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Abstract. In this paper, we study thke Hodge decompositions of K-theory and cyclic homology 
induced by the operations tb k and A , and in particular the decomposition of the Loday symbols 
((x, y, . . . ,  z)). Except in special cases, these Loday symbols do not have pure Hodge index. In 
K,~(A) they can project into every component K (0 for 2 ~< i ~< n, and the projection of the Loday 
symbol ((x, y . . . . .  z)) into K(~ '~) is a multiple of the generalized Dennis-Stein symbol (x, y . . . . .  z). 
Our calculations disprove conjectures of Beilinson and Sout6 in K-theory, and of Gerstenhaber and 
Schack in Hochschitd homology. 
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The purpose of this paper is to improve our understanding of the Hodge decomposi- 
tions of the higher K-theory K.(A) and cyclic homology HC.(A) of a commutative 
ring A with unit. To do this, we study the action of the operators Ck and A k on 
Loday symbols, which are elements in higher K-theory and/or cyclic homology. 
For simplicity, we shall assume A is of finite type over a field ~ of characteristic 0. 

For Hochschild homology and cyclic homology, the Hodge decomposition 
means the direct sum decompositions 

n n 

HHn(A) = (~HH~) (A)  and HCn(A)= (~HC(0(A)  
i=0 i=0 

constructed in [GS], [Fr], and [Lop] (see Section 1). They are given by the Eulerian 
idempotents in the group ring QEn and take their name from the fact, noted in [GS], 
that in a special case they yield the classical Hodge decomposition of complex 
analytical cohomology. The operations g,k and )~k on HH.(A) and HC.(A) are 
defined to be scalar multiplication on each of the Hodge components: 

Ck(x) = ki+lx, Ak(x)= (--1)kkix forx e HH~i)(A)orHC(1)(A). 
* Partially supported by National Security Agency grant MDA904-90-H-4019. 
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By the Hodge decomposition of the K-theory K.(A) of a commutative ring A 
we mean the analogous decomposition of K.(A)Q = K.(A) ® Q according to the 
eigenvalues of the operators Ck and Ak: 

o o  

K,(A)Q~@K!O(A) . 

i=O 

Elements of K!i)(A) are eigenvectors for each 0 k and A k, the eigenvalues being 

k ~ and (-1)kk i-1, respectively, ([Hil, 4.7]). The groups K!i)(A) are also the 
graded quotients for the 7-filtration of K.(A)Q. A third interpretation is given 
by Beilinson in [B, 2.2.1]; for any scheme X (such as X = Spec(A)) he writes 

H~-~(X,  Q(i)) for K#)(X),  and calls these the absolute (motivic) cohomology 
groups of X. Soul6 proved in [S, 2.1] that K(i)(A) = 0 for i > dim(A) + n, so 
that the Hodge decomposition of each Kn(A) is finite. 

The Hodge decomposition of K0(A) is classically part of Grothendieck's formu- 
lation of the Riemann-Roch Theorem. K~°)(A) is the 'rank' H°(Spec(A), Q); the 

determinant map induces an isomorphism K~t)(A) =~ Pic(A)Q, and K~i)(A ) = 0 

for i > dim(A). If A is regular then K~i)(A) is rationally the Chow group of 
codimension i cycles on Spec(A). The Hodge decomposition of K1 (A) is less well 
understood. We know that K~°)(a) = 0, KI1)(A) is (rationally) the group A* of 

units of A, and that K~O(A) = 0 if i > dim(A) + 1. 
For n >/2, the Hodge decomposition is not wellunderstood. Kratzer observed 

in [K, 6.8] that K(°)(a) = KO)(A) = 0, so the only possible Hodge indices 

i with K(i)(A) ¢ 0 are i = 2,. . .  ,dim(A) + n. Some individual elements of 
K,~(A) are known to have pure Hodge index. For example, the Steinberg symbols 
{xl , . . . ,  x~} and generalized Dennis-Stein symbols (xl , . . .  ,x~) are known to 
have pure Hodge index n, i.e., to lie in K(nrO(A). (This follows from [Hil, 8.1] and 
[Lsym, 1.6]; see 2.2 below.) 

In this paper we study the Hodge decomposition of Loday symbols, and show 
that they usually do not have pure Hodge index. Recall from [Lsym] that the K- 
theory Loday symbol ((xl,..., xn)) is an element of Kn(A), defined whenever 
X l Z  2 : • . .  = X i X ~ +  I : . . .  : X n ~  1 : 0 .  There are corresponding Loday symbols 
in HHn-I(A) and HCn_ I(A) introduced in (2.5) below. For clarity, we shall only 
describe our results for the K-theory Loday symbols; our results for HC-theory 
Loday symbols differs only by a shift in indices. 

It tums out that the Hodge indices of the K-theory Loday symbol ((xl , . . . ,  x~)) 
are restricted to the range 2 ~< i ~< n. We prove in Theorem 2.I0 that the top 
Hodge component of this Loday symbol (lying in K(~)(A)) is 4-1 / (n - 1 ) ! times 
the corresponding generalized Dennis-Stein symbol (Xl,. . . ,  x~). This general- 
izes Loday's observation in [Lsym] that ((x, y)) = 4-(x, y) in K~2)(A). More 
interesting results occur in K3, 1(4 and Ks. 
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EXAMPLE 0.1 (Fat point). (See 4.) Consider R = g[x, y, z]/(x, y, Z) 2, an 
Artinian ring whose maximal ideal has square zero. The Loday symbol s = 
((x, y, z)) E K3(R) does not have pure Hodge index. The Hodge components 

of s are ½(s + ~) E K~2)(R) and l ( s  - $) e K~3)(R), where $ = ((x, z, y)). 
Note that ~ - s is the generalized Dennis-Stein symbol (x, y, z) by [Lsym, 2.6]. 
On the other hand, in K4(R) the Loday symbols ((x, y, z, y)} and ((x, y, x, y)) 
have pure Hodge index 3, but ((x, x, y, y)) has pure Hodge index 2. In K5(R) all 

the Loday symbols project nontrivially into K~3)(R), but not all have pure Hodge 
index 3. In particular, ((x, x, y, y, z)) has Hodge indices 2 and 3. The difference 
of Loday symbols 

((x, x, y, y, z)) - ( ( y ,  y, x, x, z)) 

has pure Hodge index 2, i.e., it is a nonzero element contained in K~2)(R). 
This nonzero element of/(5(2) (R) provides a counterexample to the conjecture, 

formulated independently by Beilinson ([B, 2.2.2]; see [Sch, p. 12]) and Soul6 ([S, 
2.9]), that K(i)(A) = 0 for i < n/2, or equivalently that H(j  ) = 0 for j < 0. Here 
is a more geometric countemxample: 

EXAMPLE 0.2 (Coordinate axes). (See 2.9.) Let R,~-I = g[xb. . . ,  Xm] (XiXj, i 
j )  be the coordinate ring of the coordinate axes in affine m-space over L Then the 

Loday symbol ((x 1,.. . ,  Xm)) in Km(R,~-1) projects nontrivially into K(m/) (Rm_l)  
for all i in the range 2 ~< i ~< m. 

Of course, our rings are necessarily singular, so the conjecture may still hold for 
regular rings. The following example shows that in the Beilinson-Soul6 conjecture 
we cannot replace b = n/2 by any lower bound b(n, A) which increases with n. 

EXAMPLE 0.3. (See 8.2.) When A = g[x, y, z]/(x, y, z) 2 every single one of 
the n - 1 symbols in K~(A) having n - 2 x's, one y and one z, 

((x, x , . . . , x ,  y, z)), ((x, x , . . . , x ,  y, x, z)), etc., 

projects nontrivially into K(i)(A) for all i in the range 2 ~< i ~< (n + 1)/2. If i is 

outside this range, the projections into K(i)(A) are zero. 

The corresponding Loday symbols in HHn-I (A)  and HCn_I(A) have Hodge 
indices in the same range, and also project nontrivially into the ith component of 
the Hodge decomposition for all i in the range 2 ~< i ~< (n + 1)/2. This answers 

negatively a question posed in [GS2, p. 268] by showing that HH(i)(A) does not 
vanish for i >> O. 

After we had found these examples, Soul6 pointed out to us that Feigin and 
Tsygan had already observed in [FT, 7.5.6] that the Beilinson-Soul6 conjecture 
fails for A = F ® I ,  [2 = 0, when I is an infinite-dimensional vector space 
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over F.  Our example 0.1 is a finite-dimensional version of their counterexample, 
and our results contain more information than theirs because we use the Eulerian 
idempotents e~ ) of [Barr] and [GS] as well as the generating functions of Hanlon 
([HI) for Hochschild and cyclic homology. 

Our basic method is to compare K-theory with Hochschild and cyclic homology 
via the Dennis trace map D: Kn(A) -+ HHn(A), where the Hochschild homology 
of A is taken over the ground field k = Q. Suppose that A = Ao ® A1 @ --.  is 
a graded g-algebra. We shall use the following notation: if F is any functor from 
g-algebras to Abelian groups, we write F ( A )  for the kernel of the augmentation 

F(A) -+ F(Ao). A result in [Gw] states that the map B: HCm-I (A)  --> HHm(A) 
is an injection. We know from [Wnil] that the Dennis trace map factors through 
cyclic homology: 

/(re(A) & H"C,~_,(A) B H--Hm(A). 

The following two results are proven in (2.3) and (3.1) below. Theorem 0.4 allows 

us to detect nontrivial elements in the Hodge decomposition of/~(.(i); Theorem 0.5 

tells us when an element projects nontrivially into K (0 (A). 

THEOREM 0.4. If  A = Ao ® AI • "'" is a graded g-algebra, then u commutes 
with the operations Ck and )~ k. The Dennis trace map only commutes with ¢k and 
)k up to a factor o f  k, in the sense that for  x E K . (  A) we have: 

CkD(x) = kD(¢k(x))  and )~kD(x)= kD(,~k(x)). 

In other words, the Dennis trace map preserves Hodge decompositions, factoring 
a s :  

HCm_ , (A) ~ H--H(~)(A). 

Remark 0.4.1. We believe that for every commutative ring A the Dennis trace 
map as well as its lift D: KIn(A) --+ HC~(A)  satisfy CkD(x) = kD(¢k(x))  
modulo torsion, but we have no proof. If the augmentation ideal is nilpotent, 
Theorem 0.4 is a consequence of a theorem of Cathelineau ([C]), and was also 
asserted in [FF, 7.5.5]. 

THEOREM 0.5. Let A be a discrete Hodge algebra over a smooth Q-algebra g, 
i.e., an algebra of  the form A = g[xl, • • •, xm]/ I ,  where I is an ideal generated by 
monomials. Then the main result o f  [OW] implies that u: Kn(A) --+ H'-Cn-1 (A) is 
an injection, the cyclic homology being taken over Q. In particular, if  i > n then 
i~ff)(A) = O. Moreover, i f  i < n then 

/ ¢ 2 ( A )  ~ 
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The curious phrasing in 0.5 is due to the presence of a gap in the proof of the 
main result of [OW]. In order to circumvent this gap, we have included an appendix 
proving the following weaker assertion which is adequate for our purposes. 

PROPOSITION 0.6. Let xo, . . .  ,Xn be elements of an g-algebra A such that 
xiXi+l = 0 for 0 ~< i < n and xnxo = O. Then there is a map from the multiple- 
relative cyclic homology group HCn(A; xo , . . . ,  xn ) to Kn+ I (A; xo , . . . ,  xn ) send- 
ing the Loday symbol ((xo,... ~ x~)) to the Loday symbol ((xo,. . . ,  xn)). Moreover, 
this map commutes with the Adams operations ~b k. 

We have organized this paper as follows. In Section 1, we describe the Hodge 
decompositions of Hochschild and cyclic homology, mentioned above. In Section 
2, we discuss the Dennis trace map, prove Theorem 0.4, establish Example 0.2, and 
show that the top Hodge component of a homology Loday symbol is a multiple of 
the corresponding Dennis-Stein symbol. In Section 3, we use the main result of 
[OW] to prove Theorem 0.5 for discrete Hodge algebras. In Section 4, we grind 
out explicit calculations of the Hodge decomposition of Loday symbols in low 
dimensions (up to Ks) and establish Example 0.1. In Section 5, we strengthen a 
result of Burghelea and Vigu6 by showing that, if A = g[x0,. . . ,  xm]/ ( f )  is the 
homogeneous coordinate ring of a smooth hypersurface in projective space, then 
HCp(A) has pure Hodge index (p if p <<. m, (p + ra)/2 if p > ra). We also 
calculate these groups. 

In the last three sections, we shift gears in order to calculate the dimensions 

of the groups H-C~')(A)." This uses a new tool, which we introduce in Section 6 
- Hanlon's generating functions. In Section 7, we use this tool to calculate the 
Hodge decomposition of Loday symbols involving only two variables, such as 
((x, x, y , . . . ,  g)). In Section 8, we use Hanlon's generating functions to analyze 
the Hodge decomposition of Loday symbols involving only three variables, and 
verify Example 0.3. 

1. Hodge Decomposition of  HH and HC 

1.1. HH (i) If A is a commutative/~-algebra with identity and Q c_ g, the Hochschild 
homology HH.(A) of A is the homology of the reduced bar complex C.  (A) which 
has C,~(A) = A ®e ~®n (fi~ =cokernel ofg ~ A). The symmetric group E= acts 
on Cn(A) on the left by 

cr(ao ® at ® . . . ®  an) = ao ® aa-t(l ) ® ' "  ® aa-l(n), tr E En. 

The Eulerian idempotents e (i), i = 1 , . . . ,  n of [GS, Section 1] are mutually 
orthogonal (non-central) idempotents in Q[En] whose sum is 1. They commute 

with the boundary map b in the bar complex in the sense that be(~ ) = e (i) b n-1  ~ s o C ,  
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is the direct sum of the complexes C (i), where C (i) = e (i)C~. Writing HH(0(A) 

for H~ ( C (i) (A)) ,  we obtain the Hodge decomposition for Hochschild homology: 

HHn(A) = HH{~I)(A) ® . . - ®  HH(~)(A), n ¢ 0. 

