AXIOMS FOR THE NORM RESIDUE ISOMORPHISM

C. WEIBEL

ABSTRACT. We give an axiomatic framework for proving that the norm residue
map is an isomorphism (i.e., for settling the motivic Bloch-Kato conjecture).
This framework is a part of the Voevodsky-Rost program.

INTRODUCTION

The purpose of this paper is to give an axiomatic framework for proving (by
induction on n) that the norm residue map KM (k)/¢ — HZ (k, uy™) is an isomor-
phism, for any prime £ > 2 and for any field k£ such that £ is invertible in k.

Fix £ and n. By a Rost variety for a sequence a = (a1, ..., a,) of units in k, we
shall mean a smooth projective variety X of dimension d = £"~! — 1 satisfying the
conditions of [MC/], 6.3] or [4, (0.1)]; the exact definition is given in Definition
1.1 below. One key requirement is that {ai, ..., a,} vanishes in KM (k(X))/f. Rost
constructed such a variety in his 1998 preprint [1]; the proof that it satisfies these
properties was published in [4].

Theorem 0.1. Let n and £ be such that the norm residues maps are isomorphisms
for all i < n. Suppose that for every sequence a there is a direct summand M of
the motive of a Rost variety X, satisfying the Azioms given in 0.8 below.

Then the morm residue map KM (k)/€ — H%(k, u$™) is an isomorphism.

To state the axioms, let X denote the simplicial Cech scheme p — XP+!; see
[MC/2, 9.1]. By abuse of notation, we will regard X as a cochain complex, and
hence as an element of DM®®, By [MC/2,9.2], X®@ X~ X and X ® X ~ X.

There is a duality isomorphism X*®IL¢ 2 X, where X* is the dual Chow motive
of X and L is the Lefschetz motive Z(1)[2]; see [MVW, 20.11]. If M is a summand
of the motive of X, the motivic structure map X —— Z induces a relative map
y: M — X; its X-dual Dy is defined to be the composite

* d
(0.2) Dy:xoL? 514 "% x* oLl - M* L.
Axioms 0.3. (a) M is a direct summand of X. We write y for M - X — X.
(b) The evident duality map M* ® LY — M is an isomorphism.
(c) There is a motive D, related to y by two distinguished triangles:

(0.4) DL} - M L x -,
(0.5) 2ol 2% Mo D,

Hereb=d/({—1) =1+ £+ ---+¢" 2 and Dy is defined in (0.2) via 0.3(b).
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Given (0.4) and axiom 0.3(b), triangle (0.5) is equivalent to the duality assertion
that D* ® L% = D; (0.5) is isomorphic to L? times the dual of triangle (0.4).

Remark 0.6. In the language of Chow motives, any direct summand M = (X, e)
of X has a dual motive M* = (X, e!,d) and a transpose summand M' = (X, et) of
X. Thus the summand M' = M* ® L? of X is a priori different from M. Axiom
0.3(b) says that M' — X — M is an isomorphism. (The differences between
these languages is partly due to the fact that the category of Chow motives embeds
contravariantly into DM®?))

Although we only use X-duals fleetingly in Lemma 3.5 below, they fit into a
larger context, which we shall now quickly describe. For this, we need to assume
that k& admits resolution of singularities, so that A* exists by [MVW, 20.3].

DMy and X-duals 0.7. Let DMy denote the full subcategory of DM consisting
of objects M isomorphic to A ® X for a geometric motive A over k. For this, we
assume that k admits resolution of singularities, so that A* exists by [MVW, 20.3].
As pointed out in [7, 6.11], Hom(M, B) = Hom(M, B® X) for all B in DM®®. Thus

Hom(U® %X,A* @ %) = Hom(U ® X, A*) = Hom(U @ ¥ ® A,Z) = Hom(U ® M, %).

That is, Hom (M, %) = A*®X is an internal Hom object from M to X in the tensor
category DMz. As such, Hom (M, X) is unique up to canonical isomorphism (cf.
[7, 8.1]). Any map M; — M, induces a map Hom . (M>, X) — Homy (M, X) via

Hom(A; ® X, 45 ® X) = Hom(A; @ X ® A5, X) = Hom (A4} ® X, AT ® X).

It is easy to check that Homy(—,X) is a contravariant functor, and that it is a
duality in the sense that Homy(Homy (M, X), %) = M.

