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HOCHSCHILD AND CYCLIC HOMOLOGY
ARE FAR FROM BEING HOMOTOPY FUNCTORS

S. GELLER AND C. WEIBEL

(Communicated by Donald S. Passman)

ABSTRACT. Given a homology theory H.(A) on rings, based on a natural chain
complex, one can form a new theory H!(A) which is universal with respect
to the homotopy property H.(A4) ~ H.(A[f]). We show that the homotopy
theories HH!" and HC! associated to Hochschild and cyclic homology are
both zero. On the other hand, if HC, denotes Goodwillie’s variant of cyclic
homology, and A contains a field of characteristic 0, we show that (HC~ YA
is Connes’ periodic cyclic homology HP.(4).

A functor F from the category of associative rings with unit to an abelian
category is called a homotopy functor if F(A4) — F(A[t]) is an isomorphism for
every ring A. If [F]A4 denotes the coequalizer of

F(AL) 3? F(4),

then [F] is a homotopy functor, and F — [F] is universal with respect to
maps from F to homotopy functors.

One way to measure how far F is from a homotopy functor is to study the
groups N"F(A) of [Bass, XII], defined by

N"F(4) = ﬁker{F(A[tl st )'S F AL, D

i=1
The map Alt;,...,t,]1 — Alt;, ..., 1,_] sending ¢, to 1 - th induces a
map d;: N "F(A) - N g (A), and these fit together to form a chain complex

N'F(A): 0 — F(4) =X NF(4) & N*F(4) & N°F(4) — -
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We call N F(A) the “Moore Complex” of F(A). In §2, we show that, if 4 1sa
k-algebra, HH,_(A) denotes Hochschild homology, and Q'/;’/k denotes Kahler
differentials (for commutative 4), then N'HH, (A) and N'Q'Af'/k are exact.
The corresponding result for the cyclic homology group H C,, is not true for
m#0. (See §3.)

When F,(A4) arises as the homology of a natural chain complex C(4), as
is the case for Hochschild and cyclic homology, there is a more subtle notion
of homotopy. Following [W1,2.2], we define a new homotopy functor F*h in
§1, arising as the homology of the total chain complex of N C(A4), which is
universal in the appropriate sense. We then show that H Hf(A) =H C:'(A) =
0, which shows just how far Hochschild and cyclic homology are from being
homotopy functors. Finally, we apply these ideas in §4 to Goodwillie’s variant
HC,_ of cyclic homology. If A contains Q, we show that (H C“)f(A) is
HP (A4), Connes’ periodic cyclic homology. This emphasizes the central role of
HC,_ in cyclic homology.

1. THE MOORE COMPLEX
In this section, we discuss ways of measuring how much a functor F fails to
be a homotopy functor. We use the simplicial ring A4 of A-valued algebraic
functions on the standard p-simplex (denoted P(A) in [And]). Thus,

A A=Ally, ...,/ Q =1 =Alt,...,1],
while the face and degeneracy maps are given by
dft)=0, st)=t+¢_,,

d,.(tj)ztj ore; , ands,.(tj)=tj ore

if i # j, depending on whether j < i or j> i,

Now let F be a functor from rings to an abelian category. It is well-known
[May, §22] that the simplicial homotopy groups of the simplicial object F(AA)
are the same as the homology groups of either the chain complex

0 F(4) = Flare,]) — ... 2 Flagt,, ) e .

or of the associated “Moore complex” N F(A) described in the introduction.
For example, it is easy to see that

n,F(AA) = Hy(N F(A)) =[F]A.

We may think of the rest of the n F(AA4) = H,.(N'F(A)) as left derived functors
of [F].

Now suppose that we are given a functorial chain complex C(A), and set
F,(A) = H (C(4)). In addition to the homotopy functors [F,], we have the

n n

functors F,f' (4) = H,(|C(AA4)]), where |C(AA)| means the total complex of the
associated double complex N C(A4). As in [W1, 2.4], the functors Fnh(A) are
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homotopy functors. If C is bounded below, the maps [F,]1— F: are the edge
maps of a convergent spectral sequence

(1.1) E) =H(NF,(4)) = F, (4).

