
Computing the Conley Index: a Cautionary Tale∗1

Konstantin Mischaikow† and Charles Weibel‡2

3

Abstract.4
This paper concerns the computation and identification of the (homological) Conley index over the integers,5

in the context of discrete dynamical systems generated by continuous maps. We discuss the significance with6
respect to nonlinear dynamics of using integer, as opposed to field, coefficients. We translate the problem into7
the language of commutative ring theory. More precisely, we relate shift equivalence in the category of finitely8
generated abelian groups to the classification of Z[t]-modules whose underlying abelian group is given. We9
provide tools to handle the classification problem, but also highlight the associated computational challenges.10
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1. Introduction. This paper concerns the computation and identification of the (homo-13

logical) Conley index in the context of a discrete dynamical system generated by a continuous14

map f : X → X.15

The Conley index [9, 27, 22, 30, 12, 21] is a powerful algebraic topological invariant16

for the analysis of nonlinear dynamical systems for at least two reasons. First, it can be17

computed using finite data, and thus is applicable in the context of computational or data18

driven dynamics. Second, there are a variety of theorems in which knowledge of the Conley19

index leads to information about the structure of the dynamics, e.g., existence of nontrivial20

invariant sets [9], heteroclinic orbits [10], fixed points [28, 19], periodic orbits [20], chaotic21

dynamics [21, 30, 11], etc.22

The computation of the Conley index begins with the identification of a pair of compact23

sets P0 ⊂ P1, called an index pair [27], where for the sake of simplicity we assume that24

f(Pi) ⊂ Pi, i = 0, 1. The (homological) Conley index of the index pair is the shift equivalence25

class of the index map, i.e., the induced map on homology26

f∗ : H∗(P1, P0; k) → H∗(P1, P0; k).27

(See Section 2 for the definition of shift equivalence.) The index is important because, if28

(P1, P0) and (P ′
1, P

′
0) are index pairs with the property that the maximal invariant sets under29

f in P1 \ P0 and P ′
1 \ P ′

0 are the same, then the associated Conley indices are the same. The30

converse need not hold.31

Computational identification of index pairs is relatively easy [1, 7, 6], but highly depen-32

dent upon the particular approximation used in the computation. Therefore, in the context of33
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2 KONSTANTIN MISCHAIKOW AND CHARLES WEIBEL

applications, two related challenges appear. First, to determine whether f∗ : H∗(P1, P0; k) →34

H∗(P1, P0; k) and f∗ : H∗(P
′
1, P

′
0; k) → H∗(P

′
1, P

′
0; k) induce the same or different shift equiva-35

lence classes, and second, to determine the shift equivalence class of f∗ with minimal compu-36

tational effort. We return to these challenges below.37

Recall that k[t] denotes the ring of formal polynomials with coefficients in k (see [2]).38

The starting point for our analysis is the following observation: a k-module A with an en-39

domorphism α may be regarded as a k[t]-module, M = (A,α). Indeed, given a k[t]-module40

M , multiplication by t is an endomorphism of the underlying k-module. Conversely, given an41

endomorphism α of a k-module A, we obtain a k[t]-module structure on A by letting t act on42

x ∈ A by t · x = α(x).43

Here is our module-theoretic interpretation of shift equivalence; the proof is given in44

Section 2.45

Proposition 1.1. Let α : A → A and β : B → B be endomorphisms of finitely generated46

abelian groups, and let M = (A,α) and N = (B, β) be the associated Z[t]-modules. Then α47

and β are shift equivalent (denoted by α ∼s β) if and only if M
[
t−1

] ∼= N
[
t−1

]
as Z

[
t, t−1

]
-48

modules.49

As a consequence, the issue of whether two index pairs have the same homological Conley50

index is decidable, because it reduces to determining whether Z[t, t−1]–modules are isomorphic;51

see [4].52

Returning to the challenge of determining the shift equivalence class, it is often computa-53

tionally efficient to first compute f∗ : H∗(P1, P0; k) → H∗(P1, P0; k) when k is a field. In this54

case it is well known that shift equivalence is completely determined by the rational canonical55

form of f∗, excluding nilpotent blocks, i.e., blocks with eigenvalue t = 0. See [18, 7.3–7.5],56

for example. An efficient rational canonical form algorithm is due to Storjohann [29] and57

implemented for Conley index computations in [6].58

However, essential information can be lost if one considers shift equivalence over fields.59

Example 1.2. Consider two invariant sets for a one-dimensional map f : R → R. Let the60

first invariant set consist of two unstable hyperbolic fixed points {x0, x1}, e.g., f(xk) = xk and61

f ′(xk) = (−1)k2 for k = 1, 2. Let the second invariant set consist of an unstable orientation-62

preserving period two orbit {y0, y1} where f(y0) = y1, f(y1) = y0, and (f2)′(yk) = 2. Using63

the simplest possible index pairs (see [21]), the associated index maps on H1 are64

(1.1)

(
1 0
0 −1

)
and

(
0 1
1 0

)
,65

respectively. Since the eigenvalues for both these matrices are ±1, they are shift equivalent66

over any field. However, a simple calculation shows that they are not shift equivalent over Z67

(see Lemma 3.1 and Example 3.2 for a more general analysis). This example shows that the68

Conley index can distinguish between an invariant set consisting of two fixed points and a69

period two orbit – clearly a result of interest in dynamical systems – but at the cost of using70

integer coefficients.71

This raises two questions: how much information concerning the Conley index is lost by72

computing with field coefficients, and how difficult is it to compute with integer coefficients?73
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COMPUTING THE CONLEY INDEX: A CAUTIONARY TALE 3

Complete answers to both questions appear to be extremely technical, and beyond the needs of74

current applications. Thus, the focus of this paper is on providing the reader with hopefully75

useful insights on how integer computations could be done, and a sense of the algebraic76

challenges that need to be addressed to perform these computations.77

To perhaps further whet the reader’s appetite, consider Example 1.2 again. In Section 378

we will show that every 2×2 matrix with eigenvalues ±1 is shift equivalent to either
(
1
0

0
−1

)
or79 (

0
1
1
0

)
, but not both. Here is the significance of this result. Suppose that the induced map on80

homology of the index map is identified as having characteristic polynomial xn(x2−1). In this81

case, (1.1) provides a complete identification of the homology Conley indices. Unfortunately,82

as is made clear in this paper, this kind of identification is difficult in general.83

Here is an outline of this paper. Section 2 provides a brief discussion the Conley index and84

explains why, for computational reasons, we restrict our attention to the homological Conley85

index. The problem of shift equivalence is then translated into the realm of commutative ring86

theory and the proof of Proposition 1.1 is presented. In Section 3 we provide an elementary87

result in the setting that the endomorphisms are invertible, and apply it to the matrix algebra88

associated with Example 1.2.89

The complexity of this result motivates our focus on the case M = (Z2, T ). We use the90

form of the characteristic polynomial χ(t) = det(t · I − T ) to organize our presentation. In91

Section 4 we consider the case where χ(t) factors into linear terms. If χ(t) is irreducible, then92

the problem of shift equivalence breaks up into two additional cases: Z[t]/(χ) is a Dedekind93

domain, which is dealt with in Section 5, and Z[t]/(χ) is not a Dedekind domain, which is94

addressed in Section 6. In each of these sections, we provide a fundamental algebraic technique95

for identifying classes of shift equivalence, examples of how this technique can be employed,96

and a brief remark highlighting the technical difficulty of considering higher dimensional cases,97

i.e., M = (Zn, T ).98

We conclude in Section 8 with a brief discussion of shift equivalence in the setting of finite99

abelian groups.100

2. Translation into Algebra. The goal of this section is the proof of Proposition 1.1,101

which states that the problem of identifying the shift equivalence class of a Z[t]-module M102