When n = 0, we take HHo(A) = HH(°)(A) = A. This choice is dictated by [LP, 
2.4]. 

The idempotent e ('~) is the signature idempotent ~ P~(- 1)~c~ of Q[£,~] cor- 

responding to the sign representation ([GS, 1.3.iv]), and HH~'0(A) ~ f~/e ,  the 
el-module of K~ler  differentials of el over g ([Lop, 3.5.d]). At the other extreme, 
M. Barr discovered e~ 1) in [Barr] and proved that HH~l)(el) is Harrison homology 
(also known as Andr6-Quillen homology) for commutative g-algebras. (R. Hain 
rediscovered e(~ l) in [Hain].) 

For 1 < i < n, little is known about the idempotents e (0. The character table 
for the representations e(0Q[P,,~], n ~< 4 is given on p. 117 of [HI. Hanlon also 

proves ([H, 5.13]) that the dimension of e(~i)Q[Bn] equals the ith Stirling number 
(the number of permutations in Nn with exactly i cycles). In particular, e (0 # 0 
for 1 <~ i <~ n. We refer the reader to [//] for more information. 

EXAMPLES 1.2. In Q[N2] - Q x Q we have 

e(21) ----- ½(1 + (12)); e~ 2) = ½(1-  (12)). 

In Q[N3] we have: 

e~ 1) = ~ { 2 -  (123) -  (132) + (12)+ ( 2 3 ) -  2(13)}; 

4 = ½{1 + (13)}; 
e~ 3) = 12( - -1)aCt=  1--e~l)--e~ 2). 

In Q[~4] each idempotent has 24 terms: 

e(41  = 3{1 - (14)(23)} + ~2{-(12) + (13) + ( 1 4 ) -  (23) + ( 2 4 ) -  (34) 

+ 
i,j ,k 

i < j , k  

+(1234) + (1432) + (1243)-  (1423)-  (1324)-  (1342)- 

-(13)(24) + (12)(34) }; 
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e~ 2) = -e~  4) + ½{1 + (14)(23)}; 

e] 3) = -e~  1) + ½ { 1 -  (14)(23)}; 

e(4) 1 E ( -  1)°~. 
-=2--4 

Since E~ is large for n/> 5, a more compact notation is necessary. Let i((r) be 
the number of times i - 1 appears after i in the sequence { a - l ( 1 ) , . . . ,  a - l ( n ) } ,  
i.e., the number of twists in the inverse permutation or the number of descents of 
the permutation. Let Bj = Ei(~)=/_a(-1)~(r. Thus Bj = ( -1 ) J - l g~  where g~ is 

defined in [Lop, 1.5a]. Les Reid (private communication) has shown that the e (i) 
can be written in terms of the Bj as  follows (cf. [Lop, 2.8d]). 

 (41) 
e~ 1) 

e~ 2) 

e~ 3) 

4) 

e~ 5) 

e~ 1) 
2) 

3) 

4) 

6) 

= 1 ( 3 B 1 -  92 -t- 9 3 -  3B4); 

= T~-6(24B1 - 6B2 + 4B3 - 6B4 + 24B5); 

= 1-~0(5091 - 5 9 2  + 5 B 4  - 5 0 9 5 ) ;  

= 1-~(35B1 + 592 - 593 + 594 + 35B5); 

: 1 ( 1 0 9 1  q- 592 - 594 - 1095); 

T~(B1 + 92 + 93 + B4 + 95); 

= 7-~(12091 - 2492 + 1293 - 1294 + 2495 - 120B6); 

= 7--~(27491 - 26B2 + 4B3 + 4B4 - 2695 + 27496); 

= 7-~(22591 + 15B2 - 1593 + 15B4 - 1595 - 22596); 

= 1 ( 8 5 9 1  + 2592 - 593 - 5B4 + 2595 + 85B6); 

= 7-~0(1591 + 992 + 3B3 - 394 - 9B5 - 1596); 

= 7-~(91 + B2 + B3 + B4 + B5 + B6); 

Cavea t  l ec tor  1.2.1. There are two ways of defining the multiplication in the 
symmetric group, one as composition of functions (i.e., working right to left), the 
other in reading order (i.e., working left to right). For the first, the symmetric group 
acts on the left (i.e. a ( a l , . . . ,  a,~) = ( a c t - l ( 1 ) , . . .  , a~-~(n))), and for the second it 
acts on the right (i.e. c r (a l , . . . ,  a~) = (a~(1), . . . ,  a~(n))). Our convention is the 
one used in [GS] and [Lop], namely to use the composition of functions and the 
attendent left action. The other convention is used in [LP]. Thus our listed e (i) are 

for the left action. In order to find the idempotents for the right action, simply send 

cr to (r -1 in each e (i)~ . Many of the Eulerian idempotents are invariant under this 

substitution, but for example e (1) is not. 
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1.3. SYMMETRIZING IDEMPOTENT 

The following observation simplifies many calculations in Hochschild Homology 
(see Section 4). Let Pn E En denote the order-reversing involution which inter- 
changes i and n - i. The symmetrizing idempotent is an = ½ ( 1 + ( - 1 ) n(n+ I)/2p~). 

For small n, we see from (1.2)that 0" 2 ----- e~ 2), 0"3 = ¢(2), and 0-4 = C~ 2) -[- e(4 4) "~- 

½(1 + (14)(23)). In general, we know from [GS, 5.2] that 0-n = Ee(~ 20. Therefore, 
if an n-cycle is fixed (resp., annihilated) by o-n, its Hodge decomposition has only 
even (resp., odd) components. 

1.4. HC (0 Let B: Cn-I (A)  --+ Cn(A) be the Connes operator ([Co, p. 96]) defined 
by 

n 

B(al ® . . . ®  an) = ~( -1) ( '~ -1) i l  ® ai ® ' " ®  an ® al ® ' " ®  ai-1. 
i=1 

By definition ([LQ]), the cyclic homology HC, (A) is the homology of Connes' 
double complex ([Co, p. 119]) Cpg = Cq_p with vertical differential b and hori- 
zontal differential B. 

. . °  

A ® ~o2 

A 

0 

° . °  * * *  

A O A  ~ A 

A ~ 0 

0 

0 

From [Lop, 2.14] we see that if A is commutative the map B shifts the Hodge 
decomposition of C,(A)  in that it sends C(i-~ ) to C(~ 0. Thus Connes' double 

complex is the direct sum of double complexes C(, i), the pth column of C(/, ) being 
the complex C, (~-v) shifted p places vertically so that C!/, ) is zero below the ith 
row. Writing HC(~) (A) for Hn (C!/,)), we obtain the Hodge decomposition for cyclic 
homology: 

HC~(A) = HC0)(A) ® . . . ®  HC(n)(A), n # 0. 

Again, when n = 0, we take HC0(A) = HC~°)(A) = A. (This decomposition is 
from [Lsym] and [NS]. It is also the decomposition of HC~(A) given in [FT, 5.3] 
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and [LP, 2.4] determined by the embedding HC,~(A) in Hn+l(gl(A)) and using 

the operations A k on H~+I(gl(A)).) The ith row of C!i. ) yields an isomorphism 
HC(n n) ---- f~'~/dfl~a -l and the edge maps 

2 i - n  n HC(~)(A)--+Hdr (A) for ~ < i < n .  

If A is smooth, these edge maps are isomorphisms ([Lop, 4.6]) and HC(~)(A) = 0 
for i < n/2. One of the main points of this paper is that for general algebras 
A, HC(0(A) can be nonzero for i < n/2. 

Variant 1.4.1. Following Goodwillie ([Gw, 11.3]), we can extend Connes" double 
complex to the entire half-plane above the line p = q; the periodic cyclic homology 
HP.(A) is the homology of its total complex. Similarly, we define the negative 
cyclic homology HC2-(A) to be the homology of the total complex of the double 
complex obtained by taking that part of the complex with p ~< 0 (but still above 
the line p = q). These double complexes break up into the sum of complexes C(i. ) 
(see [Nuss]), so we obtain Hodge decompositions 

O0 oO 

HPm(A) ~- IT HP~)(A); HC~(i)(A) -~ 1-I HC~(i)(A) • 
i=0  i=0 

P(~) ( "~ rao(i+l) and that the map B factors as We remark that H A) = . . .  ,~+2, 

HC(~-I)(A) --+ HC~(0(A)--+ HH(~)(A). 

Variant 1.4.2. If I is an ideal in A, the relative Hochschild homology modules 
HH.(A, I) are obtained from the chain complex C.(A, I) which is the kemel of 
C.(A) --+ C.(A/I) .  The symmetric group En acts on Cn(A, I) and we obtain a 
Hodge decomposition 

HH~(A, [) ~ HH0)(A, I )®  . . .®  HH('0(A, I), n # O. 

The argument of 1.4 (and 1.4.1) gives an analogous Hodge decomposition of 
HC.(A, I) ,  etc. with the same ranges of Hodge indices as in loc. cit. 

Similarly, i f /and  d are two ideals in A with zero intersection, the double relative 
Hochschild homology modules HH.(A, I, J)  are obtained from the chain complex 
C.(A, I ,  J)  which is the kernel ofboththe maps C.(A, [) --+ C.(A/ t ,  J / I )  and 
C.(A, J) --+ C.(A/J,  I /d).  The symmetric group En acts on Cn(A, I, J), so 
the argument of 1.1, 1.4 and 1.4.1 gives Hodge decompositions for HH,~ (A, I, J), 
HC.(A, I, J),  etc. with the same ranges of Hodge indices as in loc. cit. 
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1.5. sBI SEQUENCE 

The usual SBI sequence of cyclic homology also has a Hodge decomposition; it 
breaks up as the direct sum of the sequences 

. . . H C n + , ( A  ) ( i )  ~ HC(ni-~)(A) ~ HH~)(A ) ~ HC(i)(A) s HC~_-~)(A ) . . .  

ending in HH~i)(A) -+ HC~I)(A) --+ 0. (See [Lop, 4.8] and [NS, Thm. 3].) I fA  = 
A0 ® A1 ® . . .  is a graded e-algebra, and H is any functor from e-algebras to abelian 
groups, we write H(A) for the kernel of the augmentation map H(A) -+ tl(Ao), 
so that H(__A) ~ H(Ao) @ [I(A). It is well-known ([Gw, 3.4.4]) that the S map is 
zero on HC, so the S B I  sequence breaks up into short exact sequences: 

o - ,  0. 

We shall also use an alternate formulation, namely the epi-monic factorization of 
the map BI: 

H-H~)(A) on~ ~-C(i) ( A ) ~ ~-H(if ] ) ( A ). 

1.6. PRODUCTS 

If A is a commutative e-algebra, its Hochschild homology is naturally a graded 

algebra, via the shuffle product ~. In fact, C (*) is a bigraded chain algebra ([GS2, 
p. 267], [Kas]): ~ ( i )~ ( J )  C ~(i+j) ~m ~,-,n - "-'m+,~" Consequently, the Hodge decomposition 
respects products: 

_ r~H(i+J)tA'~ HH(im)(A)~HH(J)(A) C . .  m+n~ ," 

This result was originally proven in [BV, 3.1 (3)] using differential graded algebras. 

1.7. ADAMS AND LAMBDA OPERATIONS 

For each k >t I we define operators ~b k and ,~k on Hochschild and cyclic homology 
via the Hodge decomposition (cf. [Lop, 2.8.g]), letting 

~b k = multiplication by k i+1 on HH (i) and HC (i) 

>,k = multiplication by ( -  1)k-lki on HH (i) and HC(. 0 . 

We may therefore think of the Hodge decomposition as the spectral decomposition 
for the operators ~b k and A k acting on Hochschild and cyclic homology. Note that 
by (1.5) the map B: HEn(A) --+ HHn+I(A) satisfies ~kB(x) = kB(¢kx) and 
)~kB(x)= kB(£kx). 
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2. The Dennis Trace Map 

For any ring A, the Dennis trace map is a map D: KIn(A) --+ HHm(A) from 
the K-theory of A to the Hochschild homology of A. If A is a Q-algebra, D 
factors through Km(A)®Q, allowing us to compare the Hodge decomposition on 
K-theory with the Hodge decompositions on Hochschild and cyclic homology. 

EXAMPLE 2.1. If a l , . . . ,  a~ are units of A, the Steinberg symbol { a l , . . . ,  an} 

lies ill I((~)(A) by [Hil, 8.1]. Since D(a) = da/a lies in f~l = HHI1)(A) and D 
preserves products ([I, 5.c.3]), it follows that 

D({al , .  ,an}) dal A . . . A  dan • . = E ~2~ = HH(n)(A). 
a l  an  

By definition (1.7) of the Adams operations in HH.(A), we see that 

CkD({al , . . . ,an})  = kD('~k{al , . . . ,an})  = kn+lD({al , . . . ,an)) .  

2.2. GENERALIZED DENNIS--STEIN SYMBOLS 

Suppose that A is a commutative ring and that a 1,..., an E A are elements such that 
1 - a l . . .  an is a unit. The generalizedDennis-Stein symbol (al , . . . ,  an) in Kn(A) 
was constructed by Loday in [Lsym] and satisfies the following skew-symmetry 
property (see [Lsym]): 

(D1) F o r a E ~ n ,  ( a ~ 0 ) , . . . , a ~ ( n ) ) = ( - 1 ) a ( a l , . . . , a n ) .  

If each ai is a unit, then by [Lsym, 1.6] we have 

(a l , . . . ,an)  = { 1 - ( a l . . . a n ) ,  (-1)ha2, ( -1 )ha3 , . . . ,  (-1)nan}. 

