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Abstract. In this paper, we study the Hodge decompositions of K-theory and cyclic homology
induced by the operations ¢* and A, and in particular the decomposition of the Loday symbols
{=, v,...,2). Except in special cases, these Loday symbols do not have pure Hodge index. In

K, (A) they can project into every component K for2 < ¢ £ n, and the projection of the Loday

symbol {z, v, ..., z)) into K (M isa multiple of the generalized Dennis—Stein symbol (z, y,..., z).
Our calculations disprove conjectures of Beilinson and Soulé in K -theory, and of Gerstenhaber and
Schack in Hochschild homology.
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The purpose of this paper is to improve our understanding of the Hodge decomposi-
tions of the higher K -theory K .(4) and cyclic homology HC..(A4) of acommutative
ring A with unit. To do this, we study the action of the operators * and A* on
Loday symbols, which are elements in higher K -theory and/or cyclic homology.
For simplicity, we shall assume A is of finite type over a field £ of characteristic 0.

For Hochschild homology and cyclic homology, the Hodge decomposition
means the direct sum decompositions

n n
HH,(A) = PHHP(A) and HC,(4) = PHCP(A)
=0 £=20
constructed in [GS], [FT], and [Lop] (see Section 1). They are given by the Eulerian
idempotents in the group ring Q% and take their name from the fact, noted in [GS],
that in a special case they yield the classical Hodge decomposition of complex
analytical cohomology. The operations %* and A¥ on HH.(A) and HC,.(A) are
defined to be scalar multiplication on each of the Hodge components:

HF(z) = k"2, \F(2) = (1) ke for z € HHY(A) or HCY)(A).
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By the Hodge decomposition of the K -theory K.(A) of a commutative ring A
we mean the analogous decomposition of K.«(4)g = K«(4)® Q according to the
eigenvalues of the operators 1* and \F:

KA 2 P ED(A).
=0

Elements of K{"'(A) are eigenvectors for each ¥ and A, the eigenvalues being
k' and (—=1)Fk*~1, respectively, ([Hil, 4.7]). The groups K,(f)(A) are also the
graded quotients for the v-filtration of K.(A)q. A third interpretation is given
by Beilinson in [B, 2.2.1}; for any scheme X (such as X = Spec(A)) he writes

HY (X, Q(3)) for K. (t)(X ), and calls these the absolute (motivic) cohomology

groups of X. Soulé proved in [S, 2.1] that K. (z)(A) 0 for i > dim(A) + n, so
that the Hodge decomposition of each K ,(A) is finite.
The Hodge decomposition of K( A) is classically part of Grothendieck’s formu-

lation of the Riemann—Roch Theorem. K(()O)(A) is the ‘rank’ H%(Spec(4), Q); the
determinant map induces an isomorphism K 1)(,4) = Pic(A)q, and K((f)(A) =

for 7 > dim(A). If A is regular then I’(z)(A) is rationally the Chow group of
codimension ¢ cycles on Spec(A) The Hodge decomposition of K1(A) s less well
understood. We know that K § (A)=0, K ’(1 (A) is (rationally) the group A* of

units of A, and that K{)(A4) = 0if i > dlm(A) +1.
For n > 2, the Hodge decomposition is not well ‘understood. Kratzer observed

in [K, 6. 8] that K (0)(A) K m(A) = 0, so the only possible Hodge indices

i with K (A) # Oaret = 2,...,dim(A) 4+ n. Some individual elements of
K, (A) are known to have pure Hodge index. For example, the Steinberg symbols
{z1,...,7,} and generalized Dennis-Stein symbols (zy,..., 2} are known to

have pure Hodge index n, i.e,, to liein K (")(A) (This follows from [Hil, 8.1] and
[Lsym, 1.6]; see 2.2 below.)

In this paper we study the Hodge decomposition of Loday symbols, and show
that they usually do not have pure Hodge index. Recall from [Lsym] that the K-
theory Loday symbol {(z1,...,%,)) is an element of K,(A), defined whenever
T1Zp = -0 = TyTip = -+ - = Tp21 = 0. There are corresponding Loday symbols
in HH,,_{(A) and HC,,_;(A) introduced in (2.5) below. For clarity, we shall only
describe our results for the K -theory Loday symbols; our results for HC-theory
Loday symbols differs only by a shift in indices.

It turns out that the Hodge indices of the K -theory Loday symbol {(z1, ..., Z,))
are restricted to the range 2 < ¢ < n. We prove in Theorem 2.10 that the top
Hodge component of this Loday symbol (lying in K. f,(f)(A)) is+1/(n — 1)! times
the corresponding generalized Dennis-Stein symbol (z1,...,2,). This general-
izes Loday’s observation in [Lsym] that {{z, y)) = £(z, y) in Kéz)(A). More
interesting results occur in K3, K4 and K.
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EXAMPLE 0.1 (Fat point). (See 4.) Consider R = [z, y, 2]/(z, y, 2)?, an
Artinian ring whose maximal ideal has square zero. The Loday symbol s =
{z, y, z)) € K3(R) does not have pure Hodge index. The Hodge components
of s are 1(s + 3) € K3(2)(‘R) and 1(s - 3) € K§3)(R), where 5§ = (&, z, y).
Note that § — s is the generalized Dennis—Stein symbol (z, y, z) by [Lsym, 2.6].
On the other hand, in K4(R) the Loday symbols {(z, y, z, ¥)) and {z, y, =, y))
have pure Hodge index 3, but {(z, z, y, y)) has pure Hodge index 2. In K’s(R) all

the Loday symbols project nontrivially into K §3)(R), but not all have pure Hodge
index 3. In particular, {(z, z, y, y, z)) has Hodge indices 2 and 3. The difference
of Loday symbols

((xa T, Y Y Z» - ((ya Y, z, T, Z»

has pure Hodge index 2, i.e., it is a nonzero element contained in K§2) (R).
This nonzero element of K @ (R) provides a counterexample to the conjecture,
formulated mdependently by Belllnson ([B, 2.2.2]; see [Sch, p. 12]) and Soulé ([S,

2.9)), that K§ (A) 0for ¢ < n/2, or equivalently that I ] G — 0for j J < 0.Here
is a more geometric counterexample:

EXAMPLE 0.2 (Coordinate axes). (See 2.9.) Let B,,_1 = {[z1, ..., zn|(ziz), 1 #
7) be the coordinate ring of the coordinate axes in affine m-space over £. Then the

Loday symbol {z1, ..., Z,)) in K,(R.-1) projects nontrivially into K. m)(Rm 1)
for all 7 in the range 2 < ¢ < m.

Of course, our rings are necessarily singular, so the conjecture may still hold for
regular rings. The following example shows that in the Beilinson—Soulé conjecture
we cannot replace b = n/2 by any lower bound b(n, A) which increases with n.

EXAMPLE 0.3. (See 8.2.) When A = {[z, y, 2]/(z, y, 2)? every single one of
the n — 1 symbols in K,,( A) having n — 2 X’s, one y and one z,

{z, zy...o2, 9, 20, {2, 2,...,2, ¥y, z, 2)), etc.,

projects nontrivially into Kn )(A) for all 4 z m therange2 < ¢ < (n+1)/2. If ¢ is
outside this range, the projections into K§ (A) are zero.

The corresponding Loday symbols in HH,,_;(A) and HC,,_1(A) have Hodge
indices in the same range, and also project nontrivially into the ith component of
the Hodge decomposition for all ¢ in the range 2 < ¢ < (n + 1)/2. This answers
negatively a question posed in [GS2, p. 268] by showing that HHi’)(A) does not
vanish for ¢ 3> 0.

After we had found these examples, Soulé pointed out to us that Feigin and
Tsygan had already observed in [FT, 7.5.6] that the Beilinson—Soulé conjecture
fails for A = F @& I, I> = 0, when [ is an infinite-dimensional vector space
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over F'. Our example 0.1 is a finite-dimensional version of their counterexample,
and our results contain more information than theirs because we use the Eulerian
idempotents eg) of [Barr] and [GS] as well as the generating functions of Hanlon
([H]) for Hochschild and cyclic homology.

Our basic method is to compare K -theory with Hochschild and cyclic homology
via the Dennis trace map D: K,(A) — HH,,(A), where the Hochschild homology
of A is taken over the ground field k = Q. Suppose that A = Ag P A1 P ---1i
a graded {-algebra. We shall use the following notation: if F is any functor from
{-algebras to Abelian groups, we write F(A) for the kernel of the augmentation
F(A) — F(Ap). A result in [Gw] states that the map B: HC,,_1(4) — HH,,(A)
is an injection. We know from [Wnil] that the Dennis trace map factors through
cyclic homology:

Km(A) % HCro1(A) B HHp(A).

The following two results are proven in (2.3) and (3.1) below. Theorem 0.4 allows
us to detect nontrivial elements in the Hodge decomposition of K. ,.(< ), Theorem 0.5
tells us when an element projects nontrivially into K )(A).

THEOREM 04. If A = Ay ® Ay @ - - - is a graded {-algebra, then v commutes
with the operations ¥* and \¥. The Dennis trace map only commutes with V¥ and
XN up to a factor of k, in the sense that for z € K.(A) we have:

¢*D(z) = kD(¥*(z)) and A*D(z) = kD(\()).

In other words, the Dennis trace map preserves Hodge decompositions, factoring
as:

k94 % A V) 2 518 (a).

Remark 0.4.1. We believe that for every commutative ring A the Dennis trace
map as well as its lift D: K,,(A) — HC;,(A) satisfy ¥*D(z) = kD(¢*(z))
modulo torsion, but we have no proof. If the augmentation ideal is nilpotent,
Theorem 0.4 is a consequence of a theorem of Cathelineau ([C]), and was also
asserted in [FT, 7.5.5].

THEOREM 0.5. Let A be a discrete Hodge algebra over a smooth Q-algebra ¢,
i.e, an algebra of the form A = £[x1,...,2n]/1, where I is an ideal generated by
monomials. Then the main result of [OW] implies that v: K n(A) — I—/I\én-l (A)is
an injection, the cyclic homology being taken over Q. In particular, if i > n then
ﬁ’,&i}(A) = 0. Moreover, ifi < n then

£ = 7P ).



HODGE DECOMPOSITIONS OF LODAY SYMBOLS 591

The curious phrasing in 0.5 is due to the presence of a gap in the proof of the
main result of [OW]. In order to circumvent this gap, we have included an appendix
proving the following weaker assertion which is adequate for our purposes.

PROPOSITION 0.6. Let xg,...,z, be elements of an (-algebra A such that
2241 = 0for 0 < 7 < nand 2,20 = 0. Then there is a map from the multiple-
relative cyclic homology group HC,.(A; zg,...,2n) 10 Kpy1(A; 2o, ..., 25) send-
ing the Loday symbol (g, ..., 2,)} to the Loday symbol {(zo, ..., z,)). Moreover,
this map commutes with the Adams operations "

We have organized this paper as follows. In Section 1, we describe the Hodge
decompositions of Hochschild and cyclic homology, mentioned above. In Section
2, we discuss the Dennis trace map, prove Theorem 0.4, establish Example 0.2, and
show that the top Hodge component of a homology Loday symbol is a multiple of
the corresponding Dennis—Stein symbol. In Section 3, we use the main result of
[OW] to prove Theorem 0.5 for discrete Hodge algebras. In Section 4, we grind
out explicit calculations of the Hodge decomposition of Loday symbols in low
dimensions (up to K) and establish Example 0.1. In Section 5, we strengthen a
result of Burghelea and Vigué by showing that, if A = {[zo,...,z,]/(f) is the
homogeneous coordinate ring of a smooth hypersurface in projective space, then
HC,(A) has pure Hodge index (p if p < m, (p+ m)/2 if p > m). We also
calculate these groups.

In the last three sections, we shift gears in order to calculate the dimensions

of the groups ﬁéff )(A). This uses a new tool, which we introduce in Section 6
— Hanlon’s generating functions. In Section 7, we use this tool to calculate the
Hodge decomposition of Loday symbols involving only two variables, such as
{z, z, y,...,y)). In Section 8, we use Hanlon’s generating functions to analyze
the Hodge decomposition of Loday symbols involving only three variables, and
verify Example 0.3.

