CHAPTER III

K, AND K, OF A RING

Let R be an associative ring with unit. In this chapter, we introduce the classical
definitions of the groups K7 (R) and K2(R). These definitions use only linear algebra
and elementary group theory, as applied to the groups GL(R) and E(R). We also
define relative groups for K; and K5, as well as the negative K-groups K_,(R)
and the Milnor K-groups KM (R).

In the next chapter we will give another definition: K,(R) = 7, K(R) for all
n > 0, where K(R) is a certain topological space built using the category P(R)
of finitely generated projective R-modules. We will then have to prove that these
topologically defined groups agree with the definition of Ky(R) in chapter II, as
well as with the classical constructions of K;(R) and Ko(R) in this chapter.

1. The Whitehead Group K; of a ring

Let R be an associative ring with unit. Identifying each n x n matrix g with the
larger matrix (7 (1)) gives an embedding of GL,(R) into GLy1(R). The union of
the resulting sequence

GLi(R) C GLy(R) C --- C GLy(R) C GLyq1(R) C -+

is called the infinite general linear group GL(R).

Recall that the commutator subgroup [G, G| of a group G is the subgroup gen-
erated by its commutators [g, h] = ghg~th~!. It is always a normal subgroup of G,
and has a universal property: the quotient G/[G, G] is an abelian group, and every
homomorphism from G to an abelian group factors through G/[G, G].

DEFINITION 1.1. K;(R) is the abelian group GL(R)/|GL(R), GL(R)].

The universal property of Kj(R) is this: every homomorphism from GL(R)
to an abelian group must factor through the natural quotient GL(R) — Ki(R).
Depending upon our situation, we will sometimes think of K;(R) as an additive
group, and sometimes as a multiplicative group.

A ring map R — S induces a natural map from GL(R) to GL(S), and hence
from K;(R) to K;(S). That is, K; is a functor from rings to abelian groups.

ExamMpLE 1.1.1 (SK7). If R happens to be commutative, the determinant of a
matrix provides a group homomorphism from GL(R) onto the group R* of units
of R. It is traditional to write SK;(R) for the kernel of the induced surjection
det: K1(R) — R*. The special linear group SL,(R) is the subgroup of GL, (R)
consisting of matrices with determinant 1, and SL(R) is their union. Since the
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2 III. K; AND K> OF A RING

natural inclusion of the units R* in GL(R) as GL1(R) is split by the homomorphism
det: GL(R) — R*, we see that GL(R) is the semidirect product SL(R) x R*, and
there is a direct sum decomposition: K;(R) = R* & SK1(R).

ExamMpLE 1.1.2. If F' is a field, then K;(F) = F*. We will see this be-
low (see Lemma 1.2.2 and 1.3.1 below), but it is more fun to deduce this from
an 1899 theorem of L. E. J. Dickson, that SL,(F") is the commutator subgroup of
both GL,(F) and SL, (F), with only two exceptions: GLy(Fy) = SLy(F2) = X5,
which has order 6, and GL2(F3), which has center {£I} and quotient PG Ly(F3) =
GLo(F3)/{£I} isomorphic to ;.

ExamMpLE 1.1.3. If R is the product R' x R” of two rings, then K;(R) =
Ki(R")® K1 (R"). Indeed, GL(R) is the product GL(R') x GL(R"), and the com-
mutator subgroup decomposes accordingly.

EXAMPLE 1.1.4. For all n, the Morita equivalence between R and S = M, (R)
(see 11.2.7.2) produces an isomorphism between M,,,(R) = Endg(R™ ® R™) and
M,,(M,(R)) = Endg(S™). It is easy to see that the resulting isomorphism of
units GLy(R) =2 GL,y, (M, (R)) is compatible with stablization in m, giving an
isomorphism GL(R) = GL(M,(R)). Hence K;(R) = K;(M,(R)).

We will show that the commutator subgroup of GL(R) is the subgroup E(R)
generated by “elementary” matrices. These are defined as follows.

DEFINITION 1.2. If ¢ # j are distinct positive integers and r € R then the
elementary matriz e;;(r) is the matrix in GL(R) which has 1 in every diagonal
spot, has r in the (i, j)-spot, and is zero elsewhere.

E,(R) denotes the subgroup of GL, (R) generated by all elementary matrices
ei;j(r) with 1 <4,j <n, and the union E(R) of the E,, (R) is the subgroup of GL(R)
generated by all elementary matrices.

EXAMPLE 1.2.1. A signed permutation matriz is one which permutes the stan-
dard basis {e;} up to sign, i.e., it permutes the set {£ey,...,+e,}. The following
signed permutation matrix belongs to Fy(R):

B = e1a(1)ear(—1)er(1) = (_01 é) .

By changing the subscripts, we see that the signed permutation matrices w;; belong
to E,(R) for n > 14, j. Since the products w;xw;; correspond to cyclic permutations
of 3 basis elements, every matrix corresponding to an even permutation of basis
elements belongs to E, (R). Moreover, if g € GL,(R) then we see by Ex. 1.1.11

that Fs,(R) contains the matrix (g 991).

1.2.2. If we interpret matrices as linear operators on column vectors, then e;;(r)
is the elementary row operation of adding r times row j to row i, and E,(R) is
the subset of all matrices in GL,,(R) which may be reduced to the identity matrix
using only these row operations. The quotient set GL,(R)/E,(R) measures the
obstruction to such a reduction.

If F is a field this obstruction is F'*, and is measured by the determinant. That
is, B, (F) = SL,(F) for all n > 1. Indeed, standard linear algebra shows that every
matrix of determinant 1 is a product of elementary matrices.



III. K; AND K> OF A RING 3

REMARK 1.2.3 (SURJECTIONS). If I is an ideal of R, each homomorphism
E,(R) — E,(R/I) is onto, because the generators e;;(r) of E,(R) map onto the
generators e;;(7) of E,(R/I). In contrast, the maps GL,(R) — GL,(R/I) are
usually not onto unless I is a radical ideal (Ex. I1.1.12(iv)). Indeed, the obstruction
is measured by the group Ko(I) = Ko(R, I); see Proposition 2.3 below.

D1visioN RINGS 1.2.4. The same linear algebra that we invoked for fields shows
that if D is a division ring (a “skew field”) then every invertible matrix may be
reduced to a diagonal matrix diag(r, 1,...,1), and that E,, (D) is a normal subgroup
of GL, (D). Thus each GL,(D)/E, (D) is a quotient group of the nonabelian group
D*. Dieudonné proved in 1943 that in fact GL,(D)/E, (D) = D*/[D*, D*] for
all n > 1 (except for n = 2 when D = Fy). In particular, K;(D) = GL,,(D)/E, (D)
for all n > 3. A proof of this result is sketched in Exercise 1.2 below.

If D is a d-dimensional division algebra over its center F' (which must be a field),
then d = n? for some integer n, and n is called the Schur indez of D. Indeed, there
are (many) field extensions E of F' such that D®p E = M,,(E); such a field is called
a splitting field for D. For example, any maximal subfield £ C D has [E: F|] =n
and is a splitting field.

For any splitting field F, the inclusion of D in M, (FE), and M,.(D) in M,,.(FE),

induces maps D* C GL,(E) At BX and GL,(D) - GL,.(E) et EX whose

image lies in the subgroup F* of E*. (If E/F is Galois, the image is fixed by the
Galois group Gal(E/F') and hence lies in F'*.) The induced maps D* — F* and
GL,(D) — F* are called the reduced norms Nyeq for D, and are independent of E.
For example, if D = H is the quaternions then F' = R, and Nyeq(t+ iz + jy+kz) =
t? 4+ 2% + y* + 22 It is easy to check here that Nyeq induces K (H) = RY C R*.

Now if A is any central simple F-algebra then A = M, (D) for some D, and
M, (A) 2 M,,-(D). The induced maps Nyeq: GLy(A) = GLpy (D) — F* are
sometimes called the reduced norm for A, and the kernel of this map is written as
SL,,(A). We define SK;(A) to be the kernel of the induced map

NredIKl(A) = Kl(D) — Kl(F) = F*.

In 1950 S. Wang showed that SK;(D) = 1 if F' is a number field. For every real
embedding o : ' — R, D ®p R is a matrix algebra over R, C or H; it is called
unramified in case H occurs. The Hasse-Schilling-Maass norm theorem describes
the image of the reduced norm, and hence K;(D):

K, (D) Ni> {r € F*:o(x)>0in R for all ramified o}.
red

Wang also showed that SK;(D) =1 if the Schur index of D is squarefree. In 1976
V. Platanov produced the first examples of a D with SK; (D) # 1, by constructing
a map from SK;(D) to a subquotient of the Brauer group Br(F'). We will see in
1.7.2 below that the group SK;(D) has exponent n.

REMARK 1.2.5. There is no a priori reason to believe that the subgroups E,,(R)
are normal, except in special cases. For example, we shall show in Ex. 1.3 that if R
has stable range d+1 then E,,(R) is a normal subgroup of GL,,(R) for all n > d+2.
Vaserstein proved [V69] that K1 (R) = GL,(R)/E,(R) for all n > d + 2.
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If R is commutative, we can do better: E,(R) is a normal subgroup of GL, (R)
for all n > 3. This theorem was proven by A.Suslin in [Su77]; we give Suslin’s
proof in Ex. 1.9. Suslin also gave examples of Dedekind domains for which Es(R)
is not normal in GL2(R) in [Su76]. For noncommutative rings, the E,,(R) are only
known to be normal for large n, and only then when the ring R has finite stable
range in the sense of Ex. 1.1.5; see Ex. 1.3 below.

COMMUTATORS 1.3. Here are some easy-to-check formulas for multiplying ele-
mentary matrices. Fixing the indices, we have e;;(1)e;;(s) = e;j(r+s), and e;;(—r)
is the inverse of e;;(r). The commutator of two elementary matrices is easy to
compute and simple to describe (unless j = k and i = ¢):

1 if j#kand i # ¢
(1.3.1) lei; (1), exe(s)] = < eir(rs) if j=Fkandi#/
erj(—sr) if j#kandi="~¢

Recall that a group is called perfectif G = |G, G|. If a subgroup H of G is perfect,
then H C [G, G]. The group E(R) is perfect, as are most of its finite versions:

LEMMA 1.3.2. Ifn > 3 then E,(R) is a perfect group.
PrOOF. If i, j, k are distinct then e;;(r) = e (r), ex;(1)].

We know from Example 1.1.2 that F5(R) is not always perfect; in fact Fa(IF3)
and Fs(IF3) are solvable groups.

Rather than become enmeshed in technical issues, it is useful to “stabilize” by
increasing the size of the matrices we consider. One technical benefit of stability is
given in Ex. 1.4. The following stability result was proven by J.H.C. Whitehead in
the 1950 paper [Wh50], and in some sense is the origin of K-theory.

WHITEHEAD’S LEMMA 1.3.3. E(R) is the commutator subgroup of GL(R).
Hence K1(R) = GL(R)/E(R).

PROOF. The commutator subgroup contains F(R) by Lemma 1.3.2. Conversely,
every commutator in GL,(R) can be expressed as a product in G Lo, (R):

(1.3.4) l9,h] = (‘8 gol> <g h01> <(th)_1 f?g)'

But we saw in Example 1.2.1 that each of these terms is in Es, (R).

ExamMpPLE 1.3.5. If F' is a field then K;(F) = F*, because we have already
seen that E(R) = SL(R). Similarly, if R is a Euclidean domain such as Z or F'[t]
then it is easy to show that SK;(R) = 0 and hence K;(R) = R*; see Ex. 1.5. In
particular, Ky (Z) = Z* = {1} and K(F[t]) = F*.

To get a feeling for the non-commutative situation, suppose that D is a division
ring. Diedonné’s calculation of GL,(D)/E, (D) (described in 1.2.4 and Ex. 1.2)
gives an isomorphism K;(D) = D* /[D*, D*].
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ExXAMPLE 1.3.6. If F' is a finite field extension of Q (a number field) and R is
an integrally closed subring of F', then Bass, Milnor and Serre proved in [BMS, 4.3]
that SK;(R) = 0, so that K;(R) = R*. We mention that if R is finitely generated
over Z then, by the Dirichlet Unit Theorem, K;(R) = R* is a finitely generated
abelian group isomorphic to p(F) ® Z°~!, where u(F) denotes the cyclic group of
all roots of unity in F' and s is the number of “places at infinity” for R.

EXAMPLE 1.3.7. (Vaserstein) If r,s € R are such that 1 + rs is a unit, then
so is 1 + sr because (1 + s7)(1 — s(1 +7s)"!r) = 1. The subgroup W (R) of R*
generated by the (1+rs)(1+ sr)~! belongs to F3(R) by Ex. 1.1. For R = M,(FF5),
W(R) = R* =2 %3 and K;(R) =0 but R* # [R*, R*]. The units of the subring T’
of upper triangular matrices in Ms(F2) is even abelian (T = Z/2), but K1(T) =0
since (é :1[) =1 +7rs)(1+sr)!forr= ((1) 8) and s = (8 é)

Vaserstein has shown [V04] that W(R) = [R*, R*] if A = R/rad(R) is a product
of matrix rings, none of which is Ms(F3), and at most one of the factors in A is Fs.
In particular, W(R) = [R*, R*] for every local ring R. (See Ex. 1.1.)

LEMMA 1.4. If R is a semilocal ring then the natural inclusion of R* = GL1(R)
into GL(R) induces an isomorphism K1(R) =2 R* /W(R),
If R is a commutative semilocal ring, then

SKi(R)=0 and Ki(R)=R".

PrOOF. By Example 1.1.1 (1.3.7 and Ex. 1.2 in the noncommutative case), it
suffices to prove that R* maps onto Kj(R). This will follow by induction on n
once we show that GL,(R) = E,(R)GL,_1(R). Let J denote the Jacobson radical
of R, so that R/J is a finite product of matrix algebras over division rings. By
examples 1.1.3, 1.1.4 and 1.2.4, (R/J)* maps onto K;1(R/J); in fact by Exercise
1.3 we know that every g € GL,,(R/J) is a product €g;, where e € E,(R/J) and
g1 € GLl(R/J).

Given g € GL,(R), its reduction g in GL,,(R/J) may be decomposed as above:
g = €g1. By Remark 1.2.3, we can lift € to an element e € E, (R). The matrix
e~ !g is congruent to the diagonal matrix g; modulo .J, so its diagonal entries are
all units and its off-diagonal entries lie in J. Using elementary row operations
e;j(r) with r € J, it is an easy matter to reduce e !¢ to a diagonal matrix, say to
D = diag(ry,...,mn). By Ex. 1.1.11, the matrix diag(1,...,1,7,,7, 1) is in E,(R).
Multiplying D by this matrix yields a matrix in GL,,_1(R), finishing the induction
and the proof.

Commutative Banach Algebras

Let R be a commutative Banach algebra over the real or complex numbers. For
example, R could be the ring RX of continuous real-valued functions of a compact
space X. As subspaces of the metric space of n X n matrices over R, the groups
SL,(R) and GL,(R) are topological groups.

PROPOSITION 1.5. E,(R) is the path component of the identity matriz in the
special linear group SLy,(R), n > 2. Hence we may identify the group SK;(R) with
the group moSL(R) of path components of the topological space SL(R).
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PRrROOF. To see that E,(R) is path-connected, fix an element g = []e;_ ;. (ra)-
The formula t — []e;_ ;. (Tat), 0 <t <1 defines a path in £, (R) from the identity
to g. To prove that E, (R) is open subset of SL,,(R) (and hence a path-component),
it suffices to prove that E,, (R) contains U,_1, the set of matrices 14 (r;;) in SL,,(R)
with ||r;;|] < -5 for all i,j. We will actually show that each matrix in U,,—; can

be expressed naturally as a product of n? + 5n — 6 elementary matrices, each of
which depends continuously upon the entries r;; € R.

Set w = 1+ ryy. Since 2=2 < |[u||, v has an inverse v with |[v|| < 2=1.
Subtracting vr;; times the first column from the jt* we obtain a matrix 1 + ng

whose first row is (u, 0, ...,0) and

e L pn=if 1 S
g n—1 n—-2\n-1 T n—-2

We can continue to clear out entries in this way so that after n(n — 1) elementary
operations we have reduced the matrix to diagonal form.

By Ex. I.1.10, any diagonal matrix (g ugl) is the product of 6 elementary ma-
trices. By induction, it follows that any diagonal n x n matrix of determinant 1

can be written naturally as a product of 6(n — 1) elementary matrices.

Let V denote the path component of 1 in the topological group R*, i.e., the
kernel of R* — moR*. By Ex. 1.12, V is a quotient of the additive group R.

COROLLARY 1.5.1. If R is a commutative Banach algebra, there is a natural
surjection from Ki(R) onto moGL(R) = mo(R*) X mgSL(R). The kernel of this
map 1is the divisible subgroup V of R*.

ExAMPLE 1.5.2. If R = R then K;(R) = R* maps onto moGL(R) = {£1}, and
the kernel is the uniquely divisible multiplicative group V = (0,00). If R = C then
V = C*, because K;(C) = C* but ngGL(C) = 0.

ExAMPLE 1.5.3. Let X be a compact space with a nondegenerate basepoint.
Then SK;(R¥) is the group moSL(RY) = [X,SL(R)] = [X,SO] of homotopy
classes of maps from X to the infinite special orthogonal group SO. By Ex. 11.3.11
we have moGL(R¥) = [X,0] = KO~!(X), and there is a short exact sequence

0—R¥ 22 K (RY) - KO™Y(X) — 0.

Similarly, SK;(C¥X) is the group moSL(C*) = [X,SL(C)] = [X,SU] of ho-
motopy classes of maps from X to the infinite special unitary group SU. Since
moGL(CYX) = [X,U] = KU Y(X) by I1.3.5.1 and Ex. I1.3.11, there is a natural
surjection from K7(CX) onto KU !(X), and the kernel V is the divisible group of
all contractible maps X — C*.

EXAMPLE 1.5.4. When X is the circle S we have SK;(RS") = [S!,S0O] =
7150 = 7Z/2. On the other hand, we have WOSLQ(Rsl) =mSLy(R) =mS05 =7,
generated by the matrix A = ( cos 0 51n9)‘ Since m1.502(R) — 7SO0 is onto, the

—sin 6 cos @

matrix A represents the nonzero element of SKi(RS").
The ring R = R[z,y]/(22 + y2 — 1) may be embedded in the ring RS' by z —
cos(f),y — sin(f). Since the matrix (fy Y) maps to A, it represents a nontrivial



III. K; AND K> OF A RING 7

element of SK;(R). In fact it is not difficult to show that SK;(R) = Z/2 using
Mennicke symbols (Ex. 1.10).

K1 and projective modules

Now let P be a finitely generated projective R-module. Choosing an isomorphism
P& Q = R" gives a group homomorphism from Aut(P) to GL,(R). (Send « to
oD 1Q.)

LEMMA 1.6. The homomorphism from Aut(P) to GL(R) = |JGL,(R) is well-
defined up to inner automorphism of GL(R). Hence there is a well-defined homo-
morphism Aut(P) — Ki(R).

ProoFr. First suppose that (2 and n are fixed. Two different isomorphisms
between P & (Q and R™ must differ by an automorphism of R", i.e., by an element
g € GL,(R). Thus if @ € Aut(P) maps to the matrices A and B, respectively,
we must have A = gBg~!. Next we observe that there is no harm in stabilizing,
i.e., replacing Q by Q @ R™ and P® Q = R" by P® (Q ® R™) = R"*™. This
is because GL,,(R) — GL(R) factors through GL, 1., (R). Finally, suppose given
a second isomorphism P @ Q' = R™. Since Q & R™ = R"™ & (', we may stabilize
both Q and @ to make them isomorphic, and invoke the above argument.

COROLLARY 1.6.1. If R and S are rings, there is a natural external product
operation Ko(R) ® K1(S) —» K1(R® S).
If R is commutative and S is an R-algebra, there is a natural product operation

Ky(R) ® K1(S) — K1(S), making K1(S) into a module over the ring Ko(R).

ProoOF. For each finitely generated projective R-module P and each m, Lemma
1.6 provides a homomorphism Aut(P ® S™) — K1(R® S). For each g € GL,,(S),
let [P]- 8 denote the image of the automorphism 1p ® 8 of P ® S™ under this map.
Fixing § and m, the isomorphism (P® P')® S™ = (P®S™) @ (P’ ® S™) yields the
identity [P® P’]-8 = [P]-8+[P’']- B in K1(R®S). Hence P +— [P]-f is an additive
function of P € P(R), so (by definition) it factors through Ky(R). Now fix P; the
map GL,(S) — K1(R® S) given by 8 +— [P] - is compatible with stabilization
in m. Thus it factors through a map GL(S) - K1(R ® S), and through a map
K1(S) — K1(R®S). This shows that the product is well-defined and bilinear.

When R is commutative, Kq(R) is a ring by II, §2. If S is an R-algebra, there is
a ring map R® S — S. Composing the external product with K;(R®S) — K1(5)
yields a natural product operation Ky(R)® K;(S) — K1(5). The verification that
[P &nQl- 8= [P]-(Q]- ) is routine,

Here is a homological interpretation of Kj(R). Recall that the first homology
H,(G;Z) of any group G is naturally isomorphic to G/[G, G]. (See [WHomo, 6.1.11]
for a proof.) For G = GL(R) this yields

(1.6.2) Ki(R) = Hi(GL(R); Z) = lim H,(GLn(R);Z).

n—oo

By Lemma 1.6, we also have well-defined compositions
Hi(Aut(P);Z) - H1(GL,(R);Z) — K1(R),

which are independent of the choice of isomorphism P ® @ = R™.



8 III. K; AND K> OF A RING

Here is another description of K;(R) in terms of the category P(R) of finitely
generated projective R-modules. Consider the translation category tP of P(R):
its objects are isomorphism classes of finitely generated projective modules, and
the morphisms between P and P’ are the isomorphism classes of ) such that
P& @ = P'. This is a filtering category [WHomo, 2.6.13], and P — H;(Aut(P);Z)
is a well-defined functor from ¢tP to abelian groups. Hence we can take the filtered
direct limit of this functor. Since the free modules are cofinal in tP, we see from
(1.6.2) that we have

COROLLARY 1.6.3 (Bass). Ki(R) = lim,_,p Hi(Aut(P);Z).

Recall from I1.2.7 that if two rings R and S are Morita equivalent then the
categories P(R) and P(S) are equivalent. By Corollary 1.6.3 we have the following:

PROPOSITION 1.6.4 (MORITA INVARIANCE OF K7). The group K;(R) depends
only upon the category P(R). That is, if R and S are Morita equivalent rings then
Ki(R) =2 K1(S). In particular, the isomorphism of 1.1.4 arises in this way:

Ki(R) = K1(M,(R)).

Transfer maps

Let f: R — S be a ring homomorphism. We will see later on that a transfer
homomorphism f.: K1(S) — Ki(R) is defined whenever S has a finite R-module
resolution by finitely generated projective R-modules. This construction requires
a definition of K; for an exact category such as H(R), and is analogous to the
transfer map in 11(7.9.1) for Ky. Without this machinery, we can still construct
the transfer map when S is finitely generated projective as an R-module, using the
forgetful functor P(S) — P(R); this is the analogue of the method used for the K
transfer map in example 11.2.8.1.

LEMMA 1.7. Any additive functor T : P(S) — P(R) induces a natural homo-
morphism K1 (T): K1(S) — K1(R), and Ty ® Ty induces the sum K1(T1) + K1 (T2).

PROOF. The functor T induces an evident functor tP(S) — tP(R). If P is a
finitely generated projective S-module, T" also induces a homomorphism Autg(P) —
Autr(TP) and hence Hy(Auts(P);Z) — Hi(Autgr(TP);Z). As P varies, these as-
semble to give a natural transformation of functors from the translation category
tP(5) to abelian groups. Since Ki(S) = ligpop s Hy(Autg(P);Z) by Corollary
1.6.3, taking the direct limit over tP(.S) yields the desired map

Ki(S) — lim Hi(Autr(P);Z) — lim  Hi(Autr(Q);Z) = K1(R).
reP(9) QeP(Rr)

COROLLARY 1.7.1. Suppose that S is finitely generated projective as an R-
module. Then the forgetful functor P(S) — P(R) induces a natural transfer homo-
morphism fi: K1(S) — K1(R). If R is commutative, the composite

Ki(R) L5 K.(S) L5 Ky (R)

is multiplication by [S] € Ko(R).
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PrROOF. When T is the forgetful map, so that K;(S) — K;(R) is the transfer
map f., we compute the composite f,.f*, by computing its effect upon an element
a € GL,(R). The matrix f*(a) = ls®ga lies in GL,,(S). To apply f. we consider
ls ®p « as an element of the group Autr(S™) = Autr(S ®g R™), which we then
map into GL(R). But this is just the product [S] - a of 1.6.1.

When j : F' — FE is a finite field extension, it is easy to see from 1.1.2 that the
transfer map j, : E* — F* is the classical norm map. For this reason, the transfer
map is sometimes called the norm map.

EXAMPLE 1.7.2. Let D be a division algebra of dimension d = n? over its center
F, and recall from 1.2.4 that SK;(D) is the kernel of the reduced norm N,.q. We
will show that SK;(D) has exponent n by showing that i* Nyeq : K1(D) — K1(D)
is multiplication by n.

To see this, choose a maximal subfield F with inclusions F % E % D. By
the definition of N,eq, composing it with j* : F* C E* yields the transfer map
o« : K1(D) — K1 (F). Therefore, i* Nyeq = 05" Nyea = 0*04. Hence it suffices to
show that o*o, : K1(D) — K;(D) is multiplication by n. By 1.7, %0, is induced
by the additive self-map T': M — M ®p (D ®g D) of P(D). Since D ® g D = D"
as a D-bimodule, T'(M) = M™ and the assertion follows from 1.7.

The transfer map i, : K1(D) — K;(F') associated to i : F' C D is induced from
the classical norm map Np,p : D* C GLq(F) — F*. In fact, the norm map is n
times the reduced norm N,eq : D* — F* of 1.2.4; see Ex. 1.16 below. Moreover,
the composition i*i, : K7(D) — K1(D) is multiplication by d since it corresponds
to the additive self-map M — M ®p (D ®@p D) of P(D), and D ® D = D% as a
D-bimodule (see 11.2.8.1).

COROLLARY 1.7.3. K1(R) =0 for every flasque ring R.

ProOOF. Recall from I1.2.1.3 that a ring R is flasque if there is an additive self-
functor T' (P — P ®r M) on P(R) together with a natural transformation 0p :
PoT(P)=T(P). By 1.7, the induced self-map on K (R) satisfies z+T'(z) = T'(x)
(and hence x = 0) for all x € K;(R).

Here is an application of 1.7 that anticipates the higher K-theory groups with
coefficients in chapter IV.

