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N 

4s, 

4 

= 

= 

A
L
G
E
B
R
A
I
C
 

K
-
T
H
E
O
R
Y
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S
i
n
c
e
 

N
F
 

(R
 

4 
4)
 

= 
0 

an
d 

th
e 

to
p 

tw
o 

r
o
w
s
 

ar
e 

ex
ac
t,
 

we
 
d
e
d
u
c
e
 

. 

e
x
a
c
t
n
e
s
s
 

of
 
th

e 
b
o
t
t
o
m
 

r
o
w
 

by
 

a 
s
i
m
p
l
e
 
d
i
a
g
r
a
m
 

c
h
a
s
e
.
 

R
e
m
a
r
k
,
 

Th
e 

r
e
q
u
i
r
e
m
e
n
t
 

th
at

 
K
o
c
 

= 
K 

Cl
e]

 
is
 
st
ro
ng
er
 

th
an

 

th
e 

r
e
q
u
i
r
e
m
e
n
t
 

K
y
C
 

=
[
K
,
]
C
.
 

S
h
a
r
m
a
 

an
d 

S
t
r
o
o
k
e
r
 

[5
] 

gi
ve

 
an

 
ol 

JC
 

= 
0, 

w
h
e
r
e
 

e
x
a
c
t
-
 

e
x
a
m
p
l
e
 

wi
th

 
C 

= 
4 

Z,
 

so
 

th
at

 
K
y
C
 

2 
[K
y 

ne
ss
 

fa
il

s 
at

 
[K

) 
A.
 

No
te

 
th

at
 

we
 

ca
n 

es
ta

bl
is

h 
ex
ac
tn
es
s 

at
 

[F
 

JR
, 

un
de
r 

th
e 

3°
"S

 

NF
 

(
R
B
)
 

NF
 

(
R
y
)
 

su
lt

 
g
e
n
e
r
a
l
i
z
e
s
 

th
e 

a
b
o
v
e
 
r
e
m
a
r
k
 

a
b
o
u
t
 
e
x
a
c
t
n
e
s
s
 

at
 

[K
, 

JB
. 

1 

M
a
n
y
 

i
m
p
o
r
t
a
n
t
 

a
p
p
l
i
c
a
t
i
o
n
s
 

of
 

(*
) 

in
 
A
l
g
e
b
r
a
i
c
 

K-
 
T
h
e
o
r
y
 

h
a
v
e
 

C 
a 

r
e
g
u
l
a
r
 

ri
ng
. 

Th
is

 
is

 
al

so
 

tr
ue
 

of
 
th
e 

M
a
y
e
r
-
V
i
e
t
o
r
i
s
 

co
un
te
rp
ar
t.
 

In
 
th

es
e 

8e
as

es
 

we
 

ha
ve
 

e
x
a
c
t
n
e
s
s
 

of
 
th

e 
h
o
m
o
t
o
p
y
 

s
e
q
u
e
n
c
e
 

[*
] 

as
 

we
ll

, 
ex

ce
pt

 
po

ss
ib

ly
 

at
 

[
K
]
c
.
 

Ot
he
r 

ap
pl

i-
 

c
a
t
i
o
n
s
 

ar
e 

s
u
c
h
 

th
at

 
C 

is
 

an
 
i
n
t
e
g
r
a
l
l
y
 

c
l
o
s
e
d
 
d
o
m
a
i
n
,
 

In
 
th

at
 

c
a
s
e
 

th
e 

'
h
o
m
o
t
o
p
y
 

P
i
c
a
r
d
 

s
e
q
u
e
n
c
e
!
 

1
4
>
 

[U
J]
A 
4
>
 

[U
]B

 
4
>
 

[U
]c

 
4
>
 

[P
ic

]A
 
4
>
 
[
P
i
c
 ]B
 
4
>
 

[P
ic

]C
 

is
 

ex
ac
t 

by
 
t
h
e
o
r
e
m
 

1,
 

si
nc

e 
U
(
C
)
=
U
(
C
[
t
]
)
 

an
d 

P
i
c
(
C
)
9
=
 
Pi
c(
C[
t]
) 

bo
th
 

ho
ld
 

(
a
g
a
i
n
 

e
x
c
e
p
t
 

p
o
s
s
i
b
l
y
 

at
 
th
e 

t
e
r
m
 

[U
JC
).
 