(represented by an endomorphism α of the underlying abelian group) is equivalent to identify-103

ing the isomorphism class of the related module M [t−1]. We begin by reviewing the necessary104

concepts and notation.105

Definition 2.1. In any fixed category, endomorphisms α : A → A and β : B → B are shift106

equivalent, written α ∼s β, if there exist morphisms r : A → B, s : B → A, and a positive107

integer m ∈ Z+ such that108

(2.1) (i) r ◦α = β ◦r, (ii) s◦β = α◦s, (iii) s◦r = αm, and (iv) r ◦s = βm.109

Example 2.2. In the category of free k-modules, such as vector spaces over a field k,110

endomorphisms are represented by square matrices. Square matrices T1 and T2 are shift111

equivalent if there are matrices R and S over k such that RT1 = T2R, ST2 = T1S, SR = Tm
1112

and RS = Tm
2 .113

It is well known that shift equivalence over a field k, such as Q, is completely determined114

by the rational canonical form of T , excluding nilpotent blocks, i.e., blocks with eigenvalue115
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4 KONSTANTIN MISCHAIKOW AND CHARLES WEIBEL

t = 0. In particular, the nonzero eigenvalues are an invariant; see [18, 7.3–7.5]. This reflects116

the fact that finite-dimensional k[T ]-modules are classified by their rational canonical forms.117

Thus if (M1, T1) and (M2, T2) are shift equivalent over k, their characteristic polynomials118

χ(t) = det(t · I − Ti) differ only by powers of t and the Ti have the same rational canonical119

form. An efficient rational canonical form algorithm is due to Storjohann [29].120

Homotopy theory. The combined work of [30, 12] shows that the most general form of the121

Conley index is shift equivalence in the homotopy category of maps on pointed topological122

spaces. This implies that shift equivalence of homotopy groups (in the category of groups) is123

an invariant of the Conley index. Thus, in this general setting the issue of whether two index124

pairs have the same Conley index requires the ability to decide if two finitely generated groups125

are isomorphic. This is known to be impossible; see [2, 7.10]. Therefore, from the perspective126

of applications, working on the level of the homotopy Conley index is not a natural starting127

point. With this in mind, we focus on the homological Conley index. Consequently, we are128

interested in shift equivalence in the category of finitely generated abelian groups.129

Stated more explicitly, let (P1, P0) and (Q1, Q0) be index pairs for continuous maps f and130

g (it is possible that f = g). We are interested in understanding whether f∗ : H∗(P1, P0; k) →131

H∗(P1, P0; k) and g∗ : H∗(Q1, Q0; k) → H∗(Q1, Q0; k) are shift equivalent or not. We leave it132

to the reader to check that f∗ and g∗ are shift equivalent if and only if fn : Hn(P1, P0; k) →133

Hn(P1, P0; k) and gn : Hn(Q1, Q0; k) → Hn(Q1, Q0; k) are shift equivalent for each n.134

We finish our discussion of the Conley index by citing a result of J. Bush [5, Corollary 4.7]135

that every n× n matrix T with integer entries can be realized as a representative of a Conley136

index. More precisely, given T there exists a one-dimensional continuous function f and an137

index pair (P1, P0) such that T is shift equivalent over Z to f1 : H1(P1, P0) → H1(P1, P0).138

Turning to the algebraic formulation of shift equivalence, recall [3] that the localization139

M [t−1] of a k[t]-module M is the set of equivalence classes of formal fractions x/ti, where140

x ∈ M , i ≥ 0, and x/ti ≡ y/tj if and only if tj+mx = ti+my for some m > 0.141

Proof of Proposition 1.1. Assume α ∼s β, and let r : A → B, s : B−→A and m be as142

in Definition 2.1. Then r is a k[t]-module homomorphism from M = (A,α) to N = (B, β),143

because for all x ∈ A:144

r(t · x) = r(α(x)) = β(r(x)) = t · r(x).145

The same argument shows that s is a k[t]-module homomorphism. The conditions that sr = tm146

and rs = tm translate into sr(x) = αm(s(x)) = tm · x and rs(y) = βm(r(y)) = tm · y. Passing147

to M [t−1] and N [t−1], this is equivalent to t−m · s(r(x)) = x and r · (t−m · s)y = y. Therefore148

t−m · s is an inverse of r and t−m · r is an inverse of s. Thus M [t−1] ∼= N [t−1].149

Now assume that there exists a k
[
t, t−1

]
–module isomorphism f : M

[
t−1

]
→ N

[
t−1

]
.150

Because M is finitely generated, say by x1, ..., xn, there are di > 0 and yi ∈ N such that151

f(xi) = yi/t
di . Let d = max {d1, . . . , dn}. Set r(x) = tdf(x) and observe that r : M → N152

is a group homomorphism and f(x) = r(x)/td. Similarly, the isomorphism f−1 : N
[
t−1

]
→153

M
[
t−1

]
has the form f−1(y) = s(x)/te for some e > 0. Then for all x ∈ M we have154

x = f−1f(x) = r(s(x))/td+e, i.e., r(s(x)) = td+ex; similarly we have s(r(y)) = td+ey for all155

y ∈ N . Thus α and β are shift equivalent.156

Remark 2.3. The Bowen–Franks group of M is M/(1− t)M ; see [18, 7.4.15]. Since this is157
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COMPUTING THE CONLEY INDEX: A CAUTIONARY TALE 5

a quotient of M [t−1], this invariant is weaker than the invariant we consider.158

As we pointed out in the introduction, most Conley index computations are done with159

k chosen to be a field using rational canonical forms, for the sake of computational efficacy160

(see [2, Section 14.8]). Even though the worst bounds on computational complex of homology161

computations with integer coefficients are worse than that of fields, computations over the162

integers are possible. Thus for the remainder of this paper we assume that k ∼= Z, and M is a163

Z[t]-module, finitely generated as an abelian group, with t acting as an endomorphism of the164

underlying abelian group.165

Remark 2.4. For the sake of simplicity, we will talk about the shift equivalence class of a166

Z[t]-module M , meaning the shift equivalence class of the map M → M , m 7→ tm. We will167

say that a Z[t]-module M is finitely generated if it is finitely generated as an abelian group;168

and that M is torsionfree if it is torsionfree as an abelian group.169

We focus first on Z[t]-modules M which are finitely generated and torsionfree as abelian170

groups. That is, the underlying abelian group is Zm and t acts by an m ×m integer matrix171

T . As in Example 2.2, the characteristic polynomial χM (t) = det(t · I − T ) is an invariant in172

Z[t] up to powers of t. The following result allows us to assume that a torsionfree Z[t]-module173

M has no t-torsion.174

Set Mnil = {x ∈ M : tnx = 0, n ≫ 0}. Then M/Mnil is also a Z[t]-module.175

Lemma 2.5. If M is a Z[t]-module, finitely generated and torsionfree as an abelian group,176

then M/Mnil is torsionfree and M [t−1]
∼=→M/Mnil[t

−1].177

Remark 2.6. Proposition 1.1 and Lemma 2.5 imply that (M, t) is shift equivalent to178