Using this formula and the ring Z[x l , . . . ,  Xn, (1 - X l . . .  Xn) -1, xl l , . . . ,  Xnl], a 

well-known calculation dating back to [D] shows that ( a l , . . . ,  an) lies in K(n n) (A) 
and that 

D((al , . . . ,an))  = 
-dal  A ... A dan 

1 - a i  . . . a n  

C ~ = HH(~n)(A). 

Once again, CkD((al , . . . ,a~))  = kD(¢k(ai , . . . ,an)) .  

Remark 2.2.1. The Dennis-Stein symbol (al, a2) changed meaning circa 
1980, the new symbol being - ( - a l ,  a2) in the old notation. When n = 2, 
Loday's generalized symbol agrees with the new notation, i.e., what was once 
called - ( - a t ,  a2). We include this comment in order to clarify [Lsym] where 
there are several typographical errors in his explicit description of (a, b). 
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Here is a third case in which we can say something about D. Let A = Ao ® A1 ®--- 
be a graded Q-algebra. In the ~ notation of (1.5) we know from [Wms] and 
[Wnil] that/~m(A) is a Q-module and that the image of D lands in the subgroup 
HCm-1 (A) of HHm(A). Thus D factors as 

KIn(A) Z+ H'Cm-I(A) ~ HHm(A). 

THEOREM 2.3. If  A = AO @ A1 ® "'" is a graded Q-algebra, then: 

(i) the map y commutes with the operations ¢k and )~k; 
(ii) if x E KIn(A) then ~bk(D(x)) = kD(~bk(x)); 

(iii) the Dennis trace map preserves the Hodge decomposition o f [ f  , (A)  in that it 
is the direct sum of the component maps 

~ ( i - 1 )  
/~(~)(A) -~ HC,~_, (A) ~ H--H~)(A). 

Proof. By 1.4 and 1.7, it suffices to prove the assertions about i.,. Suppose first 
that A~ = 0 for large n, i.e., that the augmentation ideal A+ is nilpotent. In this 
case, the result was asserted in [FT, 7.5.5] and proven by Cathelineau in [C]. In 

~ r ( i -1 ) ( a  fact, u is an isomorphism by [GwK]: ~'(~)(A) . . . .  m-1 ~ ,  A+). 
In the general case, write A(n ) for A modulo the ideal An ® A~+I ® . . . ,  so that 

the augmentation ideal of each A(~) is nilpotent. A simple weight argument (as in 

[GW, 2.2, 2.3]) shows that HC,(A) injects into the inverse limit of the HC,(A(~)); 
in effect, the weight w parts of Tot(C(A)) and Tot(C(A(n))) are the same for all 
n > w. From the diagram 

/~(~)(A) ~ lim~_K~)(A(~)) 

HCm-I(A) ~ lim~HCm-l(A(n)) 

we see that t/sends N~)(A) into n'c~-__ll) (A) as desired. [] 

QUESTION 2.4. Does D respect the Hodge decomposition in the sense that 

D(K(~ ) (A)) is contained in HH(~)(A)? Alternatively, for every commutative ring 
A and every x E K,~(A), do we have CkD(x) = kD(¢k(x)) ,  at least mod- 
ulo torsion? It seems likely that this is true even if we replace D by its lift 
D-:  KIn(A) --+ HC~(A) and use the Hodge decomposition on HC~(A) given 
in (1.4.1). This is the case in (2.1), (2.2) and (2.3) because B factors through 
HC,(A).  

2.5. LODAY SYMBOLS 

Let A be an associative algebra and x0, . . . ,  x~ E A be elements such that xixi+l = 
0 for 0 ~< i < n and x~xo = 0. Attached to this data are three elements: 
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(1) The class of the cycle xo ® xl @--- ® xn in HHn(A), called theHochschild 
homology Loday symbol; 

(2) The image I(xo ® Xl ®. . .  @ xn) of the above symbol in HCn(A), called the 
cyclic homology Loday symbol and written ((x0, • •., x~)); 

(3) The K-theory Loday symbol ((x0,. • •, xn)) in Kn+l (A) constructed in [Lsym, 
2.4] as the Steinberg symbol associated to the pairwise commuting elementary 
matrices el2(Xo),..., en+l,l(Xn) in M~+I (A): 

((XO,. . . ,Xn)) = {C12(XO),. . . ,en+l,l(Xn)) e Kn+I(A) 

K,~+I(M,,~+I (a)) .  

We warn the reader that the K-theory identity ((xo, x 1)) = - ( x  o, x l) differs 
by a minus sign from [Lsym]. In all three cases, note that we have the cyclic 
relation 

( ( x l , . . . , x , ,  xo)) = (-1)"((xo, 

For K-theory this is proven in [Lsym, 2.5]; for HH (and HC) it follows from 
applying the operator b to 1 ® xl ® . "  ® x~ ® x0. 

COROLLARY 2.5.1. If A is a commutative Q-algebra, the Dennis trace map 
preserves the Hodge decomposition of Loday symbols, and 

~bkD(((xo,..., x,))) = kD(¢k((xo,..., xn))). 

Proof By 2.3 this is true for the Loday symbol ((x0t,.. . ,  x~t)) in/( ,(A[t]) .  
The result follows by naturality upon setting t = 1. [] 

Remark 2.5.2. If A is a Q-algebra, the Loday symbols live in a Q-vector space; 
if q E Q, we have q{(xo,..., xn)) = ((qxo,..., x~)). This is clear for Hochschild 
and cyclic homology; for K-theory it follows from [Lsym, 2.5]. As a technical 
point, the K-theory Q-vector space should be the space 'nil K~(A)' of lWnil]; 
the subgroup of K~(A) containing the Loday symbols is divisible but may not be 
torsion free. 

If n = 1, the K-theory Loday symbol ((x0, xa)) E K2(A) is the negative 
of the (new) Dennis-Stein symbol (x0, Xl), and in HHI(A) - f~4 we have 
((x0, xl)) = x0dxl. For n > t, the following result was derived in C. Ogle's thesis 
[Ogle T, 3.4]; cf. [Ogle I, p. 243]. Because [Ogle T] is not published, we include 
the proof here. 

PROPOSITION 2.6. If A is an associative Z-algebra, the various Loday symbols 
are related by the following equation in HHn+I ( A ): 

D(((xo,...,x,~)))= B(((xo,...,x,~)))= BI(xo®.. .®x,~).  

Proof (Ogle). As in (2.1), D(((xo, . . . ,  x,~))) is the shuffle product of the 
n(eii(x)) = eij(-x) ® eij(x) in C.(im+l(A))  because n preserves prod- 
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ucts. When we take the trace map to C,(A) ,  all the terms in the shuffle prod- 
uct vanish except those differing by a cyclic permutation 7r from the trace of 
g ® e12(xo) ® " "  ® en+l,1 (x~), where g is an upper triangular matrix, yielding 

~ ( - 1 )  ~ ® x~-l(o) ® x~-l(1) ® --- ® x~-l(n) 
7~ 

: [] 

COROLLARY 2.7. I f  A is any commutative Q-algebra, then the Adams operations 
on Loday symbols are related by 

= B ( ¢ k ( ( x o , . . . , x n ) ) )  
= 

Proof It suffices to prove this for A = Q[xo , . . . ,  x~]/(xoxl  . . . .  = xnxo = 
0). Since ( (xo , . . . ,  97n)) ~ ~'nwl(A), we may use (2.3) and (1.7) to get 

D ( ¢ k ( ( x o , . . . ,  

= B - ( ¢ k ( ( x o , . . . , x n ) ) )  

= B ( ¢ k ( ( x o , . . . ,  = [] 

THEOREM 2.8. Suppose a o , . . . ,  an are elements in an associative ring A such 
that aiaj = O for  i ~ j .  Then the symmetric group En acts on the set o f  K-theory 
Loday symbols ( (ao , . . . ,  a~ )) by 

cr (( ao, . . . , an )) 

---- ((ao, a~-~(1),...,a~-t(n))) E Kn+I(A),  for each a E E~. 

I f  A is a commutative Q-algebra and e (i) denotes the Eulerian idempotents in 

QP, n, then the projection o f  ((ao, , an)) into t, '(i+l)raa is given by the Q-linear . . . . .  n + l  ~,~] 

combination e(~ ) ((xo, • • •, xn)). 
Proof. It suffices to consider the universal case, i.e., to suppose that A is the 

graded ring Q[ xo , . . . ,  xn] / (x ix j  = 0, i ¢ j ) .  By (2.3) and (2.6), e(n/) ((xo, • • •, x~)) 

and the projection of ((xo, • •. ,  x,~)) into/~'(/~() (A) both map to the linear combina- 

tion of Loday symbols e~ ) ( (xo , . . . ,  xn)) in H'Cn(A) under the map v:/-(~+1 (A) 
HC,~(A). By Theorem 3.1 below or by the appendix, v is an injection. [] 

APPLICATION 2.9. The universal ring in (2.8) is the coordinate ring R,z of the 
coordinate axes in affine ( n +  1)-space. The Q-vector space 1('. (Rn) is a ~n-module 
under the permutations a(x~) = x~-l(i) fixing x0. The En-invariant submodule of 

ffn+l (Rn) generated by ( (x0, . . . ,  x**)) is isomorphic to QE~ because its image in 
HC,~(Rn) is isomorphic to QEn. The Hodge decomposition of this submodule is 
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the decomposition of QEn according to the Eulerian idempotents. Since e(~ i) ~ 0 

for i = 1,. n, the corresponding projections of ((xo, ., x,~)) into ~,(i+1)(~, " ' )  "" " ~ * n + l  k ~ n /  

are nonzero. This establishes Example 0.2 of the introduction. 

THEOREM 2.10. Let A be a commutative Q-algebra and ai E A be elements 
such that aoa t = . . . .  anao = O. Then 

(i) The Hochschi ld homology Loday symbol ( (ao, . . . ,  an)) projects into ft~4 

HH(~n) ( a )  as ( 1 / n !)aodal A . . .  A dan. 

(ii) The composition K~+I (A) D HHn+I (A) ~ ft~t +1 sends ((a0,. • •, a~)) to the 
f o r m  (1 /n ! )dao  A . "  A dan. 

(n+l) K n + I ( A )  rr'(n+l)ta~ (iii) The projection prn+ 1 : ~ ~n+l  ~ J  sends the Loday symbol 
(( ao, . . . , an)) to - 1 / n ! times the generalized Dennis-Stein symbol: 

pr(n+l) 1 
~n+l ( ( a o , . . . , a n ) ) = - ~ ( a o , . . . , a n ) .  

Proof. Recall from (1.1) that e (n) is the signature idempotent ( 1 / n t ) E ( - 1 ) ~ a .  
By the definition of the shuffle product, 

aodal A . . .  A dan = E (-1) aa0 ® a~-'(1) ®"" ® a~-l(n) 
crEEn 

= n!e (n) ((ao, . . .  ,an)). 

This establishes part (i). By (2.5.1), (2.6), (1.7) and part (i), 

D(pr(++l) ((ao, . . . , an)) ) 
(n+O 

= en+ 1 D ( ( ( a o , . . . , a ~ ) ) )  
(n+l) 

= en+ 1 B ( ( ( a o , . . . , a n ) ) )  = ~ B I ( a o d a l  A . . .  A dan)  

= ~da0  A dal A . . .  A dan. 

By (2.2) this equals - ( 1 / n ! ) D ( ( a o , . . . ,  an)) .  For part (iii) we consider the uni- 
versal ring A = Q[x0 , . . . ,  Xn]/(XOXl, . . . ,XnXO).  By Theorem 2.3, the above 
computation shows that the K-theory element 

(n+O 
z = n ! p r ~ +  1 ( (ao , . . . , an ) )  + ( a o , . . . , a n )  

, .  f((n+l) H--C(n)(A). Theorem 3.1 below or by the is in the kernel of . . . .  n+l (A) ~ By 
appendix, u is an injection. Hence, z = 0, which is the conclusion of (iii). [] 
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3. Discrete Hodge Algebras 

Let • be a commutative ring containing Q. A discrete Hodge algebra over e is a 
commutative ring A of the form e[x l , . . . ,  Xm]/3, where 3 is an ideal generated by 
monomials. (See [DEP] for more details, including applications of discrete Hodge 
algebras to deformation theory.) Since A is graded, we know from 2.3 that the 
map u: K~(A) --+ H'-C~-I (A) is compatible with the Hedge decompositions on 
K-theory and cyclic homology (of Q-algebras)= 

The following result effectively calculates Kn(A) .  However, it uses the main 
result of [OW] which states that if I and J are ideals of a Q-algebra A such that 
I N J = 0, then u: K~(A,  I ,  J) -~ HCn-1 (A, I ,  J).  At present, there is a gap in 
the proof of this result. Nevertheless, we feel that the usefulness of the following 
result as an organizing principle justifies its inclusion here. 

THEOREM 3.1. Let A be a discrete Hodge algebra over g, where g is a smooth Q- 
algebra. Assume that the main result of[OW] holds. Then u: [(n( A ) --. H~--C~_ 1 ( A ) 
is an injection, the cyclic homology being taken over Q. Moreover: 

• I f i  < n, thenv:[( (O(a)  = ~ H-C(in~)(A); 

• I f  i = n, then the cokernel of  ~,:/~'(~)(A) ~ ~-C(~I)(A)  is effectively com- 
puteable, and contains (Area//!) ®e ~2~ -1 where Area is the reduced ring of 
A; 

• I f i  > n, then [((i)(A) = O. 

EXAMPLE 3.2. When A = g[x0,..., Xm]/(xixj = O, i ~ j ) ,  the ring of the 
coordinate axes, Theorem 3.1 gives the Hodge decomposition of the conclusion of 
[GRW, 7.1 ], where the cokemel is exactly (A/g) ®e f ~ -  1. Before proving Theorem 
3.1, we isolate an important special case: polynomial rings. 

