3 (R )T R, @ 02%

is an injection. In case (A), we can identify Ki(R,.,t) with the summand
Rt dt @82 of R ® (25,
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We begin by making some general remarks. Since K1(R,., t) =0, the long exact
ideal sequence ends in

(3.2) Ks(Rn)—Ks3(R) = KaR,, tj):;Kz(Rm}_)KZ(R;’)_)O-

If m>j>m/2, Theorem 1.3 gives an isomorphism ¢:K>(R,., )=
t'R., ®2x, = R,,_;®a{24. Thus the proof is effectively reduced to a computation of
Ly

The following lemma gives general conditions under which ¢, is not an injection.

Lemma 33 Ler R be a commutative ring containing both 1/m and t, where 1™ =0,
Then {t',t" y=0in K3(R, t) and K>(R) for 0<j<m.

Since Ka(R,t)=R/ann(t)@r whenever m>j>m/2 and (™Y cor-
responds to d(r™ ), 1, cannot be an injection whenever d(t™ "}# 0. In our cases this
is 50, since df # 0in $ & 4 124 implies that dt™ ") # 0 in R,...; ® 2.

Proof. We first recall the general fact that if 1+xy” is a unit of R we have
(x, ") =n{xy" ™", y). This follows from relation (D3). We are now reduced to the
case j=m — 1, since {at’, 1™ )= (m —j¥at™ ', ). We have —at™ L = at™ )=
{at, 1" V=m—-1at™ ", 1, so m{a™ ', )=0. In particular, {at™ ", =
mila/m)t™ 1, ty=0,

While we are on the subject, we note that the following sharpened version of (3.3)
can be extracted from part (c) of Theorem 3.1. We will not use this result.

Corollary 3.4. Let R be a commurative ring containing both 1/m! and 1, wherem =2
andt™ =0. Then foralli,j =1 we have (¢, t'y =0 in K2(R, 1) and K»(R). In particular
{t,n=0.

Proof. By naturality of K it is enough to consider the case R =k[t]/ ™), k=
Z[1/m!]. Since (¢, ') is killed by the Tate map, part (c) of (3.1) will imply that it is
zero in K»(R, t).

We now prove part (c). Note that case (A) is a slightly modified version of J.
Graham’s result [9]. For in this case we have the isomorphism 2z, = R.. ®2 D
R, . dt, df = Df@®f dt. The element df » dg projects to f'Dg — g’ Df in the summand
R 1®1£2, of 0%,

Proposition 3.5. Assume the notation of case (A), m < N. The Tate map induces an
isomorphism of Ko.(R,,t) with R, ®, sending {f,g) fo (1+ a‘fg)'1 X
[fDg+t(f Dg - g'Df)].

Proof. If m = 2 the Tate map sends ¢~ '(f dg) to f dg for f, g € R, = k. Inductively,
we take j=m — 1 in {3.2), noting that ¢: K>3(R,,, " N=0n,®k dr. By Lemma 3.3
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the summand ¢ '(k de} = k(™ ", t) lies in the kernel of «,.. Thus both rows are exact
in the diagram

Qk —L‘-‘—}Kz(Rm, [) — KE(RM719 t} — 0

Tate =

(m—1p""2

0-—-—-)!)]‘—me_|®0;( Rm_z®nk———§0.

The displayed formula for the Tate map shows that the diagram commutes. The
proposition follows from a diagram chase.

In case (B) we have to be more careful, since we have no splitting of {2g, and must
be content with showing that the Tate map is an injection on K>(R,,, t). Since we have
an underiying field, the image of K>(R,,, ¢} is a summand of R,,,—, ® 2%, whence the
splitting K2(R.,.,) = K2(S)E K3(R,.,, 1).

Since the result for m = 2 follows from Theorem 2.6, we induct using the diagram

Cx

QS KZ(RmJ t) —_— KZ(RM*]’ t) _— 0
(36) Tate Taw
00— S®&NY ——— R, QNL—— R, .05 —0.

The {2 appears in (3.6) for the following reason. By Lemma 1.2 the subgroup
(Rt™ !, ) of K3(R, 1) has an R-module structure (for convenience we use R for the
fixed R,,). By (3.3) its generator ("', t) is zero. Using Theorem 1.3 the quotient
K»(R,t™ Y/(Rt™ 1, 1) is isomorphic to 25 under {gt™ ', hy—o g dh.