H
e
r
e
 

is
 

an
 
e
x
a
m
p
l
e
 

th
at
 
s
h
o
w
s
 

f
a
i
l
u
r
e
 

of
 
e
x
a
c
t
n
e
s
s
 

at
 

[K
,]
c,
 

ev
en

 
w
h
e
n
 

C 
8is

 
th

e 
c
o
m
p
l
e
x
 
n
u
m
b
e
r
s
,
 

Le
t 

k 
b
e
a
n
 

in
te

gr
al

 
d
o
m
a
i
n
 

of
 
ch
ar
ac
te
ri
st
ic
 

#2
. 

Se
t 

B 
=k
[x
, 

y]
 

wi
th

 

2 
ye
e 

(
e
e
)
,
 

ac
h 

(e
ae
? 

,y
)B
, 

an
d 

C
=
B
/
A
=
k
[
i
]
,
 

w
h
e
r
e



4
 

7 
, 

WE
IB

EL
 

a
e
 

1
=
0
.
 

W
h
e
n
9
 

c
h
a
r
(
k
)
=
0
,
 

th
e 

s
e
q
u
e
n
c
e
 

[*
] 

is
 

no
t 

ex
ac
t 

at
 

2 
2 

To
 

se
e 

th
is
, 

le
t 

R
=
k
[
x
,
 

z]
 

wi
th
 

z 
=
1
l
+
x
 

, 
an

d 

3 
z 

id
en
ti
fy
 

B 
a
s
a
 

s
u
b
r
i
n
g
 

of
 

R 
by
 
e
q
u
a
t
i
n
g
 

y
=
z
.
 

It
is
 

e
a
s
y
 

to
 

se
e 

th
at
 

A 
is
 

th
e 

co
nd
uc
to
r 

f
r
o
m
 

R 
to
 

B 
a
n
d
t
h
a
t
 

R
/
A
 

= 
C[
e]
, 

* 
w
h
e
r
e
 

a
 

=0
, 

H
e
n
c
e
 

we
 
h
a
v
e
 

th
e 

d
i
a
g
r
a
m
 

of
 
c
a
r
t
e
s
i
a
n
 

s
q
u
a
r
e
s
 

A
4
>
B
4
>
 

R | 
o
4
>
c
4
4
R
/
A
 

. 

W
e
 

fi
rs
t 

gi
ve
 

th
e 

c
r
i
t
e
r
i
o
n
 

to
 
be
 
u
s
e
d
.
 

T
h
e
o
r
e
m
 

2,
 

G
i
v
e
n
 

a 
d
i
a
g
r
a
m
 

(*
*)
 

of
 
c
a
r
t
e
s
i
a
n
 

s
q
u
a
r
e
s
 

an
d 

c
o
m
m
u
t
a
t
i
v
e
 

ri
ng
s 

wi
th
 

C 
r
e
d
u
c
e
d
.
 

S
u
p
p
o
s
e
 

u 
isa

 
u
n
i
t
 

of
 

C 

no
t 

c
o
m
i
n
g
 

f
r
o
m
 

U(
B)
, 

a
n
d
t
h
a
t
 

r 
i
s
a
 

un
it
 

of
 

R 
fo
r 

w
h
i
c
h
 

ru
 

is
 
u
n
i
p
o
t
e
n
t
 

in
 

R
/
A
.
 

T
h
e
n
 

th
e 

f
o
l
l
o
w
i
n
g
 

tw
o 

s
e
q
u
e
n
c
e
s
 

ar
e 

no
t 

ex
ac

t:
 

Pr
oo
f:
 

It
 

is
 
en
ou
gh
 

to
 
ch
ec
k 

th
at
 

d[
u]
=0
 

in
 

[P
ic
]A
. 

C
o
n
s
i
d
e
r
-
.
 

at
io
n 

of
 

(*
*)
 

sh
ow
's
 

th
at
 

9 
fa
ct
or
s 

t
h
r
o
u
g
h
 

(
U
J
R
/
A
.
 

Bu
t 

in
 
th
at
 

gr
ou
p 

we
 
ha
ve
 

[r
][
f¥
]=
 

1, 
so
in
 

[P
ic
]A
 

we
 
ha
ve
 

th
e 

id
en
ti
ty
 

a[
u]

 
= 

-a
[r
] 

= 
0. 
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8 

A
L
G
E
B
R
A
I
C
 

K
-
T
H
E
O
R
Y
 

1
6
4
1
 

We
 

no
w 

ve
ri
fy
 

th
e 

h
y
p
o
t
h
e
s
e
s
 

of
 
t
h
e
o
r
e
m
 

2 
fo
r 

th
e 

sp
ec
if
ic
 

c
h
o
i
c
e
 

of
 

A,
 

B,
 

C,
 

R 
a
b
o
v
e
,
 

W
e
 

pi
ck
 

r
=
z
-
x
 

an
d 

u
=
i
,
 

n
o
t
i
n
g
 

th
at
 
Fu
=1
+i
e 

in 
R/
A.
 