LEMMA 3.3 (Polynomial rings as discrete Hodge algebras). I f A  = g[Xl,..., xT] 
and g is a smooth Q-algebra, then 

K . ( A )  = K.(g) ,  

HC~)(A) = HC~)(£), i ~ n, 

and 

n 

HC(~)(A) = HC(~) (l) ® I.~ ( d ~ / e )  ®t fltn/- d .  
/)=0 

Proof The K-theory formula is classical. Since A is graded, its de Rham 

cohomology is trivial. By 1.4, H'-C~)(Q[xl,... , "  xn]) is zero if i ¢ p and equals 

fF  + I p p-1 dg~PAle C ~ A / e / d ~ l A / 1  -- Ale 
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if i = p. The result now follows from the explicit form of Kassel's base- 

change formula given in [GRW, 5.6]. Note that the p - 0 term for HCn is 

(Aft.) ® rt cr [] 

REDUCTION 3.4. The following device allows us to assume that A is reduced, 
i.e., that 2 is generated by square-free monomials. The nilradical I = nil(A) 
of A is generated by square-free monomials, so AT = A/nil(A) is a reduced 

Hodge algebra. By [GwK] and [C], there are isomorphisms u: K(0(A,  nil(A)) -~ 

HC(~i)(A, nil(A)). By chasing the following diagram we see that the theorem for 
A~ implies the theorem for A. 

k(~ l (A , - )  ---* K(~i)(A, I) --+ [4(O(Z) --* I4(O(A,.) ~ K~'--I1)(A, I)  

• - -  HC~)_,(A, I )  ---* ~ _ - l ) ( A )  ~ ~ _ - : ) ( A ~ )  ---* * 

Proof of  Theorem 3.1. We now assume that A is a reduced Hodge algebra. Reduced 
Hodge algebras are sometimes called Stanley-Reisner rings after the people who 
first investigated the combinatorial interpretation of such rings as 'face tings' of 
simplicial complexes (see [St], [DEE II.4]). Utilizing this interpretation, Vorst 
showed in [Vo, 3.4] that if A is a reduced Hodge algebra but not a polynomial 
ring then for one of the indeterminates x generating A the ideal I = xA has 
a complement J generated by squarefree monomials in the sense that I N J = 
0. Therefore A / x A  and D = A / ( I  + J) are reduced discrete Hodge algebras 
generated by fewer variables than A, A / J  ~- D[x], and there is a cartesian square: 

A ~ A / x A  

D[x] . = o  D. 

We proceed by induction on r, the number of variables generating A over g. 
Note that D[x] is a discrete Hodge algebra over g[x] in fewer variables than A, 

so the inductive hypothesis and 3.3 apply to show that K(i)(D[x])/K(O(e[x]) ~- 
K(i)(D)/K(i)(e) injects into 

(0 (0 UCn_l  (D[x]) /HC~_ 1 (~) 

n-1 if i = n, (i) (i) e[x]/~, ®,e fie/Q' 
~-- HCn-I(D)/HCn-I(£) ® O, otherwise. 

Moreover, when i = n the cokemel is effectively computeable and contains 
(D[x]/£) ®e ft'~/- 4.  Since I ~ xD[x], it also follows from our inductive hypothesis 
that 

K(~)(D[x], I)  ~ [(#)(D[x])/K(~)(D) ~-~ HC(n0(D[x], I )  

,,~= H-C(i) ( D[x])/H-C(i) ( D) 
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is an isomorphism if i # n and when i = n, the cokernel contains I ®e ~e /q  = 
n--1 D[x] /D ®e a t / q .  

The main result of  [OW] yields the isomorphisms in the following diagram. 

K(~i)+l(D[x], I) ~ K(i)(A, I, J) ~ K(i)(A, I) ~ K(i)(D[x], I) ~ • 
~[ inj J.~ .t u + inj -----~[ 

• --~ HC~-~)(A, I, J) --+ HC~_-¢)(A, I) --* HC(d-:)(D[x], I) ---* • 

The five-lemma shows that the map u in the above diagram is an isomorphism for 
i 7~ n, and if i = n is an injection whose cokernel contains I ®e ~e/q" 

Finally, we arrive at the diagram: 

t~'(i)+1(A/I ) .-~ K(i)(A,I) .-.+ f((O(A) --~ I~(i)(A/I) .-+ K(i)I(A,I  ) 

i--l) ~ ( i - -1 )  ~ ( i - -1 )  
* ~ HC(~_, (A, I) --+ HC,,_I (A) ~ HC,~_, ( A / I )  --+ • 

Since the inductive hypothesis applies to A / I ,  we can do a case-by-case analysis. 

If i > n, then K( i ) (a ,  I )  = af((i)(A/I) = O, so K(i) (A)  = O. If i < n, the 
first, second and fourth vertical maps are isomorphisms, while the fifth map is an 
injection, so the third map (u) is an isomorphism by the five-lemma. If i = n, the 
first map is an isomorphism, the second and fourth are injections, and the fifth map 
is the isomorphism 0 = O; the third map is therefore an injection by the five-lemma. 
The sequence of cokernels is therefore exact, so the cokemel of  the third map (u) 

n - I  [] is effectively computeable and contains (A/g)  ®e ~e/q" 

4. L o w - D i m e n s i o n a l  C a l c u l a t i o n s  

In this section we use the Eulerian idempotents e~ ) for n ~< 4 (listed in 1.2) to study 
the Hodge decomposition of Loday symbols in low dimensions. The decomposition 
in K-theory is obtained by computing the Hodge index of the corresponding symbol 
in cyclic homology, and then appealing to either Theorem 3.1 or the appendix. We 
shall wri te/(x,  y)) for both the K-theory Loday symbol and its image in cyclic 
homology. 

4.1. The smallest Loday symbol which makes sense in a commutative ring A is the 
Dennis-Stein symbol ((x, y)) = - ( x ,  y). Since/(2 and HC1 have trivial Hodge 
decompositions, we have: 

{(x, y)) C K~2)(A) and ((x, y)} E HC~I)(A). 
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4.2. LODAY SYMBOLS IN HC2 AND 1( 3 

If x y  = y z  = x z  = 0 then by 1.2 the cyclic homology Loday symbol ((x, y, z)) 
has Hodge decomposition 

e(1)((x, y, Z)) = l(((X, y, z)) + ((X, Z, y))) E HC~I)(A), 

e~2)((x, y, z}} = ½(((x, y, z}}- ((x, z, y}}) E HC(2)(A) 
= - i ( x ,  y, z) .  

The corresponding Hodge decomposition in K-theory (the average in K~ 2), the 

difference in K~ 3)) was described in the introduction in (0.1). 

4.2.1. If we specialize ((x, y, z}} by setting y = z, the universal ring is R = 
Q[x, y ] / ( x y ,  y2) which is discussed further in Section 7 below. By inspection, 
the Loday symbol ((x, y, y}} has pure Hodge index: 

((x, y, y)) e HC~I)(R), resp. t(~2). 

4.2.2. Clearly, if we specialize further we still have pure Hodge index, so if y2 = 0 
then 

((y, y, y)) E HC~')(R), resp. K~ :). 

4.3. LODAY SYMBOLS IN HC3 AND I(4 

We now consider the Hodge decomposition for the Loday symbol ((x)} = ((x, y, 
z, w}). Thus we assume that x y  = y z  = z w  = w z  = 0. In this generality the Loday 
symbol ((~)) = ((x, w, z, y)) also makes sense. By 1.2 the Hodge decomposition 
of ((x)) in HC3 is 

e~')((x>) = ½(((x)) - <<.~))) + ~ E HC~O(A), 

where 

= x ® z ® y ® w + x ® y ® w ® z  

- x ® z ® w ® y -  x ® w ® y ® z ;  

= l(((x))+ ((~,)>) E HC~2)(A); 

= - l ( x ,  y, z, w) C HC~a)(A). 

Note that ~ has no expression as a sum of Loday symbols in general. Therefore, 
when we lift to K4(A) we have no simple expression for the component of Hodge 
index 2, but we can say what the components of ((x)) of Hodge index 3 and 4 are 

½(((x)) + ((~))) e KO)(A); 

1 w) C I((4)(A). -~ (x ,  y, z, 
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4.3.1. If we add the equations x z  = y w  = 0, so that the universal case is the 
coordinate axes in 4-space, R3 = Q[xo, xl ,  x2, x3] / (x ix j  = O, i ¢ j ) ,  then we 
can lift ~ to the following sum of Loday symbols in K4(R3) " 

- ( ( z ,  z,  y)) - ((x, y, z)). 

This allows us to not only write the Hodge index 2 component of ((x)) in K4 (2) (R3), 

but also to write the Dennis-Stein symbol as a sum of Loday symbols in K(n)(R3) : 

y, z, = - ( (x ) )  + + ¢. 

4.3.2. If we specialize to y = w so the universal case is A = Q[x, y, z ] / ( xy  = 
yz  = 0), then ((x)) = ((~:)) and both ~ and (x, y, z, y) vanish. Once more, the 
Loday symbol ((x)) has pure Hodge index: 

If xy  = yz  = 0, then ((x, y, z, y)) E HC~2)(A), resp. KJ3)(A). 

Clearly any further specialization will lead to a Loday symbol of pure Hodge index. 
In particular, this is true of the Loday symbols ((x, y, x, y)) (coordinates axes in 
2-space), ((x, y, y, y))and ((x, x, x, x>)= 0 (dual numbers). 

4.3.3. If instead of setting y = w we specialize to z = w (with z 2 = 0), then we 
get slightly different phenomena. It is easy to see from 4.3.1 that (x, y, z, z) = O. 
(This also follows from axiom D1 of [Lsym].) Therefore the Hodge decomposition 
of ((x)} = ((x, y, z, z)) has only 2 components: 

½(((x)) - ((~.})) E HC~I)(A)or K(2)(A) ,  

½(((x}) + ((-~))) E HC~2)(A)or K(3)(A) .  

Both these components are nonzero in the general case, because ((f~)) = ((x, z, 
z, y)} = - ( (y ,  x, z, z))is linearly independent from ((x}). 

4.3.4. There are two specializations of (4.3.3). They are both defined in x y = y2 = 
0, and both have pure Hodge index: 

((x, x, y, y)) E HC~')(A)or K~2)(A); 
((x, y, y, y)) E HC~2)(A) or K~3)(A). 

Of course if follows from this (or the rotation axiom) that ((x, x, x, x)) = 0. 
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4.4. LODAY SYMBOLS IN HC4 AND K5 

Finally, we consider the Hodge decomposition of the Loday symbol ((x}) = 
((XO, Xl, X2, X3, X4)). Writing ((2))for ((xo, x4, x3, X2, Xl)), aboutthe most we 
can easily say in this generality is that 

(ei') + e(43))((x)) 
4')((x)) 

= ½((ix)) - ( i s ) ) ) ,  

= - l ( x o ,  Xl, x2,  x3,  x4) ,  

: ½(((x)) -4- ((:K})) -~ ~4(xo,  x l ,  x2, x3, x4) ,  

Thus we can describe the Hodge components of ((x)) in K~3)(A) and K~5)(A), 

but we have no general expression for the components of ((x)) in K~2)(A) and 
K~4)(A). All we can do is describe the images in HC(41)(A) and HC~3)(A) using 

the explicit description of e (1) and e(43) in Q[E4] provided in (1.2) above. 

4.4.1. If we further specialize to the ring R4 = Q[x0~. . . ,  xn] / (x ix j  = 0, i ~ j )  
of the coordinate axes in 5-space, then we can describe the Hodge decomposition 
of ((x}) in 1(5(R4). For this it is convenient to introduce the notation cr((x)) as 

Cr((X)) = ((X0, Xa-l(1), X~r-l(2), Xa-l(3), Xa-1(4))} E K5(R4). 

In this way the symmetric group E4 acts on the homogeneous Loday symbols, and 
the component of ((x)) in HCI0(R4) or K~i+~)(R4) is just e~0((x)). For example, 

the Dennis-Stein symbol in HC~4) (R4) or K~5)(R4 ) is 

(xo , . . . ,x4)  = -24e(4)((x)) = ~ ( -1 )~( (x}) ,  
~rEE4 

4.4.2. Because of axiom (D1), the generalized Dennis-Stein symbol (xo, . . . ,  X4) 
vanishes whenever we identify any two of the xi. By 1.3 we see that in such a case 
e~ 2) ((x)) = ½(((x)) + ((.~)))in HC(2)(R4) or/(5(3)(R4). This leads to the question of 

the Hodge decomposition of l(((x)) - ((.~))). By inspection, e(4 D ((x)} and e~ 3) ((x)) 
remain nonzero if we have one pair, or even three of the variables the same. 

If we identify two pairs of variables, the results are more interesting. We leave 
it to the reader to use 1.2 and check the following assertions: 

((t, x, x, y, y}) - ((t, y, y, x, x}) 

~t ,  ~, y, ~, y)) - (It, y, ~, y, x)) 

((t, x ,  y,  y,  z)) 

is in HC~ 1) or K~2); 

is in HC~ 3) or K~4); 

is in HC(42) or 1((53). 

People familiar with the card game of Poker will recognize that the further 
specializations are the two 'full house' Loday symbols ((x, x, x, y, y)) and 
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((x, x, y, x, y)), the '4 of a kind' ((t, x, x, x, x ) )and  the '5 of a kind' 
((x, x, x, x, x)). These are all specializations of ((t, x, y, y, x)}, so they have 

pure Hodge index, i.e., they all lie in HC~ 2) or K~ 3). 

5. Complete Intersections 

In this section k will always denote a field of characteristic 0. For nice k-algebras, 
the Hodge decomposition of Hochschild and cyclic homology partially vanishes. 
For example, if A is a smooth algebra over k, then 

HH(i)(A ) = ~ 0 i # n 
( ~/~ i = n; 

0 i < n/2 

HC(~)(A) = H ~ - " ) ( A )  n/2 <~ i < n 
n n--1  

~ A / d ~ A  i : n .  