A short computation shows that (3.6) commutes if the left vertical arrow is
g dh—(m—1)dr a g dh. As S isintegrally closed, this map is monic by Corollary 2.5.
A diagram chase shows that ¢, and Tate: K>(R., £) > R,._1® % are monic. This
proves part (¢} of Theorem 3.1.

Remark. The situation is more complicated in the case R,, = A/P", P generated by
an A-sequence of length >1, even if A/P is normal {so the Tate map is an injection
for m = 2by(2.5)). In the case A/ P regular and char(k} = 0, aformula has been given
by Bloch [1]. The difficulty in extending the proof of case (B) is exemplified by the
fact that the kernel of K3(R3, > R Q7% always contains (s%, 5) and (£, 1) for
s, t€ P, but not always {s2, ).

The proof of (a) is now easy. We map R,,,—; into K3(R,,, t') = R, ;@124 by sending
rto

eV =, D+ G+ D =rdi+t/(f+ D dr
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This lies in the kernel of ¢, as it is killed by the Tate map, so we have two things to
establish.

(1) The map e is an injection. Write r = s¢' with s€ tR,, ;; we have to show that
rde+ede/(j+1)=ur de+¢" ds/(j+ 1) is nonzero, where u is the unit (i +j+1/
j+1). In the subquotient S® 2, = 'R ;@ 24/t R,_; @824 this is us dz. But the
map d¢:5 > §® £, is an injection (as in (1.7)), so us dr = 0.

(2) Ker(tey)=e(R,—;). A typical element of R, ;@f, is t'w, where
wetR, @1, ie. & #0in §@42,,. Now

i+j—1

Tate(t*rp—l):tjm — i+ dtrw+1t" do

soif ¢ '(fw)e Ker(+,) we must have @ = ¢ dt in §® 124 Lift s to R,,_; and subtract
e(u'st’) from w to increase i. Eventually we get w =0 mod e(R,,_,) as desired.

This establishes (a) and the first sentence of part (b) of Theorem 3.1. When
N >m =4 we consider the commutative diagram

K3(R, ) —— K;3(R,,) — S ——0

(3.7)
KS(Rm-rl)—'—* KB(Rm—l) __)RZ —0.

The § corresponds to the subgroup (5t™, £} of Ky(Rp+i, t™), while the R, cor-
responds to the subgroup of all (™", +{™/m, r), re Ry, of Ka(Rpry, ™). 1t
follows that the right vertical arrow of (3.7) is the injection s — st. This proves (b)
since K3(R,..1) maps onto K3(S).

Done with Theorem 3.1.
The proof of part (b} actually gives a stronger result:

Corollary 3.8, Assume 1/m! € k, and letr ¢ K3(R,,-.1), r € im Ks(R,,). The image
of rin K3(R;)/im K;3(R,.) is zero iff =3 m.

Proof. K5(R;}/im K1(R,.) is a subgroup of K-(R,,, t'), and r maps to some element

m—1

{at™ ', 1), a € S. The assumption on r implies that ¢ # 0. By Theorem 1.3, {at™ ",
¢y is nonzero if m < 2j and zero if m =2j. Finally, if m =2j+1 we argue as in
Lemma 3.3:
{ar™ ™", n=(at’, " (¢ @™
=2ar’, ™7y
=2(m—j}at™ ', 1)
=m{{a/m)t™ ', 1)=0.

We conclude with the following amusing consequence of part (b). Assume either
case {A) or (B) with Q< k. Form the chain complex Cy=0 and

Co = K3(R,,)/image(K3( R +2)),

I e

CaaT TAA

roTan
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m =1, with the obvious maps C,. - C,—;. By part {c) we have C;=0. Now
KxRy, )= 2k, and the Tate map sends f dg to d( ftz) adgin R;® 234. An analysis
entirely similar to the proof of part (a) of Theorem 3.1 shows that e:§ > f2g,,
e(s)=s d¢ +1 ds/3, is an injection and that e(§) = Ker(s,). Thus C>=§ and the map
Cy—» (; is induced by K.(R;, 1*)> K3(R,, t*); this map is zero since (e, 0+
(*/4,ry=0in K2(R,, 7). In summary, we have

Corollary 3.9. The complex Cy, = Ka(R,)/im K3(R11) Is

. SR, Ry 5500
Hence H,.(C,) =0 except for H;=H,=§.
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