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The cyclic homology and K-theory of curves
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and C. Weibel?) at New Brunswick

Introduction

Until recently, very little has been known about the higher algebraic K-theory of
anything except for finite fields. The goal of this paper is to compute the K-theory of
singular curves in characteristic zero, assuming the K-theory of smooth curves and fields
as given. We do this by first computing the Hochschild and cyclic homology of the
singular curves (using a new procedure which works more generally), and then invoking
several recent results relating K-theory to the cyclic homology of @-algebras, @ being
the field of rational numbers.

If the curve is seminormal over an algebraically closed field, we give a complete
computation of the K-theory of the curve (see Section 6). We also get partial results for
K, and K, for general curves. Otherwise the calculations depend on the validity of the

KABI Conjecture 0. 1. Let B be a finite integral extension of a @Q-algebra A, and
let I be an ideal of both A and B, such as the conductor ideal. Then the map
K,(A, B, I)— HC,_,(A4, B, I) is an isomorphism for n=1, where the left-hand term is
double relative K-theory and the right-hand term is the double relative cyclic homology
taken over @.

This conjecture is known to be true when B= A/J ((OW]), when I is nilpotent
([G]), and for n=1 ([GW]). One can also verify the conjecture when A4 is the
coordinate ring of a seminormal curve over an algebraically closed field by using the
case B= A/J and analytic isomorphisms for both K-theory and cyclic homology (see
[W ai] and the appendix of this paper).

In the absence of the KABI Conjecture, our results can be interpreted as calcula-
tions of the cyclic homology of curves in characteristic zero. Using analytic isomor-
phisms, it is enough to consider the singularities one at a time, and only up to analytic
type. For a seminormal curve over an algebraically closed field, it is enough to compute
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2) Partially supported by National Science Foundation Grant DMS-8503018-01.
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the cyclic homology for the coordinate lines in affine space, ie., for the ring
k[xo,..., x1/(x;x;=0, i=*j). This focusses our attention on the cyclic homology of
graded rings, the topic of the first half of this paper.

In Section 1 we present a spectral sequence converging to the Hochschild homo-
logy of a graded k-algebra A4 with A,=k, and demonstrate in Section 2 how to
determine the E, terms. This allows us to determine H C,(4)=H C,(A)/HC,(A,) and
hence HC,(A), since, when a graded k-algebra A contains @, Goodwillie proved in
[G der] that the SBI sequence breaks up into short exact sequences

0—HAC,_,(A)— HH,(A; A)— HC,(A)— 0.

In Sections 3 and 4, we apply this procedure to compute the Hochschild and
cyclic homology of the k-algebras k[x,,..., x,]/(x;x;=0,i%j) and k[x, y]/(y*—x"),
2<a<b, when k is a field of char.0. In Section 5, we indicate how to perform base
change to compute the cyclic homology of these rings, considered as @@-algebras.

Although we do not carry out the calculations here, we should note that these
calculations enable us to calculate the cyclic homology of any seminormal curve over an
algebraically closed field k with char(k)=0. This is because cyclic homology satisfies
“analytic isomorphisms”, a result we prove in the Appendix. The procedure is entirely
analogous to the procedure outlined for K-theory in Section 6.

In the second half of the paper, we turn our attention to calculating the K-theory
of curves. In Section 6, we reduce to the calculation of the K-theory of such rings as
were considered in our cyclic homology calculations and, assuming the validity of the
KABI Conjecture, indicate how to compute the K-theory of these. In Section 7, we
compute the K-theory of the coordinate lines in affine space (where the KABI
Conjecture is known). In Section 8 we briefly consider the K-theory of seminormal
curves over a field which is not algebraically closed. Our results there depend on the va-
lidity of the KABI Conjecture. Finally, in Section 9 we consider the K-theory of the cusps
k[t% t*], computing it completely under the assumption of the KABI Conjecture, but
also computing part of K, and K; without that assumption.

Acknowledgements. The authors would like to thank W. Dwyer and R. Hain for
their help in developing the method for computing Hochschild homology we have
discussed in Sections 1 and 2. Our Leray spectral sequence is the algebraic analogue of
the cohomology spectral sequence for the fibration
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phases of this paper, and to acknowledge the support of NSERC by providing travel
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§ 1. The Leray spectral sequence for Hochschild homology

We shall begin by setting up a spectral sequence from which we may compute the
Hochschild homology HH,(R; R) of a graded k-algebra R. We shall fix a ring k and
write ® for ®,. In later sections we will further restrict k and write HHE(R; R) when
we wish to emphasize over what ring the tensor products are being taken.

We first recall the definition of Hochschild homology from [CE], IX. 6 or [Mac],
X. 4. If M is an R-bimodule, then there is a chain complex B, =B (R; M) with B,=M
and B;=M ® R®' for =1, where R®'=R® --- ® R has [ factors. The boundary map
in B, is the map b: B, — B,_, given by

bm@r @ - @r)=mr@r,@ - @r+ ) (—)m® - @rr, ® - ®r

o<i<l

+(=)rm@r® - ®r_,.

By definition, HH,(R; M) = H,(B_.(R; M)). This construction is called the “standard bar
construction”.

However, it is easier to compute with the “reduced bar construction” (see [CE],
p. 176 or [Mac], X. 2). Write R for R/k and let B,=M ® R®'. Since B, is a quotient of
B, by an acyclic subcomplex, HH,(R; M)= H,(B,(R; M)) as well. It is traditional to use
the notation m[r|---|r,] for the element m®r, ® --- ® r, of B,. This notation also
applies to | =0 where we write m[ ] for the element m of By = M.

Now suppose that M is a graded bimodule over a graded ring R, and consider the
differential module (B, b)=(B(R; M), b). The decomposition B=() B, makes B a
differential chain module and allows us to decompose its homology as

H(B,b)=@ HH,(R; M).

We wish to refine this decomposition as follows.

Definitions 1. 1. Let me M and r; € R be homogeneous elements. Associated to
the element m[r,|---|r;] of B(R; M) are its

a) length: |,

b) weight: deg(m)+ ) deg(r;),

¢) topological degree: deg(m)+ ) deg(r;)— = weight—length,
d) base degree: deg(m),

) fiber degree: Y deg(r)—I.

Let ,B' be the submodule of B(R; M) generated by the terms of weight w and
topological degree t, and set B'=p ,,B' and ,B= P ,B". Define
w t

wHHl(R5M)=Hl(wB.’b), wHHt(R’ M)=Ht(wB.a b)a
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and HH'(R; M)=H'(B’, b)=@ ,,HH'(R; M). Since weight = length + topological degree,
it is clear that v
wHH'= HH, iff w=1+1t,

(1.1.1) and
HH(R; M)=H(B, b)=@HH'(R;M)=@wHH’(R;M).

Remark 1. 2. The complex B' is described in [Mac], X. 10. It arises from thinking
of R as a differential graded cochain algebra (whence B") whose differentials are all zero.

With these preliminaries, we are ready to construct the Leray spectral sequence.
Define LB to be the submodule of B generated by the terms m[r,|---|r,] with base
degree =p. Since R=R,® R, @ ---, we have b(L?B) < L*B, and thus we get a filtration
of the differential graded module B':

B =I1°B'2I'B'2I?’B'2---.

We shall call this filtration the “Leray filtration” of B. As in [CE], XV.1 or [Mac],
XI. 3, this filtration gives a (weakly convergent) spectral sequence with

E}*=I°BP*Y[P*'BP*4={x € B**%: x has base degree p and fiber degree g}.

Proposition 1. 3 (Leray Spectral Sequence). Suppose that R=k@® R, ® --- is a
graded k-algebra and that M =M,@® M, @ --- is a graded R-bimodule. Then there is a
first quadrant spectral sequence

E?4=M,® HH*(R; k) = H?*4(R; M).

Proof. Because R, =k, the fiber degree g of each term m[r,|---|r,] is positive for
I=1 and O for I=0. This not only puts the spectral sequence in the first quadrant, but
also assures that I”B7/L**'B'~M,® B'(R; k) as a cochain complex. By op. cit., this
gives E??=HP*4(M,® B'(R; k)) = M, ® H%(B'(R; k)) as claimed.

Remark 1. 4. Although the spectral sequence converges to the Hochschild
cohomology HH*, we can often read the Hochschild homology HH, from the rows of
the Leray spectral sequence. To illustrate this remark, suppose that every element of
HH4(R; k) has length [=1(q). We shall see in 1.9 below that the g™ row of E_ is a
graded R-module, every element of which has length I. Therefore HH,(R; M) is filtered
by those rows of E, which have length I. Thus, if we can compute HH*(R; k) and EZ4,
we can compute HH,(R; M). We shall delay the computation of HH?(R; k) to Section 2
and devote the rest of this section to computing EZ4.

Observation 1. 5. For R as in Proposition 1.3, if rm=mr for every re R and
me M, then the map R — k induces a cochain map B'(R; M)— B’(k; M) which is
naturally split. Since the spectral sequence for HH*(k; M) is concentrated in the row
q=0, it degenerates with E¥?= E?4, yielding HH*(k; M)= M. Hence the row q=0 of the
spectral sequence for HH*(R; M) splits off and lives to co. In addition, B(R; M) has
By=@Bo=@ B* =@ M, =M as a submodule. The elements in B, are the elements in

p p
B, of length zero, and b: B, — B, is the zero map. Hence, as in Remark 1.4, the row
q=0 of E, is naturally equal to HH,(R; M)~ M.
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Before analyzing the differentials in the spectral sequence, we give an example
illustrating what we have said so far.

Example 1. 6. Let R=M =k[x] with x € R, (so that d, =0 and E??=E%}9). It is
well-known that HH,(k[x]; k) is k if /=0 or 1 and is zero otherwise. The generators are
[ e B, and [x] € B, and have topological degrees 0 and 1 (=2—1) respectively.
Hence HH" (k[x]; k)= HH,(k[x]; k). Since E34=0 for ¢ =2, and the row q=0 lives to
oo, the spectral sequence collapses. Thus E24= E2% is k if p is even and ¢ is O or 1, and
0 otherwise (see Figure 1. 1). In this case the diagonals p + g = constant give HH* and
the rows g =constant give HH,. Therefore HH"(k[x]; k[x])=k for all n with
generators x"[ ] for H?"(k[x]; k[x]) and x"[x] for H?*"*'(k[x]; k[x]). Since the
lengths of the generators are 0 and 1 respectively, HH, (k[x]; k[x])=k[x] for n=0, 1,
and zero otherwise.

0 0 0 0 0 0
0 0 0 0 0 0
K<) 0 k(x[x) 0  k([x]) 0 - = HH,(R:R)
kLD 0 kx[1) 0 k([ 0  =HH,(R:R)

Figure 1.1. E,=E_ for R=k[x]. The notation k(a) means the module is k on
generator d.

In more complicated situations we need to compute the differentials. The following
observation is essential.

Observation 1.7. Let Z?={ze LB**9:b(z) € L**"B}. Then (see [Mac]) E! is a
quotient of ZF4, namely

EPa=(ZP9+ [P BPHa)(bZP [+t 4 [Pt 1 BP ),

Furthermore, if z € ZE%, then d,(z)=b(z) mod L"*"*'B.
For example, an element of E?? of length [ is represented by a term
S=Z m[r1j| |rlj]
J
with degm=p and with Z(-])i [rijl - Irtie gl - P =0, Since b(s)e L?*'B, d, is

determined by the formula "

(1.7.1) d1(5)=b(s)=z mrlj[rzjl |rlj] +(=1) rljm[rljl Irl—l,j]'

This is to be read mod L?*2B. In particular, if R, =0 then d,(s) =0, so we deduce

Corollary 1.7.2. If in addition R, =0, then E{?=E}% and d, is given by formula
(1.7.1).

To use the observation to compute d,, note that from E,_, we are given elements
ue ZP | with d,_,(u)=0. In general u ¢ Z, but for some x € LP*' B?*4, the element
z=u+ x will be in Z?%. Thus d,(u)=d,(z) =b(2).
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All of Observation 1.7 is true without assuming R is commutative. If R is com-
mutative and M =R, we can make further simplifications by using the multiplicative
structute of the spectral sequence of 1.3. This structure arises from the fact ([Mac],
X.12.1 and p. 313) that, when R is commutative, B(R; R) is a differential algebra under
the shuffle product

4 : B,(R; R)® B,(R; R)— B, ,(R; R),

ptq

a[rll“'Irp]:#:b[rp+1|”'lrp+q]= Z (_I)Sgﬂ(tf) ab[ra‘ll"'lro‘(p+q)]'
(P,
sh:fgles

Note that 4 adds base and fiber degrees as well as topological degree, weight and
length. In particular B is a DG-cochain algebra, and the Leray filtration is by DG-
ideals. We cite the following result which may be easily proven using [Mac], XL 3, but
for which we could find no literature reference.

Proposition 1. 8 (Folklore). If A is a DG-cochain algebra, and {F?} is a decreasing
filtration of A by DG-ideals such that F? 3% F1< F?*9 then the resulting spectral sequence
is multiplicative, i.e. each E, is a bigraded differential algebra, E, ., = H(E,) as an algebra,
and E_ is the associated graded algebra of H(A).

Corollary 1.9. If R=k® R, @ --- is commutative, then the spectral sequence
E?*=R,® HH*(R; k) = HHP?*(R; R) is multiplicative. In particular, since the row q =0
is R, each row q = constant is a graded R-module. Furthermore,

dr(u# U) =dr(u)# v +(_ 1)17“ #dr(v)a

where p = base degu, and d,(mu)=md,(u) for me R,,.

In the rest of this paper, except Section 2, we shall assume that
R=k®O®R,® -

is commutative and M = R. Thus the spectral sequence has E}?=R, ® HH’(R; k). Note
that the assumption that R, =0 is not really restrictive since any graded ring can be
regraded by multiplying the original degrees by 2. The resulting graded ring has
R,;., =0 and is isomorphic, as a graded ring, to the original ring,

We conclude the section with two examples to demonstrate the above technique of
computing E_. We will assume we know HH?(R; k) which will be computed in Sec-
tion 2 for these examples.