As
 

ch
ar
 

#2
 

an
d 

C 
is 

re
du
ce
d,
 

al
l 

we
 

h
a
v
e
 

to
 
s
h
o
w
 

is
 

th
at
 

i 
is
 
n
o
t
 

in
 

th
e 

i
m
a
g
e
 

of
 

U(
B)
, 

T
h
e
o
r
e
m
 

3, 
E
v
e
r
y
 

un
it
 

of
 

R 
is
 

of
 
th

e 
f
o
r
m
 

u(
x 

+z
)=

 
fo

r 
s
o
m
e
 

un
it
 

u 
<
N
N
 

an
d 

s
o
m
e
 

i
n
t
e
g
e
r
 

n,
 

T
h
e
 

i
n
v
e
r
s
e
 

of
 

(x
+ 

z)
 

is
 

(@
-X
),
, 

Pr
oo
f:
 

R 
is
 

a 
fr

ee
 

k[
{x
]-
mo
du
le
 

on
 
ba
si
s 

{1
, 

z}
 

an
d 

ha
s 

an
 

in
- 

2)
 

= 
(f
) 

-£
) 

2)
. 

Le
t 

f
=
f
 

+f
 

z 
be
 

a 
un
it
 

of
 

R;
 

O
l
 

aa
n 

. 
* 

2 
2,
.2
 

th
en
 

ff
 

i
s
a
 

un
it

 
of

 
k[

x]
, 

h
e
n
c
e
 

of
 

k,
 

As
 

ff
 

=f
 

+
(
l
+
x
 

)f
 

0 

vo
lu
ti
on
, 

(£
5 

+ 
f)
 

ei
th
er
 

fi
 
=0
 

(d
on
e)
 

or
 
d
e
g
r
e
e
 

(£
9)
 
=
l
+
d
e
g
r
e
e
(
f
,
)
,
 

I
n
s
p
e
c
t
i
o
n
 

1 
Ba 

of
 

ff
 

s
h
o
w
s
 

th
at
 
(
r
e
p
l
a
c
i
n
g
 

f 
by
 

a
 

if
 
n
e
e
d
e
d
)
 

th
e 

t
w
o
 

l
e
a
d
i
n
g
 

co
ef
fi
ci
en
ts
 

of
 

ty
 

an
d 

f, 
ag

re
e.

 
T
h
e
n
 

(z
-x
)f
 

ha
s 

lo
we
r 

1 

d
e
g
r
e
e
 

in
 

x,
 

an
d 

th
e 

re
su
lt
 
f
o
l
l
o
w
s
 

by
 
i
n
d
u
c
t
i
o
n
,
 

C
o
r
o
l
l
a
r
y
,
 

If
 

c
h
a
r
(
k
)
=
0
,
 

th
e 

i
m
a
g
e
 

of
 

U(
B)
 

in
 

U
(
C
)
 

is
 
ju
st
 

U(
k)
. 

H
e
n
c
e
 

th
e 

k
e
r
n
e
l
 

of
 

9 
* 
U
(
C
)
 
4
>
 

P
i
c
(
A
)
 

is
: 

U(
k)
. 

In
 

pa
rt
ic
ul
ar
, 

9(
i)
 
#0
. 

P
r
o
o
f
:
 

As
 

B 
is
 

th
e 

p
u
l
l
b
a
c
k
 

of
 

R 
an
d 

C 
in
 
(*
),
 

it
 
su
ff
ic
es
 

to
 

c
h
e
c
k
 

th
at
 

th
e 

i
m
a
g
e
s
 

of
 

U
(
C
)
 

an
d 

U
(
R
)
 

in
 

U
(
R
/
A
)
 

i
n
t
e
r
s
e
c
t
 

in
 

U(
k)
. 

T
h
e
 
i
m
a
g
e
 

of
 

u(
x 

+
z
)
=
 

in
 
R/
A 

is 
ui
 
l
-
n
i
e
)
.
 