(Cf. [CE, XV.6], [And, 2.3].) We draw attention to an immediate consequence
of this formalism:

Lemma 1.2. Suppose F (A) = H (C(A)) for a natural complex C(A).

(@) If F,(4) = F,(Alt,, ... ,t,])) forall m, n, then F,(A) = F'(4) for
all m.

(ii) If the Moore complexes N'F, (A) are exact for all m, then th(A) =0
for all m.

2. HoCHSCHILD HOMOLOGY

The formalism of the last section makes sense if we replace the category of
rings by a category % such that, whenever A4 isin %, so are the objects and
maps in A4 . For example if 4 is a commutative ring, we can consider either
the category of k-algebras and the Hochschild homology functors HH, (4),
or the category of commutative k-algebras and the Kihler differential functors
Q" . Note that HH _(A) is H  of the natural chain complex of k-modules

Alk "
CA):0e-A-A0, A—AQ AR A—...
(see [CE, IX.6], [Mac, X.4]). We can now construct the functors HH,’:l as
in §1.
Theorem 2.1. For every m and every k-algebra A,
(i) HH'(4)=[HH,]4=0.
(ii) The Moore complex N'HH, (A) is exact, where N'HH_ (A) is:

0 — HH, (A4) — NHH, _(A) — N°HH (4) — - --

Theorem 2.2. For every m, let Q" (A) = Q7 denote the Kihler differential
Alk

functor. Then for every commutative ring A the Moore complex
N'Q"(A): 0= Q"(4) — NQ™(A4) — N*Q™(A) — ...
is split exact. (The splitting is not natural.)

Proofthat Theorem 2.2 implies Theorem 2.1. The Kiinneth formula [Mac, V.10.1
and X.7] yields

HH, (Alt,....t,]= P HHi(A)®HHJ(k[zl, st D),
i+j=m
so that N"HH_ (A) ~ @ HH,(A) ®N"HHj(k) . Thus it is enough to show that

N'HHj(k) is split exact for all j. But this is Theorem 2.2, since by [HKR,
5.1] we have

J
HH](k[tI R Qk[tl otk
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Proof of Theorem 2.2. For every commutative k-algebra A,

QA[!. ertal ke = (QA/k ®A A[tl v ’tn]) @ (A®Qk[1. ,tn]/k)
by [Mat, 26.J], so that
Q" 4l ..., = P o' ®Q’ kit ....t]).
i+j=m

Therefore it is enough to prove that N Q™ (k) is split exact for all m. But
each k-module N’Q™(k) is projective, since by [Bass, XII.7.3] it is a direct
summand of the free k-module Qm(k[tl , . »t,1). Therefore it suffices to
prove that N'Q" (k) is exact for all m.

We proceed by induction on m. When m = 0, QO(A) = A, and N"Qo(k)

is the ideal (¢,...¢)k[¢,,...,t,] of the ring k[¢,,...,¢,]. The differential
N"Q k) —» N"'Q%k) sends t; to ¢, for j#n,andsends ¢, to I—E;;I t.

The proof of exactness of N 'Qo(k) is now a pleasant exercise.

Let us analyze the groups N"Q™(k) slightly, introducing some notation,
before continuing. We write k[7,] for k[t,,...,t,]. Since Qm(k[Tn]) =0
for m >n, N'Q"(k) =0 for n < m. Thus the complex N Q" (k) starts in
degree m with

N"Q"(k) = Q"(k[T, ) =k[T,] ondt A-- A d,

In order to describe the rest of N'Q"(k), let I ={i ,...,i,} be an ordered
m-element subset of {1,...,n} (‘ordered’ means i, <---<i, ). Set
(H t ) dt; A---Ndt,  in N"Q" (k).
J&l

Then a straightforward computation shows that N"Q™ (k) is the direct sum of
copies of K[T,] on generators a)nm(l ).