(M/Mnil, t).179

Proof. If x ∈ M and there exists a ∈ Z such that ax ∈ Mnil, then tn(ax) = a(tnx) = 0.180

Since M is torsionfree this implies that tnx = 0 and hence x ∈ Mnil. This implies that if181

x ∈ M/Mnil then ax ̸= 0 for all a ̸= 0, i.e., M/Mnil is torsionfree as an abelian group.182

Finally, since Mnil is finitely generated there is an m such that tm ·Mnil = 0, and hence183

the map s : M → M , s(x) = tmx, factors through a map S : M/Mnil → M with S ◦ q = tm,184

where q is the quotient map q : M → M/Mnil. (See [2, 14.1.6].) Thus q and S form a shift185

equivalence between M and M/Mnil.186

Remark 2.7. Mnil is zero if and only if the determinant of the associated matrix T is187

nonzero.188

Remark 2.8. As with any finitely generated Z[t]-module, M has associated prime ideals189

℘i in Z[t] and submodules Qi of M such that 0 = Q0 ∩ · · · ∩ Qn. See [3, 4.20–22]. In this190

primary decomposition, the Qi are associated to ℘i in the sense that191

℘i = {f ∈ Z[t] : fn ·M ⊂ Qi for n ≫ 0}.192

Definition 2.9. Let M be a Z[t]-module whose underlying abelian group is Zn. Throughout193

this paper we set R = Z[t]/I, where I is the ideal {f ∈ Z[t] : f(x) = 0 on M} of Z[t].194

Lemma 2.10. Let M and I be as in Definition 2.9. Then, M is an R-module, and I is a195

principal ideal of Z[t], generated by a monic polynomial.196
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6 KONSTANTIN MISCHAIKOW AND CHARLES WEIBEL

Proof. We adopt standard terminology; see [2, 3]. Since I ∩ Z = 0 and I contains the197

monic polynomial χ(t), every associated prime of M is generated by a monic polynomial.198

Since Z[t] is a unique factorization domain, we can factor χ(t) as a product of irreducible199

polynomials, and these must be monic. Let h(t) denote the minimal polynomial in Q[t] of t200

acting on M . Then h(t) is monic and divides χ(t); clearing fractions, we may assume h is a201

primitive polynomial in Z[t], i.e., its coefficients are relatively prime integers. Since h divides202

χ(t) in Q[t], there is a g(t) in Z[t] and a constant c such that h(t)g(t) = cχ(t); c must be the203

greatest common divisor of its coefficients, i.e., the content of g. Replacing g by g/c we have204

hg = χ. This implies that h(t) is a product of monics and hence is monic in Z[t].205

Conversely, any R-module may be considered as a Z[t]-module by letting f ∈ Z[t] act as206

its image in R = Z[t]/I acts; this change from R-modules to Z[t]-modules is called restriction207

of scalars [3]. Thus R-modules M and N are shift equivalent if and only if M [t−1] ∼= N [t−1]208

as R[t−1]-modules.209

Remark 2.11. When χ(t) is an irreducible polynomial f of degree 2, M is a module over210

the 1–dimensional domain R = Z[t]/I, and the field of fractions of R is a number field. This211

case is discussed in Sections 6 and 5.212

3. Invertible matrices. It is well known that conjugate matrices are shift equivalent: T213

is shift equivalent to RTR−1 via R and S = R−1. Here is a partial converse. Recall that a214

matrix T over the integers is invertible if and only if det(T ) = ±1.215

Lemma 3.1. Suppose that T1 is shift equivalent to T2 (via R and S). If T1 is invertible and216

det(T2) ̸= 0, then T2, R and S are invertible and T2 = RT1R
−1.217

Proof. The axiom that SR = Tm
1 implies that R : A → B is an injection and S : B → A is218

a surjection. Therefore, B ∼= R(A)⊕ker(S) (see [14, Theorem IV.1.18]). Because det(T2) ̸= 0,219

the axiom that RS = Tm
2 implies that ker(S) = 0. Hence R and S are invertible and220

S = Tm
1 R−1. The axiom that RT1 = T2R implies that T2 = RT1R

−1.221

We now present a sequence of examples that are consequences of Lemma 3.1; they are222

indicative of the types of results obtained in the more challenging settings discussed in the223

sections that follow.224

The only simple general result that we are aware of is that the n×n matrices ±In are not225

shift equivalent to any other n × n matrix because they are in the center of GLn(Z). (This226

follows from Lemma 3.1.)227

Example 3.2. Returning to Example 1.2, we claim that P =
(
0
1
1
0

)
is shift equivalent to228

the matrix
(

1
x

0
−1

)
if and only if x is odd. To see this, conjugate P with R =

(
a
c
b
d

)
(where229

det(R) = ±1) to get230 [
bd− ac a2 − b2

d2 − c2 ac− bd

]
=

[
1 0
x −1

]
.231

Solving gives a = ±b, a(c ± d) = ±1, a = ±1 and x = 1 ± 2c, so x is odd. P is also shift232

equivalent to −P =
(

0
−1

−1
0

)
via R =

(−1
0

0
1

)
.233
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A similar argument shows that Q =
(
1
0

0
−1

)
is shift equivalent to the matrix

(
1
c

0
−1

)
if and234

only if c is even, and that Q ∼s −Q.235

Example 3.3. Suppose that χ(t) = t2 + 1. Then the rotation matrix T =
(

0
−1

1
0

)
is shift236

equivalent to every matrix of the form
(

c
1+c2

−1
−c

)
, via R =

(
1
−c

0
−1

)
. In particular, T ∼s −T .237

Similarly, T is shift equivalent to every matrix of the form
(

c
1−c2

+1
−c

)
and

(
c
−1

1+c2

−c

)
.238

Proposition 3.4. Every integer matrix T with χ(t) = t2 − 1 is shift equivalent to either239

P =
(
0
1
1
0

)
or Q =

(
1
0

0
−1

)
.240

An alternate proof is given by Example 6.3 below.241

Proof. Let T (x, u, v) denote the matrix
(
x
v

u
−x

)
with x2 + uv = 1 and χ(t) = t2 − 1.242

We proceed by induction on |x|. When x = 0, we get the matrices P and −P of Example243

3.2. When |x| = 1, we get the triangular matrices of Example 3.2, which are shift equivalent244

to either P or Q.245

Suppose that |x| ≥ 2. Since x2 − 1 = −uv either |u| or |v| is less than |x| but not both,
and u and v have opposite signs. Conjugating with E =

(
1
1
0
1

)
and E−1 yields

ETE−1 = T (x− u, u, v − u+ 2x); E−1TE = T (x+ u, u, v + u− 2x).