DEFINITION 1.7.4. For each natural number m, we define K1 (R;Z/m) to be the
relative group Ko(-m) of 11.2.10, where -m is the endo-functor of P(R) sending P
to P™ = P®gr R™. Since the P'™ are cofinal, we see by Ex. I1.2.15 and Ex. 1.14,
that it fits into a universal coefficient sequence:

Ki(R) ™ Ki(R) = K1(R;Z/m) — Ko(R) = Ko(R).

EXAMPLE 1.8 (WHITEHEAD GROUP Why). If R is the group ring Z[G] of a
group G, the (first) Whitehead group Whi(G) is the quotient of K;(Z[G]) by the
subgroup generated by +1 and the elements of GG, considered as elements of GLq. If
G is abelian, then Z[G] is a commutative ring and +G is a subgroup of K;(Z[G]), so
by 1.3.4 we have Whq(G) = (Z|G]*)/ +G® SK1(Z|G]). If G is finite then Whq(G)
is a finitely generated group whose rank is » — ¢, where r and ¢ are the number of
simple factors in R[G] and Q[G], respectively. This and other calculations related
to Why(G) may be found in R. Oliver’s excellent sourcebook [Oliver].



10 III. K; AND K> OF A RING

The group Why(G) arose in Whitehead’s 1950 study [Wh50] of simple homotopy
types. Two finite CW complexes have the same simple homotopy type if they are
connected by a finite sequence of “elementary expansions and collapses.” Given
a homotopy equivalence f: K — L of complexes with fundamental group G, the
torsion of f is an element 7(f) € Why(G). Whitehead proved that 7(f) = 0 if and
only if f is a simple homotopy equivalence, and that every element of Why(G) is
the torsion of some f. An excellent source for the geometry behind this is [Cohen].

EXAMPLE 1.9 (THE s-COBORDISM THEOREM). Here is another area of geo-
metric topology in which Whitehead torsion has played a crucial role, piecewise-
linear (“PL”) topology. We say that a triple (W, M, M’) of compact PL man-
ifolds is an h-cobordism if the boundary of W is the disjoint union of M and
M’, and both inclusions M C W, M’ C W are homotopy equivalences. In
this case we can define the torsion 7 of M C W, as an element of Why(G),
G = mM. The s-cobordism theorem states that if M is fixed with dim(M) > 5
then (W, M, M") = (M x [0,1], M x 0, M x 1) if and only if 7 = 0. Moreover, every
element of Why(G) arises as the torsion of some h-cobordism (W, M, M").

Here is an application. Suppose given an h-cobordism (W, M, M’), and let N be
the union of W, the cone on M and the cone on M’. Then N is PL homeomorphic
to the suspension XM of M if and only if (W, M, M') = (M x [0,1], M x 0, M x 1)
if and only if 7 = 0.

This gives a counterexample to the “Hauptvermutung” that two homeomorphic
complexes would be PL homeomorphic. Indeed, if (W, M, M’) is an h-cobordism
with nonzero torsion, then N and XM cannot be PL. homeomorphic, yet the theory
of “engulfing” implies that they must be homeomorphic manifolds.

Another application, due to Smale, is the Generalized Poincaré Conjecture. Let
N be an n-dimensional PL manifold of the homotopy type of the sphere S™, n > 5.
Then N is PL homeomorphic to S™. To see this, let W be obtained by removing
two small disjoint n-discs D;, D2 from N. The boundary of these discs is the
boundary of W, and (W, S"~!,S"~1) is an h-cobordism. Its torsion must be zero
since 71 (S™ 1) = 0 and Why(0) = 0. Hence W is S*~! x [0,1], and this implies
that N =W U Dy U Dy is S™.

EXERCISES
1.1 If r,s,t € R are such that (1+rs)t = 1, show that (1 +7rs)(1+sr)~! € Ex(R).
Hint: Start by calculating eja(r + rsr)es; (st + s)e1a(—7)ea1(—s).

If 7 is a unit of R, or if r, s € rad(R), show that (1 +7s)(1 + sr)~t € [RX, RX].
Conclude that if R is a local ring then W(R) = [R*, R*]. Hint: If r,s € rad(R),
then t = 1 + s — sr is a unit; compute [t7! +r,¢] and (1 +rs)(1 +7).

1.2 Semilocal rings. Let R be a noncommutative semilocal ring (Ex. I11.2.6). Show
that there exists a unique “determinant” map from G L,,(R) onto the abelian group
R*/W(R) of Lemma 1.4 with the following properties: (i) det(e) = 1 for every
elementary matrix e, and (ii) If p = diag(r, 1, ...,1) and g € GL,(R) then det(p-g) =
r-det(g). Then show that det is a group homomorphism: det(gh) = det(g) det(h).
Conclude that K3 (R) = R* /W (R).

1.3 Suppose that a ring R has stable range sr(R) = d+ 1 in the sense of Ex. I.1.5.
(For example, R could be a d-dimensional commutative noetherian ring.) This
condition describes the action of Eg,2(R) on unimodular rows in R+2,
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(a) Show that GL,(R) = GL4+1(R)E,(R) for all n > d + 1, and deduce that
GLg+1(R) maps onto K1(R).

(b) Show that E, (R) is a normal subgroup of GL,(R) for all n > d + 2. Hint:
Conjugate e,;(r) by g € GLg1+2(R).

1.4 Let R be the polynomial ring F'[z,y] over a field F'. P.M. Cohn proved that the
2

matrix g = (1j—y§y X f:z:y) is not in Fy(R). Show that g € F3(R) N GLa(R).

1.5 Let R be a Euclidean domain, such as Z or the polynomial ring F[t] over a

field. Show that E,(R) = SL,(R) for all n, and hence that SK;(R) = 0.

1.6 Here is another interpretation of the group law for K;. For each m,n, let ®,,,
denote the group homomorphism GL,,(R) x GL,(R) = GLy+n(R) sending («, 3)

to the block diagonal matrix (8‘ g) Show that in K4 (R) we have [a®,,, 5] = [][8].

1.7 Let £ = Endg(R) be the ring of infinite row-finite matrices over R of Ex. I.1.7.
Show that Ky(E) = 0. Hint: If « € GL,(F), form the block diagonal matrix
a>™ = diag(a, a,...) in Aut(V) =2 GL(FE), where V is an infinite sum of copies of
(R>)", and show that a & a* is conjugate to a™.

1.8 In this exercise we show that the center of E(R) is trivial. First show that any
matrix in GL,,(R) commuting with E,,(R) must be a diagonal matrix diag(r, ..., )
with r in the center of R. Conclude that no element in F,,_;(R) is in the center of
E,(R), and pass to the limit as n — oc.

1.9 In this exercise we suppose that R is a commutative ring, and give Suslin’s
proof that E,(R) is a normal subgroup of GL, (R) when n > 3. Let v = > | v;e;
be a column vector, and let u,w be row vectors such that v-v =1 and w-v = 0.
(a) Show that w = ZKJ- rij(vje; — viej), where r;; = wyu; — wjiu;.
(b) Conclude that the matrix I, + (v - w) is in E,(R) if n > 3.
(c) If g € GL,(R) and i < j, let v be the i'" column of g and w the j* row of
g~ !, so that w-v = 0. Show that ge;;(r)g~! = I,, + (v-rw) for all r € R. By
(b), this proves that E,,(R) is normal.

1.10 Mennicke symbols. Let (1, s) be a unimodular row over a commutative ring R.
We define the Mennicke symbol [2] to be the class in SK;(R) of the matrix (7)),
where t,u € R satisfy ru — st = 1. Show that this Mennicke symbol is independent

/

of the choice of ¢t and u, that [Z} = [i], [ﬂ [Sr] = [Sj/] and [‘ﬂ = [St”].
If R is noetherian of dimension 1, or more generally has sr(R) < 2, then we
know by Ex. 1.3 that GL2(R) maps onto K;(R), and hence SK;(R) is generated

by Mennicke symbols.

1.11 Transfer. Suppose that R is a Dedekind domain and p is a prime ideal of
R. Show that there is a map m, from K;(R/p) = (R/p)* to SK;i(R) sending
5 € (R/p)* to the Mennicke symbol [’], where s € R maps to 5 and r € R is an
element of p — p? relatively prime to s. Another construction of the transfer map
. will be given in chapter V.

1.12 If R is a commutative Banach algebra, let exp(R) denote the image of the
exponential map R — R*. Show that exp(R) is the path component of 1 in R*.

1.13 If H is a normal subgroup of a group G, then G acts upon H and hence
its homology H,.(H;Z) by conjugation. Since H always acts trivially upon its
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homology [WHomo, 6.7.8]), the group G/H acts upon H,(H;Z). Taking H = E(R)
and G = GL(R), use Example 1.2.1 to show that GL(R) and K;(R) act trivially
upon the homology of E(R).

1.14 (Swan) Let 7' : P(R) — P(S) be an additive functor, such as the base change
f* associated to a ring map f: R — S. In I1.2.10 we constructed a relative group
Ky(T). Since K((T) is abelian, we can concatenate the K; map of lemma 1.7 to
(I1.2.10.2) to get a sequence which is exact at Ko(T') and (if T" is cofinal) at Ko (R):
K\ (R) = Ki(8) = Ko(T) = Ko(R) = Ko(S).
In this exercise, we show that the sequence is also exact at K1(.5).

(a) We say that (P,a, Q) ~ (P',a/,Q’) if there are N, N € P(R) and a commu-
tator v in Autg T'(Q @ N) so that (P& N,v(a® 1),Q & N) is isomorphic to
(PPN o ®1,Q®N’)in P(T). Show that ~ is an equivalence relation.

(b) Show that the equivalence classes under ~ form an abelian group under @.

(c) If (P, Q) ~ (P',a/,Q"), show that [(P,a,Q)] = [(P',a/,Q")] in Ko(T).

(d) If [(P,a,Q)] = [(P,o/,Q")] in Ko(T), show that (P,a,Q) ~ (P',a/,Q’).
Hint: Show that the relations for Ky(7') hold in the group of (b). To do so,
write P =2 P'@ P"” and Q = Q' ® Q" in the exact sequence 11(2.10.1) in P(T).

(e) Use (d) to show that if @ € Auts T(R™) and [(R",a, R")] = 0 in K(T) then
(after increasing n) there is an isomorphism (p, q) : (R", a, R™) = (R",~, R"™)
in P(T). Conclude that [] is the image of [¢~!p] € K;(R), proving exactness
of the sequence at K;(95).

1.15 Suspension rings. Let R be any ring. Recall from Ex. [.1.8 that the cone ring
C(R) is the ring of row-and-column-finite matrices over R. The finite matrices in
C(R) form a 2-sided ideal M (R), and the quotient S(R) = C(R)/M(R) is called the
suspension ring of R. Use exercise 1.14 and 1.7.3, together with I1.2.1.3 and 11.2.7.2
to show that K1S(R) = Ko(R).

1.16 Let D be a division algebra of dimension d = n* over its center F. Show that
the norm (or transfer) map K;(D) — K;i(F') is n times the reduced norm Nyeq
of 1.2.4. Hint: Choose a maximal subfield £ and show that the map K;(D) —
K1 (F) induced by the norm is induced by the additive map M +— M ®p (D ®p E)
from P(D) to P(D). Then show that D @ p E = D™ as a D-E bimodule.

1.17 Let D be a division algebra, finite dimensional over its center F', and let E be
any finite extension of F' which is a splitting field of D, i.e., E ®p D = M, (E).
(a) Show that the following three maps g : K1(F) — K1(D) agree.
() Ki(E) = K,(M,(E)) = Ki(E ©p D) "% K, (D);
(ii) K1(F) — K1(M,.(D)) = K;(D), where E C M,.(D);
(iii) K1(T), where T' : P(E) — P(D) is T(M) = M ®g V for a simple
FE ®r D-module V.
(b) If j: E — L is a finite field map over F', show that g = 01 j..
(c) If o € Aut(E/F), then 0 = 0go.

2

1.18 If A is any finite-dimensional semisimple algebra over a field with center C,
construct a reduced norm A* — C* and define SL,(A) to be the kernel of the
reduced norm GL,(A) — C*. Show that the kernel SK;(A) of the induced map
K1(A) — C* is isomorphic to SL,,(A)/E,(A) for all n > 3.
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§2. Relative K;

Let I be an ideal in a ring R. We write GL(I) for the kernel of the natural map
GL(R) — GL(R/I); the notation reflects the fact that GL(I) is independent of R
(see Ex. 1.1.10). In addition, we define E(R,I) to be the smallest normal subgroup
of E(R) containing the elementary matrices e;;(«) with 2 € I. More generally, for
each n we define E, (R, I) to be the normal subgroup of E, (R) generated by the
matrices e;j(z) with x € I and 1 <1i # j < n. Clearly E(R,I) is the union of the
subgroups E, (R, I).

RELATIVE WHITEHEAD LEMMA 2.1. E(R,I) is a normal subgroup of GL(I),
and contains the commutator subgroup of GL(I).

PROOF. For any matrix g = 1+ a € GL,([), the identity

()= DG D66 ) )

shows that the matrix (g 991) is in Fs, (R, I). (The product of the first 3 matrices

is in Es, (R, I).) Hence if h € E, (R, I) then the conjugate

(5 )= A6 )

isin E(R,I). Finally, if g,h € GL,,(I) then [g, h] is in E, (R, I) by equation (1.3.4).

DEFINITION 2.2. The relative group K;(R,I) is defined to be the quotient
GL(I)/E(R,I). By the Relative Whitehead Lemma, it is an abelian group.

The inclusion of GL(I) in GL(R) induces a map K;(R,I) — K;(R). More
generally, if R — S is a ring map sending I into an ideal I’ of S, the natural maps
GL(I) - GL(I') and E(R) — E(S) induce a map K;(R,I) — K1(S,I").

REMARK 2.2.1. Suppose that R — S is a ring map sending an ideal I of R
isomorphically onto an ideal of S. The induced map K;(R,I) — K;(S,I) must
be a surjection, as both groups are quotients of GL(I). However, Swan discovered
that they need not be isomorphic; a simple example is given in Ex. 2.3 below.

Vaserstein proved in [V76, 14.2] that K; (R, I) is independent of R if and only if
I = I”?. One direction is easy (Ex. 2.10): if I = I? then the commutator subgroup
of GL(I) is perfect, and equal to E(R,I). Thus Ky(R,I) = GL(I)/[GL(I), GL(I)],
a group which is independent of R. (Cf. Ex. 2.6 when R is commutative.)

PROPOSITION 2.3. There is an exact sequence

Proor. By Ex. I1.2.3 there is an exact sequence

1 — GL(I) —» GL(R) — GL(R/I) 2 Ko(I) — Ko(R) — Ko(R/I).
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Since the K groups are quotients of the GL groups, and F(R) maps onto E(R/I),
this gives exactness except at Ki(R). Suppose ¢ € GL(R) maps to zero under
GL(R) — Ki(R) — Ki(R/I). Then the reduction g of ¢ mod I is in E(R/I).
Since E(R) maps onto E(R/I), there is a matrix e € E(R) mapping to g, i.e.,
ge~! is in the kernel GL(I) of GL(R) — GL(R/I). Hence the class of ge~! in
Ki(R, ) is defined, and maps to the class of g in K7 (R). This proves exactness at
the remaining spot.

The relative group SK;(R,I)

If R happens to be commutative, the determinant map K;(R) — R* of Example
1.1.1 induces a relative determinant map det: K1 (R, I) — GL1(I), since the deter-
minant of a matrix in GL([) is congruent to 1 modulo I. It is traditional to write
SK;(R,I) for the kernel of det, so the canonical map GL(I) — K;(R,I) induces
a direct sum decomposition K1(R,I) = GL1(I) ® SK;1(R,I) compatible with the
decomposition K;(R) = R* & SK;(R) of Example 1.1.1. Here are two important
cases in which SK; (R, I) vanishes:

LEMMA 2.4. Let I be a radical ideal in R. Then:

(1) K1(R,I) is a quotient of the multiplicative group 1 +1 = GL1(I).
(2) If R is a commutative ring, then SK1(R,I) =0 and K1(R,I) =1+ 1.

PROOF. As in the proof of Lemma 1.4, it suffices to show that GL,(I) =
E.(R,I)GLp_1(I) for n > 2. If (x;;) is a matrix in GL,(I) then z,, is a unit
of R, and for ¢ < n the entries x;,, r,; are in I. Multiplying by the diagonal matrix
diag(1,...,1,Zpn, L), we may assume that z,, = 1. Now multiplying on the left

by the matrices e;,(—z;,) and on the right by e,;(—z,;) reduces the matrix to one
in GL,_1(I).

The next theorem (and its variant) extends the calculation mentioned in Exam-
ple 1.3.6 above. We cite them from [BMS, 4.3|, mentioning only that their proof
involves calculations with Mennicke symbols (see Ex. 1.10 and 2.5) for finitely gen-
erated R, i.e., Dedekind rings of arithmetic type.

BASS-MILNOR-SERRE THEOREM 2.5. Let R be an integrally closed subring of a

number field F', and I an ideal of R. Then

(1) If F' has any embedding into R then SK1(R,I) = 0.

(2) If F is “totally imaginary” (has no embedding into R ), then SK1(R,I) = C,,
1s a finite cyclic group whose order n divides the order wy of the group
of roots of unity in R. The exponent ord,n of p in the integer n is the
minimum over all prime ideals p of R containing I of the integer

_ ord, (1) 1 ]}
inf< ord, wy, sup{0, P —
{ortnswpto, [ 2920 -

VARIANT 2.5.1. Let R be the coordinate ring of a smooth affine curve over a
finite field. Then SK;1(R) = 0.

The Mayer-Vietoris Fxact Sequence



III. K; AND K> OF A RING 15

Suppose we are given a ring map f: R — S and an ideal I of R mapped isomor-
phically into an ideal of S. Then we have a Milnor square of rings, as in 1.2:

R L s
L
R/T L5 s/1

THEOREM 2.6 (MAYER-VIETORIS). Given a Milnor square as above, there is
an exact sequence

K1 (R)= Ky(S)®K1(R/T)—K1(S/1) % Ko(R) = Ko(S)®Ko(R/T) = Ko(S/1I).

Proor. By Theorem II.2.9 we have an exact sequence
GL(S/I) % Ko(R) 2 Ko(S) & Ko(R/I) = Ko(S/I).

Since Ko(R) is abelian, we may replace GL(S/I) by K7(S/I) in this sequence. This
gives the sequence of the Theorem, and exactness at all the K places. Also by
I1.2.9, the image of 0: K1(S/I) — Ko(R) is the double coset space

GL(S)\GL(S/I)/GL(R/I).

Note that E(S) — E(S/I) is onto. Therefore the kernel of d is the subgroup of
K1(S/I) generated by the images of GL(S) and GL(R/I), and the sequence is exact
at K71(S/I). To prove exactness at the final spot, suppose given g € GL,(R/I),
h € GL,(S) and an elementary matrix € € E(S/I) such that f(g)e = h (mod I).
Lifting € to an e € E,(S) (by Remark 1.2.3) yields f(§) = he™! (mod I). Since
R is the pullback of S and R/I, there is a g € GL,(R), equivalent to g modulo I,
such that f(g) = he™!. This establishes exactness at the final spot.

EXERCISES

2.1 Suppose we are given a Milnor square in which R and S are commutative rings.
Using the Units-Pic sequence (1.3.10), conclude that there are exact sequences

SK1(R) — SK1(S)®SK1(R/I) > SKo(R) — SKo(S)®SKo(R/I) — SKo(S/I).

2.2 Rim Squares. Let Cp be a cyclic group of prime order p with generator ¢, and
let ¢ = €%™/P, The ring Z[(] is the integral closure of Z in the number field Q(().
Let f:ZC, — Z[(] be the ring surjection sending ¢ to ¢, and let I denote the kernel
of the augmentation ZC, — Z.
(a) Show that I is isomorphic to the ideal of Z[(] generated by ¢ — 1, so that we
have a Milnor square with the rings ZC),, Z[(], Z and F,,.
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(b) Show that for each k = 1,...,p—1 the element (¢¥—1)/((—1) = 1+---+¢k1
is a unit of Z[(], mapping onto k € F;.
These elements are often called cyclotomic units, and generate a subgroup of finite
index in Z[¢]*. If p > 3, the Dirichlet Unit Theorem says that the units of Z[(]
split as the direct sum of the finite group {£(*} of order 2p (p # 2) and a free
abelian group of rank (p — 3)/2.
(c) Conclude that if p > 3 then both K;(ZC,) and Wh;(C,) are nonzero. In
fact, SK1(ZC,) = 0.

2.3 Fuilure of Excision for K. Here is Swan’s simple example to show that K, (R, I)
depends upon R. Let F' be a field and let R be the algebra of all upper triangular

matrices 7 = (:5 ’z) in Ms(F'). Let I be the ideal of all such matrices with x =

z =0, and let Ry be the commutative subalgebra F'@ I. Show that K (R, I) =2 F
but that K;(R,I) = 0. Hint: Calculate es(r)e12(y)ear(—r).

2.4 (Vaserstein) If I is an ideal of R, and x € I and r € R are such that (1 + rz)
is a unit, modify Ex. 1.1 to show that (14 rz)(1 + zr)~! is in Eo(R, I).

If I is a radical ideal and W = W(R, I) denotes the subgroup of units generated
by the (1 +rz)(1 + 2r)~1, use Lemma 2.4 to conclude that (1 + I)/W maps onto
K1(R,I). Vaserstein proved in [V69] that Ki(R,I) = (1 + I)/W for every radical
ideal.

2.5 Mennicke symbols. If I is an ideal of a commutative ring R, r € (1 + I) and
s € I, we define the Mennicke symbol [°] to be the class in SK;(R,I) of the

S
T

matrix (] °), where t € I and u € (1 + I) satisfy ru — st = 1. Show that this
Mennicke symbol is independent of the choice of ¢t and u, with [ﬂ [TS,} = [Ti,],

(2] [Sl} = [Sf/}. (Hint: Use Ex. 1.10.) Finally, show that if ¢ € I then

- L)

2.6 The obstruction to excision. Let R — S be a map of commutative rings,
sending an ideal I of R isomorphically onto an ideal of S. Given x € I and s € 5,
let 1(z, s) denote the Mennicke symbol [, * ] in SKy(R,I).

(a) Verify that v (x, s) vanishes in SK;(S, ).

(b) Prove that v is bilinear, and that v(x,s) = 1 if either € I? or s € R. Thus
1) induces a map from (I/1?) ® (S/R) to SK1(R,I).

(c) Prove that the Leibniz rule holds: ¥(x, ss’) = ¥(sz, s' ) (s'z, s).

For every map R — S, the S-module (g, of relative Kdhler differentials is pre-
sented with generators ds, s € S, subject to the following relations: d(s + s') =
ds +ds', d(ss') = sds’ + s'ds, and if r € R then dr = 0. (See [WHomo].)

(d) (Vorst) Show that Qg/g ®g I/I? is the quotient of (S/R) ® (I/I?) by the
subgroup generated by the elements s ® s’z + s’ ® sz — ss’ ® . Then conclude
that 1 induces a map Qg/p ®g I/I* - SK{(R,I).

Swan proved in [Swan71] that the resulting sequence is exact:

Qs/p @5 /1> % SKy (R, T) = SK1(S,T) — 1.
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2.7 Suppose that the ring map R — R/I is split by a map R/I — R. Show that
Ki(R) 2 K1(R/I)® K1(R,I). The corresponding decomposition of Ky(R) follows
from the ideal sequence 2.3, or from the definition of Ky(I), since R = R/I & I; see
Ex. 11.2.4.

2.8 Suppose that p” = 0 in R for some prime p. Show that K; (R, pR) is a p-group.
Conclude that the kernel of the surjection K1(R) — K;(R/pR) is also a p-group.

2.9 If [ is a nilpotent ideal in a Q-algebra R, or even a complete radical ideal, show
that Ky(R,I) = I/[R,I], where [R,I] is the subgroup spanned by all elements
[r,x] = re —axr, r € R and = € I. In particular, this proves that K;(R,I) is
uniquely divisible. Hint: If [R,I] = 0, In : 1 + 1 — I is a bijection. If not, use
Ex. 2.4 and the Campbell-Hausdorft formula.

2.10 Suppose that I is an ideal satisfying I = I?. Show that [GL(I),GL(I)] is a
perfect group. Conclude that E(R,I) = [GL(I),GL(I)] and hence that K;(R,I)
is independent of R. Hint: Use the commutator formulas (1.3.1).
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63. The Fundamental Theorems for K; and K

The Fundamental Theorem for K is a calculation of K (R[t,t71]), and describes
one of the many relationships between K; and Ky. The core of this calculation
depends upon the construction of an exact sequence (see 3.2 below and 11.7.8.1):

Ki(R[t]) = K1 (R[t,t']) 2 KoHny (R[t]) — 0

We will construct a localization sequence connecting K; and Ky in somewhat
greater generality first. Recall from chapter II, Theorem 9.8 that for any multi-
plicatively closed set S of central elements in a ring R there is an exact sequence
Ko(R on S) — Ko(R) = Ko(S™'R), where Ko(R on S) denotes Ky of the Wald-
hausen category Ch%P(R). If S consists of nonzerodivisors, Ko(R on S) also equals
KoHg(R) by Ex. 11.9.13; see Corollary I1.7.7.4.

Our first goal is to extend this sequence to the left using K7, and we begin by
constructing the boundary map 0.

Let a be an endomorphism of R"™. We say that « is an S-isomorphism if
S~lker(a) = S~lcoker(a) = 0, or equivalently, a/1 € GL,(S™'R). Write cone(a)
for the mapping cone of a, which is the chain complex R"* —= R™ concentrated in
degrees 0 and 1; see [WHomo, 1.5.1]. It is clear that « is an S-isomorphism if and
only if cone(ar) € Ch%P(R).

LEMMA 3.1. Let S be a multiplicatively closed set of central elements in a ring
R. Then there is a group homomorphism

Ki(S7'R) % Ko(R on S)

sending each S-isomorphism « to the class [cone(a)] of the mapping cone of . In
particular, each s € S is an endomorphism of R so O(s) is the class of the chain

complex cone(s) : R —> R.

Before proving this lemma, we give one important special case. When S consists
of nonzerodivisors, every S-isomorphism a must be an injection, and coker(«) is
a module of projective dimension one, i.e., an object of Hg(R). Moreover, under
the isomorphism KoCh%P(R) = KoHg(R) of Ex. I11.9.13, the class of cone(a) in

KoCh%P(R) corresponds to the element [coker(a)] € KoHg(R). Thus we immedi-
ately have:

COROLLARY 3.1.1. If S consists of nonzerodivisors then there is a homomor-
phism K;(S™'R) N KoHg(R) sending each S-isomorphism a to [coker(a)], and
sending s € S to [R/sR).

ProoF oF 3.1. If § € End(R™) is also an S-isomorphism, then the diagram

0 — R" - R"
\ +(1,8) 1B
(10) (01)
R" — R"® R" —» R"
af | (%) !