As
 

c
h
a
r
(
k
)
=
0
,
 

th
is
 

li
es
 

in
 

C 
on
ly
 
w
h
e
n
 

n
=
0
,
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4 

° 

1
6
4
2
 

; 
_
 

: 
WE
IB
EL
 

N
o
t
e
 

th
at
 

th
is
 
a
r
g
u
m
e
n
t
 

fa
il
s 

in
 
s
h
a
c
a
c
t
e
n
e
e
s
 

p.
 

In
 

fa
ct
, 

if
 

k 
i
s
a
 

fi
ni
te
 

fi
el
d,
 

t
h
e
o
r
e
m
 

4 
b
e
l
o
w
 

s
h
o
w
s
 

th
at
 

th
e 

s
e
q
u
e
n
c
e
 

[*
]i
s 

in
de
ed
 

cx
ac
t,
 

W
e
 

ca
n 

m
e
a
s
u
r
e
 

th
e 

o
b
s
t
r
u
c
t
i
o
n
 

to
 
e
x
a
c
t
n
e
s
s
,
 

an
d 

d
e
l
i
m
i
t
 

a 
n
u
m
b
e
r
 

of
 
i
n
s
t
a
n
c
e
s
 

in
 
w
h
i
c
h
 

th
e 

h
o
m
o
t
o
p
y
 

s
e
q
u
e
n
c
e
 

[*
] 

is
 
tr
ul
y 

e
x
a
c
t
,
 

As
 

b
e
f
o
r
e
,
 

we
 

gi
ve
 

th
e 

g
e
n
e
r
a
l
 
a
r
g
u
m
e
n
t
 

fi
rs

t.
 

: 
R4
> 

G
r
o
u
p
s
 

be
 

su
ch
 

th
at
 

Pr
op
os
it
io
n,
 

<L
et
 

R,
 
eR

, 
BF

 

F
(
R
,
)
 

4>
 
F
R
 

a 

_
s
 

2)
 

> 
F3
(R
3)
 

is
 
ex
ac
t.
 

Th
en
 

F
I
R
,
 

j
R
,
4
 

[
F
I
]
,
 

is
 
ex
ac
t 

if
 
an
d 

on
ly

 
if

 
th
e 

i
m
a
g
e
s
 

of
 
F
A
R
 

) 
2 

20
2 

an
d 

N
F
 

A(
R 

fi
n 
F
(
R
)
 

i
n
t
e
r
s
e
c
t
 

in
 
th
e 

i
m
a
g
e
 

of
 

N
F
,
(
R
,
)
-
 

W
e
 

3) 

al
so
 
a
s
s
u
m
e
 

th
at
 

th
e 

d
i
a
g
r
a
m
 
b
e
l
o
w
 
c
o
m
m
u
t
e
s
,
 

: 
NF
,(
R,
) 

4>
 

NF
,(
R,
) 

| 
| 

(R,
) 

4>
 

F,
(R
,)
 3 

FU
(R
,)
 
4
>
 

F,
 

8P
ro

of
: 

C
h
a
s
e
 

th
e 

ab
ov

e 
d
i
a
g
r
a
m
 

an
d 

us
e 

th
e 

de
fi

ni
ti

on
 

of
 

-
h
o
m
o
t
o
p
i
z
a
t
i
o
n
,
 

C
o
r
o
l
l
a
r
y
.
 

If
 

0 
4
>
A
4
>
B
-
4
>
C
-
4
+
>
0
 

is
 

an
 
e
x
a
c
t
 
s
e
q
u
e
n
c
e
 

of
 

j 

ri
ng
s,
 

th
en

 
[*

] 
is
 
ex
ac
t 

at
 

[K
,]
¢ 

ju
st
 

in
 
ca
se
 

th
e 

i
m
a
g
e
s
 

of
 
K
C
 

<a
nd

 
NK
 

A 
in
te
rs
ec
t 

in
 
th

e 
i
m
a
g
e
 

of
 

N
K
,
C
 

in
 
K
A
.
 

Th
is

 
is
 

th
e 

0 
1 

0 

ca
ge

 
if 

an
y 

of
 

th
e 

fo
ll
ow
in
g 

ho
ld
: 

(a
) 

[K
, 

|B
 
4
 

[
k
K
]
 

is
 

on
to

 

ry 
o
e
 

A
L
G
E
B
R
A
I
C
 

K
-
T
H
E
O
R
Y
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(b
) 

K,
(B
) 

4
>
 
K
(
C
)
 

is
 

on
to
 

1 

(c) 
Ka

(A
) 

[K
]A

 
0 

K 
(B

le
) 

: 
(d

) 
K)

(B
) 

(e
) 
N
K
(
B
)
 
4
_
 

NK
 

,
(
C
)
 

is
 

in
to

, 

P
r
o
o
f
:
 

W
e
 

v
e
r
i
f
y
 

th
e 

c
r
i
t
e
r
i
o
n
 

in
 
e
a
c
h
 

ca
se

, 
(b

) 
an
d 

(c
) 

st
at
e 

th
at

 
th

e 
i
n
t
e
r
s
e
c
t
i
o
n
i
s
 

0.
 