In this paper we consider the X-dual DM (—) = Homy(—, X) ® L%, which also
satisfies D%(M) = M. Our choice of the twist is such that D(X) = X, D(M) is
the transpose M’ of Remark 0.6, and Dy is given by (0.2).

This paper is an attempt to clarify the ending of the Voevodsky-Rost program
to prove that the norm residue map is an isomorphism, and specifically the proof
as presented in Voevodsky’s 2003 preprint [MC/1]. One important feature of our
Theorem 0.1 is that only published results (and [1]) are used.

When ¢ = 2, triangle (0.4) was constructed in [MC/2, 4.4] using D = X, and
(0.5) is its X-dual. Axioms 0.3(a—b) hold by a result of Rost (cited as [MC/2, 4.3].

When £ > 2, there are two different programs for constructing M. Both start by
using the norm residue symbol of a to construct a nonzero element y of H20+1:8(%).
The construction of p is given in [MC/2, p.95] and [MC/1, (5.2)] (see 2.5 below).

In Voevodsky’s approach, the triangles (0.4) and (0.5) are constructed in (5.5)
and (5.6) of [MC/1] with M = M,_; and D = M,_», starting with u € H20+1.b(%).
The duality axiom 0.3(b) for M and D is given by [MC/], 5.7].

Unfortunately, there is a gap in the proof of Lemma [MC/1, 5.15], which asserts
that Axiom 0.3(a) holds, i.e., that M,_; is a summand of X. That proof depends
via Theorems 3.8 and 4.4 of [MC/]] upon Lemmas 2.2 and 2.3 of [MC/l], whose
proofs are currently unavailable. Instead, [MC/l, 5.11] proves that the canonical
map X — X factors through the map y : M — X.

In Rost’s approach, u defines an equivalence class of idempotent endomorphisms
e of X and Rost defines M to be the Chow motive (X, e). By construction, his M
satisfies Axioms 0.3(a-b). Hopefully it also satisfies Axiom 0.3(c), the existence of
triangles (0.4) and (0.5).
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Notation The integer n and the prime £ > 2 will be fixed. We will work over
a fixed field k in which £ is invertible. The integer d will always be £»~! —1 and b
will always be d/(£ —1) =1+ ---+ "2,

We fix the sequence of units a = (a4,...,a,), and X will always denote a d-
dimensional Rost variety relative to a, satisfying Axioms 0.3.

We will work in the triangulated category of motives DM® described in [MVW].
The Lefschetz motive is I = Z(1)[2]. Unless explicitly stated otherwise, motivic
cohomology will always be taken with coefficients Z ). The notation H%?(—) refers
to the étale motivic cohomology Hj (—, Z4)(g)) defined in [MVW, 10.1].

Finally, I would like to thank the Institute for Advanced Study for allowing me
to present these results in a seminar during the Fall of 2006, and Pierre Deligne for
his continued interest and encouragement.

1. PrROOF OF THEOREM 0.1

Recall [4, 1.20] that a v, 1-variety over a field k is a smooth projective vari-
ety X of dimension d = ("1 — 1, with degsqs(X) #Z 0 (mod ¢2). Here s4(X) is
the characteristic class of the tangent bundle T'x corresponding to the symmetric
polynomial )¢/ in the Chern roots t; of Tx; see [RPO, 14.3]. We also recall that
H_,,_1(Y) is the group Hom(Z,Y(1)[1]), and is covariant in Y'; see MVW, 14.17].
Definition 1.1. A Rost variety for a sequence a = (a1, ...,a,) of units in k is a
vn_1-variety such that: {ai,...,a,} vanishes in KM (k(X))/¢; for each i < n there
is a y;-variety mapping to X; and the motivic homology sequence

(1.2) H_ i _1(X?) H_i (X)) = H_y_1(k) (=k>).
is exact. As mentioned in the Introduction, Rost varieties exist for every a by [4].

Example 1.2.1. If n = 1 and L = k(+/a,), then Spec(L) is a Rost variety for ay,
with the convention that so(X) = [L : k] = £. When n = 2, the Severi-Brauer
variety corresponding to the degree £ algebra with symbol a is a Rost variety.

5
o~ ™

Proof of Theorem 0.1. By [MC/2, 6.10], it suffices to prove the assertion
H90(n, £) : HotH"™ (k) = 0.