3
T

R"™ —» 0
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is a short exact sequence in Cth(R), where we regard the columns as chain
complexes. Since the middle column of the diagram is quasi-isomorphic to its

subcomplex 0 — 0 @ R" —= R", we get the relation

[cone(a)] — [cone(aB)] = [cone(B)[—1]] = —[cone(B)],

or

[cone(a)] + [cone(B)] = [cone(af)] (3.1.2)

in KoCh%P(R). In particular, if 3 is the diagonal matrix diag(t, ..., t) then cone(f)
is the direct sum of n copies of cone(t), so we have

[cone(at)] = [cone(a)] + n[cone(t)]. (3.1.3)

Every g € GL,,(S7'R) can be represented as a/s for some S-isomorphism « and
some s € S, and we define 9(g) = d(a/s) to be the element [cone()] —n[cone(s)]
of KoCh%P(R). By (3.1.3) we have d(ar/s) = d(at/st), which implies that d(g) is
independent of the choice of o and s. By (3.1.2) this implies that 0 is a well-defined
homomorphism from each GL,(S™'R) to KoCh%P(R). Finally, the maps 0 are
compatible with the inclusions GL,, C GL, 1, because

a(o‘és (1)) =a((‘g (1))/5) - [Cone(g 2)} ~ (n+ 1)[cone(s)]

= [cone()] + [cone(s)] — (n + 1) [cone(s)] = d(a/s).

Hence 0 extends to GL(S™'R), and hence must factor through the universal map
to K3 (S _1R).

Key ExAMPLE 3.1.4. For the Fundamental Theorem, we shall need the fol-
lowing special case of this construction. Let T be the multiplicative set {t"} in
the polynomial ring R[t]. Then the map 9 goes from K1 (R[t,t71]) to KoHr(R][t]).
If v is a nilpotent endomorphism of R™ then t — v is a T-isomorphism, because
its inverse is the polynomial t~1(1 + vt~ + v2t=2 + ...). If (R™,v) denotes the
R[t]-module R™ on which ¢ acts as v,

ot —v) = [RI]"/(t —v)] = [(R",v)],
Ol —wvt ")y =0(t —v)—0(t-id,) = [(R",v)] — n[(R,0)].

We can also compose 0 with the product Ko(R) ® Ky (Z[t,t71]) = K1 (R[t,t7}])
of Corollary 1.6.1. Given a finitely generated projective R-module P, the product
[P] - t is the image of ¢ - idppy 4—1) under the map Aut(P[t,t7']) — Ki(R[t,t!]) of
Lemma 1.6. To compute 9([P] - t), choose @ such that P & Q = R™. Since the
cokernel of t-id ppy: P[t] — P[t] is the R[t]-module (P, 0), we have an exact sequence
of R[t]-modules:

tidpy ®Lidgp

0— R[t]" L R[] — (P,0) — 0.

Therefore we have the formula 9([P] - t) = [(P,0)].
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LEMMA 3.1.5. KoCh%P(R) is generated by the classes [Q.] of chain complexes
concentrated in degrees 0 and 1, i.e., by complexes Q). of the form Q1 — Q.

The kernel of KoCh%P(R) — Ko(R) is generated by the compleres R = R"
associated to S-isomorphisms, i.e., by the classes O(a) = [cone(a)].

PRrROOF. By the Shifting Lemma I1.9.2.1, K is generated by bounded complexes
of the form 0 — P, — --- — Py — 0. If n > 2, choose a free R-module F' = RN
mapping onto Hy(P.). By assumption, we have sHy(P.) = 0 for some s € S. By
the projective lifting property, there are maps fy, fi making the diagram

F % F — F/sF — 0

A el

P1—>P0—>H0(P)—>O

commute. Thus if Q. denotes the complex F = F we have a chain map Q. J,
P. inducing a surjection on Hy. The mapping cone of f fits into a cofibration
sequence P. — cone(f) - Q.[-1] in Ch%P(R), so we have [P] = [Q.] + [cone(f)]
in Ko(R on S). Moreover, Hy(cone(f)) = 0, so there is a decomposition P & F =

Py & P{ so that the mapping cone is the direct sum of an exact complex Py = =
and a complex P’ of the foom 0 - P, —» -+ - Py - P, ® F — P{ — 0. Since P’
has length n — 1, induction on n implies that [cone(f)] = [P/] is a sum of terms of
the form [Q1 — Qo).

Hence every element of K has the form 2 = [P, = Py] — [Q LN (o). Choose

s € S so that sB~! is represented by an S-isomorphism Qo — Q1; adding v to
both terms of x, as well as the appropriate zero term Q' — @', we may assume
that Q1 = Q¢ = R, i.e., that the second term of = is the mapping cone of some
S-isomorphism S € End(R™). With this reduction, the map to Ky(R) sends z to
[P1] — [Po]. If this vanishes, then P; and P, are stably isomorphic. Adding the
appropriate P/ — P’ makes P; = Py = R™ for some m, and writes x in the form

x = cone(a) — cone(f) = d(a) — I(B).

THEOREM 3.2. Let S be a multiplicatively closed set of central elements in a
ring R. Then the map O of Lemma 3.1 fits into an exact sequence

Ki(R) = K1(S7'R) 2 Ko(R on S) — Ko(R) — Ko(S™'R).

PROOF. We have proven exactness at Ko(R) in Theorem I1.9.8, and the compo-
sition of any two consecutive maps is zero by inspection. Exactness at Ky(R on 5)
was proven in Lemma 3.1.5. Hence it suffices to establish exactness at Ki(S™1R).

For reasons of exposition, we shall give the proof when S consists of nonze-
rodivisors, relegating the general proof (which is similar but more technical) to
Exercise 3.5. The point of this simplification is that we can work with the exact
category Hg(R). In particular, for every S-isomorphism « the class of the module
coker(a) is simpler to manipulate than the class of the mapping cone.
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Recall from the proof of Lemma 3.1 that every element of GL,(S™!R) can be
represented as /s for some S-isomorphism « € End(R"™) and some s € S, and that
d(a/s) is defined to be [coker(a)] — [R"/sR"]. If d(a/s) = 0, then from Ex. I1.7.2
there are short exact sequences in Hg(R)

0=-C'=Ci—=0"=0, 0=C" =Cy,—=C"=0

such that coker(a)®Cy = (R"/sR™)®C5. By Ex. 3.4 we may add terms to C’, C” to
assume that C’ = coker(a’) and C"" = coker(a'") for appropriate S-isomorphisms of
some R™. By the Horseshoe Lemma ([WHomo, 2.2.8]) we can construct two exact
sequences of projective resolutions

0 0 0
0 —- R™ — R™ 5 R™ ()

0 - R™ — R*™ — R™ — ()

0o— C — C; — C" —=0

0 0 0.

Inverting S makes each «; an isomorphism conjugate to (%/ ao,, ). Thus in K1(S™'R)
we have [a1] = [@/]+[a/’] = [az]. On the other hand, the two endomorphisms a®a;
and s-id,, @ ay of R?™*™ have isomorphic cokernels by construction. Lemma 3.2.1
below implies that in K;(S™!'R) we have

[a/s]=la®ai] —[s-id, Das] =g for some g € GL(R).
This completes the proof of Theorem 3.2.

LEMMA 3.2.1. Suppose that S consists of nonzerodivisors. If a,, § € Endr(R"™)

are S-isomorphisms with R"™/aR™ isomorphic to R"/BR"™, then there is a g €
G Ly, (R) such that [a] = [g][B] in K1(S™'R).

PROOF. Put M = coker(«a) & coker(), and let v: R"/aR™ = R"/BR"™ be
an automorphism. By Ex. 3.3(b) with Q = R?" we can lift the automorphism

(2 7;1) of M to an automorphism vy of R**. If m; and 73 denote the projections

,0,0,0 0,pr,0,0 ,
RAn M coker(a), and R" % coker(3), respectively, then we have
ym = moyo- This yields a commutative diagram

0 — Rin (WLLD, pan M pojapn g

[ = | = |~

0 — Rin LELD, pan T2 pojgpn g
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in which ~; is the induced map. Since v and vy are isomorphisms, so is ;. Because
70(0-/717171) = (17ﬁ7171>71 in GL4TL<S_1R)7 we have [70] + [a] = [B] + [71]7 or
[a] = 1179 18] in Ki(S™'R).

N K, and the group Nilg

DEFINITION 3.3 (NF'). If F is any functor from rings to abelian groups, we write
NF(R) for the cokernel of the natural map F(R) — F(R]t]); NF is also a functor
on rings. Moreover, the ring map R[t] =L R provides a splitting F (R[t]) — F(R)
of the natural map, so we have a decomposition F(R[t]) = F(R) ® NF(R).

In particular, when F'is K; (i = 0, 1) we have functors N K; and a decomposition
K;(R[t]) =2 K;(R) ® NK;(R). Since the ring maps R][t] =1 R are split surjections
for every r € R, we see by Proposition 2.3 and Ex. 2.7 that for every r we also have

NEKo(R) = Ko(R[t],(t — 7)) and NKi(R) = K, (R[t], (t —1)).

We will sometimes speak about NF' for functors F' defined on any category of
rings closed under polynomial extensions and containing the map “¢ = 1,” such as
k-algebras or commutative rings. For example, the functors NU and N Pic were
discussed briefly for commutative rings in chapter I, Ex. 3.17 and 3.19.

ExaMPLE 3.3.1. (Chase) Suppose that A is an algebra over Z/p. Then the
group NK;(A) is a p-group. To see this, first observe that it is true for the algebras
A, = Z/plx]/(z™) by 2.4, since (1 + tf(x,t))? = 1 4+ tPf(aP,t?). Then observe
that by Higman’s trick (3.5.1 below) every element of NK;(A) is the image of
1 —at € NKy(A,) (for some n) under a map A,, — M, (A), x — v.

By Ex. 2.8, NK;(A) is also a p-group for every Z/p"-algebra A.

ExamMpPLE 3.3.2. If A is an algebra over a field k of characeteristic zero, then
NK;(A) is a uniquely divisible abelian group. In fact, NK;(A) has the structure
of a k-vector space; see Ex. 3.7.

DEFINITION 3.4 (F-REGULAR RINGS). We say that a ring R is F-regular if
F(R) = F(R|[t1,...,ty)) for all n. Since NF(R[t]) = NF(R) ® N?>F(R), we see by
induction on p that R is F-regular if and only if NPF(R) = 0 for all p > 1.

For example, Traverso’s theorem (1.3.11) states that a commutative ring R is Pic-
regular if and only if R,eq is seminormal. We also saw in 1.3.12 that commutative
rings are U-regular (U=units) if and only if R is reduced.

We saw in I1.6.5 that any regular ring is Ky-regular. We will see in theorem 3.8
below that regular rings are also Ki-regular, and we sill see in chapter Vthat they
are K,,-regular for every m. Rosenberg has also shown that commutative C*-
algebras are K,,-regular for all m; see [R096].

LEMMA 3.4.1. Let R = Ry ® Ry ® --- be a graded ring. Then the kernel of
F(R) — F(Ry) embeds in NF(R) and even in the kernel of NF(R) — NF(Ry).
In particular, if NF(R) =0 then F(R) = F(Ry).

PROOF. Let f denote the ring map R — R[t] defined by f(r,) = r,t" for every
rn € R,. Since the composition of f and “t = 17 is the identity on R, F'(f) is an
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injection. Let @ denote the kernel of F(R) — F(Ry), so that F(R) = F(Ry) ® Q.
Since the composition of f and “t = 0”7 is the projection R — Ry — R, () embeds
into the kernel NF(R) of the evaluation F'(R[t]) — F(R) at t = 0. Similarly, since
the composition of f and R[t] — Ry[t] is projection R — Ry — Ry[t], Q embeds
into the kernel of NF(R) — NF(Ry).

A typical application of this result is that if R is a graded seminormal algebra
with Ry a field then Pic(R) = 0.

APPLICATION 3.4.2. Tt follows that N F(R) is a summand of N?F(R) and hence
NPF(R) for all p > 0. Indeed, the first part is the application of 3.4.1 to R][s|, and
the second part is obtained by induction, replacing F' by NP~2F.

If s € S is central, the algebra map S[x] — S[z|, © — sx, induces an operation
[s] : NKo(S) — NKy(S). (It is the multiplication by 1 — st € W(S) in Ex. 3.7.)
Write S for S[1/s].

THEOREM 3.4.3 (VORST). NKy(Ss) is the “localization” of NKy(S) along [s],
i.e., NKo(Ss) = lim(NKo(S) &, NKy(S) &, -++). In particular, if S is Ko-

reqular, so is Ss.

PRrROOF. Write [ for the ideal (x) of Sg[z] and set R = S+ I. Then NK(Ss) =
Ko(I) by Ex. I1.2.3. But R = lim(S[z] — S[z] — ---) and I is the direct limit of
zS[r] = zS[z] — -+, so Ko(I) = lim(Ko(zS[x]) — ) as claimed.

COROLLARY 3.4.4. If A is Ko-regular then so is Als,s™1].

3.5. We are going to describe the group NK;(R) in terms of nilpotent matrices.
For this, we need the following trick, which was published by Graham Higman in
1940. For clarity, if I = fA is an ideal in A we write GL(A, f) for GL(I).

HiGMAN’S TRICK 3.5.1. For every g € GL(R][t],t) there is a nilpotent matriz v
over R such that [g] = [1 — vt] in K1(R][t]).

Similarly, for every g € GL(R[t,t71],t — 1) there is a nilpotent matriz v over R
such that [g] = [1 — v(t — 1)] in Ki(R[t,t7],t —1).

PROOF. Every invertible p X p matrix over R[t] can be written as a polynomial
g = Y + Mt + Yat? + -+ + Ypt"™ with the v; in M,(R). If g is congruent to the
identity modulo ¢, then 79 = 1. If n > 2 and we write ¢ = 1 — ht 4+ ,t", then
modulo Fa,(R[t],t) we have

(50~ )~ () ()
0 1 0 1 —t 1 1 0 '
By induction on n, [g] is represented by a matrix of the form 1 — vt. The matrix v
is nilpotent by Ex. 3.1.

Over R[t,t™!] we can use a similar argument. After multiplying by a power of
t, we may write g as a polynomial in ¢. Such a polynomial may be rewritten as a
polynomial >~ v;z* in & = (t — 1). If g is congruent to the identity modulo (¢t — 1)
then again we have 7o = 1. By Higman’s trick (applied to z), we may reduce g to
a matrix of the form 1 — vz, and again v must be nilpotent by Ex. 3.1.
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We will also need the category Nil(R) of 11.7.4.4. Recall that the objects of this
category are pairs (P,v), where P is a finitely generated projective R-module and
v is a nilpotent endomorphism of P. Let T denote the multiplicative set {t"} in
RJt]. From I1.7.8.4 we have

where Nilg(R) is the subgroup generated by elements of the form [(R",v)] —
n[(R,0)] for some n and some nilpotent matrix v.

LEMMA 3.5.2. For every ring R, the product with t € Ki(Z[t,t71]) induces a
split injection Ky(R) 4K (R[t,t71]).

PROOF. Since the forgetful map K Nil(R) — Ko(R) sends [(P,v)] to [P], the
calculation in Example 3.1.4 shows that the composition

Ko(R) % K1 (R[t,t 7)) 2 KoNil(R) — Ko(R)

is the identity map. Hence the first map is a split injection.

Momentarily changing variables from ¢ to s, we now define an additive function
7 from Nil(R) to K;i(R][s]). Given an object (P,v), let 7(P,v) be the image of
the automorphism 1 — vs of P[s] under the natural map Aut(P]s]) — K1(R[s]) of
Lemma 1.6. Given a short exact sequence

0— (P,V)— (Pv)— (P"V'")—0

in Nil(R), a choice of a splitting P = P’ @ P" allows us to write

_(1-V's VS _(1-V's 0 1 9's
(1_”5)_( 0 1—V”3)_< 0 1—1/”8)(0 1)

in Aut(P[s]). Hence in K;(R][s]) we have [1 —vs] = [1 — v's][1 — v"s]. Therefore
7 is an additive function, and induces a homomorphism 7: KoNil(R) — K7 (R]s]).
Since 7(P,0) =1 for all P and 1 — vs is congruent to 1 modulo s, we see that 7 is
actually a map from Nilyp(R) to K;(R][s], s).

PROPOSITION 3.5.3. Nilg(R) & NK;(R), and K,Nil(R) = Ko(R) ® NK1(R).

PROOF. For convenience, we identify s with =1, so that R[s,s™!] = R[t,t71].
Applying Lemma 3.1 to R[t] and T = {1,¢,#%,...}, we form the composition

8 : Ki(R[s],s) = K1(R[s]) =K1 (R[s,s 1))
(3.5.4) —K (R[t,t7]) 2 Ko(R on T) — Nilo(R).

Let us call this composition §. We claim that 7 is the inverse of §. By Higman’s
Trick, every element of K (R]s], s) is represented by a matrix 1—vs with v nilpotent.
In Example 3.1.4 we saw that 6(1—vs) = [(R™,v)] —n[(R,0)]. By the construction

of 7 we have the desired equations: 76(1 — vs) = 7[(R",v)] = (1 — vs) and

5 ( (R",v)] = n[(R, o>]) — 5(1 = vs) = [(R",)] = n[(R,0)].
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COROLLARY 3.5.5. Ki(R[s]) — K1(R[s,s™]) is an injection for every ring R.

Proor. By Ex. 2.7, we have K;(R][s]) = K1(R) @ K1(R[s],s). Since K1(R) is
a summand of Ki(R[s,s™!]), the isomorphism d: K (R[s],s) = Nilg(R) of (3.5.4)
factors through K;(R|[s],s) — K1(R[s,s 1])/K1(R). This quotient map must then
be an injection. The result follows.

The Fundamental Theorems for Ky and Ky

FUNDAMENTAL THEOREM FOR K; 3.6. For every ring R, there is a split sur-
jection K (R[t,t71]) N Ko(R), with inverse [P| — [P]-t. This map fits into a
naturally split exact sequence:

0— Ki(R) S K1 (R[t]) @ K1(R[t™Y]) = K1 (R[t,t7Y]) 2 Ko(R) — 0.

Consequently, we have a natural direct sum decomposition:

Ki(R[t,t7]) 2 Ki(R)® Ko(R) ® NK,(R) ® NK(R).

PrROOF. We merely assemble the pieces of the proof from §3.5. The first assertion
is just Lemma 3.5.2. The natural maps from K;(R) into K1(R[t]), K1(R[t™!]) and
K1 (R[t,t71]) are injections, split by “¢ = 1”7 (as in 3.5), so the obviously exact
sequence
(3.6.1) 0— K1(R) = K1(R) @ K1(R) = K1(R) — 0
is a summand of the sequence we want to prove exact. From Proposition I1.7.8.1,
Theorem 3.2 and Corollary 3.5.5, we have an exact sequence
(3.6.2) 0 — K1(R[t]) — K1 (R[t,t™]) 2 K,Nil(R) — 0.

Since KoNil(R) = Ky(R) ® Nilp(R), the map 0 in (3.6.2) is split by the maps
of 3.5.2 and 3.5.3. The sequence in the Fundamental Theorem for K is obtained
by rearranging the terms in sequences (3.6.1) and (3.6.2).

In order to formulate the corresponding Fundamental Theorem for K, we define
K_1(R) to be the cokernel of the map Ko (R[t]) ® Ko(R[t™]) = Ko(R[t,t!]). We
will reprove the following result more formally in the next section.

FUNDAMENTAL THEOREM FOR K 3.7. For every ring R, there is a naturally
split exact sequence:

0 — Ko(R) = Ko(R[t]) ® Ko(R[t™]) = Ko(R[t,t™] % K_1(R) — 0.
Consequently, we have a natural direct sum decomposition:
Ko(R[t,t7'] =2 Ko(R) ® K_1(R) ® NKo(R) ® NKo(R).

PrROOF. Let s be a second indeterminate. The Fundamental Theorem for K,
applied to the variable ¢, gives a natural decomposition

K1(R[s,t,t™"]) = Ki(R[s]) ® NK1(R[s]) & NK1(R[s]) & Ko(R[s]),
and similar decompositions for the other terms in the map
Ki(R[s,t,t7 ') @ K1 (R[s™ 1, t,t71]) = K1 (R[s, s, t,t71]).

Therefore the cokernel of this map also has a natural splitting. But the cokernel
is Ko(R[t,t71]), as we see by applying the Fundamental Theorem for K; to the
variable s.
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THEOREM 3.8. If R is a reqular ring, K;(R[t]) = K1(R) and there is a natural
isomorphism K1 (R[t,t71]) =2 Ki(R) ® Ko(R).

PROOF. Consider the category M;(R[t]) of finitely generated ¢-torsion R]t]-
modules; by Devissage 11.6.3.3, KoM, (R[t]) = Ky(R). Since R is regular, every
such module has a finite resolution by finitely generated projective R[t]-modules,
i.e., M;(R]t]) is the same as the category H;(R][t]) of I1.7.7. By I1.7.8.4,

KoNil(R) = KoH,(R[t]) = Ko(R).

Hence Nilg(R) = 0. By 3.5.3, NK{(R) = 0 and K;(R[t]) = K;(R). The description
of K1(R[t,t71]) now comes from the Fundamental Theorem 3.6.

EXAMPLE 3.8.1. If R is a commutative regular ring, and A = R[z]/(2?), it
follows from 2.4 and 3.8 that SK;(A[t]) = SK1(A) and hence (by 3.5.3 and 1.3.12)
Nilp(4) =2 NK;(A) =2 (1 + tAJt]))* = (1 + «tA[t])*. This isomorphism sends
[(P,v)] € Nilp(A) to det(1—wvt) € (14+tA[t])*. By inspection, this is the restriction
of the canonical Endy(A)-module map Nilp(A) — Endg(A) of 11.7.4.4, followed by
the inclusion Endg(A) C W(A) of 11.7.4.3. It follows that Nily(A) is an ideal of the
ring Endg(A).

EXERCISES

3.1 Let A be a ring and a € A, show that the following are equivalent: (i) a is
nilpotent; (ii) 1 — at is a unit of A[t]; (iii) 1 — a(t — 1) is a unit of A[t,¢™}].

3.2 Let a, B: P — @ be two maps between finitely generated projective R-modules.
If S is a central multiplicatively closed set in R and S~'a, S~!3 are isomorphisms,
then ¢ = B~ la is an automorphism of S™!P. Show that d(g) = [cone(a)] —
[cone(3)]. In particular, if S consists of nonzerodivisors then 0(g) = [coker(a)] —

[coker(5)].

3.3 (Bass) Prove that every module M in H(R) has a projective resolution P. — M
such that every automorphism « of M lifts to an automorphism of the chain complex
P.. To do so, proceed as follows.
(a) Fix a surjection m:@Q) — M, and use Ex. I.1.11 to lift the automorphism
a®a ! of M@ M to an automorphism 3 of Q @ Q.
(b) Defining e: Q ® Q — M to be e(x,y) = m(x), show that every automorphism
of M can be lifted to an automorphism of QQ & Q.
(c) Set Py = Q @ Q, and repeat the construction on Z; = ker(e) to get a finite
resolution P. of M with the desired property.

3.4 Suppose that S consists of nonzerodivisors, and that M is a module in Hg(R).
(a) Prove that there is a module M’ and an S-isomorphism a € End(R™) so that
coker(a) = M @ M'. Hint: Modify the proof of Lemma 3.1.5, where M is the

cokernel of a map Py LN P.

(b) Given S-isomorphisms o', a” € End(R™) and a short exact sequence of S-
torsion modules 0 — coker(a’) — M — coker(a/’) — 0, show that there is an
S-isomorphism o € R*™ with M 22 coker(a).

3.5 Modify the proofs of the previous two exercises to prove Theorem 3.2 when S
contains zerodivisors.
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3.6 Noncommutative localization. By definition, a multiplicatively closed set S in
aring R is called a right denominator set if it satisfies the following two conditions:
(i) For any s € S and r € R there exists an s’ € S and v’ € R such that sr’ = rs’;
(ii) if st = 0 for any r € R, s € S then rs’ = 0 for some s’ € S. This is the most
general condition under which a (right) ring of fractions S~! R exists, in which every
element of ST R has the form r/s = rs~! and if r/1 = 0 then some rs = 0 in R.
Prove Theorem 3.2 when S is a right denominator set consisting of nonzerdivi-
sors. To do this, proceed as follows.
(a) Show that for any finite set of elements z; in ST!R there is an s € S and
r; € R so that x; = r;/s for all i.
(b) Reprove 11.7.7.3 and 11.9.8 for denominator sets, using (a); this yields exact-
ness at Ko(R).
(¢) Modify the proof of Lemma 3.1 and 3.1.5 to construct the map 9 and prove
exactness at KoHg(R).
(d) Modify the proof of Theorem 3.2 to prove exactness at K1(S™'R).

3.7 Let A be an algebra over a commutative ring R. Recall from Ex. I1.7.18
that NK;(A) = Nilp(A) is a module over the ring W(R) = 1 + tR][t]] of Witt
vectors 11.4.3. In this exercise we develop a little of the structure of W (R), which
yields information about the structure of NK;(A) and hence (by theorem 3.7) the
structure of NKy(R).

(a) If 1/p € R for some prime integer p, show that W(R) is an algebra over
Z[1/p]. Conclude that NK;(A) and NKy(A) are uniquely p-divisible abelian
groups. Hint: use the fact that the coefficients in the power series expansion
for r(t) = (1 +t)'/? only involve powers of p.

(b) If Q C R, consider the exponential map [];~, R — W(R), sending (r1,...) to
[1:2, exp(—r;t"/i). This is an isomorphism of abelian groups, whose inverse
(the “ghost map”) is given by the coefficients of f — —t d/dt(In f). Show
that this is a ring isomorphism. Conclude that NK;(A) and NKy(A) have
the structure of R-modules.

(¢) If n € Z is nonzero, Stienstra showed that NK;(A)[1/n] = NK;(A[l/n]).
Use this to show that if G is a finite group of order n then NK;(Z[G]) is
annihilated by some power of n.

3.8 If I is a nilpotent ideal in a Q-algebra A, show that NK;(A,I) — K;(A,I) is
onto. Thus Ex. 3.7 gives another proof that K;(A,I) is divisible (Ex. 2.9).

3.9 If s € S is central, show that NK;(S;) is a localization of NK;(S). Conclude
that if S is Kj-regular then S is Ky-regular. Hint: Use the sequence of Ex. 2.6

3.10 (Karoubi) Let S be a multiplicatively closed set of central nonzerodivisors in
aring A. We say that a ring homomorphism f : A — B is an analytic isomorphism
along S if f(S) consists of central nonzerodivisors in B, and if A/sA = B/sB for
every s € S. (This implies that the s-adic completions of A and B are isomorphism,
whence the name.)

