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The Proot of the Bloch-Kato Conjecture

Charles Weibel

Let k£ be a field and ¢ a prime number different from char(k). The Milnor K-theory of
k is defined to be the quotient KM (k) of the tensor algebra of the abelian group k* by the
ideal generated by elements of the form {a,1—a}, a € k—{0,1}. The Kummer isomorphism

k* /6= H} (k, u) exends to a (graded) norm residue homomorphism
(0.1) k' (k) /€ — ®HG (k, 1™),

and Milnor asked in [5] whether this map is an isomorphism for ¢ = 2. This is true, as was
proven by Voevodsky in [MC/2].

The same question for ¢ odd was first formulated by Kazuya Kato in [2, p.608] and is
known as the Bloch-Kato Conjecture. A proof of this was announced in 1998 by Voevodsky,
assuming the existence of what we now call a Rost variety (see Lecture 1). Rost produced
such a variety in 1998 [R-CL], and the proof that (0.1) is an isomorphism appeared in the
2003 preprint [MC/1] — modulo three assertions. One of these, that the Rost variety has
certain properties, was established in [9]. The other two assertions, concerning the motivic
cohomology groups H**(X,Z/{), are still unknown. In these lectures we shall prove the
Bloch-Kato conjecture by establishing parallel assertions concerning the motivic cohomology

groups H*(X,Z).



1 Lecture 1: Overview of the Proof

We begin with a series of reductions.

Lemma 1.1. (Voevodsky [12, 5.2]). If KM(k)/¢ — HZ(k, ui™) is an isomorphism for all

fields of characteristic 0, then it is an isomorphism for all fields of characteristic # /.

Proof. By a standard transfer argument, we may assume that k is perfect. Let R be the
ring of Witt vectors over k£ and K its field of fractions. Then the specialization maps are

compatible with the norm residue maps in the sense that

KY(K)/0 —— Hi(K, pg")

l l

K (k)6 —— Hi(k, pug™)

commutes. Both specialization maps are known to be split surjections; the result follows. [

>~

Now there is a chain complex Z(7) of étale sheaves and an isomorphism HJ (X, Z/£(i))
HE (X, u$") for all n,i>0; see [4, 10.2] or [MC/2, 6.1]. We have a diagram
KMk — KMk —— KME)/E — 0

J l l

n £ n n n n
Hg(k,Z(n)) —— Hg(k,Z(n)) —— Hg(k,pg") —— HE (K, Z(n))
This motivates the following result, whose proof we omit; compare with [11, 7.1].
Theorem 1.2. (Voevodsky [MC/2, 6.10]). Suppose that H5' (k,Z(n)) = 0 for every field

k of characteristic 0. Then KM (k)/¢ = HZ(k, p5™).
We proceed by induction on n, assuming KM, (k)/¢ = Hy~ ' (k, u$™) for all k.

Proposition 1.3. (Voevodsky [MC/2, p.97]) Suppose that for every field k and every symbol
a={ay,...,a,} in KM(k)/l there is a field extension K so that a vanishes in KM (K)/¢
and the map H% ' (k,Z(n)) — HE (K, Z(n)) is an injection. Then H%™ (k,Z(n)) = 0, and

hence KM (k)/¢ = H(k, us™), for all k.



Proof. Fix k. By a transfinite process, we can find an extension field L which has KM (L)/¢ =
0, L has no prime-to-¢ extensions, and such that HZ"'(k,Z(n)) embeds in Hyt (L, Z(n)).

But for such an L we have HJ*' (L, Z)(n)) = 0 by [MC/2, 5.9 and 6.8]. O

Lemma 1.4. (Voevodsky [MC/1, 6.4]) If {ai,...,a,} is a nonzero symbol in KM (k)/¢, its

image is nonzero in HY(k, u2™).

Proof. By a standard transfer argument, we may assume k£ has no prime-to-¢ extensions.

For E = k(v), v = a,, we have a diagram

KM (B)/0 =5 KL (k)0 == KY(k)/t
- - J
HYE,Z)0) 2 Ik, 2/0) 2 Ho(k, 2./0) —— HE(E,7./0)

in which the vertical maps are isomorphisms by induction and the bottom row is ex-
act by [MC/2, 5.2]. Since {ai,...,a,} # 0, if {ai1,...,a,} vanishes in HZ(k,Z/{) then
{a1,...,a,_1} is the norm of some s € KM (E)/¢. But then {a,...,a,} is the norm of
{s,a,} = {s,7}* = 0 and hence is zero.

We say that “X splits a” if X is a smooth irreducible projective variety over k such that

a=0in KM(k(X))/t. We write C(X) for the simplicial scheme C(X), = X"
XeXxXeEXPEX ..

whose face maps are given by projections. By [MC/2, 7.3], HY, (k, Z(q))—~HE,(C(X), Z(q))
is an isomorphism for all p and ¢. By [MC/2, 6.9(2)], the motivic H” (C(X),Z/¢(q)) is

isomorphic to Hgt(é(X), Z/(q)) for all p, ¢ withp—1<qg<n — 1. O

Lemma 1.5. (Voevodsky [MC/1, 6.5]) If X splits a nonzero a € KM(k)/{, then there is a

nonzero & in H*(C(X),Z/l(n—1)).



Proof. By induction, the Bloch-Kato conjecture implies (see [11]) that the Leray spectral
sequence for Xy — X5 degenerates to yield the exact sequence for A = Z/4(n — 1):

) — a — 0

C(X),A) —— HZ(C(X),A) —— HY(C(X),H")

nis

= J{into

H}(k,A) —— HI(k(X),A).

0 —— H”

nis (

Here H" is the sheaf associated to HZ(—, A). Now for any simplicial scheme X,, H*(X,, H")

embeds in H°(Xy,H"). This particular H" is a homotopy invariant Nisnevich sheaf with
transfers by [4, 6.17 and 22.3], so H°(X,H") embeds in H(k(X), A) by [4, 11.1]. Via a

diagram chase, g lifts to a nonzero § in H™ (C(X), A). O

We will show in Lecture 6 that from the nonzero § of Lemma 1.5 we can construct
something we call a “Rost motive” (this will be defined in 3.4). For this we will need to start
with a Rost variety X, which is defined in 3.1 and is a variety splitting a. These varieties were
first constructed by Markus Rost in [R-CL]; a proof that they have the defining properties
of a Rost variety is published in [9].

