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Introduction

Let k be a field and ¢ a prime number different from char(k). The étale cohomol-
ogy ring ®HZ (k, u?") is the Galois cohomology of the group p, of £** roots of
unity and its twists 5", In degree 0 it is HY, (k, Z/¢) = Z/¢, and in degree 1 it
is given by the Kummer isomorphism k* /¢ — H} (k, j1¢). If k contains i, then
HZ (k, 1) = 11y @ Bry(k); Tate realized that in the general case we should have
HZ (k, u$?) = Ko(k)/{, and this was proven by Suslin and Merkurjev [MS82];
this identification evolved from the classical ¢!" power norm residue symbol of
Hilbert’s 9" Problem. The higher cohomology groups HZ (k, ,u?") have seemed
difficult to describe in general.

The Kummer isomorphism induces a ring homomorphism from A*(k*), the
exterior algebra of the abelian group k£, to the étale cohomology ring, and Tate
observed that the cup product [a] U [l — a] vanishes in H2 (k, u’?). Inspired by
this, Milnor defined a graded ring KM (k), called the Milnor K-theory of k, as
the quotient of A*(k*) by the ideal generated by elements of the form {a,1—a},
a € k—{0,1}. By construction, there is a canonical ring homomorphism

Kiw(k})/f — Dp H:%(k7l£2®n)a

called the norm residue homomorphism to reflect its origins in Hilbert’s Prob-
lem. The main theorem of this book is that the norm residue homomorphism
is an isomorphism:

Theorem (Theorem A). For all fields k containing 1/¢, and all n, the norm
restdue is an isomorphism.

As a consequence, we obtain a presentation of the étale cohomology ring in
terms of generators (the [a] in H},) and relations (the {a,1 —a} in HZ).

The proof of Theorem A was completed by Voevodsky in the 2010-11 papers
[VoelOc] and [Voell], but depends on the work of many other people. See the
Historical notes at the end of Chapter 1 for details.

For any smooth variety X over k, we can form the bigraded motivic coho-
mology ring H**(X,Z/¢) and there is a ring homomorphism which in bidegree
(p,q) is H»Y(X,Z/¢) — H? (X, u3?). When X = Spec(k), the diagonal entry
HPP(k,Z) is isomorphic to K} (k), and HP?(k,Z/0) = K)'(k)/¢. Theorem A
is a special case of the following more sweeping result, which we also prove.



Theorem (Theorem B). Let X be a smooth variety over a field containing 1/£.
Then the map H?(X,7/¢) — H} (X, ,u?q) is an isomorphism for all p < q.

Theorem B has a homological mirror in the derived category of Nis-
nevich sheaves. To formulate it, let 7, denote the direct image functor
from étale sheaves to Nisnevich sheaves on the category Sm/k of smooth
schemes over k, and recall that HZ (X, ,uf’q) is the Nisnevich hypercohomology
H (X, Rrpf®). The map HP4(X,Z/¢) — HE (X, %) is just the cohomol-
ogy on X of a natural map Z/¢(q) — R, p3’? in the derived category. It factors
through the good truncation at q of R, ;Li,@q, and we have

Theorem (Theorem C). For all q, the map Z/0(q) — T<Rm.ui? is an iso-
morphism in the derived category of Nisnevich sheaves on the category of smooth
simplicial schemes over k.

As noted above, it is easy to see that Theorem C implies Theorem B, which
in turn implies Theorem A. We will see in Chapter 2 that all three theorems
are equivalent. This equivalence is due to Suslin and Voevodsky [SV00a].

The history of these theorems is quite interesting. In the late 1960’s, Milnor
and Tate verified that the norm residue homomorphism is always an isomor-
phism for local and global fields, fields for which the only issue for n > 2 is
torsion for ¢ = 2. Inspired by these calculations, Milnor stated in [Mil70] that

Bass and Tate also consider the more general [norm residue] homo-
morphism [for £ odd] ... but we will only be interested in the case
¢ =2. T do not know of any examples for which the [norm residue]
homomorphism fails to be bijective.”

In the 1982 papers [Me81, MS82], Merkurjev and Suslin showed that the norm
residue homomorphism is an isomorphism for n = 2 and all /. By the mid-1990s,
Milnor’s statement for £ = 2 had became known as the Milnor conjecture.

The parallel conjecture when ¢ is odd, dubbed the Bloch—Kato conjecture in
[SV00a], was first clearly formulated by Kazuya Kato in [Kat80, p.608]:

Concerning this homomorphism, the experts perhaps have the fol-
lowing Conjecture in mind (cf. [Mil70, §6]).

Congecture. The [norm residue] homomorphism is bijective for any
field k and any integer ¢ which is invertible in k.

The version stated by Spencer Bloch was: “I wonder whether the whole coho-
mology algebra @H" (F, ui") might not be generated by H'?” [Blo80, p.5.12]

We now turn to the rise of motivic cohomology. In the early 1980’s, S.
Lichtenbaum [Lic84, §3] and A.Beilinson [Bei87, 5.10.D] formulated a set of
conjectures describing the (then-hypothetical) complexes of sheaves Z(n) and
properties they should enjoy. These complexes were later constructed by Vo-
evodsky and others, and their cohomology is the motivic cohomology developed
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in [Voe00b]. Among these properties is the assertion BL(n) that Theorems B and
C hold for n = ¢; this has often been referred to as the Beilinson—Lichtenbaum
conjecture. Another is the assertion H90(n) that H. ™ (k,Z(n)) should vanish;

In 1994, Suslin and Voevodsky showed that the Bloch-Kato conjecture was
equivalent to the Beilinson—Lichtenbaum conjecture, and to H90(n). Their proof
required resolution of singularities over k, a restriction that was later removed
in [GLO1] and [Sus03]. Our Chapter 2 provides a shorter proof of these equiva-
lences. This shows that Theorems A, B and C are equivalent.

For ¢ = 2, the proof of Theorems A, B and C was announced by Voevodsky
in 1996, and published in the 2003 paper [Voe03a].

A proof of the Bloch-Kato conjecture (Theorem A) was announced by Vo-
evodsky in 1998, assuming the existence of what we now call a Rost variety
(see Definition 1.24 below). Rost produced such a variety that same year, in
[Ros98a], but the complete proof that Rost’s variety had the properties required
by Voevodsky did not appear until much later ([SJ06], [Ros06] and [HWO09]).
The proof of Theorem A appeared in the 2003 preprint [Voe03b] — modulo
the assumption that Rost varieties exist and two other assertions. One of these
assertions, concerning the motivic cohomology operations on H**(X,Z/{), was
incorrect; happily, it was found to be avoidable [Wei09]. The full proof of Theo-
rem A was published by Voevodsky in the 2010-11 papers [VoelOc| and [Voell].

In this book we shall prove Theorems A, B and C for all ¢, following the
lines of [Voell]. We will also establish the appropriate replacement assertions
concerning the motivic cohomology groups H**(X,Z).

Prerequisite material

Our proof will use the machinery of motivic cohomology. In order to keep the
book’s length reasonable (and preserve our sanity), we need to assume a certain
amount of material. Primarily, this means:

1. the material on the pointed motivic homotopy category of spaces, due to
Morel-Voevodsky and found in [MV99]. See Sections 12.7-12.9 below.

2. the construction of reduced power operations P in [VoeO3c]. See Section
13.3.

3. the theory of presheaves with transfers, as presented in [MVW]. (The
original source for this material is Voevodsky’s paper [VoeOOb].)

4. the main facts about algebraic cobordism, due to Levine and Morel and
found in the book [LMO07]. We have summarized the facts we need about
algebraic cobordism, especially the degree formulas, in Chapter 8.

As should be clear from this list, the material we assume does not arise in a
vacuum. These topics imply for example that the reader is at least comfortable
with the basic notions of Algebraic Geometry, including étale cohomology, and
basic notions in homotopy theory, including model categories (for Chapter 12).
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Chapter 1

An overview of the proof

The purpose of this chapter is to give the main steps in the proof of Theorems A
and B (stated on page 2) that for each n the norm residue homomorphism

K" (k) /€ — HE(k, ™), (1.1)

is an isomorphism, and HP"(X, ,uzg’") ~ HY (X, u?”) for p < n. We proceed by
induction on n. It turns out that in order to prove Theorems A, B and C, we
must simultaneously prove several equivalent (but more technical) assertions,
H90(n) and BL(n), which are defined in 1.5 and 1.28.

1.1 First reductions

We fix a prime £ and a positive integer n. In this section we reduce Theorems A
and B to H90(n), an assertion (defined in 1.5) about the étale cohomology of
the f-local motivic complex Z(n). We begin with a series of reductions, the
first of which is a special case of the transfer argument.

The transfer argument 1.2. Let F' be a covariant functor on the category of
fields which are algebraic over some base field, taking values in Z/¢-modules
and commuting with direct limits. We suppose that F' is also contravariant for
finite field extensions &’ /k, and that the evident composite from F (k) to itself is
multiplication by [k':k]. The contravariant maps are commonly called transfer
maps. If [k' : k] is prime to ¢, the transfer hypothesis implies that F'(k) injects as
a summand of F(k’). More generally, F (k) injects into F'(k’) for any algebraic
extension k' consisting of elements whose degree is prime to £. Thus to prove
that F'(k) = 0 it suffices to show that F(k") = 0 for the field %'.

Both k — KM (k)/¢ and k — HE (k, u3™) satisfy these hypotheses, and so do
the kernel and cokernel of the norm residue map (1.1), because the norm residue
commutes with these transfers. Thus if the norm residue is an isomorphism for
k' it is an isomorphism for k, by the transfer argument applied to the kernel
and cokernel of (1.1). For this reason, we may assume that k contains all £*?
roots of unity, that k is a perfect field, and even that k£ has no field extensions
of degree prime to /.



Overview

The second reduction allows us to assume that we are working in character-
istic zero, where for example the resolution of singularities is available.

Lemma 1.3. If (1.1) is an isomorphism for all fields of characteristic 0, then
it is an isomorphism for all fields of characteristic # £.

Proof. ! Let R be the ring of Witt vectors over k and K its field of fractions.
By the standard transfer argument 1.2, we may assume that k is a perfect field,
so that R is a discrete valuation ring. In this case, the specialization maps “sp”
are defined and compatible with the norm residue maps in the sense that

K (K) /0 — HE (K, pg™)

Sp Spl
KM () /€ —> HE (k0"

commutes (see [Weil3, I11.7.3]). Both specialization maps are known to be split
surjections. Since char(K) = 0, the result follows. O

Our third reduction translates the problem into the language of motivic
cohomology, as the condition H90(n) of Definition 1.5.

The (integral) motivic cohomology of a smooth variety X is written as
H™(X,7) or H"(X,7(i)); it is defined to be the Zariski hypercohomology
on X of Z(4); see MVW, 3.4]. Here Z(7) is a cochain complex of étale sheaves
which is constructed for example in [MVW, 3.1]. By definition, Z(i) = 0 for
i < 0 and Z(0) = Z, so H"(X,Z(i)) = 0 for ¢ < 0 and even ¢ = 0 when n # 0.
There are pairings Z(i) ® Z(j) — Z(i + j) making H*(X,Z(x)) into a bigraded
ring. When k is a field, we often write H*(k,Z(x)) for H*(Speck, Z(x)).

There is a quasi-isomorphism Z(1) — O*[—1]; see MVW, 4.1]. This yields
an isomorphism H'(X,Z(1)) & O%. When X = Spec(k) for a field k, the
Steinberg relation holds in H?(X,Z(2)): if a # 0,1 then a U (1 —a) = 0.
The presentation of KM (k) implies that we have a morphism of graded rings
KM(k) — H*(k,Z(x)) sending {a1,...,an} to ay U---Ua,. It is a theorem
of Totaro and Nesterenko-Suslin that KM (k) = H"(Speck,Z(n)) for each n;
proofs are given in [NS89], [Tot92] and [MVW, Thm.5.1].

We can of course vary the coefficients in this construction. Given any
abelian group A, we may consider H"(X, A()), where A(i) denotes A ® Z(i);
H*(X,A(x)) is a ring if A is. Because Zariski cohomology commutes with
direct limits, we have H™(X,Z(i)) ® Q — H™(X,Q(:)) and H"(X,Z(i)) ®
Ly = H"(X, Z(i)). Because HJWt'(Speck,Z(n)) = 0 [MVW, 3.6], this
implies that we have

KM(k)/t = H" (Speck,Z/l(n)). (1.4)

ITaken from [Voe96, 5.2]
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Since each A(i) is a complex of étale sheaves, we can also speak about
the étale motivic cohomology HZ (X, A(i)). There is a motivic-to-étale map
H*(X,A(i)) — H}(X,A(4)); it is just the change-of-topology map H},. —
H},. For A = Z/¢ we have isomorphisms HZ(X,Z/0(i)) = H2(X,u$") for all
n,i > 0; see [MVW, 10.2]. We also have HZ (k,7Z(i))y = HE(k,Z)(i)) and

Hg (k, Z(i)) © Q = Hg (k, Q(7)).
The condition H90(n)

Definition 1.5. Fix n and ¢. We say that H90(n) holds if HZ " (k, Zgy(n)) =0
for any field k with 1/¢ € k. Note that H90(0) holds as H (k,Z) = 0, and that
H90(n) implicitly depends on the prime £.

The name ‘H90(n)’ comes from the observation that H90(1) is equivalent to
the localization at ¢ of the classical Hilbert’s Theorem 90:

HE, (k, Z(1)) 22 HE (k, G [—1]) = Hey (K, Gr) = 0.
We now connect H90(n) to KM (k

).
Lemma 1.6. For all n > i, H}(k,Z(i)) is a torsion group, and its {-
torsion subgroup is HE(k,Zy(i)). When 1/ € k and n > i + 1 we have
H2N (K, Zoy (1)) = HE (k,Q/Zpy (1)), while there is an ezact sequence

KM (k) ® Q/Zoy — HE (k,Q/Zy(n)) — HET (k, Zgy(n)) — 0.

Proof. We have HZ (k,Q(i)) = H"(k,Q(4)) for all n by [MVW, 14.23]. If n > ¢,
H"(k,Q(i)) vanishes (by [MVW, 3.6]) and hence HZ (k,Z(7)) is a torsion group.
Its (-torsion subgroup is Hg (k, Z(i)) ) = HE (k, Zgy(i)). Set D(i) = Q/Zy)(i).
The étale cohomology sequence for the exact sequence 0 — Zy) (i) — Q(i) —
D(i) — 0 yields the second assertion (for n > i+ 1), and (taking n = ) yields
the commutative diagram:

l l .

H (k, Zgy(n)) — Hi(k, Q(n)) — Hg(k, D(n)) — Hg ™ (k, Zy(n)).

1

The bottom right map is onto because HZ ' (k,Q(i)) = 0. Since H"(k, D(n)) =
KM(k)®Q/ Zgy, a diagram chase yields the exact sequence. O

The example Br(k) ) = HZ (k,Q/Z (1)) = H, (k,Z(s)(1)) shows that the
higher étale cohomology of Z(n) and Z(n) need not vanish.

Theorem 1.7. Fizn and £. If KM (k)/0 = HZ (k,ui™) holds for every field
k containing 1/¢, then H90(n) holds.

Of course, the weaker characteristic 0 hypothesis suffices by Lemma 1.3.

June 27, 2018 - Page 9 of 281
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Proof. Recall that KM (k) = H?, (Speck,Z(n)). The change of topologies map

H}  — HJ yields a commutative diagram:

Kflw(k:) —€> Ky(k) - > Ky(k‘)/ﬁ — =0

J/ J/ NormJ/residue
Y4

He (K, Z(n)) - H (k. Z(n)) — Hg (k. ;") — Hy" (k, Z(n)) —

The right vertical map is the Norm residue homomorphism, because the left
vertical maps are multiplicative, and H}, (k,Z(1)) = k*. If the norm residue
is a surjection, then Hgtﬂ(k,Z(n)) has no ¢-torsion. But it is a torsion group,
and its ¢-primary subgroup is Hgtﬂ(k, Zg)(n)) by Lemma 1.6. As this must be
zero for all k, H90(n) holds. O

The converse of Theorem 1.7 is true, and will be proven in Chapter 2 as
Theorem 2.38 and Corollary 2.42. For reference, we state it here. Note that
parts a) and b) are the conclusions of Theorems A and B (stated on page 2).

Theorem 1.8. Fiz n and £. Suppose that HI0(n) holds. If k is any field
containing 1/¢, then:

a) The norm residue KM (k)/¢ — HZ (k, u$™) is an isomorphism;

b) For every smooth X over k and all p < n, the motivic-to-étale map
HP(X,Z/l(n)) — HE (X, u$™) is an isomorphism.

1.2 The quick proof

With these reductions behind us, we can now present the proof that the norm
residue is an isomorphism. In order to keep the exposition short, we defer
definitions and proofs to later sections.

We will proceed by induction on n, assuming H90(n-1) holds. By Theorems
1.7 and 1.8, this is equivalent to assuming that KM, (k)/¢ = HZ ™' (k,pud" 1)
for all fields k containing 1/¢.

Definition 1.9. We say that a field k& containing 1/¢ is ¢-special if k has no
finite field extensions of degree prime to £. This is equivalent to the assertion
that every finite extension is a composite of cyclic extensions of degree ¢, and
hence that the absolute Galois group of k is a pro-¢-group.

If k is a field containing 1/¢, any maximal prime-to-¢ algebraic extension is
{-special. These extensions correspond to the Sylow /-subgroups of the absolute
Galois group of k.

The following theorem first appeared as [Voe03a, 5.9]; it will be proven in
Section 3.1 below, as Theorem 3.11.
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Theorem 1.10. Suppose that H90(n-1) holds. If k is an £-special field and
KM(k)/t =0, then HE (k, ui™) = 0 and hence H;H(k’,Z(g) (n)) =0.

The main part of this book is devoted to proving the following deep theorem.

Theorem 1.11. Suppose that H90(n-1) holds. Then for every field k of char-
acteristic 0 and every nonzero symbol a = {ay,...,a,} in KM (k)/{ there is a
smooth projective variety X, whose function field K, = k(X,) satisfies:

(a) a vanishes in KM(K,)/¢; and

(b) the map Hg;+1(/€,Z(g)(n)) — H2PH(K,, Zgy(n)) is an injection.

Outline of proof. (See Figure 1.2.) The varieties X, we use to prove Theorem
1.11 are called Rost varieties for a; they are defined in Section 1.3 (see 1.24).
Part of the definition is that any Rost variety satisfies condition (a). The proof
that a Rost variety exists for every a, which is due to Markus Rost, is postponed
until Part II of this book, and is given in Chapter 11 (Theorem 11.2).

The proof that Rost varieties satisfy condition (b) of Theorem 1.11 will be
given in Chapter 4 below (in Theorem 4.20). The proof requires the motive of
the Rost variety to have a special summand called a Rost motive; the definition
of Rost motives is given in Section 4.3 (see 4.11).

The remaining difficult step in the proof of Theorem 1.11, due to Voevodsky,
is to show that there is always a Rost variety for ¢ which has a Rost motive. We
give the proof of this in Chapter 5, using the simplicial scheme X which is defined
in 1.32 below. The input to the proof is a cohomology class u € H?**12(X,Z); p
will be constructed in Chapter 3, starting from a; see Corollary 3.16. The class
is used to construct a motivic cohomology operation ¢ and Chapter 6 is devoted
to showing that ¢ coincides with the operation SP? (b= (=1 —1)/(£—1)); see
Theorem 6.34. The proof requires facts about motivic cohomology operations
which are developed in Part III. U

The quick proof

Assuming Theorems 1.8, 1.10 and 1.11, we can now prove Theorems A and B
of the Introduction. This argument originally appeared on p. 97 of [Voe03a].

Theorem 1.12. If H90(n-1) holds, then H90(n) holds. By Theorem 1.8, this
implies that for every field k containing 1/¢:

a) The norm residue KM (k)/¢ — HZ (k, u$™) is an isomorphism;

b) For every smooth X over k and all p < n, the motivic-to-étale map
HP(X,Z/l(n)) — HE (X, u$™) is an isomorphism.

Since H90(1) holds, it follows by induction on n that H90(n) holds for every
n. Note that Theorem A is 1.12(a) and Theorem B is 1.12(b).
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Proof of Theorem 1.12. Fix k, and an algebraically closed overfield €2 of infinite
transcendence degree > |k| over k. We first use transfinite recursion to produce
an (-special field k' (k C k' C Q) such that KM (k)/¢ — KM (k')/¢ is zero and
HZ ' (k,Zg)(n)) embeds into H ™ (K, Z s (n)).

Well-order the symbols in KM (k): {a,}. Fix A<k; inductively, there is
an intermediate field k) such that g, vanishes in KM(ky)/¢ for all p< X\ and
Hgtﬂ(k;,Z(g)(n)) embeds into H;+1(k)\,Z(g)(n)). If a, vanishes in KM (ky)/¢,
set kxy1 = ky. Otherwise, Theorem 1.11 states that there is a variety X, over
k whose function field K = k(X)) splits ay, and such that HJ ™ (ky, Zgy(n))
embeds into H;H(K, Zpy(n)); set kxpr = K. If A is a limit ordinal, set
kx = Uu<iky. Finally, let k' be a maximal prime-to-¢ algebraic extension of
k. Then HZT'(k,Z)(n)) embeds into HZ (k.,Zg)(n)), which embeds in
Hézlt+1(k’, Zgy(n)) by the usual transfer argument 1.2. By construction, &’ splits
every symbol in KM (k).

Iterating this construction, we obtain an ascending sequence of field ex-
tensions k(™) let L denote the union of the k(™. Then L is ¢-special and
KM(L)/¢ = 0 by construction, so H "' (L, Z)(n)) = 0 by Theorem 1.10. Since
HZ ' (k, Zg)(n)) embeds into HZ (L, Zs)(n)), we have HE ' (k, Z ) (n)) = 0.
Since this holds for any &k, H90(n) holds. O

In the remainder of this chapter, we introduce the ideas and basic tools we
will use in the rest of the book.

1.3 Norm varieties and Rost varieties

In this section we give the definition of norm varieties and Rost varieties; see
Definitions 1.13 and 1.24. These varieties are the focus of the main theorem
1.11, and will be shown to exist in Chapters 10 and 11 in Part II.

We begin with the notions of a splitting variety and a norm variety for a
symbol a € KM (k)/¢. Norm varieties will be the focus of Chapter 10.

Definition 1.13. Let a be a symbol in KM (k)/¢. A field F over k is said to
split a, and be a splitting field for a, if a = 0 in KM (F)/¢. A variety X over k
is called a splitting variety for a if its function field splits a (i.e., if a vanishes
in K" (k(X))/0).

A splitting variety X is called an £-generic splitting variety if any splitting
field F has a finite extension E of degree prime to ¢ with X (F) # 0.

A norm variety for a nonzero symbol a in KM (k)/¢ is a smooth projective
(-generic splitting variety of dimension ¢*~! — 1.

We will show in Theorem 10.17 that norm varieties always exist for all n
when char(k) = 0. When n = 1, the 0-dimensional variety X = Spec k(/a) is
a norm variety for a because KM (k)/¢ = k* /k**. When n = 2, Severi-Brauer
varieties are norm varieties by Proposition 1.25.
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Remark 1.13.1. (Specialization) Let Y be a reduced subscheme of X, not con-
tained in the singular locus of X. If X is a splitting variety for g then so is Y.
When X is a smooth splitting variety, such as a norm variety for a, this implies
that a is split by every field E with X (E) # 0.

To see this, pick a closed nonsingular point z lying on Y. By specialization
[Weil3, I11.7.3], there is a map KM (k(X)) — KM(k(Y)) sending the class of a
on k(X) to the class of @ on k(Y).

Severi—Brauer varieties

Recall that the set of minimal left ideals of the matrix algebra M;(k) corre-
spond to the k-points of the projective space Pi_l; if I is a minimal left ideal
corresponding to a line L of k¢ then the rows of matrices in I all lie on L.