If f is an analytic isomorphism along S, show that M — M ®4 B defines an
equivalence of categories Hg(A) = Hg(B). (One proof is given in V.7.5 below.)
Using Theorem 3.2 and Ex. I1.9.13, this shows that we have an exact sequence

Ki(S7'A) @ K (B) = K,(S™'B) = Ko(A) = Ko(S7'A) ® Ko(B) — Ko(S™'B).
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Hint: For M in H(A), show that Tor{ (M, B) = 0, so that H5(A) — Hy(B) is
exact. Then use Lemma I1.7.7.1 to show that Hg(A) is the category of modules
having a finite resolution by modules in Hg(A), and similarly for Hg(B).



III. K; AND K> OF A RING 29

84. Negative K-theory

In the last section, we defined K_1(R) to be the cokernel of the map Ko(R[t]) ®
Ko(R[t™Y]) — Ko(R[t,t71]). Of course we can keep going, and define all the nega-
tive K-groups by induction on n:

DEFINITION 4.1. For n > 0, we inductively define K_,,(R) to be the cokernel of
the map
K r (RIE]) & K i1 (RIE]) = Ko (BRI ).

Clearly, each K_, is a functor from rings to abelian groups. It follows from Theorem
I1.7.8 that if R is regular noetherian then K, (R) = 0 for all n < 0.

To describe the properties of these negative K-groups, it is convenient to cast
the Fundamental Theorems above in terms of Bass’ notion of contracted functors.
With this in mind, we make the following definitions.

DEFINITION 4.1.1 (CONTRACTED FUNCTORS). Let F' be a functor from rings
to abelian groups. For each R, we define LF(R) to be the cokernel of the map
F(R[t)®F(R[t™]) — F(R[t,t7]). We write Seq(F, R) for the following sequence,
where A(a) = (a,a) and £(b,c) =b—c:

0— F(R) = F(R[t]) ® F(R[t™Y)) = F(R[t,t™]) = LF(R) — 0.
We say that F is acyclic if Seq(F, R) is exact for all R. We say that F'is a contracted
functor if F' is acyclic and in addition there is a splitting h = h; r of the defining
map F(R[t,t71]) — LF(R), a splitting which is natural in both ¢ and R. The
notation F_q is sometimes used for LF'.

By iterating this definition, we can speak about the functors NLF, L?F, etc.
For example, Definition 4.1 states that K_,, = L™(K).

As with the definition of NF' (3.3), it will occasionally be useful to define LF
etc. on a more restricted class of rings, such as commutative algebras. Suppose
that R is a category of rings such that if R is in R then so are R[t], R[t,t~!] and
the maps R — R[t] = RJt,t7!]. Then the definitions of LF, L"F and Seq(F, R) in
4.1.1 make sense for any functor F' from R to any abelian category.

EXAMPLE 4.1.2 (FUNDAMENTAL THEOREM FOR K_ ). The Fundamental The-
orems for K; and Ky may be restated as the assertions that these are contracted
functors. It follows from Proposition 4.2 below that each K_, is a contracted
functor; by Definition 4.1, this means that there is a naturally split exact sequence:

0= K_p(R) 2 K_,(R[t]) ® K_n(R}t™]) = K_n(R[t,t]) 2 K_,_1(R) = 0.

ExaMpPLE 4.1.3 (UNITS). Let U(R) = R* denote the group of units in a
commutative ring R. By Ex. 1.3.17, U is a contracted functor with contraction
LU(R) = [Spec(R), Z]; the splitting map LU (R) — U(R]t,t~!]) sends a continuous
function f:Spec(R) — Z to the unit ¢/ of R[t,t71]. From Ex. 4.2 below we see
that the functors L2U and NLU are zero. Thus we can write a simple formula for
the units of any extension R[t1,t]', ... tn,t']. If R is reduced, so that NU(R)
vanishes (Ex. 1.3.17), then we just have

UR[t, 4L, ... tn,t2Y]) = U(R) x ﬁ[Spec(R),Z] .

=1
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EXAMPLE 4.1.4 (Pic). Recall from chapter I, §3 that the Picard group Pic(R)
of a commutative ring is a functor, and that N Pic(R) = 0 exactly when Ryeq
is seminormal. By Ex. 1.3.18 the sequence Seq(Pic, R) is exact. In fact Pic is a
contracted functor with NL Pic = L? Pic = 0; see [We91]. The group L Pic(R) is
the étale cohomology group H.,(Spec(R),Z).

A morphism of contracted functors is a natural transformation n: F = F’ be-
tween two contracted functors such that the following square commutes for all R.

LF(R) —"— F(R[t,t™Y)

(Ln)Rl J"R[t,rll

LF'(R) —" s F/(R[t,t ")

PROPOSITION 4.2. Let n: F' = F’ be a morphism of contracted functors. Then
both ker(n) and coker(n) are also contracted functors.

In particular, if F is contracted, then NF and LF are also contracted functors.
Moreover, there is a natural isomorphism of contracted functors NLF = LNF'.

PrOOF. If C % D is a morphism between split exact sequences, which have
compatible spittings, then the sequences ker(¢) and coker(¢) are always split exact,
with splittings induced from the splittings of C' and D. Applying this remark to
Seq(F,R) — Seq(F’, R) shows that ker(n) and coker(n) are contracted functors:
both Seq(ker(n), R) and Seq(coker(n), R) are split exact. It also shows that

0 — ker(n)(R) — F(R) & F'(R) — coker(n)(R) — 0

is an exact sequence of contracted functors.

Since NF(R) is the cokernel of the morphism F(R) — F'(R) = F(R[t]) and
LF(R) is the cokernel of the morphism + in Seq(F,R), both NF and LF are
contracted functors. Finally, the natural isomorphism NLF(R) = LNF(R) arises
from inspecting one corner of the large commutative diagram represented by

0 — Seq(F, (R[s],s)) — Seq(F, R[s]) — Seq(F,R) — 0.

ExampLE 4.2.1 (SK;). If R is a commutative ring, it follows from Exam-
ples 1.1.1 and 4.1.3 that det: K;(R) — U(R) is a morphism of contracted func-
tors. Hence SK; is a contracted functor. The contracted map L det is the map
rank: Ko(R) — Ho(R) = [Spec(R), Z] of 11.2.3; it follows that L(SK;)(R) = Ko(R).
From Ex. 4.2 we also have L2(SK;)(R) = LKy(R) = K_1(R).

We can give an elegant formula for F(R[t1,t]", ..., t,,t.]), using the following
notation. If p(N,L) = Y m;;N'L’ is any formal polynomial in N and L with
integer coefficients m;; > 0, and F' is a functor from rings to abelian groups, we set
p(N, L)F equal to the direct sum of m;; copies of each group N'L/F(R).

COROLLARY 4.2.2. F(R[t1,...,t,]) = (1 + N)"F(R) for every F. If F is a
contracted functor, then F(R[t1,t7", ... to,t:']) = (142N + L)"F(R).

PrROOF. The case n = 1 follows from the definitions; the general case follows by
induction. [
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For example, if L2F = 0 and R is F-regular, then (1+2N + L)"F(R) stands for
F(R) ®n LF(R). In particular, the formula for units in Example 4.1.3 is just the
case ' =U of 4.2.2.

EXAMPLE 4.2.3. Since I’Ky = K_j, Ko(R[t1,t7",... tn,t;']) is the direct
sum of many pieces N'K_;(R), including K_,(R) and (’;) copies of K_;(R).

From 3.4.4 we see that if R is K,-regular for some n < 0 then R is also K,,_1-
regular. In particular, if R is Ky-regular then R is also K,,-regular for all n < 0.

CONJECTURE 4.2.4. Let R be a commutative noetherian ring of Krull dimension
d. It is conjectured that K_;(R) vanishes for all j > d, and that R is K_4-regular;
see [We80]. This is so for d = 0,1 by exercises 4.3 and 4.4, and Example 4.3.1
below shows that the bound is best possible. It was recently shown to be true for
Q-algebras in [CHSW].

The Mayer-Vietoris sequence

Suppose that f: R — S is a ring map, and [ is an ideal of R mapped isomorphically
into an ideal of S. By Theorem 2.6 there is an exact “Mayer-Vietoris” sequence:

A o A +
Ki(R)—= K1(S)®K1(R/I)—=K1(S/I) = Ko(R)— Ko(S)DKo(R/I) = Ko(S/1).
Applying the contraction operation L to this sequence gives a sequence relating K
to K_1, whose first three terms are identical to the last three terms of the displayed

sequence. Splicing these together yields a longer sequence. Repeatedly applying L
and splicing sequences leads to the following result.

THEOREM 4.3 (MAYER-VIETORIS). Suppose we are given a ring map f: R — S
and an ideal I of R mapped isomorphically into an ideal of S. Then the Mayer-
Vietoris sequence of Theorem 2.6 continues as a long exact Mayer-Vietoris sequence
of negative K -groups.

S ] S o) S [ 5 (/) % Ka()
S K1 (S/D) D K (R)S [K”((Z)/?é] K (S K 1(R) — -

ExamMpPLE 4.3.1 (B. DayTON). Fix a regular ring R, and let A"(R) denote
the coordinate ring Rlto,...,tn]/(f), f = to---tn(1 — > t;) of the n-dimensional
tetrahedron over R. Using [ = (1 — ) _t; )A”(R) and A™(R)/I = R[ty,...,t,] via
to—1—(t1 +---+1t,), we have a Milnor square

A™(R) — An
! \J
Rlt1,...,t,] — A" YR)
where A,, = Rl[to,...,ts]/(to - t,). By Ex. 4.8, the negative K-groups of A,, vanish
and K;(A,) =K;(R) fori = 0,1. Thus Ko(A"(R)) 2Ko(R)DK (A" Y(R))/K1i(R)
for n > 0, and K_;(A™(R)) 2 K;_;(A""!(R)) for j > 0. These groups vanish for
j >mn, with K_,,(A"(R)) = Ko(R). In particular, if F' is a field then A™(F) is an
n-dimensional noetherian ring with K_,, (A™(F')) = Z; see Conjecture 4.2.4.

When we have introduced higher K-theory, we will see that in fact Ko(A™(R)) =
K, (R) and K1(A™(R)) = K,1+1(R). (See IV, Ex. 12.1.) This is just one way in
which higher K-theory appears in classical K-theory.
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Theories of Negative K -theory

Here is an alternative approach to defining negative K-theory, due to Karoubi
and Villamayor [KVT71].

DEFINITION 4.4. A theory of negative K -theory for (nonunital) rings consists of
a sequence of functions K, (n < 0) from nonunital rings to abelian groups, together
with natural boundary maps 0 : K,,(R/I) — K,,_1(I) for every 2-sided ideal I C R,
satisfying the following axioms.

(1) Ko(R) is the Grothendieck group of chapter II;

(2) K,(I) - K,(R) - K,(R/I) N K,_1(I) - K,—1(R) is exact for every
I CR;

(3) If A is a flasque ring (11.2.1.3), then K,,(A) = 0 for all n < 0;

(4) The inclusion R C M(R) = UM,,(R) induces an isomorphism K,(R) =
K, M(R) for each n <0.

EXAMPLE 4.4.1. Bass’ negative K-groups (4.1) form a theory of negative K-
theory for rings. This follows from the contraction of 2.3 (see Ex. 4.5), Ex. 4.9 and
the contraction of Morita Invariance 1.6.4.

EXAMPLE 4.4.2. Embedding M (R) as an ideal in a flasque ring A, axiom (2)
shows that K_1 R = Ko(A/M(R)). This was the approach used by Karoubi and Vil-
lamayor in [KV71] to inductively define a theory of negative K-theory; see Ex. 4.10.

EXAMPLE 4.4.3. If A is a hensel local ring then K_1(A) = 0. This was proven
by Drinfeld in [Drin], using a Calkin category model for negative K-theory.

THEOREM 4.5. FEvery theory of negative K -theory for rings is canonically iso-
morphic to the negative K-theory.

PROOF. Suppose that { K], } is another theory of negative K-theory for rings. We
will show that there are natural isomorphisms h,,(A) : K, (A) — K/ (A) commuting
with the boundary operators. By induction, we may assume that h,, is given. Since
C(R) is flasque (11.2.1.3), and S(R) = C(R)/M(R), the axioms yield isomorphisms
0: K,S(R) 2 K,—1(R) and &' : K/ S(R) = K/ _,(R). We define h,_1(R) :
K,_1(R) — K!_,(R) to be & o h,(SR) 007!,

It remains to check that the h, commute with the boundary maps associated to
an ideal I C R. Since M(I) is an ideal in C'(I), C(R) and M (R), the axioms yield
K,S(I) = K,,C(R)/M(I) and similarly for K. The naturality of 0 and 0’ relative
to M(R/I) = M(R)/M(I) — C(R)/M(I) yield the diagram

Ko (R/T) = K,M(R/I) — K,C(R)/M(I) & K,S(I) % K._.(I)

hn(R/I)l% F %l %l lhn_l(l)

K!'(R/I) = K'M(R/I) — K'C(R)/M(I) < K'S(I) L K _(I).
Since the horizontal composites are the given maps 9 : K,,(R/I) — K,_1(I) and
0 : K/ (R/I) — K _,(I), we have the desired relation: 0'h,(R/I) = hy,—1(I) 0.

n—1
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EXERCISES

4.1 Suppose that 0 - F” — F — F” — 0 is an exact sequence of functors, with
F’ and F” contracted. Show that F is acyclic, but need not be contracted.

4.2 For a commutative ring R, let Hp(R) denote the group [Spec(R),Z] of all
continuous functions from Spec(R) to Z. Show that NHy = LHy = 0, i.e., that
Ho(R) = Ho(R[t]) = Ho(R[t,t™]).
4.3 Let R be an Artinian ring. Show that R is Ky-regular, and that K_,(R) =0
for all n > 0.
4.4 (Bass-Murthy) Let R be a 1-dimensional commutative noetherian ring with
finite normalization R and conductor ideal I. Show that R is K_q-regular, and
that K_,,(R) = 0 for all n > 2. If ho(R) denotes the rank of the free abelian
group Ho(R) = [Spec(R),Z], show that K_;(R) = LPic(R) = Z", where r =
ho(R) — ho(R) + ho(R/I) — ho(R/T).

Now suppose that R is any 1-dimensional commutative noetherian ring. Even if

its normalization is not finitely generated over R, show that R is K_i-regular, and
that K_,,(R) =0 for all n > 2.

4.5 (Carter) Let f : R — R’ be a ring homomorphism. In I1.2.10 we defined a
group Ko(f) and showed in Ex. 1.14 that it fits into an exact sequence

Ki(R) L5 K\(R) = Ko(f) — Ko(R) 25 Ko(R)).

Show that A — Ky(f ® A) defines a functor on commutative rings A, and define
K_,(f) tobe L"Ky(f®—). Show that each K_,,(f) is an acyclic functor, and that
the above sequence continues into negative K-theory as:

1(f) = K(R) —

o= Ko(R) —» Ko(R) 5 K_
G K o(f) = K_o(R) — - -

K_\(R)

With the help of higher K-theory to define K;(f) and to construct the product
“.t”, it will follow that Ky(f) and hence every K_,(f) is a contracted functor.

4.6 Let T : P(R) — P(R’) be any cofinal additive functor. Show that the functor
Ko(T) of I1.2.10 and its contractions K_,,(7T) are acyclic, and that they extend the
sequence of Ex. 1.14 into a long exact sequence, as in the previous exercise.

When T is the endofunctor -m of 1.7.4, we write Ko(R;Z/m) for LKy(-m) and
K_.(R;Z/m) for L™ Ky(-m). Show that the sequence of 1.7.4 extends to a long
exact sequence

Ko(R) ™ Ko(R) = Ko(R;Z/m) = K_1(R) = K_1(R) = K_1(R;Z/m) — - - - .

4.7 Let G be a finite group of order n, and let R be a “maximal order” in Q[G]. It

is well known that R is a regular ring containing Z[G|, and that I = nR is an ideal
of Z|G]; see [Bass, p. 560]. Show that K_,Z[G] = 0 for n > 2, and that K_; has
the following resolution by free abelian groups:

0 — Z — Hy(R) & Ho(Z/n[G]) — Ho(R/nR) — K_1(Z[G]) — 0.
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D. Carter has shown in [Carter| that K_1Z[G] =2 Z" & (Z/27)°, where s equals the
number of simple components M,,, (D;) of the semisimple ring Q[G] such that the
Schur index of D is even (see 1.2.4), but the Schur index of D,, is odd at each prime
p dividing n. In particular, if G is abelian then K_;Z|[G] is torsionfree (see [Bass,

p. 695]).

4.8 Coordinate hyperplanes. Let R be a regular ring. By induction on n, show that
the graded rings A,, = Rlto,...,tn]/(to- - t,) are K;-regular for all i < 1. Conclude
that Kl(An) = Kl(R), K()(An) = K()(R) and Kz(An) =0 for all 7 < 0.

Show that the rings A™(R) of 4.4.3 are also K;-regular.
4.9 Let A be a flasque ring. Show that A[t,t!] is also flasque, and conclude that
K, (A) =0 for all n <0.
4.10 (Karoubi) Recall from Ex. 1.15 that the suspension ring S(R) satisfies 0 :
K1(S(R)) = Ko(R). For each n > 0, set KoS™(R) = Ko(S™(R)). Show that the
functors { K/, = K¢S~ "} form a theory of negative K-theory for rings, and conclude
that K,,(R) = Ko(S™(R)).
4.11 (Karoubi) Let f : A — B be an analytic isomorphism along S in the sense

of Ex.3.10. Using Ex.4.5, show that there is an exact sequence for all n < 0,
continuing the sequence of Ex. 3.10:

= K1 (STA) © K1 (B) = Koy (S7'B) —
K. (A) = K,(S7'A)® K, (B) = K,(S"'B) = --- .

4.12 (Reid) Let f = y?> — 2%+ 22 in k[z,y] and set B = k[z,y]/(f). Using Theorem
4.3, show that K_1(B) = K_1(B(;,)) = Z. Let A be the subring k 4+ m of k[z, ],
where m = fk[X,y|; show that K_5(A) &2 K_5(An) = Z. Writing the integrally
closed ring A as the union of finitely generated normal subrings k[f,xf,yf,...],
conclude that there is a 2-dimensional normal ring Ay, finitely generated over k,
with K_Q(A()) 7& 0.

4.13 (Reid) We saw in Example 4.4.3 that K_;(A) = 0 for every hensel local ring.
In this exercise we construct a complete local 2-dimensional ring with K _Z(A) # 0.
Let A be the ring of Exercise 4.12, and A its completion at the maximal ideal m.
Let A} denote the completion of A at the ideal Af. Using Ex.4.10, show that
K _5(A) = K_9(Af) = K_5(A), and hence that K_5(A) # 0.
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§5. Ky of a ring

The group K of a ring was defined by J. Milnor in 1967, following a 1962 paper
by R. Steinberg on Universal Central Extensions of Chevalley groups. Milnor’s
1971 book [Milnor]| is still the best source for the fundamental theorems about it.
In this section we will give an introduction to the subject, but we will not prove
the harder theorems.

Following Steinberg, we define a group in terms of generators and relations de-
signed to imitate the behavior of the elementary matrices, as described in (1.2.1).
To avoid technical complications, we shall avoid any definition of Sta(R).

DEFINITION 5.1. For n > 3 the Steinberg group St,,(R) of a ring R is the group
defined by generators z;;(r), with ,j a pair of distinct integers between 1 and n
and r € R, subject to the following “Steinberg relations”

(5.1.1) z;(r)zij(s) = xi5(r + s)
1 if j# kand i #£/
(5.1.2) [z4;(r), zre(s)] = < ie(rs) if j=Fkandi#/
xp;(—sr) if j#kand i =/

As observed in (1.3.1), the Steinberg relations are also satisfied by the elementary
matrices e;;(r) which generate the subgroup E,(R) of GL,(R). Hence there is a
canonical group surjection ¢,: St,(R) = E,(R) sending x;;(r) to e;;(r).

The Steinberg relations for n+ 1 include the Steinberg relations for n, so there is
an obvious map St,,(R) — St,1(R). We write St(R) for lim St,,(R), and observe
that by stabilizing the ¢,, induce a surjection ¢: St(R) — E(R).

DEFINITION 5.2. The group K3(R) is the kernel of ¢: St(R) — E(R). Thus
there is an exact sequence of groups

1 — Ks(R) — St(R) % GL(R) — K1(R) — 1.

It will follow from Theorem 5.3 below that K5(R) is an abelian group. Moreover,

it is clear that St and K, are both covariant functors from rings to groups, just as
GL and K, are.

THEOREM 5.2.1 (STEINBERG). K2 (R) is an abelian group. In fact it is precisely
the center of St(R).

PrOOF. If z € St(R) commutes with every element of St(R), then ¢(z) must
commute with all of E(R). But the center of E(R) is trivial (by Ex. 1.8) so ¢(z) = 1,
i.e., x € Ko(R). Thus the center of St(R) is contained in Ks(R).

Conversely, suppose that y € St(R) satisfies ¢(y) = 1. Then in E(R) we have

o([y. p]) = o) d(p)d(y) " d(p) " = d(p)o(p) " =1

for every p € St(R). Choose an integer n large enough that y can be expressed
as a word in the symbols z;;(r) with i,j < n. For each element p = xy(s) with
k < n and s € R, the Steinberg relations imply that the commutator [y, p] is an
element of the subgroup P, of St(R) generated by the symbols z;, (r) with i < n.
On the other hand, we know by Ex. 5.2 that ¢ maps P,, injectively into F(R). Since
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®([y,p]) = 1 this implies that [y,p] = 1. Hence y commutes with every generator
Trn(s) with k < n.

By symmetry, this proves that y also commutes with every generator z,(s)
with £ < n. Hence y commutes with all of St,,(R), since it commutes with every
zri(s) = [Tkn(s), zni(1)] with k,1 < n. Since n can be arbitrarily large, this proves
that y is in the center of St(R).

EXAMPLE 5.2.2. The group K»(Z) is cyclic of order 2. This calculation uses the
Euclidean Algorithm to rewrite elements of St(Z), and is given in §10 of [Milnor].
In fact, Milnor proves that the symbol {—1,—1} = {.1312(1)1‘21(—1).’1312(1)}4 is the
only nontrivial element of ker(¢,,) for all n > 3. It is easy to see that {—1,—1} is
in the kernel of each ¢,, because the 2 x 2 matrix ej2(1)ea;(—1)e12(1) = (_01 (1))
has order 4 in GL,,(Z). We will see in Example 6.2.1 below that {—1,—1} is still
nonzero in K3 (R).

Tate has used the same Euclidean Algorithm type techniques to show that
K(Z[\/—=T7]) and Ko(Z[\/—15]) are also cyclic of order 2, generated by the symbol
{—1,-1}, while K3(R) = 1 for the imaginary quadratic rings R = Zli], Z[v/=3],
Z[\/=2] and Z[/—11]. See the appendix to [BT] for details.

EXAMPLE 5.2.3. For every field F' we have Ky(F[t]) = Ko(F'). This was origi-
nally proven by R. K. Dennis and J. Sylvester using the same Euclidean Algorithm
type techniques as in the previous example. We shall not describe the details,
because we shall see in chapter V that Ky(R[t]) = K2(R) for every regular ring.

Universal Central Extensions

The Steinberg group St(R) can be described in terms of universal central extensions,
and the best exposition of this is [Milnor, §5]. Properly speaking, this is a subject
in pure group theory; see [Suz, 2.9]. However, since extensions of a group G are
classified by the cohomology group H?(G), the theory of universal central extensions
is also a part of homological algebra; see [WHomo, §6.9]. Here are the relevant
definitions.

Let G be a group and A an abelian group. A central extension of G by A is a
short exact sequence of groups 1 — A — X = G — 1 such that A is in the center
of X. We say that a central extension is split if it is isomorphic to an extension of
the form 1 - A — A x G 25 G — 1, where pr(a,g) = g.

If A or 7w is clear from the context, we may omit it from the notation. For
example, 1 — K3(R) — St(R) — E(R) — 1 is a central extension by Steinberg’s
Theorem 5.2.1, but we usually just say that St(R) is a central extension of E(R).

Two extensions X and Y of G by A are said to be equivalent if there is an
isomorphism f: X — Y which is the identity on A and which induces the identity
map on G. It is well-known that the equivalence classes of central extensions of G
by a fixed group A are in 1-1 correspondence with the elements of the cohomology
group H?(G; A); see [WHomo, §6.6].

More generally, by a homomorphism over G from X -5 G to another central
extension 1 - B - Y 55 G — 1 we mean a group map f: X — Y such that
m™=Tf.
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DEFINITION 5.3.1. A wuniversal central extension of G is a central extension
X 5 @ such that for every other central extension ¥ —» G there is a unique
homomorphism f over G from X to Y. Clearly a universal central extension is
unique up to isomorphism over GG, provided it exists.

LEMMA 5.3.2. If G has a universal central extension X, then both G and X
must be perfect groups.

PRrROOF. Otherwise B = X/[X, X]| is nontrivial, and there would be two homo-
morphisms over G from X to the central extension 1 - B - Bx G — G — 1,
namely the maps (0, 7) and (pr,7), where pr is the natural projection X — B.

LEMMA 5.3.3. If X andY are central extensions of G, and X 1is a perfect group,
there is at most one homomorphism over G from X to Y.

ProoF. If f and f; are two such homomorphisms, then for any x and z’ in X
we can write fi(z) = f(x)e, fi(z') = f(2')d for elements ¢ and ¢’ in the center
of Y. Therefore fi(za’z= (2')"t) = f(za’z~1(2')~!). Since the commutators
[,2"] = x2’271(2') 7! generate X we must have f; = f.

EXAMPLE 5.3.4. Every presentation of GG gives rise to two natural central ex-
tensions as follows. A presentation corresponds to the choice of a free group F
mapping onto G, and a description of the kernel R C F. Since [R, F| is a normal
subgroup of F', we may form the following central extensions:

1— R/[R,F]| =»F/[R,F]| - G — 1,
(5.3.5) 1— (RN|[F,F))/|R,F] —|F,F]/[R,F] — [G,G] — 1.

The group (RN [F, F])/[R, F] in (5.3.5) is the homology group H2(G;Z); this iden-
tity was discovered in 1941 by Hopf [WHomo, 6.8.8]. If G = [G,G], both are
extensions of G, and (5.3.5) is the universal central extension by the following
theorem.

RECOGNITION THEOREM 5.4. FEwery perfect group G has a universal central
extension, namely the extension (5.3.5):

1 — Hy(G;Z) — [F,F|/[R,F] - G — 1.

Let X be any central extension of G, the following are equivalent: (1) X is a
universal central extension; (2) X is perfect, and every central extension of X

splits; (3) H1(X;7Z) = Ha(X;Z) = 0.