(This decomposition follows easily from [LQ, 2.9]; see also [Lop, 4.5].) For exam- 
ple, if i < n then HC~)(k[xl, x~-l , . . . ,  Xm, x~nl]) is the degree 2i - n part of the 
exterior algebra 

1 
k X l  ~ ' " ~  X m  J ~ 

which is a vector space over k of dimension ( 2i m n )" This shows that all of the 

HC~)(A) in the range n/2 ~< i ~< n can indeed be nonzero. 
Recallthat a k-algebra A is acomplete intersection i fA = k[xo, . . . ,  xm] / ( f l , . . . ,  

Jr) for some regular sequence f l , . . . ,  f t .  The above vanishing result generalizes 
to complete intersections. 

THEOREM 5.1. (Feigin-Tsygan) If A is a complete intersection (or even locally 

a complete intersection) then HC(~ ) (A) = O for i < n/2. 

Proof. Since HC0)(A) = HH 0) (A) is narrison/Andr6-Quillen homology (see 
[Lop, 4.5]), the case i = 1 was proven by Andrd and Quillen (see [Q, 5.4]). Feigin 
and Tsygan used this special case to deduce the general result in [FTC, Thm. 5] 
and [FT, 5.5]. Note that the decomposition used by Feigin and Tsygan agrees with 
ours by [LP, §4]. [] 

COROLLARY 5.2. If a graded ring A = k @ A1 @ .. .  is locally a complete 
intersection over a field k of characteristic zero, then every Loday symbol in 
K~( A ) belongs to the subspace 

@ K(i)(A). 
n/2<i~n 
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That is, it projects to zero in K(i) ( A ) if either i <<. n /2 or i > n. 
Proof. A is a direct limit of rings which are locally complete intersections over 

Q, so we may assume k = Q. The result then follows from 5.1 and 2.8. [] 

In the rest of this section, we shall strengthen a result proven by Burghelia and 
Vigu6 ([BV, 4.3]) for k = C. Let f = f (x0,  • • •, x,~) be a homogeneous polynomial 
over k (a field of characteristic 0), and consider the ring A = k[x0 , . . . ,  Xm]/(f). 
The Jacobian Criterion implies that the following conditions are equivalent: 

Of Of 
(i) Oxo'"" Ox.  

from a regular sequence in k [xo , . . . ,  Xm]. 
(ii) The equations 

Of Of = 0 
Oxo = 0 , . . . ,  OXm 

have no nonzero solutions in ~m+l. 
(iii) If I is the ideal of A which is generated by 

Of Of 
C~XO'"'' OX m' 

then # = dimk( A /  I) is finite. 
(iv) The affine scheme Spec(A) has an isolated singularity at zero. 
(v) The equation f = 0 defines a smooth hypersufface in P~ ,  namely Proj(A). 

We are going to show that, if any of these equivalent conditions hold, we can 
calculate HH.(A)  and HC.(A)  by following the method of [GRW, 1.10]. Write 
dxi for 1 ® x E k ® .4, and let t E k ® .4 ® A be any element of Hodge index 1 
such that, considering t as an element of C2(A) : 

Ofl dxi b(t) = V f =  ~ i nC l (A) .  

(If b(t) = V f  then b(e~l)t) = V f ,  so the assumption that t has Hodge index 1 is 
harmless.) The following lemma is proven exactly as in [GRW, 2.5], and we omit 
the proof. 

LEMMA 5.3. HH.(A;  k) is the graded algebra k[dxo,. . . ,dxm,~ t]. If f has 
degree d and we assign a "weight' of 2 to each xi, then t has 'weight" 2d and 
topological degree 2d - 2. 

PROPOSITION 5.4. Suppose that f is a homogeneous polynomial defining a 
smooth hypersurface in Ir~k, with homogeneous coordinate ring A = k [xo , . . . ,  
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xm] / ( f ) .  Let I denote the ideal of  A generated by O f /Oxo, . . . , O f /Oxm so that 
# = d imk(A / I )  isfinite. Then each HH,(A) haspure Hodge index: 

{ HH(P)(A) ~ O~ 

HHp(A) = HH(ra+J+I)(A) ~ A / I  

HH(pm+J)(A) ~- A / I  

O <~ p <~ m-}- I 

p = m +  l + 2 j ,  j> .O  

p = m + 2 j ,  j )  l. 

Moreover, HHm+2j+I (A) is generated as an A-module by tJ dxo A . . . A dxm , and 
HHm+ 2j ( A ) is generated as an A-module by the cycle t j E ( -  1)ixidx0 A . . . A d'-x l A 
• "" A dxm. 

Using the well-known fact that H(d*)(A) = 0 for • ~ 0, we immediately obtain 

COROLLARY 5.5. Let HC,(A) denote HC,( A ) /HC,(  k ). Then 

_ _ _  _ O pq-1 H-C~P)(A) dftPA/k C "'Alk 

HCp(A) = 0 

HC(pm+J)(A) ~- A / I  

forO~<p<~ m 

f o r p =  m + 2 j +  1, j />  0 

for p = m + 2j, j >~ 1 

and the following maps are isomorphisms for j ) 1: 

HT4(re+j) (A't / ~--c(m+j) rA, ~ & ,rrl(m-Fjq-1) rAa 
~'~ra+2j \~'1 mW2j k ) n n m + 2 j + l  \ /" 

Proof of  5.4. We use the spectral sequence E~ q = Ap @ HHq(A; k) of [GRW, 
1.3]. Writing A~ for the graded exterior A-algebra A[dx0,...,  dxm], we see that 

bT0,2d-2 the spectral sequence has t C ~'1 and 

E1 q = ( ~ { t J A ~ :  2 j ( d -  1) + i =  q}. 

Note that tJAiA has pure Hodge index j + i. 

By multiplicativity ([GRW, 1.9]), the first nontrivial differential occurs in E ~ _  2, 
s e n d i n g t J w t o j t J - i ( v f  A w) for w E A~. Note that A ~ / ( V f  AA~ -1) i '~ ~ A / k ,  

so for j = 0 the K~hler differentials ~2:4/k in HHi(A) appear in the row q = i of 
** *q E2d_ 1 . For j # 0, the E2d_ 1 term coming from tJAiA is given by the homology of 

the chain complex 

P . ' 0 - ~ A  v f  A 1 vy ........ > . . . .  v f  A~+I ~ 0. 

If we set R = k[xo , . . . ,  Xm], then the complex/9, is the Koszul complex K.R((Of/  
Ox.), A) for the sequence Of /Ox.: 

Of Of m Of 
, , . . . , ( - 1 )  Oxm Oxo Oxl 
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([SeM, IV-4]). Therefore, the terms E2'~_1 are given by the Koszul homology 

Hff(Of/Ox., A). Since the Of/Oxi form a regular sequence in R and generate I ,  
we have ([SeM, IV-6]) 

( O f  A) -~ Tor~. (R/I ,  a). H . ( P . )  = n .  R \Oxo 

Because A = R/( f ) ,  the homology is zero for • ~ 0, 1. Moreover, 

Ho(P.) = ~2"~ +~ -~ A / I  and H I ( P . )  ~ Tor~l (R/I ,  A) -~ A / I  
h 

on generator z = E(-1)~xidx0 A --- A dxl A -.- A dxm. (The Torl calculation 
is an elementary exercise left to the reader.) Therefore, the only nonzero terms of  
Hodge index j + m in E ~ _  1 are the (A/I)tJz in row q = 2j(d - l )  + m and the 

(A/I)tJ-ldxo...  dxm 2d - 3 rows below it. Consequently, E2*~_ 1 - E~,  and we 
may read off the Hochschild homology of  A directly from the rows. [] 

APPLICATION 5.6 (truncated polynomials). If k is a field of characteristic 0 and 
A = k[x]/(xn+l), then A/ I  = k[x]/(x'~). The calculations of  HH.  and HC. of  
A as a k-algebra given in 5.4 are well-known (see [GRW, 1.10], [C, 1.2]): as an 

A-module, HH~)(A) r~r~(i) = . . . .  2i+l(A) = A/I.  By base-change (see [GRW, §5]) and 
Goodwillie's Theorem ([GwK]), we obtain the following more precise version of 
[GRW, 9.6], [C, 1.2]: considering A as a Q-algebra 

02i-p HC(pO(k[x]/(xn+l)) HC(i)(k)O(k[x]/(xn))®k~Ok/Q, 
p/2 <<. i <~ p, 

02J-p- 1 I((pi)(k[x]/(xn+l)) K(pi)(k)~(k[x]/(xn))@k~k/Q , 
p/2 < i <<.p 

Summing over i yields 

p p-2 p-4 = Kp(k) • Ok {ak/Q • ak/Q • ak/Q 

Taking k = Q, we see that there are no nonzero Loday symbols of  the form 
((xt~,..., xtp)) in Kp(k[x]/(x~+l)) unless p is odd, in which case such Loday 
symbols (defined whenever tj + tj+l > n) have pure Hodge (p + 1)/2, i.e., they 

lie in 1((i)1 (A). 

APPLICATION 5.7 (axes in the plane). If  A = k[x, y]/(xy) then A/ I  ~ k, and 
the following is a more precise version of both [GRW, 5.7 and 7.1] and [V]. For 
the cyclic homology calculation, we consider A as a Q-algebra. 

{ (~2i-p-1 °°k/Q , p/2 < i < p, 

HC(i)(k[x, y]/(xy)) HC(i)(k) O p-1 P for i = p, = ~2k/q @ (A/k) ®k ftk/q, 

0, otherwise. 
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O 2 i - p - 2  ~k/Q , p/2 < i <~p, 
K(O(k[x' Yl/(xY))= K(i)(k) @ O, otherwise. 

The Loday symbols ((x, y, x, y , . . . ,  x, y}} lie in HC(~) 1 (A) and I(~I+I)(A), and 
they all have pure Hodge index. 

6. Hanlon's Generating Functions 

To determine the Hodge indices of Loday symbols in graded algebras which are 
not complete intersections, we use the generating functions I lH(A)  and I IC(A) 
developed by P. Hanlon in [H, §7]. An r-fold graded k-algebra A is an algebra 
graded by r-tuples w = ( a l , . . . ,  a t )  of nonnegative integers, i.e., A = ®A~. We 
let wCn(A) denote the subgroup of Cn(A) generated by all homogeneous terms 
a0 ® al ® . . .  ® a~, with ai E A~oi and w = w0 + " "  + w~. The r-tuple w 
is called the weight of an element in wCn(A); cf. [GRW, 1.1], [C], [H, 7.1]. As 
weight is preserved by the operators b and B, C.(A) is the direct sum of subcom- 
plexes ~C.(A). As weight in C~(A) is preserved by the action of the symmetric 
group, ~C.(A) also has a Hodge decomposition when A is commutative. Setting 

~HH (i) (A) = H . (~C. (A) ) ,  etc., we have a double decomposition 

HH.(A)  : ~ [ ~ H H ( i ) ( A ) ;  HC.(A)  = O ~ H C ( 0 ( A ) , . . .  
i,w i,w 

DEFINITION 6.1 (Hanlon [H, 7.3]). Suppose that k is a field and each Aw is finite- 

dimensional. Then for each w and i, only finitely many of the groups wHH (i) (A) 

and ~HC(~ ) (A) are nonzero, and these are finite-dimensional over k. Thus we can 
define the Euler characteristics 

(0 ~,X(~)(A) = ~ ( - 1 )  ~ dim ~HH,~ (A), 
. (i) ~ c  (A) = ~ ( - 1 )  n dim ~HC~)(A). 

For w = ( a l , . . . ,  a t ) ,  the symbol z ~ represents the monomial z~ 1 . . .  z~ ~. We can 
also define the generating functions 

I I H ( A )  : 

n O ( A )  : 
i,w 

which are power series in Z[A, z l , . . . ,  zr]. In particular, 

1 
l IH(k )  = 1 and l IC(k)  - 1 - A" 
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Remark 6.1.1. Our notation differs slightly from Hanlon's in that our A has 
a unit. If A0 = k and A+ is the augmentation ideal, in his notation we have 
I IH(A)  = II(A+, A) andIIC(A)= IIC(k) + IIC(A+).  

Remark 6.1.2. Suppose ~ is an extension field of k, and each A~v and wHH (i) (A) 
is finite-dimensional over L Then we can still define Euler characteristics and 
l IH(A)  using dimension over L For example, if g has transcendence degree d, 
then H H ( Q  = (1 - A) d and IIH(A ®k g) = IIH(A)(1 - A) d for every k-algebra 

A such that each dimk(Aw) is finite. The definitions of wX(~ ) (A) still make sense 
for w ¢ 0 if we use the e-module structure on ~vHC.(A) given in [DW], but since 
HC.(£) is not an £ module, we need another definition when w = 0 to make sense 
out of IIC(A),  such as that suggested by the following lemma. 

LEMMA 6.2. Suppose that k is afield, and each Aw is finite-dimensional over k. 
Then: 

1 
I I C ( A ) -  1 -  )(AH(A). 

Proof. For each w and i the SBI sequence 

(i) s (i-i) • . .~HCn+I(A ) ~HC,~_ 1 (A) B ~HH(i)(A) ~ ~HC(i ) (A) . . .  

is finite. Therefore 

. (~)lA~ ~X(~)(A) = ~ ( - 1 )  ~ dim wHC(i-:)(A) = -wX~-I)(A) .  w A H  ~ ] - -  

Multiplying by A~z ~ and adding yields I IH(A)  = IIC(A) = - M I C ( A ) ,  whence 
the result. [] 

We now come to the main result of this section. Recall that the Poincar6 series for 
A is the power series PA(Z) = E(dim A~)z ~. Let PA(Z e) denote PA(Zf, . . . ,  zr~), 
and let #(d) denote the M6bius function of d. 