Example 1. 10 (Folklore). Let R=k[x]/(x"*'), where k contains the rational num-
bers @, and R is graded by declaring deg(x)=2. Set 1=[ ], u=[x], and #=[x"|x];
these are cycles in B(R; k) but not in B(R; R).

We claim that 1, u and ¢ are nonzero in HH*(R; k)= HH_(R; k). This is clear for
1 since B, — B, is zero, and clear for u € ,B, since ,B,(R; k)=0. Finally, if ¢ were the
boundary of w, note that w would be a k-linear combination of terms [x'|x/|x*¥] with
i+j+k=n+1and i, j, k=1. Since each x'x’/ and x/x* is nonzero in R, the sum of the
coefficients of the terms [x?|x"] in the boundary of w would be zero, contradicting the
assumption that b(w) == [x"|x], and verifying the claim.
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We shall now assume the fact (derived in 2.3 below) that as a graded-
commutative k-algebra HH*(R; k)=k[t, u]/(u?). Note that the classes of 1,u and ©
belong to HH®, HH' and HH?" respectively. The spectral sequence is shown in Fig-
ure 1. 2; from the given generators and Remark 1.4 it is easy to see that the terms on
the I' nonzero row of E,, will have length [ and give HH,(R; R).

etc. etc.
dn+1 | k(t?w 0 k(xt?u) o . . . k(x"t?u) = HH,
4n | k(t?) 0 k(xt?) o . . . k(x"1%) = HH,
\ )

: 0 0 0 0 0
2n41 | k(tw) 0 k(xtu 0 . . > k(x"tu) - HH,
2 | k() 0 kixt) 0 . . . k(x"n - HH,

0 0
1 k(u) 0 k(xu) o . . . k(x"u) = HH,
0 k 0 k(x) 0o . . . k(x") = HH,

Figure 1.2. E,=E,, for R=k[x]/(x"*!). The diagonals converge to HH*
and the rows to HH,,.

We now compute d, using our procedure. Since b(u)=0, d,(u)=0 for all r. If
r<2n, then d,(f)=0 since the target group is zero, whence E,=E,, by 1.9. We now

compute d,,(t) using 1.7 and then complete the computation of d,, using 1.9. As

suggested in 1. 7 we need to add an element t' of L' B>" so that t =t + ¢ is in Z3;?". This

element is

t=[x"x] 4+ x[x" " x]+ x2[x" " 2|x] + - +x" "' [x|x].
Then b(t) € L*"B, whence d,,(f)=b(t)=(n+ 1) x"[x]. By multiplicativity (1. 9),
dy(x't)=jn+1)x* "t/ tu=0

unless i=0 (as x"*!=0). Similarly, d,,(x't/u)=0 since u*>=0. Thus the only nonzero
differentials in E,, are d(t')=i(n+1)x"t' 'u. If r>2n, d=0 because the target group
is 0. Thus E,,,, = E_, and we see that
R on generator 1= ] if m=0,
HH,(R; R)={ R/x" on generator t'u if m=2i+1,
R/x" on generator xt' if m=2i,i+0.

31 Journal fiilr Mathematik. Band 393
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The last example is a special case of the rings considered in Section 3, namely the
coordinate ring of two lines.

Example 1. 11. Let R=@Q[x, y]/(xy) with deg(x)=deg(y)=2. In the next section
we shall show that as a graded-commutative ring HH*(R; @)= @ [u, v, t], where the
topological degrees of u, v and t are 1, 1 and 2 respectively. Note that u?>=v?=0 and
vu= —uv. We claim that we can take u=[x], v=_[y] and ¢t =[x|y]. Since there are no
nonzero elements of weight 2 and length 2 (resp. weight 4 and length 3), u, v and t are
not boundaries, but are cycles as claimed. Since b(u)=b(v)=0, d,(u)=d,(v)=0 for all r.
By (1.7.1), d,(t)=b({t)=x[y] + y[x] =xv+ yu. It is easy to compute the rest of d, by
multiplicativity, namely: d,(t/) =jt/~!(xv + yu); if i or k is nonzero then

d, (") =jx" T " tour and  d,(yitIoN) =y it T uok;

d, is zero on the rest of the monomials. Thus, E§?=0if p>3 and ¢>2. The rest of E,
is displayed in Figure 1. 3.

By considering the generators, it is easy to see that elements in E4? have length g
and weight p + 2q. Since the weight of elements in EP*"97"*! is p+2g+(2—r), and d,
preserves weight, it follows that d,=0 for r#2. Thus E;=E,. Since we can read
HH_(R; R) from the ¢'* row, we see that

HH,(R;R)=@Q ifq#*0,1.

This example will be discussed in more detail in Section 3.

etc. :

Q (t*uv) 0 0 10 etc.

0 0 Q@w) 00 0 0

Q (tuv) 0 0 ' 0 0 0 0

0 0 Qw 00 0 0

Q (uv) 0 0 E 0 0 0 0
Q%*(u, v) 0 @3 (xu, yv, w) 0 Q2 (x*u, y*v) 0 Q2
Q(1) 0 Q*(x, y) 0 @2y 0o @

Figure 1.3. E,=E_ for R=@Q][x, y]/(xy). The generators are shown in parentheses,
where w = xv— yu. The ¢'* row gives HH,(R; R); the diagonals give HH"(R; R).

§ 2. Computing HH* (R; k)
In order to complete our procedure for computing HH, (R; R), we need to know

how to compute HH*(R; k) when k is a field of characteristic zero. At this point we
must introduce topological methods.
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Let X be a simply connected topological space such that R=H*(X; k). It is well-
known ([SEM]) that the Eilenberg-Moore spectral sequence for the fibration
QX — X' — X x X collapses to yield the formula

H*(QX; k)= TorR®®** (R, k)= HH*(R; k).

(The Tor groups are bigraded by weight and length, so the “total degree” is our
topological degree; cf. [Mac], p. 299 or [SEM], p. 64.)

Example 2. 1. Let R =k[x] with deg(x)=2. Since
R=H*(CP*; k) and QCP* =S",

we have HH*(R; k)= H*(S'; k), which is k if *=0, 1 and 0 otherwise. The reader may
wish to compare this with Example 1. 6.

For most spaces X, H*(QX; k) is not so easy to determine. We will present two
methods here, each of which has advantages over the other for various X. In practice,
when we can, we compute H*(QX; k) by both methods, using one as a check on the
other.

Method 1. Rational homotopy and the theory of minimal models.

By the Milnor-Moore theorem ((MM]), H*(£2X;k) is the universal enveloping
algebra of the Lie algebra 7, (2X)® k=mn, ,,(X)® k. Thus the algebra H*(QX; k) has
dim, (7,(QX) ® k) generators in topological degree n. Since 7, (X)® k is finite dimen-
sional when R is a complete intersection, this is a good method to use for complete
intersections (see Examples 2.4 and 2.5 below). It is more difficult when R is not a
complete intersection, in which case Method 2 is often easier.

Thus we have reduced our problem to computing the rational homotopy of X
since 7, (X) ® k=(n,(X) ® Q@) ® o k. For this we shall use Sullivan’s theory of minimal
models ([Sull], [DGMS]).

Definition 2. 2. A minimal model is a DG-cochain algebra (@ [x,,...], d) such
that each dx; lies in the subring @ [xy, ..., X;-1].

In this context, the variables x,, x,,... are homogeneous, and the graded-
commutative ring k[x,, x,,...] is defined to be the polynomial algebra on the x; in
even degrees, tensored with the exterior algebra on the x; in odd degrees. It should be
clear from context whether we are in an ordinary polynomial ring (e.g. when defining a
ring R) or the above case.

From [DGMS] and [Sull], we know that every simply connected space X has a
unique minimal model such that

) H*X; Q)=H*@Q[x,,...1; @),
i) dim(r;(X) ® @) = the number of x; of degree j,
i) rank (m;(X) — H;(X; @)) = the number of x; of degree j with dx; =0,

. k k . . .
iv) [x;, x;]=Y cjx,, where cjj is the coefficient of x;x; in 0x,.
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Note that property ii) provides the information we require. The following
examples illustrate the use of Method 1.

Example 2. 3. The space X =C/P" has R=H*(X; k)=k[x]/(x"*!), the ring of
Example 1. 10. If we let y have degree 2n + 1 (recall that deg(x)=2), then the minimal
model of X is @ [x, y] with dx=0 and dy=x""! (n+0). Hence n,(X)®@ k is k if i=2 or
2n+1 and zero otherwise. Let u € 7, (2X) and t € n,,(2X) generate n,(Q2X) ® k. This
is an abelian Lie algebra, so

HH*(R; k)= H*(QCP"; k) =k[u, t], n=1.

Here is the calculation of H*(R; k) for the ring in Example 1. 11.

Example 2.4. The cohomology of X=CP*vCP* is R=k[x, y]/(xy). The
minimal model for X is @ [x, y, z] with deg(x)=deg(y)=2, deg(z)=3, dx=0y==0 and
Jz=xy. Hence n,(2X)® k is 3-dimensional on u, ve n;(2X) and te n,(Q2X). This
yields:

HH*(R; k)=H*(QX; k)=k[u, v, t]
and
k on I1=[] if g=0,
HHY(R;k)=3k@®k on tu,tv if g=2i+1,
k®k on ' tuv if g=2i+2.

The following more general example is sufficient for this paper. It can easily be
generalized to any (finite) number of variables, where F is a homogeneous polynomial
involving all of the variables.

Example 2.5. Let R=@Q][x, y]/F, where deg(x)=a, deg(y)=b=a and F is a
homogeneous polynomial of degree n. Let us assume a and b are even. Let X denote the
fiber of the map from Y =K(@, a) x K(@, b) to K(@Q, n) classified by the element F of
[Y, K(@Q, n)]=H"(Y; Q). (This group is the degree n part of the ring

H*(Y; @)= Q[x y])

The minimal model for X is @[x, y,z] with degx=a, degy=b, degz=n—1,
0x=0y=0, and dz=F. Thus n, (2X)® @ is 3-dimensional on generators u € n,_;,
vem,_,and t e w,_,. Therefore HH*(R; @)=H*(QX; @)= Q[u, v, t] where u, v and ¢
are homogeneous of degrees a—1, b—1 and n— 2 respectively.

Method 2. Using another spectral sequence.

When R is not a complete intersection 7, (X)® k may be nonzero for infinitely
many * (e.g. R=k[xy, ..., x,]/(x;x;=0 for i%j) when n=3 — see Section 3). This can
make rational homotopy calculations cumbersome. Another way to compute HH*(R; k)
is to use the Serre spectral sequence for the fibration QX — X — X, where X is the
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space of based paths in X. Since X is simply connected, there is a Serre spectral
sequence which has E§?=HP?(X;k)® H*(QX; k) = H?*9(2X; k). Since #X is con-
tractible, we have EZ!=0 except for p=g=0. The q=0 row of E, is R=H*(X; k).
Since the spectral sequence is multiplicative, the ¢"* row is determined by

dimg HY(QX; k)

which can be found using the fact that E??=0. Basically one works backwards, com-
puting the d, and H*(QX; k) from EE? This method can be tedious but is viable for any
R. See Section 3 for an example of its use.

Procedure 2. 6. The following steps summarize the technique presented in Sec-
tions 1 and 2 for computing HH, (R; R) where R=k@ R, ®R; ® ---.

1. Determine HH*(R; k). If R=H*(X;k) this may be done using rational
homotopy theory or the Serre spectral sequence for QX — 2X — X.

2. Pick generators in B(R; R) for HH*(R; k)= HH (R; k), remembering that the
boundary b of B(R; k) is not the b of B(R; R).

3. Using the multiplicative structure and changing the generators by elements
higher in the filtration if necessary, compute d, and E,.

4. Read off HH,(R; R) from the rows of E, — i.e., rows whose generators have
length n determine HH,(R; R).

§ 3. The homology of the coordinate axes

Let k be a field of characteristic zero, and let R be the k-algebra of functions on
the coordinate axes in (b + 1)-space

R=k[xg,..., X,]/(x;x;=0 for i=j).

The goals of this section are to compute the Hochschild and cyclic homology of the
k-algebra R and to write down explicit representatives for a basis of these homology
groups.

We shall use Procedure 2. 6, grading R by setting the x; in degree 2. We combine
steps 1 and 2 in the following theorem.

Theorem 3. 1. For q=1, HH*(R; k)=~ HH,(R; k) is a vector space of dimension
(b +1)b?7 1. A basis is given by the cycles [x; |x;,| -~ |x; ], where

ij*i, for j=1,2,...,9—1

Proof. The symbols [x; |- |x; ] are elements of the reduced bar construction
B(R; k). They are cycles (under b) and so represent elements of HH(R; k). Since they
have length ¢, weight 2¢ and topological degree g, they belong to ,,HH,(R; k) (see 1.1
above). By definition, ,,H H,(R; k) is the homology of

20By1 (R; ) B> 3By (R; k) B> 5B, 1 (R; k).
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But ,,B; . (R; k)=0 because terms of length g+ 1 in the reduced bar construction have
weight at least 2(q + 1). Therefore the (b+ 1)b?~! cycles described in the statement of the
theorem are linearly independent in , HH,(R; k). To complete the proof of the theorem,
it is enough to show that dim, HH*(R; k) =(b+1)b?" 1.

From topology it is known that R = H*(X; k) where X is the wedge of (b+1)
copies of C/P>. We saw in §2 that H*(QX; k)= H*(R; k). Therefore, Theorem 3. 1
follows from

Proposition 3. 2. If q=1, then dim HY(QX; k)= (b +1)b?™ 1.
We shall prove this using each of the methods in Section 2.

First Proof (Method 1). Since X is simply connected, we can apply rational
homotopy theory ([Q]) to see that H*(QX; k) is the Hopf algebra coproduct of (b +1)
copies of

H*(QCP®; k)= H*(S'; k) = k[£]/(e?).