ProOOF. Given any central extension X of G, the map F' — G lifts to a map
h: F' — X because F is free. Since h(R) is in the center of X, h([R, F]) = 1. Thus h
induces a map from [F, F|/[R, F'| to X over G. This map is unique by Lemma 5.3.3.
This proves that (5.3.5) is a universal central extension, and proves the equivalence
of (1) and (3). The implication (1) = (2) is Lemma 5.3.2 and Ex. 5.7, and (2) = (1)
is immediate.
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THEOREM 5.5 (KERVAIRE, STEINBERG). The Steinberg group St(R) is the uni-
versal central extension of E(R). Hence

K3(R) 2 Hy(E(R);Z).

This theorem follows immediately from the Recognition Theorem 5.4, and the
following splitting result:

PROPOSITION 5.5.1. If n > 5, every central extension Y = St,(R) is split.
Hence St,(R) is the universal central extension of E,(R).

PrOOF. We first show that if 7 # k and [ # i then every two elements y, z €
Y with n(y) = z;;(r) and 7m(z) = zp(s) must commute in Y. Pick ¢ distinct
from 4, j,k,1 and choose ¥/, y” € Y with 7(y') = x;(1) and 7(y") = x4;(r). The
Steinberg relations imply that both [y, z] and [y”, z] are in the center of Y, and
since m(y) = [y, "] this implies that z commutes with [¢/, 3] and y.

We now choose distinct indices 1, j, k, [ and elements u,v,w € Y with

m(u) = z4;(1), w(v) =z1(s) and 7(w) = xg(r).

If G denotes the subgroup of Y generated by u, v, w then its commutator subgroup
[G,G] is generated by elements mapping under 7 to zix(s), zj(sr) or x;(sr).
From the first paragraph of this proof it follows that [u,w] = 1 and that [G, G] is
abelian. By Ex. 5.3 we have [[u, v], w] = [u, [v,w]]. Therefore if 7(y) = z;x(s) and
7(z) = xji(sr) we have [y,w] = [u, z]. Taking s = 1, this identity proves that the
element

v (r) = [u, 2], where 7(u) = z;;(1), 7(2) = x;(r)

doesn’t depend upon the choice of j, nor upon the lifts u and z of ;;(1) and z;(r).

We claim that the elements y;;(r) satisfy the Steinberg relations, so that there is a
group homomorphism St, (R) — Y sending z;;(r) to y;;(r). Such a homomorphism
will provide the desired splitting of the extension w. The first paragraph of this
proof implies that if j # k and [ # 4 then y;;(r) and yg;(s) commute. The identity
[y, w] = [u, z] above may be rewritten as

Wir(7), Y1 (s)] = yu(rs) for i, k, 1 distinct.

The final relation y;; (7)y;;(s) = v:;(r+5) is a routine calculation with commutators
left to the reader.

REMARK 5.5.2 (STABILITY FOR K3). The kernel of St,,(R) — E,(R) is written
as Ks(n, R), and there are natural maps Ka(n, R) — K2(R). If R is noetherian of
dimension d, or more generally has sr(R) = d+1, then the following stability result
holds: Ks(n, R) = Ks(R) for all n > d+ 3. This result evolved in the mid-1970’s as
a sequence of results by Dennis, Vaserstein, van der Kallen and Suslin-Tulenbaev.
We refer the reader to section 19C25 of Math Reviews for more details.
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Transfer maps on Ko

Here is a description of K5(R) in terms of the translation category tP(R) of
finitely generated projective R-modules, analogous to the description given for Ky
in Corollary 1.6.3.

PROPOSITION 5.6 (Bass). Ka(R) 2 lim,_,p Ha([Aut(P), Aut(P)]; Z).

PROOF. If GG is a group, then G acts by conjugation upon [G, G] and hence upon
the homology H(|G,G];Z). Taking coinvariants, we obtain the functor H) from
groups to abelian groups defined by Hy(G) = Ho(G; H2(|G,G];Z)). By construc-
tion, G acts trivially upon H5(G) and commutes with direct limits of groups.

Note that if G acts trivially upon Hs([G, G]; Z) then Hy(G) = H1(|G, G]; Z). For
example, GL(R) acts trivially upon the homology of E(R) = [GL(R),GL(R)| by
Ex. 1.13. By Theorem 5.5 this implies that H(GL(R)) = Ha(E(R);Z) = K2(R).

Since morphisms in the translation category tP(R) are well-defined up to iso-
morphism, it follows that P — Hj(Aut(P)) is a well-defined functor from tP(R)
to abelian groups. Hence we can take the filtered colimit of this functor, as we did
in 1.6.3. Since the free modules are cofinal in tP(R), the result follows from the
identification of the colimit as

lim H)(GL,(R)) = HY(GL(R)) = K»(R).

n—oo

COROLLARY 5.6.1 (MORITA INVARIANCE OF K3). The group Ko(R) depends
only upon the category P(R). That is, if R and S are Morita equivalent rings
(see 11.2.7) then Ko(R) = Ks(S). In particular, the maps R — M, (R) induce
isomorphisms on Ks:

K3(R) = Kz (M (R)).

COROLLARY 5.6.2. Any additive functor T : P(S) — P(R) induces a homo-
morphism Ko(T): Ko(S) = Ka2(R), and Ty & Ty induces the sum Ko(T1) + Ka(Ts).

PROOF. The proof of 1.7 goes through, replacing Hq(Aut P) by H)(Aut P).

COROLLARY 5.6.3 (FINITE TRANSFER). Let f: R — S be a ring homomorphism
such that S is finitely generated projective as an R-module. Then the forgetful func-
tor P(S) — P(R) induces a natural transfer homomorphism f.: K2(S) — K3(R).

If R is commutative, so that Ko(R) is a Ko(R)-module by Ex. 5.4, the com-
position f.f*: Kao(R) — Ka2(S) — Ka(R) is multiplication by [S] € Ko(R). In
particular, if S s free of rank n, then f.f* is multiplication by n.

PROOF. The composite f.f* is obtained from the self-map T'(P) = P ®g S of
P(S). It induces the self-map ®rS on tP(R) giving rise to multiplication by [S]
on K5(R) in Ex. 5.5.

We will see in chapter Vthat we can also define a transfer map K5(S) — K3 (R)
when S is a finite R-algebra of finite projective dimension over R.



40 III. K; AND K> OF A RING

EXAMPLE 5.6.4. Let D be a division algebra of dimension d = n? over its center
F. As in Example 1.7.2, the transfer i, : K5(D) — K2(F) has a kernel of exponent
n?, since i*i, is induced by the functor T(M) = M ®p (D ®r D) = M% and hence
is multiplication by n2.

If E is a splitting field for D, the construction of Ex. 1.17 yields a natural
map 0g : Ko(E) — Ka(D). If n is squarefree, Merkurjev and Suslin construct
a reduced norm Nieq : K2(D) — K3(F) such that Niealp = Ng,p; see [MS]. If
Ky(F) — Ky(F) is injective, it is induced by the norm map Ks(D) — K3 (FE), as
in 1.2.4.

Relative Ko and relative Steinberg groups

Given an ideal [ in a ring R, we may construct the augmented ring R & I, with
multiplication (r,z)(s,y) = (rs,ry + xs + xy). This ring is equipped with two
natural maps pr,add: R ® I — R, defined by pr(r,x) = r and add(r,z) = r + x.
This “double” ring was used to define the relative group Ko(I) in Ex. 11.2.3.

Let St'(R, I) denote the normal subgroup of St(R @ I) generated by all z;;(0, v)
with v € I. Clearly there is a map from St'(R, I) to the subgroup E(R® I,0® I)
of GL(R @ I) (see Lemma 2.1), and an exact sequence

1= St'(R,I)— St(R® I) X5 St(R) — 1.

The following definition is taken from [Keu78] and [Lo78|, and modifies [Milnor].

DEFINITION 5.7. The relative Steinberg group St(R, I) is defined to be the quo-
tient of St'(R,I) by the normal subgroup generated by all “cross-commutators”
[2i;(0,u), z (v, —v)] with u,v € I.

Clearly the homomorphism St(R® 1) dd, g t(R) sends these cross-commutators

to 1, so it induces a homomorphism St(R, I) _add, St(R) whose image is the normal

subgroup generated by the x;;(v), v € I. By the definition of E(R, I), the surjection
St(R) — E(R) maps St(R,I) onto E(R,I). We define K3(R,I) to be the kernel
of the map St(R,I) — E(R,I).

THEOREM 5.7.1. If I is an ideal of a ring R, then the exact sequence of Propo-
sition 2.3 extends to an exact sequence

K»(R,I) — Ko(R) — Ko(R/I) — K1(R,I) — K1(R) — K1(R/I) = Ko(I) -

PrOOF. We have a commutative diagram with exact rows:

Ky (R,I) —— St(R,I) —— GL(I) —— Ki(R,I)

L e ] !

Ko(R) —— St(R) —— GL(R) —— Ki(R)

l e | l

Ky(R/I) —— St(R/I) —— GL(R/I) —— K1(R/I)
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The exact sequence now follows from the Snake Lemma and Ex. 5.1.

If I and J are ideals in a ring R with I N J = 0, we may also consider I as an
ideal of R/J. As in §1, these rings form a Milnor square:

R —— R/J

l !

R/T — R/(I+J).

THEOREM 5.8 (MAYER-VIETORIS). If I and J are ideals of R with I NJ =0,
then the Mayer-Vietoris sequence of Theorem 2.6 can be extended to Ks:

Ky(R/T) & Ky(R/J) = Ky(R/T+J) 2
Ki\(R/T)® K\(R)J) 5 Ki(R/I+J) % Ko(R) — -+

A
E
> v

Proor. By Ex. 5.10, we have the following commutative diagram:

K5(R,I) — Ks(R) — Ky(R/I) — Ki(RI) — Ki(R) — Ki(R/I)

e l l H l |

Ko(R/J 1) — Ka(R/J) — Kz(%) — Ki(R/J,I) — Ki(R/J) — Kl(%)

By chasing this diagram, we obtain the exact Mayer-Vietoris sequence.

Commutative Banach Algebras

Let R be a commutative Banach algebra over the real or complex numbers. Just
as SK1(R) = moSL(R) and K;(R) surjects onto moGL(R) (by 1.5 and 1.5.1), there
is a relation between Ky(R) and mGL(R).

PROPOSITION 5.9. Let R be a commutative Banach algebra. Then there is a
surjection from Ka(R) onto mSL(R) = mE(R).

ProoFr. ([Milnor, p.59]) By Proposition 1.5, we know that E,(R) is the path
component of the identity in the topological group SL,(R), so m SL(R) = m E(R).
Using the exponential map M, (R) — GL,(R), we see that E, (R) is locally con-
tractible, so it has a universal covering space E,. The group map E, — E,(R) is
a central extension with kernel m E, (R). Taking the direct limit as n — oo, we
get a central extension 1 — m E(R) — E — E(R) — 1. By universality, there
is a unique homomorphism ¢: St(R) — E over E(R), and hence a unique map
K3(R) — m E(R). Thus it suffices to show that ¢ is onto.

The map ¢ may be constructed explicitly as follows. Let €ij(r) € E be the end-
point of the path which starts at 1 and lifts the path t — e;;(¢r) in E(R). We claim
that the map ¢ sends z;;(r) to &;(r). To see this, it suffices to show that the Stein-
berg relations (5.1) are satisfied. But the paths €;;(tr)é;;(ts) and [€;;(tr), €ri(s)]
cover the two paths e;;(tr)e;;(s) and [e;;(tr), exi(s)] in E(R). Evaluating at ¢t = 1
yields the Steinberg relations.
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By Proposition 1.5 there is a neighborhood U, of 1 in SL,(R) in which we
may express every matrix g as a product of elementary matrices eij(r), where r
depends continuously upon g. Replacing each e;;(r) with é;;(r) defines a continuous
lifting of U,, to En. Therefore the image of each map gg: Stn(R) — En contains a
neighborhood 17” of 1. Since any open subset of a connected group (such as En)
generates the entire group, this proves that each gz~5n is surjective. Passing to the
limit as n — oo, we see that ¢: St(R) — E is also surjective.

EXAMPLE 5.9.1. If R = R then m SL(R) = 750 is cyclic of order 2. It follows
that K5(R) has at least one nontrivial element. In fact, the symbol {—1,—1} of
Example 5.1.1 maps to the nonzero element of 71.50. We will see in 6.8.3 below that
the kernel of K5(R) — 7150 is a uniquely divisible abelian group with uncountably
many elements.

ExXAMPLE 5.9.2. Let X be a compact space with a nondegenerate basepoint.
By Ex. I1.3.11, we have KO7?(X) = [X,QS0] = mSL(RY), so Ko(RX) maps
onto the group KO~ ?(X).

Similarly, since QU ~ Z x QSU, we see by Ex. I1.3.11 that KU ?(X) =
(X, QU] = [X,Z] x [X,QSU]. Since m; SL(CX) = 71 (SUX) = [X,QSU] and [X, Z]
is a subgroup of CX, we can combine Proposition 5.9 with Example 1.5.3 to obtain
the exact sequence

Ko (CY) - KU%(X) » C¥ =2 K, (C¥) - KU Y(X) — 0.

Steinberg symbols

If two matrices A, B € E(R) commute, we can construct an element in K5(R) by
lifting their commutator to St(R). To do this, choose a,b € St(R) with ¢(a) = A,
¢(b) = B and define A% B = [a,b] € K5(R). This definition is independent of the
choice of a and b because any other lift will equal ac, b’ for central elements ¢, ¢/,
and [ac, bc’] = [a, b).

If P € GL(R) then (PAP )% (PBP~1) = A% B. To see this, suppose that
A,B,P € GL,(R) and let g € Sta,(R) be a lift of the block diagonal matrix
D = diag(P, P71). Since gag~! and gbg~! lift PAP~! and PBP~! and [a,] is
central we have the desired relation: [gag™!, gbg™!] = g[a,blg™! = [a, b].

The % symbol is also skew-symmetric and bilinear: (A% B)(B%A) = 1 and
(A1A2)% B = (A1 % B)(A2% B). These relations are immediate from the commu-
tator identies [a, b][b,a] = 1 and [a1as9, b] = [a1, [az, b]][az, b][a1, b].

DEFINITION 5.10. Ifr, s are commuting units in a ring R, we define the Steinberg
symbol {r, s} € K3(R) to be

r S r S

{r,s} = r—! * 1 = 1 * st

Because the % symbols are skew-symmetric and bilinear, so are the Steinberg
symbols: {r,s}{s,r} =1 and {rirq, s} = {r1, s}{rs, s}.
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EXAMPLE 5.10.1. For any unit r of R we set w;;(r) = x;;(r)z;i(—r= )z (r)
and h;;(r) = w;;(r)w;;(—1). In GL(R), ¢w;;(r) is the monomial matrix with r and
—r~ 1 in the (4,7) and (j, %) places, while ¢h;;(r) is the diagonal matrix with r and
r~1in the i*" and j** diagonal spots. By definition we then have:

{r, s} = [ha(r), ha(s)] = [hij (r), hi(s)].

LEMMA 5.10.2. If both r and 1 —r are units of R, then in K2(R) we have:

{r,1—-r}=1 and {r,—r} =1.

PROOF. By Ex. 9.8, wlg(—l) = wgl(l) = $21(1)$12(—1)l‘21(1), wlg(r)l‘gl(l) =
212(—7?)w1a(r) and z21 (1) w12 (s) = wia(s)w12(—5?). If s = 1—7 we can successively
use the identities r —r?2 =rs, r +s=1, s — s2 = rs and % + % = T—ls to obtain:

w12(7")w12(—1)w12(8) = 9012( r2)w12( )9012( 1) w12(8)$12(—82)
== $12<T‘S)IL‘21( ).’L‘12<0)J,‘21(—S_1)JJ12(T8)
= 212(rs)wa 1):1;12(7“3)
= wia(rs).

Multiplying by wi2(—1) yields hia(r)hi12(s) = hi2(rs) when r + s = 1. By Ex. 5.9,
this yields the first equation {r,s} = 1. Since —r = (1 —r)/(1 — r~1), the first
equation implies the second equation:

(5.10.3) {r,—ry={r1—r}r1—r} t1={"11-r11 =1

REMARK 5.10.4. The equation {r, —r} = 1 holds more generally for every unit
r, even if 1 —r is not a unit. This follows from the fact that K»(Z[r, 1]) injects into
Ky(Zr, -, 11 ]), a fact we shall establish in chapter V, 6.1.3. For a direct proof,
see [Mllnor 9.8].

The following useful result was proven for fields and division rings in §9 of [Mil-
nor]. It was extended to commutative semilocal rings by Dennis and Stein [DS],
and we cite it here for completeness.

THEOREM 5.10.5. If R is a field, division ring, local ring, or even a semilocal
ring, then K5(R) is generated by the Steinberg symbols {r,s}.

DEFINITION 5.11 (DENNIS-STEIN SYMBOLS). If r,s € R commute and 1 —rs is
a unit then the element

(r,s) = zj;(—s(1 = rs) " Nay(—r)zji(s)zi (1 —rs) " 'r)hy; (1 —rs) ™"

of St(R) belongs to K5(R), because ¢(r,s) = 1. By Ex. 5.11, it is independent of
the choice of i # j, and if r is a unit of R then (r,s) = {r,1 —rs}. If I is an ideal
of R and s € I then we can even consider (r, s) as an element of Ky(R, I); see 5.7.
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These elements are called Dennis-Stein symbols because they were first studied in
[DS], where the following identities were established.

(D1) (r,s)(s,r) = 1

(D2) (r,s){r,t) = (r,s+t— rst)

(D3) (r, sty = (rs,t)(tr,s) (this holds in Ky(R,I) if any of r, s, or ¢ are in I.)

We warn the reader that the meaning of the symbol (r,s) changed circa 1980.
We use the modern definition of this symbol, which equals (—r,s)~! in the old
literature, including that of loc. cit. By (D3) of our definition, (r,1)=0 for all r.

The following result is essentially due to Maazen, Stienstra and van der Kallen.
However, their work preceded the correct definition of Ko(R,I) so the correct his-
torical reference is [Keune].

THEOREM 5.11.1. (a) Let R be a commutative local ring, or a field. Then Ko(R)
may be presented as the abelian group generated by the symbols (r,s) with r,s € R
such that 1 —rs is a unit, subject only to the relations (D1), (D2) and (D3).

(b) Let I be a radical ideal, contained in a commutative ring R. Then Ko(R, 1)
may be presented as the abelian group generated by the symbols (r,s) with either
re Rands € l, orelser € I and s € R. These generators are subject only to the
relations (D1), (D2), and the relation (D3) whenever r, s, ort is in I.

The product K1(R) ® K1(R) — K2(R)

Let R be a commutative ring, and suppose given two invertible matrices g €
GLyn(R), h € GL,(R). Identifying the tensor product R™ ® R™ with R™*", then
g® 1, and 1,,® h are commuting automorphisms of R ® R™. Hence there is a ring
homomorphism from A = Z[z,z71,y,y7!] to £ = Endr(R™ ® R") = M,,+n(R)
sending x and y to g ® 1,, and 1,,, ® h. Recall that by Morita Invariance 5.6.1 the
natural map Ko(R) — K3(F) is an isomorphism.

DEFINITION 5.12. The element {g,h} of K3(R) is defined to be the image of
the Steinberg symbol {z,y} under the homomorphism Ks(A) — K3(F) = Ka(R).

Note that if m = n = 1 this agrees with the definition of the usual Steinberg
symbol in 5.10, because R = E.

LEMMA 5.12.1. The symbol {g,h} is independent of the choice of m and n, and
is skew-symmetric. Moreover, for each o € GLy,(R) we have {g,h} = {aga™! h}.

Proor. If we embed GL,,(R) and GL,(R) in GL,, (R) and GL,/ (R), respec-
tively, then we embed E into the larger ring E' = Endz(R™ ® R™), which is also
Morita equivalent to R. Since the natural maps Ky(R) — Ko(F) — K3(E') are
isomorphisms, and K3(A) — K3 (F) — K3(E') & K3(R) defines the symbol with
respect to the larger embedding, the symbol is independent of m and n.

Any linear automorphism of R™*" induces an inner automorphism of E. Since
the composition of R — E with such an automorphism is still R — E, the symbol
{g, h} is unchanged by such an operation. Applying this to a ® 1,,, the map A —
E — E sends z and y to aga~'®1,, and 1,, ® h, so {g, h} must equal {aga~1!,h}.

As another application, note that if m = n the inner automorphism of E induced
by R™® R" =2 R"® R™ sends {h, g} to the image of {y,z} under K5(A) — K3(F).
This proves skew-symmetry, since {y,z} = {z,y} 1.
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THEOREM 5.12.2. For every commutative ring R, there is a skew-symmetric
bilinear pairing K1(R) @ K1(R) — K2(R) induced by the symbol {g,h}.

PRrROOF. We first show that the symbol is bimultiplicative when ¢ and ¢’ com-
mute in GL,,(R). Mapping A[z,27!] into E by z — ¢’ ® 1,, allows us to deduce
{9¢',h} ={g,h}{g’, h} from the corresponding property of Steinberg symbols. If g
and ¢’ do not commute, the following trick establishes bimultiplicativity:

= {2 ) (2 ) -

If either g or h is a commutator, this implies that the symbol {g, h} vanishes in the
abelian group K3(R). Since the symbol {g,h} is compatible with stabilization, it
describes a function K;(R) x K1(R) — K2(R) which is multiplicative in each entry:
{9g',h} = {g,h}{g’, h}. If we write K; and K additively the function is additive
in each entry, i.e., bilinear.

EXERCISES

5.1 Relative Steinberg groups. Let I be an ideal in a ring R. Show that there is an

exact sequence St(R, 1) odd, St(R) — St(R/I) — 1.

5.2 Consider the function p,: R"~1 — St,,(R) sending (r1, ..., ,—1) to the product
T1n(r1)Ton(r2) -+ - Tn—1.n(rn—1). The Steinberg relations show that this is a group
homomorphism.

Show that p is an injection by showing that the composite ¢p: R*~1 — St,,(R) —
GL,(R) is an injection. Then show that the elements z;;(r) with ¢, j < n normalize
the subgroup P,, = p(R"™) of St,(R), i.e., that z;;(r)Py,z;;(—r) = P,.

Use this and induction to show that the subgroup T,, of St,(R) generated by
the z;;(r) with ¢ < j maps isomorphically onto the subgroup of lower triangular
matrices in GL,,(R).

5.3 Let G be a group whose commutator group [G, G| is abelian. Prove that the
Jacobi identity holds for every u,v,w € G:

[, [v, w]][v, [w, u]][w, [u, v]] = 1.

If in addition [u,w] = 1 this implies that [[u,v], w] = [u, [v, w]].

5.4 Product with Ky. Construct a product operation Ko(R) @ K2(A) — Ka(A),
assuming that R is commutative and A is an associative R-algebra. To do this,
fix a finitely generated projective R-module P. Each isomorphism P & @ = R"
gives rise to a homomorphism h¥:GL,,(A) — GLyn(A) C GL(A) sending « to
a® 1 and E,,(A) to E(A). Show that hf is well-defined up to conjugation by an
element of F/(A). Since conjugation acts trivially on homology, this implies that the
induced map h¥.: Hy(E,,(A);Z) — Ho(E(A);Z) = Kz(A) is well-defined. Then
show that h*®9, = hP, @ hQ, and pass to the limit as m — oo to obtain the
required endomorphism [P]- of Ka(A).

5.5 If R is commutative and P € P(R), show that Q — Q ®pr P defines a functor
from the translation category tP(A) to itself for every R-algebra A, and that the
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resulting endomorphism of K3(A) = lim Ho([Aut(Q), Aut(Q)]) is the map h of
the previous exercise. Use this description to show that the product makes Ks(A)
into a module over the ring Ky(R).

5.6 Projection Formula. Suppose that f: R — S is a finite map of commutative
rings, with S € P(R). Show that for all r € K;(R) and s € K;(S) with i +j = 2
we have f.(f*(r)-s) =7r- fu(s) in Ko(R). The case i = 0 states that the transfer
fx: K2(S) — Ka(R) is Ko(R)-linear, while the case ¢ = 1 yields the useful formula
f«{r,s} = {r, Ns} for Steinberg symbols in K5(R), where r € R*, s € S* and
Ns = f.(s) € R* is the norm of s.

571Y % X and X = G are central extensions, show that the “composition”
Y =% @ is also a central extension. If X is a universal central extension of G,
conclude that every central extension Y 2 X splits.

5.8 Show that the following identies hold in St(R) (for i, j and k distinct).
a) wij(r)wi;(—r) =1;

g

(a) wij(r

(b) wir(r)@ij(s)wi(—r) = zp;(—r~1s);
(C> wij(r)xz‘j(S)’wij(—T’> = xji(_T_IST'_l),
(d) wi(r)eji(sywij(=r) = wij(—rsr);

(e) wij(rwsi(r~—) =1;

5.9 Use the previous exercise to show that {r,s} = h;;(rs)h;;(s) " hi;(r)~'. Hint:
Conjugate h;;(s) by wir(r)wir(—1).
5.10 Excision. If I and J are ideals in a ring R with I N J = 0, we may also
consider I as an ideal of R/J. Show that St(R,I) surjects onto St(R/J,I), while
the subgroups E(R,I) and E(R/J,I) of GL(I) are equal. Use the 5-lemma to
conclude that Ky (R,I) = K1(R/J,I) and that Ko(R,I) — K(R/J,I) is onto.

In fact, the sequence I/I? @rgr J/J* — K2(R,I) — Ko(R/J,I) — 0 is exact,
where the first map sends z ® y to (z,y); see [SwanT71].

5.11 Dennis-Stein symbols. Let (r,s);; denote the element of St(R) given in Def-
inition 5.11. Show that this element is in K3(R). Then use Ex. 5.8 to show that
if w = wi(1)w;e(1)wi,(1) (so that ¢(w) is the permutation matrix sending 7,j to
k,f) the permutation matrix send i,j to k, £ then w (r,s);; w™' = (r, s)pe. This
shows that the Dennis-Stein symbol is independent of the choice of indices i, j.

5.12 Let A be an abelian group and F' a field. Show that, for all n > 5, homomor-

phisms K5(F) < A are in 1-1 correspondence with central extensions of SL,,(F)
having kernel A.

5.13 If p is an odd prime, use Theorem 5.11.1 to show that Ko(Z/p™) = 1. If n > 2,
show that Ko(Z/2") =2 Ko(Z/4) = {£+1} on {—1,—1} = (—1,-2) = (2,2).
Using the Mayer-Vietoris sequence 5.8, conclude that K;(R) = R* = {%1} for
the ring R = Z[x]/(2? — p*). Note that R/(x £ p")R = 7Z.
5.14 Let R be a commutative ring, and let {2r denote the module of Kahler differ-
entials of R over Z, as in Ex. 2.6.
(a) If I is a radical ideal of R, show that there is a surjection from Ky (R, I) onto
I ®r Qr/r, sending (x,7) tox @ dr (r € R, x € I).
(b) If I? = 0, show that the kernel of the map in (a) is generated by the Dennis-
Stein symbols (z,y) with z,y € 1.
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(c) (Van der Kallen) The dual numbers over R is the ring R[e] with €2 = 0. If
1 € R, show that the map Ks(R[e],e) — Qg of part (a) is an isomorphism.

