Ko-REGULARITY AND NORMALITY
CHRISTIAN HAESEMEYER AND CHARLES A. WEIBEL

ABSTRACT. We take a fresh look at the relationship between K-
regularity and regularity of schemes, proving two results in this
direction. First, we show that Ks-regular affine algebras over fields
of characteristic zero are normal. Second, we improve on Vorst’s
K-regularity bound in the case of local complete intersections; this
is related to recent work on higher du Bois singularities.

Recall that a ring R is K,,-regular if and only if NK (R) = 0 for all
s <n, where NK,(R) is K, (R[t])/K,(R). In his 1979 paper [23], Ton
Vorst conjectured that an affine k-algebra A of dimension d is regular
if, and only if, it is Kyyi-regular. This conjecture was proved in char-
acteristic zero by the authors and Cortinas in [1], and by Kerz, Strunk,
and Tamme over perfect fields of characteristic p in [17], drawing on
previous work of Geisser and Hesselholt in [11].

In this paper, we make two improvements on existing results. In the
first (Theorem 1.9), we generalize Vorst’s original result in a different
direction by proving that Ks-regularity implies normality in arbitrary
dimensions:

Theorem 0.1. Let A be a noetherian commutative ring containing Q
with finite normalization. If A is Ks-regular then A is normal.

Remark 0.2. The converse of Theorem 0.1 is false in dimensions larger
than 1. Indeed, [26] provides numerous examples of normal surface
singularities that are not even K_;-regular, let alone Ks-regular.

In the second (Theorem 3.3), we begin investigating whether Vorst’s
bound is the best possible. Combining the K-theoretic calculations
from [2] and algebraic-geometric results from [19], we show that much
sharper bounds are possible, at least in the case of local complete in-
tersections:
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Theorem 0.3. Let X € Sch/k be an affine local complete intersection
scheme over a field of characteristic zero, and p > 1. If X is Kpiq-
reqular, then X s reqular in codimension 2p. In particular, if X has
dimension d and is K,-reqular for some q¢ > d/2, then X is regular.

Example 0.4. Consider the case of a surface X. Theorem 0.1 says
that if X is Ks-regular, then it is normal. Theorem 0.3 says that if
X is moreover a local complete intersection, then it is, in fact, non-
singular. In contrast, the main result of [1] requires Kj-regularity for
the latter conclusion.

1. K5-REGULARITY IMPLIES NORMALITY.

In this section we prove that a Ks-regular algebra of finite type over
a field of characteristic zero is necessarily normal. This generalizes the
arguments that Vorst used in [23] to prove that Ks-regular curves over
fields must be regular. By [23, 1.9], a commutative ring A is K,-regular
iff Ay, is K,,-regular for every maximal ideal m of A. This reduces the
question to the case in which A is local.

Throughout this section, A will be a reduced noetherian local ring,
with nonzero maximal ideal m, and B is a finite birational extension
of A. An important case is when the normalization of A is finite over
A. This is the case for example when A is a localization of some affine
algebra over a field. We will write ¢ for the conductor of A — B, that
is, the annihilator of the finitely generated A-module B/A.

It is well-known that there is a Milnor square of rings

(1.1) A B
L
AJe—— B/c.

From this we obtain a diagram of relative K-theory exact sequences,
for n € Z,
(1.2)

NK,1(A/¢) —= NK,(A,¢) —= NK,(A) —— NK,(A/c)

l | l l

NK,41(B/¢) —> NK,(B,¢) —> NK,(B) — NK,(B/¢).

If R is a commutative ring, we shall write NU(R) for the group of
units R[t]*/R*; it is in 1-1 correspondence with the set Nil(R)[t]. It
is also the top of the y-filtration of NK;(R).
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Lemma 1.3. Suppose the conductor ¢ is m-primary. If A is Ky-reqular,
then so is B.

Proof. By hypothesis, A/c and B/c are Artinian; therefore NK,,(A/¢c)=
NK,(B/c) = 0 for n < 0. By excision, the maps NK,(A,¢) —
NK,(B,¢) are isomorphisms for n < 0 and onto for n = 1. It now
follows from (1.2) and the 5-Lemma that NK,(A) — NK,(B) is an
isomorphism for n < 0 and onto for n = 0; therefore, B is Ky-regular.
Since NK;(A) = 0, the map NKy(A/c) - NK (A, c) is onto. Be-
cause NK;(A,¢) — NK;(B,¢) is onto by excision, it follows that
NK,y(B/¢) - NK;(B,¢) is onto as well. Using exactness of the bottom
row of (1.2), we conclude that NK;(B) — NK;(B/¢) is injective.
Since B/c¢ is Artinian, NK;(B/c) = NU(B/¢). Since NK(B) is a
subgroup of NK;(B/¢), it follows that NK;(B) = NU(B) as well. But
B is birational over A, and in particular is reduced, so NU(B) = 0.
This shows that NK,,(B) = 0 for all n < 1, that is, B is K;-regular. [

Corollary 1.4. Suppose the conductor ¢ is m-primary. If A is K-
reqular then ¢ = m and B/c¢ is a product of field extensions of A/m.