If |u| < |x|, either |x − u| < |x| or |x + u| < |x| and we are done. Similarly, if |v| < |x|,246

conjugating T with
(
1
0
−1
1

)
(resp., its inverse) yields T (x − v, u − v + 2x, v), respectively,247

T (x+ v, u+ v + 2x, v), and we are done in this case as well.248

A similar analysis using T (x, u, v) with uv = 1+ x2 shows that every integer matrix with249

χ(t) = t2 + 1 is shift equivalent to the rotation matrix T =
(

0
−1

1
0

)
. A different proof is given250

in Example 5.5(1) below.251

Remark 3.5. Extending Example 1.2 to a periodic n orbit gives rise to an index map whose252

associated characteristic polynomial has the form tn − 1. As is indicated in Example 7.8,253

identifying the associated shift equivalence classes over Z is non-trivial.254

4. Shift equivalence when χ(t) factors into linear terms. As indicated in the intro-255

duction, we shall focus for simplicity on shift equivalence between 2 × 2 matrices over Z.256

First, we handle the easy case, when the characteristic polynomial χ(t) factors in Z[t], i.e.,257

χ(t) = (t− λ1)(t− λ2), and T is a lower-triangular matrix.258

For a ∈ Z, we writeMa for the Z[t]-module which is the abelian group Z2 with T =
(
λ1

a
0
λ2

)
,259

i.e., t acts by t(x, y) = (λ1x, λ2y + ax). Note that Ma is conjugate to both M−a and (Z2, T ′),260

with T ′ =
(
λ2

0
a
λ1

)
. Therefore, T is shift equivalent to

(
λ1

−a
0
λ2

)
and T ′.261

In general, a Z[t]-module map h : Ma → Mb may be represented as a map Z2 → Z2 given262

by a lower triangular matrix R =
(
r
u
0
s

)
such that263 (

λ1 0
b λ2

)(
r 0
u s

)
=

(
r 0
u s

)(
λ1 0
a λ2

)
,264
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8 KONSTANTIN MISCHAIKOW AND CHARLES WEIBEL

i.e,265

(4.1)

(
λ1r 0

br + λ2u λ2s

)
=

(
rλ1 0

as+ uλ1 sλ2

)
.266

Recall from Proposition 1.1 that Ma is shift equivalent to Mb if and only if Ma[t
−1] is267

isomorphic to Mb[t
−1]. We spend the rest of this section identifying conditions under which268

h[t−1] : Ma[t
−1] → Mb[t

−1] provides such an isomorphism.269

We first consider the case when λ1 = λ2, i.e., when T has just one Jordan block.270

Proposition 4.1. The shift equivalence classes of Ta =
(
λ
a
0
λ

)
, λ ̸= 0, are in 1–1 correspon-271

dence with the infinite set of positive integers a such that a is relatively prime to λ.272

Proof. When λ = λ1 = λ2, the condition that h be a module map is that as = br. Now h273

induces an isomorphism Ma[t
−1] ∼= Mb[t

−1] if and only if det(h) = rs is a unit in Z[λ−1], i.e.,274

if and only if r and s divide λn for some n. Therefore Ma and Mb are shift equivalent if and275

only if as = br, where r and s are integers which become units in Z[λ−1].276

Example 4.2. If b divides λn, the map M1
h−→Mb, h(x, y) = (x, by) induces a shift equiv-277

alence. More generally, if b = as and s divides λn, the map h : Ma → Mb, (x, y) 7→ (x, sy), is278

part of a shift equivalence.279

Proposition 4.3. The Z[t]-modules Ma and Mb are shift equivalent if and only if there are280

integers r,s with the same prime factors as λ1λ2 such that as− br is divisible by (λ1 − λ2).281

Proof. From the matrix equality (4.1) before Proposition 4.1, we see that a necessary and282

sufficient condition is that as− br = u(λ2 − λ1), and det(h) = rs is a unit in Z[λ−1
1 , λ−1

2 ].283

Example 4.4. If |λ1−λ2| = 1 then everyMa is shift equivalent toM0, because the condition284

in Proposition 4.3 is satisfied for all a, b.285

If |λ1 − λ2| = 2, either both λi are even, in which case every Ma is shift equivalent to M0,286

or else both λi are odd, in which case there are two shift equivalence classes: Ma with a even,287

and Ma with a odd.288

Example 4.5. If |λ1 − λ2| = p is an odd prime, and λ1 and λ2 are prime to p, the issue is289

whether the primes dividing λ1λ2 generate the cyclic group of units of Z/p. In any event, Ma290

is not shift equivalent to M0 because p does not divide λ1 or λ2.291

For example, if p = 17 then the units of Z/17 are cyclic of order 16, generated by 6292

with 62 ≡ 2 (mod 17). If (λ1, λ2) = (2, 19) then there are 4 shift equivalence classes of Ma293

(a = 0,±6, 2). If (λ1, λ2) is (1, 18) or (3, 20) then there are 2 shift equivalence classes of Ma294

(for a = 0, 1).295

Example 4.6. If (λ1, λ2) = (1, p) with p prime, then Ma ∼s Mb if and only if a ≡ ±b296

mod (p − 1). Thus if p is odd there are (p − 1)/2 shift equivalence classes; if p = 2 there is297

only one shift equivalence class.298

Similarly, if (λ1, λ2) = (1, pn) then Ma ∼s Mb if and only if a ≡ ±pkb mod (pn − 1) for299

some k < n.300

If λ1 is relatively prime to λ2, then the diagonal matrix M0 is not shift equivalent to Ma301

for any nonzero integer a. Indeed, as ̸≡ 0 modulo λ1 − λ2.302
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Remark 4.7. Proposition 4.3 can be generalized to any commutative ring R. In particular,303

given λ1, λ2 ∈ R, let MR
a denote the R[t]-module which is R2 as an R-module, with t acting304

by t(x, y) = (λ1x, λ2y + ax). Then, the proof of Proposition 4.3 goes through to show that305

MR
a and MR

b are shift equivalent if and only if a and b differ by a unit of R[λ−1
1 , λ−1

2 ], modulo306

(λ1 − λ2). This will be used with R = Z/pn and λ1 = λ2 in Section 8.307

When M = Z⊕Z/m, every T : M → M has the form
(
λ1

a
0
λ2

)
for λ1 ∈ Z and a, λ2 ∈ Z/m.308

Passing to M ⊗ Q and M/mM , we see that λ1 and λ2 are shift equivalence invariants. We309

write Ma for this Z[t]-module, and λ̄1 for the image of λ1 in Z/m. Note that r is a unit in310

Z[λ−1
1 ] if and only if r ∈ Z has the same prime factors as λ1. Using (4.1), the proof of 4.3311

goes through to show:312

Corollary 4.8. When M = Z⊕ Z/m, and λ1 ∈ Z, λ2 ∈ Z/m are nonzero, then:313

1. Ma and Mb are shift equivalent if and only if there is an r ∈ Z with the same prime314

factors as λ1, and an s ∈ Z/m with the same prime factors as λ2 so that as ≡ br315

modulo λ̄1 − λ2.316

2. If λ2 ≡ λ1 (mod m) and λ1 is relatively prime to m, then:317

Ma and Mb are shift equivalent if and only if a and b differ by a unit of Z[λ−1
1 ]/m.318

3. In particular, if m is prime then shift equivalence classes on M = Z ⊕ Z/m are319

completely classified by λ1 ∈ Z and λ2 ∈ Z/m.320

Remark 4.9. Our discussion in this section has focused on shift equivalence between 2× 2321

matrices over Z where the characteristic polynomial χ(t) factors into linear terms. Using322

similar arguments, one could analyze the general case where 2 Jordan blocks are replaced by323

n Jordan blocks. However, the complexity of determining the shift equivalence classes grows324

rapidly. Determining h requires satisfying a system of n(n − 1)/2 Diophantine equations325

arising from the analogue of (4.1). For individual examples these computations can be done,326

but we do not know of a simple closed form expression for the number of shift equivalence327

classes based on the eigenvalues of T .328

5. Integers in quadratic number fields. Still assuming T is a 2 × 2 matrix, we now329

examine the case where the characteristic polynomial χ(T ) is irreducible. This implies that330