When ¢/ = 2, the Rost motive is actually the same as the Rost variety, consided as a
motive. Moreover, in that case the Rost variety has a natural interpretation in terms of
quadratic forms. Although we do not consider the case ¢/ = 2 in these lectures, Voevodsky’s
proof in [MC/2] that the norm residue map KM (k)/2 — H?(k,7/2) is an isomorphism (the
“Milnor Conjecture”) follows the general lines of our Lectures 1-3.

The goal of Lecture 3 is to use the Rost motive to show that the map HZ™(k, Z(n)) —
H}"(k(X),Z(n)) is an injection, which we saw in Proposition 1.3 will imply the Bloch-Kato
conjecture. For this, we need several cohomology operations — and that will be the topic of

Lecture 2.



2 Lecture 2: Motivic cohomology operations

Fix a field &k of characteristic 0 for simplicity, and consider the category Sm/k of smooth
schemes over k. For each coefficient ring R, and each ¢, there is a chain complex of étale
sheaves R(q) = Z(q) ® R, constructed in [4, 3.1] and elsewhere; by definition the motivic
cohomology groups H??(X, R) are the Zariski hypercohomology groups HY (X, R(q)). We
write HP? for HP?(Spec(k), R) when R is understood.

A cohomology operation ¢ is a natural transformation from H?¢ (- R') to H?4(—, R);

it depends upon the integer p’, ¢’, p, ¢ and the rings R’ and R.

Examples 2.1. (a) If X is connected then H*°(X, R) = R; see [4, 3.1]. Hence any R'-
indexed sequence ¢; of elements in H?? with ¢y = 0, regarded as a function R' — H?,
determines a cohomology operation from H*%(X, R') to H?4(X, R). Clearly every such

operation has this form.

(b) If ¢t is an indeterminate of bidegree (p',q’) then any homogeneous polynomial f(t) =
Yisoatt of bidegree (p,q), whose coefficients a; are in H**(k, R), determines a coho-
mology operation HP¢ (X, R') — HP?(X, R) sending X to f(\).

We will see in 4.6(c) that every cohomology operation ¢: H*'(X,Z) — HP4(X, R) is

of this form, and that ¢ uniquely determines the polynomial f.

(c) Associated to the exact sequence 0 — Z(q) i>Z(q) — Z/l(q) — 0 is the integral
Bockstein 3: HP(X,7./¢) — HPtY4(X,Z) and its reduction modulo ¢, the Bockstein

B: HP(X,Z/t) — HPTY(X Z/0).
(d) In [RPO, p. 33], Voevodsky constructed the reduced power operations
Pi: HP(X,Z,/0) — HPF2EDaHlt=0(x 7, /0).
By [RPO, §9-§10], the P? satisfy the following axioms when £ > 2:
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Axioms for Steenrod Operations 2.2. When ¢ > 2 the operations P* satisfy:
1. The operation P? has bidegree (2i(¢ — 1), i(¢ — 1)), and Pz = z.
2. Piz = % if 2 has bidegree (2i,1).
3. Piz = 0 if z has bidegree (p,q) and g<i, p < ¢+ i.
4. The usual Cartan formula P"(zy) = Y. P*(z)P"*(y) holds.
5. The usual Adem relations hold. (These are described in [SE, p.77].)

It follows that the P’ and the Bockstein 3 generate a bigraded ring, isomorphic to the
topological Steenrod Algebra described in [SE]. In particular, every monomial in # and the

P! is a Z/{-linear combination of the admissible monomials
ﬁeopﬁﬁel.npskﬁek’ 6:0,1 and S Z£3i+1+6i-

The admissible monomials are linearly independent in the (left) H**(k,Z/¢)-module of all
cohomology operations by [RPO, 11.5]. We also get operations @Q; in bidegree (2¢' —1, ¢ —1)
by setting Qg = § (the Bockstein), Q; = P'f—BP" and Q;4; = [P”,Q;]. The Q; generate an

exterior algebra under composition, and each @; is a derivation: Q;(zy) = Q:(z)y + 2Q;(y).

2.3. We now turn to a more topological interpretation of motivic cohomology operations.
We begin with a quick review of Voevodsky’s triangulated category DM. Let Cor = Cor(R)
denote the additive category of finite correspondences between smooth varieties, with coef-
ficients in R; it contains Sm/k and is described in [4, §1]. The category PST = PST(R) of
presheaves with transfers is the category of contravariant R-linear functions from Cor(R) to
R-mod; the Yoneda functor Cor — PST is written as X — Ry(X); see [4, §2].

A presheaf with transfers which is also a sheaf for the Nisnevich topology on Sm/k is

called a Nisnevich sheaf with transfers. These form a full subcategory NST(R) of PST(R),
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and sheafification is an exact left adjoint to the inclusion; see [4, §13]. The triangulated
category DM (k, R) of effective motives is the localization of D~ (NST) with respect to the
class of Al-weak equivalences, and the motive of X is the class of Ry, (X) in this category.
This construction is presented in [4, §14]. In fact, DM (k, R) is a full subcategory of a

larger category DM (k, R) — but that is irrelevant for us. The key fact for us is that
(2.3.0) H"(X, R) = Hompm (RuX, R(q)[p]),
and this is proven in [4, 14.16].

2.3.1. A variant which we shall need is the motivic homology H, (X, R) of a smooth X,
defined as the R-module Hompam(R(q)[p], R X); see [4, 14.7]. When X is smooth projective

of dimension d, then by Duality
H_, ,(X,R) = Hom(R, R, X (q)[p]) = Hom(R.. X, R(q + d)[p + 2d]) = H?P**7"4(X | R).

See [4, 16.24]. For d = 0, when X = Spec(k), we have H_, _,(k, R) = HP4(k,R), and in

particular H  (k,Z) = H"“'(k,Z) = k*.

2.4. We now introduce Voevodsky’s “radditive” model for the fundamental adjunction be-
tween the Morel-Voevodsky category [7] of pointed spaces and DM. Let Rad = Rad(Sm/k)
denote the category of contravariant functors F': Sm/k — Sets, (pointed sets) sending ¢
to the point, and disjoint unions to products (“radditive functors”). Using the Yoneda
embedding, we can identify Sm/k with a full subcategory of Rad.