Thus H*(QX; k) is the graded Hopf algebra on generators ¢, ..., & in degree 1, with
¢2=0,i=0,...,b. A k-module basis for H¥(QX; k) is given by all words of length q in
the ¢; with no adjacent ¢; identical; there are (b+ 1)b? " such words.

Second Proof (Method 2). Recall that the Serre spectral sequence for
QX - 22X > X

has E3?=R, ® H'(QX; k) and EZ?=0 for (p, q) % (0, 0). We will show by induction on
q =0 that

(a) E31=E?! and

(b) H?*1(QX; k) has a basis of symbols
Liol --- li,] with i;#1i;,, for j=0,1,...,q—1
such that (setting [ J=1) d,([io| -+~ lig]) = x;, [iy] - lig]-

The case g =0: Since E2° = E!° =0, the map d, from E}' = H'(QX; k) to R, = E%*
must be an isomorphism. Let [i]e H'(2X) be such that d,([i])=x;, so that (b) is
satisfied with [ ]=1. Since the spectral sequence is multiplicative, d,(x"[i])=x""",
whence d,:d?™! — E2™*29 is onto. Therefore (a) holds for ¢=0.

Induction step: Now assume (a) and (b) are known for (g—1). It is straight-
forward that the dimension of the kernel of d27:%: E3P1— E2P*2:471 js (b +1)b? for
p=1. Since the symbols x?[i,| - |i,] with i+i, are linearly independent, they must form
a basis for ker (d279). Since by induction E§4~! =0 for (p, g —1)+(0, 0), d, must be an
isomorphism between E?*!=H?*1(QX) and ker(d3'9), proving that (b) holds for q.
Since d, (xP[iliy| - li])=xP*'[iy] -+ li,], E3"**' maps onto ker(d5”*?9), whence con-
dition (a) holds for q as well.
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We now know E%% of the Leray spectral sequence in terms of generators and need
to do step 3, namely compute d, and E,. For this ring, our task is somewhat simplified.

Proposition 3.3. Forr>3,d,=0. Thus E,=E,,.

Proof. Since every element of E§? has weight p+2g, so do the elements of EP4
for all r. Since d, preserves weight, for d,: EP?— EP*"47"*1 to be nonzero we must
have p+2q=p+r+2(q—r+1)=p+2q+2—r. Thus d,=0 for r=3 and E;=E_ as
claimed.

Thus we need only compute d,. To keep track of what happens to the basis
elements, it is useful to divide them into different types.

Definition 3. 4. Let io[iy| - [i,] (resp. [i,] - li,]) denote the element

Xio Lz, | - Ix;,] (resp. [xi - Ixiq])

of the reduced bar construction B(R;R), where iyFiy, .., igy Fi,. We say that
io[iy| +++]i,] has

Type I if i j=iy=iy;

Type I if i, Fiy=1i;

Type II1 if i,=iy=+iy;

Type IV if i #i,+i, (i, may or may not equal i,).
We say that [i|---|i,] has

Type A if i +i,;

Type B if ij=i,.
Let A(q) denote the number of type A symbols of length g, and B(g) the number of type
B symbols of length gq.

Lemma 3.5. A(1)=0, B(1)=b+1 and, for g=1,

A(q)=b'+(—1)"b and B(q)=A(q—1).

Moreover, the number of symbols of each type is given in the following chart:

type I I I v A B

# Alg-1) A(9) A(g) Alg+1) A(q) Alg—=1)

Proof. B(q)= A(q—1) since deleting the last element of a type B symbol yields a
type A symbol and B(1)=b+1 on [x;],i=0,..., b. Since

A(q)+ B(q)=dim HHY(R; k)= (b +1)b* ™!

for g =1, the formula for A(q) follows by induction on gq. The rest of the chart is an easy
exercise.
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By Corollary 1. 7. 2 (and Formula 1. 7. 1),

(3.6)  dyiolisl -+ lig])=iody [ial -+ li] + (= )% i, i [ig] -+ lig— 1.
From this we can quickly compute the following parts of d, and most of E;.

Proposition 3.7. (a) d5'=0 for all p.

(b) For p=2and q=2, the map d5*:R,® HH*(R; k) — R,,, ® HH* '(R; k) has
rank (b+1)b?7 1.

(c) Forp=z4dand qz2, Ef*=EX=0.

(d) For p=4, p even, the symbols x?*[x;], i=0, ..., b, form a basis of the (b +1)-
dimensional vector space E5' = EP!.

Proof. (a) Substitute g=1 into Formula 3. 6, or use 1. 5.

(b) For p=2, peven and g=2, we have dim(E5%) = (b+1)*b?"! on a basis of all
symbols i,[i|---]i,]. We analyze the effect of d, by type of element and obtain the
following matrix for d,:

type ~~Lype I I il 1\
I 0 0 0 0

i (— 1)1 0 0 0

11 I 0 0 0

v 0 I (— 1)1 0

Using 3. 5, we see that the rank of d, is A(g—1)+ A(q)=(b+1)b?" 1.

(c) When p=4, peven, we have E§?=0 because
rank (d2~ 29" 1) 4 rank (d39) = (b +1)*b?~ ! = dim (E39).

(d) Since d2'=0 and rank(d?” *2)=(b+1)b, dim(E5')=b+1. Mapping R to
k[x] by sending x; to x and using Example 1. 6, we see that the x?2[x,] are linearly
independent in E?!, whence the claim.

Thus we need only compute E§? for p=0 and 2 and g=1. These can be
determined from Proposition 3.7 and an analysis of d%% ¢=2, namely we need to
analyze Formula 3. 6 with iy =1.

If [iy|---1i,] is of type A, then both terms on the right-hand side of 3. 6 have type
IV and differ by a cyclic permutation. This leads us to consider the orbits of [i,]---[i,]
and i,[i,|---|i,] under the action of the cyclic group. If the orbits have m elements, the
matrix of d, restricted to these orbits is the m x m matrix



Geller, Reid and Weibel, Cyclic homology and K-theory of curves 53
1 0 0 (=1
(-7 1 -, 0
o -, 1 0
0 0 (—1)/1 1
(only three diagonals have nonzero entries).
Exercise 3. 8. If m is odd and g is even, M (m, q) has kernel 0. If m and g are both
odd, or are both even, the kernel of M (m, q) is 1-dimensional on the vector
(1’ (_ l)q—l, (_ I)Z(q—l)’ s (___ 1)(m~1)(q~1)),
and the vector (1,0, ..., 0) is a nonzero element of the 1-dimensional cokernel. (The case
m even and q odd cannot occur because m|q.)

If [i;]--- i ] is of type B, the right-hand side of 3. 6 has one element of type 2 and
one of type 3. Thus the matrix for d99, ¢ =2, is

type A type B
I 0 0
II 0 (=4I
III 0 I
v T 0

where T is the block sum over the Z,-orbits of the matrices M (m, q), where m is the size
of the orbit.

Lemma/Definition 3. 9. Let c(b, q) =dim Ker (T). Then c(b, q) is the number of Z,-
orbits of the type A symbols in which the orbit size is congruent to ¢ modulo 2.

Proof. Exercise 3. 8 above.

Remark 3.9.1. We may also describe c(b, g) as the number of ways of using the
alphabet {0,..., b} to write words of g letters around in a circle so that (i) no two
adjacent letters are the same and (ii) if rotation by m positions fixes the word then
m = q (mod 2). (For example, the word 123123 is disallowed when g =6.)

Having analyzed dY9, q=2, we now complete the computation of E;. Since the
kernel of d99 has dimension c(b, q), dim E3?=c(b, q) for ¢ =2, and

rank (d%9) = (b + 1)b4~ 1 — ¢ (b, q).

Therefore,
dim (E?4) = dim (E29) — rank (d3%) — rank (d3:7*?)
=(b+1)?b —(b+1)b* " —((b+1)b* —c(b, g+ 1)
=c(b, q+1).
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Finally, since d§! =0 by 3. 7(a), dim(E3!)=b+1 and
dim (E2) = (b + 1) — (b +1)b—c(b, 2)) = (b + 1) + c(b, 2).

This finishes the calculation of E; (see Figure 3. 1).

:
c(b, 4) 0 ¢ 5 { 0 0 0 0

c(b, 3) 0  c(b4) 0 0 0 0

(b2 0 b 00 0 o
b+1 0  b+l+c(h?2) 0 b+l 0 b+l

1 0 b+1 0 b+1 0 b+1-

Figure 3. 1. The dimensions of E§?= E?q,

Remark 3.10. The c(b, q) basis elements of E2? correspond to the c(b, q) one-
dimensional kernels of the matrices M (m, q); the c(b, g+ 1) basis elements of EZ24
correspond to the c(b, g + 1) one-dimensional cokernels of the matrices M (m, g + 1).

We can now determine HH,(R; R). Since every element of HHY(R;k) has
length g, the same is true for E§?= R, ® HH(R; k), and hence for EF!. Thus HH,(R; R)
has a filtration with associated graded groups EZ2% Since E?? has weight p+2g,
HH,(R; R) is actually the sum of the E?% For ¢=0, we have HH,(R; R)=P R,=R.
For g=1, the graded R-module HH,(R; R) is naturally isomorphic to the graded R-
module Qg,, with [x;] corresponding to dx;. Letting ck denote the direct sum of ¢
copies of k, we have

Theorem 3. 11.
R if q=0,

HH, (R; R)={ Qg if q=1,
cb, )k @ c(b,q+ 1)k for q=2.

For q=2 a basis for HH,(R; R) is represented by cycles
Gigl o 1] + (= D Digligl -+ lig—y T+ - + (=17 D [iy] -+ Jigli; ]

of type A (one for each Zorbit of size m=q (mod?2)), and by cycles iy[iy|--|i,] of type
IV (one for each of the c(b, q) Z,.,-orbits of size m=(q+1) (mod 2)).

Corollary 3.12. HC,(R)=R.
HC,(R)xHC, (k)@ c(b,q+1)k for gq=1.

A basis for HC,(R)=c(b, g + 1)k is given by the cyclic g-cycles
xio®'”®xiq’ io*ila“'aiq—l#iqy iq#io,

one for each of the c(b, q+1) orbits of Z,,, of size m=(q+1) (mod 2).
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Proof. Since R is graded and char (k) =0, the SBI sequence relating
AC,(R)=HC,(R)/HC,(k)
to HH,(R; R) breaks up for ¢ =1 into short exact sequences ([G der])
0— AC,_(R)—2> HH,(R; R)—L> AC,(R)— 0.
In our notation, we have I(ry[r,|---|r,]) =7, ® --- ®@r,, and

B(rl ® rq):[rll Irq] +(_1)q~l [rqlrll |rq—1]
+ .- +(_ 1)(4—1)(4—1) [r2| Irq’rl:]'

For g=2, the image under B of the cyclic (¢ —1) cycles described in the statement of
this corollary forms a basis of the first summand of HH,(R; R) (Theorem 3. 11), while
the cyclic g-cycles in H Cq(R) are the images under I of the basis elements of the second
summand of HH,(R; R). For g=1, the map B from HC,(R)=R/k to HH,(R; R) is
graded, injecting R, into EL~2>''. By counting dimensions (see Figure 3. 1), we see that
dim AC, (R)=c(b, 2). Since the c(b, 2) cyclic cycles x; ® x; (i <j) are detected by B, they
must form a basis for HC, (R).

We conclude this section with a formula for c¢(b, q). Fix ¢, and let f(m) denote the
number of type A g-tuples [i,|---|i,] which lie in a Z,-orbit of m elements. Since

Y f(m)=A(q)=b*+(—1)",

m|q

the Mobius inversion formula yields f(m)=) y(i;) A(d), the sum being over all d

dividing m. Since there are f(m)/m orbits of size m, we have the formula

(3. 13) cbg)= Y ! Y u(%) (b4 + (= 1)%b}.
msq"(ltlr?odZ) " dim

For example, c(b, 1)=0,
c(b, 2)=(b* +b)/2,
c(b, 3)=(b*—b)/3,
c(b, 4) = (b* — b?)/4 + (b*> + b)/2,
c(b, 5)=(b>—b)/5
and
c(b, 6)=(b® — b3 — b2 +b)/6 + (b*> + b)/2.

In general, c(b, q) grows like b%/q as ¢ — .
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§ 4. The homology of k[x, y]/(y* — x%)

Another family of interesting curves consists of the planar cusps k[t% t*] where a
and b are relatively prime. (When (a, b)=d is not 1, k[¢% t*]=k[s", s*/*] for s=1t%)
More generally, one can consider the planar curves R =k[x, y]/(y*— x®) for 2<a<b.
The goal of this section is to compute the Hochschild and cyclic homology of these k-
algebras when k is a field of characteristic zero.

Theorem 4. 1. Let k be a field of characteristic zero, 2<a<b, and

R=k[x, y]/(y*—x"),

considered as a k-algebra. Then

HH,(R)=R,
HH, (R)=Qg; = (R® R/y*" 'R as a k[x]-module),
HH,(R)=R/(x*"%, y* YR for n>1.

The cyclic homology of R is

HCy(R)=R,
HC,(R)=HC,(k)=k if n=2is even,
HC,(R)=R/x*"L, y* YR if n is odd.

Remark. As a k-vector space, R/(x*!, y*"!)R has dimension (@ —1) (b —1). In the
case a, b relatively prime, Dan Burghelea and Michele Vigué-Poirrer [BV] have
obtained the same results via different methods.

We will use our Procedure 2. 6, grading R by letting x and y have degrees 2a, 2b
respectively. Since R can be defined over @, we know by 2.5 that HH*(R; k) is the
graded-commutative k-algebra k[u, v, w] with u, v and w in topological degrees 2a —1,
2b—1 and 2(ab —1) respectively. Note that u?>=0v>=0 and uv + vu =0, because u and v
are in odd degrees, and that w is central in HH*(R; k).