R = Z[t]/(χ) is a 1-dimensional integral domain, isomorphic to Z2 as an abelian group [2,331

Chapter 15]. Let ξ denote the image of t in R. Then, F = Q(ξ) is a quadratic number field,332

i.e., a field with dimQ(F ) = 2. Since the minimal polynomial of ξ is a quadratic polynomial,333

(R, ξ) is a Z[t]-module with t acting as multiplication by ξ.334

For the remainder of this section we assume that R = Z[ξ] is the ring of integers in335

F = Q(ξ), and hence that R is a Dedekind domain. We treat the non-Dedekind case in the336

next section.337

Recall that an ideal I of R is invertible if there is an ideal J such that IJ ∼= R as modules.338

Definition 5.1. The Picard group Pic(R) of a domain R is the set of isomorphism classes339

of invertible ideals in R. In this group, the product of [I] and [J ] is the class of [IJ ].340

If R is a Dedekind domain, every nonzero ideal is invertible, and Pic(R) is the set of341

isomorphism classes of nonzero ideals in R. We refer the reader to [31, I.3] for basic facts342

about Dedekind domains, such as the fact that torsionfree R-modules are completely classified343

by their rank and their class in Pic(R). In particular, R-modules isomorphic to Z2 as an abelian344
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group have rank 1. We refer the reader to [17, Section 5] and [8, Chapter 5] for discussions345

on algorithms for computing Pic(R).346

The group Pic(R[ξ−1]) is the quotient of Pic(R) by the subgroup generated by the prime347

ideals of R dividing ξ; see [31, Ex.I.3.8]. If all these prime ideals are principal, Pic(R) ∼=348

Pic(R[ξ−1]).349

Since every nonzero ideal I of R has Z2 as its underlying abelian group, each (I, ξ) has350

the same minimal polynomial as (R, ξ). This proves:351

Theorem 5.2. Let R = Z[ξ] be the ring of integers in a quadratic number field Q(ξ), with352

χ(t) the minimal polynomial of ξ. Then:353

1. the elements of Pic(R) are in 1–1 correspondence with the isomorphism classes of Z[t]-354

modules (Z2, T ) with χ(T ) = 0, with T acting as ξ. The Picard class of an ideal I of355

R corresponds to (I, ξ).356

2. the elements of Pic(R[ξ−1]) are in 1–1 correspondence with the shift equivalence357

classes of matrices T ∈ M2(Z) with χ(T ) = 0.358

In particular, if every prime ideal of R dividing ξ is principal, then shift equivalence is the359

same as isomorphism for ideals of R.360

Corollary 5.3. If d ̸≡ 1 (mod 4) and Pic(Z[
√
d, 1/

√
d]) = 0, then the shift equivalence class361

of a matrix T ∈ M2(Z) with χ(T ) = t2 − d is determined by the rational canonical form of T .tweaked 362

Remark 5.4. In more concrete terms, two 2×2 matrices T1, T2 with the same characteristic363

polynomial χ(t) determine ideals I1, I2 in R = Z[t]/(χ) that are well defined up to isomor-364

phism. Then T1 and T2 are shift equivalent if and only if I1[t
−1] and I2[t

−1] are isomorphic365

as R[t−1]-modules.366

Suppose that d is a nonzero integer with |d| square-free, and consider the ring of integers367

in F = Q(
√
d). There are two cases:368

Case 1: If d ̸≡ 1 (mod 4), the ring of integers in Q(
√
d) is R = Z[

√
d]. Letting t act as ξ =369 √

d, we see from Theorem 5.2 that shift equivalence classes (Z2, T ) with characteristic370

polynomial t2 − d are in 1–1 correspondence with elements of Pic(R[1/
√
d]).371

Example 5.5. 1) If χ(t) = t2 − d for d = 2, 3, 6, 7, 11, 14, 19 or d = −1,−2,−7, then372

R = Z[
√
d] and Pic(R) = 0 [26]1. For these values of d, there is only one shift equivalence373

class on (Z2, T ) with χ(t) = t2 − d, namely the class of T =
(
0
1
d
0

)
; (Z2, T ) is (R,

√
d).374

2) If χ(t) = t2+5, then Pic(R) = Z/2 = {R, I}, where R = Z[
√
−5] and I = (2, 1+

√
−5)R.375

Since
√
−5 ̸∈ I, it follows that Pic(R[(

√
−5)−1]) = Z/2 as well. Thus there are two non-376

isomorphic shift equivalence classes on Z2 with characteristic polynomial t2+5 : R and I. The377

matrices for T corresponding to the bases {1,
√
−5} and {2,

√
−5} are378 (

0 −5
1 0

)
and

(
−1 −3
2 1

)
.379

3) If d = −6 or d = −10, Pic(Z[
√
d]) ∼= Z/2 but Pic(Z[

√
d, 1/

√
d]) = 0. (See [26, p. 636].)380

In this case, the ideal I = (2,
√
d) is not isomorphic to R, but the modules R and I are shift381

1Alternatively, the reader may determine the order of the Picard group using the command
NumberFieldClassNumber[

√
d] in Mathematica[24]
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equivalent. The corresponding shift equivalent matrices are382 (
0 d
1 0

)
and

(
0 d/2
2 0

)
.383

Case 2: If d ≡ 1 (mod 4), the ring of integers in Q(
√
d) is not Z[

√
d] but R = Z[ω], where384

ω = 1+
√
d

2 . We let t act as ξ = ω. The minimal polynomial of ω is t2 − t − c, where385

c = (d− 1)/4.386

By Theorem 5.2, the isomorphism and shift equivalence classes (Z2, T ) with characteristic387

polynomial t2 − t − c are in 1–1 correspondence with elements of Pic(R) and Pic(R[1/ω]),388

respectively.389

Example 5.6. If d is 5, 13, 17, 21, 29 or −3,−7,−11,−19 then R = Z[ω] has Pic(R) = 0,390

and hence Pic(R[1/ω]) = 0, so there is only one shift equivalence class with characteristic391

polynomial t2 − t− c, that of R, i.e., T = (01
−c
1 ), where c = (d− 1)/4.392

Remark 5.7. For irreducible polynomials of degree ≥ 3, much less is known. For example,393

little is known about R = Z[t]/(χ) when χ(t) is tn+5t+10 (a polynomial which is irreducible394

by Eisenstein’s criterion). In general, the computation of Pic(R) becomes unwieldy when n395

gets bigger.396

6. non-Dedekind subrings of number fields. When T is a 2× 2 matrix, and its charac-397

teristic polynomial χ(t) is irreducible, the ring R = Z[t]/(χ) is usually not integrally closed;398

it is the integral closure R of R that is Dedekind [3]. Recall [3] that an R-module N is in-399

vertible if there exists an R-module N ′ such that N ⊗R N ′ ∼= R. If R/(χ) is not integrally400

closed, not every R-module isomorphic to Z2 is invertible. (For example, R is not an invertible401