1. Hodge Decomposition of HH and HC

1.1.HHY If A is a commutative f-algebra with identity and Q C ¢, the Hochschild
homology HH,(A) of A is the homology of the reduced bar complex C.(A) which
has Cp(A) = A ®; A®™ (A =cokemel of £ — A). The symmetric group T, acts
on C,(A) on the left by

olap®a; ®--®ay) =a® Uy-1(1) @+ ® Uy-1(p), O € Y.

The Eulerian idempotents e,(ff ), t = 1,...,n of [GS, Section 1] are mutually
orthogonal (non-central) idempotents in Q[X,,] whose sum is 1. They commute

with the boundary map b in the bar complex in the sense that bel) = egllb, so O



592 SUSAN C. GELLER AND CHARLES A. WEIBEL

is the direct sum of the complexes C{, where C) = e{)C,,. Writing HHY)(A)
for Hn(C,[(f} (A)), we obtain the Hodge decomposition for Hochschild homology:

HH,(4) = HHD(A) @ --- @ HHMW(A), n #0.

When n = 0, we take HHp(A) = HH{(4) = A. This choice is dictated by [LP,
2.4].
The idempotent e( ") is the signature idempotent %Z(-—l)" o of Q[X,] cor-

responding to the sign representation ([GS, 1.3.iv]), and HHQL)(A) = Q7 the
A-module of Kihler differentlals of A over £ ([Lop, 3 5 d]). At the other extreme,

M. Barr discovered e m [Barr] and proved that HH ( A) is Harrison homology
(also known as André—Quillen homology) for commutative £-algebras. (R. Hain

rediscovered e( ) i in [Hain].)

For1 < i < n, little i IS known about the idempotents eﬁf ). The character table
for the representations e Q[ n), < 4 is given on p. 117 of [H]. Hanlon also
proves ([H, 5.13]) that the dimension of egf )Q[E ] equals the ith Stirling number

(the number of permutations in %, with exactly ¢ cycles). In particular, en) £0
for 1 < 4 < n. We refer the reader to [ H] for more information.

EXAMPLES 1.2. In Q[¥;] 22 Q x Q we have

=11+ 12); P =101-(12).
In Q[X3] we have:
V) = Lo — (123) - (132) + (12) + (23) - 2(13)};
?’ = 3{1+(13)}
ef) =4 S(-1 o =1~ — .
In Q[X4] each idempotent has 24 terms:
) = 301 (14)(23)} + 15{=(12) + (13) + (14) — (23) + (24) - (34)

+ 3 (-0 e+

1,5,k
i<j,k

+(1234) + (1432) + (1243) — (1423) — (1324) — (1342)—
—(13)(24) + (12)(34) };
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e? = —el + 114 (14)(23)}
e = —ell + L{1 - (14)(23)};
eg4) — 21_42(—1)00.

Since X, is large for n > 5, a more compact notation is necessary. Let ¢(o) be
the number of times ¢ — 1 appears after i in the sequence {c~!(1),...,071(n)},
i.e., the number of twists in the inverse permutation or the number of descents of
the permutation. Let B; = ;(,)—;_1(—1)70. Thus B; = (—1)"~'¢} where £}, is

defined in [Lop, 1.5a]. Les Reid (private communication) has shown that the e( )

can be written in terms of the B; as follows (cf. [Lop, 2.8d]).

el!) = L(3B) — B, + By — 3By);

el!) = 1(24B — 6B, + 4B3 — 6By + 24Bs);

e = {15(50By — 5B, + 584 — 50Bs);

ef) = {L5(35B1 + 5B — 5B3 + 5B4 + 35Bs);

el = L-(10B; + 5B, — 5Bs — 10Bs);

) = m(Bl + By + B3+ By + Bs);

elV) = -1-(120By — 24B, + 12Bs — 12B4 + 24Bs — 120Bs);

720
el?) = -1-(274B; — 26B; + 4B3 + 4By — 26Bs + 274B);
ef) = 15(225B; + 15B; — 15B3 + 158, — 15Bs — 2255);
el") = A5(85B) + 25B, — 5B3 — 5B, + 25Bs + 85B5);

el) = 1-(15B) + 9B, + 3B; — 3By — 9Bs — 15Bs);
626) = 7;0(B1 —I— B2 + B3 + B4 + BS + B6)’

Caveat lector 1.2.1. There are two ways of defining the multiplication in the
symmetric group, one as composition of functions (i.e., working right to left), the
other in reading order (i.e., working left to right). For the first, the symmetric group
acts on the left (i.e. o(a1,...,as) = (a5-1(1), - s @5~1(n))), and for the second it
acts on the right (i.e. o(ai,...,a,) = (@s(1),---,00(n))). Our convention is the
one used in [GS] and [Lopl, namely to use the composition of functions and the
attendent left action. The other convention is used in {LLP]. Thus our listed e( )

for the left action. In order to find the idempotents for the right action, simply send

! in each e( ) Many of the Eulerian idempotents are invariant under this

(1)

otoo™

substitution, but for example e; ’ is not.
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1.3. SYMMETRIZING IDEMPOTENT

The following observation simplifies many calculations in Hochschild Homology
(see Section 4). Let p,, € 3, denote the order-reversing involution which inter-
changes i and n — . The symmetrizing idempotentis o, = 1(1+(=1)"*+1)/2p,),
For small n, we see from (1.2) that o, = egz), o3 = egz), and 04 = 622) + 65'4) =
(14 (14)(23)). In general, we know from [GS, 5.2] that o, = Sel?). Therefore,
if an n-cycle is fixed (resp., annihilated) by o, its Hodge decomposition has only
even (resp., odd) components.

1.4.HCY Let B: Cr-1(A) — C,(A) be the Connes operator ([Co, p. 96]) defined
by

B(a1®---®an)=Z(—l)(”_l)il®ai®~-®an®a1®---®a,~_1.

=1

By definition ([LQ]), the cyclic homology HC,(A) is the homology of Connes’
double complex ([Co, p. 119]) Cpq = C,—,, with vertical differential b and hori-
zontal differential B.

! 1 ! !
AQA®?2 —— AQA — A «— 0

i l !
AR A — A — 0

! !

A 0

!

0

From {Lop, 2.14] we see that if A is commutative the map B shifts the Hodge
decomposition of C.(4) in that it sends C’S_—ll) to C,(f). Thus Connes’ double
complex is the direct sum of double complexes C’,,(f,) , the pth column of cld being
the complex C,g"’ ) shifted p places vertically so that C’,.(,i) is zero below the ith
row. Writing HCY (A)for Hn(C',‘(‘i)), we obtain the Hodge decomposition for cyclic
homology:

HC,(A) = HCD(A) @ --- @ HC?)(4), n #0.

Again, when n = 0, we take HCy(A4) = HC(()O)(A) = A. (This decomposition is
from [Lsym] and [NS]. It is also the decomposition of HC,,( A) given in [FT, 5.3]
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and [LP, 2.4] determined by the embedding HC,(A) in H,4;(gl(A)) and using
the operations A* on H,41(gl(A)).) The ith row of cld yields an isomorphism
HC Q7 /dQ7% " and the edge maps

HCO(A) = HE™A) for - <i<n.

n
2
If A is smooth, these edge maps are isomorphisms ([Lop, 4.6]) and (0 )(A) =0
for i < n/2. One of the main points of this paper is that for general algebras

A, HC@(A) can be nonzero for ¢ < n/2.

Variant 1.4.1. Following Goodwillie ({Gw, 11.3]), we can extend Connes’ double
complex to the entire half-plane above the line p = g; the periodic cyclic homology
HP,(A) is the homology of its total complex. Similarly, we define the negative
cyclic homology HC; (A) to be the homology of the total complex of the double
complex obtained by taking that part of the complex with p < 0 (but still above

the line p = ¢). These double complexes break up into the sum of complexes Cii)
(see [Nuss]), so we obtain Hodge decompositions

HP,(A) = [JHPY(4); HC,O(4) = [JHC,D(4).
g0 =0

We remark that HP{) (A) = HPiiilz}, and that the map B factors as

HCU-D(4) - HC;[)(A4) — HHE(A4).

Variant 1.4.2, If I is an ideal in A, the relative Hochschild homology modules
HH, (A, I) are obtained from the chain complex C(A, I) which is the kernel of
Cy(A) — C(A/I). The symmetric group ¥, acts on C,(A, I) and we obtain a
Hodge decomposition

HH, (A, I) * HHD)(4, )@ --- @ HH((A, I), n#0.

The argument of 1.4 (and 1.4.1) gives an analogous Hodge decomposition of
HC.(A, I), etc. with the same ranges of Hodge indices as in loc. cit.

Similarly, if I and J are two ideals in A with zero intersection, the double relative
Hochschild homology modules HH..(A, I, J) are obtained from the chain complex
C«(A, I, J) which is the kernel of both the maps C(A4, I) — C«(A/I, J/I)and
C«(A, J) — C(A/J, I]J). The symmetric group ¥, acts on Cr(A, I, J), so
the argument of 1.1, 1.4 and 1.4.1 gives Hodge decompositions for HH,,( A, I, J),
HC.(A, I, J), etc. with the same ranges of Hodge indices as in loc. cit.
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1.5. SBI SEQUENCE
The usual SBI sequence of cyclic homology also has a Hodge decomposition; it
breaks up as the direct sum of the sequences

cHCY) (4) 2 uctT)(a) B A (4) L HCY(4) S HCY) (4) -

ending in HH(?(4) — HC(4) — 0. (See [Lop, 4.8] and [NS, Thm. 3]) If A =
Ao A1 - - - is a graded £-algebra, and H is any functor from {-algebras to abelian
groups, we write H(A) for the kernel of the augmentation map H(A) — H(Ap),
so that H(A) & H(Ag) ® H(A). It is well-known ([Gw, 3.4.4]) that the S map is
zero on HC, so the S BJ sequence breaks up into short exact sequences:

0—fce )y B aa ) L ac¥w) -

We shall also use an alternate formulation, namely the epi-monic factorization of
the map BI:

HAL (4) 22 HCY(4) < A (A).
1.6. PRODUCTS

If A is a commutative /-algebra, its Hochschild homology is naturally a graded
algebra, via the shuffle product §. In fact, cWisa bigraded chain algebra ([GS2,
p. 2671, [Kas]): C’g)ﬁC,(f' ) - C’,(,zi’n) Consequently, the Hodge decomposition
respects products:

HH) (A)HHY (4) C HHG)(4).

This result was originally proven in [BV, 3.1(3)] using differential graded algebras.

1.7. ADAMS AND LAMBDA OPERATIONS

For each k > 1 we define operators ¢* and A* on Hochschild and cyclic homology
via the Hodge decomposition (cf. [Lop, 2.8.g]), letting

¥* = multiplication by k! on HH(" and HC{"
A = multiplication by (—1)*~1k¢ on HH{" and HC.

We may therefore think of the Hodge decomposition as the spectral decomposition
for the operators %* and A\* acting on Hochschild and cyclic homology. Note that
by (1.5) the map B: HC,(A4) — HH,1(4) satisfies ¢*B(z) = kB(¢*z) and
A B(z) = kB(A\Fz).
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2. The Dennis Trace Map

For any ring A, the Dennis trace map is a map D: K,,(A) — HH,,{A) from
the K -theory of A to the Hochschild homology of A. If A is a Q-algebra, D
factors through K,,(4)®Q, allowing us to compare the Hodge decomposition on
K -theory with the Hodge decompositions on Hochschild and cyclic homology.

EXAMPLE 2.1. If ay,..., a, are units of A, the Steinberg symbol {ay,...,a,}
lies in K™ (A) by [Hil, 8.1]. Since D(a) = da/a lies in @} = HA{Y(4) and D
preserves products ({1, 5.c.3]), it follows that

D({a1,...,a.}) = fdﬂ Aeer A % € Q% = HH(M(4).

By definition (1.7) of the Adams operations in HH,(A4), we see that
W*D({ay,...,a,}) = kD(W*{a,...,a,}) = k"' D({ay,. .., an}).