Now fix a symbol @ = {a;, a2} and a primitive /" root of unity in k, ¢. Let
A = A(a) denote the central simple algebra k{z, y}/(z= a1,y* = as, vy = (yz).
It is well known that there is a smooth projective variety X of dimension £—1,
defined over k, such that for every field F' over k, X (F) is the set of (nonzero)
minimal ideals of A®QyF: X (F) # () if and only if A®pF = M,(F'). The variety
X is called the Severi—Brauer variety of A.

Here is one way to construct the Severi-Brauer variety X. If £ = k(/ay)
then A®y E = M,(E); the Galois group of E/k acts on the set of minimal ideals
of A®; FE and hence on lP"iE_l and X x; F is }P"iE_l with this Galois action. Now
apply Galois descent. This method originated in [Ser63]; see [KMRT98].

Definition 1.14. If k contains a primitive " root of unity, ¢, the Severi-Brauer
variety X associated to a symbol a = {a1, as} is defined to be the Severi-Brauer
variety of A = A(a). (The variety is independent of the choice of ¢.) If k does
not contain a primitive £** root of unity, we will mean the Severi-Brauer variety
for {a1, a2} defined over k(().

If ¢ € F, there is a canonical map K2!(F)/¢ — ,Br(k), sending {a;,az} to
its associated central simple algebra A. The Merkurjev—Suslin Theorem [MS82]
states that this is an isomorphism. Since A ®; k(X) is a matrix algebra by
construction, the Merkurjev—Suslin theorem implies that k(X) splits a. Here is
a more elementary proof.

Lemma 1.15. Every symbol a = {a1,a2} is split by its Severi—Brauer variety.

Proof. (Merkurjev) Fix a = /a; and set E = k(o). Recall from [Wei82] (or
11.12 below) that the Weil restrictions of Al along E and k are isomorphic to
the affine spaces A? and A' over k, and the Weil restriction of the norm map
Ngyi is amap N : A’ — A'. Then the Severi-Brauer variety X is birationally
equivalent to the subvariety of A defined by N (X, ..., X, 1) = as.

In the function field k(X), we set x; = X;/Xo and ¢ = N(1,z1,...,24-1), SO
that cX§ = aa. Then k(X) = k(z1,...,7¢-1)(B), B° = az/c. By construction,
the element y = 1 + Y ;0 of E(X) = E(x1,...) has Ny = ¢ = az/3* so in
KM (k(X))/¢ we have

{a17a2} = {a1’a2//6£} = {a'lvNy} = N{aeay} = N(O) =0.
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Thus the field k(X)) splits the symbol a. O

Corollary 1.16. The Severi—Brauer variety X of a symbol a = {a1,az2} is a
norm variety for a.

Proof. Since any norm variety for k({) is also a norm variety for k, and a field
F splits a iff F(C) splits a, we may assume that k contains a primitive £** root
of unity. Thus X exists and is a smooth projective variety of dimension ¢—1.
By Lemma 1.15, k(X) splits the symbol. Finally, suppose that a field F'/k splits
a. Then the associated central simple algebra is trivial (A ®y F = My(F)) and
hence X (F) # 0. O

The characteristic number s4(X)

The definition of a Rost variety also involves the notion of a v;-variety, which
is defined using the classical characteristic number s4(X).

Let X be a smooth projective variety of dimension d > 0. Recall from [MS74,
§16] that there is a characteristic class s4 : Ko(X) — CH?%(X) corresponding to
the symmetric polynomial ) t? in the Chern roots t; of a bundle; the character-
istic number is the degree of the characteristic class. We shall write s4(X) for
the characteristic number of the tangent bundle Ty, i.e., s4(X) = deg(sq4(Tx)).
When d = ¢ — 1, we know that s4(X) =0 (mod ¢); see [MS74, 16.6 and 16-E]
and [Sto68, pp. 128-9] or [Ada74, IL.7].

Definition 1.17. A y;-variety over a field k is a smooth projective variety X
of dimension d = ¢* — 1, with s4(X) #Z 0 (mod ¢?).

Remark. In topology, a smooth complex variety X of dimension d = ¢! — 1 for
which s4(X) = £¢ (mod ¢?) is called a Milnor manifold. In complex cobor-
dism theory, the bordism classes of Milnor manifolds in MU, are among the
generators of the complex cobordism ring MU, of stably complex manifolds.

Examples 1.18. (1) It is well known that s4(P9) = d + 1; see [MS74, 16.6].
Setting d = ¢ — 1, we see that P*~! (and any form of it) is a v;-variety. In
particular, the Severi-Brauer variety of a symbol {a;,as} is a v1-variety, since
it is a form of P~

(2) A smooth hypersurface X of degree £ in P?*! has s4(X) = £(d + 2 — %)
by [MS74, 16-D], so if d = ¢! — 1 we see that X is a v;-variety and X (C) is a
Milnor manifold.

(3) We will see in Proposition 10.14 that if char(k) = 0, any norm variety
for a symbol {a1,...,a,} (n > 2) is a v,,_1-variety.
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Borel-Moore homology

The Borel-Moore homology group H _B{\,/[_l(X ) of a scheme X is defined
as Hompm(Z, M°(X)(1)[1]) if char(k) = 0 (resp., Hompm(Z[1/p],Z[1/p] @
Me(X)(1)[1]) if char(k) = p > 0 and k is perfect); see [MVW, 16.20]. Here
M¢(X) is the the motive of X with compact supports. HZM | (X) is a co-
variant functor in X for proper maps, and contravariant for finite flat maps,
because M¢(X) has these properties; see [MVW, 16.13]. When X is projective,
the natural map from M(X) = Z,(X) to M°(X) is an isomorphism in DM,
so the Borel-Moore homology group agrees with the usual motivic homology
group H_1 _1(X, R), which is defined as Hompng (R, R (X)(1)[1]), where R is

Z (resp., Z[1/p]); see [MVW, 14.17].

Proposition 1.19. Let X be a smooth variety over a perfect field k. Then
Hj_glj‘,/f_l(X) is the group generated by symbols [z, a], where x is a closed point of
X and a € k(x)*, modulo the relations
(i) [z, o]z, '] = [z, ad/] and o
(i) for every point y of X such that dim({y}) = 1, the image of the tame symbol
Ky (k(y)) — @k(z)* is zero.

That is, we have an exact sequence

P, K2y " @k EEE x50

Proof. Let A denote the abelian group presented in the Proposition, and set
d = dim(X). Note that A is uniquely p-divisible when k is a perfect field of
characteristic p > 0, because each k(x)* is uniquely p-divisible, and the group
KM (k(y)) is also uniquely p-divisible by Lemma 1.20 below.

We first show that A is isomorphic to H24+14+1(X 7). To this end, consider
the hypercohomology spectral sequence EYY = HP(X,H?) = HP+I+1(X 7)),
where H? denotes the Zariski sheaf associated to the presheaf H%4t1(— 7Z).
Since H%4*! = 0 for ¢ > d + 1, the terms E}? are zero unless p < d and
q < d+ 1. From this we deduce that H2I+L4+1(X7) = HA(X, HIHL).

For each n, H™ is a homotopy invariant Zariski sheaf, by [MVW, 24.1].
Moreover, it has a canonical flasque “Gersten” resolution on each smooth X,
given in [MVW, 24.11]), whose c¢t" term is the coproduct of the skyscraper
sheaves H"~¢4*1=¢(k(2)) for which z has codimension ¢ in X. Taking n = d+1,
and recalling that K =2 H™" on fields, we see that the skyscraper sheaves in
the (d —1)* and d** terms take values in K2 (k(y)) and KM (k(x)). Moreover,
by [Weil3, V.9.2 and V(6.6.1)], the map K2 (k(y)) — K{(k(z)) is the tame
symbol if z € {y}, and zero otherwise. As H%(X,H%*!) is obtained by taking
global sections of the Gersten resolution and then cohomology, we see that it is
isomorphic to A.

Now suppose that char(k) = 0. Using motivic duality with d = dim(X), (see
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[MVW, 16.24] or [FV00, 7.1]), the proof is finished by the duality calculation:
HEM (X, ) =Hom(Z, M(X)(1)[1])
=Hom(Z(d)[2d], M°(X)(d + 1)[2d + 1]) (1.19a)
= Hompn (M (X), Z(d + 1)[2d + 1]) = H?F 141 (X)),

Now suppose that char(k) > 0. Since H24tL4+1(X 7) = A is uniquely
divisible, the duality calculation (1.19a) goes through with Z replaced by Z[1/p],
using the characteristic p version of motivic duality (see [Kell3, 5.5.14]). O

Lemma 1.20. (Bloch—-Kato—Gabber) If F is a field of transcendence degree 1
over a perfect field k of characteristic p, K3 (F) is uniquely p-divisible.

Proof. For any field F of characteristic p, the group Ko (F') has no p-torsion (see
[Weil3, I11.6.7]), and the dlog map Ky(F)/p — Q% is an injection with image
v(2); see [Weil3, I11.7.7.2]. Since k is perfect, Q}, = 0 and Q. is 1-dimensional,
so 0% = 0 and hence K5(F)/p = 0. O

The motivic homology functor H ff‘f[_l(X ) has other names in the litera-
ture. It is isomorphic to the K-cohomology groups H¥(X,K4y1) [Qui73] and
HYX, K} ,), where d = dim(X), and to Rost’s Chow group with coefficients
Ap(X, K1) [Ros96]. Since we will only be concerned with smooth projective
varieties X and integral coefficients, we will omit the superscript ‘BM’ and the
coefficients and just write H_; _1(X).

Example 1.21. (i) H_1 _1(Spec E) = E* for every field E over k. This is
immediate from the presentation in 1.19.

(ii) If E is a finite extension of k, the proper pushforward from E* =
H_1 _1(SpecE) to k* = H_; _1(Speck) is just the norm map Ngy.

(iii) For any proper variety X over k, the pushforward map

NX/k : H—l,—l(X) — H_l,_l(Speck) =k~

is induced by the composites Spec k(x) — X — Speck, z € X. By (ii), we see
that Nx /i, sends [z, a] to the norm Ny, /i ().

Definition 1.22. When X is proper, the projections X x X — X are proper
and we may define the reduced group H_;,_1(X) to be the coequalizer of
H_ 1 _1(XxX)= H_;_1(X), i.e., the quotient of H_; _1(X) by the difference
of the two projections.

Example 1.23. When E = k({/a) is a cyclic field extension of k, with Galois

X

group generated by o, then H_; _;(Spec E) is the cokernel of EX =% E
Hilbert’s Theorem 90 induces an exact sequence

, and

al

0= H_1_1(Spec E) 4 k% Br(E/k) - 0.

Note that Br(E/k) is a subgroup of K2!(k)/¢ when u, C k*. We will generalize
this in Proposition 7.7 below, using KM , (k)/¢.
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Rost varieties

Definition 1.24. A Rost variety for a sequence a = (ay,...,a,) of units of k
is a v, _1-variety X satisfying:

(a) X is a splitting variety for a, i.e., @ vanishes in KM (k(X))/¢;
(b) For each integer i, 1 < ¢ < n, there is a v;-variety mapping to X;
(c) The map N : H_1 _1(X) — k* is an injection.

When n = 1, Spec(k(/a)) is a Rost variety for a. When n = 2, Proposition
1.25 below shows that Severi—Brauer varieties of dimension {—1 are Rost vari-
eties. In Chapter 11 we will show that Rost varieties exist over ¢-special fields
for all n, £ and a, at least when char(k) = 0. More specifically, Theorem 11.2
shows that norm varieties for a are Rost varieties for a.

Proposition 1.25. The Severi—Brauer variety X of a symbol a = {a1,a2} is a
Rost variety for a.

Proof. By Lemma 1.15, X splits a; by Example 1.18(1), X is a wvj-variety.
Finally, Quillen proved that H_; _1(X) = H'(X,K>) is isomorphic to K;(A),
and it is classical that K;(A) is the image of A* — k*; see [Wan50, p.327]. O

1.4 The Beilinson—Lichtenbaum conditions

Our approach to Theorems A and B (for n) will use their equivalence with
a more general condition, which we call the Beilinson—Lichtenbaum condition
BL(n). In this section, we define BL(n) (in 1.28); in Section 2.1 we show that
it implies the corresponding condition BL(p) for all p < n.

Consider the morphism of sites m : (Sm/k)st — (Sm/k),ar, where m, is
restriction and n* sends a Zariski sheaf F to its associated étale sheaf Fg;.
The total direct image R, sends an étale sheaf (or complex of sheaves) F to
a Zariski complex such that H}, (X,Rm.F) = H}(X,F). In particular, the
Zariski cohomology of R, y?" agrees with the étale cohomology of p?".

Recall [Wei94, 1.2.7] that the good truncation 7<"C of a cochain complex C
is the universal subcomplex which has the same cohomology as C in degrees < n
but is acyclic in higher degrees. Applying this to Rm,F leads to the following
useful complexes.

Definition 1.26. The cochain complexes of Zariski sheaves L(n) and L/¢¥(n)
are defined to be

L(n) = 75"Rm,[Z((n)] and L/ (n) = 7<"Rm,[Z/"(n)].

We know by [MVW, 10.3] that for each n (and all v) there is a quasi-isomorphism
of complexes of étale sheaves pif," = Z/¢”(n). When X is a Zariski local scheme
this implies that H™ (X, L(n)) is: H% (X, Z)(n)) for p < n; and zero for p > n,
while H™(X, L/¢¥(n)) is: H% (X, pus) for p < n; and zero for p > n.
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Now Zy) (n) and the Z/¢” (n) are étale sheaves with transfers, so their canon-
ical flasque resolutions E* are complexes of étale sheaves with transfers by
[MVW, 6.20]. The restriction m.E* to the Zariski site inherits the transfer
structure, so the truncations L(n) and L/¢”(n) are complexes of Zariski sheaves
with transfers.

The adjunction 1 — Rm,7m* gives a natural map of Zariski complexes
Z/t" (n) = Ra.[Z/€" (n)]. Since the complexes Z(n) and Z /¢ (n) are zero above
degree n by construction ([MVW, 3.1]), we may apply 7=" to obtain morphisms
of sheaves on Sm/k:

Zay(n) 255 L(n), Z/6"(n) <2 L/¢"(n). (1.27)

Definition 1.28. We will say that BL(n) holds if the map Z/f(n) % L/¢(n)
is a quasi-isomorphism for any field k containing 1/¢. This is equivalent to the
seemingly stronger but analogous assertion with coefficients Z/¢"; see 1.29(a).

Beilinson and Lichtenbaum had conjectured that BL(n) holds for all n,
whence the name; see [Lic84, §3] and [Bei87, 5.10.D].
Lemma 1.29. If BL(n) holds then:
(a) an : Z)€"(n) — TS"Rampi)” is a quasi-isomorphism for all v > 1;
(b) Q/Zgy(n) — 7="Rm.[Q/Zy)(n)] is a quasi-isomorphism;
(¢) Gu 2 Zioy(n) — L(n) = 7S"Rm.[Zy(n)] is also a quasi-isomorphism.
(d) KM (k)@ey — HE (k, Zgy(n)) is an isomorphism for all k containing 1/¢.

Proof. The statement for Z/¢" coefficients follows by induction on v using the
morphism of distinguished triangles:

Z[t(n)[-1] — Z/t"" (n) — Z/t"(n) —> Z/l(n) —> Z/¢"  (n)[1]

lg ig a”l lg ig
L/t(n)[-1] — L/¢"" (n) — L/t"(n) —= L/(n) —> L/¢"~ (n)[1].
Taking the direct limit over v in part (a) yields part (b).

Since @&, is also an isomorphism for Q coefficients by [MVW, 14.23], the
coefficient sequence for 0 — Z)(n) — Q(n) — Q/Zy(n) — 0 shows that
Zy(n) — L(n) is also a quasi-isomorphism. Part (d) is immediate from (c)
and K3 (k) (o) =2 Hy, (k, Z(n)) o) = Hyo(k, Zey (1) O

zar

The main result in chapter 2 is that BL(n) is equivalent to H90(n) and hence
Theorem A, that KM (k)/¢ = HZ (k, ui™). The fact that HO0(n) implies BL(n)
is proven in Theorem 2.38. Here is the easier converse, that BL(n) implies
H90(n).

Lemma 1.30. If BL(n) holds then H90(n) holds.

In addition, if BL(n) holds then for any field k containing 1/€ :
(a) K (k) /€= H"(k, Z/l(n)) = HE (k, ui™).
(b) For all p <n, HP(k,Z/t(n)) = HE (k, u$™).
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Proof. Applying H?(k,—) to a, yields (b). Setting p = n in (b) proves (a),
because KM (k)/¢ = H"(k,Z/¢(n)). By Theorem 1.7, (a) implies H90(n). O

Corollary 1.31. 2 If BL(n) holds then for every smooth simplicial scheme X,
the map HP"™(X,,Z/0) — H% (X., uS™) is an isomorphism for all p < n. It is
an injection when p=n+ 1.

Proof. First, suppose that X is a smooth scheme. A comparison of the hyperco-
homology spectral sequences HP(X,H?) = HPT4(X) for coefficient complexes
L/¢(n) and Rm,[Z/¢(n)] shows that o, : HP"(X,Z/0) — HY (X, pud™) is an
isomorphism for p < n and an injection for p = n + 1.

For X,, the assertion follows from a comparison of the spectral sequences
EPY = HYX,) = HPT1(X,) for the Zariski and étale topologies, and the result
for each smooth scheme X,. O

1.5 Simplicial schemes

In this section, we construct a certain simplicial scheme X which will play a
crucial role in our constructions, and introduce some features of its cohomology.

It is well known that the hypercohomology of a simplicial scheme X, agrees
with the group of morphisms in the derived category of sheaves of abelian groups,
from the representable simplicial sheaf Z[X,] (regarded as a complex of sheaves
via the Dold-Kan correspondence) to the coefficient sheaf complex. Applying
this to the coefficient complex A(g), we obtain the original definition of the
motivic cohomology of X,: HP(X,, A)=HE (X,,A(q)); see  MVW, 3.4].

For our purposes, it is more useful to work in the triangulated category DM,
which is a quotient of the derived category of Nisnevich sheaves with transfers,
or its triangulated subcategory DM where we have

Hp’q(X., A) = HomDMifii (Ztr(Xo)7 A(Q)[p]) = HomDM(Ztr(Xo)7 A(q) [pD

See [MVW, 14.17]. Similarly, the étale motivic cohomology H, (X., A(q)) is the
étale hypercohomology of the étale sheaf A(q)s underlying A(q), and agrees with
Hompy ;- (Ze(X.), A(q)[p]); see [MVW, 10.1, 10.7].

We be:3g1n with a simplicial set construction. Associated to any nonempty
set S there is a contractible simplicial set C'(S) : n + S™*1; the face maps are
projections (omit a term) and the degeneracy maps are diagonal maps (duplicate
a term). In fact, C(S) is the O-coskeleton of S; see Lemma 12.6. More generally,
for any set T, the projection T x C(S) — T is a homotopy equivalence; it
is known as the canonical cotriple resolution of T associated to the cotriple
1(T) =T x S; see [Wei94, 8.6.8].

2Taken from [Voe03a, 6.9]. It is needed for Lemma 3.13.
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Definition 1.32. Let X be a (nonempty) smooth scheme over k. We write
X = C(X) for the simplicial scheme X,, = X!, whose face maps are given by
projection:

XeXxXEXSEX

That is, X is the 0-coskeleton of X.

We may regard X and X xY as simplicial representable presheaves on Sm/k;
for any smooth U, X(U) = C(X(U)). Thus if X(Y) = Hom(Y, X) # 0 then
the projection (X x Y)(U) — Y (U) is a homotopy equivalence for all U by the
cotriple remarks above. In particular, X(k) is either contractible or ), according
to whether or not X has a k-rational point.

Remark 1.32.1. A map of simplicial presheaves is called a global weak equivalence
if its evaluation on each U is a weak equivalence of simplicial sets. It follows
that X — Spec(k) is a global weak equivalence if and only if X has a k-rational
point, and more generally that the projection X x Y — Y is a global weak
equivalence if and only if Hom(Y, X) # 0.

We will frequently use the following standard fact. We let R denote Z if
char(k) = 0, and Z[1/ char(k)] if k is a perfect field of positive characteristic.

Lemma 1.33. For all smooth Y and p>q, Hompnm (R, R (Y)(¢)[p]) = 0.

Proof. By definition [MVW, 3.1], R,(Y)(q)[g] is a chain complex C.(Y x G,9)
of sheaves which is zero in positive cohomological degrees. By [MVW, 14.16],

Hom(R, Rir(Y)(q)[p]) = H, " (k, R (Y)(q)[g]) = H'™ R (Y)(9) gl (k). D

Lemma 1.34. For every smooth X, H_1 _1(X) 2 H_1 _1(X).

Proof. For all p and n > 1, Lemma 1.33 yields Hompm (R, R, XP(1)[n]) = 0.
Therefore every row below ¢ = —1 in the spectral sequence

By, = Hom(Rlg], Ru X"+ (1)) = Hom(R, Ru:X(1)[p — q]) = Hy—p,~1(X)
is zero. The homology at (p,q) = (0, —1) yields the exact sequence
0<— H 1 1(X)<— H 1 1(X)<— H 1 (X xX).
Since F_L_l(X) is the cokernel of the right map, the result follows. O

Lemma 1.35. 3 For every smooth X, H*Y(X,R) = R and HP°(X,R) = 0 for
p>0; HOY(X,Z) = H>Y(X,7Z) = 0 and H"'(X;7Z) = H"'(Speck; Z) = k*.

Proof. The spectral sequence E}'? = HY(XP+L; R) = HPT90(X; R) degenerates
at Fy for X smooth, being zero for ¢ > 0, and the R-module cochain complex
of the contractible simplicial set C(mo(X)) for ¢ = 0.

The spectral sequence EV'? = HI(XP+L1:7(1)) = HPT91(X;Z) degenerates
at Eo, all rows vanishing except for ¢ = 1 and ¢ = 2, because Z(1) & O*[-1];

3H0.0(X) and H®!(X) are used in 4.5 and 4.15 below.
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see [MVW, 4.2]. We compare this with the spectral sequence converging to
HY(%;Gy); HL(Y,0%) — HE(Y,G,,) is an isomorphism for ¢ = 0,1 (and
an injection for ¢ = 2). Hence we have H%!(X) = Hgt’l(i‘) for ¢ < 2, and
HE' (%) = HEY (k) = HY ' (k,G,,) by Lemma 1.37. O

Recall that if f : X, — Y, is a morphism of simplicial objects in any category
with coproducts and a final object, the cone of f is also a simplicial object. It
is defined in [Del74, 6.3.1].

Definition 1.36. The suspension XX, of a simplicial scheme X, is the cone of
(X.)+ — Spec(k)+. The reduced suspension XX, of any simplicial scheme X,
is the pointed pair (XX,, point), where ‘point’ is the image of Spec(k) in XX,.

If X, is pointed then HP?($X,) = HP4(XX,), but this makes little sense
when X, has no k-points. The pointed pair is chosen to avoid this problem. By
construction there is a long exact sequence on cohomology:

oo HPTLI(X)) — HPY(SX,) — HP9(Speck) — HP9(X,) — -+ .