Now R-mod — Sets induces a forgetful functor v: PST — Rad. It has a left adjoint
Ry, defined by Kan extension from the formula that Sm/k — Rad — PST is R;,. Thus
R F is the quotient of @4 p(x)Rir(X) by the relation that for every f: ¥ — X the copy of

R:.(X) indexed by « is identified with its image in the copy of Ry (Y") indexed by f*(«).
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A more natural construction involves simplicial objects in Rad. There is a canonical
resolution Lres(F') of any simplicial object F' in Rad by wedges of representable functors
and we define RL(F) to be the simplicial object Ry (Lres(F)). This is left adjoint to the
simplicial extension of the forgetful functor on the appropriate (global) homotopy category of
simplicial presheaves. The details of this machinery are in several of Voevodsky’s preprints,

including [V07], and there are several variants such as in [8], [6, p.241], and [13].

Definition 2.5. Let U? denote the simplicial cone of (A? — 0) — A?, regarded as a simpli-
cial (representable) object in Rad. The Lefschetz object LY = L(R) is defined to be the
simplicial presheaf with transfers Ry, (U?). By [4, 15.3], L? is isomorphic to R(q)[2¢] in DM.

As a special case, we have U° = 8% and L’ = R.

Now it is possible to localize the categories A°°Rad and A°®PST with respect to Al-
equivalences. The former yields the Morel-Voevodsky homotopy category of pointed spaces
Ho, and the latter yields a full subcategory of DM®¥(k, R). Moreover, the pair (R, ©) form
a Quillen adjunction with respect to the Al-local closed model structures. This is somewhat

technical, and the details are in [VO7].
Theorem 2.6. The space K, = ull*(R) represents H*>*(—, R) in the sense that
H?*(X, R) = Homppm(Ry- X, L") & Hompy,e (X, K,)
Proof. This is immediate from the adjunction. O

Corollary 2.7. Motivic cohomology operations from H*>*(X, R') to H»4(X, R) are in 1 —1

correspondence with elements of H?(K,, R), where K, = ulL*(R’).

Proof. Since K, represents H?%%(—, R'), this is the Yoneda theorem. O

Example 2.8. When a = 0, K| is the pointed space uR' = \/ S° and cohomology opera-
R'—0
tions H%%(—, R") — HP4(—, R) correspond to elements of H?4(uR', R) = [| H(k, R).
R0



3 Lecture 3: Rost Motives

The material in this lecture is based on [W-ax], which is based on [MC/I].

We begin by giving the definition of a Rost variety. By a v,,_;-variety over k we mean
a smooth projective variety X of dimension d = ¢* ! — 1, with the degree of s4(X) being
#£ 0 (mod £%); see [9, 1.20]. Here s4(X) is the characteristic class of the tangent bundle of

X corresponding to the symmetric polynomial X ¢} in the Chern roots ¢;, see [RPO, 14.3].

Definition 3.1. A Rost variety for a sequence a = (ay, ..., a,) of units of & is a v,,_;-variety

X satisfying:
(a) X splits g, i.e., a vanishes in KM (k(X))/¢;
(b) For each i < n there is a v;-variety mapping to X;

(¢) The following motivic homology sequence is exact (for R = 7Z):

* *
To—T1

H_l,_l(X X X) H_l’_l(X) — H_l,_l(k) =k~

is exact. See 2.3.1 for the definition of H_; _; and the calculation that H_; (k) = k*.

As mentioned in Lecture 1, Rost varieties exist for all n, £ and a. When n = 1, Spec(L) is
a Rost variety for a when L = k ({/a). When n = 2, the Severi-Brauer variety corresponding
to the degree ¢ division algebra with symbol a is a Rost variety for a.

In this lecture we write X for the simplicial Cech scheme C(X) of Lecture 1, and X
for its suspension, i.e., the cone of X — Spec(k). Note that HP4(X,Z) = HPT(XX,Z)
when p > ¢, as HPY(k,Z) = 0 in this range. A transfer argument [W-ax, 2.3] shows that the

motivic cohomology groups H**(XX,Z) have exponent £. Hence we have exact sequences
0 — HP(XX,Z) — H™(XX,Z/?) i>lT1T”+1"1(Z?3é‘, Z) — 0.
By 3.1(b), Theorem 3.2 of [MC/2] translates to:
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Theorem 3.2. If i < n, the sequences Ny (3X,Z/0) iy are exact.

Proposition 3.3. (Voevodsky) The cohomology operations Qo = B, @ = Qn_2--- Qo and

Qn_1Q are injections on HV" Y(X,7Z/¢), and restrict to injections
Hn,nfl(%, Z/ﬁ) i} Hn_}_l,nfl(%’ Z) Qn—2-Q1 H2b+1’b(%’ Z) Qn-1 H2b£+2,b£+1(:{; Z)’
where b=b/0 —1 =1+ L+ ---+ ("2, In particular, p = Q(6) € H®*T1(X,Z) is nonzero.

Proof. Tt suffices to show that each Q;...(Qyp is injective on the group H* "1 (XX, Z/¢) =

H™""Y(%,Z/¢). This follows from Theorem 3.2 and the observation in [MC/2, 6.9] that
HP1(3X,7Z/¢) = 0 when (p, q) is in the region ¢ < n, p<1+g¢.

Indeed, each @Q; is injective on the group H** (LX) containing @Q; ;...Q,H""%" (XX), be-

cause the preceeding term in Theorem 3.2 is zero. Figure 1 shows the case i = 2. O

p=1 n+1
Figure 1: The composition Q2@ is an injection on H" ™1 (LX)

The goal of Lectures 4-6 is to use u € H**1%(X, Z) to construct a summand M of the motive

of the Rost variety X satisfying the following axioms.
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Rost motives 3.4. A Rost motive for a is a motive M with coefficients Z ) satisfying:

(a) M is a direct summand of a Rost variety X, i.e., a Chow motive (X, e).