2.2. GENERALIZED DENNIS—STEIN SYMBOLS

Suppose that A is acommutativering and that ey, . . ., a,, € A areelements such that
1—aj...a, is aunit. The generalized Dennis—Stein symbol (a1, ... , ) in K, (A)
was constructed by Loday in [Lsym] and satisfies the following skew-symmetry
property (see [Lsym]):

(D1) Foro € Xy, (a(,(l), vy ao(n)> = (-1)%{a1,...,a5).
If each a; is a unit, then by [Lsym, 1.6] we have

(a1,..,an) ={1 = (a1...a,), (=1)"az, (=1)"as, ..., (=1)"a,}.

Using this formula and the ring Z[z1, ..., 2., (1 —2z1...2,)"}, z77,. -1, a
well-known calculation dating back to [D] shows that (a;, ..., a,) liesin Iug )(A)
and that

—day A ... Ada,

D({ay,...,a,)) = e Q% = HHW(A).

1—a;...a,

Once again, ¥*D({(a1,...,a,)) = kD(¢¥*{ay,...,a,)).

Remark 2.2.1. The Dennis-Stein symbol (a;, a;) changed meaning circa
1980, the new symbol being —(—aj, az) in the old notation. When n = 2,
Loday’s generalized symbol agrees with the new notation, i.e., what was once
called —(—aj, az). We include this comment in order to clarify [Lsym] where
there are several typographical errors in his explicit description of {a, b).



598 SUSAN C. GELLER AND CHARLES A. WEIBEL

Here is a third case in which we can say somethingabout D.Let A = Ay A1 - --
be a graded Q-algebra. In the ™ notation of (1.5) we know from [Wms] and
[Wnil] that K. m(A) is a Q-module and that the image of D lands in the subgroup
HC,,1(A) of HH,,(A). Thus D factors as

Kn(A) % HCpo1(A) 2 HH,, (A).
THEOREM 23. If A= Ao D Ay & -- - is a graded Q-algebra, then:

(i) the map v commutes with the operations »* and M*;
(i) if 2 € Kpn(A) then *(D(z)) = kD(¢*(2));
(iii) the Dennis trace map preserves the Hodge decomposition of K,(A) in that it
is the direct sum of the component maps

#9a) % 8 2 mY (4).

Proof. By 1.4 and 1.7, it suffices to prove the assertions about v. Suppose first
that A,, = O for large n, i.e., that the augmentation ideal A, is nilpotent. In this
case, the result was asserted in [FT, 7.5.5] and proven by Cathelineau in [C]. In
fact, v is an isomorphism by [GwK]: IE',(,?(A) = HCff;ll)(A, AL).

In the general case, write A(n) for A modulo the ideal A,, ® A, 11 @ -,sothat
the augmentation ideal of each A, is nilpotent. A simple weight argument (as in
[GW, 2.2, 2.3]) shows that HC..(A) injects into the inverse limit of the P}E*(A(n));
in effect, the weight w parts of Tot(C(A)) and Tot(C(A(y))) are the same for all
n > w. From the diagram

K(’)(A) — 11m<_ (A(n))
lv v
HC,,-1(A) — 1im<_ffc'm..1(A(n>)

we see that v sends K. m)( A) into HCm 1 (A) as desired. m|

QUESTION 2.4. Does D respect the Hodge decomposition in the sense that
D(K )(A)) is contained in HH(’)(A)"' Alternatively, for every commutative ring
A and every 2 € K,,(A), do we have ¥*D(z) = kD(¢*(z)), at least mod-
ulo torsion? It seems likely that this is true even if we replace D by its lift
D™: K, (A) — HC,,(A) and use the Hodge decomposition on HC.,(4) given
in (1.4.1). This is the case in (2.1), (2.2) and (2.3) because B factors through
HC_ (A).

2.5. LODAY SYMBOLS

Let A be an associative algebraand zg, ..., 2, € Abeclementssuchthatz;z; 1 =
0for 0 <17 < n and z,,2¢ = 0. Attached to this data are three elements:
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(1) The class of the cycle 2o ® 21 ® - - - ® z,, in HH,(A), called the Hochschild
homology Loday symbol;

(2) The image I{zo® 21 ® - - - ® &) of the above symbol in HC,,( A), called the
cyclic homology Loday symbol and written (o, ..., Zn));

(3) The K -theory Loday symbol {(zy, . .., ) in K, 4+1(A) constructed in [Lsym,
2.4} as the Steinberg symbol associated to the pairwise commuting elementary
matrices e12{(g), - .., €ns1,1{2,) in My 1(A):

{zo,...,zn) = {e12(20),.--,en+1,1(Tn)} € Knt1(4)
2 K1 (Mayi(A)).

We warn the reader that the K -theory identity {(zo, 1)) = —(zo, z1) differs
by a minus sign from [Lsym]. In all three cases, note that we have the cyclic
relation

Uz1se s 2n, 20) = (—1)"(20, Z1,...,Zn)-

For K -theory this is proven in [Lsym, 2.5]; for HH (and HC) it follows from
applying the operatorbto 1 @ 21 ® - -+ ® z,, ® Zo.

COROLLARY 2.5.1. If A is a commutative Q-algebra, the Dennis trace map
preserves the Hodge decomposition of Loday symbols, and

V*D((zo,. .., 20 ) = kD {0, ..., z,)).

Proof. By 2.3 this is true for the Loday symbol {(zot, ..., 2,t) in K.(A[t]).
The result follows by naturality upon setting ¢ = 1. a

Remark 2.5.2. If A is a Q-algebra, the Loday symbols live in a Q-vector space;
if ¢ € Q, we have ¢{{zo,...,2,)) = {(g%0,...,2x)). This is clear for Hochschild
and cyclic homology; for K-theory it follows from [Lsym, 2.5]. As a technical
point, the K -theory Q-vector space should be the space ‘nil K,(A4)" of [Wnil];
the subgroup of K, (A) containing the Loday symbols is divisible but may not be
torsion free.

If n = 1, the K-theory Loday symbol {(zq, 1)) € K2(A) is the negative
of the (new) Dennis—Stein symbol (zp, z1), and in HH;{A4) 2 Q4 we have
{zo, 1)) = zodz;. Forn > 1, the following result was derived in C. Ogle’s thesis
[Ogle T, 3.4]; cf. [Ogle 1, p. 243]. Because [Ogle T] is not published, we include
the proof here.

PROPOSITION 2.6. If A is an associative Z-algebra, the various Loday symbols
are related by the following equation in HH,, 1 (A4):

D({(zo,...,2a) = B({z0s...,2n)) = BI(z0 ® - - @ ).

Proof (Ogle). As in (2.1), D({{zo,...,2,))) is the shuffle product of the
D(e;j(2)) = e;(—2) @ e;5(z) in Cu(Mpy1(A)) because D preserves prod-
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ucts. When we take the trace map to C,(A), all the terms in the shuffle prod-
uct vanish except those differing by a cyclic permutation 7 from the trace of
g ® e12(z0) ® - - - @ ept1,1(y ), where g is an upper triangular matrix, yielding

D1 @ zem1(0) © Tpm1(1y ® @ Ty
= BI(20® - ®2n) = B({(20, ..., 2n))- o

COROLLARY 2.7. If A is any commutative Q-algebra, then the Adams operations
on Loday symbols are related by

D(¢*(zo,...,zn) = B(¥*((@0,...,2a)
Lk B(((zo,.. ., on)-

Proof. It suffices to prove this for A = Q[zo,...,2,]/(zo71 =+ = To20 =
0). Since {{zq, ..., %)) € Kny1(A), we may use (2.3) and (1.7) to get

D(y*{zg,...,2,))
= Bu(¢¥*{(20,...,2.))
= B(p*(z0,- .., 2a)) = $P*B({20, .., za)). o
THEOREM 2.8. Suppose ay,..., &, are elements in an associative ring A such

that a;a; = O for i # j. Then the symmetric group ¥, acts on the set of K -theory
Loday symbols {(ag, ..., @) by

o{{ag,...,a,)
= «ao, Ao—1(1)5- - ,a,a—x(n)» € Kn+1(A), foreach o € X&,,.
{x

If A is a commutative Q-algebra and en) denotes the Eulerian idempotents in

QX,,, then the projection of {(ao, - .., @) into K. g:]l)(A) is given by the Q-linear

combination e,(f)((xo, cey Ep )
Proof. Tt suffices to consider the universal case, i.e., to suppose that A is the

graded ring Q[zo, ..., &,/ (ziz; = 0, 7 # j). By (2.3) and (2.6), eq(f) Uzo,... Zn)

and the projection of {(zo, ..., ,)) into K 'ﬁ’ll)(A) both map to the linear combina-

tion of Loday symbols el {zg,..., ) in HC,(A) under the map v: K,,.1(4) —
HC,,(A). By Theorem 3.1 below or by the appendix, v is an injection. O

APPLICATION 2.9. The universal ring in (2.8) is the coordinate ring R,, of the
coordinate axes in affine (n—+1)-space. The Q-vector space K, (R,,) is aX,,-module
under the permutations 0(z;) = z,-1(;) fixing z¢. The X, -invariant submodule of
K,+1(R,) generated by {(zo, ..., Ty)) is isomorphic to QX,, because its image in
ﬁén(Rn) is isomorphic to QX,,. The Hodge decomposition of this submodule is
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the decomposition of QX,, according to the Eulerian idempotents. Since‘egf ) #0
fori = 1,...,n, the corresponding projections of (o, ..., z,) into K T(Lfll)( R,)
are nonzero. This establishes Example 0.2 of the introduction.

THEOREM 2.10. Let A be a commutative Q-algebra and a; € A be elements
such that agay = - - - = ana0 = 0. Then

(i) The Hochschild homology Loday symbol {{ay, ..., a,)) projects into Q0 =
HHSQ)(A) as (1/nNagday A - - - Ada,.
(i) The composition K, 1(A) LA HH,,11(A) — Q7%+ sends (ao, . . ., a,)) to the
form (1/nl)dag A - - - Aday,.
(iii) The projection prv(g'}l): Kn1(A) — K Sﬂl)(A) sends the Loday symbol

{@ao,- .., an)) to —1/n! times the generalized Dennis-Stein symbol:

n-41 1
pr7(H_+1 )((ao,...,an)) == —m(ao,...,an).

Proof. Recall from (1.1) that el™ is the signature idempotent (1/n!)X(-1)%0.
By the definition of the shuffle product,

apda; A ---Ada, = Z (—1)00,0 % ay-1(1) ®--® Q5—1(n)
0ELn

= nlel” {ao,...,a.).

This establishes part (i). By (2.5.1), (2.6), (1.7) and part (i),

D (ao, .., an))

= eI D((ao, - an))

= "V B((ao,-..,a,) = & BI(aoday A - -- A day,)
= Ldag Adat A - Ada,.

By (2.2) this equals —(1/n!)D{{ay, ..., a,)). For part (iii) we consider the uni-
versal ring A = Q[zo,..., 2}/ (®oZ1,...,2,%0). By Theorem 2.3, the above
computation shows that the K -theory element

2 = nlpr™ (a0, . an)) + (a0, - ., an)

is in the kernel of v: K 7(_:_1;1)(}1) — ﬁé,(ln)(A) By Theorem 3.1 below or by the
appendix, v is an injection. Hence, 2 = 0, which is the conclusion of (iii). O
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3. Discrete Hodge Algebras

Let £ be a commutative ring containing Q. A discrete Hodge algebra over { is a
commutative ring A of the form £[z1, ..., 2,]/3, where J is an ideal generated by
monomials. (See [DEP] for more details, including applications of discrete Hodge
algebras to deformation theory.) Since A is graded, we know from 2.3 that the
map v: K, (A) — HC,_1(A) is compatible with the Hodge decompositions on
K -theory and cyclic homology (of Q-algebras).

The following result effectively calculates K,(A). However, it uses the main
result of [OW] which states that if I and J are ideals of a Q-algebra A such that
INJ =0,thenv: K,(A, I, J) = HC,_ (4, I, J). At present, there is a gap in
the proof of this result. Nevertheless, we feel that the usefulness of the following
result as an organizing principle justifies its inclusion here.