THEOREM 6.3 (Hanlon). Let A be a commutative r-fold graded algebra over a 
field k such that Ao = k and each Aw is finite-dimensional. Then 

I IH(A)  = PA(Z) I I  PA(Ze) -~'dl''(d)~d 
g=l  

andHC(d)  is given by I I H ( A ) / ( 1 -  A). 
Proof When r = 1 this is [H, 7.4 and 7.8] with a slight notational change (see 

6.1.1). Phil Hanlon has pointed out to us (in [HL]) that the proof goes through 
verbatim when r > 1. [] 

Remark 6.3.1. The exponent for £ = i is ),, so the first two terms may be written 
as PA(Z) I-;~. The exponent for g = 2 is _ ½()~2 _ )~). 
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In order to perform calculations with 6.3, the following identity is very useful. 
Modulo a typographical error, it is identity (6.2a) of [H]. 

IDENTITY 6.4. 

oo 1 L 
i ~ (1  _ xg)_.~,dlelZ(d)A a _ I 

1 - )~x" 
£=1  

LEMMA 6.5. 

eo 1 L 
l l t rr ' l  -- xe) - ~ * " ( d ) : ' ~  1 -- ;~x 

- 1 - Ax 2 - 
£=1 

o o  

1 + ~ )~i(x2i -- x 2 i - 1 ) .  

i = l  

P r o o f  Since t + x ~ = (1 - x2e) / (1  - xe) ,  the first equality follows from 6.4. 
The second equality is straightforward. [] 

APPLICATION 6.6. Consider the truncated polynomial ring A = k [x] / (x2). Since 
PA(Z)  = 1 + z ,  it follows from 6.5 that 

I IH(A)  = ( l  + z)  (1- -- Az '~  
\ 1  - )~z21 

= (1 + 1 + F_, 
i = l  

= 1. + (1 - a ) ~  a~z2~+~; 
i = 0  

I IC(A) = IIC(k)  + ~ Aiz 2i+1. 
i = 0  

There are only two terms of weight 2i + 1 in C , ( A ) ,  namely ( (x , . . . ,  x)) ¢ C2i(A) 
and B I ( ( x ,  . . . , x)) = 1 ® x @ . . .  @ x E C2i+l(A). As the coefficient of  z 2i+1 in 
I IH(A)  is )~i _ )~i+1, it follows that 

HH(~)(A)  -~ HC(~)(A) ~- r-rr4(i+l)/A~--~ k 
. . . . .  2 i + I  ~ ,~2  - -  

and that ((x, . . . ,  x)) e HC(*I)(A). This provides an altemate proof of 5.6. 

APPLICATION 6.7. Consider the 'axes in the plane', A = k[x,  y ] / ( x y ) .  Since 

1 - x y  
PA(X,  y ) =  l + ( x  + y ) + ' ' ' + ( x ~  + y ~ ) +  ' ' ' =  

(1--  x)(1 -- y) '  
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it follows from 6.4 that 

IIH(A) 

IIC(A) 

y (lj -  x)(a - 
PA(X, 

1 - -  Axy 

= PA(X, y) ((1 -- A) q- 
A(1 _ } X)(1 Y) 

k 

- x y )  
= (1  - y )  + 

= 1 + ( 1 -  A)(PA(x, y)- 1 ) -  ( 1 -  A)- 1 -AXAyy; 

oo 

= IIC(k) + (PA(x ,  y) - 1) - ~ Aixiy i 
i=1 

We know from 5.7 that Aixiy  i corresponds to the Loday symbol ((x, y , . . . ,  x, y)) 

in HC~)_I (A). In fact, knowing that HCn(A) is 0 for n even and generated by the 
Loday symbols for n odd, we can read off the Hodge indices of the Loday symbols 
from IIC(A). 

7. Loday Symbols in x and g 

In order to analyze the Hodge decomposition of Loday symbols in which the same 
variable appears many times, we need only compute some of the coefficients in the 
generating function I IC(A) .  In the most trivial case, there is only one variable and 
we have already seen in 5.6 and 6.6 that ((x,... ,  x)) E HC~)(A). In the next case, 
there are many x's and only one y: ((y, x , . . . ,  x)) C HC~(A). In this case we can 
determine the Hodge decomposition using representation theory. 

THEOREM 7.1. Suppose that x z = x y  = O. Then the Loday symbol ((y, x ,  . . . , x)) 
has pure Hodge index. That is 

(i) In cyclic homology it lies in either HCbl) (A) or HC~)_ 1 (A); 
~- ( i+1)~  (ii) in K- theory  it lies in either K~I+I)(A) or 1~2i+1 (A). 

Proof  The one-dimensional subspace of Cn(A)  generated by the cycle y ® x ® 
• --® x is isomorphic to the trivial representation of En. By [H, 6.3] the multiplicity 
of this representation in e (i)n ,~taEn is 1 if i = [(n + 1)/2] and 0 otherwise. Hence, 
if i ¢ [(n + 1)/2] we have e~)((y, x , . . . ,x))  = 0 in HH~(A). This proves that 
the Hochschild Loday symbol ((y, x , . . . ,  x)) lies in HH([(n+I)/2])(A). Part (i) is 
immediate. Because the universal ring A = Q[x, y] / (xy )  is a discrete Hodge 
algebra, part (ii) follows from Theorem 3.1 or from the appendix. [] 
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1, 
dim wHC0)(A) = 0, 

and fo r2  <~ i <~ g -  2 

Remark 7.1.1. The permutation representation of En is isomorphic to the 
subspace V of Cn (A) with basis the other cycles x ®. . .® x ® y® x ®. . .  representing 
((y, x , . . . ,  x}). By [H, 6.4], e(0V # 0 for 1 ~< i ~< (n + 1)/2. By 7.1, the nonzero 
cycles in e(~)V represent zero in HH(/)(A) for i # [(n + 1)/2]. This shows that 
care must be taken using this approach. 

THEOREM 7.2. Suppose that x 2 = xy = O. Then in HCn(A): 

(1) The Loday symbols with two y's and n - l x's lie in HCO)(A) • - "  ® 
HC(e-2) ( a )  ® HC(e)(A), g = [(n + 1)/2], and form a basis for the weight 
( n -  1, 2) part o fHC,(  A ). 

(2) For n <<. 5, every Loday symbol has pure Hodge index: ((x, y, x, y}) E 
HC~2)(A); ((y, x, y, x, x)) E HC(42)(a)and((y, x, y, x, x, x)) E HC~3)(A). 

(3) For n >1 6, set n = 4 p + j ,  w = ( n -  1, 2) a n d g  = [~2-~+A]. Then 

dim ~HC(e)(A) = 1, 

j = 2, 3, 

j = 0 ,  1, 

1, 

2, 
dim ,~HC~)(A) = 

2, 

0, 

j = l ,  3, 

j = 2 and i odd, 

j = 0 and i even, 

otherwise. 

COROLLARY 7.3. Consider the Loday symbol ((y, y, x , . . . ,  x)) in HCn(B),  
where B = k[x, y]/(x 2, xy, y2). 

(i) For n ~ 5, this symbol has pure Hodge index [n/2]. That is, it lies in 
HC~ 1), HC~ 1), HC~ 2) , or HC~ 2). 

(ii) I f  n is odd (n >1 3), ((y, y, x , . . .  ,x}} has pure nodge index i = (n - 1)/2, 
i.e., it lies in uc'(i) .*.-.2i+l(B). 

(iii) I fn i seven(n  >>. 6)theelement((y, y, x, x, x , . . .  ,x))-((y ,  x, y, x, x , . . .  ,x)) 

has pure Hodge index[n~2], i.e., it ties in HCg)(B). 
Proof of  7.2. For simplicity, we shall write xiy j for z(i'J). For A = k[x, y]/ 

(x 2, xy) we have PA(X, y) = ~ + x. Modulo y3, we have PA(X, y) =-- (1 + x + 

y -t- y2) and 

I IH(A)  = PA(X, y)PA(X, y)-~(1 + x 2 + y2)-½ (~2-;~) 

oo 1 -¢- 

l-I(1 + . 
g----.1 
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To simplify this, we note that modulo y3: 

PA(X, y)l-;~ -- (1 + x) 1-;~ + (1 - A)(1 + x)-~(y + y2) 

)~(12 A)(I + x) - l - ;y  2 

= (1 + x) -'~ {1 + x + (1 - ~)y 

(1 + x 2 + y2)-~(.-~)___ (1 + x2)-~("-~) {1 +(1 + x~)-I a(1-2 a) ~2}. 

Again we compute modulo y3 that 

{ ( I + x ) + ( 1 - ~ ) y + ( 1 - ~ ) [ 1 - ~ ( l + x ) - l ] y  2} 

X ( 1 +  (1 + x2)-1~(12 A)y2 } 

--(1 + x ) +  ( 1 -  A)y + (1 - A)y2(1 + AT), 

1 = (1  - x x 4 i + 1 .  

1 + x i = 0  

Combining all this and using Identities 5.4 and 6.5, we see that modulo y3 

IItt(A) ( 1 -  )~x - \ ~ -- ~xx2 j {(I + x) + (I - X)y + (I - )0y2(1 + AT)}; 

- )~x 
IIC(A) - llC(k[x]/x 2) + ( ! - 1  - Ax2JAx ~ Y + (iI--~xx2) y2( 1 + AT). 

The term in IIC(A) involving just one y is given by 6.5: 

1 - &x2,] y = ~ Aix2iy - 
i=0 i=1 

This provides an alternative proof of Theorem 7.1. 

where 

l { l + x  
T = ~  l + x 2  
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The term in I IC(A)  involving exactly two y's is y2 times 

1 - Ax (1 + AT) = 1 - ~ Aix2i- l (1  - x)  
1 - - ~ x  z i=1 

x 1 + a(1 - x)  x 4j+1 
j=O 

oo oo 

j=t  i=2 

x l-x+ _,x4J(l-2z+x 2) 
j=l  

= 1 - AZx 2 + A2x 3 - A 3 x  4 "t- ( A  -t- A3)x 5 
- ( A + A  2 + A 4 ) x  6 + ' ' "  

For p/> 1, the coefficient of  ( -1)J+lx4p+jy2  in I IC(A)  is: 

(A 2 -~ A 3 --~ . . .  q- A 2p-l)  -t- A 2p+1, j = 0, 

A + 2(A 3 + A s + . . .  + A 2p-l) q- A 2p+l, j = 1, 

(A -~- A 2 -t- A 3 n t- " '" + A 2p) -t- A 2p+2, j = 2, 

2(A 2 + A 4 "q- ' ' '  -1- A 2p) -1- A 2p+2, j = 3. 

From our low-dimensional calculations, we see that the first few terms correspond to 

the fact that  ((x, y, x, y)) C HC~2)(A), and ((y, x, if, x, x)) E HC~2)(A). Sincethe 
cyclic relation implies that ((y, x, x, y, x, x)) = 0, we have ((if, x, y, x, x, x)) C 

HC~3)(A). The rest of  the theorem follows from the following Lemma. 

L E M M A  7.4. For a = k[x, y ] / (x  2, xy ) ,  the only terms in H C . ( A )  o f  weight  
w = (n - 1, 2) lie in HC~(A).  A basis f o r  wilCo(A),  n >/2 ,  is f o rmed  by the 
Loday symbols ((y, x,  . . . , x ,  y, x ,  . . . , x)} with the second y occurring in the ith 
s l o t f o r 2  <~ i < n / 2 a n d f o r i  = (n  + 1) /2  when n = 4 j  - 1. 

Proo f  Set N = (,~+I) _ (n  + 1). In the Hochschild complex, there are N 
terms in C,~(A) and C~+I(A)  of  the f o r m . . .  ® y ® x ® - - -  ® x ® y @-- -  (resp. 
1 ® --- @ ff ® x ® - - -  ® x ® y ® - .  -) with the two y's not cyclically adjacent; call 
these of  'Loday type'.  There are also n + 1 terms in C ~ ( A )  and C n + t ( A )  of  the 
f o r m . . . ® y ® y ® . . .  (resp. 1 ®. -  .® y Q y ® . . ,  or 1 ® y ® x . . . ® x  ®y);  call these 
'bad'. Finally, there are n terms in C,~_I(A) and C n ( A )  of  the f o r m - - - ®  y2 ® . . .  
(resp. 1 ® - - -  ® if2 ® . . . ) ;  call these ' induced'.  The above symbols form a basis for 
~oC.(A).  By inspection, the subcomplex of  symbols of  Loday type is a summand 



HODGE DECOMPOSITIONS OF LODAY SYMBOLS 619 

of ~oC.(A), and its nth homology has the prescribed Loday symbols as a basis. 
The complementary summand is the complex 

O---~kn+lbkn+l 0 k n ~ k n ~ O  (*) 

generated by the bad symbols and induced symbols. Now the relation 

bB(y ® y ® x ® . . . ®  x) = - B ( y  2 ® x ® . . . ®  x) 

and the argument given above for one y show that (*) is exact. Hence wHHn(A) 
has the prescribed Loday symbols as a basis, wHHn-I(A) = 0, and we have 
isomorphisms 

~HH~(A) ~ wHCn(A) ~ wHHn+I(A). 
I B 13 

Proof of 7.3. For n ~< 4 the Hodge decompositions are given in (4.2.1), 
(4.3.2), and (4.4.2). For n /> 5 we calculate using the generating functions. Set 
w = (n - 1, 2). Since PB(x, y) = 1 + x + y, the calculation of IIC(B) modulo 
y3 is the same as for IIC(A) except that the term 1 + AT is replaced by AT. Thus 
modulo y3 

(x)  

I IC(B) = HC(A) - y2 + ~ Ai(x21-1y2 _ x2¢y2). 
i=1 

Thus for n/> 2 we have a short exact sequence 

k, 
0 -~ ~HC(O(A) -~ ~oHC(O(B) --* 

O, 

i = [n- l ,  
2J - + 0 .  

otherwise 

Since ~HC~(B) is entirely generated by Loday symbols, and all but ((y, y, 
x , . . . ,  x)) come from Loday symbols in wHC~ (A), it follows that ((y, y, x , . . . ,  x)) 

projects nontrivially into ~HC([n/2])(B). By theorem 7.2, for n = 2i + 1 

~HC(i)(A) = 0 for all i ~> 1; it follows that ((y, y, x, . . .  ,x)) lies in HC2i+I(B).(0 

For n even we need another argument because ~HC~ (A) ~ k. We use the shuffle 

(i-1) -+ HH~(B)  described in (1.6). We have just product HH~I)(B) ® HH2i_ ~ (B) 
(i-t) shown that ((y, y, x , . . . ,  x)) E HH2i_ 1 (B). Since 

(1 ® x)!(y  ® y ® z ® . . .  ® x) 

= ( y ® x ® y ® x e = e . . . e = ) - ( y e  y ® = ® . . . e = ) ,  

it foUows that ((y, x, y, x, x , . . . , x ) ) -  ((y, y, x , . . . ,x ) ) l ies  in HH~)(B). [] 
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8. Loday Symbols in x, y and z 

In this section we consider Loday symbols in three variables. For simplicity, we 
first consider Loday symbols with exactly one y, exactly one z and many x's. 