In order to take advantage of the inductive hypothesis, we filter the complex
N'Q" (k) by subcomplexes F, , where F, isthe k[T,]-submodule of N"Q" (k)
generated by those w, (I) with I C {1, ...,p}. Since N'Q"(k) is the union
of the Fp' , there is a convergent spectral sequence

1

E, (N'Q"(k))

p+q F /F, p+l p+q
attached to the filtration [Mac, X1.3.1 and 3.2]. Since F: 9 =0 for g <0 or
p < m, this is a first quadrant spectral sequence. To prove Theorem 2.2, we
will show that E. =0 forall p, q.
We first show that E;q =0 for g #0. Since F,;l_l =0, E;q =0 for p<m,
and we may begin with E,, ! Let w, = wm(l 2, m); the complex F, " has
=0 for r < m, and F = k[T,] on generator w . Since d': F'+l F’

m

sends w (1=-3¢t) i )w, , we can identify Fm with that portion of the exact

r+l
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complex N'Qo(k) which lies in degrees > m. Hence E,ln Hm+q(F y=20
for ¢ # 0, and

E,o=H,(F,) = (k[T,1/(1 = 3t kT, o, =KkIT,_,].

When p > m, the computation of Ep . is slightly more complicated, because
Fy|F_| = ®,k[T ]Jw” (I U {p}), the sum running over all ordered (m - 1)-
tuples I of {1 ..,p — 1}. The boundary map d' sends a):"(IU{p}) to

(1=t (Fui{p}) if r>p. (If r <p, d' = 0 because Fp’_l =0.)
Thus Fm is a direct sum (over I) of subcomplexes, each isomorphic to that
portion of the exact complex N'Qo(k) lying in degrees > p. In this case

I :
E, p+q(F/F ) =01if ¢ #0, and
Ey=H(F,[F,_\)=@*IT,)/(1 - > t)kIT,)w, (I U{p})
1
= @k[T Jor= (Dt
Having shown that £, =0 for g # 0, we need only see that the complex E

is exact in order to see that Ep , =0 forall p, q, and hence that N'Q™ (k) is
exact. But exactness of E :0 follows from our inductive hypothesis and
Lemma 2.3. For each m > 1, the chain complex E :0 is naturally isomorphic to
the chain complex N Q™' (k)[-1], i.e., N'Q"'(k) shifted to the left by one.
Proof. Letting I run over all ordered (m — 1)-tuples of {1,...,p— 1}, and

writing w(I) for " = (I), we have

N k) = @k[Tp_l]w(I),

po_@[T Jo(I) Adt,.

Thinking of k[7,_,]w(I) A di, as a subgroup of FC Q"(k[T,]), we can

calculate d' by applying the differential dy: N*Q™(k) — N*~'Q"(k) in the
original Moore complex. If f e k[T »_11, we have

d1<fw(1)/\dtp>——fw /\Zdt mod(F,_, +d(F!_,))

Zt nadt,
1fp—1¢1
+ Tl I —{p— 1) ATt ndt,_,
ifp-tel,
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where f denotes S, ... N th) € k[Tp_z]. Since this is (—1)
times the differential of fw(I) € N* _IQm_l(k), it follows that the map from
NTIQ™ k) to E;O sending fw(I) to (~1)” fw(I)Adt, is an isomorphism
of chain complexes, whence the lemma.

Corollary 2.4. If I is an ideal of a k-algebra A, the relative Moore complex
N'HHm(A,I) is split exact for all m. If A — B sends I isomorphically
onto an ideal of the k-algebra B, then the double relative Moore complex
N'HH_(A,B,I) is also split exact for all m.

Proof. As in the proof of Theorem 2.1, the Kiinneth formula yields
HH,(AIT],IT) = @ HH(4,I)Q HH,(K(T]).

+j=m

The complex N'HHm(A,I ) is therefore the direct sum of the complexes

HH(A,I)®N "HH j(k) , each of which is split exact. A similar argument applies
in the double relative case.

3. CycLIC HOMOLOGY

We can now apply the results for Hochschild homology to get similar, but
weaker, results for cyclic homology. For example, the complex N H Cy(A4) 1s
exact for every k-algebra A4 because HC, = HH,. On the other hand, since
HC,(k) = HC,(k[t]) = k, it is easy to see that N'HCZ(k) is not exact.

Recall from [LQ] that there is a double complex B(A) for which HC,(A4)
is the homology of Tot(B(A4)). We can now construct the functors H C,]; as
in §1.