(b) The transpose M’ = (X, e') is isomorphic to M via M’ — X -5 M, p being the

* d
projection. Here M’ — X is defined as M' = M* ® L A X Lt X,

(c) There is a motive D related to the evident map y: M — X — X by two distinguished

triangles
(3.4.1) DL - M L x—
(3.4.2) el 2% M D .

Here Dy is the dual map X®L? — L4 Y M ®L? = M, where the final isomorphism
comes from axiom (b).

In the rest of this lecture, we will assume that a Rost motive M exists for a, and use it
to verify the Bloch-Kato Conjecture. We will use without comment the standard fact that

if p > g then Hompm(Z, Ri.(Y)(q)[p]) = 0 for every smooth Y.
Lemma 3.5. The structure map H_y _1(X) — H_y1(k) = k* is injective.

Proof. (Voevodsky) For all p and n > 2, Hompm(Z, X?(1)[n]) = 0 (as n > 1). Therefore

every row in the spectral sequence
B}, = Hom(Zlg], X"*1(1)) = Hom(Z, X(1)[p — q]) = Hy p, 1(X)
is zero below the row ¢ = —1. The homology at (p,q) = (0, —1) yields the exact sequence
0 «— H_; 4(%X) «— H_; _4(X) «— H_; (X x X).
The result follows from the homology exact sequence 3.1(c) of a Rost variety X. O

Corollary 3.6. The structure map H_y_1(M) i)H_l,_l(k) = k* is injective.

11



Proof. By axiom 3.4(c), it suffices to observe that Hom(Z, D(b+1)[2b+1]) = 0. This follows

from the vanishing of both Hom(Z, M (b + 1)[2b + 1]) and Hom(Z, X @ L++1). O
Lemma 3.7. H?@L4+1(D 7) = 0.
Proof. Set (p,q) = (2d + 1,d 4+ 1). From (3.4.2) we get an exact sequence

HY'(X) - HP(D) — H"(M) 2% HP(X ® L%).

The first group is 0 because it equals H%'(k,Z) = H, . (k,O%) = 0. Hence H?4(D) is the
kernel of Dy. But by axiom 3.4(b), for any w in H_y _1(M) = Hom(Z, M (1)[1]) the dual of

Z(-1)[-1] % M - Zis an element of H?9(% ® L?) represented by:

* u*

x®L? y L4 Y MLt —“— Z(1)[1]@ L = Z(d+1)[2d + 1].

Hence Dy: HP4(M) — HP9(X ® L?) may be identified with the given structural map

H, (M) 2% H,_ ,(k), and is an injection by 3.6. Hence H?4(D) = ker(Dy) =0. [
Proposition 3.8. H""1"(X,7Z) = 0.
Proof. In the cohomology sequence arising from (3.4.1),

HPLSL (D) @ 15) —y W20 () _y R0 ()

the first term is H2¢T14+1(D) because bf = d + b, and it vanishes by 3.7. The third term is
a summand of H2#+254+1( X)) which is zero because H?4(X) = 0 whenever p > d + q by the
Vanishing Theorem [4, 3.6]. Hence H?**25+1(X 7Z) = 0. By Proposition 3.3, ths implies

that H"™"(X,Z) = 0. O
Theorem 3.9. H3' (k,Z(n)) — HL' (k(X), Z(n)) is an injection.
As pointed out in Lecture 1 (Prop. 1.3), this establishes the Bloch-Kato conjecture for n.
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Proof. Set E = Spec k(X), and let L(n) denote the truncation 7<"*1Z®(n) of the complex

in DM representing étale motivic cohomology. Then H""'(E, L(n)) & HZ™(E,Z(n)) and
H™(X, L(n)) = Hg" (X, Z(n)) = Hy " (k, Z(n)).

Write K (n) for the cofiber of Z(n) — L(n), so that Z(n) — L(n) — K(n) — is a triangle.
Then Spec(E) — X induces a commutative diagram with exact rows:

0% H (X, 2) —— H"™L(X,L(n)) —— H"L(X,K(n))

l l l

0 = H™\(E,7) —— H™\(E, L(n)) —— H""\(E, K(n)).

We have to prove that that the middle vertical is an injection. This will follow once we show
that the right vertical is an injection. Now H""!(X, K(n)) — H""'(E, K(n)) is an injection
by [4, 11.1, 13.8, 13.10], and H"*'(M, K(n)) is a summand of the former group. It suffices
to show that y: M — X induces an injection on H"*1(— K (n)). By (3.4.1) it suffices to

show that H"(D ® L?, K (n)) vanishes. By (3.4.2) we have an exact sequence
(3.9.1) H" Y (XL K(n)) » HY(D®L’, K(n)) - H"(M @ L°, K(n)).

We are deduced to showing the outside terms vanish in (3.9.1). For this we invoke the
fact (proven in [MC/2, 6.12]) that H*(Y (1), K(n)) = 0 for every smooth Y. Since M is
a summand of X by 3.4(a), this fact implies that H"(M ® L°, K(n)) = 0 in (3.9.1). It
also implies that (for any m > 1) the spectral sequence E, = HY(X? ® L™, K(n)) =
HPH(X @ L™, K(n)) collapses, yielding H" (¥ ® L™, K(n)) = 0. Thus the left term in

(3.9.1) also vanishes. O

Remark 3.10. Markus Rost has proposed a construction of M in [R-BC]. He shows that
the element p of Proposition 3.3 determines an equivalence class of summands (X, e) of the
Chow motive of X. By construction M = (X, e) satisfies axioms 3.4(a,b). I do not know if

it satisfies axiom 3.4(c).
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4 Lecture 4: Symmetric products of motives

This lecture summarizes the main points of [V07]. If X is a normal quasiprojective variety
over a field of characteristic 0, the symmetric product S™X = X™/%,, is also normal (where
¥, is the symmetric group). More generally, if G is a subgroup of ¥,, then S¢X = X™/G
determines a functor from the category Norm of normal quasiprojective varieties to itself.
If X, denotes the disjoint union of X and Spec(X) then there is a natural split sequence of

pointed objects (which extends to simplicial objects as well):
(4.1) S™ X)) — S™(X,) — (S™X),.