In the spectral sequence, the g™ row of E, is R® HHYR; k). We leave the
elementary verification of the following result to the reader.

Lemma 4.2. The rows of the E, term in the Leray spectral sequence are periodic
of order 2(ab—1). The g row is zero, except for the following 4 cases, when the q'® row
is R:

q=0 mod 2(ab — 1), generated by w',
g=2a-—1 mod 2(ab — 1), generated by uw',
q=2b-1 mod 2(ab — 1), generated by vw',
g=2a+2b—2 mod2(ab—1), generated by uvw'.



Geller, Reid and Weibel, Cyclic homology and K-theory of curves 57

In order to compute the differentials in E,, we need concrete representatives in
B(R; R) for u, v and w.

Lemma 4. 3. In B(R; R), u=[x] and v=_[y] with b(u) = b(v) = 0. Moreover,

a=2 . b2
w= Y Y[y Tyl = Y X xP T x]
i=0

i=0

and is congruent mod L' B to w, = [y*~|y] — [x*"!|x]. Finally,
bw)=ay* 'v—bx*"'u in B(R;R).

Proof. Clearly, u,v and w, are cycles in B(R;k). To see that they are not
boundaries in B(R; k), note that the images of u and w, in B(R/yR; k) (resp., of v and
w; in B(R/xR; k)) are not boundaries by Example 1.10. By Lemma 4. 2 these must be
the generators of HH*(R; k). The calculation of b(u), b(v) and b(w) in B(R; R) is an easy
exercise left to the reader.

Corollary 4.4. E,=E, for r=2b(a—1), and d, is determined by multiplicativity,
d,(u)y=d,(v)=0, and

d,(w)y=ay* v

Proof. This follows from 1.7 and the observation that, for r=2b(a—1),
b(wye L'B and b(w)=ay* 'vmod L'*!B.

Fix r=2b(a—1). Using multiplicativity and the fact that y is a nonzerodivisor
in R, we see that d, injects the rows generated by w' and uw’ into the rows generated by
vw' and uvw’, while d, is zero on these latter rows.

Thus E,,,; has only two rows still isomorphic to R, namely the rows ¢g=0 and
gq=2a—1 on generators 1 and u. If g=2a and g=2b—-1 or g=2a+2b-2
mod 2(ab — 1), then the ¢q'" row of E,,, is R/y* 'R =k[x, y]/(x®, y°~') on generators vw’
and uvw'™!, respectively. The rest of the rows are zero.

Because E,., has so many zero rows, we must have E,,, =E for s=2ab—2a.
Clearly d (1) =d,(u) =0. By multiplicativity, we see that d; is completely determined by
d,(vw') and d (uvw'). At this point, we write # for the shuffle product in B(R; R) for
emphasis, and observe that by 4. 3 we have

bo#w*)=—ivebWw) #w* 1 =ibx" tugvfw*il
butv#w*)=iukv#bw #w* 1=0.

Again by 1. 7, it follows that d, is zero except on the q'* row for g=2i(ab—1)+2b—1,
when d,:R/y*"'R— R/y*"'R is multiplication by ibx"'. The cokernel is
R/(x*"%, y*"1)R and the kernel is x(R/y*~!R) which, as an R-module, is isomorphic to
R/(x*~1, y*"1)R and, as a k-module, has dimension (a —1) (b —1).
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Proposition 4. 5.  The q'" row of E,, in the Leray spectral sequence is:

R if g=0 or g=2a-1 (on 1 and u),
R/y*'R if q=2b-1 (on v),
R/(x*~1 y*™ Yy if q=2i(ab—1)+2b—1,i=x1 (on xvw'),
RAx*~Y, y*™Y) if q=2i(ab—1)+2a+2b—2,i=0 (on uvw’),

0 otherwise.

Proof. From the preceding discussion, we know that these are the rows of E_,,
s=2ab—2a, so it is enough to see that E,,, = E_. For this, recall that d, must lower
length by 1 since b does. But v has length 1, xvw’ has length 2i+1 and uvw’ has length
2i+ 2, so by inspection, d, =0 for t>s.

We are now ready to determine HH,(R; R). Since every row of E, has constant
length, HH,;(R; R) has a filtration by rows of E_. The only row with length 0 is the row
q=0, giving HH,(R; R)=R. Two rows have length 1, so we have a filtration

0—— R—> HH,(R; R)—> R/y*"'R — 0.
In fact, HH,(R; R) is naturally isomorphic to
Qpi=(Rdx ® Rdy)/(ay*~'dy—bx""'dx)R

with u=[x] and v=[y] corresponding to dx and dy, respectively. For each />2 there
is a unique row with length I, so we must have HH,(R; R)=R/(x*"!, y* )R for [=2.
This proves the first half of Theorem 4. 1.

To finish the proof of Theorem 4. 1, we need to calculate HC,(R). Since R is an
augmented k-algebra, HC,(R)=HC,(k)® HC,(R), and we only need to calculate
HC,(R). Since R is graded and char (k) =0, the SBI sequence breaks up into short exact
sequences of k-modules by Goodwillie’s result [G der]:

0— AC,_;(R)—2> HH,(R; R)—L> AC,(R)—> 0, q=1.
Since HH,(R; R) is a finite-dimensional vector space for ¢ =2, it is enough to show that
HC,(R)~xHH,(R; R).

But R and Qg, are graded vector spaces finite in each degree, and R — Qg
preserves the grading (weight). From Goodwillie’s result, we know the kernel of this
map is HC,(k)=k. A straightforward calculation of the Hilbert functions of R and Qg,,
which we omit, shows that the graded vector space HC,(R)=-coker(R — Qg,) has
dimension (a —1) (b —1). Since this equals dim H H, (R; R), it follows that

HC,(R)=HH,(R; R),

completing the proof of Theorem 4. 1.
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Remark 4. 6. Leslie Roberts showed us another method of proving that
is isomorphic to HH,(R; R)=Q%,. One observes that, since R is graded, the higher

de Rham cohomology of R vanishes, i.e., H}z(R)= Hjg(k). Therefore, the augmented
de Rham complex

0 —— k—— R — Qo — Q% — 0

is exact, whence the result.

Remark 4.7. The element axvw' of B(R; R) is not a cycle, but it is congruent
mod L***' B to the cycle (axv—byu)w'. Thus HH,;,,(R; R) is generated as R-module
by the cycle (axv—byu)w' for 2i+1>=3, and the same is true for the cyclic homology
of R since, for 2i+12= 3, we have

I:HH,;, (R; R)—=- HC,,,,(R).

§ 5. Base change formula for cyclic homology

If A is a k-algebra and [ an extension of k, we can consider A ® [ as an [-algebra
or a k-algebra when computing cyclic homology. If [ is flat over k, it is easy to see that
HCL(A®)~1® HCk(A), where the superscript indicates whether we are considering
k-algebras or l-algebras. In this section we will compute HC (4 ® I) from HCk(A),
a result which will be used in computing K-theory from cyclic homology.

We begin by recalling the well-known formula for Hochschild homology,

HHYA®LA® = [ HHy(4; A@HH()),

ptqg=n

assuming 4 and [ are flat over k ([CE]). The isomorphism is given by the shuffle
product #. For example, since H} (k[t]; k[t])=0 for g =2, we have

(5. 1) HHY(A[t]; A[t])= HH}(A; A®@k[t] @ HH}_((4; A ® Qi
Of course, ;1 = k[t] on generator dt (cf. Example 1. 6).

The basic formula we shall use for cyclic homology was given by Kassel in
[Kass], 3. 2. For simplicity let k be a field, and suppose that

HC,(4A)=(HC,(H ® U,) @V,

as a graded module, where S: HC,(4) — HC,_,(A) sends HC,(k)® U, (p+q=n) to
HC,_,(k)® U, and V, to 0. Then for any k-algebra /,

(5.2) HCL(A®)=(HCE()® U,) ® (HH () ® V)

as a graded k-module, and S maps HH,(I; 1) ® V, to zero ([Kass], 3. 2).
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Corollary 5. 3 (Kassel [Kass], 3. 3, 3.6). For any k-algebra |,
a) HC,(I[x)=zHC,()®HH,(; ) ® (xk[x])),
b) HC,([x]/x*)=HC,()®@ HH,(; ) @ HH,_,(; ) @ ---.

One special case of (5. 2) is of particular importance to us.
Theorem 5.4. Let A=A, ® A, ® - be a graded algebra over a field k of

characteristic 0, and let HC,(A) denote the kernel of HC,(A) — HC,(A,). Then for every
k-algebra | we have HC,(A® )~ HC,(A, ® )@ HC,(A ® I), where

AC,A®n=x [I AC,(AH®HH,(;).

ptq=n

Proof. Kassel's formula (5. 2) applies equally well to HC, (cf. [Kass], 3. 1). Since
S=0on AC,(A) by [G der], U, =0 and we have HC,(4)=V, in (5. 2).

Remark 5. 4. 1. We will see below that this is not a natural decomposition. How-
ever, it will be clear from the discussion below that there is a natural descending
filtration on the k-module HC,(4 ® ) whose p™ associated graded module is

AC,(A)® HH,(I; I).
In particular, the summand HC,(4) ® HH,(I; ) of HC,(A ® I) is natural in A.

We shall give another proof of 5. 4, since we need a more concrete description of
the decomposition of HC, (4 ® I). For this, we shall adopt the notation of 5.4 and
recall that I:HH,(4; A)— HC,(A) is onto for all p, where HH,(A4; A) denotes the
kernel of HH,(A; A)— HH,(A,; Ap). Choose a k-module splitting

S: ﬁCp(A) — Hﬁp(A; A)

of I, and define

x*xy=I(s(x)#y), xeHC,(A), ye HH,(I; ).

This is an element of ﬁép+q(A ® ) since s(x)#yisin HH,, ,(A®[; A®). To see the
dependence on the choice of splitting, we shall need the following result from p. 576 of

(LQl

LemmaS.5. If A, are k-algebras and x e HH,(A; A), y € HH,(l; l), then the map
BI:HH,, ,(A®; A®l)> HH,,,.,(A®l; A®]) satisfies the Leibniz formula

BI(x 4 y)=BI(x) % y+(—1)" x4 BI(y).
Corollary 5.5.1. If s, s’:ﬁC,(A)—»HHp(A;A) are two splittings of I in the

setting of Theorem 5.4, then the image of I (s(x)#y)—I(s'(x) # y) under the injection
B:AC,\g(A® ) — Afl,rquy(A® L A® ) is (= 1) (s(x)— ' (x) # BI(y).
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Proof. Choose z € ﬁﬁp_l(A; A) so that BI(z)=s(x)—s'(x) in Hﬁp(A; A). Since
I(s(x)# y)—I(s'(x)# y)=I(BI(z) % y), the result follows from IB=0 and

BI(BI(2) % y) = BIBI(2) % y + (— 1)’ BI(z) % BI ().

Corollary 5. 5.2. If BI maps Ve HH,(I;]) to zero in HH,,,(l;1) (e.g., y is a
“closed” g-form in Qf,), then x*ye H CPULA ® 1) is independent of the choice of the
splitting of 1, and the image of x*y in HH,,,, (A®I; A®]) is the shuffle product

B(x) # y.

Proof. Since BI(y)=0, we have I(s(x)4 y)=1(s'(x)#y) by 5.5. 1. By Lemma 5. §
we have

BI(s(x)3 y)=BI(s(x)) %y +0=B(x)# y.

Remark 5.5.3. If y=B(y’) for some y’ e HC,_(l), then our x %y is the *-pro-
duct x * y’ of [LQ], (3. 2).

Theorem 5.6. If A is a graded algebra over a field k of characteristic zero, and |
is a k-algebra, then the map

«: [ AC,(A®HH,(;1)— AC,(A®I)

ptqg=n

is an isomorphism for every choice of a k-module splitting s of I.

Proof. For notational convenience, let us write H, for HH,(l;1). We will show
that there is a commutative diagram with exact rows:

(5.6.1)

0o— ] AC,_,e®H,— || AAA;4H®H,—~ ][] AC,(AH®H,— 0

ptq=n ptg=n ptq=n

J* j# l

0— HC,.,A®) 25 HAMA®LAQ) —— HC(AQ®) — 0.

Since the shuffle product # is an isomorphism for all n, the five-lemma tells us that in
(5. 6. 1) the left-hand map = is injective and the right-hand map * is surjective for all n.
Comparing the cases for n and n + 1, we see that * is an isomorphism.

To construct (5. 6. 1) we need to define the maps ¢ and y. For x € & C‘p_l(A) and
y € H, we define

P(x®y)=B((x)® y+(—1)" "' s(x) ® BI(y).
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This defines ¢; since B is an injection it is easy to see (by induction on g, say) that ¢ is
an injection. To define y, recall that every element of HH,(4; A) can be written
uniquely as B(x) + s(z) for x e HC,_,(4) and z € HC,(A). We define y by

Y(Bx)® y)=(—1)’x® BI(y),
PE@E)®y)=z®y.

From the latter formula it is clear that y is onto and split by s ® 1. Hence the kernel of
p is generated by elements of the form w—(s® 1) p(w), we[] ﬁﬁp(A; A)® H,. Since
5(2)®y=(s® 1) p(s(z) ® y), the kernel of y is generated by the elements
Bx)®y—(s®1) p(B(x)®y)=B(x) @ y—(—1)"s(x) ® BI(y)
=o(x® )

This proves that the top row of (5. 6. 1) is exact.

Let us check that the diagram (5. 6. 1) commutes. It is easy to see that Bx = # ¢,
and by definition

*P(s(2) @ Y)=I(s(2)# y)=UI %) (s(z) ® y).

To see that *yp(B(x)® y)=(—1)"x* BI(y) equals ([4)(B(x)® y)=1I1(B(x)#y), we
apply the injection B and use Lemma 5. 5 twice, noting that IB=0:
B(x = BI(y)) = BI(s(x) % BI(y))
= BI(s(x))# BI(y)+(— 1) "' s(x)# BIBI(y)
= B(x) # BI(y);

BI(B(x)# y)=BIB(x)# y+(— 1)’ B(x)% BI(y)
=(=1)” B(x) % BI(y).