Proof. By Lemma 1.3, NK;(A) = NK(B) = NKy(A) = NKy(B) =
0. Because NKy(A,¢) - NKy(B,¢) is an isomorphism by excision,
(1.2) implies that NK;(A/c) - NK;(B/c) is also an isomorphism. In
particular, we have an isomorphism NU(A/¢) =y NU(B /¢) and hence
an isomorphism Nil(A/c) —» Nil(B/¢) of nil radicals.

Let x € B be an element such that the reduction = of x modulo ¢
is in Nil(A/c) = Nil(B/c¢). Then 7 (B/c¢) C A/c, and therefore 2B C
A+ c¢= A. Thus, x € ¢ by definition of the conductor, so that * = 0.
It follows that Nil(A/¢) = Nil(B/¢) = 0. Because A/c¢ and B/c¢ are
Artinian rings, this implies that ¢ = m, and that B/m = [[, L; is a
finite product of field extensions of K = A/m. O

We will write K for A/m and L for B/m =[], L;.
Lemma 1.5. NK (A, B,m) is zero iff L/K is separable.

Proof. Now NK;(A, B,m) is a direct summand of K;(A[t], B[t], m[t]),
and the latter group is computed in [12, Theorem 0.2] as

Ky (A[t], Blt], m[t]) & m/m* @, Qg kg = m/m* @, Qi @p L[t]

It is standard that L/K is separable if and only if Q7,x = 0, so
K, (At], B[t],m[t]) = 0 if and only if L/K is separable. O

Corollary 1.6. If A is Ki-reqular and L/K is not separable, then
NK,(B) # 0.
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Proof. We refer to diagram (1.2). Since A is K;-regular, NK;(A,m) =
0. Because L/K is a product of fields, NKy(B) = NKy(B,m). From
the exact sequence NKy(B,m) - NK;(A, B,m) - NK;(A, m), we see
that NK5(B) maps onto NK;(A, B,m), which is nonzero by Lemma
1.5. U

Corollary 1.7. Suppose that the conductor ¢ is m-primary and A is
Ky-reqular. Then B is Ky-reqular iff B/c¢ is a product of finite separable
field extensions of A/m = AJc.

Proof. Suppose first that B is Ky-regular. By Corollary 1.4, ¢ = m and
B/c is a product of finite field extensions of A/m. Corollary 1.6 implies
that the extensions are separable.

Now suppose that B/c¢ is a product of finite separable field extensions
of A/¢; by Lemma 1.3, B is Kj-regular. It remains to prove that
NKy(B) = 0. By Corollary 1.4, A/c and B/c are regular rings, so
NK,(A/¢) = NK,(B/c¢) =0 for all n € Z. Using (1.2), it follows that
NK,(A) =2 NK,(A,¢) and NK,(B) 2 NK,(B,¢) for all integers n.
Lemma 1.3 implies that NK;(A,¢) = NK;(B,¢) = 0. It follows that
the following sequence is exact:

NKQ(A, C) — NKQ(B, C) — NKl(A, B, C) — 0.
Now Lemma 1.5 implies the assertion. 0
We now treat a special case of the main result of this section.

Proposition 1.8. Suppose that (A, m) is a noetherian local ring, B/A
is a finite birational extension, and that the conductor ¢ is m-primary.
If A is Ky-reqular, and B/m is separable over A/m, then A = B.

Proof. Since A is Ks-regular, it is Kj-regular. By Corollary 1.4, ¢ = m,
and L = B/mis a product of (separable, by hypothesis) field extensions
of K = A/m. It suffices to show that K = L. Let A’ be the strict
henselization of A with respect to a separable closure K’ of K, B’ =
B®sA,and L' = Lk K' = B'/mB’. We will show that K’ = L' by
contradiction.

Since B’ is a finite A’-algebra, it is a product B' = [[;_, B; of local
rings each with residue field K’. Write 7; : B" — B; for the projections.

Now assume for a contradiction that s > 1. Choose elements f, g €
m such that 7 (f) # 0, m;(f) = 0 for all i # 1, m(g) # 0, and m;(g) = 0
for all i # 2, and such that f and g are linearly independent modulo
m?. Since the elements f, gt € A[t] satisfy fgt = 0, the Dennis-
Stein symbol (f,gt) € NKy(A') is defined (see [6] and [27, Theorem
I11.5.11.1]).
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The Dennis trace Ky(A'[t]) — Q% sends (f,gt) € NKy(A') to
—df A d(gt) in 9,24/[1;]3 see e.g. [13, 2.2]. Because f and ¢ are linearly
independent modulo m?, df Ad(gt) # 0 in Q%,,, and it follows that the
Dennis trace of (f, gt) € NKy(A’) is non-zero. Therefore NK,(A") # 0.