As pointed out in the proof of [MC/2, 7.4] !, it suffices to show that for every symbol
a € KM (k) there is a field extension k C F such that a vanishes in K} (F)/¢ and
HZT™(k) — HEPD™(F) is an injection. When F' = k(X), this is the bottom right
arrow in the flowchart (1.3), which is implicit in [MC/1, 6.11].

nt
(1‘3) H2+2b€,1+b€(x) 501.40 H2d+1,d+1(D) 3:-60
into | 2.4
4.4
H”"‘l’n(X) exact Hg}—‘rl’n(k) sequence Hg:+1’n(k(X))_

The other decorations in (1.3) refer to the properties we need and where they
are established. Proposition 4.4 states that the bottom row of the flowchart (1.3)
is exact. By 2.4 the group H"+1"(X) injects (by a cohomology operation) into

Lalso known as [6, 7.1]
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H2F26614b6(%) | which is in turn a quotient of H2+1.4+1(D) by 1.4. In 3.6, we
prove that H214+1(D) = 0. All of this implies that Hy " (k) — Ha™ """ (k(X))
is an injection, finishing the proof of Theorem 0.1. O

One part of the flowchart (1.3) is easy to establish.
Lemma 1.4. The map s: X — D ®1°[1] in (0.4) induces a surjection:

H2d+1,d+1(D) ~ sze+2,b1f+1(D QL [1]) e, H2be+2,be+1(x)_

Proof. In the cohomology exact sequence arising from (0.4), the next term is
H2Y250-1 (M) which is a summand of H2b+2:b4+1( X)), Because bl = d + b > d,
this group is zero by the Vanishing Theorem [MVW, 3.6] — which says that
H™¥{(X) = 0 whenever n > i + dim(X). a

The lower left map in flowchart (1.3) is just the motivic-to-étale map by the
following basic result, which we quote from [MC/2, 7.3]?

Lemma 1.5. The structure map X — Spec(k) induces isomorphisms

HE (k) = Hi (%) and HY (b Z/0) = HE (% Z./0).

ét

2. MoTtivic COHOMOLOGY OPERATIONS

In the course of the proof, we will need some facts about the motivic cohomol-
ogy operations constructed in [RPO]. When £ > 2, there are operations P¢ on
H**(—;Z/¥) of bidegree (2i(¢ — 1),i(¢ — 1)), for each i > 0 (with P? = 1), as well
as the Bockstein operation § of bidegree (1,0). These satisfy the Adem relations
given in [3] for the usual topological cohomology operations. In fact, the subring of
all (stable) motivic cohomology operations generated by the P? and 3 is isomorphic
to the topologists’ Steenrod algebra A4*, developed in [3].

In addition, the motivic operations satisfy the usual Cartan formula P"(xy) =
> Pi(z)P""i(y), Pi(z) = z* if + € H?**(Y;Z/f), and P! = 0 on H?Y(Y;Z/)
when (p, ¢) is in the region ¢ < n, p < n + q. These are proven in [RPO, 9.7-9].

Still assuming ¢ > 2, the dual to the usual Steenrod algebra A* is a graded-
commutative algebra on generators &; in (even) degrees (2¢! — 2,/ — 1) and 7;
in (odd) degrees (2¢' — 1,¢* — 1); see [RPO, 12.6]. The dual to 7; is the motivic
cohomology operation Q;, which has bidegree (2¢¢ — 1,¢! — 1). Because it is true
in A*, the ; are derivations which form an exterior subalgebra of all (stable)
motivic cohomology operations. They may be inductively defined by Qo = 8 and

Qit1 = [PY,Qi].

We now quickly establish those portions of [MC/]] that we need, concerning these
operations on the cohomology of X and the unreduced simplicial suspension XX of
X (the cofiber of X — cone(X)). The proofs we give are due to Voevodsky, and
only depend upon [MC/2] and [RPO]. In particular, they do not depend upon the
missing lemmas in op. cit., or upon the Axioms 0.3.

2alias [6, 7.2].
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Fix ¢ < n. Because we have assumed that the norm residue map is an iso-
morphism in weight ¢, and hence that H90(q,¢) holds, it follows from 1.5 that
HP(k; Z/0) = HY (k; Z/€) = HYY(%;Z/€) for p < ¢, and that HETHY(X;7Z/¢) = 0.
As observed in [MC/], 6.6], it then follows from [MC/2, 6.9]® that

(2.1) HPY(XX;Z/¢) = 0 when (p,q) is in the region ¢ <n, p<1+g¢q.
Since X is a v<,_;-variety, Theorem [MC/2, 3.2] translates to:

Theorem 2.2. Ifi < n, the sequences SN H**(£%;,Z /) Li are ezact.