(d) Let k be a field. Show that the group Ka(k[[t]],t) is ¢-divisible for every ¢
invertible in k. If char(K) = p > 0, show that this group is not p-divisible.

5.15 Assume the fact that Z/2 is Ks-regular (see 3.4 and chapter V). Show that:

(a) K2(Z/4[x]) is an elementary abelian 2-group with basis (2,2), (22", z), and
(22271 2) 'n > 0. Hint: Split the map K»(A4,2) — Qaj2 = 7/2[z] of Ex. 5.14
and use 0 = (2f,1) = (2(f + f?),2).

(b) The group K2(Z/4[z,y]) is an elementary abelian 2-group with basis (2,2),
(2x™y"™, x), (22™y",y) (m,n > 0) and (2z™y™, x) (one of m,n odd).

(c) Consider the maps 01 : NKy(Z/4) — K3(Z/4) and 0y : N2Ky(Z/4) —
N K5(Z/4) induced by the maps Z/4[x] — Z/4 sending x to 1, and Z /4[x, y] —
Z/A[x] sending y to 1 — x, respectively. Show that the following sequence is
exact: N2Ky(Z/4) — NKy(Z/4) — Ko(Z/4) — 0.
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§6. K5 of fields

The following theorem was proven by Hideya Matsumoto in 1969. We refer the
reader to [Milnor, §12] for a self-contained proof.

MATSUMOTO’S THEOREM 6.1. If F' is a field then Ky(F) is the abelian group
generated by the set of Steinberg symbols {x,y} with z,y € F*, subject only to the
relations:

(1) (Bilinearity) {za',y} = {x,y}{z',y} and {z,yy'} = {x, y}{z,y'};
(2) (Steinberg Identity) {x,1 —x} =1 for all z # 0, 1.

In other words, Ko(F) is the quotient of F* ® F* by the subgroup gener-
ated by the elements x ® (1 — x). Note that the calculation (5.10.3) implies that
{z,—x} = 1 for all z, and this implies that the Steinberg symbols are skew-

symmetric: {x7y}{y7$} = {CE, —«'L'y}{y, —Zl'fy} = {l’y, —ny} =L
COROLLARY 6.1.1. Ky(F,) =1 for every finite field IF,.

PROOF. If z generates the cyclic group F, we must show that the generator z®@z
of the cyclic group F;* @ ) vanishes in Kj. If ¢ is even, then {z,z2} = {z, —z} =1,
so we may suppose that ¢ is odd. Since {z,2}? = 1 by skew-symmetry, we have
{z,2} = {z,z}™" = {a™, 2"} for every odd m and n. Since odd powers of x are
the same as non-squares, it suffices to find a non-square u such that 1 — u is also
a non-square. But such a u exists because u +— (1 — u) is an involution on the set
F, —{0,1}, and this set consists of (¢ —1)/2 non-squares but only (¢ —3)/2 squares.

EXAMPLE 6.1.2. Let F(t) be a rational function field in one variable t over F.
Then Ko(F) is a direct summand of Ko F(t).

To see this, we construct a map A\: Ko F'(t) — Ko(F') inverse to the natural map
Ko (F) — KoF(t). To this end, we define the leading coefficient of the rational
function f(t) = (aot™ +--- + an)/(bot™ + - - - + by,) to be lead(f) = ap/by and set
A{f,g}) = {lead(f),lead(g)}. To see that this defines a homomorphism K5 F'(t) —
K5(F), we check the presentation in Matsumoto’s Theorem. Bilinearity is clear
from lead(f1 f2) = lead(f1)lead(f2), and {lead(f),lead(1 — f)} = 1 holds in Ky(F')
because lead(1— f) is either 1, 1—lead(f) or —lead(f), according to whether m > n,
m=mnorm<n.

Because Ko commutes with filtered colimits, it follows that K»(F') injects into
Ky F(T) for every purely transcendental extension F/(T) of F.

LEMMA 6.1.3. For every field extension F C E, the kernel of Ko(F) — Ko(E)
18 a torsion subgroup.

PrROOF. F is an algebraic extension of some purely transcendental extension
F(X) of F, and K»(F) injects into K3F(X) by Example 6.1.2. Thus we may
assume that F is algebraic over F'. Since E is the filtered union of finite extensions,
we may even assume that F/F is a finite field extension. But in this case the result
holds because (by 5.6.3) the composite Ko(F') — K3(E) — Ko (F') is multiplication
by the integer [E : F.

The next result is useful for manipulations with symbols.
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LEMMA 6.1.4 (BAss-TATE). If E = F(u) is a field extension of F, then every
symbol of the form {byu — ay,bou — as} (a;,b; € F') is a product of symbols {c;,d;}
and {c;,u — d;} with ¢;,d; € F.

ProOF. Bilinearity allows us to assume that by = by = 1. Set = u — aq,
y=u—azand a=as —ay,s0x=a+y. Then 1= %+ ¥ yields the relation 1 =
{2,2}. Using {z,2} = {—1,z}, this expands to the desired expression: {z,y} =
{CL7 y}{_la x}{a‘l,x}.

Together with the Projection Formula (Ex. 5.6), this yields:

COROLLARY 6.1.5. If E = F(u) is a quadratic field extension of F, then Ko(E)
is generated by elements coming from Ko(F), together with elements of the form
{e,u—d}. Thus the transfer map Ng p: K2(E) — K3(F) is completely determined
by the formulas Ng,p{c,d} = {c,d}?*, Ng/p{c,u—d} ={¢, N(u—d)} (¢c,d € F)

EXAMPLE 6.1.6. Since C is a quadratic extension of R, every element of K5(C)
is a product of symbols {r, s} and {r,e?} with r, s, € R. Moreover, N{r,e?} =1
in K5(R). Under the automorphism of K3(C) induced by complex conjugation, the
symbols of the first kind are fixed and the symbols of the second kind are sent to
their inverses. We will see in Theorem 6.4 below that K2(C) is uniquely divisible,
i.e., a vector space over Q, and the decomposition of K5(C) into eigenspaces for
+1 corresponds to symbols of the first and second kind.

EXAMPLE 6.1.7. Let F be an algebraically closed field. By Lemma 6.1.4, K5 F(t)
is generated by linear symbols of the form {a,b} and {t — a,b}. It will follow from
6.5.2 below that every element u of KyF(t) uniquely determines finitely many
elements a; € F, b; € F* so that u = A(u) [[{t — ai, b;}, where A(u) € Ko(F) was
described in Example 6.1.2.

Steinberg symbols

DEFINITION 6.2. A Steinberg symbol on a field F' with values in a multiplicative
abelian group A is a bilinear map ¢: F* @ F* — A satisfying ¢(r,1 — r) = 1.
By Matsumoto’s Theorem, these are in 1-1 correspondence with homomorphisms

Ky(F) S A.

EXAMPLE 6.2.1. There is a Steinberg symbol (z,y)~ on the field R with values
in the group {£1}. Define (z,y)o to be: —1 if both x and y are negative, and +1
otherwise. The Steinberg identity (z,1—2). = +1 holds because x and 1—x cannot
be negative at the same time. The resulting map K(R) — {£1} is onto because
(—1,—1)so = —1. This shows that the symbol {—1, -1} in K5(Z) is nontrivial, as
promised in 5.2.2, and even shows that K»(Z) is a direct summand in Ko(R).

For our next two examples, recall that a local field is a field F' which is complete
under a discrete valuation v, and whose residue field k, is finite. Classically, every
local field is either a finite extension of the p-adic rationals Q, or of F,((¢)).

EXAMPLE 6.2.2 (HILBERT SYMBOLS). Let F' be a local field containing 1. The
Hilbert (quadratic residue) symbol on F' is defined by setting cp(r, s) € {£1} equal
to +1 or —1, depending on whether or not the equation rz2+sy? = 1 has a solution
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in F. Bilinearity is classical when F' is local; see [OMeara, p.164]. The Steinberg
identity is trivial, because x = y = 1 is always a solution when r + s = 1.

Of course, the definition of cg(r,s) makes sense for any field of characteristic
# 2, but it will not always be a Steinberg symbol because it can fail to be bilinear
in r. It is a Steinberg symbol when F' = R, because the Hilbert symbol cg(r, s) is
the same as the symbol (r, ), of the previous example.

EXAMPLE 6.2.3 (NORM RESIDUE SYMBOLS). The roots of unity in a local field
F form a finite cyclic group u, equal to the group p,, of all m! roots of unity for
some integer m with % € F. The classical m" power norm residue symbol is a
map Ko(F') — p,, defined as follows (see [S-LF] for more details).

Because F'*™ has finite index in F'*, there is a finite “Kummer” extension K
containing the m!” roots of every element of F'. The Galois group Gr = Gal(K/F)
is canonically isomorphic to Hom(F*, u,,), with the automorphism g of K corre-
sponding to the homomorphism (: FF* — pu, sending a € F* to ((a) = g(x)/x,
where ™ = a. In addition, the cokernel of the norm map K* Ny FXis isomorphic
to G by the “norm residue” isomorphism of local class field theory. The composite
F* — F*/NK* =2 Gp =2 Hom(F*, i), written as  — (z,—)p, is adjoint to a
nondegenerate bilinear map ( , )p: F* @ F* — .

The Steinberg identity (a,1 —a)r = 1 is proven by noting that (1 —a) is a norm
from the intermediate field £ = F(z), 2™ = a. Since Gy C GF corresponds to
the norm map E* /Ng/ g K* < F*/Ng,p K*, the element g of Gp = Gal(K/F)
corresponding to the map ((a) = (a,1 — a)p from F* to p,, must belong to Gg,
i.e., ¢ must extend to a map E* — p,,. But then (a,1 —a)r = ((a) = {(z)™ = 1.

The name “norm residue” comes from the fact that for each z, the map y —
{x,y} is trivial if and only if x € NK*. Since a primitive m®* root of unity ¢ is not
a norm from K, it follows that there is an x € F' such that (¢,x)r # 1. Therefore
the norm residue symbol is a split surjection with inverse (¢ — {¢¢, z}.

The role of the norm residue symbol is explained by the following structural
result, whose proof we cite from the literature.

MOORE’S THEOREM 6.2.4. If F is a local field, then Ky(F') is the direct sum
of a uniquely divisible abelian group U and a finite cyclic group, isomorphic under
the norm residue symbol to the group p = p,, of roots of unity in F.

PrROOF. We have seen that the norm residue symbol is a split surjection. A
proof that its kernel U is divisible, due to C. Moore, is given in the Appendix to
[Milnor]. The fact that U is torsionfree (hence uniquely divisible) was proven by
Tate [Tate] when char(F') = p, and by Merkurjev [Merk] when char(F') = 0.

EXAMPLE 6.2.5 (2-ADIC RATIONALS). The group Ko ((@2) is the direct sum of
the cyclic group of order 2 generated by {—1, —1} and a uniquely divisible group.
Since 22 4+ 42 = —1 has no solution in F = Qy we see from definition (6.2.2) that
the Hilbert symbol cp(—1,—-1) = —1.

Tame symbols

Every discrete valuation v on a field F' provides a Steinberg symbol. Recall that
v is a homomorphism F* — Z such that v(r+s) > min{v(r), v(s)}. By convention,
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v(0) = oo, so that the ring R of all » with v(r) > 0 is a discrete valuation ring
(DVR). The units R* form the set v=1(0), and the maximal ideal of R is generated
by any m € R with v(7w) = 1. The residue field k, is defined to be R/(m). If u € R,
we write u for the image of v under R — k.

LEMMA 6.3. For every discrete valuation v on F there is a Steinberg symbol
Ko(F) 2% kX, defined by

Os({r,s}) = (_1)1)(7%(8)@.

prv(s)

This symbol is called the tame symbol of the valuation v. The tame symbol is onto,
because if u € R* then v(u) =0 and 0,(m,u) = .

PROOF. Writing r = u17%* and s = uomw?? with uy,us € R*, we must show that
71)1

Oy(r,s) = (—1)""1”2%2 is a Steinberg symbol. By inspection, d,(r, s) is an element
1

of kS, and 9, is bilinear. To see that 0,(r,s) = 1 when r + s = 1 we consider
several cases. If v; > 0 then r is in the maximal ideal, so s = 1 — r is a unit and
Oy(r,s) = 5¥* = 1. The proof when vy > 0 is the same, and the case v1 = vo = 0
is trivial. If vy < 0 then v(2) > 0 and 1= = —1+ 1 is congruent to —1 (mod 7).
Since v(r) = v(1 — r), we have

our-n) = (7 (1) = oy -

r

RAMIFICATION 6.3.1. Suppose that F is a finite extension of F', and that w is
a valuation on F over the valuation v on F'. Then there is an integer e, called the
ramification indez, such that w(r) = e - v(r) for every r € F. The natural map
K5(F) — K3(F) is compatible with the tame symbols in the sense that for every
r1,m9 € F* we have 0,(r1,72) = 0y (r1,72)° in kX.

Ky(F) =2

| | ot

Ko(E) —22 kX

Let S denote the integral closure of R in E. Then S has finitely many prime
ideals p1, ..., p, lying over p, with corresponding valuations wy, ..., w, on E. We say
that S is unramified over R if the ramification indices eq,...,e, are all 1; in this
case the diagonal inclusion A:k; < [], k. is compatible with the tame symbols
in the sense that Ad,(r1,r2) is the product of the 9, (r1,r2).

COROLLARY 6.3.2. If F' contains the rational function field Q(t) or Fp(t1,t2),
then Ko(F') has the same cardinality as F. In particular, if F' is uncountable then
so is Ko(F).

PrOOF. By hypothesis, F' contains a transcendental element ¢. Choose a subset
X ={z,} of F'sothat XU{t} is a transcendence basis for F over its ground field Fy,
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and set k = Fp(X). Then the subfield k(t) of F" has a t-adic valuation with residue
class field k. Hence K»(k(t)) contains a subgroup {¢,k*} mapped isomorphically
under the tame symbol to £*. By Lemma 6.1.3, the kernel of k* — Ks(k(t)) —
K5 (F) is contained in the torsion subgroup u(k) of roots of unity in k. Thus the
cardinality of K»(F) is bounded below by the cardinality of £* /u(k). Since F' is an
algebraic extension of k(t), and k contains either Q or [F,,(t2), we have the inequality
|F| = |k| = |k*/u(k)| < |K2(F)|. The other inequality |K2(F')| < |F| is immediate
from Matsumoto’s Theorem, since F' is infinite.

THEOREM 6.4 (BASS-TATE). When F' is an algebraically closed field, Ko(F) is
a uniquely divisible abelian group.

Theorem 6.4 is an immediate consequence of proposition 6.4.1 below. To see this,
recall that an abelian group is uniquely divisible when it is uniquely p-divisible for
each prime p; a group is said to be uniquely p-divisible if it is p-divisible and has
no p-torsion.

PROPOSITION 6.4.1 (BASS-TATE). Let p be a prime number such that each
polynomial tP —a (a € F') splits in F[t] into linear factors. Then Ky(F') is uniquely
p-divisible.

PRrROOF. The hypothesis implies that F'* is p-divisible. Since the tensor product
of p-divisible abelian groups is always uniquely p-divisible, F'* ® F'* is uniquely
p-divisible. Let R denote the kernel of the natural surjection F'’* @ F* — Ky (F).
By inspection (or by the Snake Lemma), Ky(F') is p-divisible and the p-torsion
subgroup of Ky (F') is isomorphic to R/pR.

Therefore it suffices to prove that R is p-divisible. Now R is generated by the
elements ¥ (a) = (a)®@(1—a) of F*®F* (a € F—{0,1}), so it suffices to show that
each v (a) is in pR. By hypothesis, there are b; € F' such that t» —a = [[(t — b;) in
Flt],so 1—a =T](1 —b;) and b? = a for each i. But then we compute in F* @ F*:

Yla)=(a)@(1—-a)=Y (@1 =b)=» (b))’ @(1—b)=p> v(b).

COROLLARY 6.4.2. If F is a perfect field of characteristic p, then Ky(F) is
uniquely p-divisible.

The Localization Sequence for Ko

The following result will be proven in chapter V, but we find it useful to quote
this result now. If p is a nonzero prime ideal of a Dedekind domain R, the local
ring R, is a discrete valuation ring, and hence determines a tame symbol.

LOCALIZATION THEOREM 6.5. Let R be a Dedekind domain with field of frac-

tions F. Then the tame symbols Ko(F') O, (R/p)* associated to the prime ideals
of R fit into a long exact sequence
o= o» y

[T K2(R/p) = Ka(R) = Ko(F) —= [[(R/p)* = SK1(R) — 1

p p
where the coproducts are over all nonzero prime ideals p of R, and the maps from
(R/p)* = K1(R/p) to SK1(R) are the transfer maps of Ex. 1.11. The transfer
maps Ko(R/p) — K3(R) will be defined in chapter V.
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APPLICATION 6.5.1 (K5Q). If R = Z then, since K5(Z/p) = 1 and SK1(Z) =1,

we have an exact sequence 1 — K»(Z) — K3(Q) N [IF; — 1. As noted in
Example 6.2.1, this sequence is split by the symbol (7, s)s0, SO we have K5(Q) =

Ky(Z)® HF;;

APPLICATION 6.5.2 (FUNCTION FIELDS). If R is the polynomial ring F'[t] for
some field F', we know that Ko(F[t]) = Kao(F') (see 5.2.3). Moreover, the natural
map Ko(F') — Ky F(t) is split by the leading coefficient symbol A of Example 6.1.2.
Therefore we have a split exact sequence

1 — Ka(F) — K F(t) % T[(Flt)/p)* — 1.
p

WEIL'S RECIPROCITY FORMULA 6.5.3. Just as in the case R = Z, there is
a valuation on F(t) not arising from a prime ideal of F[t]. In this case, it is
the valuation v (f) = —deg(f) associated with the point at infinity, i.e., with
parameter t 1. Since the symbol (f, g)o vanishes on K»(F), it must be expressable
in terms of the tame symbols 0, (f, g) = (f, g)p,. The appropriate reciprocity formula
first appeared in Weil’s 1940 paper on the Riemann Hypothesis for curves:

(f.9)e  [[No(frg)p=1  in F*.
p

In Weil’s formula “N,” denotes the usual norm map (F'[t]/p)* — F*. To establish
this reciprocity formula, we observe that KoF'(t)/KoF = [[(F[t]/p)* injects into
Ky F(t)/ Ky F, where F is the algebraic closure of F. Thus we may assume that F'
is algebraically closed. By Example 6.1.7, K3F'(t) is generated by linear symbols
of the form {a,t —b}. But (a,t — b)oo = a and 9;_p(a,t — b) = a1, so the formula
is clear.

Our next structural result was discovered by Merkurjev and Suslin in 1981, and
published in their landmark paper [MS]; see [GSz, 8.4]. Recall that an automor-
phism o of a field F induces an automorphism of K5 (F) sending {z,y} to {oz,oy}.

THEOREM 6.6 (HILBERT’S THEOREM 90 FOR K3). Let E/F be a cyclic Galois
field extension of prime degree p, and let o be a generator of Gal(E/F). Then the
following sequence is exact, where N denotes the transfer map on Ks:

Ko (B) =% Ky (BE) 2 Ko (F).

Merkurjev and Suslin gave this result the suggestive name “Hilbert’s Theorem
90 for K5,” because of its formal similarity to the following result, which is univer-
sally called “Hilbert’s Theorem 90 (for units)” because it was the 90" theorem in

Hibert’s classical 1897 survey of algebraic number theory, Theorie der Algebraische
Zahlkorper.

THEOREM 6.6.1 (HILBERT’S THEOREM 90 FOR UNITS). Let E/F be a cyclic
Galois field extension, and let o be a generator of Gal(E/F). If 1 — o denotes the
map a +— a/o(a), then the following sequence is exact:

1 — FX o px 229 px Ny px
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We omit the proof of Hilbert’s Theorem 90 for Ko (and for K; see 7.8.4 below),
since the proof does not involve K-theory, contenting ourselves with two special
cases: when n = char(F') (7.8.3) and the following special case.

PROPOSITION 6.6.2. Let F be a field containing a primitive n'" root of unity ,
and let E be a cyclic field extension of degree n, with o a generator of Gal(E/F).

Suppose in addition that the norm map E* NoEx s onto, and that F' has no
extension fields of degree < n. Then the following sequence is exact:

Ko (E) ==% Ko (E) 2 Ko(F) — 1.

PROOF. Since N(¢ = 1, Hilbert’s Theorem 90 gives an r € E with o(r) = (r.
Setting ¢ = N(r) € F, it is well-known and easy to see that £ = F(r), r" = c.

Again by Hilbert’s Theorem 90 for units and our assumption about norms,
EX 7% px Ny FX 4 1 s an exact sequence of abelian groups. Applying
the right exact functor ® F'* retains exactness. Therefore we have a commutative
diagram with exact rows

EX @ F* EX@Fx NO, pxgopx 4

l l b

KyE) —%2% KyE) —s C ——1

(1-0)®1
—_—

in which C denotes the cokernel of 1 — o.

Now every element of E is a polynomial f(r) in r of degree < n, and f(¢) is a
product of linear terms b;t — a; by our assumption. By Lemma 6.1.4, every element
of Ko(FE) is a product of symbols of the form {a,b} and {a,r — b}. Therefore the
vertical maps F* ® E* — K5(F) are onto in the above diagram. Hence + is onto.

If a € F* and x € E* then the projection formula (Ex. 5.6) yields

N(1—-o){a,z} = N{a,z/(ox)} = {a,Nz/N(ozx)} = 1.

Hence the transfer map K3(F) — Ky(F) factors through C. A diagram chase
shows that it suffices to show that ~ is a Steinberg symbol, so that it factors through
K5 (F). For this we must show that for all y € E we have v(Ny ® (1 — Ny)) = 1,
i.e., that {y,1 — Ny} € (1 —0)Ks(FE).

Fix y € E and set 2 = Ng/p(y) € F. Factor t" — z = [[ f; in F[t], with the
fi irreducible, and let F; denote the field F(x;), where f;(z;) = 0 and 2} = z.
Setting t =1, 1 — 2z =[] fi(1) = [[ Np,/r(1 — ;). Setting E; = E ®@p Fj, so that
Np,/p(1 —2;) = Ng, /(1 — 2;) and o(z;) = x;, the projection formula (Ex. 5.6)
gives

{y.1- 2} = [ Ne. ey 1 — 2} = [ [ Neply/zi 1 - 2}

Thus it suffices to show that each Ng, /p{y/x;,1—2;} isin (1—0)K>(E). Now E;/F;
is a cyclic extension whose norm N = Ng, /5, satisfies N(y/x;) = N(y)/z} = 1. By
Hilbert’s Theorem 90 for units, y/z; = v;/ov; for some v; € E;. We now compute:

NEZ/E{y/xZ,l —QZ'Z'} = NEi/E{Ui/UUi71 —:IJ‘Z'} = (1 _O')NEi/E{Uial —ilfi}. U
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Here are three pretty applications of Hilbert’s Theorem 90 for K5. When F' is a
perfect field, the first of these has already been proven in Proposition 6.4.1.

THEOREM 6.7. If char(F) = p # 0, then the group Ko(F') has no p-torsion.

PROOF. Let z be an indeterminate and y = P —z; the field extension F(z)/F(y)
is an Artin-Schrier extension, and its Galois group is generated by an automorphism
o satisfying o(z) = = + 1. By 6.5.2, Ko(F) is a subgroup of both KyF(x) and
K> F(y), and the projection formula shows that the norm N: Ky F(z) — Ko F(y)
sends u € Ko(F') to uP.

Now fix u € K (F) satisfying u? = 1; we shall prove that v = 1. By Hilbert’s
Theorem 90 for K3, u = (1 — o)v = v(ov)~! for some v € Ko F(x).

Every prime ideal p of F[z]| is unramified over p, = p N Fy|, because F[z]/p is
either equal to, or an Artin-Schrier extension of, F[y]/p,. By 6.3.1 and 6.5.2, we
have a commutative diagram in which the vertical maps 0 are surjective:

KoF(y) ——  KoF(z) —%%  KyF(x)

al al a
[, (Flyl/py)* —=— T1,(Flzl/p)* —=Z T, (Fz]/p)"

We claim that the bottom row is exact. By decomposing the row into subse-
quences invariant under o, we see that there are two cases to consider. If a prime
p is not fixed by o, then the fields F[z]/o’p are all isomorphic to E = F[y]/p,, and
for a; € E* we have

(1—-o0)(ap,a1,...,ap—1) = (aoa;_ll, aragt,. .. ,ap_la;_lz)

in Hf:_ol (F[z]/o'p)*. This vanishes if and only if the a; agree, in which case
(ag,...,ap—1) is the image of @ € E*. On the other hand, if o fixes p then
Flz]/p is a cyclic Galois extension of £ = Fly|/p,. Therefore if a € Fx]/p and
(1 —0)a = a/(ca)~! equals 1, then a = o(a), i.e., a € E. This establishes the
claim.

A diagram chase shows that since 1 = du = 9(1 — o)v, there is a vy in Ko2F(y)
with d(v) = 9(i*vg). Since i* = oi*, we have (1 — 0)i*vg = 1. Replacing v by
v(i*vp) !, we may assume that O(v) = 1, i.e., that v is in the subgroup Ko (F) of
KyF(x). Therefore we have u = v(ov)™! = 1. As u was any element of Ky(F)
satisfying u? = 1, K5(F') has no p-torsion.

EXAMPLE 6.7.1. If F =T,(t), ¢ = p", we have Ky(F) = [[(F,[t]/p)*. Since the
units of each finite field F,[t]/p form a cyclic group, and its order can be arbitrarily
large (yet prime to p), K2F,(t) is a very large torsion group.

THEOREM 6.8. If F' contains a primitive n'™ root of unity ¢, then every element

of Ko(F') of exponent n has the form {(,x} for some x € F*.

PrOOF. We first suppose that n is a prime number p. Let x be an indeterminate
and y = zP; the Galois group of the field extension F'(z)/F(y) is generated by an
automorphism o satisfying o(x) = (z. By Application 6.5.2, K5(F) is a subgroup
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of KoF(x), and by the projection formula the norm N: KyF(z) — K2F(y) sends
u € Ko(F') to uP.

Fix u € Ky(F) satisfying v? = 1. By Hilbert’s Theorem 90 for K, if u? =1
then u = (1 — o)v = v(ov)~! for some v € Ky F(x).