THEOREM 8.1. Let A = k[x, y, x ] / ( x ,  y, Z) 2, and l e t V  denote thesubspace o f  
HCn(A) generated by the n Lodaysymbols ((z, y, x , . . . ,  x ) ) , . . . ,  ((z, x , . . .  ,x ,  y)) 
with exactly one y and exactly one z. Then V is isomorphic to the permutation 

representation o f  En in such a way that the projection o f  V into Hc(i) (A) is e (i) v .  

For n = 1, ((z, y)) E Hc~l)( z ); f o r n  = 2 the Hodge decomposition e~l)v  ~- 

e~2)V ~- k is described in (4.2). For n ) 3 

1, 

d i m ( e ( i ) V ) =  2, 
1, 
0, 

i = 1 ,  
n+l 2 ~ < i ~  2 ' 

i = ~ + 1 and n is even, 
otherwise. 

For 2 <. i <~ (n + 2)/2, each o f  these n Loday symbols projects nontrivially into 

HC(0(A). 

COROLLARY 8.2. When A = k[x, y, z ] / (x ,  y, z) 2, every single one o f  the n 
Loday symbols (( z, y, x,  . . . , x )) , . . . , (( z, x,  . . . , x,  y)) projects nontrivially into 

K( i ) (A) ,  2 <~ i <. (n + 1 ) /2andpro jec t s tozero  in t ( ( i ) (A)  i f i  > (n + 1)/2. 
Proof  o f  8.1. Let V t denote the subspace of the Hochschild chain complex 

Cn(A)  generated by the cycles z @ y @ x ® . . .  @ x , . . . , z  ® x ® . . .  ® x ® y. 
By (1.1), Zn acts on W, and W is isomorphic to the permutation representation. 
Since V ~ maps isomorphically onto V C_ HC~(A), this proves the first part of the 
theorem. 

Now V ~ is the direct sum of the trivial representation V0 and the irreducible 

representation V1 corresponding to the partition # = (n - 1, 1). On ~ ,  e (i) is 
(i) . e ( i )  multiplication by the multiplicity mij  ofl/j in en QE,~, so dlm ,~ V is mi0 + rail. 

Reading off the multiplicities from [H, 6.3 and 6.4] yields the final assertions of 
the theorem. [] 

Alternate proof  o f  8.1. We are interested in the coefficient of x ~ y z  in I IC(A),  
so we may compute modulo y2 and z 2. Setting B = k[x, y] / (x  2, xy ,  y2), and 
referring to the proof of Theorem 7.2, we compute mod y2 that 

I IC(A)  
; PB -~- z }  1-A 

- t -P-B r C(B) 

(1_- (1+ ) 
- (1 + (1 - ~)zP/~ 1) k,1 - AxzJ  \ 1  - )~ + y 
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/ 
-~ I I C ( B )  + z ( l  + x )  - 1  ( 1  - 

x(1 + x + y -  ~y). 
1 +  i _--~-fi~2 / 

Using Lemma 6.5, we see that the coefficient of yz  in I IC(A) is 

(1 
l + x  1--'~-~x 2 - l + x  

oo 
- -  q- y ~  ,~ix2i-3(1 -- 2x + 2X 2 --  3X 3 + . . . ) .  

i=2 

Therefore, for n >/3 the coefficient of x ~ - l y z  is ( -1 )~+l  times 

) 0 + [ @ 1 =  , k + 2 ) ~ + . . - + 2 A  p + A p + I ,  i f n = 2 p > / 4 ,  

i=o )~ + 2)~ + - . .  + 2)~p if n = 2p - 1/> 3. [] 

We can use the shuffle product in order to find linear combinations of Loday 
symbols that have pure Hodge index. For example, 

PROPOSITION 8.3. Let a = k[x, y, z] /(x ,  y, z) 2. Then using only one z and 
one y, we have: 

((z, y, x , . . . , x ) )  - ((z, x, y, x , . . . , x ) )  + . . .  

- ( (z ,  x , . . . , x ,  y)) E HC~:+I)(A); 

((z, x, y, ~ , . . . , x ) )  + ((~, x, ~, ~, y, ~ , . . . ,x ) )  + . . .  

+((z, x , . . . , x ,  y, x>> E HC~:) I (A) .  

The corresponding K-theory symbols live in r"(~+z)taa and K~nn+l)(A), respec- ~12n+1 k ~1) 
tively. 

Proof'. In order to use the shuffle product we will work in Hochschild homology. 

By7.1,  y ® x ® . . . @ x  E HH~:)I  (A). Specializing to y = 1 yields l ® x ® - - . ® x  E 

HH~:) I (A) .  By 4.1, z ® y C HHI')(A).  Using (1.6), we see that 

z ® y ~ l @ x ® . . . @ x =  z @ y ® x ® . . . ® x - z ® x ® y ® x ® . . . @ x  

+ . . . .  z ® x ® . . . ®  x ® y E HH~+I)(A) .  

The second calculation is similar, using the element ½(z ® y ® x + z ® x ® y), 

which belongs to HH~I)(A) by (4.2). [] 

Remark 8.3.1. We saw in (4.3.2) that ((z, x, y, x)) is of pure Hodge index 
2; this is a special case of the second part of (8.3). For n /> 4 no single Loday 
symbol has pure weight. We leave it to the reader to compute such other smash 
products as suits the reader's fancy. However, we note that if there are 2n x's, then 
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1 ® x ® . . .  ® x is not a cycle, and hence is not in HH2n+I(A). Thus we cannot use 
the same argument as in 8.3 with an even number of x's. 

THEOREM 8.4. Set A = k[x, y, z]/(xy, xz, yz). 

(i) For every n there are only two independent Loday symbols in HCn(A) with 
one z, and the following symbols have pure Hodge index: 

((z, x, y, x, y , . . . ,  x)) 

and ((z, y, x, y, x , . . . ,y ) )  in HC~)I (A) ;  
((z, x, y, x, y , . . . ,  x, y)) 

+((z, y, x, y, x , . . . , y ,  x)) inHC~)(A); 
((z, x, y, x, y , . . . ,  x, y)) 

-((z ,  y, x, y, x , . . . , y ,  x)) inHC~+I)(A);  

(ii) In HCs(A), the Loday symbols ((z, x, z, x, y, x)) and ((z, y, z, y, x, y)) 
have pum Hodge index 3. The three Loday symbols with weight (2, 2, 2) have 
mixed Hodge indices 1 and 3. 

(iii) For n >>. 6, the Loday symbols with exactly two z's lie in the sum of the 
HC~)(A) with 1 <<. i <<. (n + 3)/2, and with the exception ofHC(1) ( a )  when 

n _= 3(mod 4), all the HC(i)(A) contain a nonzero linear combination of 
these Loday symbols. 

Proof. For A = k[x, y, z]/(xy, xz, yz) we have PA = 1 + E(x i + yi + zi). 
Setting B = k[x, y]/(xy) and computing modulo z 2 yields 

I IH(A)  -- (PB + z)I-;~(PB))~-IIIH(B) 

- I IH(B)  + (1 - A)z(PB)-IIIH(B) 

I IC(A) - I IC(B)  + z(PB)-IIIH(B).  

Referring to (6.7), we see that the coefficient of z in IIC(A) is 

~(1- x)(a- y) (1-~)+ 
1 - ~xy 

o o  

= 1 + ~ ( - x  - y + x y )  + F _ ~ ( ~ y ) ~ - ~ ( 1  - • - y + x y ) .  
i=2  

The coefficient of A corresponds to the Loday symbols 

((x, z)), ((y, z)) • HCI1)(A) 

and 

½(((z, x, y)) + ((z, y, x})) 6 HC~I)A 
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described in (4.1) and (4.2). The elements of Hodge index 2 lying in FIC2, HC3 
and HC4 were described in (4.2), (4.3.1) and (4.4.2); they are 

½(((~, x, ~)) - ((z, y, x))), ((z, x, y z)), ((z, y, x y)) 

and 

l ( ( (z ,  x, y x ,  y ) ) +  ((z, y, x, y, x))). 

We know by [GRW, 3.12] that HC.(A) is spanned by Loday symbols, and the only 
Loday symbols with one z are ((z, x, y, x , . . . ) )and ((z, y, x, y, x,...)). Thus 
the assertion (i) follows from considering the symmetrizing idempotent (see 1.3). 

In order to study the coefficient of z 2 in IIC(A) it is useful to start with some 
low-dimensional remarks. The only term of weight (0, 0, 2) is Z 2 E HH~°)(A). 
After that, the smallest Loday symbols with 2 z's are 

((z, x, z, x)), ((z, x, z, y)) and ((z, y, z, y)) 

which lie in HC~2)(A) by (3.3.2). By (3.4.2), next come symbols in HC?)(A): 

((z, ~, z, ~, v)) + ((z, x, z, u, x)) a~d 

((z, v, z, x, v)) + ((z, v, z, y, x)). 

The differences 

((z, x, z, x, y ) ) -  ((z, x, z, y, x)) and 

((~, y, ~, y, x)) - ((z, y, z, x, y)) 

lie in HC(3)(A). Therefore the first few terms of the coefficient of z 2 in HC(A) 
form the polynomial 

t ---- 1 - -  /~2(X2 + x y  -[- y2) + )~2(x2y + xy2) + ~3(x2y + xy2). 

Computing IIH(A) modulo z 3 yields 

IIH(B) - PB ( PB(x 2, y2) 

=={l+(1-) t ) ( z+zZ)p~ 1 )~(12 "X) z2p~2 } 

×{1+ ~(A;~)z2PBI(x2, y2)} 
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Referring to (6.7), we see that 

l + x y  es(x 2, y2) 
(1 + x)(1 + y ) P B ( x ,  Y). 

Therefore the coefficient of z 2 is (1 - A ) I I H ( B ) P ~  1 times 

1 A ( 1 - x ) ( 1 - y ) + A  ( l + x ) ( l + Y ) = l + A ( x + y - x y - x 2 y 2 ) ~  
- ~ 1 - xy ~ 1 + xy ] ::7272 ) "  

From here a straightforward but tedious calculation shows that the coefficient of 
Az 2 in I IC(A) is 

Ocb 

-x2y  2 + ( .  + y - xv - x2y 2) ~(~y)2~;  
i=1 

the coefficient of )~2z2 in I IC(A) - t is 

O o  

x2y2 + { - 1  + x + y - (x 2 + 3xv + y2) + (2z2y + 2,y2)} ~ ( , y ) 2 j  
j = l  

and for i >1 3 the coefficient of Aiz 2 in I IC(A) is 

(xy)~-2{(~ + y) - (x 2 + 2xy + y2) + (~2 v + xy2)} + (xy)i 
(:x) 

+ { ( - 2  + 2(x + y ) - ( x  2 + 4 x y +  y2))}~. ,(xy)i+2J.  
j=l  

Since the Loday symbols of weight w = (p, q, 2) can only occur in HCp+q+l (A), 

we can read off the dimension of the wHC(1)(A) from this. 

Appendix. A Map from Relative HC to K-Theory  

The purpose of this appendix is to prove the following result, which has Proposition 
0.6 as a special case. 

THEOREM A.0. Let [ 1 , . . . ,  [,~ be ideals in a Q-algebra A such that fqIi = O. 
Then there is a natural map 

HC._I (A;  I1 , . . .  ,Ira) E__~ K.(A;  /1 , . . .  ,Ira). 

I f  xi E Ii are such that x l x2  = ""  = XnXl = O, then E sends the cyclic homology 
Loday symbol x 1 ® ' " ®  xn to the K-theory Loday symbol (( x 1, . . . , xn)). Moreover, 
i f  A is commutative then E commutes with the operations A k and Ck. 
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Our proof closely follows Cathelineau's proof for a nilpotent ideal in [C], except 
that we have used ideas from Ogle's thesis [Ogle T] to finesse to gap in [OW]. 
(If the gap were fixed, the result would be that the map E is an isomorphism.) 
We remark that we have chosen to work with combinatorial models rather than 
GL(Q)-invariant models in order to simplify the argument. This means that we 
must replace the invariant theory in [OW] by a more elementary combinatorial 
result due to R. Aboughazi (this part of her thesis appears in [AO] as Thm. 1.1.12). 

Let I be an ideal of a ring A. For each n, let Tn(A, I) denote the subgroup 
of GL,~(A) consisting of all n × n invertible matrices g which are strictly upper 
triangular modulo I,  i.e., such that gij E I if i > j and gii - 1 E I for all 
i. The corresponding Lie subalgebra t,~(A, I )  of ~[n(A) consists of all matrices 
a E Mn(A) such that aij E I i f i  >1 j. 