In particular, if X, is pointed then we have the suspension isomorphism o :
HP=%9(X,) — HP9(SX,). If p > q then H?9(X,) —» HPt14(3X,), because
in this range H?-?(Speck) = 0.
Lemma 1.37. * If X has a point x with [k(x) : k] = e then for each (p,q)
the group HP(E%,Z(q)) has exponent e. Hence the kernel and cokernel of each
H?(k,Z(q)) — HP(X,Z(q)) has exponent e.
The maps HY(k,Z) — HEY(X,Z) are isomorphisms for all (p,q). There-
fore H* (3%,2) = 0 and HL*(SX,Z/0) = 0.
Proof. Set F(Y) = HP(SX x Y,Z(q)); this is a presheaf with transfers which
vanishes on Spec(k(z)). As with any presheaf with transfers, the composition
F(k) = F(k(z)) — F(k) is multiplication by e. It follows that e - F/(k) = 0.
Now any nonempty X has a point x with k(x)/k étale, and X, =X xSpec k()
is an étale cover of X. Since the map from X, to the étale cover x of Spec(k)
is a global weak equivalence, the second assertion follows from a comparison of
the descent spectral sequences for the covers of X and Speck. O

As in topology, the integral Bockstein 3 : HP4(Y,Z/l) — HPTL4(Y,Z)
is the boundary map in the cohomology sequence for the coefficient sequence
0 — Z(q) % Z(q) — Z/t(g) — 0; the usual Bockstein 8 : HP4(Y,Z/f) —
HPTL4(Y 7,/¢) is the boundary map for 0 — Z(q) 4 Z)0%(q) — Z/l(q) — O.
Both are natural in Y; see 1.42(3) and Section 13.1 below for more information.

Corollary 1.38. Suppose that X has a point of degree £. Then the motivic
cohomology groups H**(XX,Z) have exponent £, and we have exact sequences:

0 — HP(SX,2) - HP9(SX, 2/0) 5 HPH9(5%,2) — 0,
HP Y (Sx,2/0) 25 HPaSx,7./0) L5 HPT(SR,7,)0).

4Based on Lemmas 9.3 and 7.3 of [Voe03a], respectively.
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Corollary 1.39. If BL(n-1) holds and X is smooth then, HP"~Y(SX,7/f) = 0
for all p < n, and H»(Speck,Z/l) —» HP4(X,Z/0) for all p < q < n.

Proof. As HY" 1 (3%,Z/¢) = 0 by Lemma 1.37, the first assertion follows from
1.31. The second assertion follows from the cohomology sequence in Definition
1.36, and Lemma 1.30. O

Example 1.40. Assume that BL(n-1) holds, and that X has a point of degree
¢. Then H»"~1(3X,Z/¢) = 0 by 1.39. From the first sequence in 1.38, and nat-
urality of 3, we see that H"*1"~1(XX,Z) = 0 and hence the integral Bockstein

Hn+1’n_1(§:{, Z/f) i Hn+2’n_1(§%, Z)

is injective. It follows that the integral Bockstein § : H™" (X,Z/() —
HntLn=1(X 7) is an injection because, as noted in 1.36, H™" (X, Z/() =
H 115X, Z/f) and H™H1n=1(%,7) = H+2n—1($X, 7).,

1.6 Motivic cohomology operations

Cohomology operations are another fundamental tool we shall need, both in
Section 3.4 (to construct the element p of Corollary 3.16), and in chapter 5
(to show that Rost motives exist). We refer the reader to Chapter 13 for more
discussion.

Recall that for each coefficient group A, and all p,q > 0, the motivic coho-
mology groups H?4(—, A) = HP(—, A(q)) are contravariant functors from the
category A°°’Sm/k of smooth simplicial schemes over k to abelian groups. For
each set of integers n, i, p, ¢ and every two groups A and B, a cohomology op-
eration ¢ from H™(—, A) to HP9(—, B) is just a natural transformation. The
bidegree of ¢ is (p —n,q — 7).

There is a twist isomorphism oy : H™ (X, A) — H" ™Y+ (X, AG,,, A) of
bidegree (1,1) in motivic cohomology; see [Voe03c, 2.4] or [MVW, 16.25].

Definition 1.41. A family of operations ¢, ;) : H™i(—, A) — H"Pi+e(— B)
with a fixed bidegree (p, q) is said to be bi-stable if it commutes with the sus-
pension and twist isomorphisms, o, and oy.

Examples 1.42. There are several kinds of bi-stable operations.

1. Any homomorphism A — B induces a bi-stable operation of bidegree
(0,0), the change of coefficients map H**(—, A) — H**(—, B).

2. If Ris aring and A is an R-module then multiplication by A € HP(k, R)
is a bi-stable operation of bidegree (p,q) from H**(—, A) to itself.

3. The integral Bockstein 3: H™(X,Z/t) — H"T¢(X,Z) and its reduction
modulo ¢, the usual Bockstein 3: H™(X,Z/¢) — H""L{(X,Z/¢) are
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both bi-stable operations. They are the boundary maps in the long exact
cohomology sequence associated to the coefficient sequences

0— Z(q)
0—Z/t(q)

(9) > Z/t(q) -0, and

4Lz
5 7)02(q) > Z/0(q) — 0.

4. In [Voe03c, p. 33], Voevodsky constructed the reduced power operations
P HPY(X,Z)0) — HPFHED a1 x 7/0),

and proved that they are bi-stable. If £ = 2 it is traditional to write Sq?
for P* and S¢**! for BP".

We may compose bi-stable operations if the coefficient groups match: ¢’ o ¢ is a
bi-stable operation whose bidegree is bidegree(¢’) + bidegree(¢). It follows that
the stable cohomology operations with A = B = R form a bigraded ring, and
that H**(k, R) is a subring.

Definition 1.43. [Milnor Operations| There is a family of motivic operations
Q; on H**(X,Z/¢) constructed in [Voe03c, §13], called the Milnor operations.
The bidegree of Q; is (2¢! — 1,4 — 1), @ is the Bockstein 3, Q; is P13 — 8P,
and the other @); are defined inductively. _

If £ > 2 the inductive formula is Q; 1 = [P*", Q;]. If £ = 2 the inductive for-
mula is Q; = [, P*]; this differs from [PQlfl,Qi] by correction terms involving
[—1] € k% /k*? = HY'(k,Z/2). See Section 13.4 in Part IIL

We list a few properties of these operations here, referring the reader to
Section 13.4 below for a fuller discussion. The Q; satisfy Q7 = 0 and Q;Q; =
—Q;Qi, are K M (k)-linear and generate an exterior algebra under composition.

The following theorem concerns the vanishing of a motivic analogue of the
classical Margolis homology; see Section 13.6 in Part III. It was established for
¢ = 01n 1.38, and will be proven for all ¢ in Theorem 13.24. This exact sequence
will be used in Propositions 3.15 and 3.17 to show that the @; are injections in
an appropriate range.

Theorem 1.44. If X is a Rost variety for (ai,...,a,), the following sequence
is ezact for all i <n and all (p,q).

P20t (i%, Z/ﬁ) Qi ppa (f)}:, Z/€) Qiy ppt2e-1g+e-1 (ia ZM)

Remark. In Theorem 1.44, it suffices that for each i < n there is a v;-variety X;
and a map X; — X. This is the formulation given in Theorem 13.24
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1.7 Historical notes

As mentioned in the Introduction, the question of whether the norm residue
is always an isomorphism was first raised by Milnor in his 1970 paper [Mil70]
defining what we now call “Milnor K-theory.” For local and global fields, Tate
had already checked that it was true for n = 2 (i.e., for K5) and all primes ¢
(published in [Tat76]), and Milnor checked in his paper that it was true for all
n > 2 (where the groups have exponent 2.) Kato verified that the norm residue
was an isomorphism for fields arising in higher class field theory, and stated the
question as a conjecture in [Kat80]. Bloch also asked about it in [Blo80, p.5.12].

Originally, norm residue homomorphism referred to the symbol (a,b); of a
central simple algebra in the group pe(k) of a local field, arising in Hilbert’s
9" problem. Later it was realized that the symbol should take values in the
Brauer group, or more precisely 1y ®Bry(k), and that this map factored through
Ks(k)/¢; see [Mil71, 15.5]. The use of this term for the map from KM (F)/m to
HZ2 (F, u$®) seems to have originated in Suslin’s 1986 ICM talk [Sus87, 4.2].

The question was completely settled for n = 2 by Merkurjev and Suslin in
the 1982 paper [MS82]. Their key geometric idea was the use of Severi-Brauer
varieties, which we now recognize as the Rost varieties for n = 2. The case
n = 3 for £ = 2 was settled independently by Rost and Merkurjev—Suslin in the
late 1980’s. In 1990, Rost studied Pfister quadrics (Rost varieties for £ = 2) and
constructed what we now call its Rost motive; see [Ros90] and [Voe03a, 4.3].

In 1994, Suslin and Voevodsky noticed that this conjecture about the norm
residue being an isomorphism would imply a circle of conjectures due to Beilin-
son [Bei87] and Lichtenbaum [Lic84] regarding the (then hypothetical) com-
plexes of sheaves Z(n); the preprint was posted in 1995 and an expanded version
was eventually published in [SV00a]. This is the basis of our Chapter 2.

In 1996, Voevodsky announced the proof of Milnor’s conjecture for ¢ = 2,
using work of Rost on the motive of a Pfister quadric. The 1996 preprint [Voe96]
was expanded into [Voe03a] and [Voe03c|, which appeared in 2003.

In 1998, Voevodsky announced the proof of the Bloch-Kato conjecture, i.e.,
Milnor’s conjecture for ¢ > 2, assuming the existence of what we call Rost
varieties (1.24). Details of this program appeared in the 2003 preprint [Voe03b],
and the complete proof was published in 2011 [Voell].

Later in 1998, Rost announced the construction of norm varieties; the con-
struction was released in the preprints [Ros98a] and [Ros98b], but did not con-
tain the full proof that his norm varieties were “Rost varieties,” i.e., satisfied
the properties (1.24) required by Voevodsky’s program. Most of those details
appeared in [SJ06]; Rost’s informal notes [Ros06] provided other details, and
the final details were published in [HW09].

The combination of Rost’s construction and Voevodsky’s work combines to
verify not only the Bloch-Kato conjecture (proving Theorem A) but also proving
Theorems B and C, which are stated in the Overview of this book.

The material in Section 1.5 is taken from the Appendix of [Voe03a].
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Chapter 2

Relation to
Beilinson—Lichtenbaum

Recall from 1.26 that L/{(n) is the good truncation complex 7<"Rm,(u$™),
where 7 is the change of topology morphism (Sm/k)s — (Sm/k),ar. We say
that “BL(n) holds” if the map «,, : Z/¢(n) — L/{(n) is a quasi-isomorphism for
any field &k containing 1/¢.

In this chapter, we show how the Beilinson-Lichtenbaum condition (that
BL(n) holds) is equivalent to the assertion that the norm residue is an isomor-
phism, and also to the property that H90(n) holds, a fact that is important to
make the inductive step in the proofs of Theorems A, B and C work. Most of
this material is taken from [SV00a], which assumes resolution of singularities,
and from [Sus03], which is based upon [GLO1] and removes this assumption.
The content of this chapter is captured in the following diagram of implications:

1.30 1.7
BL(n) = BK(n) ——— H90(n)

2.37 2.38
2.9j/ 2.12j/ 2.11l

BL(n —1) BK(n—1) H90(n — 1)

Figure 2.1: Scheme of the proof

The preparatory vertical implications are demonstrated in sections 2.1 and
2.2. The crucial ingredient in showing that the left vertical implication holds
is an analysis of the contractions of the motivic complex Z/¢(n) (see Example
2.4(2)) and the complex L/¢(n) (see Corollary 2.7)). The middle and right ver-
tical implications are consequences of 2.10, which shows that the Gysin triangle
associated to an open subset of A!—{0} splits. The implications from left to

26
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right are proved in chapter 1. The remainder of this chapter is taken up with
the proofs of the implications from right to left; the idea is to use a dimension
shift argument relying on an analysis of an appropriately defined cohomology of
the boundary of an algebraic simplex, combined with the vertical implications
proved in the first two sections to set up an inductive proof of BL(n) from its
special cases BK(n) and H90(n).

2.1 BL(n) implies BL(n-1)

In this section, we prove the useful reduction that if the Bloch—Lichtenbaum
condition BL(n) holds then so does BL(n-1); see Theorem 2.9. For the proof,
we will need the following construction.

If F is a homotopy invariant presheaf, we define the presheaf F_; to be
X — F(X x (A'—{0}))/F(X), as in [MVW]. If F is the presheaf underlying a
homotopy invariant sheaf with transfers F, then F_{(U) = H°(U, F_1). More
generally, HP(U, F)_1 = HP(U,F_1); see [MVW, 24.8].

This generalizes to complexes using RHom, the internal Hom complex in
DMT which is constructed in [MVW, 14.12],

nis

Definition 2.1. Let F be a bounded above complex of sheaves with transfers,
with homotopy invariant cohomology. Then F_; denotes RHom(L, F)[1], where
L is Z(1)[2] & Zyu(AY—{0})/Z[]1] = Zy(PY)/Z; see [MVW, 15.2]. That is,
F_1(X) is the complex R Hom(Z (X x (A'—{0})), F) /RHom(Z(X), F) or,
equivalently, R Hom(Z, (X x P!), F[1])/R Hom(Z(X), F[1]).

Lemma 2.2. Let F be a bounded above complex of homotopy invariant sheaves
with transfers. Then for smooth X, HP(X,F)_1 = HP(X, F_1).

Proof. Because HP(X x (A'—{0}),F) = HP(X, F) ®Hom(Z(X)(1)[1], Fp)),
HP (X, F)_; = Hom(Zy(X)(1)[2], Flp + 1)) = HPPH (X @ L, F)
= Hom(Z(X), RHom(L, F)[p+1]) = HP (X, F_1). (2.2.1)

Here we have used the adjunction Hom(K ® M, F) = Hom(K, RHom(M, F))
of [MVW, 14.12], which is valid for any geometric motive M. O

Lemma 2.3. There is a natural map 6 : F[—1] — F(1)_; in DME . Applying

nis -

Hom(Z.(X)[—p], —) vields natural maps HP~(X, F) — HP(X, F(1)_1).

Proof. Since F(1)_1[1] = RHom(L, F(1)[2]) = RHom(L, F®L), and Hom(F®
L,G) ~ Hom(F, RHom(L,G)) [MVW, 14.12] we have a canonical isomorphism:

Hom(F @ L, F ® L) — Hom(F, RHom(L, F ® L)) = Hom(F, F(1)_1[1]).

The natural map ¢ is the image of the identity map on F ® L. O
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Examples 2.4. (1) If A is a constant sheaf, A_; =0: H*(X xPL A)= H*(X, A).
(2) When n > 0, the map ¢ of 2.3 induces an isomorphism Z(n—1)[—1] = Z(n)_1,
and isomorphisms HP (X, Z(n))_; & HP~Y(X,Z(n—1)); this is a consequence of
the Localization Theorem, and is established in [MVW, 23.1]. By the 5-lemma,
we also have 6 : Z/l(n—1)[-1] = Z/(n)_;.

(3) The map § induces an isomorphism R, (uf™ )[~1] = R (uf™) 1, and
HY (X x PY,p$™) =2 HY (X, u$™) @ HE (X, p$"1); see [MVW, 23.3).

(4) By iteration, F_. = RHom(L¢, F)[c]. Thus from (1) and (2) we get

=

Replacing Z by Z/¢” yields a parallel formula for Z/¢(n)_..
Let HP(F) denote the p!* cohomology sheaf of F.

Lemma 2.5. The pt" cohomology sheaf of the complex F_q is
HP(F_1)(X) = HP(F)(X x (A1 —{0}))/HP(F)(X).

Proof. Set H = HP(—,F); it is a homotopy invariant presheaf with transfers
by [MVW, 13.3, 13.8], with associated sheaf H = HP(F). By Lemma 2.2
HP(—,F_1) = H_y, so HP(F_1) is the sheafification (H_1)nis of H_1. But by
[IMVW, 23.5], (H_1)nis is the sheaf H_1(X) = H(X x (A1—{0}))/H(X). O

Recall that 7<"F denotes the good truncation of a cochain complex F at
level n. By construction, HP(TSH.F) is HP(F) if p < n, and 0 otherwise.

Proposition 2.6. (7<"F)_; — 7="(F_1) is a quasi-isomorphism.

Proof. By Lemma 2.5, the p'" cohomology sheaf of (7S"F)_; is

X {gwsf)(Xx<A1—{0}>>/%p<f><x>, p<n {Hﬂ(flx)o, p<n
) p>n

0, p>n.

Hence the natural map (7="F)_; — F_; factors through 75"(F_;), and
HP((TS"F)_1) = HP(r="(F_1)) is an isomorphism for all p.
0

Corollary 2.7. The map 6 : L/{(n —1)[—1] — L/{(n)_, is an isomorphism.
In particular, for smooth X we have

HPY(X,L/6(n — 1)) = HP(X, L/¢(n)_1) = HP(X, L/{(n))_,.

Proof. Since L/{(n) = 7<"Rm,(uy"), the first assertion is immediate from 2.6
and Example 2.4(3). The second assertion follows from this and Lemma 2.2. O
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Proposition 2.8. For smooth X, we have a commutative diagram

HY™/(X,Z/tn — 1)) —> HY(X,Z/t(n)-1)

ons] Jo

H"N(X,L/t(n— 1)) = HP(X,L/¢(n)_1)

l l

-1 n— = n
HE (X" ™) —5= HE(X, (™) -1)-
Proof. By Lemma 2.3, HP(X, §) = Hom(Z,(X)[—p],d) is a natural transforma-
tion. Applying it to Z/¢(n) < L/¢ — Rm.pu$™ yields the commutative diagram.
The rows are isomorphisms by 2.4(2), 2.7 and 2.4(3). O

SR

Theorem 2.9. ! If BL(n) holds then BL(n-1) holds.

Proof. Consider the diagram of Proposition 2.8. If BL(n) holds then for every
local X the top right vertical is an isomorphism in the diagram, and hence
the top left vertical is an isomorphism, i.e., a,_1 is a quasi-isomorphism on the
stalks of X. Tt follows that cv,_; is a quasi-isomorphism, i.e., BL(n-1) holds. O

2.2 H90(n) implies H90(n-1)

The fact that H90(n) implies H90(n-1) will be used in Theorem 2.37 to show
that HP"(k,Z/0) — HY (k,puy™) is an isomorphism for all p < n. Since the
proof is elementary, we give it here.

By a motivic complex we shall mean a cochain complex of Zariski sheaves
with transfers, having homotopy invariant cohomology. One source of motivic
complexes comes from the total direct image R, associated to the morphism
of sites 7 : (Sm/k)ey — (Sm/k),a,. If F is an étale sheaf with transfers, having
homotopy invariant cohomology, then R, (F) is a motivic complex by [MVW,
6.20], and H}, (X, Rm.F) = H} (X, F).

zar
Lemma 2.10. For all dense open U C (A'—{0}) the localization triangle
GeeuM(x)(1)[1] = M(U) — M(Speck) —

is split exact in DM, where the sum is over all closed points of A' not in U
(see [MVW, 15.15]). Hence for every motivic complex C we have a split exact
localization sequence, with the splitting natural in U and C:

0— H"(k,C) > H"(U,C) % @®pgu H" ' (2,C(—1)) = 0.
Taking the direct limit over all U yields the split exact sequence

0— H"(k,C) — H"(k(t),C) -2 @pen H" (z,C(—1)) = 0.

ITheorem 2.9 is used in 2.24 and 3.15
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Proof. The group of finite correspondences from Spec k to X is the same as the
group of zero-cycles on X; see [MVW, 1.10]. As U is dense in Al, it contains a
zero-cycle of degree 1, yielding a finite correspondence Speck — U of degree 1.
Passing to motives via M (X) = Z(X), we get a morphism M (Speck) —
M (U) whose composition with M (U) — M (A!) is the canonical isomorphism
M (Speck) 5 M (A%Y). This splits the map M (U) — M (Speck), as required. [

Remark 2.10.1. There is a notational ambiguity with H**(k(¢), A), since it
could be computed relative to Sm/k(t) or as the direct limit of the H**(U, A)
relative to Sm/k, as in Lemma 2.10. Happily, the two coincide by [MVW, 3.9].

Example 2.11. Applying Lemma 2.10 to the motivic complex C = Z(n) yields
the split exact sequence

0 — KM (k) = KMK(1) -5 @pem KM (k(z)) =0

of [Mil70, 2.3]. Applying 2.10 to the motivic complexes Z)(n) and Rm,ug"
yields the corresponding sequences for H((k,Z,)) and H&(kj,u?").

applying 2.10 to Rm.Z(n)g yields the split exact sequence

Finally,

0= HZ ' (k, Z(n)) — HE T (k(1), Z(n) — @penr HE (k(z), Z(n — 1)) = 0.

The next result shows that if KM (F)/¢ — HZ(F, u$™) for all fields F over
k then KM | (k)/¢ = HZ (K, u$" ). Tt will be used in Theorem 2.37.

Corollary 2.12. If H90(n) holds then H90(n-1) also holds.
If KM(Kk(t)/0 — HE(k(t), u$™) is an isomorphism (resp., onto) then so is
K (k)/€ = Hy ™ (k™).

Proof. By Example 2.11, HZ (k, Z ;) (n—1)) is a summand of H} ™ (k(t), Z) (n)),
whence the first assertion. For the second, we know by Example 2.11 that there
is a commutative diagram

KM ()0 —2 s KM (k)

l n a n— l n—
H&(k(t)vu? ) — Hét 1(kuu‘2® 1)

By Example 2.11, both horizontal arrows are split surjections, and the split-
tings are compatible. If we assume the left vertical is an isomorphism (resp., a
surjection), then so is the right vertical morphism. O
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2.3 Cohomology of singular varieties

Recall that the schemes A™ = Spec(klto, - .., tm]/(1 =D ;) fit together to form
a cosimplicial scheme A°®, where the i*" coface map 9; : A1 — A™ is given
by setting t; = 0, and codegeneracies are given by sending ¢; to t; + ¢;41. The
m + 1 images of the point A? in A™ are called its vertices.

In order to shift cohomological indices, we shall modify the topologist’s
sphere trick, replacing S™~! with OA™, the closed subvariety of A™ defined
as the union of all of its maximal proper faces 9; A™~1. Our first task is to
define the cohomology of a singular algebraic variety, such as @A™, with coeffi-
cients in a sheaf defined only on Sm/k.

Definition 2.13. For each scheme X over k, let Z[X] denote the Nisnevich
sheaf associated to the presheaf U — Z[Homgep (U, X)] on Sch/k, and let
Zsm|X] denote the restriction of Z[X] to Sm/k.

If X is a scheme of finite type over a field k, and F is any complex of
Nisnevich sheaves on Sm/k, we define the cohomology groups H?(Xgm,F) to
be HomD(Sm/k)(Zsm[X],}'[p]).

If X is smooth, Zgm[X] is the free abelian group sheaf generated by a repre-
sentable sheaf, and our definition agrees with the usual definition of (Nisnevich)
sheaf hypercohomology. However, if X is singular and F is the restriction of a
complex F’ defined on all schemes then H*(Xgm, F) will not in general equal
H*(X,F"). For example, if Ogp, is the restriction of O to Sm/k and X is the
affine cusp then H(Xgm, Osm) = k[z] while H°(X, 0) = k[z?,23]. If k admits
resolution of singularities and F is a homotopy invariant complex of sheaves
with transfers, the cohomology HP(Xgm, F) agrees with the cdh cohomology of
X with coefficients in F* by [MVW, 13.27].

Note that ZSm[Xred] = Zsm[X}, so that H*(Xsm,f) = H*((Xred)va}—)o
If X = X; UX5 is the union of closed subschemes we have an exact sequence of
sheaves

0— ZSm[Xl ﬁXQ] — ZSm[Xl] X Zsm[XQ] — Zsm[X} — 0;

applying R Hom(—, F), it follows that the cohomology groups H*(—gm, F) sat-
isfy Mayer—Vietoris for closed covers. The generalization of Mayer—Vietoris to
larger closed covers is the Cech spectral sequence.