Now the extension F[y] C F[x] is unramified at every prime ideal except p = ().
As in the proof of Theorem 6.7, we have a commutative diagram whose bottom row
is exact:

Ko F(y) — Ko F(z) SN K>F(2)

4 4 d
Ly, (FI31/00) 2 Ty (FIal/0)* = Ly (Pl )"

As before, we may modify v by an element from K5 F(y) to arrange that d,(v) =1
for all p # (). For p = (), let a € F' = F[z]/(x) be such that J(,)(v) = a and set
v' = v{a,r}. Then 9,)(v') = 1 and 9, (v") = 9, (v) = 1 for every other p. It follows
from 6.5.2 that v’ is in Ko(F). Therefore (1 — o)v’ = 1; since v = v'{a,x} ! this
implies that u has the asserted form:

u=(1-0){a,z}"" ={a,z} " {a,(z} = {a,(}.

Now we proceed inductively, supposing that n = mp and that the theorem has
been proven for m (and p). If u € K3(F) has exponent n then uP has exponent m,
so there is an x € F'* so that u? = {¢P, z}. The element u{¢?, z} ! has exponent p,
so it equals {(™,y} = {(,y™} for some y € F*. Hence u = {(,zy™}, as required.

REMARK 6.8.1. Suslin also proved the following result in [Su87]. Let F' be a
field containing a primitive p'* root of unity ¢, and let Fy C F be the subfield
of constants. If x € Fy* and {¢,z} = 1 in Ky(F) then {¢,z} = 1 in Ky(F). If
{¢,y} =1in K5(F) for some y € F* then y = 2P for some = € F;* and z € F*.

APPLICATION 6.8.2. We can use Theorem 6.8 to give another proof of Theo-
rem 6.4, that when F' is an algebraically closed field, the group K (F') is uniquely
divisible. Fix a prime p. For each a € F* there is an a with o = a. Hence
{a,b} = {a, b}, so K(F) is p-divisible. If p # char(F') then there is no p-torsion
because {(,a} = {(,a} = 1. Finally, if char(F') = p, there is no p-torsion either
by Theorem 6.7.

APPLICATION 6.8.3 (K3R). Theorem 6.8 states that {—1,—1} is the only ele-
ment of order 2 in K5R. Indeed, if r is a positive real number then:

{(-1,r} ={-1,v/r}* =1, and {-1,—r}={-1,-1}{-1,r} ={-1,-1}.

Note that {—1,—1} is in the image of K5(Z), which is a summand by either Exam-
ple 6.2.1 or Example 5.9.1. Recall from Example 6.1.6 that the image of K5R in the
uniquely divisible group K»C is the eigenspace K>C*, and that the composition

KoR — K>5C N, K5R is multiplication by 2, so its kernel is K5(Z). It follows that
KoR = K5 (Z) & K>CF.
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K5 and the Brauer group

Let F' be a field. Recall from I1.5.4.3 that the Brauer group Br(F') is generated
by the classes of central simple algebras with two relations: [A®p B] = [A]-[B] and
[M,,(F)] = 0. Here is one classical construction of elements in the Brauer group; it
is a special case of the construction of crossed product algebras.

CYCLIC ALGEBRAS 6.9. Let ¢ be a primitive n'® root of unity in F, and o, 8 €
F*. The cyclic algebra A = A¢(a, ) is defined to be the associative algebra with
unit, which is generated by two elements z,y subject to the relations 2™ = «a - 1,
y" = -1 and yx = Cxy. Thus A has dimension n? over F, a basis being the
monomials z'y? with 0 < 4,j < n. The identity (z + y)" = (o + B) - 1 is also easy
to check.

When n = 2 (so ( = —1), cyclic algebras are called quaternion algebras. The
name comes from the fact that the usual quaternions H are the cyclic algebra
A(—1,-1) over R. Quaternion algebras arise in the Hasse invariant of quadratic
forms.

It is classical, and not hard to prove, that A is a central simple algebra over F’;
see [BA, §8.5]. Moreover, the n-fold tensor product AQpr A®p - ®p A is a matrix
algebra; see [BA, Theorem 8.12]. Thus we can consider [A] € Br(F') as an element
of exponent n. We shall write ,, Br(F") for the subgroup of Br(F") consisting of all
elements z with ™ = 1, so that [A] € ,, Br(F)

For example, the following lemma shows that A.(1, /) must be a matrix ring
because 2™ = 1. Thus [A¢(1, 5)] =1 in Br(F).

LEMMA 6.9.1. Let A be a central simple algebra of dimension n? over a field F

containing a primitive nt* root of unity (. If A contains an element u & F such
that u™ =1, then A = M, (F).

PROOF. The subalgebra F[u] of A spanned by u is isomorphic to the commu-
tative algebra F[t]/(t" — 1). Since t" — 1 = [](t — ¢*), the Chinese Remainder
Theorem yields Flu] =2 F' x F'x ---x F. Hence F[u] contains n idempotents e; with
e;e; = 0 for i # j. Therefore A splits as the direct sum et A @ --- @ e, A of right
ideals. By the Artin-Wedderburn theorem, if A = M4(D) then A can be the direct
sum of at most d right ideals. Hence d = n, and A must be isomorphic to M, (F).

PROPOSITION 6.9.2 (THE n!® POWER NORM RESIDUE SYMBOL). If F' contains
a primitive n*" root of unity, there is a homomorphism Ko(F) — Br(F) sending
{a, B} to the class of the cyclic algebra As (o, B).

Since the image is a subgroup of exponent n, we shall think of the power norm
residue symbol as a map Ko(F)/nKo(F) — ,, Br(F).

This homomorphism is sometimes also called the Galois symbol.

PRrROOF. From Ex. 6.12 we see that in Br(F') we have [A¢ (o, B)] - [Ac(a, )] =
[A¢(a, fy)]. Thus the map F* x F* — Br(F) sending (o, ) to [Ac(w, B)] is
bilinear. To see that it is a Steinberg symbol we must check that A = A¢(a, 1 — )
is isomorphic to the matrix algebra M, (F'). Since the element x 4+ y of A satisfies
(x +y)™ =1, Lemma 6.9.1 implies that A must be isomorphic to M, (F).

REMARK 6.9.3. Merkurjev and Suslin proved in [MS] that Ks(F)/mKs(F)
is isomorphic to the subgroup ,, Br(F) of elements of order m in Br(F) when
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Wty C F. By Matsumoto’s Theorem, this implies that the m-torsion in the Brauer
group is generated by cyclic algebras. The general description of Ko(F')/m, due to
Merkurjev-Suslin, is given in 6.10.4; see VI.3.1.1.

The Galois symbol

We can generalize the power norm residue symbol to fields not containing enough
roots of unity by introducing Galois cohomology. Here are the essential facts we
shall need; see [WHomo] or [Milne].

SKETCH OF GALOIS COHOMOLOGY 6.10. Let F., denote the separable closure
of a field F, and let G = G denote the Galois group Gal(Fgep/F). The family
of subgroups Gg = Gal(Fsp/FE), as E runs over all finite extensions of F', forms
a basis for a topology of G. A G-module M is called discrete if the multiplication
G x M — M is continuous.

For example, the abelian group G, = Fg, of units of Fy, is a discrete module,
as is the subgroup p, of all m*" roots of unity. We can also make the tensor
product of two discrete modules into a discrete module, with G acting diagonally.
For example, the tensor product u®? = p,, @ p,y, is also a G-discrete module. Note
that the three G-modules Z/m, u,, and p%? have the same underlying abelian
group, but are isomorphic Gp-modules only when pu,,, C F'.

The G-invariant subgroup M% of a discrete G-module M is a left exact functor
on the category of discrete G p-modules. The Galois cohomology groups H',(F; M)
are defined to be its right derived functors. In particular, H, (F; M) is just M.

If F is a finite separable extension of F' then Gg C Gp. Thus there is a forgetful
functor from G p-modules to G g-modules, inducing maps HZ,(F; M) — H',(E; M).
In the other direction, the induced module functor from G g-modules to G -modules
gives rise to cohomological transfer maps trg,p: H.,(E; M) — HZ,(F;M); see
[WHomo, 6.3.9 and 6.11.11].

EXAMPLE 6.10.1 (KUMMER THEORY). The cohomology of the module G, is
of fundamental importance. Of course H),(F,G,,) = F*. By Hilbert’s Theo-
rem 90 for units, and a little homological algebra [WHomo, 6.11.16], we also have
HL(F;G,,) =0 and H%(F;G,,) = Br(F).

If m is prime to char(F’), the exact sequence of discrete modules

1=t = Gy 5 Gy — 1

is refered to as the Kummer sequence. Writing pi,,, (F') for the group u& of all m**
roots of unity in F', the corresponding cohomology sequence is called the Kummer
sequence.

1 —=p(F) = F* % FX = HL(F; ) — 1
1 —H%(F; pin) — Br(F) = Br(F)
This yields isomorphisms HY (F; p,,) = FX/F*™ and HZ,(F; p) = ., Br(F). If
tm C FX this yields a natural isomorphism HZ (F; u$2) 22 ,, Br(F) ® pim (F).
There are also natural cup products in cohomology, such as the product
(6.10.2) F* @ F* — HY(F; pin) ® HY(Fs pun) = HZ,(F; p?)

which satisfies the following projection formula: if E/F is a finite separable exten-
sion, a € F* and b € E*, then trg,p(aUb) = aU Ng,p(b).
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PROPOSITION 6.10.3 (GALOIS SYMBOL). The bilinear pairing (6.10.2) induces
a Steinberg symbol Ko(F)/mKy(F) — H2,(F; u®?) for every m prime to char(F).

PROOF. It suffices to show that aU(1—a) vanishes for every a € F'—{0,1}. Fixing
a, factor the separable polynomial t™ —a = [[ f; in F'[t] with the f; irreducible, and
let F; denote the field F'(x;) with f;(z;) = 0. Settingt = 1, 1—a = [[, Ng,/p(1—2;).
Writing HZ2, additively, we have

aU(l—a)= ZCLUNFi/F(l — 1) = ZtTFi/F<aU (1 — )

:mZtTFI/F(:UzU(l —1’1))

Since the group HZ (F; n©?) has exponent m, all these elements vanish, as desired.

REMARK 6.10.4. Suppose that F contains a primitive m!* root of unity ¢. If
we identify Z/m with p,, via 1 — (, we have a natural isomorphism

m Br(F) 2 1, Br(F) ® Z/m 22 1, Br(F) ® pm 2= HZ, (F; i)

Tate showed in [Tate] that this isomorphism identifies the Galois symbol of Propo-
sition 6.10.3 with the m!* power norm residue symbol of Proposition 6.9.2. The
Merkurjev-Suslin isomorphism of [MS] cited above in Remark 6.9.3 is a special case
of the more general assertion that this symbol induces an isomorphism for all fields
F of characteristic prime to m: Ka(F)/mK2(F) = H%(F;u2?). See chapter VI,
3.1.1.

EXERCISES

6.1 Given a discrete valuation on a field F, with residue field & and parame-
ter m, show that there is a surjection \: K3(F') — Ksy(k) given by the formula
Murt, vn?} = {4, v}. Example 6.1.2 is a special case of this, in which 7 = ¢~1.
6.2 (Bass-Tate) If £ = F(u) is a field extension of F', and e;,e2 € E are monic
polynomials in u of some fixed degree d > 0, show that {e;,e2} is a product
of symbols {e1,e5} and {e,ef} with e, el, el polynomials of degree < d. This
generalizes Lemma 6.1.4.
6.3 (Bass-Tate) Let k be a field and set F' = k((t)).

(a) Show that Ko(F') = Ky(k) x k™ x Ko(k[[t]], t).

(b) Show that the group Ky (k[[t]],t) is torsionfree; by Ex. 5.14, it is uniquely

divisible if char(k) = 0. Hint: Use 6.7 and the proof of 6.4.1.

6.4 If F' is a number field with r; distinct embeddings F' — R, show that the r;
symbols (, )oo on F' define a surjection Ko(F') — {£1}".

6.5 If F' denotes the algebraic closure of a field F, show that K5(Q) = K»(F,) = 1.

6.6 2-adic symbol on Q. Any nonzero rational number r can be written uniquely
as r = (—1)"275%u, where i,k € {0,1} and u is a quotient of integers congruent to
1 (mod 8). If s = (—1)" 275w/, set (r,s)y = (—1)% T35 +kk"  Show that this is a
Steinberg symbol on Q, with values in {£1}.
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6.7 Let ((r,s)), denote the Hilbert symbol on Q, (6.2.2), and (r,s), the tame
symbol K2(Q,) — ). Assume that p is odd, so that there is a unique surjection
e: ) — {£1}. Show that ((r,s)), = ¢ (r,s), for all r, s € (@;

6.8 Quadratic Reciprocity. If r,s € Q*, show that (r, 8)oo (7, 8)2 [ [0 ((7,8))p = +1.
Here (r, s)5 is the 2-adic symbol of Ex. 6.6.
Hint: From 6.5.1 and Ex. 6.7, the 2-adic symbol of Ex. 6.6 must satisfy some

relation of the form
(r,s)2 = (r,8)5 [ ((r )5,
pF£2

where the exponents ¢, are either 0 or 1. Since (—1,—1)2 = (—1,—1)s we have
€00 = 1. If p is a prime not congruent to 1 (mod 8), consider {2,p} and {—1, p}.
If p is a prime congruent to 1 (mod 8), Gauss proved that there is a prime ¢ < \/p
such that p is not a quadratic residue modulo ¢. Then ((p,q)), = —1, even though
(P,¢)oo = (p,q)2 = 1. Since we may suppose inductively that ¢, equals 1, this
implies that ¢, # 0.

6.9 (Suslin) Suppose that a field F' is algebraically closed in a larger field E. Use
Lemma 6.1.3 and Remark 6.8.1 to show that Ks(F') injects into K5 (F).

6.10 Let F be a field, and let Q}. = Q% /7 denote the vector space of absolute

Kihler differentials (see Ex. 2.6). The n'" exterior power of QL is written as Q7.
Show that there is a homomorphism K (F) — Q% sending {z,y} to 2 A C;—y. This
map is not onto, because the image is in the kernel of the de Rham differential
d: Q% — Q3.
6.11 If F' is a field of transcendence degree x over the ground field, (2 is a vector
space of dimension . Now suppose that x is an infinite cardinal number, so that
(2% is also a vector space of dimension « for all n > 1. Show that the image of the
map K»(F) — Q% in the previous exercise is an abelian group of rank x.

In particular, if F' is a local field then the uniquely divisible summand U of
K5(F) in Moore’s Theorem (6.2.4) is uncountable.
6.12 Show that Aq(a, B) @ Ac(a,y) = M, (A), where A = Ac(a, B7). Hint: Let
z’,y" generate A¢(c, B) and x”,y"” generate A;(a, ), and show that z’,y = y'y”
generate A. Then show that u = (2)~!2” + ¢” has u™ = 1. (For another proof,
see [BA, Ex. 8.5.2].)
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§7. Milnor K-theory of fields
Fix a field F', and consider the tensor algebra of the group F*,

T(F)=Z&F*®(F*QF )¢ (F*QF QF*)®---.

To keep notation straight, we write [(z) for the element of degree one in T'(F*)
corresponding to x € F*.

DEFINITION 7.1. The graded ring KM (F) is defined to be the quotient of T'(F*)
by the ideal generated by the homogeneous elements ((z) ® [(1 — ) with x # 0, 1.
The Milnor K-group KM (F) is defined to be the subgroup of elements of degree
n. We shall write {x1,...,2,} for the image of I(21) ® - -+ ® I(z,,) in KM (F).

That is, KM (F) is presented as the group generated by symbols {z1,...,z,}
subject to two defining relations: {xi,...,z,} is multiplicative in each x;, and
equals zero if x; + ;41 = 1 for some 1.

The name comes from the fact that the ideas in this section first arose in Milnor’s
1970 paper [M-QF]. Clearly we have K} (F) = Z, and KM = F* (with the group
operation written additively). By Matsumoto’s Theorem 6.1 we also have K2/ (F) =
K5 (F), the elements {z, y} being the usual Steinberg symbols, except that the group
operation in K (F) is written additively.

Since {;, 11} +{ziy1,2;} = 0in KM (F), we see that interchanging two entries
in {x1,...,x,} yields the inverse. It follows that these symbols are alternating: for
any permutation 7 with sign (—1)" we have

{Zr1y  yZon} = (=1D)™{21,..., 2}

EXAMPLES 7.2. (a) If F is a finite field, then KM (F,) = 0 for all n > 2, because
KM(F,) = 0 by Cor. 6.1.1. If F has transcendence degree 1 over a finite field (a
global field of finite characteristic), Bass and Tate proved in [BT] that KM (F) =0
for all n > 3.

(b) If F is algebraically closed then KM (F) is uniquely divisible. Divisibility is
clear because F'* is divisible. The proof that there is no p-torsion is the same as
the proof for n = 2 given in Theorem 6.4, and is relegated to Ex. 7.3.

(c) When F = R we can define a symbol KM(R) — {41} by the following
formula: (x1,...,%,)e equals —1 if all the x; are negative, and equals +1 otherwise.
When n = 2 this will be the symbol defined in Example 6.2.1.

To construct it, extend Z — Z/2 to a ring homomorphism T(R*) — (Z/2)[t] by
sending [(x) to t if x < 0 and to 0 if z > 0. This sends the elements (z) ® I(1 — x)
to zero (as in 6.2.1), so it induces a graded ring homomorphism KM (R) — (Z/2)[t].
The symbol above is just the degree n part of this map.

By induction on n, it follows that K} (R) is the direct sum of a cyclic group of
order 2 generated by {—1,...,—1}, and a divisible subgroup. In particular, this
shows that KM (R)/2KM(R) is the polynomial ring (Z/2)[e] on € = I(—1). Using
the norm map we shall see later that the divisible subgroup of K2 (R) is in fact
uniquely divisible. This gives a complete description of each KM (R) as an abelian
group.

(d) When F' is a number field, let r; be the number of embeddings of F' into R.
Then we have a map from K (F) to the torsion subgroup (Z/2)™ of KM(R)™.
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Bass and Tate proved in [BT| that this map is an isomorphism for all n > 3:
KM(F) = (z/2)™.

Tame symbols

Recall from Lemma 6.3 and Ex. 6.1 that every discrete valuation v on F' induces
a Steinberg symbol Ko(F) v, k) and a map Ko(F) N Ks(k,). These symbols
extend to all of Milnor K-theory; the 0, are called higher tame symbols, and the A
are called specialization maps.

THEOREM 7.3 (HIGHER TAME SYMBOLS AND SPECIALIZATION). For every dis-
crete valuation v on F', there are two surjections

KEM(F) 25 KM (k) and KM(F) S KM(k,)

satisfying the following conditions. Let R = {r € F : v(r) > 0} be the valuation
ring, and T a parameter for v. If u; € R*, and u; denotes the image of u; in
k, = R/(m) then

Muim™, . upn} = {aq,. .., 0}, Ou{m,ug, ..., un} = {ta,...,u,}.

In particular, ,: KM (F) — kX is the tame symbol of Lemma 6.3, and \: Ko(F) —
K5 (k) is the map of Example 6.1.2 and Ex. 6.1.

PROOF. (Serre) Let L denote the graded KM (k,)-algebra generated by an in-
determinate II in L;, with the relation {II, II} = {—1,II}. We claim that the group
homomorphism

d:F* — Ly =1(k})®7Z-1I, d(ur®) = (@) + 11

satisfies the relation: for r # 0,1, d(r)d(1 —r) = 0 in L. If so, the presentation
of KM(F) shows that d extends to a graded ring homomorphism d: KM (F) — L.
Since L,, is the direct sum of K2 (k,) and KM | (k,), we get two maps: \: KM(F) —
KM(k,) and 9,: KM (F) — KM |(k,). The verification of the relations is routine,
and left to the reader.

If 1 #r € R*, then either 1 —r € R* and d(r)d(1 —r) = {r,1 —7} =0, or else
v(l—r)=i>0and d(r) =10(1)+0-II=0sod(r)d(l—r)=0-d(1 —r)=0. If
v(r) > 0 then 1 —r € R* and the previous argument implies that d(1 —r)d(r) = 0.
If r ¢ R then 1/r € R, and we see from (5.10.3) and the above that d(r)d(1 —r) =
d(1/r)d(—1/r). Therefore it suffices to show that d(r)d(—r) = 0 for every r € R. If
r =  this is the given relation upon L, and if r € R* then d(r)d(—r) = {r,—r} =0
by (5.10.3). Since the product in L is anticommutative, the general case r = un’
follows from this.

COROLLARY 7.3.1 (RIGIDITY). Suppose that F' is complete with respect to the
valuation v, with residue field k = k,. For every integer q prime to char(k), the
maps A @ 0,: KM (F)/q — KM (k)/q® K2}, (k)/q are isomorphisms for every n.

PrOOF. Since the valuation ring R is complete, Hensel’s Lemma implies that
the group 1+ 7R is g-divisible. It follows that [(1+7R)- K | (F) is also ¢-divisible.
But by Ex. 7.2 this is the kernel of the map d: KM (F) — L,, = KM (k,)® KM | (k,).
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LEADING COEFFICIENTS 7.3.2. As in Example 6.1.2, KM (F) is a direct sum-
mand of KM F(t). To see this, we consider the valuation v (f) = —deg(f) on
F(t) of Example 6.5.3. Since t~! is a parameter, each polynomial f = ut™*
has lead(f) = 4. The map M KMF(t) — KM(F), given by Mf1,...,fa} =
{lead(f1),...,lead(f,)}, is clearly inverse to the natural map KM (F) — KMF(t).

Except for v, every discrete valuation v on F'(t) which is trivial on F' is the
p-adic valuation v, associated to a prime ideal p of F'[t]. In this case k, is the field
Ft]/p, and we write 0, for 0,.

THEOREM 7.4 (MILNOR). There is a split exact sequence for each n, natural in
the field F', and split by the map A:

0= KME) - KMy S TR (Fi ) 0
p

PROOF. Let Ly denote the subgroup of K F(t) generated by those symbols
{f1,..., fr} such that all the polynomials f; have degree < d. By Example 7.3.2, Lg
is a summand isomorphic to KM (F). Since KM F(t) is the union of the subgroups
L4, the theorem will follow from Lemma 7.4.2 below, using induction on d.

Let 7 be an irreducible polynomial of degree d and set k = k, = F[t]/(7). Then
each element a of k is represented by a unique polynomial a € F[t] of degree < d.

LEMMA 7.4.1. There is a unique homomorphism h = h,: KM (k) — Lq/Lq_1
carrying {as,...,an} to the class of {m,as,...,a,} modulo Ly_1.

PrOOF. The formula gives a well-defined set map h from £* x --- X k* to
Lg/Lg—1. To see that it is linear in as, suppose that as = abaly. If as # abal
then there is a nonzero polynomial f of degree < d with ay = abay + fw. Since
fr/as =1 — abal/as we have {fm/az,abal/as} = 0. Multiplying by {as,...,a,}
gives

{m,a%ay /as,as,...,a,} =0 modulo Lg_1.

Similarly, A is linear in ag, . . ., a,. To see that the multilinear map h factors through
KM | (k), we observe that if @; + a@;41 = 1 in k then a; + a;41 = 1in F.

LEMMA 7.4.2. The homomorphisms Oy and hy induce an isomorphism between
Ly/Lg—1 and the direct sum @ﬂKﬁl(kﬂ) as ™ ranges over all monic irreducible
polynomials of degree d in F[t].

PROOF. Since 7 cannot divide any polynomial of degree < d, the maps ()
vanish on L4—y and induce maps O(x): Ly/La—1 — K).,(kx). By inspection, the
composition of ©h, with the direct sum of the 9y is the identity on ®r K} | (kr).
Thus it suffices to show that ©h, maps onto Ly/L4—1. By Ex. 6.2, L, is generated
by L4—1 and symbols {m,as,...,a,} where 7 has degree d and the a; have degree
< d. But each such symbol is h, of an element of K} | (k,), so ©h, is onto.

The Transfer Map

Let vo be the valuation on F(t) with parameter t~1. The formulas in Theo-
rem 7.3 defining 0, show that it vanishes on KM (F). By Theorem 7.4, there are
unique homomorphisms N,: KM (F[t]/p) — KM (F) so that —0s = > p NpOp.



64 III. K; AND K> OF A RING

DEFINITION 7.5. Let E be a finite field extension of F' generated by an element
a. Then the transfer map, or norm map N = N,/p: KM(E) — KM(F), is the
unique map N, defined above, associated to the kernel p of the map F[t] — E
sending t to a.

We can calculate the norm of an element z € KM(E) as Ny(x) = -0, (y),
where y € KM | F(t) is such that 9,(y) = = and 9y (y) = 0 for all p’ # p.

If n = 0, the transfer map N:Z — Z is multiplication by the degree [E : F] of
the field extension, while if n = 1 the map N: E* — F* is the usual norm map;
see Ex. 7.5. We will show in 7.6 below that N is independent of the choice of a €
for all n. First we make two elementary observations.

If we let N, denote the identity map on KM (F), and sum over the set of all
discrete valuations on F(t) which are trivial on F', the definition of the N, yields:

WEIL RECIPROCITY FORMULA 7.5.1. > N,9,(z) =0 for all z € K} F(t).

PROJECTION FORMULA 7.5.2. Let E = F(a). Then for x € KM(F) and y €
KM(E) the map N = Ny p satisfies N{z,y} = {z, N(y)}.

PROOF. The inclusions of F in F(t) and F[t]/p allow us to view KM F(t) and
KM(F[t]/p) as graded modules over the ring KM (F). It follows from Theorem 7.4
that each 0, is a graded module homomorphism of degree —1. This remark also
applies to vo and O, because F(t) = F(t~!). Therefore each N, is a graded
module homomorphism of degree 0.

Taking y = 1 in K} (E) =Z, so N(y) = [E : F] by Ex. 7.5, this yields

COROLLARY 7.5.3. If the extension E/F has degree d, then the composition

KM(F) - KM(E) N, KM(F) is multiplication by d. In particular, the kernel of
KM(F) - KM (E) is annihilated by d.

DEFINITION 7.6. Let E = F(aq,...,a,) be a finite field extension of F. The
transfer map Ng,p: KM(E) — KM(F) is defined to be the composition of the
transfer maps defined in 7.5:

a

EM(E) Ny KM(Flar, . ar 1)) —== o KM (F(ay)) —25 KM (F),

n n

The transfer map is well-defined by the following result of K. Kato.

THEOREM 7.6.1 (KATO). The transfer map Ng,r is independent of the choice
of elements ay,...,a, such that E = F(aq,...,a,). In particular, if F C F' C E
then NE/F = NF’/FNE/F’

The key trick used in the proof of this theorem is to fix a prime p and pass from F’
to the union F’ of all finite extensions of F' of degree prime to p. By Corollary 7.5.3
the kernel of KM (F) — KM(F’) has no p-torsion, and the degree of every finite
extension of F’ is a power of p.