THEOREM 3.1. Let A be a discrete Hodge algebra over £, where { is a smooth Q-
algebra. Assume that the main result of [OW] holds. Then v: K w(A) — HC,_, (4)
is an injection, the cyclic homology being taken over Q. Moreover:

o Ifi <m,thenv: IxT(L)(A) (z 1)(A)

o If i = n, then the cokernel of v | ’(")(A) (A) is effectively com-
puteable, and contains (Ared/l) ®: Qn' where Ared is the reduced ring of
A;
o Ifi > n, then f(,(f)(A) =0
EXAMPLE 3.2. When A = {[zg,...,%m]/{zx; = 0, i # j), the ring of the
coordinate axes, Theorem 3.1 gives the Hodge decomposition of the conclusion of

[GRW, 7.1], where the cokernel is exactly (A/£) ®,97 . Before proving Theorem
3.1, we isolate an important special case: polynomial rings.

LEMMA 3.3 (Polynomial rings as discrete Hodge algebras). If A = {[z1,..., ;]
and { is a smooth Q-algebra, then

KJ(4) = K\0),
HCD(4) =HCP(0), i#n,
and
HC(4) = HE((0) 0 T1(00%,) @0 9378
p:
Proof. The K-theory formula 1s classical. Since A is graded, its de Rham
cohomology is trivial. By 1.4, HC (Q[:m, .y Zy)) is zero if ¢ # p and equals

-1 ~ i
OF, /40 = 40, C O,
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if ¢ = p. The result now follows from the explicit form of Kassel’s base-
change formula given in [GRW, 5.6]. Note that the p = O term for HC( )
(A/0) Qg Q?/Q. [:1

REDUCTION 3.4. The following device allows us to assume that A is reduced,
i.e., that J is generated by square-free monomials. The nilradical / = nil(A4)
of A is generated by square-free monomials, so A, = A/nil(A) is a reduced
Hodge algebra. By [GwK] and [C], there are isomorphisms v: X?(,,’}(A, nil(A4)) =

HCY )(A, nil(A)). By chasing the following diagram we see that the theorem for
A, implies the theorem for A.

K& (4) - EPA D — kP4 - kDA - KP4, D
1 1= lv i) 1=
. — HCY (4, ) — el (A) — HC(,:_;)(AT) — .

Proof of Theorem 3.1. We now assume that A is a reduced Hodge algebra. Reduced
Hodge algebras are sometimes called Stanley—Reisner rings after the people who
first investigated the combinatorial interpretation of such rings as ‘face rings’ of
simplicial complexes (see [St], [DEP, 11.4]). Utilizing this interpretation, Vorst
showed in [Vo, 3.4] that if A is a reduced Hodge algebra but not a polynomial
ring then for one of the indeterminates = generating A the ideal I = z A has
a complement J generated by squarefree monomials in the sense that I N J =
0. Therefore A/zA and D = A/(I + J) are reduced discrete Hodge algebras
generated by fewer variables than A, A/J = D[z], and there is a cartesian square:

A — AlzA
1 !
Dlz] =2 D.

We proceed by induction on r, the number of variables generating A over £.
Note that D[z] is a discrete Hodge algebra over {[z] in fewer variables than A,
so the inductive hypothesis and 3.3 apply to show that Ky 9 (D[z])/ A ’(z)(l[a:]) &
KP(D)/KES)(£) injects into
HC]) (Df=])/HCE, (¢)
i 7 { ®g Qe » ifi= n,
> HC[)(D)/HC () @ { fel/ten g .
s otherwise.

Moreover, when ¢ = n the cokernel is effectively computeable and contains
(D[z]/£) Qe QE"/_QI Since I 2 z D[z}, it also follows from our inductive hypothesis
that

KD, 1) = K (D[ D/ES(D) — HCP(Dla), 1)
~ HCL (D[e])/HC. (D)
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nlg

is an isomorphism if ¢ # n and when ¢ = n, the cokernel contains I ®; 2} Q

D[z]/D ®, Q?/‘ci
The main result of [OW] yields the isomorphisms in the following diagram.

EQ(Dl), 1) —» KPA LTy — KPATI — KIODBELI) — e
1 inj 1= v | inj =|
. — HCYZD(A, 1, ) — HCY=D(4, 1) — HCYZD(D[=], 1) — o
The five-lemma shows that the map v in the above diagram is an 1somorphism for
i # n, and if ¢ = n is an injection whose cokernel contains I ®¢ {2 /Q

Finally, we arrive at the diagram:

EQam - kP4 1n - EP@ - EP@A/) - kD40
l ! iv ! i
o = HCD(A, ) — BE)(A) - AL/ — e

Since the inductive hypothesis applies to A/I, we can do a case-by-case analysis.
Ifi > n, then KO(4, I) = BO(A/T) = 0,50 EP(A4) = 0. i < n, the
first, second and fourth vertical maps are isomorphisms, while the fifth map is an
injection, so the third map () is an isomorphism by the five-lemma. If ¢ = n, the
first map is an isomorphism, the second and fourth are injections, and the fifth map
is the isomorphism O = 0; the third map is therefore an injection by the five-lemma.
The sequence of cokernels is therefore exact, so the cokemel of the third map (v)
is effectively computeable and contains (A/£) ®; 2 /Q a

4. Low-Dimensional Calculations

In this section we use the Eulerian idempotents e( ) for n € 4 (listedin 1.2) to study
the Hodge decomposition of Loday symbols in low dlmensions. The decomposition
in K -theory is obtained by computing the Hodge index of the corresponding symbol
in cyclic homology, and then appealing to either Theorem 3.1 or the appendix. We
shall write {(«, y)) for both the K -theory Loday symbol and its image in cyclic
homology.

4.1. The smallest Loday symbol which makes sense in a commutative ring A is the
Dennis—Stein symbol {(z, y)) = —(z, y). Since K, and HC{ have trivial Hodge
decompositions, we have:

{2, y) € KP(A) and (=, y) € HC(A).
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4.2. LODAY SYMBOLS IN HC, AND K3

If zy = yz = zz = 0 then by 1.2 the cyclic homology Loday symbol (z, y, z))
has Hodge decomposition

egl)«wy Y, 2) = %(((x, y, 2) + (x, 2, y) € Hcgl)(A),
652)«:27 Y, Z» = %(«x, Y, z)) — «;1)’ z, y») € Hcgz)(A)

|
ol
—~—
8
&
W
S

The corresponding Hodge decomposition in K -theory (the average in K §2), the
difference in K 3 )) was described in the introduction in (0.1).

4.2.1. If we specialize {{z, y, z)) by setting y = z, the universal ring is R =
Q[z, y]/(zy, y*) which is discussed further in Section 7 below. By inspection,
the Loday symbol {(z, y, y)) has pure Hodge index:

(@, v, y) € HCS)(R), resp. K.

4.2.2. Clearly, if we specialize further we still have pure Hodge index, so if y> = 0
then

(v, v, ¥) € HCgl)(R), resp. ng).

4.3. LODAY SYMBOLS IN H(C'3 AND K4

We now consider the Hodge decomposition for the Loday symbol {(x)) = (z, ¥,
z, w)). Thus we assume that 2y = yz = zw = wz = 0. Inthis generality the Loday
symbol (X)) = {(z, w, 2, y)) also makes sense. By 1.2 the Hodge decomposition
of {x)) in HC3 is

eV () = 1((x) — (%)) + L e HC(4),

where

£ =zQRz2RYQUI+IzRYRWR 2
-~z R2Z2QURY—2QUWRYR 2;
e ((x) = 3({(x) + (%)) € HCP(4);
() = ~Ho, v, 2, w) e HCP(4).
Note that £ has no expression as a sum of Loday symbols in general. Therefore,

when we 1ift to K4( A) we have no simple expression for the component of Hodge
index 2, but we can say what the components of ((x)) of Hodge index 3 and 4 are

L) + (x)) € KD(A);
Lz, y, 2, w) € K{V(A),
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4.3.1. If we add the equations zz = yw = 0, so that the universal case is the
coordinate axes in 4-space, R3 = Qlzo, 21, 22, z3]/(ziz; =0, i # j), then we
can lift £ to the following sum of Loday symbols in K4(R3)

E = «x’ % Y w» + «Qﬁ, Y, w, Z»
—{(z, 2, w, y) ~ (o, w, y, 2)).

This allows us to not only write the Hodge index 2 component of {x}) in Iféz) (R3),
but also to write the Dennis—Stein symbol as a sam of Loday symbolsin K| 54)(}{3) :

(z, ¥, 2, w) = —«X» + «5{» +¢£.

4.3.2. If we specialize to y = w so the universal case is A = Q[z, vy, 2]/(zy =
yz = 0), then {(x)) = (%)) and both £ and (z, y, z, y) vanish. Once more, the
Loday symbol ((x)) has pure Hodge index:

If zy =yz =0, then{(z, y, 2, y)) € HCgZ)(A), resp. Kf)(A).

Clearly any further specialization will lead to a Loday symbol of pure Hodge index.
In particular, this is true of the Loday symbols {(z, y, , y)) (coordinates axes in
2-space), {z, ¥, y, y) and {(z, z, z, )) = O (dual numbers).

4.3.3. If instead of setting y = w we specialize to z = w (with 2*> = 0), then we
get slightly different phenomena. It is easy to see from 4.3.1 that (z, y, z, z) = 0.
(This also follows from axiom D1 of [Lsym].) Therefore the Hodge decomposition
of {x)) = {z, v, 2, 2)) has only 2 components:

3 — (=) € HCS(4) or K7(4),

1) + (=) € HCP(4) or K(4).
Both these components are nonzero in the general case, because (X)) = ((z, 2,
z, ¥ = —{y, =, z, z)) is linearly independent from {(x})).

4.3.4. There are two specializations of (4.3.3). They are both defined in zy = y* =
0, and both have pure Hodge index:

{z, z, y, y)) € Hcgl)(A) or I(ﬁz)(A);
(=, v, v, v)) € HCP(4) or K (4).

Of course if follows from this (or the rotation axiom) that ((z, z, z, z)) = 0.
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4.4. LODAY SYMBOLS IN HC4 AND K5

Finally, we consider the Hodge decomposition of the Loday symbol {(x)) =
{=mo, 1, T2, T3, T4)). Writing (X)) for (@0, 24, 23, Z2, 1)), about the most we
can easily say in this generality is that

(e + e x) = 1) - (=),
eNxY) = -4 (20, 21, 32, 73, T4),

P = LX) + (X)) + (2o, 21, 22, 23, 24).

Thus we can describe the Hodge components of {(x)) in K &) (4) and K (A)
but we have no general expression for the components of {(x)) in Ix (A) and
K ) (A). All we can do is describe the images in HC(l)(A) and HC (A) using
the explicit description of e( ) and e( )in Q[X4] provided in (1.2) above.

4.4.1. If we further specialize to the ring B4 = Qlzo,...,24)/(ziz; = 0, ¢ # j)

of the coordinate axes in S-space, then we can describe the Hodge decomposition
of {{x)) in K's(R4). For this it is convenient to introduce the notation o {(x)) as

O'«X» = «wo, To-1(1)> To=1(2)s To=1(3) xa-1(4))) € Ks(R4).
In this way the symmetric group Y4 acts on the homogeneous Loday symbols, and
the component of {(x)) in HC; )(R4) or K (i+1 )(R4) is just e, )((x}) For example,
the Dennis—Stein symbol in HC4 ( Ry)or k¥ s ( Ry)is

(@0,...,z4) = =246 (x) = Y (~1)70((x).

o€y

4.4.2. Because of axiom (D1), the generalized Dennis—Stein symbol (2o, ..., Z4)
vanlshes whenever we identify any two of the z;. By 1.3 we see that in such a case

)((x)) = 2({(x)+ (X)) in HC(Z)( Ry)or A ’(3)(}24) This Ieads to the question of

the Hodge decomposition of 1({(x}) — {(%})). By inspection, ¢ )((x)) and e( )((x))
remain nonzero if we have one pair, or even three of the variables the same.