On the other hand, it follows from [22, Theorem 3.2] that N Ky(A) =
0 implies NK3(A’) = 0. Thus, we have arrived at a contradiction. [

Theorem 1.9. Let A be a noetherian commutative ring containing a
field and with finite normalization. Assume either that Q C A, or
that dim(A) = 2 and A/m is perfect for all mazimal ideals m. If A is
Ky-reqular, then A is normal.

Proof. Assume first that Q C A. We proceed by noetherian induction.
Since A is Ky-regular, it is K;-regular and hence reduced. It follows
that the localization of A at any minimal prime is a field, and hence
normal. Now let p be a prime ideal such that A, is normal for all
primes q properly contained in p. Then the local ring A, is Ks-regular
by Vorst [23, 1.9], and satisfies the hypotheses of Proposition 1.8. We
conclude that A, is normal. It follows by induction that all local rings
of A are normal, and hence that A is normal.

Now suppose that dim(A) = 2. By [23], A is regular in codimension
1. It follows that the conductor of the normalization is m-primary. If,
moreover, the residue field is perfect, then we can again apply Propo-
sition 1.8 to finish the proof. U
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2. HIGHER DU BOIS SINGULARITIES, K-THEORY AND REGULARITY.

In this section we point out that the proof of Vorst’s conjecture for
an affine scheme X of finite type over a field of characteristic zero
contained in [1] does not actually require the full strength of the K-
regularity hypothesis; instead, it suffices to assume only an algebraic-
geometric consequence of this hypothesis, namely, that X have higher
du Bois singularities.

We begin by briefly recalling (in a form convenient for our purposes)
the definition of the du Bois complexes, 2%, and the notion of du Bois
and higher du Bois singularities. Du Bois complexes were introduced
in [7] to study mixed Hodge structures on possibly singular quasipro-
jective complex varieties, and du Bois singularities were introduced by
Steenbrink in [21] as a weakening of the notion of rational singularities
better behaved in families.

Throughout this section, k£ will be a field of characteristic zero, and
Sch/k will be the category of separated schemes essentially of finite
type over k. Following [3], we write a : (Sch/k)_q, — (Sch/k),, for the

morphism of sites given by comparing the cdh and Zariski topologies.

Definition 2.1. Let X € Sch/k, and p > 0. The p-th du Bois complex
of X is the complex Q% = Ra*a*Qj/Dk\ v of Zariski sheaves.

Unless it is necessary to emphasize the base field, we will suppress
it from the notation and simply write Q% and Q% for differentials and
du Bois complexes over k, respectively.

A scheme X is said to have du Bois singularities if Ox — Q5% is an
isomorphism.

Remark 2.2. (a) This definition of QF agrees with the original one
given by du Bois in [7] (using hyper-resolutions); see [3, Lemma
2.1] for a proof of this fact.
(b) By adjunction, there is a natural homomorphism Q% — OF .
This homomorphism is an isomorphism when X is smooth.
(c) The complex of sheaves of Ox-modules Q% has coherent coho-
mology sheaves (see [7, Propn. 4.4]).

The following generalization of the definition of du Bois singularity
has been studied recently, see [14], [19], [20], [8], [9].

Definition 2.3. Let X be a k-scheme, and p > 0. We say X has
(only) p-du Bois singularities if the natural homomorphisms

Qx — Q%

are isomorphisms for all s < p.
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Remark 2.4. As pointed out in the Introduction of [20], this notion
(called “strict p-du Bois” in loc. cit.) is poorly understood for p > 0,
unless X is a local complete intersection. We will return to this in
section 3.

We will connect du Bois singularities to K-regularity using descent
for Hochschild homology. Recall that HH(/k) satisfies p-cdh descent
on a k-scheme X if the fiber of the map from HH(X/k) to its cdh-

hypercohomology is p-connected.

Lemma 2.5. [1, Lemma 2.3] Let R be a k-algebra essentially of fi-
nite type, and let p > 0. Then HH(/k) satisfies p-cdh descent on
X = Spec(R) if and only if the following three conditions hold simul-
taneously:

(2.5a) HHO(R/k) =0 if0<q<m<p;
(2.5b) QF ) — HY, (X, Q) is bijective if ¢ < p, onto if g =p+1;
(2.5¢) Hogy (X, Q) =0 ifs>0and0<qg<s+p+1.

The authors and Cortinas proved in [1, Theorem 3.1] that a finite
type k-algebra satisfying the equivalent conditions of Lemma 2.5 is
regular in codimension p. The following theorem shows that the hy-
pothesis can be weakened:

Theorem 2.6. Let X € Sch/k. If X has p-du Bois singularities, then
X is reqular in codimension p.