The above groups depend upon the choice of an ordered basis of A n . To remove 
this dependence, note that for any a E GL~(A) we can form the conjugate subgroup 
Tn(A, I )  ~ = {g]crg(r -1 E T~(A, I)} and the Lie subalgebra tn(a, I) ~. The 
regular representation E~ -+ GL~(A) of the symmetric group E~ allows us to 
write T~ and t~ for any permutation a of the canonical basis of A n. 

Now suppose we are given an m-tuple cr = ( a l , . . .  , am) and m ideals I1, • • •, Im 
of A such that Vii = 0. Write T~(A; I1 , . . . , I r a )  and t~(A; I1 , . . . , [ ,~ )  for the 
intersection of the Tn(A, Ii) ~ and of the t~(A, Ii) ~, respectively. The groups 
T~ are nilpotent, because any commutator of length n is congruent to the identity 
matrix modulo Ii for all i. Similarly, the t~ are nilpotent Lie groups. If A is a 
Q-algebra, this implies that the exponential map 

exp" t~(A; I 1 , . . .  , Im)  --+ T~(A; I1 , . . . ,  Ira) 

is well-defined and bijective. One of the main theorems of rational homotopy (see 
[GwL, pp. 391-3] or [OW, 2.3]) is that exp induces a natural isomorphism on 
rational homology: 

,I," liLi~(t"" Q) -~ H.(T~" Q) -~ t I . (BT~; Q). 

Here the left-hand term is Lie algebra homology, the middle is group homology, 
and the right-hand term is the topological homology of the classifying space BT~ 
of the group T~. 

In order to construct A-operations, we need to define exterior products on the T~ 
and t~ based on the canonical identification of AkA n with A(~), which is obtained 
by putting the usual basis of AkA n in lexicographical order. This exterior product 
construction requires that A be commutative. Since A k is a functor, it induces maps 
A~_: ~I~(A) --+ ~[(~)(A) and Akx : GL, (A)  --+ GL(D(A ). As observed in [C, 2.2], 
these are given by the explicit formulas: 

A . . .  A vk) = E n A . . .  A g(v ) A . . .  A 

A . . .  A vk) = g ( n ) A . . .  A g(vk). 
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From these formulas, it is easy to make the following two observations: (1) if g 
is upper triangular then so is Akg; (2) if g is a nilpotent matrix then Akx exp(g) = 
exp(A~g). From this (and naturality in A), we obtain the following commutative 
diagram for all (r E GLn(A) : 

A k 
t~(A; I i , . . . , I m )  22-% t~i)~(A; I1, . . . ,  Ira) 

ex, 1 
k 

TT~(A; tl - r ~ ..~ ,rA%:a. I , , .  Ira) ,...,.,r,,: ~(,;) ~ ,  . . ,  

(A.1) 

This is the analogue of diagram (1) in [C]. We remark that if a E ~n then Aka 
is a monomial matrix which is not in general an element of the canonical subgroup 
N(~) of GL(~)(A). However, there is a 7" E E(~) such that (Aka)~ "-I = 6 is a 

and Tt~, we have tl~ = t~) and~(~) (k) diagonal matrix. Since ~ fixes t(~) Aka rt~Aka = T,'rn 
Xk]  ' ,k ; 

in (A.1). 

LEMMA A.2. The following diagram is commutative for every commutative Q- 
algebra A, a E GLn(A) and ideals Ij , . . . , Im such that NI i=  O: 

H.(t~(A; I I , . . . , Im) ;Q)  ~ H,(t~;((A; I i , . . . , Im) ;  Q) 

ol t • 
. Q). H,(T~(A; I1 , . . . ,  Ira); Q) ~ H.(TiD (A, I1 

Proof Cathelineau's proof ofLemma 1 in [C] applies verbatim. We remark that 
this proof is implicit in Goodwillie's argument on p. 392 of [GwL]. [] 

Following JOWl, we let X,~ = X ~ ( A ;  I1 , . . . ,  Ira) denote the union of topolog- 
ical subspaces BT~n(A; 11, . . . ,  Ira) of BGLn(A), the union being taken as cr runs 
over all m-tuples of permutations in En. The superscript C stands for 'combinato- 
fiN', in order to distinguish it from the 'linear' model X L = XL(A;  11, . . . ,  Im) 
of JOWl, which is the union of the BTg (A; 11, . . . ,  I,~) as a runs over all ra-tuples 
of elements in GLn(Q). X,~ has an infinitesimal 'Lie' analogue represented by the 
subcomplex 

x~ = x~'(A; I 1 , . . . , I ~ ) =  ~ A*t~(A; I1, . . . , Ira ) 
a E V ,  r, 
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of the Chevalley-Eilenberg complex A'gin(A) used to compute the Lie algebra 
homology H.(fl[~(A); Q). 

PROPOSITION A.3. For every Q-algebra A and ideals Ii such that OIi = O, and 
all n, the exponential map induces isomorphisms 

<~" H.(x~(A; I 1 , . . . , I , 0 )  -~ H.(X~C(A; I i , . . . , I ,~ ) ;  Q) 

fitting into a commutative diagram for each n and k: 

H,(x~) A~ ..... H,(x(~)) 

H,(X~; Q) h--~kx H,(X(~); Q). 

Proof This is Cot. 2.4 of [OW]; cf. III.5 of [GwL]. The subcomplexes A*t~ 
form an 'atomic' functor in the sense of [OW], so that H.(x~,) is the homology of 
the chain complex hocolim(A*L~). Since H.(xn) is the homology of the complex 
hocolim(C.(BT~)), the result follows from the hocolim spectral sequence 1.4 of 
lOW]. 

Now set x = Uxn and X = UX~. Following [LP] and [C], we define operations 

k 
"k~,n "-- Z ( - 1 ) i  ( n -  l + 

i=O 

k 
= ( n -  il + i 

i=O 

) hk-i :H.(X~; Q)-+ H.(X;  Q). 

(A.3.1)* 

Now Zoo acts trivially on H.(x) and H.(X;  Q) by an argument of Suslin, detailed 
in lOW, 3.2]. Thus the maps )k+,,~ and Akx,n are compatible with stabilization, and 
we can define endomorphisms 

A~ - - l i m  )~k k x +,~ and )~ =l im,~k 
___+ .__.+ X ~n 

on H,(x)  and H,(X;  Q). 
As pointed out in [C], the direct sum of matrices provides the stable homol- 

ogy H,(x) and H,(X;  Q) with a product. Since the diagonal map gives them 

* Note added in proof: The naturality of the homology operations in (A.3.1) has been proven by 
Phillipe Gaucher in 'Produit tensorial de matrices et homologie cyclique', C.R. Acad. Sci. Paris, 
t. 312 (1991), 13-t6. 
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a coproduct, they are in fact Hopf algebras. The map • = lim ~,~ is in fact an iso- 
morphism of Hopf algebras, from H.(z)  to H,(X;  Q). Under this isomorphism, 
the operations ,~_ and )~k x correspond. Writing P, for the primitive part of H.(x), 
we conclude as in [C] that the operations A k restrict to make P. into a graded 
,~-ring. It remains to relate P .  to cyclic homology and to K-theory. 

Let Cp(A; I1,. . . , lm) denote the intersection of the kernels of the maps 
7ri:Cp(A) --+ Cp(A/Ii), i = 1 , . . . , m .  Since all the 7r~ are surjections, the 
homology of C.(A; I1, . . .  , In) is the m-fold relative cyclic homology group 
HC.(A; 

Now consider the Loclay-Quillen map Tr o A:A*(~t(A) --+ C._I(A), restrict- 
ed to the subcomplex x(A; h , . . .  ,Ira) of A*gl(A). Since composing Tr o A 
with any projection zri:Cp(A) -+ Cp(A/Ii) sends each AP+lt~(A/Ii) to zero, 
it vanishes on all of xp+l. Therefore the image of Xp+l(A; I1,... ,Ira) lands 
in Cv(A; I1,...,Ira), and the restriction z .  --+ C,-I(A;  I1,...,Ira) therefore 
induces a map on homology 

P,  C H,(z)  --+ HC,_I(A; I1, . . .  , I~) .  

As pointed out in [C, 2.4], this Loday--Quillen map commutes with the )~-operations 
by the definition in [LP] of the )~-operations on cyclic homology. This proves the 
second part of 

THEOREM A.4. The map Tro )~: P. ~ HC.-1 (A; I1 , . . . ,  Ira) is an isomorphism. 
If A is commutative, this isomorphism commutes with all the operations A k. 

Proof (cf. [OW, 4.5]). Cp_ I(A; I1 , . . . ,  Ira) is generated by terms a l ® . . .  ® ap 
such that, for every i, some aj is in Ii. for an appropriate a, the p-form 

W = e l 2 ( a l ) A . . . A e p , l ( a p )  

is in APr,(A; I1,.. . ,  Im) and Tr(A(w)) = al ® . . .  ® ap. Hence, the linear span Wp 
of forms of the type w forms a subspace Of Zp mapping onto Cp-I(A; I1,...,  Ira). 
By inspection, each w is primitive. By Theorem 1.1.12 of [AO], P,  is iso- 
morphic under the Loday-Quillen map with the homology of Tr o A(W,) = 
C,_I(A; I1,...,  I,~), which is what the first part of our theorem asserts. 

Remark A.4.1. One could also consider the GL(Q)-invariant subcomplex z L = 
Ux ~ of A* ~ [(A) generated by the La (A; I1 , . . . ,  Ira). Theorems 3.3 and 4.5 of [OW] 
state that H.(x L) is a Hopf algebra whose primitive part is HC.-I  (A; I1 , . . . ,  Ira). 
Therefore H.(z  C) ~ H. (z r ) .  Using the natural map H.(z 5) --+ H . (Xr ;  Q) --+ 
H,(K(A;  I1 , . . . ,  Ira); Q) would yield a completely parallel proof of the main 
result A.0 of this appendix. 

We now turn to K-theory. Given ideals I1,..., Im in a ring A, the m-fold 
relative K-groups K.(A; I1 , . . . ,  Ira) are the homotopy groups of a topological 
space K(A; I1,...,  Ira). One way to construct this space is to take the interated 
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homotopy fiber of the m-cube of spaces which at the vertex ( q , . . . ,  ~m) of the 
m-cube has the space 

k(a/N{s  : = 1)). 

By this construction, the natural maps A k : K,(A) --+ K.(A) induce endomor- 
phisms A k of each group K.(A; I1 , . . . ,  Ira) when A is commutative. 

THEOREM A.5. Let I1 , . . . ,  lm be any family of ideals in a ring A. There is 
a natural topological map XC(A; I I , . . . , Im)  --+ If(A; I i , . . . , Im) .  If A is 
commutative, the induced map of homotopy groups commutes with the operations 
A k . 

Proof Suslin proved in [Sus] that X(A)  = XC(A; 0) C BGL(A) is naturally 
the homotopy fiber of the plus construction BGL(A) ~ BGL(A) +. For every 
ideal I of A, the map XC(A; I) --+ BGL(A/I)  + factors through X ( A / I )  and so 
is naturally contractible. Therefore the map 

XC(A; -[I,..., Ira) - +  BGL(A) -+ K(A) 

lifts to a natural map from X = XC(A; I i , . . . ,  Ira) to K(A; I1, . . . ,  Ira). When 
A is commutative, the argument used by Cathelineau in [C, 2.4] shows that this 
map commutes with the A k. Indeed, the maps A~: BGLn(A) --+ BGL(A) + used 
to define A k on K.(A) are given by formula (A.3.1), using the H-space structure 
of BGL(A) +. These maps restrict to maps A~: X -+ X +, again given by (A.3.1). 

Remark A.5.1. In [OW, 7.3] it is asserted, but not proven, that the map of 
Theorem A.5 is a homology isomorphism. This is the crucial gap in the proof of 
the Main Theorem 7.5 of [OW]. 

DEFINITION A.6. For every Q-algebra A and ideals Ii such that NIi= 0, let E 
denote the composition: 

e c n - 1  (A; I i , . . . , I ,~)  

--- Prim ttnxC(A; I1,. . . ,  In) by A.4 

~- Prim HnXC(A; I1, . . . , Im) byh .3  

-+ Prim l inK(A; [1,. . . ,  Im) by A.5 

Kn(A; I1, . . . ,  I.d. 

If A is commutative, it follows from A.4, A.3 and A.5 that E commutes with 
the operations A k. Therefore Theorem A.0 follows from the following calculation, 
which is due to Ogle. 

PROPOSITION A.6.1. Suppose that we are given elements ai E I i  such that 
a 1 a 2  = ' ' '  a n  a 1 = O. Then E sends the cyclic homology Loday symbol ((a 1,..., a~)) 
to the K-theory Loday symbol ((al,..., an)). 
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Proof  Given {ai} with ala 3 --- . . . .  anal = O, there is a map from the group 
Z n to T~ (A; I1, • . . ,  Ira) sending the ith generator to ei,i+l (ai). This induces a map 
from the toms T n = B Z  n to B T ~ ,  and therefore a map of  the associated Lie alge- 
bras from Qn to t~. By naturality, rational homotopy theory gives a commutative 
diagram 

Q Lie n. i_lLie ( ÷a. Q) 
Hn (Q , Q) ..... ~- - ~  ,-n, 

ol o 

Q - H~(Tn;  Q) ~ Hn(BT~;  Q) 

' H, , (xC(A;  I1 , . . .  , I n ) )  

°1° 
• H n ( X C ( A ;  I I , . . . , / ~ ) ;  Q). 

From the proof of  A.4 we see that the generator of  the top left side maps to 
( ( a l , . . . ,  an)) = [al ® ' "  ® an] E H~(xC(A; I 1 , . . . , I m ) ) .  The proof of  [Ogle 
I, 3.1] now applies to show that the image of  al ® . ."  ® an under the map E to 
K n ( A ;  I 1 , . . . ,  In) is the K-theory  Loday symbol ((al, . . . ,  an)). 
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