If we identify two pairs of variables, the results are more interesting. We leave
it to the reader to use 1.2 and check the following assertions:

(t, =, z, v, ) — (& v, v, 7, o) isinHC" or KP;
Lz, ¥y, z, ¥ — Ly, z, Y, & is IHHC(3} orK(4)'

{ )= , T)

(, =, vy, v, m)) is in HC( ) or I’m

People familiar with the card game of Poker will recognize that the further
specializations are the two ‘full house’ Loday symbols {(z, z, =, y, ¥)) and
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{=z, z, y, =, y)), the ‘4 of a kind’ (¢, z, =, z, z)) and the ‘5 of a kind’
{z, =, =, z, z)). These are all specializations of (¢, =, y, y, =)}, so they have
pure Hodge index, i.e., they all lie in HC( ) or K (3,

5. Complete Intersections

In this section k& will always denote a field of characteristic 0. For nice k-algebras,
the Hodge decomposition of Hochschild and cyclic homology partially vanishes.
For example, if A is a smooth algebra over %, then
0 i#En
QO =
0 i<n/2
HCY(4) ={ BE(4) w/2<i<n
naQyt i=n

HHY(4) = {

(This decomposition follows easily from [LQ, 2.9]; see also [Lop, 4.6].) For exam-
ple, if i < n then HCS)(k[ml, a7l,.. ., Tm, 2;;1]) is the degree 2i — n part of the
exterior algebra

z] Tm
which is a vector space over & of dimension ( 2 ,, )- This shows that all of the

5 (0 )(A) in the range n/2 < 7 < n can indeed be nonzero.

Recall that a k-algebra A is a complete intersectionif A = klzo, ..., zm)/(fi1,...
f») for some regular sequence fi, ..., f,. The above vanishing result generalizes
to complete intersections.

THEOREM 5.1. (Feigin—-Tsygan) If A is a complete intersection (or even locally
a complete intersection) then HC(i) (A) 0fori< n/2.

Proof. Since HCQ)(A) = HH{ (A) is Harrison/André-Quillen homology (see
[Lop, 4.6]), the case ¢ = 1 was proven by André and Quillen (see [Q, 5.4]). Feigin
and Tsygan used this special case to deduce the general result in [FTC, Thm. 5]
and [FT, 6.5]. Note that the decomposition used by Feigin and Tsygan agrees with
ours by {LP, §4]. O

COROLLARY 5.2. Ifa graded ring A = k& A1 @ ... is locally a complete
intersection over a field k of characteristic zero, then every Loday symbol in
K.(A) belongs to the subspace

KR EHA).

nf2<ign

~
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That is, it projects to zero in K (A) ifeitheri < nf2 ori > n.
Proof. A is a direct limit of rings which are Iocally complete intersections over
Q, so we may assume k& = Q. The result then follows from 5.1 and 2.8. O

In the rest of this section, we shall strengthen a result proven by Burghelia and
Vigué ([BV,4.3))fork = C.Let f = f(zg,...,Zn)beahomogeneous polynomial
over k (a field of characteristic 0), and consider the ring A = k[zo,...,2,]/(f).
The Jacobian Criterion implies that the following conditions are equivalent:

IR
0zo’ " Oy
from a regular sequence in k[zo, ..., Zn].
(i) The equations
af _o of

dzg 7 Oz

have no nonzero solutions in k™1,
(iii) If I is the ideal of A which is generated by

o of
Oz’ Oz’
then p = dimy(A/I) is finite.
(iv) The affine scheme Spec(A) has an isolated singularity at zero.
(v) The equation f = 0 defines a smooth hypersurface in P}*, namely Proj(A).

@

=0

We are going to show that, if any of these equivalent conditions hold, we can
calculate HH,(A) and HC,(A) by following the method of [GRW, 1.10]. Write
de;forl@z € k@ A,andlett € k @ A ® A be any element of Hodge index 1
such that, considering ¢ as an element of C3(A)

b(t)=Vf= Z 0f; da;z in C{(A).

(If b(t) = V f then b(egl)t) = V f, so the assumption that ¢ has Hodge index 1 is
harmless.) The following lemma is proven exactly as in [GRW, 2.5], and we omit
the proof.

LEMMA 5.3. HH.(4; k) is the graded algebra k[dzy,...,dz,,, t]. If f has
degree d and we assign a ‘weight’ of 2 to each z;, then t has ‘weight’ 2d and
topological degree 2d — 2.

PROPOSITION 5.4. Suppose that | is a homogeneous polynomial defining a
smooth hypersurface in P, with homogeneous coordinate ring A = klzy,...,
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2}/ (f). Let I denote the ideal of A generated by 0f[0xy,...,0f [0z, so that
p = dimg(A/I) is finite. Then each HH.( A) has pure Hodge index:

HH{ (A) = OF, oKp<m+1
HH,(A4) = ¢ HH{™ () 2 A/T  p=m+1+25,j>0
HE ()2 4/T p=m+2j,j>1

Moreover, HH,, y2;11(A) is generated as an A-module by t/dzo A - - - A d2., , and
HH,,12;(A) is generated as an A-module by the cycle t! S(—1)izidzoA- - - A dzi A
Adxy,.

Using the well-known fact that Hg%(A) = 0 for * # 0, we immediately obtain
COROLLARY 5.5. Let HC,(A) denote HC,(A)/HC.(k). Then

HCD(4) 2 4%, C QL for0<p<m

HC,(4) =< 0 forp=m+2j+1,5>0
HC™ ) (A) = A/T forp=m+2j,j>1
and the following maps are isomorphisms for j > 1:
m+ e(mti) B m4j+1
HHH) (4) L HC, 57 (4) 2 R (4).

Proof of 5.4. We use the spectral sequence E¥? = A, @ HH?(A4; k) of [GRW,

1.3). Writing A% for the graded exterior A-algebra A[dzo,...,dz,], we see that

the spectral sequence has ¢ € E;) 292 and

— PAFiA} 2(d - 1) +i = q).

Note that t/ A, has pure Hodge index j + i.

By multiplicativity ((GRW, 1.9]), the first nontrivial differential occurs in £J7_,,
sending t/w to 4~ 1(V f A w) for w € A%. Note that A% /(Vf A AT') & ii},k,
so for j = 0 the Kihler differentials Q° a/k 10 HH;(A) appear in the row g = ¢ of

E3; ;. Forj # 0, the ]E’Zd_1 term coming from ¢’ Af4 is given by the homology of
the chain complex

Poi0— AL AL Y T pmil g,

If we set R = k[zo, . .., Zm], then the complex P, is the Koszul complex KZ((3f/
dz,), A) for the sequence d f / Oz,:

of _of vl
520 83)1 v (- )
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([SeM, IV-4]). Therefore, the terms EJ7_; are given by the Koszul homology

HE(Of/0z,, A).Since the 8 f/0z; form a regular sequence in R and generate 7,
we have ([SeM, [V-6])

H.(P,) = HR (gg—, A) ~ Tor(R/I, A).

Because A = R/( f), the homology is zero for * # 0, 1. Moreover,
Ho(P) = Q7 ' = A/T and Hy(P.) = Torf(R/I, A) = A/

on generator z = X%(—1)z;dzg A -+ A dz; A-ee A dz,,. (The Tor; calculation
is an elementary exercise left to the reader.) Therefore, the only nonzero terms of
Hodge index j + m in E3;_, are the (A/I)t/z intow g = 2j(d — 1) + m and the
(A/D)t'~1dzy...dz,, 2d — 3 rows below it. Consequently, E55_, = EZ*, and we
may read off the Hochschild homology of A directly from the rows. a0

APPLICATION 5.6 (truncated polynomials). If k is a field of characteristic 0 and
A = k[z]/(z™*"), then A/T = k[z]/(z™). The calculations of HH, and HC, of
A as a k-algebra glven in 5. 4 are well-known (see [GRW, 1.10], [C, 1.2]): as an
A-module, HHg)(A) = HHj; +1(A) A/I. By base-change (see [GRW, §51) and
Goodwillie’s Theorem ([GWK]) we obtain the following more precise version of
[GRW, 9.6], [C, 1.2]: considering A as a Q-algebra

HCY (kfa] /(1)) = HCY (k) @ (ke)/(a™) @k 2458,
p/2<1<p,
K (kla)/(a™+1)) = K(k) @ (kla)/(a)) @k Qi
p/2<i<p

Summing over ¢ yields

Kp(k[x]/(xnﬂ)) = Kp(k) ® (k[z]/(z")) ®% {Q £/Q Rt k/Q ® Qk/Q GRER S

Taking £ = Q, we see that there are no nonzero Loday symbols of the form
{at,...,2%) in Kp(k[z]/(z"*!)) unless p is odd, in which case such Loday
symbols (deﬁned whenever ¢; + t;41 > n) have pure Hodge (p + 1)/2, i.e., they

liein K ,(A).

APPLICATION 5.7 (axes in the plane). If A = k[z, y]/(zy) then A/I 2 k, and
the following is a more precise version of both [GRW, 5.7 and 7.1] and [V]. For
the cyclic homology calculation, we consider A as a Q-algebra.

Qﬁ’)}i’”l, p/2<i<p,
HC{) ([, y]/(zy)) = HCP(k) & { 0 @ (A/k) % O} ¢, fori=p,

0, otherwise.
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. ; QE pla<igy
EQ(k[z, y)/(y)) = K§><k>@{ Ha ’
0, otherwise.
The Loday symbols {(z, v, =, y,..., , y)) liein Hcg)_l(A) and I(§§+l)(A), and
they all have pure Hodge index.

6. Hanlon’s Generating Functions

To determine the Hodge indices of Loday symbols in graded algebras which are
not complete intersections, we use the generating functions IIH(A) and IIC(A)
developed by P. Hanlon in [H, §7]. An r-fold graded k-algebra A is an algebra
graded by r-tuples w = (@, ..., a,) of nonnegative integers, i.e., A = A,. We
let ,,C,,(A) denote the subgroup of C,(A) generated by all homogeneous terms
ap ® a1 ® -+ @ ay, wWith ¢; € Ay, and w = wp + -+ + w,. The r-tuple w
is called the weight of an element in ,,Cp(A); cf. [GRW, 1.1], [C], [H, 7.1]. As
weight is preserved by the operators b and B, C.(A) is the direct sum of subcom-
plexes ,,C.(A). As weight in C',,(A) is preserved by the action of the symmetric
group, ,,C(A) also has a Hodge decomposition when A is commutative. Setting

wHH,(f)(A) = H.(wCx(A)), etc., we have a double decomposition

HH.(4) = @), HEY(4); HC.(4) = @ HCP(4),...

7w 5w
DEFINITION 6.1 (Hanlon [H, 7.3]). Suppose that k is a field and each A, 1s finite-

dimensional. Then for each w and 7, only finitely many of the groups wHHsf )(A)
and wHC%’ )(A) are nonzero, and these are finite-dimensional over k. Thus we can

define the Euler characteristics
X (A) = T(-1)" dim ,HAY(A),
wXP(4) = D(-1)" dim ,HCY(A).

Forw = (ay, ..., a,), the symbol z¥ represents the monomial 27" - - - 227. We can
also define the generating functions

MH(A) = 3 ux$ (A)NzY

W
MC(A) = 3 wxP(4)Nz®
1w
which are power series in Z[A, zi,. .., 2,]. In particular,

MH(k) = 1 and HC(k) = 1—}7
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Remark 6.1.1. Our notation differs slightly from Hanlon’s in that our A has
a unit. If Ap = k and A, is the augmentation ideal, in his notation we have
MH(A)=1I(A4+, A) and IIC(A) = IC(k) + IC(A4).

Remark 6.1.2. Suppose £ is an extension field of k, and each A,, and , HH{ (4)
is finite-dimensional over £. Then we can still define Euler characteristics and
ITH(A) using dimension over {£. For example, if £ has transcendence degree d,
then ILH (£) = (1 — \)? and ITH (A ® £) = ILH(A)(1 — M) for every k-algebra
A such that each dimg(A,,) is finite. The definitions of wX(c (A) still make sense
for w # 0 if we use the {-module structure on ,,HC,.(A) given in [DW], but since
HC,.(¢) is not an £ module, we need another definition when w = 0 to make sense
out of IIC(A), such as that suggested by the following lemma.