R-module.)402

In this case, we need to supplement the Picard group Pic(R) in Theorem 5.2 with another403

invariant: the conductor ideal. It is defined as c = annR(R/R) = {r ∈ R | rR̄ ⊆ R}, and is404

the largest ideal of R contained in R.405

Let M and M ′ be R-submodules of R. Since R is Z2 as an abelian group, M and M ′ are406

also Z2 as abelian groups. We want invariants to decide whether (M, t) and (M ′, t) are shift407

equivalent.408

One invariant is the shift equivalence class of (M ⊗R R, t). Since M ⊗R R is a rank 1409

R-module, it is isomorphic to an ideal I of R; the isomorphism ϕ : M ⊗R R
∼=→I is well defined410

up to multiplication by a unit of R. Hence one invariant of (M, t) is the shift equivalence class411

of (I, t) over R. Given I, and an isomorphism ϕ : M ⊗R R
∼=→I, we now show that the class412

of M = M/cI yields another invariant. Since we can reconstruct M from this data, we get a413

classification of the R-modules isomorphic to Z2.414

Theorem 6.1. If M is an R-module isomorphic to Z2 as an abelian group, and ϕ : M ⊗R415

R
∼=→I is given, there are canonical R-module inclusions cI ⊆ M ⊆ I. Hence the R-modules416

isomorphic to Z2 are classified up to isomorphism by417

1. the elements [I] of Pic(R), and418

2. for each [I], the equivalence classes of nonzero R-submodules M = M/cI of I/cI ∼=419

R/c, where M ≃ N if rM = N or rN = M for some element r of R.420
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Proof. Consider the short exact sequence 0 → R → R → R/R → 0. Tensoring with M421

yields the exact sequence422

TorR1 (M,R) → TorR1 (M,R/R)
∂−→M ⊗R R → M ⊗R R → M ⊗R (R/R) → 0.423

There is a canonical isomorphism M ∼= M ⊗R R, and the term M ⊗R R is isomorphic to I by424

ϕ. Since M is a torsionfree abelian group, and the Tor-module is torsion, the map ∂ is zero.425

This gives the inclusion M ⊆ I.426

Similarly, beginning with the short exact sequence 0 → c → R → R/c → 0 and tensoring427

with M , the same argument yields the assertion cI ⊆ M , since428

M ⊗R c ∼= M ⊗R (R⊗R c) ∼= (M ⊗R R)⊗R c ∼= I ⊗R c
∼=−→ cI.429

This construction depends on the choice of isomorphism ϕ : M⊗R
∼=→I. If N = rM for nonzero430

r ∈ R, then N ∼= M but ϕ(N) = rϕ(M). Since HomR(I, I) = R, the choices of ϕ determine431

the R/c-module up to multiplication by an element of R.432

Remark 6.2. Theorem 6.1 provides us with a simple count of an upper bound on the433

number of shift equivalence classes, namely, the product of the order of Pic(R), which is readily434

computable [24], times the number of isomorphism classes of R-modules M with c ⊆ M ⊆ R,435

which by Proposition 6.5 is at most four. Corollary 6.6 indicates that it is at least two.436

Our next family of examples concerns T with T 2 = dI, i.e., modules over R = Z[t]/(t2−d)437

with T acting as
√
d.438

Example 6.3. (t2 = 1). If R = Z[t]/(t2 − 1), then R = Z × Z and the conductor is439

2R. Theorem 6.1 applies and says that the equivalence classes correspond to the equivalence440

classes of the four subgroups of R/2 = Z/2 × Z/2, with R/2 corresponding to R and the441

subgroup generated by (1, 1) corresponding to R. The subgroups generated by (0, 1) and442

(1, 0) correspond to the R-modules Z×2Z and to 2Z×Z of R, both isomorphic to R = Z×Z.443

Hence there are only two shift equivalence classes, corresponding to R and R. This provides444

an alternate calculation to Example 3.2.445

Example 6.4 (t2 = −4). In this case |d| is not square-free, so this does not fall under446

Case 1 of Section 5. Here R = Z[2i], and ξ = 2i; R = Z[i], Pic(R) = 0, c = 2R and447

R̄/c ∼= Z/2×Z/2. Because there are 4 nonzero subgroups of R/c, there are three isomorphism448

classes of R-modules with M ⊗R R ∼= R, namely R ∼= iR, J1 = (2, 1 + i)R and R. (See below449

for why R and J1 are not isomorphic.) Relative to the Z-bases {1, 2i}, {2, 1 + i}, and {1, i}450

of these R-modules, t = 2i is represented by the matrices451 (
0 1
−4 0

)
,

(
−2 4
−2 2

)
and

(
0 2
−2 0

)
.452

As R[t−1] = Z[1/2, i] = R[t−1], these matrices are all shift equivalent.453

In contrast t = 1 + 2i is represented on R, J1 and R by the respective matrices454 (
1 1
−4 1

) (
−1 2
−2 3

)
and

(
1 2
−2 1

)
.455

This manuscript is for review purposes only.



COMPUTING THE CONLEY INDEX: A CAUTIONARY TALE 13

In contrast t = 1 + 2i is represented on R, J1 and R by the respective matrices456 (
1 1
−4 1

) (
−1 2
−2 3

)
and

(
1 2
−2 1

)
.457

These three matrices are in distinct shift equivalent classes, even though they have the458

same canonical form and characteristic polynomial t2 − 2t+ 5.459

To see why R ̸∼= J1, suppose that f : R → J1 has f(1) = 2x + (1 + i)y, so f(2i) =460

−2(2x+ 2y) + (1 + i)(4x+ 2y). The map f is represented by the matrix461

A =

[
x −(2x+ 2y)
y 4x+ 2y

]
,462

and detA = 4x2 + 4xy + 2y2 ̸= ±1. Hence f cannot be an isomorphism.463

When d ≡ 1 (mod 4), d ̸= 1, then the integral closure of R = Z[
√
d] is R = Z[ω],464

ω = 1+
√
d

2 . It is convenient to use the parameter c = (d− 1)/4, as ω2 − ω − c = 0.465

Proposition 6.5 (t2 = d). When d ≡ 1 (mod 4), d ̸= 1, there are up to four isomorphism466

classes of R-modules M with c ⊆ M ⊆ R, namely: R, J0 = (2, ω)R, J1 = (2, 1+ω)R, and R.467

(Modulo c, these are the nonzero linear subspaces of R/c.) Relative to the Z-bases {1,
√
d},468

{2, ω}, {2, 1 + ω} and {1, ω} of R, J0, J1 and R, multiplication by t =
√
d is represented by469

the matrices470 (
0

d

1

0

)
,

(
−1

c

4

1

)
,

(
−3

4

c− 2

3

)
, and

(
−1

2c

2

1

)
.471

Since t =
√
d is relatively prime to c in R, the non-isomorphic R-modules among them472

remain non-isomorphic modules over R[t−1] = R[1/
√
d]. That is, they are not shift equivalent.473

Proof. The conductor ideal is c = 2R̄ = (2, 1 +
√
d), and |R/c| = 4. (If c is even,474

R/c = F2 × F2, where F2 is the field of order 2; if c is odd then R/c is the field F4 of order 4.)475

By Theorem 6.1, there are up to four isomorphism classes of R-modules M with c ⊆ M ⊆476

R, namely: R, J0, J1, and R. Modulo c, these are the nonzero linear subspaces of R/c. (If c477

is even, R/c = F2 × F2, where F2 is the field of order 2; if c is odd then R/c is the field F4 of478

order 4.)479

Corollary 6.6. If d ≡ 1 (mod 4), d ̸= 1, then R is not isomorphic to R, J0 or J1. Therefore480

there are at least two shift equivalence classes.481

Proof. R/c has 4 elements, while R/c, J0/c and J1/c have only 2 elements. Therefore, R482

cannot be isomorphic to R, J0 or J1. The conclusion follows from Proposition 6.5.483