It is easy to see that S™(X,) = (S™X), is a functor on Norm,, and that it extends to
finite correspondences, giving us a functor S from Cor — or even Cor(Norm) — to itself,

characterized by the formula:

S™RwX) = RyS™(Xy) = Rur(S™X).
This functor extends to simplicial objects and commutes with direct sums.
Lemma 4.2. For any (simplicial) normal X, Y we have

SP(RuX ® RyY) & 4@ St (RiyX) ® Si(RyY).
i+j=m
Proof. Immediate from R, (X [[Y) = Ry X®R,,Y and S™(X [[Y) =[] SYX) xS/ (V). O
Examples 4.3. (a) Since S™(S°) £ {0, 1, ..., m} we have 5™(S°) = S° and S™(R) = R.
(b) Since Ri(P') 2 R L! and S™P! = P™, Lemma 4.2 yields S™(LL!) = L™.

We write S*°(X ) for the colimit of the pointed spaces S™(X;). From (4.1) one gets:

Proposition 4.4. For any simplicial object V, of Norm_ there is an isomorphism

Ru(5*V) =P~

m=

o SERy(V.).

r
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The following result is a translation of the Suslin-Voevodsky result [10] that finite cor-
respondences of degree m > 0 from X to Y correspond to morphisms from X to S™(Y),

together with the fact that a connected simplicial H-space has a homotopy inverse.

Theorem 4.5. Let V, be a simplicial object of Norm, . If the simplicial sets Hom(X,V,)
are connected for all X, then the morphism S®°(V,) — uZ(V,) is a global weak equivalence

of spaces (functors on Sm/k).
Examples 4.6. (a) When V is S° (which is not connected), the morphism in 4.5 is N — Z.
(b) If n > 1, 4.4 and 4.5 yield K,, = uZ(V,) = S*®(V,) and Ry (K,) = &>_, Sm(L").

(c) The pointed space K; = ull! represents H*!(—,Z), where L' = Z,(A' /A! —0). Since
Sm(LY) 2 L™ by 4.3(b), Proposition 4.4 yields:

Rtr(Kl) >~ RtrSoo(Al/Al - 0) ~ EB]Lm

So cohomology operations H*!(X,Z) — HP4(X, R) are classified by the elements of

H™ (K, R) = Hompm (R K1, R(q)[p]) = [[ HP~>™4™(k, R).

m=1
These correspond to homogeneous polynomials f(t) = Xa;t' of bidegree (p,q) in
H**(k, R)[t] with ap = 0 and bidegree(t) = (2,1), as described in Example 2.1(b).
The operations z + f(z) are nontrivial on x € H?!(PV,R) for large N, since
H**(PN, R) = H>*(k, R)[z]/(z"11); see [4, 15.5]
Now suppose that R is either Z) or Z/¢, so that (£ — 1)! is a unit of R. If m < £, the
symmetrizing idempotent e = (Xo)/m! of R[%,,] acts on Ry (X™) and it is easy to see that

the canonical map R, (X™) — S*(RiX) = Ri:(S™X) induces an isomorphism
(4.7) St(RuX)=e- R (X™), m</L
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Example 4.7.1. Fix m < £. If the interchange 7 on T®T is equivalent to the identity (e.g.,

T = 1L*[2b]); then S{M(T) = T®™. If 1 ~ —1 (e.g., T = L*[2b + 1]), then S™(T") = 0.

We will now describe S™(M) in terms of S{. If G is any subgroup of ¥,,, the wreath product
G X, =G"x%,

acts on {1,...,mn} by decomposing it into n blocks of m elements, with G acting on the

blocks and ¥, permuting the blocks. Thus G 3, C ¥,,,. It is easy to see that
S™M(SC(X4)) = S (X ).

Similarly, if H is a subgroup of ¥, and we embed %,, x ¥, in ¥,,,, then SH# (X ) =

SE(X,) x SH(X,) and SE*H (R, X) = S¢(RwX) ® SH (R, X).
Proposition 4.8. If m = mg+ mil+ -+ +m, " with 0 <m; < £, the subgroup
G = Emo X (EZ ¢ Eml) X ((Eé { Ef) ¢ 2mz) nee X ((28”) { Emr)

of ¥ contains a Sylow £-subgroup of Xy If R = Ly or Z/{ then for every simplicial V

and M = Ry, (V), S;t(M) is a direct summand of
Sa(M) = (S°M) ® Sy (S, M) ® Sy (S3,(SpM)) ® - -+ @ S ((Sy,)" M).

Proof. (Voevodsky, [V07]) The display is SS (M) by the above remarks, and the map 7 from
SE(V) =V™/G to S™V = V™/%,, is finite of degree d = [3,,: G]. It is well known (and
easy to check) that G contains a Sylow ¢-subgroup of ¥,,, so £ 1 d. The transpose 7' is a finite

correspondence, and the composition o7 is multiplication by d on Rtr(ng) =SP(M). O

Theorem 4.9. When R =Z/{, St (L") is Al -equivalent to

n—1 . .
Lnﬁ D 6_91 {]Ln-l—z(ﬂ—l) D ]Ln-l—z(é—l)[l]} ]
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Proof. (Sketch) Let C be the cyclic group of order £ and G = C x (Z/¢)* C %,. Using the
methods of [RPO], Voevodsky [VO07] computes Ry(V — 0)/C, where V is the direct sum of
n copies of the reduced regular representation A1 of C. Next, he observes that SYL" is
Al-equivalent to L" ® Ry (V — 0)/C[1]. Taking (Z/f)*-invariants, it follows that S& (L") is
Al-equivalent to the motive displayed in 4.9. Since [S,: G] = (£—2)!, SE (L") is a summand.
Using the computation of By, and BY, in [RPO], one shows that each summand of S§ (L")

belongs to S¢.(L"). O

Corollary 4.10. When R =Z/{¢ and a > 0, Sf.(L*[b])[1] — Sf.(L*[b+1]) is a split injection

for all b, and we have:

Sfr (La [1]) — @jZI{]LlH—i(Z—l) [1] ® ]La-l—i(f—l) [2]};
SL@ep) = SLL b - e @, {12+ 1oL (i +2]}, b=2k+1;

SE(Le[b) = SE(L*[b — 1])[1] ® L*[b], b > 2 even.