LEMMA 6.2. Suppose that k is a field, and each A,, is finite-dimensional over k.
Then:

TC(A) = 1—}3AH(A).

Proof. For each w and ¢ the SBI sequence

1 i i I i
Hcl) (4) 2 LHCD(a) 2 HHO(A) L HCO(A) -
is finite. Therefore
3 i—1 i—1
wXR(4) = WP (4) = 3 (-1 dim ,HCIP(4) = —ux§ ) (4).
Multiplying by A’z and adding yields ITH(A) = IIC(A) = —AIIC(A), whence
the result. o

‘We now come to the main result of this section. Recall that the Poincaré series for
A is the power series P4(z) = I(dim A, )z?. Let P4(z%) denote P4(2%,. .., 25),
and let p(d) denote the Mobius function of d.

THEOREM 6.3 (Hanlon). Let A be a commutative r-fold graded algebra over a
field k such that Ag = k and each A, is finite-dimensional. Then

0 £
TLH(A) = Pa(z) [ Pa(z)~ tEaen(®e
=1

and IC(A) is given by TH(A) /(1 — X).

Proof. When r = 1 this is [H, 7.4 and 7.8] with a slight notational change (see
6.1.1). Phil Hanlon has pointed out to us (in [HL]) that the proof goes through
verbatim when r > 1. a

Remark 6.3.1. The exponent for £ = 11is A, so the first two terms may be written
as P4(z)'~*. The exponent for £ = 2 is ——(AZ A).



614 SUSAN C. GELLER AND CHARLES A. WEIBEL

In order to perform calculations with 6.3, the following identity is very useful.
Modulo a typographical error, it is identity (6.2a) of [H].

IDENTITY 6.4.
o £ 1
1-— 4 -%Ed'uz(d)Ad = e—_
4]:___11( =) 1- Az

LEMMA 6.5.

= t\=Lngu@nd _ 1—Az N i 2 2ied
;-I(l_m)e | :I—szr]‘-}-Z)\(w - )
=1 =1

Proof. Since 1 + z¢ = (1 — 22)/(1 — 2%), the first equality follows from 6.4.
The second equality is straightforward. O

APPLICATION 6.6. Consider the truncated polynomialring A = k[z]/(=?). Since
Py(z) =1+ z, it follows from 6.5 that

MH(A) = (1+ 2) (H;)

AR S,
i=1

=14+ (1)) A2t
=0

MC(A) = TC(k)+ Y N2
=0

There are only two terms of weight 2 + 1 in C(A), namely (z,...,z)) € C(A)
and BI{(z,...,z)) = 1® 2 ® ---® z € Cp41(A). As the coefficient of 2%+ in
TH(A)is A* — A1 it follows that

i o~ i o~ 1+1 o
HH{) (4) & HCY)(4) = HH{ED (4) 2 &
and that (z,...,z)) € HC&?(A). This provides an alternate proof of 5.6.

APPLICATION 6.7. Consider the ‘axes in the plane’, A = k[z, yl/(zy). Since

1—zy

Pa@, v) = 14 @49+ + @90+ = g mr
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it follows from 6.4 that
_ (1=2z)(1-2Ay)
ILH(4) = Pa(e, v) =, —
_ /\(1—37)(1-:1/)}
= Pate, ) {(1- 0 + T

= (1= VPale, ) + 520

= 14+ (1= \)(Pale, y) - 1) - (1= V)5 Azy

- )\xy;

IC(A) = IC(E) + (Pa(z, y) = 1) — f:j MNgly!

i=1

We know from 5.7 that A’z*y* corresponds to the Loday symbol {z, y,...,z, y))

in Hcg?_l (A). In fact, knowing that HC,,(A) is O for » even and generated by the
Loday symbols for » odd, we can read off the Hodge indices of the Loday symbols
from IIC(A).

7. Loday Symbols in z and y

In order to analyze the Hodge decomposition of Loday symbols in which the same
variable appears many times, we need only compute some of the coefficients in the
generating function IIC'(A). In the most trivial case, there is only one variable and
we have already seen in 5.6 and 6.6 that {z,...,z)) € HC%-)(A). In the next case,
there are many z’s and only one y: {(y, z,..., )} € HC,(A). In this case we can
determine the Hodge decomposition using representation theory.

THEOREM 7.1. Supposethat x> = zy = 0. Then the Loday symbol {(y, ,...,z))
has pure Hodge index. That is

(i) In cyclic homology it lies in either HCS)(A) or HCS) | (A4);
(ii) in K -theory it lies in either I&2:+1)(A) or Kgi})(A).

Proof. The one-dimensional subspace of C,,(A) generated by thecycle y ® 2 ®
- -® z is isomorphicto the trivial representation of X,,. By [H, 6.3] the multiplicity

of this representation in ey, 9 QX, is1if i = [(n + 1)/2] and O otherwise. Hence,
if ¢ # [(n + 1)/2] we have e%)((y, z,...,z)) = 0 in HH,(A). This proves that
the Hochschild Loday symbol {(y, ,...,z) lies in HH{(*+D/2)(4). Part (i) is
immediate. Because the universal ring A = Q[z, y]/(zy) is a discrete Hodge
algebra, part (ii) follows from Theorem 3.1 or from the appendix. a
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Remark 7.1.1. The permutation representation of %, is isomorphic to the
subspace V of Cy,( A) with bas1s the other cycles z®- - -RrRYRTR- - - representing

(v, z,...,2). By [H, 6.4], )V # Ofor 1 <i < (n+1)/2. By 7.1, the nonzero
cycles in e%)V represent zero in HHY (A) for i # [(n + 1)/2]. This shows that
care must be taken using this approach.

THEOREM 7.2. Suppose that 2> = zy = 0. Then in HC,,(A):

(1) The Loday symbols with two y’s and n — 1z's lie in HC;I)(A) QB
HC 2 (4) @ HCP(A), € = [(n + 1)/2), and form a basis for the weight
(n —1, 2) part of HC.(A).

(2) For n < 5, every Loday symbol has pure Hodge index: {z, y, , y)) €
HC(A); (9, 2, 9, 2, @) € HCP(A)and (y, 2, v, 3, v, 2)) € HCP(A).

(B)Forn > 6,setn = 4p+j, w=(n-1,2) and { = [Z]. Then
dim ,HCY(4) =1,

1, j=2,3
di HC(]) A) = y 3 9y
WA {0, =01,
andfor2 <1< €2
1, 7=1,3,
; 2, j=2andiodd
di » g:) A) = s 9
im o, HC'(4) 2, j=0andzeven,
0, otherwise.
COROLLARY 7.3. Consider the Loday symbol {{y, y, z,...,z)) in HC,(B),
where B = k[z, y]/(2?, zy, ¥*).
(i) For n < 5, this symbol has pure Hodge index [n/2]. That is, it lies in
ey, uel, HC(Z), or HCY).
(ii) If n is odd (n 3), {y, y, z,..., ) has pure Hodge index i = (n — 1)/2,
i.e., it lies in HC21+1(B)
(iii) Ifniseven(n > 6)the element (y, y, , z, a;, e~y z, y, 2, 2,...,2)

has pure Hodge index [n/2), i.e., it lies in HC2z (B)

Proof of 7.2. For simplic:ty, we shall write z yf for (7). For A = klz, v/
(22, zy) we have P4(z, y) = 1 5 + 2. Modulo y3, wehave Pa(z, y) = (1+z+

¥+ %) and
H(A)= Pa(z, y)Pa(z, y)‘A(l +22 4+ yz)-%(,\zwA)

ﬁ(l + $4)~%Ed|w(d)>\§
£=1
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To simplify this, we note that modulo y°:

Pa(z, 9)' = (1+2)' 7+ (1= (1 +2) My +97)
A(l ’\)(} + )—1 -A,2

=(1—|—w)”\{l+x+(l—)\)y
A -1] 2
w1-n[i-2a+a e}
(1422 42000 = (4 224000 (14 a2 A2
Again we compute modulo 3 that

{(l +z)+(1-Ny+(1-X) [1 _ %(1 + m)'l] yz}

x{1+(1+x2)“~A(1;A)y2}
=(1+2)+ (1= ANy + (1= A1+ A7),

where
1 1 + X 44 1
T=-§——s———>=(1~ +
2{1+w2 1+a:} ( m)Zm
Combining all this and using Identities 6.4 and 6.5, we see that modulo 3>

M (4) = (505 ) {0+ )+ (1= Ny + (1 = D21+ AT

IC(A) = IC(k[z]/22) + ( 1= A’\;’z) y+ (1—7\’\—5) y¥(1 4 AT).

The term in IIC( A) involving just one y is given by 6.5:

1Az N yi, 2, NS yio 21
g2 y:Z}\x y—Z/\:z: Yy

=0 =1

This provides an alternative proof of Theorem 7.1.
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The term in IIC(A) involving exactly two y’s is y? times

L

=1

X {l%—)\(l—:ﬂ)i&"”“}

=0

=14 A1- x)iz“j“ _ i)\éxz@_z

7=1 =2

X {1 —z+ Zx“j(l —2z + xz)}
i=1
= 1- M2 + A2%3 — Nzt + (A + 3’
A+ A2+ A28 4

For p > 1, the coefficient of (—1)/*+1z4*i42 in IIC(A) is:

()\2+)‘3+_”+/\2p—1)+/\2p+1’ j=0,
/\+2(A3+)\5+.__+A2p—1)+)‘2p+1’ j=1,
A+ A2 4 X34 A%)  APH2 j =2,
2N 4 A 4 A% A2 =3

From our low-dimensional calculations, we see that the first few terms correspond to

the fact that {(z, y, z, y)) € HC%Z)(A),and y, 2,9, 2, 2) € HC&Z)(A).Sincethe
cyclic relation implies that ((y, z, z, y, z, z)) = 0,wehave (y, z, y, ¢, z, z)) €
HC?)(A). The rest of the theorem follows from the following Lemma.

LEMMA 7.4. For A = klz, y}/(2?, zy), the only terms in HC.(A) of weight
w = (n — 1, 2) lie in HC,(A). A basis for ,HC,.(A), n > 2, is formed by the
Loday symbols {(y, z,..., T, Y, T,..., ) with the second y occurring in the ith
slotfor2 < i< n/2andfori=(n+1)/2whenn =45 — 1.

Proof. Set N = ("3') — (n 4 1). In the Hochschild complex, there are N
terms in C,(A) and Cyy1(A) of theform - Qy®2® - - @2z Q@ Yy ® - - - (resp.
1---QyRzQ--- @y ---) with the two y’s not cyclically adjacent; call
these of ‘Loday type’. There are also n + 1 terms in C\,(A) and C,41(A) of the
form---QYQyQ---(resp. 1®- - QyRYR---orl®yRz - - -®z ®7y); call these
‘bad’. Finally, there are n terms in C,—1(A) and C,,(A) of the form - - - @ 4> @ - - -
(resp. 1®---®@ y*® - - -); call these ‘induced’. The above symbols form a basis for
»C«(A). By inspection, the subcomplex of symbols of Loday type is a summand
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of ,,C«(A), and its nth homology has the prescribed Loday symbols as a basis.
The complementary summand is the complex

0— K+ L gt gpn B gm0 *)
generated by the bad symbols and induced symbols. Now the relation
bBy®y®s@ - ®2)=-By’ @@ - ®)

and the argument given above for one y show that (*) is exact. Hence ,,HH, (4)
has the prescribed Loday symbols as a basis, ,HH,-1(A) = 0, and we have
isomorphisms

JHH,(A) 5 LHC,(4) 5 JHH,41(A).
I B ]

Proof of 7.3. For n < 4 the Hodge decompositions are given in (4.2.1),
(4.3.2), and (4.4.2). For n > 5 we calculate using the generating functions. Set
w = (n—1, 2). Since Pp(z, y) = 1+ z + y, the calculation of IIC(B) modulo
y3 is the same as for IIC(A) except that the term 1 + AT is replaced by AT. Thus
modulo 73

IC(B) = IC(A) — v* + Z Az 12 — 2%y,
i=1

Thus for n > 2 we have a short exact sequence

i=[3],

, ) k
0 — LHCY(A LHCY(B ’
- n(4) = w (B) = 0, otherwise

Since ,HC,(B) is entirely generated by Loday symbols, and all but {(y, v,
z,..., ) come from Loday symbols in ,,HC,,(A), it follows that (y, y, =,...,2))

projects nontrivially into wHC,(z[n/ 2])(B) By theorem 7.2, for n = 2i + 1

JHCY(A) = 0for all ¢ > 1; it follows that {y, v, b ,z)) lies in HCY), ,(B).
For n even we need another argument because chzz' (A) & k. We use the shuffle
product HHm(B) ® HH("”(B) HH(")(B) described in (1.6). We have just
shown that ((y,y, ,...,z)) € HHS-D(B). Since

19z (y®y®z® - @)
=(YRzRYRzRzR - Rz)—(YQYR®z R -V z),

it follows that ((y, z, y, 2, z,...,z) — {(y, ¥, &,...,2)) liesin HHg)(B) O
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8. Loday Symbolsin z, y and z

In this section we consider Loday symbols in three variables. For simplicity, we
first consider Loday symbols with exactly one y, exactly one z and many z’s.