LEMMA 7.6.2. (Kato) If E is a normal extension of F', and [E : F| is a prime
number p, then the map Np/p = Ng/p: KM(E) - KM(F) does not depend upon
the choice of a such that E = F(a).
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Proor. If also £ = F(b), then from Corollary 7.5.3 and Ex. 7.7 with F' = FE
we see that §(x) = Ny p(x) — Ny/p(z) is annihilated by p. If §(z) # 0 for some
x € KM (FE) then, again by Corollary 7.5.3, §(x) must be nonzero in K (F’), where
F’ is the union of all finite extensions of F' of degree prime to p. Again by Ex. 7.7,
we see that we may replace F' by F’ and x by its image in KM (EF'). Since the
degree of every finite extension of F’ is a power of p, the assertion for F’ follows
from Ex. 7.6, since the Projection Formula 7.5.2 yields Na/F/{y,xg, R
{N(y),x2,...,zpn}.

COROLLARY 7.6.3. If in addition F' is a complete discrete valuation field with
residue field k,, and the residue field of E is k., the following diagram commutes.

KM(E) =2 KM (k,)

¥ v

KM(F) =2 KM (k,)

PROOF. Ex. 7.6 implies that for each u € KM (E) there is a finite field extension
F' of F such that [F’ : F] is prime to p and the image of w in K,,(FF’) is generated
by elements of the form v’ = {y,zs,...,z,} (y € EF', z; € F'). By Ex. 7.7 and
Ex. 7.8 it suffices to prove that Ny /i, Ow(u) = 0y(Ngp:/rru) for every element u
of this form. But this is an easy computation.

PROPOSITION 7.6.4 (KATO). Let E and F' = F(a) be extensions of F' with E/F
normal of prime degree p. If E' = E(a) denotes the composite field, the following

diagram commutes.

N,
= KM(E)

*

v |

KM(F) 225, MRy,

*

PROOF. The vertical norm maps are well-defined by Lemma 7.6.2. Let w € F[t]
and 7’ € E[t] be the minimal polynomials of a over F' and F, respectively. Given

x € KM(E'), wehave N, p(x) = =0 (y), where y € K. | E(t) satisfies 0 (y) = @
and 0y, (y) = 0 if w # w,r. If v is a valuation on F(t), Ex. 7.9 gives:
NE//F/(I') if'l):’Uﬂ

Oy (New)/Fuyy) = ZNE(w)/F(v)(aw ) =% Npg/p(0xy) if v=1vsx
wlv 0 else

in KM(F'). Two applications of Definition 7.5 give the desired calculation:
Noyr(Nprypiz) = =0 (Ne@)/r(1)Y) = —NE/F(0y) = Ngjp(Naypr).

PROOF OF THEOREM 7.6.1. As in the proof of Lemma 7.6.2, we see from Corol-
lary 7.5.3 and Ex. 7.7 with F’ = FE that the indeterminacy is annihilated by [E : F].
Using the key trick of passing to a larger field, we may assume that the degree of
every finite extension of F' is a power of a fixed prime p.
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Let us call a tower of intermediate fields F' = Fy C Fy C --- C F,. = E maximal
if [F; : F;_1] = p for all i. By Lemma 7.6.2, the transfer maps N: KM (F;) —
KM(F;_,) are independent of the choice of a such that F; = F;_,(a). f FC F} C E
and F' C I’ C E are maximal towers, Proposition 7.6.4 states that Np//pNg/p =
N, /pNE/ R, , because if I # Fy then E = F'F. It follows by induction on [E : F
that if FF = Fy, C F; C --- C F, = E is a maximal tower then the composition of
the norm maps

KM(B) = KM(Fo1) =5 - KM (F) =5 K

n

(F)

is independent of the choice of maximal tower.

Comparing any tower to a maximal tower, we see that it suffices to prove that if
F C Fy C I is a maximal tower and [’ = F(a) then Ny/p = Np, ;pNp//r,. But
this is just Proposition 7.6.4 with E = F; and E' = F".

The dlog symbol and v(n)p

For any field F', we write Q' for the nth exterior power of the vector space
QOF = Qp/z of Kahler differentials (Ex. 2.6). The direct sum over n forms a graded-
commutative ring Q%, and the map dlog: F* — Qp sending a to df extends to a
graded ring map from the tensor algebra T'(F*) to 2}.. By Ex. 6.10, l(a)® (1 —a)
maps to zero, so it factors through the quotient ring KM (F) of T(F*). We record

this observation for later reference.
LEMMA 7.7. If F is any field, there is a graded ring homomorphism

d day,
dlog: KM(F) = Qb dlog{al,...,an}:%/\-~-/\ai.
1 n

Now let F' be a field of characteristic p # 0, so that d(a”) = pda = 0. In fact,
if {x;} is a p-basis of F over FP then the symbols dx; form a basis of the F-vector
space 2. Note that the set dQT}_l of all symbols dai A- - - Ada,, forms an FP-vector
subspace of (2%.

DEFINITION 7.7.1. If char(F) = p # 0, let v(n)p denote the kernel of the
Artin-Schrier operator g: Q% — Q% / dQ}}_l, which is defined by

d dar d da,,
p(xﬂ/\.../\i) R Ny
al an a’l a’n

(In the literature, p + 1 is the inverse of the “Cartier” operator.)

Clearly p(dlog{ai,...,a,}) = 0, so the image of the dlog map lies in v(n)p.
The following theorem, which implies that these symbols span v(n)g, was proven
by Kato [K82] for p = 2, and for general p by Bloch, Kato and Gabber [BK, 2.1].

THEOREM 7.7.2. (Bloch-Kato-Gabber) Let F be a field of characteristic p # 0.
Then the dlog map induces an isomorphism KM (F)/pKM(F) = v(n)p for every
n > 0.

Using this result, Bloch and Kato also proved that the p-torsion subgroup of
KM(F) is divisible [BK, 2.8]. Using this divisibility, Izhboldin found the following
generalization of theorem 6.7; see [Izh].
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[ZHBOLDIN’S THEOREM 7.8. Ifchar(F) = p, the group KM (F) has no p-torsion.

PRrOOF. We proceed by induction on n, the case n = 2 being theorem 6.7. As
in the proof of theorem 6.7, let x be an indeterminate and y = P — x; the field
extension F'(z)/F(y) is an Artin-Schrier extension, and its Galois group is generated
by an automorphism o satisfying o(x) = = + 1. By theorem 7.4, we can regard
KM(F) as a subgroup of both KM F(x) and KM F(y).

For all field extensions F of F'(y) linearly disjoint from F'(x), i.e., with no root
of P —t —y, write E(x) for the field E®p(,) F'(z). Let I(E) denote the set of all p-
torsion elements in KM F(x) of the form v—o(v), v € KM E(z), and let P(E) denote
the p-torsion subgroup of the kernel of the norm map N, p: KA E(z) — K} (E).
Since No(v) = N(v), I(E) C P(E). Both I(F) and P(F) vary naturally with E,
and are equal by proposition 7.8.2 below.

Fix u € KM(F) with pu = 0. The projection formula 7.5.2 shows that the
norm map KMF(x) — KMF(y) sends u to pu = 0. Hence u € P(F(y)). By
proposition 7.8.2, u € I(F(y)), i.e., there is a v € KM F(z) so that u = v — o(v) in
KMF(x). Now apply the leading coefficient symbol A of 7.3.2; since A(ov) = A\(v)
we have: u = A(u) = AM(v) — A(ow) = 0. This proves Izhboldin’s theorem.

Before proceeding to proposition 7.8.2, we need some facts about the group
I(E) defined in the proof of 7.8. We first claim that the transcendental extension
E C E(t) induces an isomorphism [(F) = I(E(t)). Indeed, since E(x,t) is purely
transcendental over F(x), theorem 7.4 and induction on n imply that KM E(x) —
KME(x,t) is an isomorphism on p-torsion subgroups, and the claim follows because
the leading coefficient symbol 7.3.2 commutes with o.

We next claim that if E/E’ is a purely inseparable field extension then I(E’) —
I(E) is onto. For this we may assume that EP C E' C E. The composition of the
Frobenius map E — EP with this inclusion induces the endomorphism of KM (FE)
sending {a1,...,a,} to {a},...,al} = p"{a1,...,a,}. Hence this claim follows
from the following result.

LEMMA 7.8.1. The group I(E) is p-divisible.

PROOF. Pick v € KME(z) so that u = v — o(v) is in I(E). Now we invoke
the Bloch-Kato result, mentioned above, that the p-torsion subgroup of KM (L)
is divisible for every field L of characteristic p. By theorem 7.7.2, this implies
that u vanishes in KM E(z)/p & v(n)p(y). By Ex. 7.12 and theorem 7.7.2, the
class of v mod p comes from an element w € KM(E), i.e., v — w = pv’ for some
v' € KME(z). Then u = v — o(v) = pv’ — po(v'), it follows that v’ = v’ — o(v') is
an element of I(F) with u = pu/'.

PROPOSITION 7.8.2. For all E containing F(y), linearly disjoint from F(x),
P(E)=I(E).

PRrROOF. We shall show that the obstruction V(E) = P(E)/I(F) vanishes. This
group has exponent p, because if u € P(F) then

pu=pu— Ngrpu=p—1—0—-—o” u
— (=) +(1=0Y)+-+(1—0"")u
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is in (1 — 0)KME(x) and hence in I(E). It follows that V(E) injects into I(E')
whenever E’/F is an extension of degree prime to p.

Now we use the “Brauer-Severi” trick; this trick will be used again in chapter V,
1.6, in connection with Severi-Brauer varieties. For each b € E we let Ej, denote the
field E(t1,...,tp,—1,0) with t1,...,t,_1 purely transcendental over £ and P — (3 —
y+ > b't? = 0. It is known that b is in the image of the norm map Ey(z)* — E;
see [J37]. Since E - (Ep)P is purely transcendental over E (on f§,th,...t) ), it
follows that I(E) — I(Ej) is onto. Since Ep(z) is purely transcendental over E(x)
(why?), I(E(z)) = I(Ep(x)) and KM E(z) embeds in KM Ey(x) by theorem 7.4.
Hence KM (E(x))/I(E) embeds in KM Ey(x)/I(Ey). Since V(E) C KME(z)/I(E)
by definition, we see that V(FE) also embeds into V (E}).

Now if we take the composite of all the fields F,, b € E, and then form its
maximal algebraic extension E’ of degree prime to p, it follows that V(E) embeds
into V(E’). Repeating this construction a countable number of times yields an
extension field E” of E such that V(F) embeds into V(E”) and every element of
E" is a norm from E”(z). Hence it suffices to prove that V(E”) = 0. The proof
in this special case is completely parallel to the proof of proposition 6.6.2, and we
leave the details to Ex. 7.13.

This completes the proof of Izhboldin’s Theorem 7.8.

COROLLARY 7.8.3 (HILBERT’S THEOREM 90 FOR KM). Let j: F C L be a de-
gree p field extension, with char(F') = p, and let o be a generator of G = Gal(L/F).
Then KM(F) = KM (L)Y, and the following sequence is exact for all n > 0:

0= KM(F) L5 kML) 22% kM) N gkM(F),

n

PROOF. Since KM (F) has no p-torsion, Corollary 7.5.3 implies that j* is an
injection. To prove exactness at the next spot, suppose that v € K (L) has
o(v) = v. By Ex. 7.12 and theorem 7.7.2, the class of v mod p comes from an
element w € KM (E), ie., v — j*(w) = pv’ for some v' € KM E(x). Hence po(v') =
o(pv’) = pv’. Since KM (L) has no p-torsion, o(v') = v’. But then pv’ equals
J*N (') = > 0*(v'), and hence v = j*(w) +j*(Nv'). In particular, this proves that
KM (F) = KM (L),

To prove exactness at the final spot, note that G acts on KM (L), and that
ker(N)/im(1 — o) is isomorphic to the cohomology group H(G, KM(L)); see
[WHomo, 6.2.2]. Now consider the exact sequence of Gal(L/F)-modules

0— KM@L) & kML) 222 y(n), — 0.

n

Using Ex. 7.12, the long exact sequence for group cohomology begins
0— KM(F) L KM(F) = v(n)p — HY(G, KM (L)) & HY (G, K)(L)).
But KM (F) maps onto v(n)p by theorem 7.7.2, and the group H'(G, A) has ex-

ponent p for all G-modules A [WHomo, 6.5.8]. It follows that H*(G, KM (L)) =0,
so ker(N) = im(1 — o), as desired.
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REMARK 7.8.4. Hilbert’s Theorem 90 for KM, which extends Theorem 6.6,
states that for any Galois extension F' C E of degree p, with o generating Gal(E/F'),

the following sequence is exact:

e N
KM(E) 122 kM (p)y 25 kM(F).

This is a consequence of the Norm Residue Theorem (Chapter VI, 3.1) and is due
to Voevodsky; we refer the reader to [HW, 3.2] for a proof.

Relation to the Witt ring

Let F' be a field of characteristic # 2. Recall from §5.6 of chapter II that the
Witt ring W (F) is the quotient of the Grothendieck group KoSBil(F') of symmetric
inner product spaces over F' by the subgroup {nH} generated by the hyperbolic
form (1) ® (—1). The dimension of the underlying vector space induces an aug-
mentation KoSBil(F) — Z, sending {nH} isomorphically onto 27Z, so it induces
an augmentation e: W(F) — Z/2.

We shall be interested in the augmentation ideals I = ker(e) of W (F) and I of
KSBil(F). Since HN1I = 0, we have I = I. Now I is generated by the classes
(a) — 1, a € F —{0,1}. The powers I"™ of I form a decreasing chain of ideals
W(F)DIDI?D---.

For convenience, we shall write KM (F)/2 for KM(F)/2KM(F).

THEOREM 7.9 (MILNOR). There is a unique surjective homomorphism

sp: KM(F)/2 — 1™/
sending each product {ay,...,an} in KM (F) to the product [T}, ({(a;) — 1) modulo
I"tY. The homomorphisms s, and sy are isomorphisms.

PROOF. Because ({a) — 1) + ({b) — 1) = (ab) — 1 modulo I? (IL.5.6.5), the map
l(ar)x---xI(an) — [1({a;)—1) is a multilinear map from F* to I"™/I"**. Moreover,
if a; +a;41 = 1 for any ¢, we know from Ex. I1.5.12 that ((ai> — 1) ((ai+1> — 1) = 0.
By the presentation of KM (F), this gives rise to a group homomorphism from
KM(F) to I"/I™"1. Tt annihilates 2KM (F) because (a?) = 1:

2sn{ar,...,an}t = snf{af,az...} = ((a}) = 1) [[ ((a:) = 1) = 0.
i=2
It is surjective because [ is generated by the ((a} — 1). When n =1 the map is the
isomorphism F'*/F*2 22 J/I? of chapter I1. We will see that s, is an isomorphism
in Corollary 7.10.3 below, using the Hasse invariant ws.

EXAMPLE 7.9.1. For the real numbers R, we have W(R) = Z and I = 2Z
on s1(—1) = (=1) =1 = 2(—1). On the other hand, we saw in Example 7.2(c)
that KM(R)/2 = Z/2 on {—1,...,—1}. In this case each s, is the isomorphism
Z7)2 = 2"Z /2" 1.

At the other extreme, if F' is algebraically closed then W (F) = 7Z/2. Since
KM(F) is divisible, KM (F)/2 = 0 for all n > 1. Here s,, is the isomorphism 0 = 0.

REMARK 7.9.2. In 1970, Milnor asked if the surjection s,,: KM (F)/2 — 1™ /1" !
is an isomorphism for all n and F', char(F') # 2 (on p. 332 of [M-QF]). Milnor proved

this was so for local and global fields. This result was proven for all fields and all
n by Orlov, Vishik and Voevodsky in [OVV].
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DEFINITION 7.10 (STIEFEL-WHITNEY INVARIANT). The (total) Stiefel- Whitney

invariant w(M) of the symmetric inner product space M = {(a1) @ --- @ (a,) is the
element of [[;2, KM (F)/2 defined by the formula

n

wM) = [[(1+U(a:) =1+1(ar--an) + -+ {ar,...,an}

1=1

The lemma below shows that w(M) is independent of the representation of M as
a direct sum of 1-dimensional forms. We write w(M) = 1+ w, (M) +wo (M) +-- -,
where the it Stiefel- Whitney invariant w;(M) € KM (F)/2 equals the i*" elemen-
tary symmetric function of l(a;),...,l(a,). For example, w1 (M) = ay---a, €
F*/F*2 is just the classical “discriminant” of M defined in 11.5.6.3, while the sec-
ond elementary symmetric function wo(M) = >, _{a;,a;} lies in K5(F)/2 and is
called the Hasse invariant of M; see [M-SBF].

For M = (a) ® (b) we have wy(M) = ab and ws(M) = {a, b}, with w;(M) =0
for i > 3. In particular, the hyperbolic plane H has w;(H) = 0 for all i > 2.

LEMMA 7.10.1. w(M) is a well-defined unit in the ring [[;o, KM (F)/2. It
satisfies the Whitney sum formula

w(M & N) =w(M)w(N),

so w extends to a function on KoSBil(F'). Hence each Stiefel-Whitney invariant
w; extends to a function KoSBil(F) —% KM (F)/2.

PROOF. To show that w(M) is well defined, it suffices to consider the rank two
case. Suppose that (a) @ (b) = (a) ® (B). Then the equation az? + by? = «
must have a solution z,y in F. The case y = 0 (or x = 0) is straightforward,
since (o) = (ax?) = (a), so we may assume that z and y are nonzero. Since the
discriminant w; is an invariant, we have ab = afu? for some u € F, and all we
must show is that {a,b} = {a, 8} in K3(F)/2. The equation 1 = ax?/a + by?/«
yields the equation

0 = {az?/a,by?/a} = {a,b} + {a,a} — {a,a} — {b,a} = {a,b} — {a,ab/a}

in Ko(F)/2K2(F). Substituting ab = afu?, this implies that {a,b} = {a, 3}
modulo 2K5(F), as desired.

EXAMPLE 7.10.2. Since I = I, we may consider the w; as functions on I C
W (F). However, care must be taken as w;(M) need not equal we(M & H). For
example, wo(M & H) = wo(M) + {wi1(M),—1}. In particular, wy(H & H) =
{—1,—1} can be nontrivial. The Hasse-Witt invariant of an element x € I C
W (F) is defined to be h(x) = wy(V, B), where (V| B) is an inner product space
representing x so that dim(V’) = 0 mod 8.

COROLLARY 7.10.3. The Hasse invariant wy: I — Ko(F)/2 induces an isomor-
phism from 1213 = 1% /I3 to KM (F)/2, inverse to the map so of Theorem 7.9.

PROOF. By Ex. 7.11, wy vanishes on the ideal IR~ I3, and hence defines
a function from I2/I3 to K5(F)/2. Since the total Stiefel-Whitney invariant of
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sa{a,b} = ((a) — 1)({b) — 1) is 1+ {a, b}, this function provides an inverse to the
function sy of Theorem 7.9.

If char(F') = 2, there is an elegant formula for the filtration quotients of the Witt
ring W (F') and the W (F)-module WQ(F) (see I1.5) due to K. Kato [K82]. Recall
from 7.7.2 that KM (F)/2 = v(n)r, where v(n)r is the kernel of the operator p.
The case n = 0 of Kato’s result was described in Ex. I11.5.13(d).

THEOREM 7.10.4 (KaTO [K82]). Let F' be a field of characteristic 2. Then the
map s, of Theorem 7.9 induces an isomorphism KM(F)/2 = v(n)p = I"/I"T1
and there is a short exact sequence

0— I"/I" = Q. & Qu/dont — 1" WQ(F) /I WQ(F) — 0.

The Norm Residue symbol

For the next result, we need some facts about Galois cohomology, expanding
slightly upon the facts mentioned in 6.10. Assuming that n is prime to char(F),
there are natural cohomology cup products H,(F; M)®H?, (F; N) < HF (F; M
N) which are associative in M and N. This makes the direct sum H, (F; M®*) =
B HL(F; M®Y) into a graded-commutative ring for every Z/n-module M over
the Galois group Gal(Fuep/F). (By convention, M®° is Z/n.) In particular, both
HY(F;Z/n) and HY(F; u®*) are rings, and are isomorphic only when F' contains
a primitive n** root of unity.

THEOREM 7.11 (NORM RESIDUE SYMBOLS). (Bass-Tate) Fix a field F' and an
integer n. prime to char(F).

(1) If F contains a primitive n'"™ root of unity, the Kummer isomorphism from

FX/F*" to HY,(F;Z/n) extends uniquely to a graded ring homomorphism
hp: KM(F)/n — H*(F;7Z/n).
(2) More generally, the Kummer isomorphism from F*/F*™ to H*(F; u,) ex-
tends uniquely to a graded ring homomorphism

hps KX (F) /n— Hy(Fs ") = ©Z0Hey (F ).

The individual maps KM(F) — HE,(F; u®?) are called the norm residue symbols,
and also higher Galois symbols.

PRrooOF. The first assertion is just a special case of the second assertion. As in
(6.10.2), the Kummer isomorphism induces a map from the tensor algebra T'(F*)
to HY (F;u®*), which in degree i is the iterated cup product

FX @ FX = (F¥)®" = (HL,(F; 1)) 2 HL(F; 7).
By Proposition 6.10.3, the Steinberg identity is satisfied in HZ,(F, u$?). Hence the
presentation of KM (F) yields a ring homomorphism from KM (F) to HZ,(F; u®*).

REMARK 7.11.1. In his seminal paper [M-QF], Milnor studied the norm residue
symbol for KM (F)/2 and stated (on p.340) that, “I do not know any examples
for which the homomorphism hp fails to be bijective.” Voevodsky proved that hp
is an isomorphism for n = 2” in his 2003 paper [V-MC]. The proof that hr is an
isomorphism for all n prime to char(F') was proven a few years later; see VI.3.1.1.
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EXERCISES

7.1 Let v be a discrete valuation on a field F. Show that the maps \: KM (F) —
KM (k,) and 0,: KM(F) — K | (k,) of Theorem 7.3 are independent of the choice
of parameter 7, and that they vanish on I(u) - KM | (F) whenever u € (1 + 7R).
Show that the map A also vanishes on I(7) - KM | (F).

7.2 Continuing Exercise 7.1, show that the kernel of the map d: KM (F) — L, of
Theorem 7.3 is exactly I(1 +7R) - KM | (F). Conclude that the kernel of the map
A is exactly I(1 +7R) - KM [(F) +(x) - KM [(F).

7.3 (Bass-Tate) Generalize Theorem 6.4 to show that for all n > 2:
(a) If F is an algebraically closed field, then KM (F) is uniquely divisible.
(b) If F is a perfect field of characteristic p then KM (F) is uniquely p-divisible.

7.4 Let F' be a local field with valuation v and finite residue field k. Show that
KM(F) is divisible for all n > 3. Hint: By Moore’s Theorem 6.2.4, KM (F) is
(-divisible unless F' has a ¢! root of unity. Moreover, for every x ¢ F** there is a
y ¢ F** so that {z,y} generates Ko(F)/{. Given a,b,c with {b,c} & £K5(F), find
a', b & F** so that {b',c} = 0 and {a’,b'} = {a,b} modulo /K,(F), and observe
that {a,b,c} = {d',V',c} = 0.

In fact, I. Sivitskii has shown that K (F) is uniquely divisible for n > 3 when
F' is alocal field. See [Siv]. We will give a proof of this in VI.5.1.

7.5 Let E = F(a) be a finite extension of F', and consider the transfer map N =
Nosp: KM(E) — KM (F) in definition 7.5. Use Weil’s Formula (7.5.1) to show that
when n = 0 the transfer map N:Z — Z is multiplication by [E : F|, and that when
n = 1 the transfer map N: E* — F'* is the usual norm map.

7.6 Suppose that the degree of every finite extension of a field F' is a power of some
fixed prime p. If F is an extension of degree p and n > 0, use Ex. 6.2 to show that
KM(E) is generated by elements of the form {y,x,...,2,}, where y € E* and
the x; are in F'*.

7.7 Ramification and the transfer. Let F" and E = F'(a) be finite field extensions of
F', and suppose that the irreducible polynomial 7= € F'[t] of a has a decomposition
m = ]]7% in F'[t]. Let E; denote F'(a;), where each a; has minimal polynomial
;. Show that the following diagram commutes.

7.8 Ramification and 0,. Suppose that F is a finite extension of F, and that w is
a valuation on E over the valuation v on F', with ramification index e. (See 6.3.1.)
Use the formulas for 9, and 9,, in Theorem 7.3 to show that for every z € KM (F)
we have Oy, (z) = e - 0,(x) in KM | (k)
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7.9 If E/F is a normal extension of prime degree p, and v is a valuation on F(t)
trivial on F', show that O, Ng)/r(t) = D NE(w)/F(v)Ow, Where the sum is over all
the valuations w of E(t) over v. Hint: If F(t), and E(t),, denote the completions
of F(t) and E(t) at v and w, respectively, use Ex. 7.7 and Lemma 7.6.3 to show
that the following diagram commutes.

)
KYLE() —— @, Ky E()y —— @, Ky E(w)
NE(t)/F(t)l lz” NE()w/F(t)s lZU Ne(w)/F(v)

KMP{t) ——  KMF#), —25 KMF(®)

7.10 If v is a valuation on F, and x € KM (F), y € K]M(F), show that

Oy (zy) = A(@)0y (y) + (—1)7 9 () p(y)

where p: KM (F) — KM (k,) is a ring homomorphism characterized by the formula
p(l(ur?)) = U((—1)"a).

7.11 Let ¢t = 2" ! and set z = [, ({(a;) — 1); this is a generator of the ideal In
in KoSBil(F). Writing s for {ay,...,a,,—1,—1,...,—1} € KM(F)/2, show that
the Stiefel-Whitney invariant w(z) is equal to: 1+ s if n is odd, and to (14 s)~ ! if
n is even. This shows that the invariants w; vanish on the ideal 1™ if i < t = 271,
and that w, induces a homomorphism from 1" /11 = [7/["+1 to KM (F)/2.

For example, this implies that w; vanishes on I 2. while ws and w3 vanish on I3,
7.12 (Izhboldin) Let L/F be a field extension of degree p = char(F’), with Galois
group G. Show that Q% is isomorphic to (27), and that Q% / dQ’}_l is isomorphic
to (7 /dQ7~1)E. Conclude that v(n)r = v(n)F.

7.13 In this exercise we complete the proof of proposition 7.8.2, and establish
a special case of 7.8.3. Suppose that E(x) is a degree p field extension of E,
char(E) = p, and that o is a generator of Gal(E(z)/FE). Suppose in addition that
the norm map E(x)* — E* is onto, and that F has no extensions of degree < p.
Modify the proof of proposition 6.6.2 to show that the following sequence is exact:

KME(z) =% KME(2) &5 KME - 0.

7.14 Suppose that F' is a field of infinite transcendence degree x over the ground

field. Show that the image of the dlog symbol of 7.7 lies in the kernel of {27 KN QT}?H.
Using Ex. 6.11, show that K (F) has cardinality & for all n > 0.

If F is a local field, this and Ex.7.4 implies that K} (F) is an uncountable,
uniquely divisible abelian group.