Proof. Let z € X be a point of codimension d < p. By [1, Lemma
4.10], we can represent the local ring A = Ox, as the localization of
a finite type F-algebra at a maximal ideal, for some field F' containing
k. The proofs of [1, Lemma 4.4 and Prop. 4.8] go through, noting that
the hypotheses of Theorem 2.6 suffice, showing that if X is p-duBois
(over k) then Spec(A) is p-duBois (over F'). Thus we may assume,
without loss of generality, that X = Spec(A) is the spectrum of a local
ring of a d-dimensional k-algebra of finite type at a maximal ideal, and
x is its closed point. The hypothesis that X has p-du Bois singularities
then is equivalent to the following subset of the conditions of Lemma
2.5 (recall that d < p):

(2.6a) Qi/k — H%, (X, Q‘}k) is an isomorphism if ¢ < d;
(2.6Db) Hegy (X, Q7)) =0 ifs>0and0<g<d

By inspection, the proof of [1, Theorem 3.1] only needs the weaker
hypotheses given here, not all of Lemma 2.3 loc. cit. Indeed, the prop-
erties above suffice to conclude, as in the proof of [1, Theorem 3.1],
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that
* < ~ * < ~ * .
H (91_47k7 d) = cdh(Xa Q/_kd) = cdh<X> Q/k;)
and, as explained there, this implies that Qiﬁ = 0. This proves the
assertion. 0

The following is extracted from [1].

Proposition 2.7. Let X € Sch/k be an affine scheme. If X is K, 1-
reqular, then X has p-du Bois singularities.

Proof. By [1, Corollary 1.7], the K-regularity hypothesis is equivalent
to the assertion that HH(/Q) satisfies p-cdh-descent on X. Now [,
Propn. 4.8] implies that H H(/k) satisfies p-cdh-descent on X as well.
Finally Lemma 2.5 gives an explicit description of this descent property;
parts (2.5b) and (2.5¢) of this description in particular imply that X
has p-du Bois singularities. 0

Combining the above yields a new proof of the main theorem of [1].
Recall that k is a field of characteristic 0.

Theorem 2.8. Let X € Sch/k be an affine scheme, and p > 1. If X
is Kp1-reqular, then X is reqular in codimension p.

Proof. Proposition 2.7 asserts that X is p-duBois . It now follows from
Theorem 2.6 that X is regular in codimension p. U

3. THE CASE OF LOCAL COMPLETE INTERSECTIONS.

In this short section, we combine Hodge theoretic results of Mustata
and Popa [19] with the previous section to prove that the K-regularity
bound for singularities given by Vorst’s conjecture and proven in [1]
can be significantly improved if the singularity is a local complete in-
tersection (lci). We also formulate some questions.

The following theorem is proved by Mustata and Popa in [19] and
is stated in the form used here (with £ = C) as [9, Theorem 3.8]. The
hypersurface case of this theorem also follows from bounds proved in
[18] and [14].

Theorem 3.1 (Mustata—Popa). Let X/k be locally a complete inter-
section with p-du Bois singularities, p > 1. Then X s normal and
reqular in codimension 2p.

Question 3.2. Let A be a k-algebra, essentially of finite type over k.
As can be seen using Lemma 2.5 and [1, Propn. 4.8], A is Ky-regular if,
and only if, Spec(A) is 1-duBois , the natural homomorphism Q% =

H? (X, Q?k) is onto, and certain cohomology groups of the higher du
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Bois complexes vanish. We proved in Theorem 1.9 that a Ks-regular
algebra is normal, without the assumption that A is a local complete
intersection.

This suggests the following question: Suppose A is a 1-du Bois al-
gebra, not necessarily a local complete intersection. Is A normal? We
note that A is regular in codimension 1 by Theorem 2.8, so this question
really asks if A necessarily satisfies Serre’s condition (S2).

The following result provides the promised sharpening of Vorst’s
bound in the case of a local complete intersection.

Theorem 3.3. Let X € Sch/k be an affine scheme, andp > 1. If X is
Ky 1-reqular and a local complete intersection, then X is normal and
reqular in codimension 2p.

Proof. This follows immediately from Proposition 2.7 and Theorem
3.1. O

Question 3.4. We wonder if the lci hypothesis is needed to prove the
sharper bound. Typically, schemes that are not local complete inter-
section are not even 1-du Bois , since their sheaves of differentials are
usually not torsion free. On the other hand, the arguments developed
in [19] employ the Hodge structure on (top) local cohomology and rely
crucially on the Ici condition.

The first case of interest is those of surfaces, which suggests the
question: Suppose X is an affine surface over a field of characteristic
zero. If X is Ky-regular, is it necessarily regular?
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