THEOREM 8.1. Let A = k[z, y, z]/(z, y, 2)% and let V denote the subspace of
HC,,(A) generated by the n Loday symbols ((z, y, z,...,z),...,{(z, z,...,z, y)
with exactly one y and exactly one z. Then V is isomorphic to the permutation

representation of 3, in such a way that the projection of V into Hcl) (A)is eDv.
Forn=1, {z,y) € Hcgl)(A);forn = 2 the Hodge decomposition egl)V o
egz)V ™ k is described in (4.2). Forn > 3

1, =1,
. ntl
. (i) _ 2, 2 i< 2
dim(e;’V') 1, i=7%+1andniseven,
0, otherwise.
For2 <1 < (n+ 2)/2, each of these n Loday symbols projects nontrivially into
Hcg)(A).
COROLLARY 8.2. When A = k[z, y, 2]/ (:c y, 2)%, every single one of the n
Loday symbols {(z, y, €,...,2),..., {2, ,..., 2, y)) pro;ects nontrivially into

K (A), <ig(n+1)/2 andpm]ects to zero in K (A) ifi>(n+1)/2.

Proof of 8 1. Let V' denote the subspace of the Hochschild chain complex
Cy(A) generated by thecycles 2 Q y® 2 Q® - ® 2,..., 202 Q- Q2 Q .
By (1.1), I, acts on V’, and V" is isomorphic to the permutation representation.
Since V' maps isomorphically onto V' C HC,,(A), this proves the first part of the
theorem.

Now V’ is the direct sum of the trivial representation V; and the irreducible
representation V; corresponding to the partition 4 = (n — 1, 1). On V}, e is

multiplication by the multiplicity m;; of V; in e,(f ) QX,,,sodim e% i) Vismip 4+ m;1.

Reading off the multiplicities from [H, 6.3 and 6.4] yields the final assertions of
the theorem. a

Alternate proof of 8.1. We are interested in the coefficient of 2" yz in IIC'(A),
so we may compute modulo y? and 22. Setting B = k[z, y]/(22, zy, ¥*), and
referring to the proof of Theorem 7.2, we compute mod y? that

NC(A) = {P ’_’}3: Z}H 1C(B)

= (14 (1-A)zPgh) (11:)/\\52) (i ii —l—y)



HODGE DECOMPOSITIONS OF LODAY SYMBOLS 621

= nem) 07 (1- 125 (1555)
X(1+2+y - Xy).

Using Lemma 6.5, we see that the coefficient of yz in [IC(A) is

—A 1 - Az — 1213 2 3
1+m(1—/\x2>_1 +§)\ (1-2z+22°—3z"+--.).

Therefore, for n > 3 the coefficient of 2"~ !yz is (—1)"! times

i/\m_f_] A22 4 20P F AP ifn=2p >4,
g A+22 4422 ifn=2p-1>3. O

We can use the shuffle product in order to find linear combinations of Loday
symbols that have pure Hodge index. For example,

PROPOSITION 8.3. Let A = k[z, vy, #]/(z, y, 2)*. Then using only one z and
one y, we have:

Uz, y, z,..s2)) — (=, 2, ¥, 2,z + -+
~{(z, z,...,, y) € HC D (4);

{z, z, 9, 2 ,...,:z:}} +{z 2, 2,2,y Ty )+
+{z, z,...,z, ¥, ) € HC&Z)*_](A).

The corresponding K -theory symbols live in K. 221?(%1) and K, (n+ (A), respec-
tively.

Proof. In order to use the shuffle product we will work in Hochschild homology.
By7.1,y®@z®---Qx € 1515050 (A). Specializingtoy = 1yields 1Qz®---®@z €

2n—

HHS:?_l(A) By4.1l,zQy¢€ HHgl)(A). Using (1.6), we see that

z2QYlRzR-- @z =20YR2® - - —2R02QYRTR - QR
+o—2@2Q---@zQy e HATT(4),

The second calculation is similar, using the element %(z RQURer+z0zQyY),
which belongs to HH{V(4) by (4.2). O

Remark 8.3.1. We saw in (4.3.2) that {2, z, y, «)) is of pure Hodge index
2; this is a special case of the second part of (8.3). For n > 4 no single Loday
symbol has pure weight. We leave it to the reader to compute such other smash
products as suits the reader’s fancy. However, we note that if there are 2n 2’s, then
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1®2z®---®z isnotacycle, and hence is not in HHj,, 1 (A). Thus we cannot use
the same argument as in 8.3 with an even number of z’s.

THEOREM 8.4. Set A = k[z, y, 2]/(zy, zz, yz).

(i) For every n there are only two independent Loday symbols in HC,,( A) with
one z, and the following symbols have pure Hodge index:

(z, 2, 9, T, Yyerrr 2

and (z, y, @, ¥, ©,...,y) in HCS)_ (A);
(<Z’ $7 y’ m’ y,"" x, y)) .

+<<Z7 y’ :v’ y’ x"",y’ x)) in Hcgli)(A);
«2, Ty Ys Ty Yyeees Ty y» .

_«27 Y, %, Y, &y, Y, iB» lnHCgtz-H)(A)a

(ii) In HCs(A), the Loday symbols {(z, z, z, z, y, ¢)) and (2, ¥, 2, ¥, T, Y))
have pure Hodge index 3. The three Loday symbols with weight (2, 2, 2) have
mixed Hodge indices I and 3.

(iii) For n > 6, the Loday symbols with exactly two z’s lie in the sum of the

HCn)(A) with1 <i< (n + 3) /2, and with the exception of Hc! )(A) when
n = 3(mod 4), all the HC{ (A) contain a nonzero linear combination of
these Loday symbols.

Proof. For A = k[z, y, 2]/(zy, ¢z, yz) we have P4 = 1+ X(a' + y' + 2).
Setting B = k[z, y]/(zy) and computing modulo 2? yields
MH(A) = (Pg + 2)!~NPg)*"'LH(B)
= IIH(B) + (1 - \)z(Pg)~'1LH(B)
IIC(A) =IIC(B)+ 2(Pg)~'TLH(B).
Referring to (6.7), we see that the coefficient of z in IIC'(A) is

A1-z)(1-y)
1=+ 1-—Azy

=1+ M-z —y+ay)+ ) XN(ey) '(1-2 -y +ay).
=2

The coefficient of A corresponds to the Loday symbols

(@, 2, (v, 2) € HC{(4)

and

Lz, =5 y) + (2 v, 2))) e HCP A
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described in (4.1) and (4.2). The elements of Hodge index 2 lying in HC;, HC3
and HC4 were described in (4.2), (4.3.1) and (4.4.2); they are

1z 2, ) — (= 9, 2)), (2 2, 9 2), (2, 9, 2 9)
and
1z 2, vz, y) + (2 9, 2, g, ).

We know by [GRW, 3.12] that HC,(A) is spanned by Loday symbols, and the only

Loday symbols with one z are {z, z, y, ,...)) and {z, ¥, =, ¥, z,...)). Thus

the assertion (i) follows from considering the symmetrizing idempotent (see 1.3).
In order to study the coefficient of 2% in TIC(A) it is useful to start with some

low-dimensional remarks. The only term of weight (0, 0, 2) is 2% € HHEO)(A).
After that, the smallest Loday symbols with 2 z’s are

(= 2, 2 o), {z 2 2, y) and (2,9, 2 y)
which lie in HC%Z)(A) by (3.3.2). By (3.4.2), next come symbols in Hng)(A):
Uz, 2, 2, z, y) + {2, z, 2, y, z)) and
(= v, 2 2, 0} + (2 9, 2, 9, )
The differences
(z, 2, z, &, y) = (2, 2, 2, y, z)) and
€z 9, 2, 9, 2) = (2, 9, 2, @, ¥))

lie in HC,(,?)(A). Therefore the first few terms of the coefficient of 2% in IC(A)
form the polynomial

t=1- X+ 2y + 97) + X2y + zy?) + N2y + 29?).

Computing ITH (A) modulo 2 yields

- Ly(1-
MH(A) _[Pe+z+72 = Pg(z?, *) + 22 =)
TH(B) ~ Py Pp(2?, y?)

= {1 + (1= A)(z+ 2)P5' - )\(1_2—)\2221352}

o {1 + )\(12— )\)zngl(wz, yz)}
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Referring to (6.7), we see that

P(a?, o) = (fff)—(%y—)&(x, ).

Therefore the coefficient of 22 is (1 — \)ILH (B)Pg ' times

A0 =a)(-y) AA+2)(1+y) z+y—zy—z*y)
2 1-—zy 2 14+ zy 1— 2292 )

From here a straightforward but tedious calculation shows that the coefficient of
A22in IIC(A) is

fee]
~2?? 4 (2 +y -y — 2%7) D (2)*;
i=1
the coefficient of A22% in TIC(A) ~ ¢ is
m .
22y + {-1+z+y-— (a:2 + 3zy + yz) + (Zmzy + 2xy2)} Z(my)zﬂ",
i=1
and for ¢ > 3 the coefficient of \'22 in IIC(4) is
(2y)"H{(z +9) — (&% + 220y + ¥*) + (2%y + 2y*)} + (2y)’

H(=24 20 + 1) — (5 + oy + )Y (a)
J=1

Since the Loday symbols of weight w = (p, ¢, 2) can only occur in HCp4441(A4),
we can read off the dimension of the wHCS )(A) from this. a

Appendix. A Map from Relative HC to K -Theory

The purpose of this appendix is to prove the following result, which has Proposition
0.6 as a special case.

THEOREM A.0Q. Let I1,...,1I,, be ideals in a Q-algebra A such that NI; = 0.
Then there is a natural map

HC._1(4; I,..., 1) B Ku(4; L,..., L)

Ifz; € I are suchthat £122 = -+ - = @21 = 0, then E sends the cyclic homology
Loday symbol z1®- - -Qzy, to the K -theory Loday symbol {(x1, .. . , 2)). Moreover,
if A is commutative then E commutes with the operations X\* and 1.
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Our proof closely follows Cathelineau’s proof for a nilpotent ideal in [C], except
that we have used ideas from Ogle’s thesis [Ogle T] to finesse to gap in [OW].
(If the gap were fixed, the result would be that the map E is an isomorphism.)
We remark that we have chosen to work with combinatorial models rather than
GL(Q)-invariant models in order to simplify the argument. This means that we
must replace the invariant theory in [OW] by a more elementary combinatorial
result due to R. Aboughazi (this part of her thesis appears in [AO] as Thm. 1.1.12).

Let I be an ideal of a ring A. For each n, let T,(A, I) denote the subgroup
of GL,,(A) consisting of all #» X n invertible matrices g which are strictly upper
triangular modulo /, i.e.,, such that g;; € I'if 4 > j and g;; — 1 € I for all
i. The corresponding Lie subalgebra t,(A, I) of gl,(A) consists of all matrices
a € M, (A)suchthata;; € I'if¢ > j.