Hence (5. 6. 1) commutes, concluding the proof of 5. 6.

Example 5.7. Let k be a field of characteristic zero, [ a field containing k, and
A=k[xq,..., x]/(x;x;=0,i%j). In 3.12 we showed that FIC,,(A) is a vector space of
dimension c(b, p+1) if p=1, and constructed an explicit splitting s sending the cyclic
p-cycle ax; ® ---® x; to the Hochschild p-cycle ax;[x;|-|x;,]. The isomorphism
I:HH,(A)= HC,(A) is canonically split. Therefore

ﬁan(l[xo,--wxb]/(xixj=0ai*f))
=1l 1e]ll eue-o 1l Q' @A 2.

c(b,n+1) c(b,m) c(b,2)

Explicitly, the c(b, n + 1) copies of | associate a € | to the cyclic cycles

(xi(, ®® xi,.) *xo=0ox; & x; ® X,
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For 1sp=n—1 and gq=n—p, the c(b,p+1) copies of Qf, associate the form
adpf, ---dp, to the cyclic cycles

(xi0®'”®xip)*(adﬂl“'dﬂq)zl(axig[xill |X,p]#(dﬂ1 dﬂq)
:(“xi(,@"'@xi,,) (dp; - dﬁq

Finally, this decomposition associates a ® (xdf, ---dp,) e A® Q}, to the cyclic cycle
I(aadp, ---dp,) coming from the summand Q%g,, of HH,(A®[; A® ).

Example 5.8. Let k be a field of characteristic zero, | a field containing k, and
R=k[x, y]/(y*—x®) for 2<a<b. In 4.1 we showed that HC (R »(R)=0 for p even (p+0)
and that AC,(R)=R/(x*"%, y* YR for p odd. In 4.7 we showed that re R/(x*~1, y* YR
corresponded to the cyclic cycle

I(r(axv—byuyw'r~2),

Therefore

341
HC,(x y1/*—x" = 1] RAxP ™4y )@ ¥ '@ (R® Q).
i=0

Forre R/(x*~', y*"")R and 0 € Qjj; >~ ', the corresponding cyclic cycle is

I(r(axv—byu)w' #0).

§ 6. K-theory of curves

Let X be a quasiprojective curve over a field of characteristic zero. In this section
we shall show how to reduce the calculation of K, (X) to calculations of the K-theory of
smooth curves and fields and calculations of cyclic homology of the type discussed in
the previous sections of this paper, at least for seminormal curves over an algebraically
closed field. For general curves X, our reduction partially depends on the validity of the
KABI Conjecture 0.1 that double relative cyclic homology and double relative K-
theory coincide.

We first reduce to the case when X is affine. Because X has infinitely many closed
points, we can find two disjoint, finite sets S and T of closed points of X such that
X —8 and X — T are affine, and S supports a Cartier divisor of X. Let 4, B and By
denote the coordinate rings of the affine curves X—S, X—T and X—-T-S8§,
respectively. Then the map (X —T) — X is an “analytic isomorphism” along S. (The
terminology “analytic isomorphism” is from [W ai] and is described below.)

Hence there is a long exact sequence in K-theory
= Ky 41(Bs) = K, (X) — K,(4) @ K, (B) = K, (Bs) > -

This reduces the calculation of K, (X) to the calculation of the K-theory of the affine
curves X —S, X—Tand X—-S—-T.
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We next reduce to the case in which X =Spec(4) is reduced. Let N be the
nilradical of A, so that X, , = Spec(4/N). In this case the exact sequence of an ideal is

T Kn+1(Xred) - Kn(A, N) - Kn(X) - Kn(Xred) —

and K,(4, Ny HC2 (A4, N) by Goodwillie [G]. So, in the calculation of K, (X), we
may assume that X is reduced and affine.

At this point, we break up the K-theory of the reduced ring 4 into two pieces: the
“Karoubi-Villamayor theory” (with groups KV, (A4)) and the “nil K-theory” (with groups
K35'(A)). These theories are related by the long exact sequence

= KV, (4) > K3 (A) > K, (4) = KV, (4) — .

To compute the KV-theory of A, we recall that 4 is a reduced 1-dimensional ring,
essentially finitely generated over a field. Therefore the normalization B of A4 is a
Dedekind ring which is finite over 4, and the conductor I from B to A4 is a height one
ideal of both rings. The square

A— 5 Al

o ]

B— B/

is cartesian, B is Dedekind, and the rings 4/I and B/I are artinian. If m, ... (resp. ny,...)
are the maximal ideals of 4 (resp. B) containing I, then the reduced rings corresponding
to A/I and B/I are the finite products of fields [ | A/m; and [ B/n;. We therefore have a
long exact sequence

0— A* —» B*x(A/I)* —> (B/I)* —» K,(A) — K,(B) ® H Ko (A/m;)
- H KO(B/nj) —K_(4)—0

from [Bass], IX, which computes K,(A)~ KV,(4) and K_,(4)=KV_,(4). Moreover,
KV (4)=A* ®@ SKV,(A4). By [W nilp], Thm. 3. 9, there is a long exact sequence

- T] K,+1(B/n)— KV,(4) — K,(B)® H K, (4/m;) — H K, (B/n) -
ending in
K,(B)® [ [ K, (A/m;) — [] K,(B/n) — SKV,(4) — SK,(B) — 0.
Thus, if we know the K-theory of the smooth curve Spec(B) and of the fields A/m; and

B/n;, we can recover (at least up to extension), the KV-theory of A. This procedure for
calculating KV, (A) was first given by L. Roberts in [R].
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This leaves us with the calculation of the groups K2'(4). We may reduce this to
the calculation of the nil K-groups of simpler rings using the observation that
K5'(R)=0 if R is a regular ring. Recall from [W ai] that an analytic isomorphism along
nonzerodivisors S is a ring map A — B sending a central multiplicative set S of non-
zerodivisors of A to a central set of nonzerodivisors of B, such that A/sA= B/sB for
every s € S.

Theorem 6.2. If A— B is an analytic isomorphism along nonzerodivisors S with
both S™'A and S™' B regular, then K3"(4)~ K2'(B).

Proof. Let D denote the cartesian square of rings

- B

o

S7'4 S7'B.

There is an infinite loop spectrum #™!(A) for every 4 with K"(A4)=n, # " (A)
[W map]. Since S"'A4 and S~ 'B are regular, K5'(S~'4)= K}"(S "' B)=0. Thus we need
only show that »#™(D) is a homotopy cartesian square. If 2#" (4) and " V(A4) denote the
spectra whose homotopy groups give K, (4) and KV, (A) respectively, then there is a
sequence of diagrams

A "(D) — A (D) — A V(D)

which is a fibration in every entry by definition of ™! ([W map]). But (D) and
V(D) are homotopy cartesian by [W ai], 1. 3, whence .# (D) is also.

Corollary 6.3. Let A be a reduced, 1-dimensional ring with only finitely many
singular primes {my, ..., m,}. Then K5'(A)= ® K}"(A,).

Proof. Choose a nonzero-divisor s € () m; and let B be the product of all A,, with
sem. Then A — B is an analytic isomorphism along {s"} with A[s™'] and B[s™ ']
regular.

Corollary 6.4. Let A be a reduced, 1-dimensional local ring essentially finite over a
field, with completion A. Then K%'(A4) = K" (A).

Proof. A — A is an analytic isomorphism along any nonzero-divisor s in m, and
A is reduced ([Mat], 34. C). Thus A[s™'] and A[s™'] are regular.

The above two corollaries complete our reductions for a reduced affine curve
X =Spec(A) in that they show that K3'(4) is the direct sum over the singular primes m
of K"!(4,,), and these groups depend only on the analytic type of the singularity in the
sense that K%!(4,,) = K5%'(4,,).

Before we compute nil K-theory from cyclic homology, we pause to illustrate most
of the above reductions. Using the computation for B=I[[x, y]/(xy), we analyze



66 Geller, Reid and Weibel, Cyclic homology and K-theory of curves
Example 6. 5 (Node). Let A=1I[x, y]/(y*> =x*—x3) and
X =Proj(I[X, Y, ZIJ(Y?*Z=X?Z - X?)),
where [ is any field of characteristic zero. Then K,(X)=K,(4) ® K, (/) and
K,(A)=KV,(A) @V,

where KV,(A)=K,()® K,,,(I) and

0, n=sl,
V;lz IC_BQf@Q?@'@Qr_Za neven,ngza
QOB D D2, n odd, n=3.

Proof. Let S be the point (0:0:1) and T the point (0:1:0), whence
X — T=Spec(4), X—S=Spec(I[t,t™]), and X —S—T=Spec(l[t,t™,t—1""]).

We know that K, (X —S) injects into K,(X —S—T) with cokernel K,_,(I). Letting
n: P! — X be the normalization and §=n"!(S), we obtain an exact diagram

K, ()

K,(X)

Kn(A) — Kn—l(l) —

]

Kn(l[t]) - Kn-—l(l) —

Kn(l) g Kn(Pll)

Since the lower left arrow 0 is known to be a split injection ([Q 341]),
K,(X)=K,(4) @ K, ().

The computation of KV, (A4) is from [R]; as a K (/)-algebra it is generated by 1 € K,(A4)
and an element te K_,(4) with =0 in K_,(A4) (cf. [DW], 5.5). Thus the K,(I)-
algebra map K, (4) — KV, (A) is a split surjection, whence

K,(A)=KV,(4) ® K{'(4).

Furthermore, KM'(4)= K" (B) since A= B (Corollary 6. 4). This completes our reduc-
tions. We shall see in 7. 1 that K*!(B)=V,.

We can generalize Example 6. 5 to analyze the K-theory of any seminormal curve
X over an algebraically closed field I, char(l)=0. By [Davis], the local rings 4, of the
singularities of X have the same completion as B, =[x, ..., X,1/(x;x;=0, i #j), where
the o™ singularity has b, + 1 branches. Thus

K3'(4)= DK (B) = DK, (B,

and K, (B,) will be calculated in Theorem 7. 1.
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If X is a seminormal curve over a field | which is not algebraically closed, then the
local rings A4, have the same completion as the rings B,=1,® [] t,4[t], where the [,

]
and [, are finite field extensions of I. The K-theory of the B, will be discussed in
Section 8, and the remarks there apply since K%'(B,) = K, (B,).

6.6. We conclude this section by connecting K"!-theory to cyclic homology. Let
A be the local ring of a singular point of a curve over a field of characteristic zero.
Associated to the conductor square (6. 1) is an exact diagram of K"'-groups

K3'(A, B, )

(6.6.1) s KM(A D) —— KM (A) ———— KPI(A/]) —— -

|

- ——— KB, I) —— K}'(B) Ky (B/I) ——— -

There is also an associated diagram of cyclic homology groups over the rational
numbers @Q:

HC,_,(4, B, 1)

(6.6.2)

HC,_,(4,])

HC,_(A) —— HC,_(A/l) —— -

]

HC,_,(B) HC,_,(B/I)

—> e

HC,_{(B,I)
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By [W map], there is a natural homomorphism v from (6. 6. 1) to (6. 6. 2). Furthermore,
since A/I is an artinian local ring containing a field L of characteristic zero, it has the
form L @ m, where m is a nilpotent ideal. Thus, by Goodwillie [G],

v:Kp'(A/I) - HC,_,(A/I)/HC, (L)
is an isomorphism. Similarly, B/I is a finite product of artinian local rings L, ® M,.
Since B is regular, K!(B) =0 and we obtain
Ki'(B, )= K3 (B/I)= HC,(B/I)/[] HC,(L,).

If we assume the validity of the KABI Conjecture 0.1, then from the knowledge of
HC,(A) we can use (6. 6. 2) to compute K,(4, B, I). Via (6. 6. 1) we can then compute
K™ (A4, I) and finally K™'(A4). We will do this type of analysis in Section 9 for the cusps
I[t% t*], 2<a<hb, a special case of which is

Example 6. 7. Let A= @Q[t? t*], the coordinate ring of the simple cusp. Then
B=@[t] and I=1t*B, the augmentation ideal of 4. Thus KM!(4, I)= K"!(A), a fact
which simplifies 6. 6. 1. Furthermore, if n> 2, then K2(B) and HC,_,(B)/HC,_,(@) are
zero, whence by the five-lemma, KM(B,I)~HC,_,(B,I) for n>2. If the KABI
Conjecture is valid, i.e., K,(A, B,I)=~HC,_,(A, B, I) for all n, then (using the five-
lemma and 4. 7), we would obtain an isomorphism for n> 2

vi K, (A)/K,( @)= K (A)=HC,_,(4)/HC,_ (@)

- QP Q neven,
= 0 n odd.

The groups K,(4) and K,(A) are known to agree with this formula ([Kr], 12. 1).

§ 7. K-theory of coordinate axes
For the rest of this paper, we shall focus on various special curves, studying their
K-theory via their cyclic homology. In this section, we consider the coordinate axes in
affine (b + 1)-space over a field | of characteristic zero. The coordinate ring is
Rb = I[xo, ceny xb]/(x,-xj= 0, l*]).
From Example 5. 7 we know that the cyclic homology of R, over k=@ is

HC,_;(R)=HC,_,(h®V,®[R,@ 2" ).

Here R, is the augmentation ideal generated by the x;, €, is the -module of absolute
Kahler differentials of I, and

Hie Il 2@l @2 if n22,

V. = c(b,n) c(b,n—1) c(b,2)
=

0 if n<l.



Geller, Reid and Weibel, Cyclic homology and K-theory of curves 69
The number of 2, summands in V, was determined in (3. 13) to be
1
cb,9= Y X - Hle/d) [b*+(—1)"b].

elq dle
q—eeven

Theorem 7. 1. Let [ be a field of characteristic O, and R, the coordinate ring of the
axes in affine (b + 1)-space, as above. Then for all n

K,(Ry)=K,()®V,.