Example 2.14. Suppose we are given a scheme which is the union X = UX;
of finitely many closed subschemes X;. Then there is a quasi-isomorphism from
the Cech complex

Zsm[O{Xl}] o 0— Zsm[ﬂXi] — = @i<jZSm[Xi ﬂXj] — @ZZSm[Xz] —0

to Zgm[UX;]. Thus H*(Xsm, F) is the cohomology of R Hom(Zgm[C{X;}], F)
for each co;nplex of sheaves F on Sm/k, and we can compute it using the
associated Cech spectral sequence

B = O (X B (s F)) =[] HU(OX ), F) = HPY (X, F).

i0<...<7;p
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The rows are the Cech complexes C'({X;}; H) = H(C{X;}) for the presheaves
H = H%(—gm, F). Because the spectral sequence is bounded in p, it is conver-
gent even if F is an unbounded complex. If the X; and all intersections NX;,
are smooth, then the E*? terms are the sheaf hypercohomology H”. (X, F).

As an application, we consider JA™, the union of the maximal face sub-
schemes X; = 9;A™ of A™. If F is a complex on Sm/k with homotopy in-
variant cohomology then the Cech spectral sequence for OA™ collapses at Fs,
because each H1(NX;, g, F) is Hi(k, F) when NX;_ # 0, EY"? =0 for p > m,
and the rows of F; compute the homology of the (m—1)-sphere with constant
coefficients H9(k, F). This yields the natural isomorphism?

HP(OAR,, F) — HP(k,F) ® HPT1-™(k, F). (2.15)

We may repeat the above discussion for the étale topology, using the observa-
tion that Z[X] is already an étale sheaf, and writing Zgy, [X] for the restriction of
this étale sheaf to (Sm/k)g by abuse of notation. As in Example 2.14, we have a
quasi-isomorphism Zgm [C{X;}] = Zsm[UX;] of étale sheaves and isomorphisms
HY ((UX;)Sm, Fsm) = Homét(ZSm[é{Xi}],fsm[p]) for every complex Fgm of
étale sheaves on Sm/k. For locally constant torsion complexes F defined on
Sch/k, such as u?", the usual étale cohomology of F is compatible with the
cohomology of the restriction Fgm of F to Sm, at least in the following sense.

Lemma 2.16. Suppose X = UX; is a finite union of closed subschemes X;. Let
F be a complex with locally constant torsion étale cohomology sheaves on Sch/k,
whose torsion is prime to char(k). Then there is a natural quasi-isomorphism:

R Homgen,, (Z[X], F) — R Homgen,, (Z[C{X;}], F).

Proof. Tt suffices to consider the case X = X7 U X5, as the general case follows
by induction. Let p : X — Spec(k) denote the structure map so that Rp.JF =
R Homgcn (Z[X], F). If* : X; — X is the inclusion, Rt F = (. F by proper base
change [Mil80, VI.2.5], and Rp.R.F is quasi-isomorphic to R Hom(Z[X;], F).
Applying Rp. to the triangle F — @& (F) — 112(F) yields the triangle

R Homg (Z[X], F) — @2 R Homg (Z[X;], F) — R Homg (Z[X12], F).
Since R Homg, (Z[C{X;}], F) also fits into this triangle, the result follows. [

We now consider the change-of-topology morphism 7 : Smg; — Smy;s. If F
is a complex of étale sheaves on Sch/k, and Fgp, is its restriction to (Sm/k)¢,
the total direct image Rm.Fsm is a complex of Nisnevich sheaves on (Sm/k)p;s.
We can take the cohomology of Rm.Fgp, in the sense of Definition 2.13.

Proposition 2.17. Suppose X = UX; is a finite union of smooth closed sub-
schemes X;, and that all finite intersections of the X; are smooth. Let F be a

2The shifting trick (2.15) is based on Lemma 9.2 of [SV00a].
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complex with locally constant torsion étale cohomology sheaves on Sch/k, whose
torsion is prime to char(k). Then

H: (X, F) = H}(Xsm, Fsm) — H'(Xsm, R7+Fsm)

n

Proof. By Lemma 2.16, HY, (X, F) is isomorphic to Homgen,, (Z[C{X;}], F[p]).
Since the X; and their intersections are smooth, this is the same as

Homsum,, (Z[C{X}], Fsm[p]) = Homsmm,, (ZIC{X,}], R (Fsm)[p])-

Now Z[C{X;}] =~ Zsm[X], by Example 2.14. Therefore the left side is
H? (Xsm,Fsm), and the right side is the same as H?. (Xsm, RT«Fsm) =

ét nis

HOIIlSmnis (Zsm[X], Rﬂ'*]:sm [p]) O

Corollary 2.18. For X = UX; as in Proposition 2.17 and any p < n we have
natural isomorphisms

HP?(Xgm, L/0(n)) = HE (X, u$™).

Proof. It is enough to show that HP(Xgm,7<"F) = HP(Xsm,F) for every
complex F of Nisnevich sheaves, as the corollary is just the special case F =
R, (uf’"). Without loss of generality, we can replace 77" F by a complex &
of injective sheaves, zero in degrees < n, to assume that H?(Xgp,, 7 "F) =
Hom(Zgm[X], E[p]). Since EP = 0 we have HP(Xgm,7”"F) = 0 and the result
follows. O

Remark 2.18.1. Results 2.16-2.18 hold more generally for every X in Sch/k.
In particular, HP (Xgm, L/¢(n)) = HY (X, u3™) for every X in Sch/k and every
p < n. This was proven by Suslin in [Sus03, §7], using alterations and the fact,
proven in [SV96, §10], that étale cohomology agrees with cohomology for the
h-topology on Sch/k.

5 If F is a complex of presheaves, we may regard the usual Cech complex
C({X;};F) as a double complex; by the Cech cohomology H* C({X;}; F) we
mean the cohomology of the total complex.

Proposition 2.19. 3 Suppose that W is a smooth semilocal scheme, and that
{X;} are smooth closed subschemes of W with all intersections smooth. If F
is a complex of sheaves with transfers on Sm/k, having homotopy invariant
cohomology, then the canonical map is an isomorphism:

HY((UX;)sm,F) — HIC{X;}; F).

Proof. If F — £ is a fibrant replacement, H?((UX;)sm, F) is isomorphic to the
cohomology of the total complex of C'({X;},£)), and the proposition asserts
that C({X;},F) — C({X;},€) is a quasi-isomorphism. By the comparison
theorem for the spectral sequence of a double complex, it suffices to show that
F(S) — £(S) is a quasi-isomorphism for each intersection S of the X;.

3Proposition 2.19 is based on Proposition 1.11 of [Sus03]
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The homotopy invariant presheaf HY(—,F) on Sm/k is a presheaf with
transfers by [MVW, 13.4]. The associated sheaf H? is also homotopy in-
variant by [MVW, 22.1-2], and has transfers by [MVW, 22.15]. If S is
any smooth semilocal scheme then the hypercohomology spectral sequence for
H*(S,F) degenerates: EY? = HP(S,H?) = 0 for p > 0 by [MVW, 24.5],
and HO(S,19) = HI(F(S)). Thus Ey? = HY(F(S)) — H(S,F) is a quasi-
isomorphism, as desired. O

2.4 Cohomology with supports

In this section we show that if one assumes BL(n-1) then the cohomology with
supports of Z/¢”(n) and L/¢”(n) agree.

If Z is a closed subspace of a smooth scheme X, Z[X — Z] is a subsheaf of
Z]|X] and we set Zz[X] = Z[X]/Z[X — Z]. The cohomology of F with supports
on Z is Hy (X, F) = Homp sk (Zz[X], Flp]). If Z CY C X then there is an
exact sequence of sheaves,

0— ZY—Z[X — Z] — Zy[X] — Zz[X} — 0, (220)

and a long exact sequence for the cohomology of F with supports, natural in
F.

Let D(Cor/k) denote the derived category of sheaves with transfers. Since
forgetting transfers is an exact functor to sheaves, it induces a triangulated
functor D(Cor/k) — D(Sm/k). Regarding DML as a full triangulated sub-
category of D(Cor/k) by [MVW, 14.11], every triangle in DML induces a
triangle in D(Sm/k). Here is an application of this technique.

Lemma 2.21. Let (X, Z) be a smooth pair with codimension ¢, and suppose that
F is a complex of sheaves with transfers, with homotopy invariant cohomology.
Then there is a canonical isomorphism

HP™(Z, F_c) = Hyz (X, F).

Proof. We may assume that F is bounded below, since replacing F by a trun-
cation 7SV F for large N does not change the cohomology groups in question.
There is a Gysin triangle C.Zy (X — Z) — CiZ(X) — CiZ(Z) ¢ L€ in
DM see [MVW, 15.15]. The maps Z[X] — C,Zy(X) allow us to compare
the triangle defining Zz[X] to the induced Gysin triangle in D = D(Sm/k),
yielding a canonical map Zz[X] — C.Z(Z) ® L°. Applying Hom(—, F[p])
yields a morphism of long exact sequences. Since

Hompyperr (CoZex (X), Flp]) — Homp (Z[X], Flp]) = H'(X, F)

is an isomorphism by [MVW, 13.4 and 13.5], and there is a similar isomorphism
for X —Z, the 5-lemma shows that the canonical map yields an isomorphism

Hompygee (C.Zie (2) @ L8, Flp]) — Homp (Zz(X), Flpl) = HY (X, F).
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Replacing F by F_., this isomorphism fits into a natural composition

HP~%(Z, F_.) = Hompygert (C.Zix(Z), RHom(L, F)|p])
= Hompypere (CuZir(2) ® L, Flp]) — HY(X, F).

The first map uses the isomorphism F_. = RHom(L¢, F)|c| of Example 2.4(4),
and the second map is the adjunction. O

Example 2.22. Combining 2.21 with the formula for Z/¢”(n)_. in Example
2.4(4), we have natural isomorphisms:

HP=2¢(Z,7/0"(n —¢c)), c<mn;
0, c>n.

Hy(X,2/t"(n)) %{

Combining 2.21 with Corollary 2.7, we have natural isomorphisms:

HP=2¢(Z, L/t"(n —c)), c<n;
0, c>n.

HY(X, L/t (n)) = {

Example 2.23. Combining 2.21 with Example 2.4(3), we obtain the standard
result that HY (Xe, Z/¢” (n)) is isomorphic to HP~2¢(Zg, Z/* (n—c)) for n > c,
and zero if n < c.

We now consider the map «,, : Z/¢"(n) — L/¢”(n) of (1.27).

Theorem 2.24. Suppose that BL(n-1) holds. If (X, Z) is a smooth pair with
codimy Z > 0 then a, induces isomorphisms on motivic cohomology with sup-
ports:

Hy(X,Z/t"(n)) — Hz(X,L/t"(n)).

Proof. By 2.22 and 2.23, we can identify the map in the theorem with the
map o, : H*72¢(Z,2/¢"(n—c)) — H*72¢(Z,L/t"(n—c)). But a,_. is an
isomorphism, because BL(n-1) implies BL(n-¢) by Theorem 2.9, Z is smooth,
and therefore Z/¢”(n—c) ~ L/ (n—c) by Lemma 1.29. O

Now assume that X is smooth over k, but Z is not necessarily smooth.

Corollary 2.25. If X is smooth and BL(n-1) holds, then «,, induces an iso-
morphism for every closed subscheme Z with codimyx Z > 0 and every v:

H(X, 2/t (n)) — Hyz(X,L/t"(n)).

Proof. Because { is prime to the characteristic of k, a transfer argument 1.2
shows that we may assume that k is a perfect field. We may also assume that
7 = Zyeq- Thus if Z' denotes the singular locus of Z then Z—Z' is smooth and
not empty.
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We proceed by induction on dim(Z). From (2.20) we see that we have a
morphism of long exact sequences for coefficients A = Z/¢¥(n) and B = L/¢¥(n):

- —> Hy(X,A) — Hy(X,A) — Hy 5(X - Z',A) — H;Y(X, A)

o T T D

- ——> H3/(X,B) — H}(X,B) — H}_,(X - Z',B) — H; (X, B).

The second and fifth verticals are isomorphisms by induction. The first and
fourth verticals are isomorphisms by Theorem 2.24, because (X —2', Z—Z") is
a smooth pair. The 5-lemma implies that the third vertical map is an isomor-
phism. O

We can extend Theorem 2.24 to singular X using the following definition.

Definition 2.26. If Z is a closed subscheme of any scheme X, Zgm[X — 7]
is a subsheaf of Zgm[X]. We set Zz[X] = Zsm|[X]/Zsm[X — Z] and de-
fine H}(Xsm,F) to be Hompsm/i) (Zz[X], Flp]). If X is smooth, then
HY(Xsm,F) is the usual group H%(X,F). By construction, and Definition
2.13, there is a long exact sequence

25 HY(Xsm, F) = H"(Xsm, F) = H"(X—2)sm, F) -2 HEt (Xgm, F) — .

If X = X7UX5 is the union of closed subschemes, and Z; = ZNX;, there is a
long exact sequence 0 — Zz,nz,[X1NXa| = Zz, [X1]|®Z2,[X2] — Zz[X] — 0.
Hence cohomology with supports satisfies Mayer—Vietoris for closed covers.

Recall that OA™ denotes Spec(k[to, - - ., tm]|/(I1tis 1 —D_ t;), the union of all
maximal faces 9;(A™~1) of the m-simplex. The (codimension p) faces are the
intersections F' = N0;, A, igp < --- < ip; each face is smooth. The vertices of
OA™ are its codimension m—1 faces; they are the points where one ¢; is 1 and
all other ¢; are zero. The next result is taken from [Sus03, 7.8] and [SV00a, 8.5].

Theorem 2.27. Let Z be any closed subscheme of OA™ missing the vertices.
If BL(n-1) holds, then

H (008, 2/t (n)) — H (A&, L/ ().

Proof. (Suslin) By Mayer—Vietoris, the cohomology with supports of the cover
{9;A™} fits into Cech spectral sequences for F = Z/¢”(n) and F = L/¢"(n),

EPUF) = [ Hip(FF)= HY(0AL,. F),

faces F
codim(F)=p

and F,(a,) is a natural morphism between the spectral sequences. Because Z
misses the vertices of each face, and the faces are smooth, Corollary 2.25 shows
that it is an isomorphism on the Ej-page: EP9(Z/¢*(n)) = EVY(L/"(n)).
Hence Eo () is an isomorphism on the abutments, as asserted. O
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2.5 Rationally contractible presheaves

A presheaf F on Sm/k is called contractible if there is a presheaf morphism
s: F — O1F = F(— x A') so that ifs = 0 and i}s = idr, where ig,i1 : X —
X x A! send 7 to (x,0) and (z, 1), respectively.

The standard example of a contractible presheaf is Zgm[A™]/Zsm|[0] (see
Definition 2.13); s is induced by sx : Zgm[A™](X) — Zgm[A™](X x A1) sending
f: X — A™ to the morphism sf : X x Al — A™ (z,t) — tf(x). In fact, if
v is any k-point of A, then Zgm[A™]/Zsm[v] is also contractible; one uses the
linear translation 7¢ : (z,t) — tf(x) + v(1 —t).

In a similar fashion, Z (A™)/Z:(0) is contractible; the contraction sx
sends a finite correspondence Z (from X to A™) to the finite correspon-
dence {(z,t,tv) : (z,v) € Z} from X x A to A™. As before, the presheaf
Zir(A™)/Z:(v) is also contractible for any k-point v of A™; one uses Ts¢.

It is enough for our purposes to have contractions which are only defined
“rationally,” i.e., that there is a neighborhood U of X x {0,1} in X x Al and
maps sx : F(X) — F(U) such that ifs = 0 and ijs = idr. In order to make
this functorial, we define ¢} F(X) to be the direct limit of the F(U), taken over
all neighborhoods U of X x {0,1} in X x A'. This definition is natural in X,
so CF is a presheaf on Sm/k. By construction, evaluation at {0,1} yields
presheaf maps §, ] : Ci\F = F.

Definition 2.28. A presheaf 7 on Sm/k is called rationally contractible if there
is a presheaf morphism s : 7 — C1F so that ifs = 0 and ijs = idr.

Example 2.29. Any contractible presheaf is rationally contractible. In par-
ticular, Zgm[A™]/Zsm[0] and Z,(A™)/Z,(0) are rationally contractible, and
so are Zgm[A™]/Zsm([v] and Zi(A™)/Z(v) for any k-point v, by the above
remarks.

If V' is any open subscheme of A™ containing the point v, the presheaves
Zsm|V]/Zsm[v] and Z. (V') /Z:(v) are also rationally contractible. Indeed, the

composition if of a map (or correspondence) X LV with vV 55 A™ is a map
(or correspondence), and sx (if) : X x Al — A™ sends some neighborhood U
of X x {0,1} into V; f ~ sx(if)|y defines the required morphism F — C}F
for these F. (This example is based on [SV00a, 9.6].)

These remarks apply to V = A'—{0}, V™ and v,, = (1,...,1) to show
that Z (Gp) = Zyr (V) /Z4r (1) and Zy, (V™) / Ziy (vs,) are rationally contractible.
Since summands of rationally contractible presheaves are also rationally con-
tractible, they also apply to the smash product Z,(G,™), defined in [MVW,
2.12-13] as a direct summand of Z, (V™) /Z,(vy,) complementary to the m co-
ordinate inclusions of Z (V™™ 1) /Z(vm—1). It follows that each Zi (GL™) is
rationally contractible.

We will need to evaluate rationally contractible sheaves on the following
semilocal version of A®. For each m, let A7} denote the semilocal scheme of A™
at its vertices. The coface and codegeneracies of A® restrict to maps between
the semilocal schemes, and make A2 into a cosimplicial semilocal scheme.
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Proposition 2.30. ([Sus03, 2.5]) If F is rationally contractible, the chain com-
plex of abelian groups associated to F(AY) is acyclic.

Proof. Let S denote the semilocal scheme of A™ x Al at the vertices v x 0,
v X 1, where v runs over the vertices of A™. Then F(S) = colim F(U) is
C1F(A) by construction so we have a map s : F(A) — F(S). Mimicking
the usual simplicial decomposition of A™ x A!, we have m + 1 morphisms
;s AMTL — AT x Al ), takes the initial i+1 vertices v to v x 0 (0 < v < i+1)
and the remaining vertices v to (v — 1) x 1. Localizing, these maps induce
morphisms A% — S and homomorphisms 1} : F(S) — F(AZT'). Then
the chain contraction o of F(AY) is given by the standard formula o(u) =

> (=15 (s(u)). O

Corollary 2.31. 4 If F is rationally contractible, the augmented Cech complex
F(AL) = C({0; AR }; F) is acyclic, except at F(AL).

Of course, the homology at F(A]}) is the kernel of F(AT) — [[ F(GAL).

Proof. Reindex the augmented complex so that F(AZ}) is in homological degree
m, and [ F(v) is in degree 0. It was proven in [FS02, 1.2] that this augmented
complex is canonically quasi-isomorphic to the brutal truncation at homological
level m of the chain complex associated to the simplicial abelian group F(Ay).
As F(AY) is acyclic by Proposition 2.30, its brutal truncation is acyclic except
at the truncation degree m. O

Recall that C,,F denotes the presheaf F(— x A™).
Lemma 2.32. * If F is rationally contractible, so is Cy,F.

Proof. We may assume by induction that C,,_1F is rationally contractible with
section s™~!. Using the face 9y : A™™! — A™ and degeneracy sg, every
element of C,, F(X) may be written uniquely as a sum s§(f) + z for an element
f of Cpo1 F(X) and an element z such that 95(z) = 0. There is a similar
decomposition of Cy(C,,F), so we may view h = s™ !(f) as an element of
C1(Cp F)(X) with 45(h) = 0 and it (h) = f. Let p: A™ x A — A™ denote the
multiplication (v,t) — tv. Identifying A™ with A™ = Spec(k[to, ..., tm—1]), the
map

P F(X X A™) = F(X x A™ x Al) = O (Cpu F)(X) = C1(Crn F)(X)

sends 2z to an element such that do(u*2) = 0, ig(u*2) = 0 and i} (u*2) = z. We
define s™ : C,, F — C1(CinF) by (sif + 2) — s™7L(f) + p*(2). O

Theorem 2.33. 4 If F is a rationally contractible presheaf, the Cech complex
CHO: AL }; CLF) is acyclic in positive degrees.

40ur 2.31, 2.32 and 2.33 are taken from 2.6, 2.4 and 2.7 of [Sus03], respectively.
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Proof. The Cech complex is the total complex of a bounded fourth-quadrant
double complex whose —¢'"* row is C({9;AT}; C,F), with [[; CuF(8;AT) in
the (0, —q) spot. Since each CyF is rationally contractible by 2.32, the rows are
acyclic in degrees p > 0 by 2.31. The result follows from the spectral sequence
of a double complex, since F5? is zero unless p = 0 and ¢ < 0. O

Proposition 2.34. If F is a rationally contractible sheaf with transfers, then
H?((0AY)sm,C«F) =0 forp>0.

Proof. CyF is a complex of sheaves with homotopy invariant cohomology, so
by Proposition 2.19 the map H((OAT)sm, CuF) — HIC({0;A}; OLF) is
an isomorphism. As the right side vanishes for ¢ > 0 by 2.33, our statement
follows. O

Corollary 2.35. HP((OA])sm,Z(n))=HP((0AY)sm,Z/t"(n))=0 for p>n.

Proof. Z(G)") is rationally contractible by 2.29, and C,Z,(G)™) = Z(n)[n].
By 2.34, HP((0AY)sm, Z(n)) = HP~"((OA)Sm, CiZ(G,)) vanishes for p >
n. This implies that the second group vanishes by the coefficient sequence. [

2.6 Bloch—Kato implies Beilinson—Lichtenbaum

Recall from 1.26 that L/¢(n) denotes 7<"Rm,Z/¢(n)s and that there is a nat-
ural morphism «,, : Z/¢(n) — L/¢(n). The condition BL(n) is that «, is a
quasi-isomorphism of sheaves on Sm/k for any field & containing 1/¢, i.e., that
o, induces isomorphisms H?(S,Z/0(n)) — HP(S,L/¢(n)) = HE (S, ud™) for
every smooth local scheme S over k and every p < n.

One of the fundamental properties of a homotopy invariant presheaf with
transfers F' is that F'(V) — F(S) is an injection for any dense open V of a
smooth semilocal scheme S; see [MVW, 11.1]. This property plays a key role in
our next result, which is based on Lemma 7.9 of [Sus03].

Lemma 2.36. Assume that H"(k,Z/{(n)) — HZ(k,L/¢(n)) is onto for all
fields k with 1/¢ € k. Then «f : H"(Ssm,Z/t(n)) — H"(Ssm,L/t(n)) is
a surjection for every semilocal scheme S which is a finite union of smooth
semilocal schemes, all of whose finite intersections are smooth.

Proof. Fix k and let C denote the presheaf cokernel of o). By assumption,
C(Spec E) = 0 for every field E over k. Since H"(—,Z/{(n)) and H"(—, L/¢(n))
are homotopy invariant presheaves with transfers on Sm/k, so is the cokernel
C of af. Hence C(S) = 0 for every smooth and semilocal S by [MVW, 11.1].
If S is not smooth, we use a trick due to Hoobler. The hypothesis on S
implies that we can write S as Spec(R/I) for a smooth semilocal algebra R;
let R? denote the henselization of R along I. By Gabber’s rigidity theorem,
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HE (R, u2™) =2 HZ (S, u$™). Now R is the direct limit of étale extensions R/
of R, each of which is semilocal, so the lemma follows from the diagram

liy H" (R, Z/0(n)) — H"(RY,Z/0(n)) —> H™(Ssm, Z/¢(n))

ontol J/

@H&(R/,N?n) ;> H&(R?au%n) ;> Hgg(sa M?n)a

using the observation that H"(Ssm, L/¢(n)) = HZ (S, u$™) by Corollary 2.18.
O

Remark 2.36.1. The proof of Lemma 2.36 goes through if the coefficients Z/¢(n)
are replaced by Z/¢¥(n) or even Q/Z;)(n).

Theorem 2.37. Assume that H"(k,Z/t(n)) — HE(k,u3™) is onto for all
fields k with 1/¢ € k. Then for every field k with 1/ € k:

(a) BL(n) holds, i.e., o, : Z/€(n) — L/l(n) is a quasi-isomorphism of
complezes of sheaves on Sm/k,q;.