(a
) 

sa
ys

 
th

at
 

N
K
\
C
 
4
>
 
K
\
C
 

is
 

on
to
, 

m
o
d
u
l
o
 

th
e 

k
e
r
n
e
l
 

of
 

K
\
C
 
_
>
 

K 
yA

. 
F
r
o
m
 

th
e 

e
x
a
c
t
 
s
e
q
u
e
n
c
e
 

N
K
,
C
 

an
d 

c
o
n
d
i
t
i
o
n
s
 

(d
) 

or
 

(e
) 

we
 

d
e
d
u
c
e
 

th
at

 
N
K
,
C
 
4
>
 
N
K
)
A
 

is
 

on
to
, 

1 

C
a
s
e
s
 

(b
) 

an
d 

(d
) 

ar
e 

im
pl
ic
it
ly
 

st
at

ed
 

in
 

[4
],

 
bu

t 
p
r
o
v
e
n
 

u
s
i
n
g
 

d
i
f
f
e
r
e
n
t
 
t
e
c
h
n
i
q
u
e
s
,
 

Fi
na
ll

y,
 

we
 
d
e
t
e
r
m
i
n
e
 

an
ot
he
r 

in
st
an
ce
 

in
 
wh
ic
h 

[*
] 

is
 

ex
ac

t,
 

u
s
i
n
g
 

th
e 

o
b
s
t
r
u
c
t
i
o
n
 

in
 

a 
c
o
n
d
u
c
t
o
r
 

s
i
t
u
a
t
i
o
n
 

wi
th

 
fi

ni
te

 

c
h
a
r
a
c
t
e
r
i
s
t
i
c
.
 

T
h
e
o
r
e
m
 

4,
 

In
 
th

e 
c
o
n
d
u
c
t
o
r
 

s
i
t
u
a
t
i
o
n
 

(*
*)

 
wi

th
 

al
l 

ri
ng

s 

c
o
m
m
u
t
a
t
i
v
e
,
 

s
u
p
p
o
s
e
 

th
at

 
R 

is
 
s
e
m
i
n
o
r
m
a
l
,
 

C 
<
i
s
'
r
e
d
u
c
e
d
 

of
 

p
r
i
m
e
 

c
h
a
r
a
c
t
e
r
i
s
t
i
c
 

p 
#
0
,
 

an
d 

th
at

 
U
(
C
)
 

is
 

a 
t
o
r
s
i
o
n
 

g
r
o
u
p
,
 

T
h
e
n
 

th
e 

f
o
l
l
o
w
i
n
g
 

s
e
q
u
e
n
c
e
 

is
 
ex

ac
t:

 

1 
[u

]A
 

[U
]B

 
[u

]e
 

[P
ic

]A
 

. 

If
 

in
 
ad
di
ti
on
 

S
K
,
B
 
4
>
S
K
,
_
C
 

is
 

on
to

 
an
d 

K
o
c
 

= 
K
C
[
t
]
 

th
en

 
-[

*]
 

1 
1 

0 

is
 

ex
ac
t,
 

Th
is
 

is
 
tr
ue
 
w
h
e
n
 

C 
is
 

a 
fi

ni
te

 
f
i
e
l
d
,
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44
 

ws
 

¢ 
: 

WE
IB
EL
 

, 
Pr
oo
f:
 

Si
nc
e 

U(
C)

 
= 

u(
C[
t]
})
, 

e
x
a
c
t
n
e
s
s
 

at
 

[U
JA
 

an
d 

[U
]B
 

fo
ll
ow
s 

fr
om
 
t
h
e
o
r
e
m
 

1. 
If 

we
 

ve
ri

fy
 
ex
ac
tn
es
s 

at
 

[u
]e

 
we
 

wi
ll
 

be
 
d
o
n
e
,
 

as
 

th
e 

la
st
 
s
t
a
t
e
m
e
n
t
 

f
o
l
l
o
w
s
 

f
r
o
m
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