We will explicitly describe the elements of V, as symbols in K,(R,) when we come
to Theorem 7. 2 below. To prove Theorem 7. 1, we shall use induction on b. The case
b =0 is clear because R, =I[[x]. The inductive step uses the cartesian square

R, —————— R,

an [ l

Mx] ——
where the ring R, _, is R,/J, J=x,R,, and [[x,] is Ry/I, I =(xq, ..., Xy—1) R,.

Part of Theorem 7.1 is that K,(R,)= K,(l) for n<1. This is an easy consequence
of the Mayer-Vietoris sequence for (7. 1. 1) which starts at K,(R;) (see [Mil], 6. 2).

To prove that K, (R,)= K, (/) ® V, for n=2, we follow the method described in § 6.
We will show that KV,(R,)= K,(/) and that K}"(R,)=V,. Suppose more generally that
A is a graded ring with A,=1. Then KV,(4)=K,(/) andK;"(4)=K,(A) for n>1 by
[W map], 5.8. Therefore, by [W map] and [G der], there is a commutative diagram
with exact rows forn=>1:

0 —— K, —— KM@ — Kl ——0

Ki(4) ——  K,(4) KV,(A) — -

v D j
v

Ac,_,(4) —&— AH,(4; ) —L— AC,(4) —— 0.

0

The cyclic and Hochschild homology in this diagram are taken over k= Q.

43 Journal fiir Mathematik. Band 393
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Thus v: K, (4) — HC,_,(A) is a natural lift of the Dennis trace map D. Similarly,
there is a relative version v:K,(A, I) > HC,_,(A, I) defined for every graded ideal I
of A.

In our case, when A=R, and I=(x,,..., X,_,) we have A/I=I[x,]. Since
AHC,_ (I[xs])=x,[[x,] ®, 27! by 5.3. a), and the kernel of R, — x,[[x,] is naturally
isomorphic to R,_,, the computation of HC,_,(R,) mentioned at the beginning of this
section shows that

HC,_(R,, )=V, ® (ﬁb—l ®, Q.

On the other hand, K,(R,, I)=~K,(R,) because K,(I[x,])=0. Therefore, the relative
version of v maps K,(R,) to HC,_,(R,, I), and our goal is to show that it is injective
with cokernel R,_, ®, Q! 1.

The map R,— R,_, in (7.1.1) maps [ isomorphically onto the kernel of
R,_,—1 so K,(R,_;,)~K,(R,_,) and HC,(R,_,, I)=HC,(R,_,). Inductively, the
map v from K,(R,_,) to HC,_,(R,_,) is known to be an injection with cokernel
R,_, ®,9Q;~1. For notational simplicity, write X, for the double relative group
K,(Ry, R,_4, I), which is isomorphic to HC,_,(R,, R,_;, I) by [OW]. From the exact
sequences of the ideal I, we obtain the following exact diagram:

(7.1.2) 0

Izn+1(Rb—1) — X, — K,(Ry) — K, (Ry_y) — X,

. O

HC,(R,, I) — ﬁén(Rb—l) — X, —— HC,_{(Ry, I) — ﬁén—l(Rb-l) — X,y

Wit — ﬁb—1®97 W, - ﬁb—1®9?_1
0 0 0 0.

From 5.4.1 and the fact that HCy(R,, [)=HC,(R,_,)=R,_,, we see that
HC,_,(R,, I) maps onto R,_, ® Q¢ 1. A diagram chase now reveals that

W,=R,_, @ 2.

Another chase shows that U, =0. This completes the proof of Theorem 7. 1.

Bl
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We shall now describe the elements of K,(R,)~V, in terms of symbols. Recall
from [L sym] that if x,, ..., x, are elements of a ring A such that

Xy Xy =XpX3=- =X, 1 X,=X,X; =0,

then there is an element {(x,,...,x,) of K,(A4) which is invariant under cyclic
permutation in the sense that

g5 X )= (=1 {xgs oy Xg0 X D

We call these elements Loday symbols. If A is an l-algebra, then the map | — K (A4)
sending o € | to {axy, X,, ..., X, ) is an abelian group homomorphism. Finally, we shall
need the fact, derived in [Ogle T], 3.4 and [Ogle I], p. 243, that in HH,(A4; A)

D({xq, .., X)) =B(xy ® -+ ® x,) = BI(x [x5] -+ |x,]).

Let us apply these general remarks to the ring R,. For each sequence iy, ..., i, such that
iyFip,..., 0,1 Fi, and i =+1i,, there is an abelian group homomorphism [ — K,(R,)
sending o € [ to {ax;,, X;,, ..., ;). Since

[5%4 2% "

<<0(in, Xiz, cvey x,-q>> =(—' l)q_l <<O(x,~z, xig’ ceey Xiq, x,-1>>,

this homomorphism does not depend on the cyclic ordering of the i;, at least up to sign.
If ¢ is even and (ij, ..., i,) has an odd number of distinct g-tuples in its orbit under the
action of the cyclic group, this Loday symbol must be zero.

For each of the remaining cyclic orbits of g-tuples (i;,...,i,) we have a map
| — K,(R,) which is nontrivial, since the composite

| —> K, (R,) 2> HHZ(R,; R,) — HH,(R,; Ry)

sends o to B(ax; ® --- ®x; ) and is a split injection by 3. 11. By 3.9, there are c(b, q)
such cyclic orbits, hence ¢(b, g) such maps. In fact, more is true. By 3. 12 we know that
ﬁé;_l(Rb) is the direct sum of ¢(b, q) copies of [ and that the x;, ® -+ ® x;, form an I-
basis of AC)_,(R,). Hence we have proven

Lemma 7.2. When q=2, the map v:l?q(R,,)—a ﬁ@;_l(Rb); I 1 is a split sur-
- c(b,q)
jection, split by the c(b,q) maps |— K, (R,) sending w€l to the Loday symbol

(X X s %)

Remark 7.2.1. It is important to observe that the l-module structure on
AC!_|(R,) comes from the l-module structure on HH;_,(R; R,) via the split surjection
I:HH!_|(Ry; R,) — HC._,(R,), and not from the split injection

B:HC,-(Ry) = HHy(R,; Ry)

which we use to detect elements in K-theory.
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Remark 7. 2.2. When [ is an algebraic extension of @, so that Q, =0, this lemma
completely describes I?,,(Rb), because by Theorem 7.1 when g =2

R,R)=V,= 1] 1

c(b,q)

To describe the remaining elements of ¥, as symbols in K,(R,), we shall take the
cup product of the above Loday symbols with the Steinberg symbols {f,,..., f,} in
K, ().

Theorem 7. 3. Under the isomorphism of 7.1 we have

Izn(Rb)g I_I l® ]_[ QD@ ]_I Q2

c(b,n) c(b,n—1) c(t,2)

the element o in the (i, ..., i,)-copy of | corresponds to the Loday symbol

<<o(x,-1, NN xi">>9

and the element adf, ---dp, in the (iy, ..., i)-copy of @ (p+q=n) corresponds to the
cup product

T B xiys Xis - Xi, ) U {Bys s Bo)-

As a first step in the proof, we have

Lemma7.4. If B,,...,B,el* aecland i, *i,,...,i,%i, then the cup product

Laxq, ..., Xi, ) U {B1s .-\ By}

in K, ,(R,) maps under the Dennis trace map to
BI(ox;, [x;,] - lxiq] #((H B)tdBy - dBp))
=B1(xi|[xi2| |xiq] #a(n Bi)_l dB, - dﬂp))

in HH,, ,(Ry; R,).

Proof. Recall that the Dennis trace map D : K, (I) — Qf sends {f, ..., f,} to the
closed p-form

WE(H ﬁ.-)"dﬂl - dp,.

Since the Dennis trace map commutes with products by [Igusa], 5. c. 3,

D({oxips -y Xi ) U {B1s---s Bpy) = BI (ax;, [y, | -+ 1%, ]) # w.

In order to complete the computation we apply the Leibniz formula 5. 5 for the map
BI:HH,(R; R) — HH,.,(R; R) and use the fact that BI(w) =dw=0.

Proof of Theorem 7.3. For fixed B, ..., B,, there are c(b, q) maps

l

R (Ry) bl R L (Ry) ———— AC, g (Ry).
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Since B is an injection, 7. 4 states that each map sends y to

I(xi1 [xi2' leq] #y n ﬂ dﬂl dﬁp))’

i.e. to y([[B;)"'dB,---dB, in one of the c(b, q) summands Qf of HC,,,-,(R,). Letting
7, the B; and (iy, ..., i,) vary, we see that we can find a symbol in K, ,(R,) hitting every
element in the copy of QF induced by (i, ..., i,). In particular, if y=o [] f;, then we see

that the symbol {a([ | B)xi,> ..o xi, ) U {B1s--.. By} hits ad B, - dp,.

§ 8. The cyclic homology and K-theory of seminormal curves

Not every seminormal curve has singularities of the analytic type considered in the
previous section, i.e., of the analytic type of R,=I[x,,..., x,]1/(x;x;=0, i%j). By
[Davis], however, every other analytic type is of the form

where | [ /; is a finite product of finite extension fields of I. In this section we consider
those R such that [;@=1@ as subfields of the algebraic closure [ of . For those rings
there is a finite Galois extension F of k=1 @ so that, if L = FI, then

R®,F=L[xg,..., x]/(x;x;=0, i ).

We will prove that HC,(R)=~HC, (R ®, F)°, where G is the Galois group of F over k,
and deduce the following result:

Theorem 8. 1. Let R=1@t([ | ;) [t], where | and the |; are fields of characteristic
zero such that 1,@=1@Q for all i. Assume that b=—1+) dim,(l)) is finite. Then for
n=0,

HCRR)=HC2() @V, ® (R ®,2)).
Here V, is as in Theorem 7.1, i.e., V,=01if n<1 and

v=1i1e Il ool @2 if n22

c(b,m) c(b,n—1) c(b,2)
Furthermore, if the KABI Conjecture 0. 1 is valid, then for all n

K,R=K,®V,.

We begin with the following technical lemma, which is well-known but for which
we could find no reference:

Lemma 8. 2 (Folklore). Suppose that k is a separable algebraic field extension of a
field K, and let A be a k-algebra. Then HC%(A)= HCY(A). If M is an A -bimodule, then

HHX(A; M)~ HH;(A4; M).
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Proof. Write k® and A° for k ®xk°® and A ®k A°®, respectively, and note that
AR AP =A°®,. k. If k is a finite separable extension of K, then k is a projective k°-
module; in general, since k is the union of finite separable extensions of K, we still know
that k is a flat k°-module. Therefore, any free 4 ®, A°® resolution of an A-bimodule M
is also a flat 4° resolution of M. Tensoring such a resolution with 4 over either A° or
A ®, A yields the same chain complex, since

AR (AR AT) 2 A ®ye (A° Ry k)= A

= A Qyp, 400 (A ®; A).
Taking the homology of this chain complex, we find that
HHE(A; M)=Tor}" (4, M) = Tor2®4” (4, M)= HH%(4; M).
Setting M = A, and using induction on * in the SBI sequence, we find that

HC¥(A)= HCk(4),
as claimed.

Lemma 8.3. Let | be a field of characteristic zero, k=1n@Q, and F a Galois
extension of k with Galois group G. Let L denote the field |F =1®,F. Then for every
graded l-algebra A

AC,(4)=AC,(A®,L)°.
Here the cyclic homology may be taken over @ or k.

Proof. Using 8. 2, we shall take cyclic homology over k. Since Qp, =0, the base-
change formula 5. 4 yields

ﬁé*(A ®kF)=ﬁC*(A)®kF'

Since G acts trivially on HC,(4) and F¢ =k, the result follows.

Let us now turn to the situation that concerns us. Let [, [,, ... be a finite number
of finite field extensions of I such that [, @=1@, and set R=1@ t([]1,) [t]. Let F be a
Galois extension of k=[N @ such that L=I[F contains every l,, and let G be the Galois
group of F over k. Then there are [l,:!/] idempotents e,; in [, ®,L so that
l, ® L=]] Le,s. Hence

R®IL=L@t(1—[ (la®kF)) [t]gL[xOs SRR xb]/(xixj=0’ l*])’

where the x; are of the form e,zt for some a, f. Note that elements of G permute the
{eqp}, hence the {x;}, and that R~ (R ®, L)°.

By 5.7, we know that there are [-vector spaces M, of dimension c(b, p+1) such
that the cyclic homology over k is

n—1
AHC, R, L) =[] (M,-,®,2,) ®(R®,Q},).

q=0
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The explicit description of this decomposition given in 5. 7 shows that each summand is

fixed under the action of the Galois group G. Since Qf, =Qf, ®, L, we see from 8.3
that

n—1
AC,(R) = I M,_,®, L)’ ®, Qi ® (R ®, Q).
q=0
The group G acts on the M, ®,L diagonally. Since L is a free I[G]-module, so is
M, ®, L. It follows that
dim; (M, ®, L)® = dim,(M,) = c(b, p + 1).
This proves the first half of Theorem 8. 1.

We now turn our attention to the K-theory of R, following the outlines of the
computation in § 7. The analogue of the square (7.1. 1) is

R [T

o

! 1.

Since @, ,=0, the obstruction K, (R, []L[t], R) vanishes by [GW], (0. 2), and there is a
Mayer-Vietoris sequence for this square starting at K.

As in § 7, we deduce that K,(R)=0 for n<1. (This result is also a consequence of
[Wai], 4.7)

To determine K,(R) for n>2 we shall isolate one special case and then proceed
by induction.