Proof. Set T = 1%[b]. Voevodsky shows in [V07] that the cone of (S£T)[1] — SE(T1]) is :
T®¢2] for b even, and T®¢[¢] for b odd. In the odd case, the boundary map is zero for weight
reasons. In the even case, the boundary map is an element of Hom(7T®¢, S T) = Z/¢. Using
the topological realization functor, the topological calculations of Cartan [1] show that the

boundary map is also zero. The result now follows by induction on b. O

Remark 4.10.1. The above formulas are incorrect for a = 0, where L° = R; here we have
Si-(R[1]) = 0, and S (R[2]) = R[2(].
A proper Tate motive is a direct sum of motives of the form LL*[6] with > 0. The category

of proper Tate motives over a field R is idempotent complete, and closed in DM under ®.

Theorem 4.11. When R =17/¢, S;° (L") is a proper Tate motive. For each a there are only

finitely many terms of weight a.
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Proof. Combining 4.4, 4.8, 4.9 and 4.10 yields the theorem. O

Proposition 4.12. (Pure Kiinneth formula) Let X and Y be pointed simplicial schemes
such that Ry, (Y) is a direct sum of motives R(qa)[pa]. Assume that for each q there are only

finitely many o with qo, = q. Then the Kunneth homomorphism is an isomorphism:
H*(X,R) @uur H*(Y,R) - H"(X x Y, R).

Proof. By (2.3), H"(X x Y, R) = Hompm(Ri:(X x V), R(1)[n]). Now Ri(X x Y) is the

direct sum of the R"(X)(¢q)[pa), and we claim that

HPi=9(X R) ifq<i;
Hom (R (X)(q)[pl, R(z)[n]) = {
0 if g > i.
The case X = Spec(k) shows that H**(Y, R) is a free H**(k, R)-module on finitely many
generators 7, in bidegrees (pq, ¢, ), and the result follows.

To verify the claim, we may suppose that p = 0. Suppose first that ¢ < i. By the
Cancellation Theorem [4, 16.25] we have Hom(M (q), R(i)) = Hom(M, R(i — q)) for any M
in DM. In particular, Hom(R.;(X)(q), R(i)[n]) = Hom(R(X), R(i —q)[n]) = H» (X, R).
Similarly, the case when g > i reduces to the case i = 0, ¢ > 0. Here Ry, (X)(g) is a summand

of Ry (X x P?) and HP*(—,R) = H} (—,R), so the result follows from H;

Zar

(X, R) =

H*

Zar

(X x P R); see [RPO, 3.5]. O
Recall from 2.5 that K, = ulL" represents H*""(—,Z), and that char(k) = 0.

Corollary 4.13. For all n > 0 the Kiunneth maps are isomorphisms:
H* (K, 7)0) @ppes -+ @pee H*™ (K, L)) — H™ (K, % - - X Ky, /).

This replaces the unproven “Lemma 2.3” in [MC/l]. Note that 4.13 is equvalent to:

H* (K, Z)) @per -+ @pee H* (K, L)) = H* (K, A -+~ A K, Z]0).
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5 Lecture 5: Uniqueness of SP"

The purpose of this lecture is to prove Theorem 5.1, which replaces the unproven “Theorem
2.17 in [MC/]]. As before, k is a field of characteristic 0, and P" is the cohomology operation
of bidegree (2n(¢ — 1),n(¢ — 1)) referred to in Lecture 2. (The n of this lecture is unrelated
to the n in the norm residue homomorphism of the Bloch-Kato conjecture.)

Note that the Bockstein 3 is a derivation, SP™ is additive and commutes with simplicial

suspension ¥ by [RPO]. Thus by axiom 2.2(2), if y € H?*»"(X,Z/{) then P"(y) = y* and:

BP"(Sy) = SA(P"y) = TA(Y) = (2h(y) = 0.
Thus SP™ satisfies (1) and (2) of the following uniqueness theorem.

Theorem 5.1. Let ¢: H*in(— 7)) — H™H2n8(— 7,/0) be a cohomology operation such

that for all X and all x € H*"™"(X,7Z):
1. ¢(bx) = bop(x) for b € Z;
2. If v =Xy fory € H"(X,Z) then ¢(z) = 0.
Then ¢ is a multiple of BP".
Remark 5.1.1. In topology, 3P" is the image of a cohomology operation H?" 1" (— Z) —

H¥+2nt(— 7). We will see the relevance of this in the next Lecture.

We saw in Lecture 2 (2.6) that the cohomology operations described in Theorem 5.1
correspond to elements of H**(BK,,Z/¢). We saw in Lecture 4 (see 4.8) that a complete
description of this cohomology is possible, but it is messy for n > 1. To cut down on the
bookkeeping in the proof of 5.1, it is useful to introduce the notion of scalar weight.

The multiplicative action of the monoid (Z, x) on the sheaf of Z-modules K, = ul"

and BK, = ull"[1] defines an action of Z/¢* on H*(K,,Z/f) and H*(BK,,Z/{), at
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least when n > 0. The induced representations of (Z/¢)* decompose the cohomology
into the direct sum of its isotypical pieces, corresponding to the irreducible representations
L0, pe, pi$2, . . ., u$ 2. We will say that the isotypical piece corresponding to u$* has scalar
weight s; an element © € H**(K,,, Z/¢) has scalar weight s if a - 2 = o’z for all « € Z/¢.

Recall from 4.6(b) that K, ~ S°(V,,), and that Ry (K,) ~ ®R(S'V,) = &S (L").

Theorem 5.2. Under the decomposition H™(K,,Z/l) = ®@H**(S5V,, Z/{), the summands

H*(5V,,7./t) = Hompn (S, L%, R(*)[*]) have scalar weight i mod (£ —1).