(b) For all p < n, we have an isomorphism:

HP (o) : HP(k, Z/¢(n)) — HP(k, L/0(n)) = H{ (k, pg").-

Proof. Since the hypothesis holds for n — 1 by Corollary 2.12, we may use
induction on n to prove that (a) and (b) hold. Recall that OA]} is obtained
from OA™ by removing Z, the union of all closed subschemes Z, missing the
vertices of OA™. Write Hy(0A™) for the direct limit of the H;, (0Ag!,). By the
definition of cohomology with supports (2.26), we have a commutative diagram,
with HP"(X) in the first row denoting H?(Xgm,Z/¢(n)) and HY"(X) in the
second row denoting HP(Xgm, L/4(n)).

H;’”(E)Am) s Hn,n(aAm) s Hn,n(aA;?) . onto Hn+1,n(aAm)
%i J/ ontoJ/ %l i
Hy7(0A™) — H"(0A™) — Hp™"(0AY) : Hp " (0A™).

The first and fourth vertical maps are isomorphisms by Theorem 2.27, because
BL(n-1) holds by induction. The third vertical is a surjection by Lemma 2.36
applied to S = OAZ}. It follows that the second vertical is a surjection. Taking
m = n+ 1 — p, it follows from (2.15) that HP(k,Z/¢(n)) — HP(k,L/l(n)) is
also a surjection.

By 2.35, we have H" ™ ((OAT )sm; Z/¢(n)) = 0, so the final top horizontal
map is onto. A diagram chase shows that the final vertical is an injection. Taking
m = n+ 2 — p, it follows from (2.15) that HP(k,Z/¢(n)) — HP(k,L/l(n)) is
also an injection. This establishes (b).

For (a), we note that: (i) the cohomology presheaves HPE, (—,Z/{(n)),
H?(—,Rm.Z/l(n)) and hence HE (—,L/f(n)) are homotopy invariant by

zar
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[MVW, 2.19] and [MVW, 9.24, 9.33], respectively; and (ii) «,, induces isomor-
phisms on cohomology H?(E,Z/¢(n)) = HP(E, L/¢(n)) for every field E over
k, by (b). Proposition 13.7 of [MVW] says that, because (i) and (ii) hold, a, is
a quasi-isomorphism. O

2.7 Condition H90(n) implies BL(n)

In this section, we prove that H90(n) implies BL(n), and hence the conclusion
of Theorems A and B, as promised in Theorem 1.8 and Lemma 1.30. Recall
from Definition 1.5 that “H90(n) holds” means that H2 "' (k, Zy(n)) = 0 for
all fields k with 1/¢ € k.

By Lemma 1.6 there is an exact sequence

KM (k) ® Q/Zey == HE(k,Q/Zy(n)) — HE (K, Zgy(n)) — 0.

Thus HZ ' (k, Z)(n)) = 0 holds if and only if the map H"(k,Q/Z(y(n)) —
HE (k,Q/Zy(n)) is onto.

Theorem 2.38. Assume that H90(n) holds. Then BL(n) holds. In particular,
for every field k with 1/¢ € k, and all p < n, the map HP(«,,) is an isomorphism.

HP (o) : HP(k,Z/0(n)) — HP(k,L/{(n)) = HE (k, p$™)

Proof. The assertion that H?(«a,) is an isomorphism for all fields implies BL(n),
that «, is a quasi-isomorphism of sheaves, by [MVW, 13.7], because Z/¢(n) and
L/¢(n) have homotopy invariant cohomology presheaves.

Write L/0>°(n) for the truncation 7<"Rm,Q/Z(n)s. Then for every
semilocal scheme S which is a finite union of smooth semilocal schemes, the
map H"(S,Q/Zyy(n)) Sny H(S, L)% (n)) is a surjection by 2.36.1. Therefore
the proof of Theorem 2.37(b) goes through with coefficients Q/Z,)(n) to prove
that

H? (o) : HP (k,Q/Zg)(n)) — HP(k,L/L>(n)) (2.38.1)

is an isomorphism for every field k with 1/¢ € k, and all p < n. The theorem
now follows from the 5-lemma applied to the long exact cohomology sequence

for the coefficients 0 — Z/{(n) — Q/Z(n) N Q/Zgy(n) — 0. O

We conclude this section with a proof of Theorem 1.8, that HI0(n)implies
the Beilinson-Lichtenbaum conjecture for n. We will also need the following
definition in Section 4.4.

Definition 2.39. Let T'(n) denote the truncation 7="+**Rar, (Zs)(n)s;) of the
Nisnevich cochain complex representing étale motivic cohomology. We define
K (n) to be the cone of the canonical map Z(n) — T'(n), so that

Zgy(n) — T(n) — K(n) —
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is a triangle. From the remarks before 2.10, K(n) and T'(n) are motivic com-
plexes.

We have H""(Y,,T(n)) = H§+1(K,Z(5) (n)) for every smooth simplicial
Y., because HP(Y,,7>"1C) =0 for p <n + 1 and any complex C.

Lemma 2.40. If H90(n) holds, the Zariski sheaf associated to Hy 't (-, Zgy(n))
18 zero.

Proof. Hit (—,Zy)(n)) is a presheaf with transfers by [MVW, 6.21]. It is
homotopy invariant by the 5-lemma, because the presheaves HY (—, Q/Z(n))
and HY (—,Q(n)) are homotopy invariant for all p; see [MVW, 9.24, 9.33, 14.26].
By [MVW, 11.2], it suffices to show that H ' (E,Z(n)) = 0 for every field
E; this is exactly the assumption that H90(n) holds. O

Theorem 2.41. ° Assume that H90(n) holds. Then Z)(n) — T(n) is a quasi-
isomorphism.

Proof. Tt suffices to show that the cohomology sheaves are isomorphic, i.e.,
that HP(X,Z(n)) — HP(X,T(n)) is an isomorphism for every p and every
smooth hensel local X this is trivial for p > n + 1. For p = n + 1, it holds
because both terms are zero by Lemma 2.40. For p < n, we need to show
that HP(X, Z(n)) — H?(X,T(n)) = HY (X, Zg)(n)) is an isomorphism. The
cohomology sequence

HP(X, Ly (n)) — HP(X,Q(n)) — HP(X,Q/Z(n)) — H"H(X, Z(n))

] o |
HE (X, Ly (n) — HE(X,Q(n)) — HE(X,Q/Zy(n)) — HE (X, Zgy (n)
shows that it suffices to show that H?(X,Q/Z(n)) — H%(X,Q/Z(n)) is
O

an isomorphism for all p < n. This is just equation (2.38.1).

Corollary 2.42. ® Assume that H90(n) holds. Then for any simplicial scheme
X we have H»9(X,7./t") — HL (X, Z/t"(q)) is an isomorphism for p < g < n.

That is, property H90(n) implies Theorem B in the Introduction. Corollary
2.42 is the converse of Theorem 1.7.

Proof. Recall from 1.26 and 2.39 that L(n) and T'(n) denote the Nisnevich
complexes TS"Rm.Z¢(n)e and 7" Rm,Zy(n)e, respectively. Tensoring the
quasi-isomorphism Z)(n) — T(n) with Z/¢* yields a quasi-isomorphism

Z/t"(n) = 7"(T(n) @“ Z/¢") = L(n) ® Z/¢" = L/t"(n). O

5Theorem 2.41 and Cor. 2.42 are Theorem 6.6 and Cor. 6.9 of [Voe03a], using Cor. 1.31.
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2.8 Historical notes

In the early 1980’s, S. Lichtenbaum [Lic84, §3] and A. Beilinson [Bei87, 5.10.D]
formulated a set of conjectures describing the then-hypothetical complexes of
sheaves Z(n) and properties they should enjoy. Among these properties are the
assertions 1.5 and 1.28 that BL(n) and H90(n) hold.

The idea that the Beilinson—Lichtenbaum conjectures are closely related to
the Bloch—Kato conjecture was worked out by Suslin and Voevodsky in July
1994, during a conference in Villa Madruzzo in Trento, Italy. The equivalence
of BL(n) with the Bloch-Kato conjecture first appeared in preprint form in
1995; the published version [SV00a] is a greatly expanded version. This result,
together with the fact that H90(n) implies the Bloch—Kato conjecture, was used
in Voevodsky’s 1996 preprint [Voe96] to prove Milnor’s conjecture; a reworked
version of this proof appeared in print as [Voe03a].

The original Suslin—Voevodsky proof that BL(n) was equivalent to the
Bloch-Kato conjecture required resolution of singularities. Subsequent modi-
fications due to Geisser-Levine [GLO1, 1.1] and Suslin [Sus03] have allowed us
to remove this assumption. A key role is played by the notion of a rationally
contractible presheaf; although this briefly appeared in [SV00a, 9.5], our presen-
tation follows Suslin’s treatment in [Sus03]. Our Section 2.6 is based on Section
7 of [SV00a]. What appears in this chapter is an even further streamlined ver-
sion, using the construction of F_; (2.1) and the Cancellation Theorem (in the
proof of Lemma 2.21).
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Chapter 3

Hilbert 90 for K

In this chapter, we formulate a norm-trace relation for the Milnor K-theory and
étale cohomology of a cyclic Galois extension, which we call Hilbert 90 for KM.
In Theorem 3.2, we prove that it follows from the condition BL(n).

In section 3.2, condition BL(n) is used to establish a related exact sequence
in Galois cohomology (Theorem 3.6). Section 3.3 proves Theorem 3.11 (stated
as Theorem 1.10 in Chapter 1), establishing that condition BL(n-1) implies the
particular case of condition H90(n) for f-special fields k such that K (k) is
{-divisible. This case constitutes the first part of the inductive step in the proof
of Theorem A; the remainder of this monograph explains how to reduce the
general case to this particular one.

Section 3.4 uses Theorem 3.2 (for K ) to construct nonzero cohomology
elements § € H*"~Y(X,Z/¢) and p € H?*+L(X,Z/¢), where b = d/({ — 1)
and X is the simplicial scheme associated to a Rost variety X of dimension
d = /"1 —1 associated to an n-symbol. This will be used in section 5.4 to show
that Rost motives exist.

3.1 Hilbert 90 for KM

Let E/k be a cyclic Galois extension of degree ¢ and Galois group G = (o). The
classical Hilbert Theorem 90 says that H(G, EX) = 0, i.e., that the sequence

_ Ng
Ex 128 px B X g exact; see [Wei94, 6.4.8]. Here is the generalization from

KM(k) = k* to KM (k).

Definition 3.1. We say that a field k satisfies Hilbert 90 for KM if for every

Galois extension E/k of degree ¢ and Galois group G = (o), the sequence
— Ng /g .

KM(E) 128 kM(E) 24 KM(k) is exact.

This sequence is always exact modulo /-torsion, and the cokernel of N/, is
£-torsion. This is because (a) the usual transfer argument 1.2 implies that the
map KM (k) — KM(E)Y is an isomorphism modulo /-torsion, split by Ng/k,
and (b) A9 — Ag is also an isomorphism modulo /-torsion for any G-module A.
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Recall from 1.28 that BL(n) holds if Z/¢(n) %% L/¢(n) is a quasi-isomorphism
for any field k containing 1/¢.

Theorem 3.2. If BL(n) holds, then any field k of characteristic # ¢ satisfies
Hilbert 90 for KM . That is, for every Galois extension E/k of degree £, with
cyclic Galois group G = (o), the following sequence is exact:

1— N
EM(B) —2% KM (B) ZEL kM (k)

n

Proof. (Merkurjev) Since the sequence is exact up to ¢-torsion, we may localize
at £. Since BL(n) implies that K} (k) = HY (k,Z(s)) by Lemma 1.29(d), we
are reduced to establishing exactness of the corresponding cohomology sequence.

Writing Z[G](n) for the induced representation Z[G] ® Z)(n), Shapiro’s
Lemma [Wei94, 6.3.2, 6.3.4] implies that H},(E, Zy(n)) = HE (k, Z)[G](n)),
and that the composition with the augmentation map HE (k,Z)[G](n)) —
HE (k,Zgy(n)) is the transfer map. Let Z denote the augmentation ideal of
the group ring Z[G]; it is generated by 1 — o and fits into an exact sequence

072 Z|G) 27150 Tensoring with Z)(n) and taking cohomology, we
have an exact sequence

HE (k, Zoy[G)(n)) =3 HE(k, Ty (n) — HE(k, Zgy ().

Since BL(n) holds, so does H90(n), by Lemma 1.30. That is, the term on the
right vanishes, and therefore the left map is onto.

Tensoring 0 — 7 — Z[G] — Z — 0 with Z(n) and taking cohomology, we
have the exact sequence forming the bottom row of the commutative diagram:

-0 NEg/k
KM(BE)=HE (k, 2 [Gl(n)) ———— KM (E) @ ———— K} (k)

ontoll -0 lg J/g
tr

Hg (k, Ly (n)) ——— HE(k, Z)[G](n)) —— HE (K, Zoy(n)).
The theorem now follows from a diagram chase. O

Recall (1.9) that a field & is called £-special if 1/¢ € k and k has no finite field
extensions of degree prime to £. The next result will be used in Theorem 3.11.

Proposition 3.3. ([Voe03a, 5.6]) Suppose that k is £-special and that every
finite extension of k satisfies Hilbert 90 for KM |. Then for every degree ¢ field

extension E/k such that Ng, : KM (E) — KM (k) is onto, the Hilbert 90
sequence for KM is also evact:

KM(E) 28 kM(E) 24 kM) S 0.

n n n
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Proof. Given a = {as,...,a,} € KM | (k), choose b € K} | (E) with N, (b) =
a. Since Ng/,({a1,b}) = {a1, N(b)} = {a1,...,a,}, it follows that the norm
Npi: KM(E) — KM (k) is onto.

Define ¢(ay,a) to be the chosen element {a;,b} of KM (E). By Hilbert 90
for KM |, a different choice of b differs by an element (1 — o)(c), and alters
¢(ar,a) by (1 —o){ay,c}. Thus ¢ and N/, determine well-defined maps

() ® KM (k) 5 KM(E)/(1 - 0) 225 KM (k)

with Ng k(a1 ®a) = {a1,a}. By Lemma 3.4, K)'(E) is generated by symbols
{a1,b} with a; € k* and b € KM | (E). Since {a1,b} = ¢(a; ® N(b)), ¢ is onto.

We claim that ¢ factors through KM (k), which is the quotient of k* ®
KM | (k) by the subgroup J generated by symbols = a1 ®a with a; = 1—ay and
a = {az,...,a,}. Since Np/¢ is the identity on K2/ (k), and ¢ is a surjection,
it will follow that N, is an injection, as desired.

Fix 7 in J and set a = Ya;. If o € E then Ng/,(1 — a) = az and ¢(n) =
{af,1—a,as,...} = 0. Otherwise, we pick b € K2 | (E) with Ng/(b) = a and
note that the image b|g () of b in K)' | (E(a)) satisfies

NE(a)/ka) Ol E() = Ne/k®) k@) = alie) = Ne@)/ke) {1 — a,as, ... }).

Because the extension E(«)/k(w) satisfies Hilbert 90 for K2 |, we have b|g(a) =
{1-a,a3,...}+(1—0)cin KM | (E(a)) for some c. Thus ¢(n) = {a1,b} equals

Npye({e,b}) = Npye({a, 1 —a,a3... }) + (1 = 0)Ngoy/ela, ¢},
which is zero in KM (E)/(1 — o), as claimed. O

Lemma 3.4. If k is (-special and [E : k] = ¢, then KM(E) is generated by
symbols of the form {x,as...,a,} with x € E* and the a; € k*.

Proof. (Tate) By induction, we may assume that n = 2. If £ = k(u) then every
element of F is a polynomial in u of degree < ¢, and is a product of linear terms
since k is ¢-special. Terms {z,y} in which one factor is in k* have the desired
form, so it suffices to consider the linear symbols {x,y}, where © = v — a; and
y = u — az. Since {z,x} = {—1, 2} we may assume that a« = ag — a; is nonzero.
Since 1 = (a/x) + (y/x) we have

0= {(a/x), (y/x)} = {a, (y/x)} —{z, (y/2)} = {a,y} —{a, 2} —{z,y} +{-1,2},
which shows that {x,y} has the desired form. O

We conclude this section with the analogue of Hilbert 90 for KM /¢. Suppose
that k satisfies Hilbert 90 for K (3.1). Then we have an exact sequence

(incly,1 — o

KM (k) /0@ KM (B)/t M )0 P ey e
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To see this, consider the image z € K} (E) /¢ of some 2 € KM(E). If Ng . (z) =
0 in KM(k)/¢, then Ngi(z) = Ly for some y € K} (k); then by Hilbert 90,
x—y=(1-0)z for some z € KM(E).

Provided that BL(n) holds, this yields an exact sequence in Galois cohomol-
ogy:

N
Hi (k,pug™) — HE (B, pu™) /(1 = o) — He(k, pg™). (3.5)

3.2 A Galois cohomology sequence

Recall that the nonzero elements of H} (k,Z/¢) = Hom(Gal(k/k),Z/{) classify
the Galois extensions F/k with [E : k] = ¢. If k contains the /! roots of unity
then E = k(/a) for some a and [E] € H} (k,Z/¢) corresponds to [a] under the
Kummer isomorphism H} (k,Z/) = k> /k**.

Theorem 3.6. ! Assume that BL(n) holds, and that k contains the £ roots of
unity. If E/k is a cyclic Galois field extension of degree £ then the cup product
with [E] € H}, (k,Z/l) fits into an ezact sequence

HE(B,2/0) 5 H (k20 2B B (k20 — HEP(E, 2/0).

Example 3.7. When ¢ = 2, the exact sequence of Theorem 3.6 is part of the
cohomology long exact sequence associated to 0 — Z/2 — Z/2[G] — Z/2 — 0:

HL(E,2/2) ™5 HE(k,2/2) 25 HE (K, 2/2) — HEP(E,Z/2).

Indeed, an elementary cochain calculation shows that the map 0y is the cup
product with [E]. Thus we can and shall assume that ¢ > 2.
When ¢ > 2, the sequence of 3.6 does not extend to the left, even for n = 1.

The proof of Theorem 3.6 will be given at the end of this section. For the
proof, it is convenient to introduce the following notation. Let F, = Z/{[G],
with G = Gal(E/k) and hence Gal(k/k) acting via the coinduced structure:
F; = coind{ (Z/¢). By Shapiro’s Lemma, the Galois cohomology HY (k, Fy) is
H}(E,Z/¢) and the map N : H},(E,Z/l) — H} (k,Z/!) is induced by the
quotient map Fy — Z/¢.

There is a G-module filtration 0 C Z/¢ = F; C F, C --- C Fy_1 C Fy, where
F; is the kernel of (1 —0)* : F;, — Fy and F;/F;_{ = Z/{. For i > j there is
a canonical surjection F; — F; sending c to (1 — o) Jc, with kernel F;_;. For
each i < £ we write 7; for the exact sequence v; : 0 — F;_1 — F; — Z/{ — 0.
We will write n for the exact sequence 0 — Z/¢ — F} S Fi_1—0.

Since the cohomology H!(G,—) is defined to be Ext%[G] (Z/t,—), the G-
module extensions 7; define elements [y;] of H'(G, F;_1). The restriction map
res: HY(G, Fi_1) — H}, (k, Fi_1) sends [v;] to an element [y;]¢ of H} (k, Fy—_1).
Using i : Z/¢ = F1 — Fy_1, we can compare [Yels to a multiple of i.[vo]et.

"'When k is ¢-special, this is proven in [Voe03a, 5.2]
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Lemma 3.8. For some c € Z/{, the element [ye]s, — i(c[Clat) is in the image
of the canonical map H}, (k, Fy) — H} (k, Fo—1), induced by s : Fy — Fy_q.

Proof. The boundary map 9, : H"(G,Z/{) — H" (G, Z/{) associated to s is
the cup product with d,(1) = [y2]. Under the boundary map

Oy : HY(G, Fy_y) — H*(G,Z/{) = Ext%(Z/¢,Z./0)

associated to the sequence 1 : 0 — Z/{ — F;, —» F;_1 — 0, [y¢] maps to the
class a of the extension

a: 0 Z/0—F, 25 F, -7/t 0.

Since H*(G,Z/¢) = 7Z/|u,v]/(u?) with Bockstein 5(u) = v, and both [y2] and
« are nonzero, it follows that

On([ve]) = a = ¢B([y2]) for a nonzero ¢ € Z/¢. (3.8a)

The morphism s — 1 of exact sequences yields the commutative diagram:

HY (k20 2 1 (k,2/0)

i) I (3.8b)
HY(k, ) 25 HY (k, Fyy) 2% H2 (K, Z/0)
we see that for every u € H}, (k,Z/{),
O (i) = Oy (w) = [y2]er Un. (3.8¢)
Similarly, the choice of a root of unity ¢ determines an isomorphism Z/¢ &
pe, and the Bockstein 8 : HZ(k,Z/¢) — HZT'(k,Z/¢) (the boundary map

associated to 1 — py — g2 — pg — 1) is the cup product with 5(1) = [(Je. In
particular,

B([relet) = [v2ler U [Clet- (3.8d)

Combining (3.8a) and (3.8d) yields 0y ([ve]sr) = c[y2]es U [CJer- By (3.8¢)
with u = [(]s, we have 0y (c i4[Cler) = c[v2]es U [(Jet. It follows from (3.8b) that
[Velet — ¢ ix[C]er comes from an element of HE (k, Fy). O

Lemma 3.9. Assume that BL(n) holds, and k contains py. Then the canonical
map (i,8) : Z/L D Fy — Fy_1, (y,2z) = y+ (1 — 0)z, induces a surjection

Hi(k,2/0) @ Hy (k, Fo) — Hi(k, Fo—1).

Proof. By (3.5), we see that if € HZ(E,Z/¢) = H};(k, F;) has N(z) = 0 then
z =yg+(1—0)z for some z € HZ (k, F;) and some image yg of ay € HZ (k,Z/1).
Now the composite Fy — Fy_1 — F} is the cup product with 1 — o, so from the
exact cohomology sequence of vy,

HY Nk, Z2)0) -2 HE(k, Fy_q) — H2(k, Fy) -5 HZ(k, Z/0),
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we see that every element of HZ (k, Fy_1) is equivalent modulo the image of
H2(k,Z/0) ® HE (k, F;) to an element O(t) for some ¢t € H" '(k,Z/¢). Since
O(t) is the cup product of ¢ with the canonical element [y,]¢; in the image of
HO(k,Z/0) 4 H'(k, Fy,_1), it suffices to observe that, according to Lemma 3.8,
[ve]ét is a multiple of i.[C]¢; plus the image of an element in HY, (k, Fy). O

Proposition 3.10. 2 Suppose that BL(n) holds, pu, C k* and that 1 < i < L.
Then the canonical maps Z/¢ & F; — F;_q induce a surjection

Hg (k, Z/0) & Hg (k, ) — Hg (k, Fi1).

Proof. The case ¢ = ¢ is established in Lemma 3.9, so we may suppose that
i < ¢. Consider the diagram with exact rows, induced by v;11 — 7;:

H Yk, Z)0) —> HE(k, F;) —> H"(k, Fiy1)

I iN;a

N
HE 7Yk, Z/0) — HE(k, Fi—y) —> H(k, F) —> HE(k,Z/0).

l

He (k. 2/0)

A diagram chase shows that the conclusion of Proposition 3.10 for i < ¢ is
equivalent to the assertion that the following sequence is exact:

Hi(k,Z/0) — Hg (k, F;) /(1 — o) X, Hi(k,Z)0). (3.10a)

We will prove that (3.10a) is exact by downward induction on 4. It is exact
when i = ¢, because it agrees with (3.5), which we saw is exact when BL(n)
holds. Thus we may assume that ¢ < ¢ and that (3.10a) is exact for ¢ + 1, or
equivalently, that Proposition 3.10 holds for i + 1.