Proposition 8. 4. Let Icl, be fields of characteristic zero such that |Q=1, @,
and set A=1@1,[t], B=1,[t] and I=tl,[t]. Assume the KABI Conjecture 0.1 holds

for A, B and I,tand that dim,(l,)=b+1 is finite. Then for all n =2

K,zk,0o [l 1o I 2@ I @2

c(b,n) c(b,n—1) c(b,2)

Proof. By 5.3.a) we know that HC,(B, I)=1®,: Q7. Since A/I=1, we have
HC,_,(4, I)=HC,_,(A)=V,®1®,2* and K,(4, I)=K,(A4). As in the proof of 7.1,
we see that H C,(4, I) maps onto HC,(B, I), and that we have an exact diagram:

K,.,(BI)—— K,(4,B 1) —— K, (A) —— K,(B ]

. | |

I®Q) —2> HC, (4B —— V0@ ) — (I®Q ) —— 0.
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Since K, (B)=K,(l,), we have K, (B, I)=0. Since d =0, we get

R, (A)=K,(A, B,)~HC,_,(A, B, )~ V,.

With this special case in hand, we can now compute the K-theory of

R=l®t<.ﬁ 1,.> [t]

using induction on m. Set

s=z@t(ﬁli>m,
i=2

and let A be as in 8. 4. As in (7. 1. 1), we have a cartesian square

- ]

For notational simplicity, write X, for K,(R, S, §), which is isomorphic to
HC,_;(R,S,S)

by [OW]. From the exact sequences of the ideal §, we obtain the following exact
diagram, which is the analogue of (7. 1. 2):

(8.5.2) 0

Izn+1(s) —_— Xn - Kn(R7 S) _— kn(s) - Xn—l

N

AC,R,8) — HC,(S) — X,— HC,_,(R,§) — HC,_,(S) — X,_,

|

W1 —‘_*§®Q;' W, ——*§®Q7—1

i |

0 0 0 0.
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As in the proof of 7.1, HC,,_I(IS, S) maps onto S ® Q! by 5.4.1, and a diagram
chase on (8. 5. 2) shows that W, S ® Q} ' and U,=0.

Unlike the proof of 7. 1, however, we are not done yet. We need to chase through
one more commutative diagram:

0
(8.5.3)
0 L, 0
I Kn(Rs S) I Izn(R) > Rn(A)
- —— HAC,(4) — HC,_,(R,§)— AC,_,(R) — AC,_,(4) —
Mn+1"‘_’A®tQ;‘ I S®1QT_1 - M, —“""T®t9?_l
0 0 0 0 0

— K,-1(R,§)

In diagram (8. 5. 3) we know that the top two rows are exact and that the columns are
exact (one by (8.5.2) and two by the special case 8.4). We know that HC,(R)=R
maps onto HC,(A)= A with kernel HC,(R, §)=S8. Therefore in the decomposition of
5.4 or 5.7 the summand R ®, Q! ! of HC,_,(R) maps onto the summand 4 ®,Q} ! of
AC,_,(A) with kernel the summand §®, Q! ' of HC,_,(R,§). Hence in (8.5.3)
M,— A®,Q; ! is onto for all n. Now a chase shows that L,=0, that M,~R ®, Q" !,
and therefore that K,(R) is isomorphic to the summand V, of HC,_, (R). This completes

the proof of Theorem 8. 1.

§ 9. The K-theory of cusps

In this section we shall study the K-theory of the cusps /[¢% t°] when [ is a field of
characteristic zero, using our computation of their cyclic homology in § 4. Note that we
may assume that a and b are relatively prime, since, if d=gcd(a, b) and s=t“ then
I[t% t*]~1[s% s*]. The conductor ideal from I[t] to [[t% "], when a and b are
relatively prime, is I =t°I[t], where c=(a—1)(b—1). We shall study the K-theory of
A=I[t* t*] via the cartesian square

9.1)
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A — l[t]

ANl —————— [} =0).
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For convenience, we define I-modules V, by

0 if n<gi,
V,={ @D D - @2 if n=2, neven,
QR if n=3, nodd.
Theorem 9.2. Let | be a field of characteristic zero and set A=I1[t% t*], where

2=<a<b with a and b relatively prime. If the KABI Conjecture 0. 1 is true for A, B=I1[t]
and I =t°B, then

K,A=K,) & BH®V, @ (B/4)® Q.

Remark 9. 2. 1. The “postage stamp problem” in combinatorics states that
dim (A4/I) = dim (B/A) = ¢/2. Using the Mayer-Vietoris sequence for (9. 1) it is easy to
show that K,(4)= K, (l) for n<0 and that K,(4) = K,(l) ® (B/A4). The calculation

K,(A)=K,() @ B/A)® 2

was performed in [GR] (explicitly for I[¢? 3], implicitly for general A). The calculation
of K,(A), n=2, is still open because we do not know if the KABI Conjecture holds. The
best we can do is summarized in the following result.

Theorem 9.3. Let A=I[t° t*] as in Theorem 9. 2. Then

i) K,(A) maps onto (B/I) & (B/A)®,Q?,

ii)y K;(A) maps onto (B/I) ®,2, @ (B/A)®,%},

iii) for all n, the kernel U, of v: K ,(A) — HC,_,(A) maps onto (B/A) ®, ;.

The KABI Conjecture predicts that the maps in 9. 3 are isomorphisms. We are

able to prove Theorem 9.3 because we know the KABI Conjecture holds for K, by
[GW], and because we can establish the following partial result for K,.

Theorem 9.4. Let A — B be a map of graded @Q-algebras and 1 a homogeneous
ideal of both A and B such that I n Ay =1n By,=0. Then the following map is onto:

v:K,(A, B,I)— HC,(4, B, I).
We shall start by proving Theorem 9. 4. When A4, B and I are graded, the groups
HC,(A, 1), HC,(B,I), and HC,(A, B,I) are also graded by the weights of the

corresponding cyclic cycles, as described in 1. 1.

Lemma9.5. If InAy=I1nBy,=0 then, for fixed s and n>s, the weight s
summands of the maps

HC, (A, I)— HC,(A/I", I/I") and HC (A, B, I) — HC,(A/I", B/I", I/I")

are isomorphisms.
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Proof. An element of weight s in HC,,(A4, I) is represented by a sum of terms
ay® - ®a, where some a; is in I and the sum of the degrees of the a; is s. In
particular, no a; has degree greater than s. Since the boundary map b in the Connes
complex preserves weight, it follows that the Connes complexes for HC, (A4, I) and
HC,(A/I", I/I") are isomorphic in weight s whenever n>s. This establishes the result for
HC, (A, I) and HC_(B, I). The result for HC, (A4, B, I) may be proven similarly, or may
be deduced from the five-lemma.

We shall also need a decomposition of K-theory by weights. For this, we
introduce the automorphism A of a graded @-algebra A which is multiplication by 2°
on A,. This makes K, (A4), HC(A), etc. into @ [4]-modules. It is easy to see that A acts
as multiplication by 2° on the weight s summand of HC,(4), HC,(A,I) and
HC,(A, B, I), so that these @-modules are the direct sum of eigenspaces. It also induces
a primary decomposition on the torsion submodules of the @ [A]-modules K, (A),
K,(A,I)and K, (4, B, I).

Proof of Theorem 9.4. By 9.5, [GW] and Goodwillie’s Theorem ([G]) for the nil-
potent ideal I/I", the following is an exact diagram of @ [A]-modules:

K,(4,B, 1) — K,(A/I", B/I"|I/I"Y ——— K,(4, B, I")

v

HC,(A, B, ) HC, (A/I", B/I", 1/I")

HCy(A, B, I").

We claim that T =K, (A4, B, I)/ker(v) is a direct sum of eigenspaces for 4 with eigen-
values 2°, s=0. Indeed, T is a submodule of HC,(A, B, I), hence a torsion @ [1]-
module, hence a direct sum of primary components T associated to the maximal ideals
(A—2°%) @Q[A]. But each T, must be annihilated by (1 —2°), i.e., an eigenspace.

When n>s, the weight s summand of HC,(4, B, I) injects into its right-hand
neighbour, and a diagram chase shows that this summand is T;. Hence

T~HC,(A, B, I),

i.e., v is onto.

Remark. The groups K, (4, B,I) in 9.4 are continuous modules over the ring
W(@) of Witt vectors over @, and A corresponds to multiplication by the Witt vector
(1—2t). Hence K, (A, B, I) is also a direct sum of eigenspaces for A with eigenvalues 2°
by the general theory of continuous W(@Q)-modules.

9.6. Our next step is to perform some relative calculations for the ideal I in A
and B=I[t]. We start by using Goodwillie’s Theorem and 5. 4 applied to 1. 10 to find

that:

R...BNH=ACBNH=B/NH&V, © (B/)® 2.
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Note that K,.,(B/I) is isomorphic to K,(B,I). On the other hand, we know
AC,(B)=B ®,9Q} by 5. 3. a), and can easily deduce that

HC,(B, D=(B/H®V,s; & (I®2).

Thus we have the following exact diagram, where we have set B=1[t], X, =K,(4, B, I)
and Y,=HC,_,(A, B, I):

©.6. 1) 0 0
N, — BII®,Q

V

K,..BI) —> X,— K,(4,1) — K,BI) — X,_,

] J

—— HC,(B,]) —— Y, —— HC,_,(A, 1) —— HC,_,(B,I) —— Y,_,

Qn+1 —_ I®IQ;’ Qn - I®IQ;'—]
J ;
0 0 0 0

Lemma 9. 6. 2. In diagram (9. 6. 1), the maps Q, — I ®,Q} ! are onto for all n. If
X,_; — Y, _, is an injection and X, — Y, is onto, then Q, =1 ®, Q¢ 1.

PrOOf. Let AO = @ [ta, tb] and Io = tc@ [t], SO that A = AO ®@l and I = AO ®@ l.
By 5. 4, we know that HC, (A, I) has a natural decomposition as M, @ (I ®, 2}), where

n—1
M,=[] HC,_ (4, I,) ® 2.

i=0

The map HC,(A, I) — HC,(B, I) maps M, to (B/I)®,V,,, and maps I ®,Q] isomor-
phically onto I ®,€]. Hence Q,,; — I ®,Q] is onto. The rest of the lemma is a formal
diagram chase on (9. 6. 1).

Lemma9.6.3. In diagram (9.6.1), the maps N,— B/I®,Q] are onto. If in
addition X, — Y, is injective, then N, ~ B/I ®, Q.

Proof. We first prove by induction on n that the composite
Kn(A5 I)'—> Kn(B, I);Kn+1(B/I);HCn(B/I)

maps N, onto the summand B/I ®,Q] of HC,(B/I). Since K,(A4, I)=K(B, I), this is
true for n=0. Assume N, maps onto the summand B/I ®,Q]. Given w in this summand,



Geller, Reid and Weibel, Cyclic homology and K-theory of curves 81

choose xe N,, yeK,,,(B/I) and ze HH,(B/I; B/I) mapping to w. Note that the
Dennis trace map maps y to B(w)=BI(z) in HH,,,(B/I; B/I). For fel*=K,(l), the
cup product xu e K, (A, I) maps to yu feK,, (B, I) and, via the Dennis trace
map, to the shuffle product BI(z)# (B 'dp). Since B 'dp is closed, this equals
BI(z4 B 'dp) by 5.5.2. Thus x U maps to v(yu B)=I(B"'z4dp) in the summand
B/I ®,92;*' of HC,,,(B/I). On the other hand, x U € N, because the Dennis trace
map kills x, hence x U f. This proves the inductive step. The last sentence of the lemma
follows from 9. 6. 2 and a diagram chase on (9. 6. 1).

Corollary 9.6.4. K, (A4, I)=(B/I)®,9,, and the map from K (A, I) to HCy(A, I)
is zero. The image of v:K,(A,I)— HC,(A,I) is HC,(Ay, I,)®l, and the kernel of v
maps onto (B/I)®,Q%. If the KABI Conjecture 0.1 holds for this A, B and I, then
K, (4, I)=(B/I®,Q))®M,_, for all n.

9.7. We now consider the map v: K,(4) — HC,_,(A). The following diagram is
exact for all n:

©.7. 1)

N,

N, - — U

P KD — KA ——— KA ) — Ky (A)—— -

. —— HC,_y(4,1)— AC, (4) — - — HC,,(4, ) — - ——

R
PR

Qn — W

0 0.

In 5.8 we found that AC,_,(A) =B/ ®,V, ® (A®Q™").

Lemma9.7.2. In diagram (9. 7. 1), the image of v: K,(4)— HC,(A) is
B/l ®,V, = B/I,
and W, =~ A ®,9Q,; W, contains A®,Qr 1 in general. If the KABI Conjecture 0. 1 holds

for A, B and I, then for all n the image of v:K,(A)— HC,_,(A) is B/I®,V, and
W,xA®Q L
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Proof. From the commutative diagram

HC, ,(4) A®, !

injection

AC, ((B) B Q!

we see that the map K,(4) > A®,Q7 ! is zero, so W, contains A ®,Q; !. To see
equality, a chase of diagram (9.7.1) shows that it is enough to see that the map
AC,_,(A)— N,_, — B/I ®,9Q;~! sends (B/I)®,V, to zero. But B/I ®,V, vanishes in
AC,_,(B) by 5.4.1, and B/I®,2! " injects into K,_,(B,I) by 9.6. The assertion
follows from a comparison of (9. 7. 1) with the corresponding diagram for B and I.

Proof of Theorem 9.2. To prove 9.2, we follow the outline given in Section 6,
computing K,(4) from K,(A4, I). Using 9. 6 and a diagram chase on (9. 7. 1), we find an
exact sequence

01U ' >W,-BI® A ' —>U,_,—0.

Evidently, the cokernel of I ®, Q' — W, is A/I ®,2!" 1, so U,_, =(B/A) ®, 2} *. Note
that dim,(B/4) = c/2 by Remark 9. 2. 1. It follows from 9. 7. 2 that

K,(A)=B/I®,V,® B/A®, ],
proving Theorem 9. 2.