Lemma 5.3. If R(q)[p] is a summand of SJP(L"), and m = s mod (£—1) for 0<s <{—1,

T

then:

(a) g>ns, with equality iff m < £

(b) ¢>n(f —1) if s =0, with equality iff m = £ — 1.
(c) p>2q>2n

Proof. Recall from Theorem 4.16 that R(q)[p] = L[b] for b>0, so p = 2¢ + b. Hence (a)
and (b) imply (c). If m < £ then S{H(L*) = L™ and ¢ = mn by 4.7.1. This yields the ‘if’
parts. To prove the ‘only if’ parts of (1) and (2), suppose that m > £ and write m = > m; %,
noting that > m; > mg, >, m; =m mod (¢ — 1). We also have ¢ > (>_m;)n + (£ — 1) by
Proposition 4.8. Since >, m; > s, we have ¢ > ns. If s =0 then Y m; > £ — 1 and we have

g>(n+1)(£-1). O

Remark 5.3.1. These are the equations (2.6), (2.7) and (2.8) of [MC/I|, strengthened to

inequalities when m > /.

We now turn to the cohomology of KA. ..AK, in scalar weight 1. The following presen-

tation is due to Voevodsky and is taken from [MC/I].
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Lemma 5.4. The scalar weight s = 1 part of HPY(K)",Z/{) vanishes if ¢ < nl and r>2,

and also if g =nl and p < 2nl.

Proof. (IMC/1, 2.7 and 2.8]) By 4.13, 4.11 and 5.2 it suffices to consider z; ® - - - ® x, where
the z; are in Hom(S L™, R(¢;)[pi]), ¥pi = p, ¥¢; = q and ¥a; =1 mod (£ —1). If ¢ < nf
then a; Z 0 by 5.3(b) and we must have Xq; > ¢, which is excluded by 5.3(a) as ¢ >na;.

This establishes the case ¢ < nf. When ¢ = n/, the vanishing comes from 5.3(c). O

We now analyze the motivic cohomology H*"*2"*(BK,, 7. /¢), where BK,, is the simpli-

cial classifying space [r] — (K,)".
s i= Ky = Ky x Ky -+

There is a standard spectral sequence for the cohomology of a simplicial space with coeffi-

cients in Z/¢(nk); for BK, it has
(5.5) EP* = H"(K)" | 7./]{) = H™**"(BK,, Z]{).

For n > 1, the spectral sequence converges because K" is nr-fold T-connected so that
E7®" = 0 for r > ¢. This in turn follows from the fact [RPO, 3.7] that K, is n-fold T-
connected, together the Kiinneth formula 4.13. (This is the argument of [MC/1, 2.6].)

The relevant part of the spectral sequence looks like this, using Lemma 5.4:

0
0 H2n€+1,nl(Kn) N
s=2nf 0 HZnZ,nE(Kn) SN HZHZ,HZ(KnAKn) - HQHE,HZ(K;L\B) -

0 0 (nothing in scalar weight 1 below here)

Recall from [RPO, 3.7] that H*»"(K,,,Z/f) = Z/¢ on the fundamental class a.
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Example 5.5.1. y={(a®1+1Qa) -a!®1-10a}/f=a""'®@a+ ---+a®at!
is an element of H2" (K, AK,,Z/{). A calculation shows that d>°"* maps v to zero in

H™m (K AKon Ky, Z/F). (Formally this follows from §(af) = —¢y and 62 = 0).

Lemma 5.6. (][MC/l, 2.9]) Let D, denote the subset of elements of scalar weight one in
H#™r (KA 7,/0). Then D, is the Z/l-vector space generated by monomials of the form

a''a...na', where iy + - -+ 4, = € and each i; > 0.

Proof. The monomials are linearly independent by the Kiinneth formula 4.13. Lemma
5.4 implies that D, is generated by elements of the form z; ® -+ ® x, whre the z; €
Hom(S*%L", R(¢;)[p:])- By 5.3(b), at most one z; can have scalar weight 0, and only if r = 2.

If » = 2 and a; = 0 then ay = 1. Then by 3.4(a, b) we must have ¢ = n({ — 1) and

1 and 25 = . Thus we are

g = n, and p; = 2¢;. By 3.4(b) and (4.7) we must have z; = «
reduced to the case in which all a; Z0 mod (¢ —1). By 5.3(a, ¢) and ¢ = nf we must have
Ya; = ¢, ¢; = na; and p; = 2¢;. Since S;; (L") = L"% by (4.7) we must have z; = o up to

scalars. ]

Proof of Theorem 5.1: (Voevodsky) We regard ¢ as an element of H>*2n(BK, 7/¢).
Condition 5.1(1) says that ¢ has scalar weight one. Condition 5.1(2) says that ¢ (like 5P™)

is in the kernel of the map
H2n£+2,nZ(BKn’ ZE) - HZnZ+2,nZ(EKm ZE) — H2n£+1,n2(Kn’ Z/E)

defined by the inclusion of XK, as the degree one part of BK,. That is, ¢ and SP" lie in
the kernel of the edge map in the spectral sequence (5.5).

Voevodsky observes in [MC/]] that, by a formal calculation of Lazard [3, 1.21], the kernel
of E¥*t _ 3™ is 7,/0 in scalar weight one, on the cycle v displayed in 5.5.1. Since SP™
represents a nonzero element of H>"“*2"(BK, 7/f) by [1] and [RPO], it follows that every

such element ¢ must be a multiple of 5P™. 1
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6 Lecture 6

In this lecture, we will construct a Rost motive for @ in the sense of Definition 3.4. As we
saw in Lecture 3, this suffices to verify the Bloch-Kato conjecture.

Let X be a Rost variety (Definition 3.1), and write X for the simplicial Cech variety
associated to X. In 1.5, we produced a nonzero § € H™"~'(X,7Z/f), and used it in Proposi-
tion 3.3 to construct a nonzero element p of H*™1°(X,Z). Now any z € H***1*(X) can be
interpreted as a map X — LL’[1] in DM; tensoring with X, and using X ® X = X yields a

map X — X ® L.°[1], which we also call z, and fit into a triangle
(6.1) XL 5 AL x5 xell 1)

Applying ¥;_; C ¥; to A%, we get a corestriction map S* 1(A4) ® A — S*(A). There is also

a transfer map tr: S¢(A4) — S* }(4) ® A, induced by the endomorphism
Qe ®a— SR8 ® ) Day
of A®". Now S*(A) & X¥®S5"(A). Composing tr with 1®y yields a map u: S*(A4) — S7'(A);
composing 1 ® x with corestriction yields a map v: S 1(A) @ L* — S'(A).
Lemma 6.2. Ifi < ¢ and 1/(£ — 1)! € R, the maps u and v fit into triangles