Here is a simple example, showing how to apply Proposition 6.5. In the next section, we484

develop tools to apply Proposition 6.5 more generally.485

Example 6.7. (t2 = 5, c = 1). The ring of integers in Q(
√
5) is R = Z[ω], ω = 1+

√
5

2 is the486

fundamental unit, and Pic(R) = 0. In this case, R, ωR ∼= J0 and ω2R ∼= J1 are all isomorphic487

as R-modules. By Theorem 6.1 and Proposition 6.5, there are exactly two shift equivalence488

classes with characteristic polynomial t2 − 5. They are represented by the matrices
(
0
5
1
0

)
and489 (−1

2
2
1

)
(for the R-modules R and R); the matrices

(−1
1

4
1

)
and

(−3
4

−1
3

)
are both shift equivalent490

to
(
0
5
1
0

)
.491
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7. Finding Isomorphisms. The first step towards exploiting Proposition 6.5 and Corollary492

6.6 is to identify whether or not R, J0, and J1 are isomorphic R-modules, as a function of the493

nonzero integer c.494

1. Given the Z-bases of Proposition 6.5, any R-module map f : R → J0 is determined by495

f(1) = 2x+ωy, because f(
√
d) =

√
d · f(1) = 2(−x+ yc) +ω(4x+ y) in J0. The map496

f is represented by A ∈ M2(Z) where497

A =

[
x −x+ cy
y 4x+ y

]
,498

which is an isomorphism if and only if the quadratic form499

(7.1) det(A) = Q(x, y) = 4x2 + 2xy − cy2 = ±1500

has a solution over Z. That is, R and J0 are isomorphic R-modules if and only if501

Q(x, y) = ±1 has a solution over Z.502

2. Similarly, a map f : R → J1 is determined by f(1) = 2x+ (1 + ω)y and503

f(
√
d) =

√
df(1) = [(c− 2)y − 3x]2 + (4x+ 3y)(1 + ω).504

Thus it is represented by A ∈ M2(Z) where505

A =

[
x −3x+ (c− 2)y
y 4x+ 3y

]
.506

Thus f is an isomorphism if and only if (x, y) is a solution to the quadratic form507

(7.2) det(A) = Q(x, y) = 4x2 + 6xy + (2− c)y2 = ±1.508

Remark 7.1. R is isomorphic to J0 if and only if R is isomorphic to J1. Indeed, a map509

f0 : R → J0 with f0(1) = 2x+ωy is an isomorphism if and only if the map f1 : R → J1510

is an isomorphism, where f1(1) = 2x+ (1− ω)y.511

3. We can use a similar computational scheme to compare J0 and J1, using the given512

bases of these R-modules. Set513

f2(2) = x · 2 + y(1 + ω)

f2(ω) = u · 2 + v(1 + ω)
514

Then, regarding J1 as a subgroup of R, we have515

f2(2ω) = ωf2(2) = x · 2ω + y(1 + ω)ω

= 2xω + yω +
y

4
(1 + 2

√
d+ d)

= 2xω + yω +
y

4
+

y

2

√
d+

y

4
(4c+ 1)

= 2(x+ y)ω + cy

= 2(x+ y)(1 + ω) + cy − 2(x+ y)

=
(( c

2
− 1

)
y − x

)
· 2 + 2(x+ y) · (1 + ω)

516
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Therefore517
v = x+ y

4u = (c− 2)y − 2x.
518

The M2(Z) representation of f2 is519

A2 =

[
x 1

4 ((c− 2)y − 2x)
y x+ y

]
.520

Observe that u must be an integer which is equivalent to (c− 2)y − 2x = 4k for some521

integer k. For f2 to be an isomorphism it must be the case that522

det(A2) = Q(x, y) = x2 +
3

2
xy − c− 2

4
y2 = ±1,523

which is equivalent to solving524

4x2 + 6xy − (c− 2)y2 = ±4.525

Using the constraint that 2x = (c− 2)y− 4k we conclude that f2 is an isomorphism if526

and only there exist integers k and y that solve527

(7.3) c(c− 2)y2 − 4(2c− 1)ky + 16k2 = ±4.528

Lemma 7.2. If c is even or c ≤ −3, then R is not isomorphic to J0 or J1. If c ≤ −5, then529

J0 is not isomorphic to J1.530

If c = −4, then J0 and J1 are isomorphic. It follows from Proposition 6.5 that there are531

3 isomorphism classes of R-modules M with M ⊗R R ∼= R.532

Proof. The parity of (7.1) and (7.2) shows that if c is even, then there cannot be any533

solutions. Applying Mathematica’s FindInstance [25] shows that if c ≤ −3 then there are534

no solutions; in fact, the appropriate Q are positive definite in these ranges.535

When c = −4, (x, y) = (1, 1), k = 2, defines an isomorphism J0 ∼= J1.536

Remark 7.3. Using Mathematica again, we discover that if c ≥ 9 then J0 ̸∼= J1, because537

there are no solutions to (7.3), and Q is positive definite in this range. We also see that there538

appear to be infinitely many values of c for which J0 ∼= J1, and infinitely many values of c < 0539

for which J0 ̸∼= J1.540

Example 7.4 (t2 = −15, c = −4). The ring R = Z[ω] of integers in Q(
√
−15) has541

Pic(R) = Z/2 on the class of I = (2, ω)R, where ω = 1+
√
−15
2 . By Theorem 6.1, Proposition542

6.5, Remark 7.1 and Lemma 7.2, R ̸∼= J0 and J0 ̸∼= J1. Thus there are 6 non-isomorphic543

R-modules M with underlying group Z2: 3 with M ⊗R ∼= R and 3 more with M ⊗R ∼= I.544

Since I[1/ω] ∼= R[1/ω], we have Pic(R[1/ω]) = 0. As in Proposition 6.5, they represent545

the 4 distinct shift equivalence classes with χ(t) = t2 + 15.546

Remark 7.5. When d < −3, Q[
√
d] is an imaginary number field, and the only units of547

Z[ω] are ±1. When d > 0, there is a “fundamental unit” η of infinite order, and every unit548

of Z[ω] is ±ηn for an integer n. Fundamental units can be found using the Mathematica549

command NumberFieldFundamentalUnits.550
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Example 7.6 (t2 = 101, c = 25). The ring of integers in Q(
√
101]) is R = Z[ω], where551