Proof of Theorem 9. 3. We proved in 9. 7. 2 that the image of
v:R,(A)— HC,(A)

is B/I. Multiplicativity of the Dennis trace map D [Igusa] implies that the image of
K,(4) — HC,(A) contains B/I ®,Q,, as follows. Since I: HH,(4) — HC,(A) is onto, we
can write elements in the subgroup B/I of HC,(A) as I(z). Choose x € K,(A4) so that
v(x)=1I(z), and hence D(x)=BI(z) in HH,(A; A). Then for fel*=K,(l), the cup
product x U f8 in K;(4) maps to the shuffle product BI(z)#% f~'df in H H3(A A). Since
B~1dp is closed, this equals BI(B~'z4dp) by 5.5.2. Thus v(xu B)=I(B"'z#dp) in
the summand B/I ®,2, of HC,(4)=(B/I ®,2,) ® (A ®,Q?). Since every term in this
summand is a sum of such terms, the image of K;(A4) — HC,(A) contains B/I ®,9Q,. By
9.7.2, it is precisely the image, and the cokernel is W; =~ 4 ®,Q? by 9. 6. 2.

To finish the proof of 9. 3, it now suffices to prove part (iii), i.e., that the group U,
of (9.7. 1) maps onto B/A ®,Q]. From (9. 7. 1) for n+1 (and the corresponding diagram
for B) we extract a commutative diagram

00— Qsy —— Wory — N, v, ——0

e

AR Q" —— B/l ®,Q" ——— B/A®,Q] —— 0

0

1®,9
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with the top row exact. The bottom row is exact by inspection. The verticals are onto
by 9.6.2, 9.7.2 and 9. 6. 3. Hence the induced map from U, to B/A®,Q] is onto,
proving part (iii) and hence 9. 3.

Porism®) 9.8. Let Agp<Bg be a finite extension of commutative graded @Q-
algebras such that the augmentation ideal of Bg/ly, is nilpotent, where Iy is the conductor
from Bg to Ag. Let | be a field of characteristic zero and set A= Agp ®gl, B= By ®gl.
Suppose that K,(B)=0, i.e. that K, (B)= K, (Bo). Then the kernel of K,(4) — AC2 (A)
maps onto B/A ®, €.

Proof. Set I =1,®gl. Since B/I is extended, we know from 5.4.1 and 9. 6 that
B/I ®,Q] is a natural @-submodule of HC,(B/I)=K,(B, I) which is in the kernel of
v,:K,(B,I)— HC,_,(B, I). Similarly, I ®, Q] is a natural submodule of HC,(B, I) and
of coker(v,,,). Since (9. 6. 1) remains exact if we use ker(v,) and coker (v,), the proofs of
9.6.2 and 9. 6.3 show that images of Q,,; — coker(v,.,) and N, — ker(v,) contain
I ®,Q] and B/I ®,Q], respectively.

Similarly, A ®,Q;~! is a natural submodule of HC,_,(A4); the proof of 9.7.2
shows that it is also a submodule of the cokernel W, of K,(4) — HC,_,(4). (The
nilpotence of A/I and B/I is used to obtain the isomorphisms in (9. 7. 1).) The proof of
9. 3 (iii) now applies to establish the porism.

Appendix. Analytic isomorphisms for cyclic homology

Since the spectral sequences in the body of this paper require graded rings, and we
are interested in the cyclic homology of more general rings, we need some tools to pass
from one to the other. Our main tool is the use of analytic isomorphisms, and this
appendix develops that tool.

If s is a central element of a ring A4, and i: A — B is a ring map with i(s) a central
element of B and A/s"A = B/s"B for all n, we shall call i an analytic isomorphism along
s (because the s-adic completions A and B are isomorphic). For example, if sA+tA=A
for some central ¢ then 4 — A[t '] and A — A are analytic isomorphisms along s. Our
main result may now be stated.

Theorem A.1. Let A — B be an analytic isomorphism of flat k-algebras along
s € A. Assume B is flat over A. Then there are long exact sequences:

. 2, HH,(A; A)— HH,(B; B)® HH,(4,; A,) — HH,(B;; B) & HH,_,(4; A) — ---;
- 2 HC,(4) — HC,(B)® HC,(4) — HC,(B) & HC,_ (A) — -

Here A, and B, denote A[s '] and B[s™'], respectively.

3) A porism is a deduction which follows from the proof of a preceding result. It comes from the Greek
word porisma, which is often translated as “corollary”.
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Corollary A. 2. Let s, t € A be central elements with sA+tA= A, and write A, for
A[s™ '], etc. Then there are long exact sequences:
-5 HH,(4; A) — HH,(4,; A) @ HH,(A;; A,) — HH,(Ay; Ay) > HH,_(4; A) — -
5 HC,(A) > HC,(4,) ® HC,(4) — HC,(A,) 5> HC,_(A) — .

Remark. This corollary has been noted by many other people, such as Jon
Bloch, J.-L. Brylinski [Bry] and J.-L. Loday. Using it as the key step, Loday pointed

out that “[Hochschild and] cyclic homology can be extended to algebraic varieties (and
schemes) by sheafifying the complexes and taking the hyperhomology.” [L survey], 3. 4.

Remark. Some hypothesis similar to the flatness of B over A is necessary in
Theorem A. 1. For example, let B=k[s] and A=B@® M, where M is an s-torsion, s-
divisible B-module such as k[s, s"']/k[s]. Then the projection 4 — B is an analytic
isomorphism along s, and A[s”!]= B[s~']. The conclusion of Theorem A. 1 fails in this
case because 4 and B have different HH, and HC, groups (e.g., when * = 0).

To begin the proof of A. 1, set A°=A4 ® A°". Since A4 is flat over k we have
HH, (A4; A)=Tord" (4, A).
This is a module over the center C of A, and we have the following folklore result.
Proposition A. 3. Let C be the center of a flat k-algebra A. Then for every s in C

HH,(A; A)®cC[s ']=HH,(A; A[s ') HH,(A[s"']; A[s']).

Proof. Since A is an (A% C)-bimodule, the first isomorphism is [BX], § 6.5,
Prop. 7. Setting B=(A[s"'])*=N in [BX], § 6. 6, Prop. 8, we obtain the second isomor-
phism as follows:

HH,(A[s']; A[s™'])=TorB(A[s™'], A[s™'])=Tors (A[s™'], B ®, A)
~Torf (A[s™ '] ®p B, A)=HH,(4; A[s"']).

Remark. This is a generalization of the well-known fact that, for 4 commutative,
we have Q:{/k ®A A [5_1] = Q.;[s_l]/k'

Lemma A.4. Let A — B be an analytic isomorphism along s, and let I denote the
kernel of B®,B — B. Assume that B is a flat A-algebra. Then

a) B[s ']/B is naturally isomorphic to A[s™']/A,

b) anny(s")=anng(s") for all n,

c) left multiplication by s is an automorphism of I.
Proof. Since A/s"A= B/s"B for each n, we have

AJA=lim(4/sA > A[s?A > A/’ A — )= B,/B.
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To see part b), we apply ®, B to the exact sequence
0—ann,(s")— A5 4 — A/s"4A — 0,
and use the fact that, if Ns"=0, then N ®, B=N.
Let A denote left multiplication by s. To see that A is an automorphism of I, chase

the diagram
0 0

0 — ann(s) ®B—— B®,B 2% B®,B —— (B/sB)®,B—— 0

|

0—— ann(s) —— B —S» B — B/sB —— 0.

Corollary A. 5. Let A — B be an analytic isomorphism along s, with A flat over k
and B flat over A. Then

HH,(A; A[s"']/A)~ HH, (B; B[s"'1/B)
and

HH, (A; ann(s")) =~ HH,(B; ann(s")) for all n.

Proof. Let N denote either ann(s") or B/s"B. By A. 4.c) Ay is an automorphism
of Tor®" (I, N); by [BX], § 4.4, Cor. to Prop. 6, A} is zero. Hence Tor%" (I, N)=0, and
therefore

HH,(B; N)=Tor% (B, Ny~ Tor%" (B®, B, N).

On the other hand, B®,B=A ®,.B° and B° is flat over A°, so by [BX], §4, Ex. 8,
there are isomorphisms

Tor® (B ®, B, N)=Tor4’ (4, N)= HH, (4; N).
This shows that HH, (A4; ann(s")) = HH,(B; ann (s")) and that

HH,(4; A[s"']/A)=lim HH,(4; A/s"A)
~lim HH,(B; B/s"B)=HH,(B; B[s™']/B).
Proof of Theorem A.1. Let A — B be an analytic isomorphism along s, with A4

flat over k and B flat over A, and set I={Jann,(s") = (J anng(s"). Let C, (resp. D))
denote the mapping cylinder of the map of chain complexes which is

A® A®™ — B® B®™ (resp. (4/I) ® A®™ — (B/I) ® B®™)
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in degree m. From the diagram of chain complexes

0 0
I®A®* I®B®*
A® A®* B ® B®* C.
L I I
A/l ® A®* B/I ® B®* D,
v Jv
0 0

and the fact that the top arrow is a homology isomorphism by A.5, we see that
C. — D, is a homology isomorphism.

Now let E, denote the mapping cylinder of the map
A[s™']® A®* — B[s "] ® B®*

of chain complexes. From the diagram

0 0

~ v

(A4nN®A4%* ———— (B/H®B®* ———— D,

v v

A[S—IJ ® A®* B[s-l] ® B®*

E.

v

(A[s™11/4) ® A®* (B[s™'1/B) ® B®*
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and the fact that the bottom arrow is a homology isomorphism (again by A.35), we
deduce that D, — E_ is also a homology isomorphism. Finally, we deduce from

A®A®*

B®B®* —

A[S_1]®A®* B[S—l]®B®*

El
that there is a long exact sequence on Hochschild homology

- 2 HH,(4; A) — HH,(B; B)® HH,(4; A[s™'])— HH,(B; B[s"])
% HH,_,(A; A)— ---.
The HH,, part of Theorem A. 1 follows from this and A.3. The HC, part of Theorem
A. 1 follows from the HH, part and the Connes-Gysin sequence relating HC, to HH,,.

A. 6. The following is an application of the above ideas to the cyclic homology of
an affine plane curve, i.e., of the ring A=k[x, y]/fk[x, y], where fk[x, y] is a radical

of 0
ideal. The ideal I =<5£, %) A is supported at finitely many maximal ideals m,, ..., m,,
X
and we can choose a nonzerodivisor s € (| m; supported at
{mpufng,...,n}.

The map A — [ A, x]] A,,= B is an analytic isomorphism along s; both the k-algebra
A[s™'] and its localizations are smooth. Since Q2 =~ A/I on generator dx dy, Q3 =0 and
the Q are sheaves, it follows that Qy = HH,(R; R)=0 for i 22 when R is 4, , A[s™'] or
a localization of these rings. It follows from A. 1 that

HH,(4; A= @ HH,(Ap; An), 122,
i
A= Q =0

It also follows from A. 1 that there is a short exact sequence of de Rham chain com-
plexes
0 > A » A[s']®B —— B[s"'] —— 0

0 QA QA[S“]@QB _— QB[S‘I] — 0
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Hence there is a long exact sequence
0 — Hpg(4) — Hpgr(A[s™']) @ Hpr(B) — Hpr(B[s™'])

(A.6.1) — Hpgr(A) — Hjr(A[s™']) @ Hpr(B) — Hpr(B[s™'])
— Hjg(A) 0 @ H2x(B) — 0.

For simplicity, let us now assume that 4 is graded with A,=k. That is, there are
weights on x and y such that f(x, y) is homogeneous. (The examples f(x, y)=xy and
f(x, y)=x"—y® occur in this paper.) In this case B= 4,, and we shall establish

Proposition A. 6.2. Let A=k[x, y]/(f) be reduced and graded with A,=k, a field
of characteristic zero. Then

(@) HCo(A)=A and HCy(A,)=A,,
(b) HC,,(A)=HC,,(A,) for n+0,

(c) there is a short exact sequence for alln=0
0—>HC,,y1(A) > HCypyy (Ap) — Hpg(4,) — 0.

Proof. Part (a) is trivial. It is known that HYg(A4)= Hg(A,)=k. Since A is
graded, H}z(A4) =0 for i 0. It follows from (A. 6. 1) that

Hpr(A,) @ Hpr(A[s™']) = Hpr(AW[s™']),
Hpr(A[s™']) = Hpg(AW[s™'])
If R is any smooth k-algebra with QF,=0, we have HC,,(R)= Hp(R) for n+0 and

HC,,.1(R)=H}r(R) for all n>0. Applying this remark to A[s™'] and A,[s"'], we
deduce

Hll)R(Am) (-B HC2n+1 (A [5—1]) = Hc2n+1 (Am[s_lj)s n g 0,
and

HCZn(A[S—l])gHCZn(Am[S—l])a n#o
From A. 1 we get the diagram for n+0
HCZn(A)

HC,,(Ay) ® HC,,(A[s71]) HC,,(An[s™"])

HH,,.(4; A) — HH,,,(A,; Ay).
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Since A is graded, the kernel of the left vertical arrow is the summand HC,,(k), proving
part (b) by a diagram chase. Since HC,,(A) injects into HC,,(A,,) even for n=0, the
long exact sequence in A. 1 breaks up into short exact sequences

0> HC,, 4 (4)— HC,,1((A,)® HC2n+1(A [5_1]) - HC2n+1(Am[S_1]) — 0,

and we deduce part (c) from this.

Remark A.7. Using the same ideas, but requiring more patience, it is not hard to
work out the cyclic homology of the m-adic completion 4,, from that of A. In this way
the cyclic homology of many other curves can be deduced from the cyclic homology of
the curves discussed in this paper. For example, consider 4=k[x, y]/(y?>=x>—x). If 4
is the completion at m=(x, y) A, then A — A is an analytic isomorphism along x, and
there is also an analytic isomorphism k[u, v]/(uv=0)— A along s=u+vp. Conse-
quently, the cyclic homology of A can be deduced from that of k[u, v]/(uv=0). We
hope to pursue this topic in a subsequent paper.
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