Hence we can write any element of H (k, F;) as z;+y for x € H, (k,Z/{) and

H! (k, Fi41), where x; and § represent the images of z and y in HZ (k, F}).
To check that (3.10a) is exact, we suppose that N(z; +7) = 0 in HZ (k,Z/¢).
Because i > 1, the composition Z/¢ — F; — Z/{ is zero; since N is induced by
the natural map F; — Z/¢, we have N(z;) = 0, soy € HZ (k, F;11) maps to zero
in HZ (k,Z/t). By exactness of (3.10a) for i+1 we can write y = (1—o)t+a’ for
z’ in the image of H}. (k,Z/¢) and t € HZ (k, F;11). Since Z/l — F;11 — F; is
zero, g is the image of (1—o)tin HZ (k, F;). Since the G-module map F; 11 — F;
induces a G-map on cohomology, we see that § = (1—o)t. This proves exactness
of (3.10a) for 4, which implies that Proposition 3.10 holds for i. O

Proof of Theorem 3.6. Recall from Example 3.7 that we may assume that ¢ > 2.
Let 7 denote the exact sequence 0 — Z/{ — F; =2 F;_1 — 0. The morphisms

2Taken from [Voe03a, 5.4b]
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¥; = v2 — 1 yield a commutative diagram with exact rows for each i < /:

N
He(k, Fiy) — Hg (K, Fy) — He(k, Z/0)

R AU

FE
HE(k 2)0) — HA(k, o) 2 12k, 2/0) 2L g (e 20) = 520k, B

| os0 | H !

)
HE (k, F) — HY(k, F;_q) —> HLY(k,Z/0) — H2T (K, F)

In the two squares marked ‘3.10’, the lower right group is the sum of the images
of the indicated maps, by Proposition 3.10. A chase on the above diagram shows
that we have an exact sequence for each i:

U [E]

HE(k, Fy) s HE(k,Z/0) = HIPY(k, Z/0) — HE T (k, F)).

Exactness of this sequence for ¢ = £ is the desired conclusion of Theorem 3.6. [

3.3 Hilbert 90 for /-special fields

By Theorem 3.2, BL(n-1) implies that every field of characteristic # ¢ satisfies
Hilbert 90 for K ;. Our next theorem was used in section 1.2 (as Theorem
1.10) to prove that the norm residue map is an isomorphism.

Theorem 3.11. 3 Suppose that k is (-special, KM (k)/¢ = 0 and BL(n-1) holds.
(a) HE(k,Z/l) =0, and
(b) HE ' (k, Zpy(n)) = 0.

In addition, for every finite field extension E/k:

(c) KM (E) N, KM (k) is onto;
(d) KN (B)/¢ = 0;

Proof. We first prove (c¢) and (d). Since k is f-special, we may assume that
[E : k] = ¢. In this case, E = k({/a) for some a € k. Consider the commutative
diagram

K3 (B) — s g )

ono] ono) |

N
HYYE,Z/0) — HY ' (k,Z/0) Ula] HE (k,7./0).
Since BL(n-1) holds, Theorem 3.6 implies that the bottom row is exact; the left
two vertical maps are onto by Lemma 1.30. The upper right term vanishes by

assumption, and the kernel K | (k) of the middle vertical map is contained in
the image of KM |(E), so a diagram chase shows that (c) holds.

3Parts (c) and (d) are taken from [Voe03a, 5.7 and 5.8]
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By (c), the hypotheses of Proposition 3.3 are satisfied, yielding a right exact
sequence

EM(E) 28 kM(B) 2 KM (k).

Reducing it modulo ¢ shows that (1 — o) is a surjection from K (E)/¢ onto
itself. But (1 — o)’ is zero on any Gal(FE/k)-module of exponent ¢, so KM (E) /¢
must be zero. Thus (d) holds.

For (a), suppose that z € H,(k,Z/{) is nonzero. Since x vanishes over the
algebraic closure k of k, it vanishes over some finite field extension E; pick F
minimal so that g = 0 in HJ,(E,Z/¢). Because Gal(E/k) is a finite ¢-group, it
has a subgroup H of order ¢, corresponding to an intermediate subfield k' with
[E : k'] = (. By the minimality of F, x remains nonzero in H% (k',7Z/¢).

Since E = k'({/a) is a cyclic Galois extension of k', Theorem 3.6 yields the
exact sequence

mv i, z0 2 mn e z)e) > HE (B, Z)0),

Since BL(n-1) implies that KM, (k')/¢ = Hi '(k',Z/¢), and x vanishes in
HZ(E,Z/?), there is an element y of KM (k') such that the norm residue
KM(K)/t — HZ(K',Z/C) sends {y,a} to z. Since KM(K')/¢ = 0 by (d), it
follows that {y,a} = 0, contradicting the assumption that = # 0 in H,(k', Z/().

(b) We observed in Lemma 1.6 that HZ ™" (k,Zy(n)) is an ¢-torsion group.

The coefficient sequence for Z(n) 4 Zg)(n) shows that (a) implies (b). O

3.4 Cohomology elements

Using the cohomology operations @);, we will show that any nonzero element
a=1{ay,...,a,} of KM(k)/l gives rise to nonzero elements § € H™"~1(X,Z/()
and p € H?**1(X,Z), where X is the simplicial scheme associated to a Rost
variety X (see 1.24), and b= ({»~1 —1)/(¢ - 1).

We first show that the norm residue map is non-zero on symbols. To prove
this, we will use the étale cohomology calculation contained in Theorem 3.6.

Lemma 3.12. Suppose that BL(n-1) holds, and that k satisfies Hilbert 90 for
M. If{a1,...,a,} is a nonzero symbol in KM (k) /¢, its image in HE (k, u3™)
18 monzero.

Proof. By the standard transfer argument 1.2, we may assume k has no prime-
to-£ extensions. For F = k(v), v = ¥/a,, we have a commutative diagram

norm Ua
—_—

KL (B)/C KLy (k) /0 ———= K} (k)/t

| e

H2 (B, 2)0) 2255 B (k, 2,/0) Yol 1 2/0) — 128,20
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in which the marked vertical maps are isomorphisms by BL(n-1) and 1.29(d),
and the bottom row is exact by Theorem 3.6. If {ai,...,an—1} U {a,} =

{a1,...,a,} vanishes in HZ (k,Z/¢) then {a1,...,an—1} is the norm of some
s€ KM (E)/¢. But then {ay,...,a,} is the norm of {s,a,} = {s,7}’ = 0 and
hence is zero. O

Lemma 3.13. Assume that BL(n-1) holds. If a smooth variety X splits a
nonzero a € KM (k)/t, then a lifts to a unique nonzero § in H™(X,Z/l(n —1)).

Proof. (See [Voell, 6.5].) Set A =Z/¢(n—1), s0 Ag = uS™ ', By the standard
transfer argument 1.2, we may assume that k contains py, so that Ag = ,u?" as
well. Write C' for the cone of A — R, (Agt).

Now the hypercohomology spectral sequence for any smooth simplicial
scheme S, is HP, (S,,H9) = HP'(S,,C), where H? denotes the Nisnevich
sheaf associated to H% (—,C). By BL(n-1) we have C = 72"Rm,(Ag),
so H? is 0 for ¢ < n, and the Nisnevich sheaf associated to HY (—,C) if
q > n. Hence the spectral sequence degenerates to yield H '(S,,C) = 0
and H" (S,,C0) — H°(S,,H"). Thus for S, = X we have the exact sequence
forming the top row of the diagram:

Ot at 0

0= Hy ' (X,C) — Hyi (X, A) — Hi (X, A) —> Hyi (X, H")

%Tl.i’)? j/into

HE(k,A) — HZ(k(X), A).

We claim that the right vertical is an injection. It is defined as the composi-
tion HY(X,H") — HY(X,H") — HO(k(X),H") = H2(k(X), A). The first of
these maps is an injection because for any simplicial scheme S, and any sheaf
F, H°(S,,F) embeds in H°(Sp, F). Since the sheaf F = H" is a homotopy
invariant Nisnevich sheaf with transfers by [MVW, 6.17 and 22.3], H°(X, H")
embeds in HZ (k(X), A) by [MVW, 11.1]. This establishes the claim.

The image of a in HE(k,us™) is nonzero by Lemma 3.12 (and 3.2), and
vanishes in H2 (k(X), u$™) by hypothesis. It follows that a lifts to a nonzero §
in H" (X, A); 0 is unique because H"'(X,C) = 0. O
Lemma 3.14. Suppose for some i > 1 that (a,b) and (c,d) in Z?* satisfy

(a,b) + 2207 = 1,071 = 1) = (¢,d) + (20" — 1,4" — 1).
If (a,b) is in the plane region Q = {(z,y) : x — 1 <y < n} then so is (c,d).

Proof. For ¢ = 2 we have (¢ —a,d —a) = (—1,—1). As a function of ¢, d — b is
decreasing for £ > 2i/(i + 1), and ¢ —a = 2(d — b) + 1. O

Recall from Definition 1.36 and Corollary 1.38 that the group H?'4(X,Z) has
exponent £ when p > ¢, and hence injects into H?%(X,Z/¢). In fact, H”9(X,Z)
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is the kernel of the Bockstein 8 : HP9(X,Z/¢) — HPT14(X,Z/f). Now BQ; =
—Q; by Lemmas 13.11 and 13.13, so each operation @); on H?9(X,Z/{) sends
HP9(X,7Z) to the subgroup H™*(X,Z) of H™*(X,Z/(), where r = p + 20* — 1
and s = q+ (" —1).

Proposition 3.15. Assume that BL(n-1) holds, and X is a Rost variety. The

cohomology operations Qo = 8, Q@ = Qun_2--- Qo and Q,_1Q are injections on
Hv =YX, Z/0).
H™"(X,7,/0) Qn=z @10 HPHW (%, 7,/0) Cnoy HPH2 (%, 7,/0).

The maps Qn_o--- Q1 and Q,_1 - Q1 restrict to injections

arrin=i(x,z) D=2 QL povie iy gy @noL ey 7y

where b= ({""1 —1)/({ —1) =1+ L+ -+ ("2

Figure 3.1: The composition Q2Q1Qo is an injection on H"H’”(E%)

Hnt+ln-1 (i%)
Q2

Q1

Proof. We use the isomorphism H?P9(X,7Z/¢) = Hp+17q(§]%, Z/¢) =0 for p > q,
where XX is the reduced suspension of X, pointed out in Definition 1.36. By
1.38, the integral groups have exponent ¢, and each @; sends them to inte-
gral groups, so it suffices to show that each Q;... Q1 is injective on the group
Hntin=Y(x 7/0) =2 H 2= 1($X, Z/0).

We proceed by induction on i; the case Qg was established in 1.40, so assume
i > 0. Figure 3.1 shows the case ¢ = 2. Because BL(n-1) implies BL(q) for all
q < n by Theorem 2.9, Corollary 1.39 implies that

HP1 (i%,Z/ﬁ) = 0 when (p, q) is in the region Q = {(p,q) : p—1 < g < n}.
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Define (p, q) so that Q;_1 ... Q; takes H"2n—1(3X, Z/0) to HP4(3X, Z/0).
Since X is a Rost variety, there is a v;-variety X; and a map X; — X. By
Theorem 1.44 (proven in Part IIT as Theorem 13.24) we have exact sequences

Hob(Ex,2/0) Y5 1 (Ex,2/0) Y5 PSR, 2)0)

B B N (3.15a)
HeY(S%,2/0) 2 HP(SX,2/0) 25 H™(5X,2/0).

By induction, (a,b) is in the region ; by Lemma 3.14, so is (¢,d) — and
therefore H%4(¥X) = 0. This implies that Q; is injective on HP4(XX,Z/¢). O

Recall from Lemma 3.13 that the symbol a determines a nonzero element
§ in H™"~Y(X,7Z/¢). Applying the cohomology operation Q = Q,_2--- Qo of
3.15 yields an element u of H2**1:(X,Z). We will use the element y in Chapter
5 to construct a Rost motive (defined in 4.11).

Corollary 3.16. Both = Q(8) € H*T1%(X,Z) and Q,,—1(n) are nonzero.

Proof. The operations Q : H»"~YX,Z/¢) — H?+LY(X,Z) and Q,_1Q are
injective by Proposition 3.15. O

Proposition 3.17. Assume that BL(n-1) holds, and X is a Rost variety. Then
Qn_1- Q1 is an injection from H" " (X,Z) to H? 20+ (X 7).

Proof. This is similar to the proof of Proposition 3.15, using the vanishing of
H%*(XX%,7/¢) in the region Q granted by BL(n-1) and Corollary 1.39. We omit
the coefficients Z/¢ for clarity. For Q1 we have the exact sequence

HoY(Ex) & grie(Sx) & qro(Sx)

with (a,b) = (n+3—2¢,n+1—/) in the region Q. It follows that @ is injective
on H™Ln(x) = H+27($X). Inductively, if Q;_1---Qp takes H" 21 (LX)
to HP4(LX) then from Lemma 3.14 applied to (a,b) and (¢,d) in the exact
sequences (3.15a), we see that (c,d) € €; this implies that H%¢(XX) = 0 and
hence that @Q; is injective on Hp’q(f)%). It follows that Q; - - - Q1 is injective on
HmHbn(x) =2 Ht2n(Sx) foralli=1,...,n — 1. O

3.5 Historical notes

The Hilbert 90 condition for KM takes its name from the fact that the case
n = 1 is essentially Hilbert’s original Theorem 90. For n = 2, it was proven in
1982 by Merkurjev—Suslin [MS82]. For n = 3 (and ¢ = 2), it was proven in 1990
by Merkurjev—Suslin in [MeS90]. The central role of the Hilbert 90 condition
for KM was recognized in the 1996 preprint [Voe96]; the material in this section
is based upon Sections 5 and 6 of the 2003 paper [Voe03a].
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Chapter 4

Rost motives and H90

In this chapter we introduce the notion of a Rost motive, which is a summand
of the motive of a Rost variety X (see 4.11); the proof that Rost motives exist is
deferred to chapter 5. The highlight of this chapter is Theorem 4.20: assuming
that Rost motives exist and H90(n-1) holds, then HJ'(k,Z(n)) injects into
H2 (k(X),Z(n)). By Theorem 1.12, this implies that H90(n) holds and — as
we saw in Theorem 1.11 — this will imply the Bloch—Kato conjecture for n.

While there may be many Rost varieties associated to a given symbol, there
is essentially only one Rost motive (for a proof, see [KM13, Theorem 4.1]). The
Rost motive captures the part of the cohomology of a Rost variety X which is
essential for the proof of Theorem 4.20.

Since a Rost motive is a special kind of symmetric Chow motive, we begin
by recalling what this means in section 4.1. The next section, 4.2, introduces
the notion of X-duality. This duality plays an important role in the axioms
defining Rost motives, which are introduced in section 4.3, as well as a role
in the construction of the Rost motive in chapter 5. Finally, in section 4.4,
we assume that Rost motives exist and prove the key Theorem 4.20, which we
mentioned above.

4.1 Chow motives

In this section, we briefly recall the construction of Grothendieck’s (contravari-
ant) category of Chow motives over k, following [Man68]. Recall that C H7(X)
denotes the group of algebraic cycles of codimension j on a variety X, modulo
rational equivalence.

We first form the category M of Chow correspondences (of degree 0). The
objects of M are smooth projective varieties over k; morphisms from X to
Y are elements of CHU™X (X x V) and are referred to as correspondences.
Composition of correspondences f € Hom(X;, Xs) and g € Hom(Xs, X3) is
defined using pullback, intersection and pushforward of cycles: if p;; denotes
the projection from X7 x Xs x X3 onto X; x X, then fog = pl3(piyf - pisg).

99
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The category of smooth projective varieties over k (and morphisms of vari-
eties) embeds contravariantly into M, once we identify a morphism of varieties
f:Y — X with the class of its graph I'; in CHY™X(X x V) = Homp (X, Y).

The category M is additive, with & being disjoint union, and has an internal
tensor product: on objects, X ® Y is the product X x Y of varieties X and Y.

One defect of the category M is that the composition of the structure map
X — Spec(k) and the inclusion of a k-point in X is a correspondence e on X
which is idempotent, meaning that e? = e, yet there is no corresponding factor
e(X) of X in M. For example, the endomorphisms of the projective line in M
form the semisimple algebra Hom (P, P') = Z x Z, yet P! is irreducible. To
fix this defect, we pass to the idempotent completionAM\ of M.

Given any category C, the idempotent completion C is defined as follows. The
objects of C are pairs (C,e) consisting of an object C' of C and an idempotent
endomorphism e; morphisms from (C,e) to (C’,¢’) are just maps ¢ : C — C’
in C with e'¢ = ge. It is easy to see that C is a full subcategory of 5, and that
every idempotent map in C factors as a projection and an inclusion. When C is
additive, so is C and (C,e) x (C,1 —e¢e) = (C,1) = C; when C has an internal
tensor product, so does C. -

Objects in the category M are called effective Chow motives. We define the
Lefschetz motive L to be the unique factor of ]P’Li\n M so that e gives a direct sum
decomposition P! = Spec(k) @ L in M. In M we also have a decomposition
P" = Spec(k) L ® L2 @ --- ® L", where L’ denotes L ® --- ® L (i times).
This category contains the other graded pieces of the ring CH*(X), because
CH'(X) = Hom g;(L", X). There is a natural isomorphism

CHI™X+=J(X x V) = Homp (X @ L', Y @ 7).

Finally, Grothendieck’s category Chow of Chow motives is obtained from
the category M of effective Chow motives by formally inverting the Lefschetz
motive L with respect to ®. That is, we add objects M ® L? for negative
values of 4, for each effective motive M, so that every object of Chow has the
form (X, e) ®L? for some smooth projective variety X over k, some idempotent
element e of CHY™X (X, X), and some integer i. It is traditional to write
(X,e,i) for (X,e) ® L. Morphisms from (X, e, i) to (Y, f,j) are elements of the
subgroup fAe of the group A = CHYI™(X)+i—j(X x V).

Definition 4.1. Given any cycle ¢ in X x Y, its transpose is the cycle ¢ in
Y x X obtained by interchanging the two factors X and Y. The formula for
composition of correspondences shows that (¢ o ¢2)t = @b o ¢f.

The transpose M of an effective Chow motive (X e) is defined to be (X, e?).
This makes sense because if e is an idempotent element of C HI™(X) (X x X),
then so is its transpose e!'. We will say that a Chow motive (X, e) is symmetric
if it is isomorphic to its transpose (X, e?) by the canonical inclusion-projection
map (X,e) = X — (X, e').

The category Chow is a rigid tensor category, with dual X* = X ® L~%x
(where dx =dim X) and L*=L"!; Hom(X,Y) =X*®Y is the internal Hom.
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The dual ¢* of a Chow morphism ¢ : X — Y is the transpose cycle ¢¢, regarded
as a morphism ¢* : Y @ L% — X ® L= via the identification

Homepow (Y @ L™, X @ L™9) = CHY™X) (v x X).

If ¢ is a Chow morphism from X ® L? to Y ® L7, so that the codimension of
¢ is dim(X) 47 — j, then we shall commonly regard the transpose ¢* as a Chow
morphism from ¥ @ L9777 to X ® L™% where § = dim(X) — dim(Y"). Formally,
we have ¢t = ¢* @ LIm(X),

Example 4.2. As a special case, if dim(X) = d and M = (X, e) is a Chow
motive with projection X = M, then the map p' : M* — X defining the
transpose is the composition
* d
M= oLt ZOY xegLie x,

By [MVW, 20.1], Homecpow (X, Y) = Hompym (M (Y), M (X)), and this gives
a fully faithful contravariant embedding of Chow into DMgy,. The Lefschetz
motive L is identified with . = Z(1)[2] under this embedding,.

In the motivic category DMgy,, where M (X)* @ L4m(X) = A1(X), the dual
of ¢ : M(Y) = M(X) is the map ¢* : M(X)* — M(Y)*, and the above remarks
show that ¢ = ¢* @ LI™(X) as a map from M(X) to M(Y) @ L?.

4.2 X-Duality

Fix a scheme X and a commutative ring R. Forming the simplicial scheme X =
C(X) as in Definition 1.32, the remarks there show that there is a simplicial weak
equivalence X x X ~ X. Hence Ry (X) ® R (X) = Ry (X) in the triangulated
category DM of motives with coefficients in R; see [MVW, 14.1].

It is useful to introduce the notation e for the motive of Ry, (%), so we have
e®e = e in DM. For any motive M, we write eM for the motive R, (X) ® M,
and let DM, denote the full triangulated subcategory of DM generated by
the objects eM with M in DM,y,. The objects of DM;m may be thought of
as geometric motives over the simplicial scheme X, by Proposition 6.23 below.
In this section we show that DM;m is a rigid tensor category, and refer to its
notion of duality as X-duality.

Example 4.3. We noted after Definition 1.32 that X x X ~ X, so e Ry, (X) =
R (X), and eM = M for Chow motives of the form M = (X, e). More generally,
whenever Hom(Y, X) # @) we have X X Y ~ Y and hence eR,(Y) = R, (Y).

If X has a k-rational point, X — Spec(k) is a global weak equivalence and
hence the augmentation R, (X) — R = R, (Spec k) is an isomorphism in DM;
see Remark 1.32.1. In this case ¢ = R in DM, and DM, = DMg,,.

Since e(eM) = eM for all M in DM, the triangulated functor M — M
is idempotent up to isomorphism. Hence the full subcategories EDMﬁfifS, eDM

and DMy, on the objects eM are all tensor triangulated subcategories.
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Lemma 4.4. For any effective motives L, N the natural map eN — N induces
isomorphisms Hom(eL,eN) = Hom(eL, N).

Proof. Recall from 1.36 that there is a triangle R (X) — R — R (XX), where
YX is the suspension of X. Applying ¢, we have eR(XX) = 0. For every
fiel = Ry (X%) ® N, the commutative diagram

e(el) M eRy(EX)@ N =0

=

el — > Ry (SX)® N.

shows that f = 0. Hence Hom(eL, R (3X) ® N) = 0. Applying Hom(eL, —) to
the triangle eN — N — R (XX) ® N yields the result. O

Corollary 4.5. We have Endpm (R (X)) = R. For all p,q
Hompm (Rix(X),eR(q)[p]) = H”(X, R).

Proof. By Lemma 4.4, End(R (X)) = Hom(Ry;(%),eR) = Hom(R (%), R),
and H%°(X,R) = R by Lemma 1.35. Similarly, Hom(Ry(X),eR(q)[p]) =
Hom (R (X), R(q)[p]) = H"(X, R). O

For any geometric motive M, the functor eN — ¢ RHom(M,eN) from
eDME to itself is right adjoint to eL — eL ® M = eL @ eM; see MVW,

14.12]. It follows that whenever eM = M’ we have e RHom(M,eN) =
e RHom(M',eN), and that the object eM of DM, determines a well-defined

functor R Hom . (eM, —) on eDM®Y sending eN to e RHom (M, eN).

nis

Lemma 4.6. For effective motives L, M, N with M geometric, the natural map
eN — N induces isomorphisms

Hom(eL,e RHom(M,eN)) = Hom(eL,e RHom(M, N)).
Thus ¢ RHom(M,eN) = ¢ RHom(M, N). If N is geometric this is in DMg,.

Proof. Replacing eL = e® L by eL @M = e® (L ® M), Lemma 4.4 implies
that the natural map from Hom(eL ® M,eN) = Hom(eL, RHom(M,eN)) to
Hom(eL ® M,N) = Hom(eL, RHom(M, N)) is an isomorphism. The second
assertion follows from this in a standard way, taking L to be RHom(M,eN)
and RHom(M, N). The final assertion follows from the observation in [MVW,
20.3] that RHom(M, N) is a geometric motive. O

If M = Ry, (Y) is the motive of a smooth ¥ and d = dim(Y") we define
(eM)" = RHom . (eM,eLY) @ L™% = ¢ RHom(M, eLY) @ =%
By Lemma 4.4 and [MVW, 20.6], this is isomorphic to e(M*). We may now

mimick the development of [MVW, §20] to prove the following proposition.
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Proposition 4.7. The tensor category DMZm 1s rigid. More precisely:
1. For every M in DMgy,, (eM)T 22 e(M*), and hence (eM)' is in DM

gm’
In particular, et = €, because R* = R.
2. ()1 extends to a contravariant triangulated endo-functor on DMy,,. We

call MT the X-dual of M.
3. There is a natural isomorphism M = (MT)" in DMg,,.
4. There are natural isomorphisms (for L, M, N in DMy, )

Hom(L ® M,N) = Hom(L, M @ N).