Remark 2.2.1. A slight generalization is stated in [MC/1, 4.3].
Ezample 2.2.2. For (p,q) = (n — 20+ 3,n — £ + 1) we have the exact sequence

HP(S%;Z)0) 2 Hrv2n(sx;2/0) 25 gr2eetnt-1nx. 7,/0).

Because p < g < n, the left group is zero by (2.1). Thus the right map @, is an
injection on H™"2"(XX;Z /).

Lemma 2.3. The motivic cohomology groups H**(XX) have exponent (.

Proof. We may assume, by the usual transfer argument, that & has no extensions of
degree prime to £. In this case, the variety X has a k'-point for the field ¥' = k(/ay)
of degree £ over k, by [4, 1.23]. It follows that X ® Spec k' 2 M (Spec k'), and hence
that ¥X ® Spec(k') = 0. Since the composition ¥X — XX ® Spec(k’) — XX is
multiplication by £ (by the usual transfer argument), the result follows. d

For any p > ¢q we have HP4(Speck) = 0 and hence HP?(X) = HPtL4(XX). It
follows from Lemma 2.3 that HP%(X) — HP9(X;Z/{) is an injection. By [MC/2,
7.2], the cohomology operations @); preserve integral classes, so they induce integral
operations on H?-(X) in this range.

Consider the cohomology operation Q = Q,,—1 - Q2@ -

Lemma 2.4. The operation Q : H" V7 (X;Z/€) — H2T20140(X: 7, /0) is an in-
jection, and induces an injection

Hn—i—l,n(x) o H2+2b€’1+b£(x).

Proof. (Voevodsky) By the above remarks, it suffices to show that the operation @
from H™2"(SX; 7 /0) to H3T206146(51%: 7, /0) is injective. As illustrated in Exam-
ple 2.2.2, it is easy to see from 2.2 and (2.1) that each @; is injective on the group
H**($X;7Z/¢) containing Q;_1 - -- Q1 H"*?"(2X;Z /{), because the preceding term
in 2.2 is zero. O

Remark 2.5. The same argument, given in [MC/1, 6.7], shows that Q' = Qn—2--- Qo
is an injection from H™" Y(X;Z /() to H***10(X) ¢ H2+Lb(X;Z/0).

If {a1,...,an} # 0 in KM (k)/¢, Voevodsky shows in [MC/], 6.5] that its norm
residue symbol in HZ (k, u$™) lifts to a nonzero element § € H™" 1(X;Z/{). Using
injectivity of Q', we get a nonzero symbol u = Q'(§) € H?*+1:b(X). This symbol
is the starting point of the construction of the motive M in both the program of
Voevodsky [MC/1] and that of Rost [2].

3alias [6, 6.7]
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3. MoTivic HOMOLOGY

In this section, we prove Corollary 3.6, which depends upon Axiom 0.3(b) and
exactness of (1.2) via results about the motivic homology of X and M.

We will make repeated use of the following basic lemma. In this section, the
notation H_p, _4(Y) refers to the group Hom(Z, Y (q)[p]); see MVW, 14.17].

Lemma 3.1. For every smooth (simplicial) Y and p > ¢, Hom(Z,Y (q)[p]) = 0.
Proof. We have Hom(Z,Y (q)[p]) = HE1(k,C.(Y x G%,)) = HP71C. (Y x G%,)(k);

zar

see [MVW, 14.16]. The chain complex C.(Y x G%,) is zero in positive cohomological
degrees, so the HP~7 group vanishes. |

Lemma 3.2. The structural map H_1 _1(X) — H_1,_1(k) = k™ is injective.

Proof. (Voevodsky) By Lemma 3.1, Hom(Z, X?(1)[n]) = 0 for all n > 2 and all p.
Therefore the right half-plane homological spectral sequence

E!, = Hom(Z, X"*!(1)[~q]) = Hom(Z, X(1)[p— q])
has no nozero rows below ¢ = —1, and the row ¢ = —1 yields the exact sequence
0« H,l,,l(%) — H,]_’,]_(X) — H,]_’,]_(X X X)
Since (1.2) is exact, this implies the result. O

Corollary 3.3. The structural map H_1 _1(M) — H_1 _1(k) = k* is injective.