ω = 1+
√
101

2 and ω2−ω−25 = 0. Now Pic(R) = 0, and the fundamental unit is η = 10+
√
101.552

Set R = Z[
√
101], and note that η ∈ R. By Theorem 6.1, Corollary 6.6 and Remark 7.3,553

there are 4 isomorphism classes of R-modules with underlying group Z2. Hence there are 4554

shift equivalence classes of R-modules with t =
√
101. For the Z-bases of Proposition 6.5, the555

matrices are556 (
0 1

101 0

)
,

(
−1 4
25 1

)
,

(
−3 23
4 3

)
, and

(
−1 2
50 1

)
.557

For every monic irreducible quadratic polynomial f with roots r, r̄ ∈ R, there are 4558

isomorphism classes of matrices T acting as r. If r is prime to c = (2,
√
101)R, these matrices559

will have 4 distinct shift equivalence classes. For example, η = 10 +
√
101 is a root of the560

polynomial f(t) = t2 − 20t − 1. Hence there are 4 distinct shift equivalence classes of Z[t]-561

modules Z2 with t = η.562

We can now recover a well-known result; see [23, p.81]. Set J0 = (2, ω)R.563

Lemma 7.7. The matrix T =
(
19
4

5
1

)
is not shift equivalent to its transpose T t =

(
19
5

4
1

)
.564

Proof. The matrix T represents t = η acting on the basis {5,−9 +
√
101} of J0, and T t is565

the matrix of t = η acting on the basis {2,−2+
√
101} of R. By Theorem 6.1 and Example 7.6,566

there are 4 shift equivalent classes of R-modules with t = η. Since R ̸∼= J0, the Z[t]-modules567

J0 and R are not shift equivalent.568

When χ(t) is a polynomial of degree more than 2, the computational difficulty explodes.569

We give a simple example, with 3 Jordan blocks over C, to illustrate some of the techniques570

involved.571

Example 7.8. Consider the case χ(t) = t3 − 1, which is the characteristic polynomial of572

both T (the rotation matrix), as well as T2 and T3:573

T =

0 0 1
1 0 0
0 1 0

 and T2 =

1 0 0
0 0 −1
0 1 −1

 and T3 =

1 1 0
1 −2 −2
0 −2 1

 .574

The integral closure of the ring R = Z[t]/(χ) is R = Z×Z[ω], where ω = 3
√
1; the map R → R575

sends t to (1, ω). Note that c = (3, ω−1)R. Since R/c = F3 and R/c ∼= F3×F3, the R-modules576

isomorphic to Z2 correspond to the 5 nonzero F3-subspaces of V = F3 × F3.577

There are 3 shift equivalence classes with χ(t) = t3−1. In more detail, Theorem 6.1 implies578

that V = F3 × F3 corresponds to R, with matrix T2 (for the basis {(3, 0), (0, 1), (0, ω)}), and579

the diagonal subspace on (1, 1) corresponds to R, with matrix T (for the basis {1, t, t2}).580

The two 1-dimensional subspaces of V , F3(1, 0) and F3(0, 1) correspond to the R-modules581

Z × (ω − 1)Z[ω] and 3Z × Z[ω], both isomorphic to R. The final 1-dimensional subspace582

F3(1, 2) of V corresponds to the R-submodule M with basis {(2, 1), (0, ω − 1), (1, 2)}; the583

associated matrix is T3.584

8. Shift equivalence over Z/pn. We briefly consider shift equivalence of (M,T ) when M585

is a finite p-group, i.e., shift equivalence over R = Z/pn. The classification of finite Artinian586

modules over Z/pn[t] for all n is equivalent to the classification of finite (p-primary) Artinian587
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modules over Zp[t], where Zp is the p-adic integers [3]. The associated primes over these588

modules contain p and are in 1–1 correspondence with the prime ideals in Z/p[t], such as589

(p, t − λ). We can ignore the subgroup Mnil on which t acts nilpotently, as Mnil is shift590

equivalent to 0 and M is shift equivalent to M/Mnil; see Lemma 2.5. We therefore restrict to591

the case when t is an automorphism of M .592

We do not know of a complete set of invariants for shift equivalence in this setting. A593

partial list can be obtained by observing that M determines M j := M/pjM , so that shift594

equivalence of M j for j = 1, . . . , n gives a family of invariants. To give a sense of the relevant595

calculations we note that M1 = M/pM , so the rational canonical form of T mod p is an596

invariant of the shift equivalence class of M .597

Suppose thatM is (Z/pn)2, so T is a 2×2 matrix over Z/pn, with characteristic polynomial598

χ(t). Thus there is either one block (and M/pM ∼= Fp2) or two 1-dimensional blocks (and599

M/pM ∼= F2
p). The analysis is governed by the considerations in Section 4.600

Example 8.1. Suppose Ma is (Z/pn)2 with T =
(
λ
a
0
λ

)
for some a ∈ Z/pn, and λ is not601

nilpotent (i.e., not divisible by p). Since every element of Z/pn is either a unit or nilpotent,602

λ must be a unit of Z/pn. As in Proposition 4.1, we see from (4.1) that Ma and Mb are shift603

equivalent if and only if as = br for units r, s, i.e., a and b differ by a unit of Z/pn.604

Since each nonzero a ∈ Z/pn is upk for a unit u and a unique k, 0 ≤ k ≤ n− 1, every Ma605

is shift equivalent to exactly one of M0,M1,Mp,Mp2 , ...,Mpn−1 .606

Arguments similar to those employed in Example 8.1 apply to the general case when χ(t)607

factors as (t − λ1)(t − λ2), where λ1 ̸= λ2 are elements of Z/pn. As in Proposition 4.3, the608

classification of shift equivalence classes is more complicated, as it depends on λ1−λ2. Again,609

returning to (4.1) we see that Ma and Mb are shift equivalent if and only if br−as = u(λ1−λ2)610

for units r, s ∈ Z/pn. Thus, for example if (λ1−λ2) = 1, then there is a unique shift equivalence611

class since one is free to choose u = br − as.612

We conclude our cautionary tale with a peek into the jungle of modules over Z/p3. Con-613

sider the following quotient ring of Zp[t]:614

Rλ = Zp[t]/(p
3, (t− λ)2, p2(t− λ)).615

By [15, 6.1][16, 3.2], Rλ is “finite-length wild”: any description of finite Rλ-modules would616

have to contain a description of all finite-dimensional modules over finite Z/p-algebras. This617

is generally considered to be hopeless, in the sense that it is an impractically complicated618

computational task. This notion of wildness goes back to [13].619

Example 8.2. Consider M = (Z/p3)⊕(Z/p2) with t(x, y) = ((λ+up2)x, λy+px); M = Mp620

does not recover u. In fact, M is a module over the ring Rλ.621

Appendix A. Simple Mathematica Code. The following Mathematica code provides622

information about the existence or nonexistence of isomorphisms between R, J0, and J1 as623

discussed in Section 7 for 100 ≤ c ≤ 100.624

For[c = -101, c < 99, c++;625

Print["c=", c, " R iso J0 ",626

!And[ResourceFunction["EmptyQ"][FindInstance[4x^2 + 2x*y - c*y^2 == 1,627
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{x, y}, Integers]],628

ResourceFunction["EmptyQ"][FindInstance[4x^2 + 2x*y - c*y^2 == -1,629

{x, y}, Integers]]],630

" R iso J1 ",631

!And[ResourceFunction["EmptyQ"][FindInstance[4x^2+6x*y+(2-c)*y^2 == 1,632

{x, y},Integers]],633

ResourceFunction["EmptyQ"][FindInstance[4x^2+6x*y+(2-c)*y^2 == -1,634

{x, y}, Integers]]],635

" J0 iso J1 ",636

!And[ResourceFunction["EmptyQ"][FindInstance[c*(c-2)*y^2-4*(2*c-1)*k*y+16*k^2 == 4,637

{k, y}, Integers]],638

ResourceFunction["EmptyQ"][FindInstance[c*(c-2)*y^2-4*(2*c-1)*k*y+16*k^2 == -4,639

{k, y}, Integers]]]640

]641

]642

Acknowledgments. We would like to thank A. Kontorovich for his assistance with solving643
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