5. The internal Hom functor on DMy, is Hom (M, N) = Mt®@N.

mn

Not every object of DMy, will be of the form ¢L for some geometric motive L,

such as the motive A as the following example shows.

Example 4.8. Suppose that 4 — eM -5 ¢N — is a triangle in DM;m with
M, N geometric motives. By Proposition 4.7(2), there is an object AT in DM,
fitting into a triangle:

.
eN* L eM* — AT = eN*[1].

If M and N are invertible in DMy, it is easy to see that pu is self-dual in the
sense that it equals the composite

lyeu ®ly

eM>2eM®@eN*®@eN eM @eM*®@eN = eN.

It follows that A satisfies a twisted duality: A = eM ®@ AT ® eN[—1]. A special
case, which will arise in Chapter 5, is a triangle A — Ry (%) = Ry (X)(q)[p] —
associated to an element g of HP9(X). In this case we have A = Af(q)[p — 1].

When g is not in the image of Hompwm (M, N), A cannot have the form L
for any geometric motive L. For example, suppose that M = N = R = Spec(k),
so that eR = ¢; if E/k is a Galois field extension with group G and X = Spec E
then Hompnm (X, X) = R[G] by [MVW, 1.11], so we may take p to be any
element of R[G] not in R.

Remark 4.9. (Tate objects) Following [VoelOb], we let DT denote the small-
est thick subcategory of DM‘E‘Eg generated by the objects eR(q), ¢ > 0. This
category has “slice filtrations;” DT, is the thick subcategory generated by the
eR(q) with ¢ > n, and s>, (M) = RHom(L", M) ® L™ is a triangulated reflec-
tion functor from DT* to DT%,,. This will be used in Section 5.2. We refer the

reader to Section 6.4 for a fuller discussion of the slice filtration. !
Similarly, the thick subcategory DTZ, generated by the eR(q) with ¢ < n

has a reflection functor s<y, and the slice functor s,, = s>,5<y, takes values in

1The notation sn, used here for the slice filtration, is not related to the notation s, (X) for
the characteristic numbers of X in Definition 1.17 and Chapter 8.
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DT; = DTS, NDTE, . Each DT is equivalent to DT by the functor ®L", and
DT§ may be characterized as the abelian category of locally constant presheaves
with transfers on Sm/X.

Finally, the direct sum ®s,, : DT° — ®DT) is a conservative functor which
is multiplicative in the sense that s, (M ® N) = @pyq=nsp(M) ® s54(NN); this is
proven in a more general context in Lemmas 6.17 and 6.18.

4.3 Rost motives

We now return to the category DM. Fix a subring R of Q containing 1/(¢£—1)!,
such as the local ring Z ;). Let X be a Rost variety, and form X as in Definition
1.32 so that we have a canonical map R, (X) — Ry (¥) == R. Let M = (X, e)
be a Chow motive with coefficients in R (see Section 4.1); M is a summand of
R (X), and we write y or yps for the structure map y : M — R, (X) — R (X).
Note that the composition ey : M — R is the universal map, and that eM = M
by 4.3.

By Proposition 4.7, Mt = M* and the X-dual of y is y' = R (X) @ (ey)*
(see 4.7). Recall from Example 4.2 that M! = M* ® L¢, where d = dim X. We
define the twisted dual y® of y to be the composite

R (%) ® LA R QL M* LY Mt (4.10)
Definition 4.11. A Rost motive for a (with coefficients R) is a motive M,
arising as a direct summand of the motive of a Rost variety X for a, which
satisfies:

(i) M = (X,e) is a symmetric Chow motive;
(ii) The projection X — R factors X — (X,e) — R, i.e., is zero on (X,1—e);

(iii) There is a motive D related to the structure map y : M — R (%) and its
twisted dual y” by two distinguished triangles

DL - M L R.(X)— , (4.11a)
D
Ru(¥)oL? s M - D — . (4.11b)

(Recall that b=d/({ —1) =1+ L+ -+ (""2)

Remark 4.11.1. By Example 4.3, eM = M and eD = D. By (4.11a), D must
be isomorphic to R, (X) ® M ® L=, where M is the geometric motive defined

as the fiber of the structure map M — R. Note that DT = Ry (¥) ® M* @ Lb.
Triangle (4.11b) is equivalent to the X-duality assertion that DT ®L4~? = D,
To see this, observe that by Example 4.2 and 4.7(1), the X-dual of (4.11a) is

D
Re(X)®L? ‘s M - DI L4 — .
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Remark 4.11.2. Markus Rost has proposed a construction of M in [Ros06]. He
shows that the element p of Corollary 3.16 determines an equivalence class of
symmetric Chow motives M = (X, e) for any Rost variety X. We do not know
if Rost’s M satisfies the triangle condition (4.11b).

In Chapter 5, we will prove the following theorem, with coefficient ring R
either Z[1/(¢ — 1)!] or Z.

Theorem 4.12. For every Rost variety X there is a Rost motive (X, e).

Examples 4.13. (a) If n = 2, the Rost variety itself is a Rost motive: M = X
Since b = 1 we have D = Rtr(%)@)ﬁ. The condition (4.11b) is that DT®L = D,
and is implicit in [MS82].

(b) If £ = 2, and X is a Pfister quadric, Rost showed in [Ros90] that there is
a symmetric Chow motive (X, e) such that over any field F which has a point
x € X(F) the motive (X, e) is given by the correspondence X x z+x x X. This
is property 4.11(i); the proof that (X, e) also satisfies property 4.11(ii) is given
in [Ros98c|. Property 4.11(iii) is proven in [Voe03a].

Lemma 4.14. When n > 2, the structure map H_1,_1(M) — H_; _1(k) = k*
1s injective for every Rost motive M.

Proof. By definition 1.24, the map H_1 _1(X) Ny k¥ is an injection for any
Rost variety, and X — X induces H_; _1(X) & H_;,_1(X) by Lemma 1.34.
Thus it suffices to show that the structure map y: H_y _1(M) — H_1 _1(X) is
an injection. By triangle (4.11a), we have an exact sequence

H (DL = H 1 (M) — H_y_1(X),

so it suffices to observe that H_; _1(D ® L?) = Hom(R, D ® L(1)[1]) vanishes.
This follows from triangle (4.11b) and the vanishing (granted by Lemma 1.33)
of both Hom(R, M (b + 1)[2b + 1]) and Hom(R, Ry, (X) ® L*T9[1]). O

Lemma 4.15. When n > 2, H*+1L44+1(D R) = 0.

Proof. Set (p,q) = (2d + 1,d + 1), so that HP~14(X @ LY, R) = H%(X, R).
From (4.11b) we get an exact sequence

D
H%'(%,R) — H?*(D,R) — H?*(M,R) Y- HP4(X® L% R).

The first group is zero by Lemma 1.35. Hence HP9(D,R) is the kernel of
yP. Since HP4(M, R) = Hom(M* @ L4, L4(1)[1]) = Hom(M*, R(1)[1]), every
element of HP4(M, R) is u* ® L? for the dual u* of a map u : R(—1)[-1] — M.
We may regard v as an element of H_q _1(M) = Hom(R, M (1)[1]). Since the
given structural map H_q _1(M) <, H_,,_1(X) € H_; _1(k) is an injection
by 4.14, yu # 0 whenever u* # 0. The ¥-dual of yu is the composition u*y' :
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R (X) = M* — Ry (X)(1)[1] — R(1)[1]. Tensoring with ¢ yields a nonzero
element of H?7(X ® L%, R); by the definition of y? it is represented by:

yD . U* ®]Ld

X oL M R[] @ L% = R(d+ 1)[2d + 1].

Thus (u* ® L?) o yP is nonzero whenever u* # 0, as desired. O

4.4 Rost motives imply Hilbert 90

In this section, we will assume that a Rost variety X and a Rost motive M =
(X,e) exists for g, and that BL(n-1) holds. Given this, we will show that
the map HJ ' (k, Z)(n)) — HiT (k(X),Z)(n)) is an injection (see Theorem
4.20). For this, we need Propositions 3.15 and 3.17 about the Margolis homology
of cohomology operations ); — which in turn depend upon Theorem 1.44, which
will be established in Part III.

We will assume in this section that n > 2. Recall that b= (=1 —1)/({—1).

Lemma 4.16. The map HP~2%97%(D, A) = HP9(D®Lb, A) -2 HPHL(X, A)
of triangle (4.11a) is an isomorphism if p > q +d, for any Z)-module A.

Proof. The map s is from the cohomology sequence arising from triangle (4.11a):
HP9(M,A) — HP(D @ LY, A) = HPYLa(x, A) L HPTLI(M, A).

The second term is isomorphic to HP~2%47°(D A) by Cancellation (see
[VoelOa]). Whenever p > ¢ + d, HP9(X, A) is zero by the Vanishing Theorem
[MVW, 3.6]. Since HP*9(M, A) is a summand of HP(X, A), it also vanishes in
this range. O

Corollary 4.17. sz”Q’be“(%,Z(z)) =0.

Proof. Since bl = b+ d, H®F20H (%, Z,)) = H?*TL4HY (D, Z4)) by Lemma
4.16. This group vanishes by Lemma 4.15. O

Proposition 4.18. Assume that BL(n-1) holds. Then H" 1" (X, Z)) = 0.

Proof. By Proposition 3.17, which requires BL(n-1), the cohomology operation
Q.1+ Q1 is an injection from H"T17(X, Zyy) into H2beH2.004 1 (x Zypy). The
latter group is zero by Corollary 4.17. O

If F is any homotopy invariant presheaf with transfers, the contraction F_;
was defined in 2.1 so that F (Y x (A'={0})) = F(Y) ® F_1(Y) for all Y.

Recall from Definition 2.39 that T'(n) denotes 7<""'Rm.(Z(n)e) and
K (n) denotes the cone of the canonical map Z)(n) — T'(n).

Lemma 4.19. If BL(n-1) holds, then for every smooth Y and every integer q:
HYY x (A'—{0}),K(n)) = HY(Y,K(n)), and H(Y ® L, K(n)) = 0.
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Proof. (See [Voe03a, 6.12]) We have to show that H*(Y,K(n))_1 = 0; see
(2.2.1). By the definition of K(n), this is equivalent to showing that the
map H*(Y,Zy(n))-1 — H*(Y,T(n))-1 is an isomorphism. By Lemma 2.2,
H*(—,F)-1 = H*(—,F_1) for F either Zyy(n) or T'(n), and Zy(n)-1 =
Zg)(n—1)[—1] by Example 2.4(4). By functoriality,

W*Z(() (n)_1 = ﬂ'*Z(g) (n—l)[—l]

Applying 75" R, yields T'(n)_; = T(n — 1)[—1]. We are reduced to seeing
that the map Z(n —1) — T'(n — 1) is a quasi-isomorphism. By [MVW, 13.7],
it suffices to show it is a quasi-isomorphism at every field E over k, i.e., that

HY (E,Zwy(n—1)), p<n

Hp(E,Z(g)(n —-1)) — HP(E,T(n—1)) = {0 p > n.

is an isomorphism for all p. This is trivial for p > n. The assumption that
BL(n-1) implies the case p = n (that H90(n-1) holds) by Lemma 1.30, and the
case p < n, by Lemma 1.29(c). O

Remark 4.19.1. It follows from Lemma 4.19 that H*(Y, K(n)) is a birational
invariant. Voevodsky proves this in [Voe03a, Lemma 6.13].

Theorem 4.20. Assume that X is a Rost variety over k and that a Rost motive
(X,e) exists. If BL(n-1) holds, then HE " (k,Zp(n)) — HtH(k(X), Zgy(n))
18 an injection.

Proof. Set E = k(X), and recall that K(n) is the cone of Z)(n) — T'(n).
Since X — Spec(k) factors through X, Spec(E) — Spec(k) factors through a
map Spec(E) — X. This map induces a commutative diagram with exact rows,
in which the lower left group H"™!(E,Z(n)) vanishes by [MVW, 3.6]:

=Y HEEN (X, Ly (n)) — HITN (X, T(n)) — HEFY(X, K (n))

nis nis nis

| | |

0= Hy (B, Z(n)) — Hyt'(B,T(n)) — Hi (B, K(n).
Since H""1(E, T(n)) = H;+1(E7Z(Z)(n)) and (using Lemma 1.37)
H" (X, T(n)) = HEPH (X, Zgy (n) = HET (K, Zgy (n)),

we may identify the map Hg?‘l(k,Z(@)(n)) — Hgtﬂ(k(X),Z(g)(n)) with the
middle vertical arrow. To prove that it is an injection, we will show that the
right vertical is an injection. The right vertical factors as

H" (%, K(n)) N H" (M, K(n)) C H"'Y(X, K(n)) — H""Y(E, K(n)).

In this factorization, H" (M, K (n)) is a summand of H"* (X, K(n)), and we
argue that H1(X, K(n)) — HY(E, K(n)) is an isomorphism for all . By [MVW,
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13.8], the presheaves H? = H%(—, K(n)) are homotopy invariant, so by [MVW,
22.1,22.15] the associated Zariski sheaves H? are homotopy invariant presheaves
with transfers. By Lemma 4.19, we have H?, = 0. Then [MVW, 24.11] says that
each H? is a constant Zariski sheaf on X. Therefore H4(X, K(n)) = HY(X, HY)
equals HY(E, K(n)) for all integers g.

It suffices to show that the map y* : H"*1(X, K(n)) — H"TY(M, K(n)),
induced by y: M — X is an injection. By (4.11a) it suffices to show that
H"(D ® L% K(n)) vanishes. By (4.11b) we have an exact sequence

H Y X eL" K(n) - H* (D@ LY K(n)) — H"(M ® L’ K(n)). (4.20.1)

We are reduced to showing the outside terms vanish in (4.20.1). By Lemma 4.19,
H™(X®LY K(n)) = 0; as M is asummand of X by 4.11(i), H*(M®L", K(n)) =
0 in (4.20.1). Lemma 4.19 also implies that (for any m > 1) the spectral
sequence B} = HY(XP? QL™ K (n)) = HP* (X @ L™, K(n)) collapses, yielding
H" 1(X® L™, K(n)) = 0. Thus the left term in (4.20.1) also vanishes. O

4.5 Historical notes

The proof of the Norm Residue Isomorphism Theorem for ¢ = 2 (the Milnor
Conjecture) invoked a theorem of Rost that the Pfister quadric @, had a direct
summand M = (Qg, e) with maps ¢* : L% — M related to the structure map
Yy : M — Z (see [Voe03a, 4.3]). Voevodsky showed in [Voe03a, 4.4] that this
data fits into a triangle

MX) QLY - M — M(X) — .

This is the triangle (4.11a) with D = M (X); triangle (4.11b) holds by X-duality
4.7. Note that M is a twisted form of Z @ LL¢, because the triangle splits with
Xg = Zg over any extension field F for which Q,(FE) # 0; see [Voe03a, 4.3].

This material was further developed in Voevodsky’s 2003 preprint [Voe03b].
Rost observed in [Ros06] that the existence of these triangles could be used
to give another proof of [Voe03b, Lemma 6.13] (see [Voell, (5.3-5)] for the
published version). This led to the axiomatic approach to the notion of a Rost
motive, developed in [Wei08]. Most of the material in this chapter is taken from
[Wei08].
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Chapter 5

Existence of Rost motives

In this chapter, we fix a Rost variety X for a sequence a of n units in a field
k with 1/¢ € k. Under the inductive assumption that BL(n-1) holds, we will
construct a Rost motive M = (X,e) with coefficients Z,); see Theorem 5.18.
Later on, in Chapter 11, we will show that a Rost variety always exists when k
is £-special of characteristic 0. As we saw in Theorem 4.20, the existence of X
and M suffices to prove Theorem 1.11, which in turn proves Theorem 1.12 and
hence Theorems A and B, the main theorems of this book.

Recall that b = d/(£—1) = 14+£+---+£""2 and that X denotes the simplicial
Cech variety (or 0-coskeleton) associated to X in Definition 1.32. According to
Definition 4.11, a motive M is a Rost motive associated to X if there is a map
A R (X) — M such that the following three axioms are satisfied:

(i) A expresses M as a symmetric Chow motive of the form (X, e).

(ii) The projection Ry (X) — R factors through .

(i) there is a motive D, related to the structure map M % Ry (¥) and the
twisted dual y? of (4.10) by two distinguished triangles:

D
DL - M L Ry(¥) —»;  Rue(¥)eL!Ys M - D—.

Given any cohomology class z of H2T1(X, Zyy)), it is not hard to construct
a motive M satisfying axioms (ii) and (iii); see Propositions 5.7 and 5.9. In
order to establish axiom (i), making M a Rost motive, we need to assume that
z is suitable in the sense of Definition 5.13. As pointed out in Example 5.13.1,
the element u = Q(J) of Corollary 3.16 is suitable in this sense. The assumption
that BL(n-1) holds is used to show that ¢ exists and that p is nonzero. This
proves that Rost motives exist whenever Rost varieties exist.

The proof that axiom (i) holds requires one result which we have postponed
to Chapter 6: the proof that the function ¢" defined in 5.10 agrees with the
cohomology operation 3P (Proposition 5.16 uses Corollary 6.34). This uses a
recognition criterion for the cohomology operation SP? which we have placed
in Part III (in Theorem 15.38) because its proof requires advanced motivic
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homotopy techniques. Some other facts about the cohomology operations Q;
which are used in Section 5.4 are given in Chapter 13 of Part III.

5.1 A candidate for the Rost motive

Let R be any ring, X any smooth scheme of dimension d = ¢*~! — 1, and let X
denote the simplicial scheme associated to X in Definition 1.32.

We may interpret any » € H?+1°(X, R) as a morphism Ry, (X) — L’[1] in
DM (k, R). Since Hom(Ry, (%), N) = Hom(R:,(X),eN) by Lemma 4.4, z lifts
to a morphism R, (X) — R (X) ® L*[1]. Up to a non-canonical isomorphism,
the morphism z determines a motive A and maps x, y in DMgm, fitting into a
triangle

Ryp(X) oL’ 5 A 5 Ry(X) = Ru(X)® L) (5.1)
By Example 4.8, we have A =2 AT@ILb. Setting y” = y' ®IL°, the tensor product
of the X-dual of (5.1) with L is the triangle:

D T Lb T 1
Ru@ ol Yo atorr “ 08 poa) 20 gy a1t (5.2)

Lemma 5.3. There is a map A1 : Ryu(X) — A such that the structure map
t: Ry (X) = Ry (X) factors in DM as:

Rtr(X> L> A i> Rtr(%>

Proof. The group Hom(Ry,(X),L°[1]) = H?*+1}(X, R) is zero by the Vanishing
Theorem [MVW, 19.3]. Applying Hompm (R (X), —) to (5.1) yields the exact
sequence

Hom(Ry,(X), A) % Hom(Ri(X), Rer(X)) —» Hom(R.,(X),Lb[1]) = 0.
Hence ¢ € Hom(Ry, (X), R (%)) is y o A1 for some A; € Hom(R(X), A). O
We now present our candidates for Rost motives.

Example 5.4. When ¢ = 2 and X is a Rost variety for a, M = A is a Rost mo-

tive for a (with R = Z)), where X is the map A; : Ry (X) — A of Lemma 5.3.

To see this, note that axiom (ii) is satisfied by Lemma 5.3, and axiom (iii) is satis-

fied by the triangles (5.1) and (5.2), since b = d. The hard part to verify is axiom

(i), that A; expresses A as a symmetric Chow motive (X,e). This will follow
D

A
from Theorem 5.18, where we prove that the composition A — Ry, (X) LN

is an isomorphism. Here AP = A @ L is the twisted dual of A; in the sense of
(4.10).

For £ > 2, when b # d, we will show that the (/—1)%" symmetric power of A,
S*71(A), is a Rost motive for a with coefficients R = Zy).

Recall that the symmetric power S*(N) of a motive N is defined whenever
i! is invertible in the coefficient ring R. Indeed, the group ring R[%;] of the
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symmetric group X; contains the symmetrizing idempotent e; = Zaez,; o /il
and we define S?(N) to be the summand e;(N®?) of N®!| where R[%;] acts on
N® in the evident way.

Definition 5.5. Given a nonzero z € H?**T1%(X,Z,)), we define M = S*71(A)
and D = S*72(A), where A = A(z) is given by (5.1).

The goal of the rest of this chapter is to prove that M is a Rost motive for
suitable z. Axioms (ii) and (iii) of 4.11 are verified for ¢ > 2 in the next section
(Propositions 5.7 and 5.9), and axiom (i) is verified in Section 5.4.

5.2 Axioms (ii) and (iii)

Fix a ring R containing 1/(¢ — 1)! and a smooth scheme X. In this section, we
show that the motive M = S*~1(A) of Definition 5.5 satisfies axioms (ii) and
(iii) of 4.11. It is useful to work in slightly greater generality in this section,
so we fix an element z € H**+149(X, R), where p,q > 0 are arbitrary integers.
Axioms (ii) and (iii) will follow from Propositions 5.9 and 5.7 in the special case
p=q=b.

For axiom (iii), recall that X denotes the simplicial scheme associated to
X, as defined in 1.32. Setting T = R(q)[2p], we may interpret an element
z € H?+L9(X, R) as a morphism Ry, (X) — T[1] in DM, Since Ry, (%) ~
R (X)® Ry, (X), it follows from Lemma 4.4 that z lifts to a morphism Ry, (X) —
R (¥) ® T[1]. As in (5.1), z determines a motive A (well-defined up to non-
canonical isomorphism) and maps z, y which fit into a triangle

Rp(X)0T 5 A 5 Ry(X) = Ru(X) @ T (5.6)

Remark 5.6.1. From equation (5.6), we can read off the slice filtration on A,
as described in Remark 4.9. There are only two layers: the top slice, so(A) =
R (%), and the bottom slice, s4(A) = Ry (X) @ T.

As in Definition 5.5, our hypothesis that (¢ — 1)! is invertible in R implies
that S?A = ¢;(A®?) is defined for i < £. The inclusion ¥;_; C ¥; allows us to
talk about the idempotent e;_1 ® 1 of R[], and (e;—1 ® 1)A®" = S*71(A) ® A.
Since e;(e;—1®1) = e;, there is a corestriction map S~ (A)® A — S?(A). There
is also a transfer map tr: S%(A) — S""1(A) ® A, induced by the endomorphism

a1®---®aiHZj (- ®a;® ) ®a;

of A%, Now S*(A) 2 R, (X) ® S'(A). Composing tr with 1 ® y, and 1 ® = with
corestriction yields maps

u = (1®y)otr : S*(A) = S 1(A) and v = coreso(1®z) : S (A)®T — S'(A).

Since the i*" symmetric power of T' = R(q)[2p] is T (see [MVW, 15.7]), we have
S Ru(X)®T) 2 Riy(X) ® SYT) =2 R (X) ® T?. Thus S’z maps R, (X) @ T*
to S'A.
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Proposition 5.7. If 0 < i < £ and 1/({ — 1)! € R, then there exist unique
morphisms v and s so that (S'z,u,r) and (v, S%, s) are distinguished triangles:

Stz
—

(a) Ru(X) @ T SiA) % SYA) 5 Ru(X)eTi1).

b) S A) @ T - Si(A) 4 Ru(X) = Si-1(A) @ TI1).
Moreover, u identifies S*~'(A) with the slice quotient s<,(S*A), v identifies
SYA) @ T with the slice filtration s-o(S*A) and S'y identifies Ry (X) with
So(SlA)

Proof. (Cf. [Voell, 3.1].) By multiplicativity (4.9), the slice s,,(A%%) of A% is
the sum of the $,,(A)® - ® s, (A) with > n; = n. Since the symmetric group
acts on everything here, the slice s,,(S*A) is the symmetric part of this, viz.,
R(qj)[2pj] if n = qj for 0 < j <4 and zero otherwise. The same is true for the
slices of S*~1 A, except that sqiSiflA = 0. Since Ry, (X)®T" is concentrated in
slice filtration gi, we see that S’z is an isomorphism onto s, (S*A).