Theorem 3.1. For every k-algebra A,

(i) The Moore complex N HCy(A) is exact.
(ii) The Moore complex

0+ HC,(A) — NHC,(4) — N’HC,(A) — N°HC,(4)
isexactat HC,(A) and NHC|(4), but is not always exact at N2HC1 (4).
(iii) HC,';(A) =0 for every m.
Proof. As in [LQ, 1.6], one has an exact sequence of simplicial complexes
0 — C(A4) — B(AA) — B(AA)[-2] — 0.
This gives a long exact sequence, part of which is

HH'" (4) - HC!(4) - HC!_,(4) — HH.

m—1

(4).

By Theorem 2.1, this makes the groups H C,';(A) periodic in m . However, by
construction we have HC:;(A) =0 for m < 0, proving iii).
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To prove ii), we use the spectral sequence

E, = N'HC,(4) = HC,, (4)=0.

p+q
Now HCq(A) =0 for ¢ <0, and the row g = 0 is exact by i). Therow g =1

is the Moore complex of ii), and we have Egl = Elzl =0, E221 = Egz =[HC,]A.
This proves ii) since, for example, [HC,lk = HC,(k) ~ k.

Remark 3.2. When Q C 4, it follows from [G, I1.4.6] that
0— N'HC, _,(4)— N°HH,(4)— N HC,(4)—0

is exact for p > 1. Using 3.1(i), we see that the Moore complex N HC,(A) is
exact except at N'H C,(4) . Moreover,

HCy(A) & HC,(4) — NHC,(4) — N’HC,(4)

is exact, [HC, ]4 is the image of S: HC,,(4) - HC,,_,(4), and N HC, (A4)
is exact at N°HC, (A4) forall p>m.

Remark 3.3. The proof of Theorem 3.1 makes it clear that, if one cites Corollary
2.4 instead of 2.1, both 3.1 and 3.2 remain valid with HC, (4) replaced by

HC, (A,I) oreven HC, (4,B,I). We content ourselves with an application
to double relative K-theory that we shall need in [GW?2].

Corollary 3.4. Let A — B be aring map, and I an ideal of A mapped isomor-
phically onto an ideal of B. Then the following are exact sequences:

(i) the entire Moore complex for K,(4,B,I):
0—K(A4,B,1I)—~ NK/(A4,B,I)—- —N°K(4,B,I)—--.
(ii) The beginning of the Moore complex for K,(A,B,I):

0 K,(4,B,I) — NK,(4,B,I) — N°K,(4,B.,1).

Proof. The calculations of [GW1] show that K,(4,B,I) is naturally isomor-
phic to HC,(4,B,I), so i) follows from 3.3. Using the Gersten-Anderson
spectral sequence [W3,3.5]

El

e =Nqu(A,B,1)=>0 p=>20,g21).

We see by 1) that E;l =0 for all p. Therefore Egz = Elz2 = 0, proving ii).

4. PERIODIC CYCLIC HOMOLOGY

In a similar spirit, one can study the theories HC, (4) and HP,(A4) of [G2].
These functors are the homology groups of natural double chain complexes
B™(A) and BP(A), respectively.
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Theorem 4.1. Let A be a k-algebra. Then for all m,
(i) (HC™)! (4) = HP"(4)
(ii) There is a natural periodicity isomorphism

S: HP'(4) = HP" _(4)
(iti) If QC 4, then HP, (A) = HP"(A), and thus
(HC™)! (4) = HP, (A4).

Proof. As in [G2], there is a short exact sequence
0 — TotB (A) — Tot BP(A) — Tot B(4)[-2] — 0.

Replacing 4 with AA, we obtain a short exact sequence of simplicial chain
complexes, and the corresponding long exact homology sequence is

 HC!_ (4) = (HCT)!(4) — (HP)! (4) » HC!_,(4)---

Thus i) follows from 3.1. The natural shift isomorphism S: BP(4) —
B(P)(A)[-2] induces the shift isomorphism of ii). Finally, if Q € A4 then
HP (A) = HP (A[t]) for all m by [K, 4.3]; iii) follows from Lemma 1.2
(cf. [W2, 5.3]).
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