Proof. By (0.4) and Lemma 3.2, it suffices to show that Hom(Z,D(b + 1)[2b +
1]) = 0. By (0.5) this follows from the vanishing of Hom(Z, M (b+ 1)[2b + 1]) and
Hom(Z, %X ® L.>+4+1) and both of these vanish by Lemma 3.1. O

Lemma 3.4. H®'(X) = H>Y(X) =0 and H''(X;7Z) = H" (Speck; Z) = k*.

Proof. The spectral sequence E}'? = HY(XP*1;7,(1)) = HPT®!(X;Z) degenerates,
all rows vanishing except for ¢ = 1 and ¢ = 2, because Z(1) = O*[—1]; see [MVW,
4.2]. We compare this with the spectral sequence converging to HPTI(X;G,,);
HZ.(Y,0%) - H}(—,Gy,) is an isomorphism for ¢ = 0,1 (and an injection for
q = 2). Hence for ¢ < 2 we have H'(X) = HL' (%) = HL' (k) = HS ' (k,Gy). O

Remark. The proof of 3.4 also shows that H**(X) injects into H, (k, G, ) = Br(k).
Lemma 3.5. H2“L4+1(D:7) is the kernel of H_y,_ (M) = H_; (k) = k*.
Proof. From (0.5) we get an exact sequence with coefficients Z:

H2d,d+1(:£®]Ld) - H2d+1,d+1(D) N H2d+1,d+1(M) ﬂ H2d+1,d+1(X®]Ld)'

The first group is H%1(X), which is zero by 3.4, so it suffices to show that the map
Dy identifies with the structural map y. This follows from Axiom 0.3(b), because
for any w in H_y,_1(M) = Hom(Z, M (1)[1]), X tensored with the composite

xold 2% Mol 5 Z()[1)® LY = Z(d+ 1)[2d + 1].
is the %-dual of £(-1)[-1] % M L %. O
Corollary 3.6. H2¢T1Ld+1(D) = H2+L4Y(D; 7)) @ Z (4 = 0.
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4. BETWEEN MOTIVIC AND ETALE COHOMOLOGY

Definition 4.1. ([MC/2, p.90]") Let L(n) denote the truncation 7<"+'Zf} (n) of

~

the complex in DM® representing étale motivic cohomology; 4. e., H P(—,L(n)) =
HE™ (=) for p <n+ 1. Let K(n) denote the mapping cone of the canonical map
Zg)(n) = L(n), and consider the triangle Z ) (n) = L(n) = K(n) — Z(n)[1].

Lemma 4.2. The map H"t'(%,K(n)) =% H"'(M,K(n)) is an injection.
Proof. By triangle (0.4) we have an exact sequence:
H™D®L’, K(n)) » H"" (%, K(n)) = H""' (M, K(n)).

We need to see that the left term vanishes. By (0.5), it suffices to show that
H"(M ® L*,K(n)) and H" (X ® L%, K(n)) vanish. This follows from [MC/2,
6.12]5, which says that H*(Y (1), K(n)) = 0 for every smooth Y, the assumption
that M is a summand of X, and the consequent collapsing of the spectral sequence
EP1 = H1(X?, K(n)) = HP(X, K(n)). O

Corollary 4.3. The map H""1(X,K(n)) — H"™(k(X), K(n)) is an injection.
Proof. The map H""1 (X, K(n)) - H""(k(X),K(n)) is an injection by [MVW,
11.1, 13.8, 13.10], or by [MC/2, 7.4]%. The corollary follows from Lemma 4.2, since
H*(%X,—) - H*(M,—) is a summand of H*(X,—) - H*(X,—). 0O
Proposition 4.4. There is an exact sequence

H™HbM () - HEPV™ (k) — HETV™ (k(X)).
Proof. By 1.5, X — Spec(k) is an isomorphism on étale motivic cohomology, so we
have Hg 'V (k) = H™ (X, L(n)).

The map Spec k(X ) — X induces a commutative diagram with exact rows:

HM(X) H™ (X, L(n)) H™ (X, K(n))

| | oo

0 = H""1"(k(X)) — H™ (k(X), L(n)) — H"(k(X), K (n)).

By 4.3, the right vertical map is an injection. The proposition now follows by a
diagram chase. |

Acknowledgements. This paper is an attempt to clarify Voevodsky’s preprint
[MC/]]. Tt is directly inspired by the work of Markus Rost, especially [2], who
explicitly suggested the line of attack, based upon Axiom 0.3(c), which is presented
in this paper. I am greatly indebted to both of them.

4alias [6, p. 32]
Salias [6, 7.3]
6alias [6, 6.13]
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