The above groups depend upon the choice of an ordered basis of A™. To remove
this dependence, note that forany o € GL,,( A) we can form the conjugate subgroup
T (A, 1)’ = {glogo™! € T.(A, I)} and the Lie subalgebra t,(A, I)°. The
regular representation ¥, — GL,(A) of the symmetric group ¥, allows us to
write Ty and tJ, for any permutation ¢ of the canonical basis of A™.

Now suppose we are givenan m-tuple o = (o1,...,0,) andmideals Iy, ..., I,
of A such that NI; = 0. Write T)J(A; Ir,...,In) and £3(A; Iy,...,I;) for the
intersection of the T,,(A, I;)?¢ and of the t,(A, I;)%, respectively. The groups
T7 are nilpotent, because any commutator of length » is congruent to the identity
matrix modulo I; for all <. Similarly, the ¢ are nilpotent Lie groups. If A is a
(Q-algebra, this implies that the exponential map

exp:t2(A; I, ... In) = T2(A; I,..., In)

is well-defined and bijective. One of the main theorems of rational homotopy (see
[GwL, pp. 391-3} or [OW, 2.3]) is that exp induces a natural isomorphism on
rational homology:

& : HYe(12, Q) S H(T?; Q)5 H.(BT’; Q).

Here the left-hand term is Lie algebra homology, the middle is group homology,
and the right-hand term is the topological homology of the classifying space BT?
of the group 777.

In order to construct A-operations, we need to define exterior products on the 7,7
and 1 based on the canonical identification of A*A™ with A®)| which is obtained
by putting the usual basis of A*A™ in lexicographical order. This exterior product
construction requires that A be commutative. Since A* is a functor, it induces maps
A% glo(A) — gl(ny(A) and A%:GL,(A) — GL(n)(A). As observed in [C, 2.2],
these are given by the explicit formulas:

(Abg)(wr Ao Aoy = o1 A= Ag(v) A--- Ao
(ALg)(or A= Avg) = g(on) A=+ A glog).
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From these formulas, it is easy to make the following two observations: (1) if g
is upper triangular then so is A¥g; (2) if g is a nilpotent matrix then A% exp(g) =
exp(A% g). From this (and naturality in A), we obtain the following commutative
diagram for all o € GL,(A) :

g Ak
G(A; Ty ) = 7 (45 Lo,y I

exp exp) (A.1)

&

AX
To(4; Dy In) S TR (45 L, I

This is the analogue of diagram (1) in [C]. We remark that if o € £,, then A¥o
is a monomial matrix which is not in general an element of the canonical subgroup
S (ny of GL(n)(A). However, there is a 7 € Iy such that (Afo)r~! = §isa

: : : Ao _ .1 Ao __ pr
f;ha(i)rlu)ﬂ matrix. Since § fixes t(n) and T(Z)’ we have t(Z) = t(Z) and T(g) = T(?)
in (A.1).

LEMMA A.2. The following diagram is commutative for every commutative Q-
algebra A, 0 € GL,(A)and ideals I,. .., I, such that O\I; = 0:

Ak
Ho(6§(4; Tty In); Q) = Hu(( (45 T, s Q)
P i3

AR
Ho(T7 (A5 Tts ooy In)i Q) =5 Hu(T)7 (A5 L1, In); Q).

Proof. Cathelineau’s proof of Lemma 1 in [C] applies verbatim. We remark that
this proof is implicit in Goodwillie’s argument on p. 392 of [GwL]. O

Following [OW], welet X,, = XC(A; I4,..., I,,) denote the union of topolog-
ical subspaces BTS (A; Ii,. .., I,) of BGL,(A), the union being taken as o' runs
over all m-tuples of permutations in X.,,. The superscript C' stands for ‘combinato-
rial’, in order to distinguish it from the ‘linear’ model X2 = XZ(4; I,..., 1)
of [OW], which is the union of the BT (4; Ii,. .., I,,) as o runs over all m-tuples
of elements in GL,,(Q). X, has an infinitesimal ‘Lie’ analogue represented by the
subcomplex

e = aS(A; Iy L) = S AMG(A; I,y L)
oEXn
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of the Chevalley—Eilenberg complex A*gl,(A) used to compute the Lie algebra
homology H.(gl,(4); Q).

PROPOSITION A.3. For every Q-algebra A and ideals I; such that NI; = 0, and
all n, the exponential map induces isomorphisms

&, H(zS(A; I,...,I,)) — HJXC(4; I,...,1,); Q)

fitting into a commutative diagram for each n and k:

k
Ay

o= ol

A%

Proof. This is Cor. 2.4 of [OW]; cf. IIL5 of [GwL]. The subcomplexes A*J
form an ‘atomic’ functor in the sense of [OW], so that H,(z,,) is the homology of
the chain complex hocolim(A*t7). Since H.(z, ) is the homology of the complex
hocolim(C.( BTY)), the result follows from the hocolim spectral sequence 1.4 of
[OW].

Now set ¢ = Uz, and X = UX,,. Following [LP] and [C], we define operations

k .
)‘ﬁ',n = Z(_l)i (n - 21 * Z) Ai_i:H*(wn) - H*($)7
=0 (A3.1)

k .
M= S0 (M) AL (s @) - X ).
=0

Now X, acts trivially on H.(z) and H.(X; Q) by an argument of Suslin, detailed
in [OW, 3.2]. Thus the maps A% ,, and A% | are compatible with stabilization, and
we can define endomorphisms

M =1im X, and A} =1lim Af

on H,(z) and H.(X; Q).
As pointed out in [C], the direct sum of matrices provides the stable homol-
ogy H.(z) and H.(X; Q) with a product. Since the diagonal map gives them
* Note added in proof: The naturality of the homology operations in (A.3.1) has been proven by

Phillipe Gaucher in ‘Produit tensorial de matrices et homologie cyclique’, C.R. Acad. Sci. Paris,
t. 312 (1991), 13-16.
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a coproduct, they are in fact Hopf algebras. The map ® = lim ®,, is in fact an iso-
morphism of Hopf algebras, from H,(z) to H.(X; Q). Under this isomorphism,
the operations A% and A% correspond. Writing P, for the primitive part of H,(z),
we conclude as in [C] that the operations MF restrict to make P, into a graded
A-ring. It remains to relate P, to cyclic homology and to K -theory.

Let Cp(A; Ih,...,I,) denote the intersection of the kernels of the maps
7;:Cp(A) — Cu(A/L), ¢ = 1,...,m. Since all the m; are surjections, the
homology of C.(A; I1,...,I,) is the m-fold relative cyclic homology group
HC,(4; It,y..., In).

Now consider the Loday—Quillen map Tr o A\:A*(gl(4) — C.—1(A), restrict-
ed to the subcomplex z(A4; Ir,...,I,) of A*gl(A). Since composing Tr o A
with any projection m;:Cp(A4) — C,(A/I;) sends each APY1Z(A/L) to zero,
it vanishes on all of 2,4. Therefore the image of z,41(A; Iy,...,I,) lands
in Cp(A; I,...,In), and the restriction z, — Cy—1(4; I1,..., 1) therefore
induces a map on homology

P, C Hy(z) = HCo_1(4; I,..., In).

As pointed out in [C, 2.4], this Loday~Quillen map commutes with the A-operations
by the definition in [LP] of the A-operations on cyclic homology. This proves the
second part of

THEOREM A 4. The map Tro A: P, — HC.—1(4; I1,..., I,) is an isomorphism.
If A is commutative, this isomorphism commutes with all the operations \*.

Proof. (cf. [OW, 4.51). Cp_1(A4; I4,...,I,) is generated by terms a1 @ - - - ® a,
such that, for every ¢, some a; is in ;. for an appropriate o, the p-form

w=ep(a) A -Aepyi(ap)

isin APt (A; I, ..., I) and Tr(A(w)) = a1 ®- - -®@a,. Hence, the linear span W,
of forms of the type w forms a subspace of z, mapping onto Cp_1(A4; I1,...,In).
By inspection, each w is primitive. By Theorem 1.1.12 of [AO], P, is iso-
morphic under the Loday—Quillen map with the homology of Tr o A(W,) =
Ci—1(4; I,...,I,), which is what the first part of our theorem asserts.

Remark A.4.1. One could also consider the GL(Q )-invariant subcomplex z¥ =
Uxﬁ of A*gl( A) generated by the t,,(A4; I, ..., I,,). Theorems 3.3 and 4.5 of [OW]
state that H, (=) is a Hopf algebra whose primitive part is HC._1(4; I1,. .., In).
Therefore H.(z%) = H,(z¥). Using the natural map H.(z%) — H.(X%; Q) —
H.(K(A; L,...,I,); Q) would yield a completely parallel proof of the main
result A.O of this appendix.

We now turn to K-theory. Given ideals Iy,..., [, in a ring A, the m-fold
relative K-groups K.(4; I1,...,I,) are the homotopy groups of a topological
space K(A; Iy,...,1I,). One way to construct this space is to take the interated
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homotopy fiber of the m-cube of spaces which at the vertex (ej,...,€y,) of the
m-cube has the space

k(A/ ﬂ{[2 t€ = 1}).

By this construction, the natural maps AF : K,(A) — K.(A) induce endomor-
phisms A* of each group K.(A4; Iy,...,I,) when A is commutative.

THEOREM A.5. Let I,..., 1, be any family of ideals in a ring A. There is
a natural topological map X%(A; Iy,...,I,) — K(A4; Li,...,I,). If A is
c?cmmutative, the induced map of homotopy groups commutes with the operations
AR,

Proof. Suslin proved in [Sus] that X(A) = X C(A; 0) € BGL(A) is naturally
the homotopy fiber of the plus construction BGL{A) — BGL(A)*. For every
ideal I of A, the map XY(A; I) — BGL(A/I)* factors through X (A/T)and so
is naturally contractible. Therefore the map

XC(A; I,...,I,) — BGL(A) — K(A)

lifts to a natural map from X = XY(4; I,...,I,) to K(4; Iy,...,I,). When
A is commutative, the argument used by Cathelineau in [C, 2.4] shows that this
map commutes with the A\*. Indeed, the maps A%: BGL,(A) — BGL(A)* used
to define A* on K,(A) are given by formula (A.3.1), using the H -space structure
of BGL(A)*. These maps restrict to maps Af: X — X, again given by (A.3.1).

Remark A.5.1. In [OW, 7.3] it is asserted, but not proven, that the map of
Theorem A.5 is a homology isomorphism. This is the crucial gap in the proof of
the Main Theorem 7.5 of [OW].

DEFINITION A.6. For every Q-algebra A and ideals I; such that N[; = 0, let £
denote the composition:

HC,_1(4; I,..., 1)
~ Prim H,e%(4; I,...,I,) byA4
= Prim H,XY(4; I1,...,I,) byA.3
— Prim H,K(A; It,...,In) by AS
& Kn(A, Ii,.. .,Im).

If A is commutative, it follows from A4, A3 and A.5 that F commutes with
the operations A\*. Therefore Theorem A.0 follows from the following calculation,
which is due to Ogle.

PROPOSITION A.6.1. Suppose that we are given elements a; € I; such that
ajay = - --anay = 0. Then E sends the cyclic homology Loday symbol {ay, .. ., a,)
to the K -theory Loday symbol ((ay, ..., a,).



630 SUSAN C. GELLER AND CHARLES A. WEIBEL

Proof. Given {a;} withajas = - -- = ana; = 0, there is a map from the group
Z"to TS (A; I, . .., I,) sending the ith generator to e; ;1 1(a; ). This induces a map
from the torus 7" = BZ™ to BT7, and therefore a map of the associated Lie alge-
bras from Q™ to tJ. By naturality, rational homotopy theory gives a commutative
diagram

Q= H*(Q" Q) — HM(1; Q) Ho(e%(A: Ty In)

1R

L] @

IR
IR

0]

Q = Ho(T™; Q) — H,(BT?; Q) — H,(XY(4; I,..., In); Q).

From the proof of A.4 we see that the generator of the top left side maps to
{a,...,a.) = [a1 ® -+ ® a,] € Ho(2%(4; I4,...,In)). The proof of [Ogle
1, 3.1] now applies to show that the image of a1 ® - - - ® @, under the map ¥ fo
K.(A4; I1,...,I,) is the K-theory Loday symbol (a1, ..., a,)).
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