(a) SiH(A)@LF - 5i(4) £% x = 51(4) @ L[],

(b) LY 53 §i(4) % §i-1(4) » X L[]
Proof. This is proven in [MC/1, 3.1] using the slice filtration on A%". O

Setting D = S*2(A) and M = S*~!(A), we see that M satisfies property 3.4(c) of a Rost

motive. The composition of s and r ® 1 yields a map (for i = ¢ — 1)
b(z): ¥ = DL 25 x @ L¥[2] — L¥[2]
i.e., an element of H?*2%(X Z ). Consider the function z — ¢(z).
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Proposition 6.3. (Voevodsky) The function ¢: H*T1b(X,Z) — H?2(X, 7)) estends

to a cohomology operation ¢: H?*T1b(— Z) — H?F2Y(— 7, ) satisfying
(a) ¢(az) = a’¢(z) for a € Z;
(b) ¢(Zy) =0 fory € H***(~,Z).
Proof. This is the content of 3.2, 3.5 and 3.6 of [MC/I]. O

Corollary 6.4. The mod—{ reduction ¢ of ¢, regarded as a motivic cohomology operation

H?HL(— 7)) — H?H25(— 7./0), is a multiple of BP°.
Proof. Combine Theorem 5.1 and Proposition 6.3. O
Remark 6.4.1. It is easy to show that ¢ # 0, so that ¢(z) = ¢SP®(z) for a nonzero ¢ € Z//.

Lemma 6.5. There are maps \: Zu(X) — S*"Y(A) such that the inclusion 1 X — X

factors in DM as:

Se—1y

Z,(X) 25 SE1(4) T X

Proof. (Voevodsky) [MC/1, 5.11] Applying Hompnz (Z, X, —) to the triangle (6.1) defining

A yields the exact sequence
Hom(X, A) % Hom(X, %) =+ Hom(X,L’[1]) = 0;

the group on the right vanishes since it equals H?**1*(X,Z) = 0. Hence ¢ factors through

some \;: ZyX — A. Similarly, triangle 6.2(b) yields exact sequences
Hom(X, S*(4)) - Hom(X, S*'(4)) — Hom(X, X ® L"[1]) = 0.

The group on the right is H?*1%(X 7Z) = 0. By induction, there are maps \;: Z(X) —

S¢(A) for i < £—1 such that \;_; = u);. By the construction of u, yu* = Sty: S*(A) — X. O
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Recall from 2.3.1 that Hompnm (LY, Zi (X)) = Hoqa(X,Z) = H°(X,Z) by duality, so
there is a fundamental class 7: LY — Z(X). Since X ® X = X, we may also view T as a

map from X @ L¢ to Z(X).
Proposition 6.6. The composition X @ L¢ — Z;,(X) 2, S¢1(A) is not divisible by £.

Proof. (Voevodsky [MC/I, 5.12]) By the definition of ¢ in terms of the map s of 6.2(a), the
restriction S 'y* (@) of ¢ to S"1(A) is zero. By 6.4.1, 3P? also vanishes on S*!(A). Since
the @; anticommute we have Q;(u) = 0 for i<n — 2.

Consider the element o = @, 1(u) € H*™2%(X,7Z/¢). By 3.3, a # 0, and @, 1(a) =0

as @Q? = 0. By the definition of @,,_; we have

@ =Qn1(i) = Quo(P" (1) = - = BP(p),

so (S 1y)*(a) = BP™((S“1y)* ) = 0 in H**25(S41(A), R). By the Motivic Degree Theo-
rem of [MC/1, 4.4], applied to the factorization in Lemma 6.5, the existence of o # 0 implies

the mod—¢ reduction of the map A7 : X ® L¢ — S*!(A) is nonzero. O

Because pu: X — X ® L*[1] is a map between Tate objects, it is self dual (u = p* ® L.°
under the identification of X with X*). It follows that A & A* ® L®. Since S'(M) = (S*'M)*
for every M we also have S(A) = S(A)* @ L”. (See [MC/1, 5.7].) For the map ) of 6.5, we

write D) for the dual map
DX: §1(A) 2 S A @ LY X2 7, (X)* @ L & Z(X).

Theorem 6.7. The composition Ao DX is an isomorphism on S*(A) (with coefficients Zy)

or Z/t), and there is an integer ¢ Z 0 (mod £) so that the following diagram commutes:

SE1(4) 222 ge-1(4)

Sl*lyl Jrsefly

x 4= X
In particular, S*1(A) is a direct summand of Ry.(X) for R = Zgy or L[L.
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Proof. (Voevodsky [MC/I, 5.15]) From triangle 6.2(b) we have an exact sequence

Hom(X ® LY, x ® L) % Hom(X ® L, S'4) % Hom(X ® L¢, S24) = 0.

c — A #0 (mod ¥)
The fact that the right side is zero follows from the exact sequences of 6.2(a),
Hom(X® L4, SA® L) - Hom(X® L4 S'A) — Hom(X ® L4, ¥),

because the outer terms vanish — the right because maps between Tate objects cannot
decrease weight, and the left by induction on 7. Hence the map Ar of Proposition 6.6 lifts
to an element ¢ of Z = Hom(X ® L%, X ® L%). Since A7 Z 0 (mod ¢) by 6.6, ¢ #Z 0 (mod ).
Dualizing A\t = (S 'z)c yields the left square in the following diagram, since S*~'y is dual

to S 'z and ¢ is dual to 7: X ® LY — Z(X), so ¢ o DX is dual to \r.

S14) 22 7,.(X) 2 SE1(A)

SHyl Ll )/9“1/
X.

X  —

The right triangle commutes by Lemma 6.5. O
Corollary 6.8. When R = Z), the maps A and D\ make M = S*'(A) into a direct
summand of Ry.(X), and the following composition is an isomorphism:

M= M QLY 25 Ry(X)* @ L4 = R, (X) 25 M.

Indeed, this is just a restatement of Theorem 6.7 in the form of axioms 3.4(a,b) of Lecture
3. Since axiom 3.4(c) holds by Lemma 6.2, M is a Rost motive. We saw in Lecture 3 that

the Bloch-Kato conjecture follows form the existence of a Rost motive, so we are done.
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