By inspection of the formula for the transfer, and hence for the map u, we
see that the morphism sg;(u) is multiplication by ¢ — j; this is an isomorphism
for j < i. The existence and uniqueness of r now follows from Lemma 5.8 below.

Similarly, Sy is an isomorphism of so(A4) onto Ry (X), and s4;(v) is an
isomorphism for j > 0 because by multiplicativity (4.9):

545 (S7H(A) ® R()[2p]) = s4(-1) (5" A) @ R(q)[2]
The existence and uniqueness of s now follows from Lemma 5.8 below. O

The following result is due to Voevodsky [VoelOb, Lem. 5.18].

Lemma 5.8. Let A - B i> C be a sequence in DT® and n > 0 such that
A€ DIS,, and C € DTZ,,. If si(a) is an isomorphism for all i > n and s,(b)
is an isomorphism for all i < n, then there is a unique morphism c : C' — A[l]
such that A -5 B - ¢ - A1} is a distinguished triangle, and identifies A
and C with s>, B and s<, B, respectively.

Proof. Choose a distinguished triangle A -+ B — C” — A[1]. The composition
ba is zero for weight reasons. Hence b factors through a morphism ¢ : ¢/ — C.
The hypotheses imply that s;(¢) is an isomorphism for all i; as the slice functor
is conservative (Remark 4.9), this implies that ¢ is an isomorphism. Letting ¢
be the composite of ¢~ and C’ — A[1] yields the triangle (a, b, c).

If (a,b,c’) is a second triangle on (A, B,C) then there is an f : C — C so
that (1,1, f) is a morphism from the first to the second triangle. Since s, (b)
is an isomorphism, it follows that f = s<,(f) is the identity of C' and hence
that ¢ = ¢/. The final assertion follows since s>,C = 0 and s<,A = 0 by
conservativity of the slice functors (see 4.9). O

Now set p = ¢ = b. For any z, the distinguished triangles of axiom (iii) exist
with D = S¢"2A, by Proposition 5.7. Next, we show that M = S~ 1A also
satisfies axiom (ii).
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Proposition 5.9. If1/({—1)! € R, there are maps \ : Ry, (X) — S*"1(A) such
that the inclusion ¢ : Ry (X) — R (X) factors in DM as:

R (X) $ S71(A) ﬂ Ry (X%).

In fact', v factors as R (X) 2, S1A) B s B S2(A) B AL RL(%).
X

Proof. We saw in Lemma 5.3 that ¢ factors through a map A; : Ry, (X) — A. By
induction on i < ¢, ¢ factors through a map \;_; : Ry (X) — S*~1(A). Applying
Hompn (R (X), —) to the triangle 5.7(a) yields exact sequences

Hom (R (X), S (A)) % Hom(Ri(X), S ' (A)) & Hom(R(X),X ® T'[1]).

The group on the right is H?Pi+1:9%( X, Z), which is zero for p = q (see [MVW,
19.3]), so A\;_1 lifts to a map A; : Ry (X) — S(A) with \;_; = u);. By the
construction of u, yu' = Sty : S(A) = Ry (X). O

We end this section by defining a function ¢V from H?PT14(X, R) to
H?PH2.98 (X R) for every p,q > 0; we will use ¢ in Section 5.4 when
p=gq=>b=d/({ —1). Later, in Chapter 6, we will extend ¢" to a coho-
mology operation H?P+1:4(— R) — H2P+2.4¢(— R).

Definition 5.10. Suppose that 1/(¢ —1)! € R. Then the function
¢V H?T19(%, R) — H?H294(%, R)

is defined as follows. Given z € H?’T14(X R), form A as in (5.6), and r, s as
in Proposition 5.7. The composition of s and r ® 1 yields a map (for i = ¢ — 1)

6V (2): Ru(X) = S 2(A) @ T[] 8 Ry(X) @ T42] — T2
i.e., an element of H?P‘+2.9(X R).

Remark 5.10.1. Since the construction of A and (5.6) is natural in X and z,
so are the triangles in Proposition 5.7. It follows that if f : ¥ — X is a
morphism of smooth schemes then f*(¢"(z)) = ¢V (f*2). This shows that
the ¢V of Definition 5.10 is natural in the pair (X, z). The proof that it is the
restriction of a natural transformation, i.e., a cohomology operation in the sense
of Definition 13.1, is given in Proposition 6.28 and Remark 6.27.1 of Chapter 6.

5.3 End(M) is a local ring

When R = Z;) and X is smooth, any 2z € H?PTL9(X R) determines a motive
A by the triangle (5.6). In this section we show that if z is nonzero modulo ¢
then the endomorphism rings End(S?A) are local rings for i < £. We will need
this in the proof of Theorem 5.18.

!Compare with (5.6) and 5.11 of [Voell].
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Lemma 5.11. If R = Z) and z is nonzero modulo ¢, then End(A) is a local
ring, and its mazimal ideal is the kernel of End(A) =% Ly — Z/1L.

Proof. Recall that there are natural isomorphisms End(R: (X)) = Z) and
End(R(X) ® T') = Z;) by Corollary 4.5, where T' = R(q)[2p]. Hence any
endomorphism h of A determines numbers c¢g = so(h) € Zy) and c; = s4(h)
in End(R(X) ® T') = Z(;) and a morphism of triangles (where, by abuse of
notation, we write X for R, (X)):

X[-1] — > X7 —— > A

N

X[-1] —— XeT A

Since z is nonzero modulo ¢, and zcy = ¢12, we see that ¢g = ¢; (mod £). Let
J be the kernel of End(A) — Z/¢; if h € 1+ J then ¢g = ¢; =1 (mod ), and h
is an isomorphism by the 5-lemma. It follows that End(A) is a local ring. O

Recall from Proposition 5.7 that the top slice of S?A is so(S?A) = R (X).
Since s is a functor, this gives a natural ring homomorphism sg : End(S?A) —
End(Rtr(%)) = Z(g).

Proposition 5.12. When R = Z, z is nonzero modulo £ and 1 < i < /£,
the ring End(S*A) is a local ring; its mazimal ideal is the kernel of the natural
surjection End(S'A) =% Zy — Z/L.

Thus a map h € End(S*A) is an isomorphism if and only if ¢ = so(h) € Zy)
is not congruent to zero modulo {.?

Proof. Again, we use the slice filtration (see 4.9) and induction on ¢, the case
i = 1 being Lemma 5.11. By Proposition 5.7(a), the endomorphism h induces
an endomorphism A’ = s, (h) on S7' A, and End(S?A) — Zyy factors through
End(S*"'A) — Z. By Proposition 5.7(b), h induces an endomorphism s-oh
on s=0(S*A), which is identified with S~1(A) ® T via v. Moreover, the isomor-
phism End(S*"'A ® T') = End(S* 1 A) identifies s-oh with an endomorphism
W' of S"~'A and the slice s, : End(S"™'A® T') — End(T) = Zy) of h with the
augmentation so(h’”) of h”.

Therefore if so(h) = 1 (mod ¢) the map A’ is an isomorphism by induction,
and s4;(h) is an isomorphism for every j < 4. In particular, the augmentation
s4(h) and hence the augmentation of h” is an isomorphism. Since End (S~ A)
is a local ring by induction, it follows that the slices sq;(h) are isomorphisms
for every j > 1. Because the slice functor is conservative (Remark 4.9), h is an
isomorphism. Since every h of augmentation 1 is an isomorphism, End(S*A) is
a local ring. 0

Remark 5.12.1. As in the proof of Lemma 5.11, it is easy to show by induction
that the slices of an endomorphism h have degrees which are all congruent
modulo Z.

2Compare with [Voell, 15.10]
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5.4 Existence of a Rost motive

In this section, we will show that if z is chosen suitably in the sense of Definition
5.13 and R = Zy), then A : R (X) — M splits in such a way that M = S=1(A)
is a symmetric Chow motive of the form (X, e). This verifies the final axiom
4.11(i), proving that M is a Rost motive whenever X is a Rost variety.

In this section, X is a smooth projective variety of dimension d = ¢! — 1,
b= (¢""t—1)/(f —1), and X is the O-coskeleton of X (see 1.32). We will use
the motivic cohomology operations (); on H**(—,Z/¢) described in 1.43. One
result, Corollary 6.34, is postponed to Chapter 6 in order to not interrupt the
flow of this section.

Definition 5.13. We say that z € H?*T10(X,Z)) is suitable if its mod—¢
reduction Z satisfies Q,,—1(Z) # 0 and Q;(2) =0 for 0 <i <n —2.

An element of the form z = BQ;---Q,—2(d) is suitable if and only if
Qn_1(2) # 0, where § is the integral Bockstein 1.42(3), since its mod-£ re-
duction is Z = Qg - - - Qn—2(d). The fact that Q;(z) = 0 for i« < n — 2 follows
from the fact that the Q; anticommute and Q% = 0; see [Mil58, 4a] (which is
recorded in Lemma 13.11 below).

Example 5.13.1. Suppose that BL(n-1) holds. If X splits @ and § is the lift
of a given by Lemma 3.13, then the element p = Q1 -+ Qn—_2(9) is suitable,
because Q,,—1 () # 0 by Corollary 3.16.

The mod-¢ reduction zZ of any suitable z in H2b+1*b(3€,Z(¢)) satisfies the
hypotheses of the following lemma.

Lemma 5.14. Let z € H?tLY(X,7Z/0) be such that Q;(2) =0 for 0 <i < n—2.
Then BP(2) = (—1)""1Q,_1(2).
Proof. Recall that b= ("=t —1)/(¢ —1). If £ # 2 then by 13.12 we have

1

BPY(E) = 30 (<1 P0G (3)

If ¢ = 2 we have the same formula, by induction applied to Corollary 13.14. By
hypothesis, all terms on the right vanish except the term for ¢ = n — 1, which is
(—=1)"1Q,_1(2) because P’r = x by Axiom 13.6.1. O

Our next proposition uses the fundamental class 7 of X. To define it, recall
that by motivic duality ([MVW, 20.11]) we have Ry, (X) = Ry (X)* ®L<. Hence

Hom(L4, Ry, (X)) = Hom (LY, Ry, (X)* @ L) = Hom(R;(X), R) = H°(X, R).

Note that motivic duality holds when char(k) = p and 1/p € R, even if k does
not admit resolution of singularities, by [Kell3, 5.5.14].

Definition 5.15. The fundamental class 7 : L? — Ry, (X) is defined to be the
map corresponding to 1 € H°(X, R). Since Ry (X) ® Ry (X) =2 R (X), the
class 7 determines a map from Ry, (X) ® L% to R (X).
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We now use Corollary 6.34, that ¢¥ = SP® when R = Z//.

Proposition 5.16. 3 Let z € H*+1%(X, R), R = Z/{, be such that Q,,_1(z)#0
and Qi(z) =0 for 0 <i <mn—2. If s4(X) # 0 (mod ¢?), the composition

Ru(X)® L4 T Ry(X) 25 SH(A)

is mon-zero, where \ is given by Proposition 5.9.

Proof. By Proposition 5.9, the structure map of R, (X) factors as S*~1y o \.
Since s4(X) # 0 (mod £2), the Motivic Degree Theorem 13.25 states that A7 :
X®@L?Y — S*~1(A) is nonzero, provided there is a nonzero o € H**+2%(X,7/¢)
such that Q,,_1(a) =0 and (S 'y)*(a) = 0 in HY+2Y(S-1(A), Z/0).

By assumption, the element o = (—1)""'Q,_1(2) of HY*+2% (X Z/¢) is
nonzero, and @Q,,_1(a) = 0 because Q2_; = 0. We are reduced to showing that
(S*~y)*(a) = 0.

By Lemma 5.14, a = 3P%(2); by Corollary 6.34, ¢V (2) = SP’(z). By the
definition of ¢" in 5.10, (S*~'y)*¢" (2) is the composite (r ® 1) o 50571y, and
is zero because s o S*~ly = 0 by 5.7(b). O

Regarding 2 : Ry, (X) — R (X) ® Lb[1] as a map between Tate objects, it is
self-dual (by Example 4.8, 2P = 2T ® L’ under the identification of Ry, (X) with
R (X)T). It follows that A = AT @ LY. Since S*(MT) = (STM)T for every M we
also have S%(A) = S(A)T @ L”. (See Proposition 4.7(2).)

Definition 5.17. Assume that 1/(¢ — 1)! € R. For the map A of Proposition
5.9, we write A for the dual map

A ®

]Ld
AP 5 A) 2 5 A @ L e — s Ry (X)T @ LY 22 Ry (X).

Theorem 5.18. Set R = Z;). Suppose that z € H2+1b(x, Zyy) is suitable
in the sense of Definition 5.13. If s4(X) # 0 (mod £2), then: the composition
oD is an isomorphism on S*~1(A); there is a unit c € R so that \7 = ¢-S*La;
and the following diagram commutes:

D
Sé—l(A) % Sé—l(A)

SlZlyJ/ lsﬂly

Rus(¥) ———> Rur(3).

In particular, S*=(A) is a direct summand of Ri.(X), i.e., a Chow motive.

3Compare to Proposition 5.12 of [Voell].
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Proof. By Proposition 5.7, S¢~1y is the natural projection onto the top slice,
R (%). We saw in Corollary 4.5 that End (R, (X)) = R, so the diagram always
commutes when ¢ € R is the top slice of Ao A”. By Proposition 5.12, End(M) is
a local ring and the top slice End(M) — R is a local homomorphism. Thus cis a
unit of R if and only if u = AoAP is an isomorphism, in which case e = APou=to\
is an idempotent element of End(R., (X)) and S*71(A) = eR;,(X) is a direct
summand of Ry, (X). Therefore it suffices to prove that ¢ #Z 0 (mod ¢).

Let us abbreviate R, (%) by X. By 4.5 and 4.7, Hom(X ® L", X) = 0 for all
r > 0. Using the exact sequences of 5.7(b),

Hom(X @ L, S 1A®LY) % Hom(X oL, S'A) 24 Hom(X o L", %) =0,

it follows by induction on i > 0, i < ¢, that Hom(X ® L", S?A) = 0 for r > qi.
From triangle 5.7(a) we have an exact sequence
d ay 87 d gt—14y Y d qt—2
Hom(X®L% X®L%) —— Hom(X @ L%, S*7"A) — Hom(X ® L%, S°7“A) = 0.
icC — AT #0 (mod ?).

Since d > (£ — 2)b, the last term is zero. Hence the composite A7 lifts to an
element C of R =~ Hom (X ® LY, X ® L%). Since AT # 0 (mod ) by 5.16, C # 0
(mod £). That is, (S*~') o C = A7.

Dualizing A7 = (S*712)C yields the left square in the following diagram,
since S~y is dual to S*~'x and ¢ is dual to 7: X ® LY — R (X), so 1o AP is
dual to At.

S1(A) i R (X) 2 S1(A)

Sé_lyl LJ/
C Sé—ly
X——=Xx.
The right triangle commutes by Proposition 5.9. Thus C is the top slice of
Ao AP de, C=c O
Corollary 5.19. If z € H®T1Y(X,Zy)) is suitable and sq(X) # 0 (mod ¢?),
then M = S*~1(A) is a symmetric Chow motive.

Proof. Setting e = ¢ *A\P o A, Theorem 5.18 shows that S*~!(A) = (X,e) is a
Chow motive. By Example 4.2, its transpose (X e?) is defined by

M= @L?: s 4) = s (A 9 LY — X.
Via Hom(S*1(A), Ry (X)) = Hom(S*1(A), Ri;(X)), we may identify AP and

M. Since e = ¢ ! A\fo\, we have e = e!. That is, S*71(A) = (X, e) is a symmetric
Chow motive in the sense of Definition 4.1. O
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Corollary 5.20. Suppose that R = Zy, and X is a Rost variety for a. When
2z = u, the maps A and \* make the direct summand M = S*71(A) of R (X)
into a symmetric Chow motive, i.e., the following composition is an isomor-
phism:

MM oL! X Ry(X) ©L? = Ry (X) 2 M.

Hence M is a Rost motive for a.

Proof. By Example 5.13.1, p satisfies the hypothesis of Theorem 5.18. The
corollary is just a restatement of Theorem 5.18 in the form of property 4.11(i).

5.9, M is a Rost motive for a, as claimed. O

5.5 Historical notes

When ¢ = 2, the Pfister quadric X associated to a is a Rost variety, and it
was Rost who constructed a symmetric Chow motive M = (X, e) in this case,
around 1990; see [Ros90] and [Ros98c¢]. This is the eponymous Rost motive.

Voevodsky’s 1996 proof of the Milnor Conjecture (the case ¢ = 2) centered
around the observation that Rost’s motive fits into the motivic triangle (5.1) in
[Voe03a, Thm. 4.4].

Voevodsky’s 2003 preprint [Voe03b], announced in 1998, contained the con-
struction of the Rost motive as presented in this chapter, as well as our next
chapter which proves that the ¢" we define in 5.10 is a cohomology opera-
tion. We will prove in Part III below that ¢" equals SP?; the original proof in
the 2003 preprint [Voe03b] had a gap which was patched in 2007, and finally
published in [Voell]. We have followed the presentation in [Wei09].
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Chapter 6

Motives over S

The purpose of this chapter is to show that the operation ¢" of Definition 5.10
extends to a cohomology operation over k, and that it satisfies the recognition
criterion of Theorem 15.38, so that ¢" must be P’ (see Corollary 6.34).

Our construction of the cohomology operation utilizes the machinery of mo-
tives over a simplicial noetherian scheme, which is presented in Sections 6.1-6.3,
and the slice filtration in Section 6.4.

This chapter is independent of Chapter 5, but does use the duality material
of Chapter 4 (Section 4.2) and the symmetric powers S?(N) of a motive N,
defined just before 5.5.

6.1 Motives over a scheme

In this section, we summarize the basic theory of motives over a scheme .S,
following [MVW] and [SV0OOb]. Other approaches to this theory are given in
[Ayo07] and [CD13].

If S is a noetherian scheme, there is a tensor triangulated category
DM (S). It may be constructed by replacing Spec(k) by S, using the finite
correspondences described in Appendix 1A of [MVW], and also in [SVO0OD].

In more detail, we begin with the category Sm/S of smooth schemes over
S. An elementary correspondence W from X to Y is an irreducible closed sub-
set of X xXgY whose associated integral scheme is finite and surjective over a
component of X. Elements of the free abelian group generated by the elemen-
tary correspondences from X to Y are called cycles; a cycle is called a finite
correspondence if it is a “universally integral relative cycle.” (See loc. cit.) If S
is regular, every cycle is a finite correspondence; see [SV00b, 3.3.15, 3.4.8].

The set Corg(X,Y) of all finite correspondences from X to Y is a subgroup
of the group of all cycles. These sets form the morphisms of an additive cate-
gory Corg whose objects are the smooth schemes over S; composition of finite
correspondences is explained in [MVW, 1A.11].

Presheaves with transfers over S (with coefficients in a fixed ring R) are

()
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just additive contravariant functors from Corg to R-modules. They form the
objects of an abelian category PST(S), morphisms being natural transforma-
tions. If Y is a smooth scheme over S, we write Ry, (Y/S) for the associated
representable presheaf with transfers. As in Lecture 8 of [MVW], the R, (Y/S)
are projective objects (and every projective is a direct summand of a direct sum
of representables) so we can use resolutions to construct a right exact tensor
product ®" on PST(S) with unit R, (S/S) determined by the formula

R (X/9) @ Ry (Y/S) = Rix (X x5 Y/S),

as well as a total tensor product ®!* on the derived category D~ (PST(S))
making it into a tensor triangulated category.

Sheafifying for the Nisnevich topology is compatible with ®{*, and makes
the associated derived category D, ;. of Nisnevich sheaves with transfers over
S into a tensor triangulated category, as in [MVW, 14.2]. Form the smallest
thick subcategory £ of D™, closed under direct sums and containing the cone
of every projection Ry, (X x A') — Ry, (X); maps whose cone is in £ are called
A'-weak equivalences. The triangulated category DM (S) is defined to be
the localization of D at the class of Al-weak equivalences, or equivalently,
the Verdier quotient D, /€. By the argument of [MVW, 9.6], DML (S) is a
tensor triangulated category.

If f : S — T is a morphism of schemes, the pullback Sm/7T" — Sm/S induces

a pullback Cory — Corg and therefore adjoint functors

PST(T) == PST(S). (6.1)
f*

By inspection, f,F(U) = F(U x1 S) is exact and induces a functor between the
derived categories. The inverse image functor f* is right exact and (strongly)
monoidal in the sense that f*(F @ G) & f*(F) @" f*(G). If Y is in Sm/T
then f*Ry(Y/T) = Ry (Y X1 S/S) because for each X in Sm/S we have
Cors(X,Y xp S) = Corp(X,Y). Using projective resolutions, f* has a total
left derived functor L f* which is left adjoint to f..

Remark 6.2. If f : S — T is smooth, then f*: PST(T) — PST(S) is exact,
with (f*G)(X) = G(X). This is because we may regard any X in Sm/S as
smooth over T'. It follows that f* has a left adjoint fy, satisfying fu R (X/S) =
Ry (X/T). This formula determines the right exact functor fg because every
object has a projective resolution.

6.2 Motives over a simplicial scheme

If S, is a simplicial noetherian scheme, there is also a tensor triangulated cat-
egory DM (S,) of motives over S,. In order to construct it, we make a few

judicious modifications to the template of Section 6.1; further details may be
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found in [VoelOb]. This theory will be used in order to construct the cohomology
operations ¢; and ¢ in Sections 6.6 and 6.7.

We first form the category Sm/S,. The class of objects of Sm/S, is the
disjoint union of the objects of the Sm/S;; a morphism from X — S; toY — S;
is a compatible pair of morphisms (X — Y,5; — S;). Thus Sm/S, is fibered
over the simplicial category. We will not need to introduce a category Corg, .

Definition 6.3. A presheaf with transfers over S, (with coefficients in R) is a
collection {F;};>o of presheaves with transfers F; over S; together with bonding
maps o*(F;) — F; in PST(S;) for every simplicial map « : [j] — [¢] (where
a :S; — S, is the simplicial structure map), natural in a and such that o* is
the identity map when « is.

We write R (or Rg,) for the distinguished presheaf with transfers with
F; = R (S;/S;). For Y in Sm/S;, we write R, (Y,j) for the representable
presheaf with transfers over S, corresponding to Y, i.e., X +— Homgp, /g, (X,Y).

As before, PST(S,) is an abelian category with enough projectives, projec-
tive objects being the same thing as summands of direct sums of representable
presheaves with transfers. It is also a symmetric monoidal category with the
termwise tensor product {F;} ®" {G;} = {F; ®% G;} of Section 6.1; the unit is
R.

We will say that a presheaf with transfers {F;} is termwise projective if each
F; is a projective object in PST(S;). Clearly R is termwise projective, and each
representable object R (Y, 4) is termwise projective because

R (Y1) = Oufi)— ] R (55 X Y).

Lemma 6.4. If F = F' is a quasi-isomorphism of complexes of termwise
projectives in PST(S,), then the map FQYG — F'QYG is a quasi-isomorphism
for every G in PST(S,).

Proof. By hypothesis, each F; — F! is a quasi-isomorphism of projective ob-
jects in PST(S;), so F; ®'§i G; ~ F] ®tsri Gi. O

Again following [MVW, Lect. 8], D~ (PST(S,)) is a tensor triangulated cat-
egory whose total tensor product ®{* is formed using projective resolutions,
or even termwise projective resolutions. In particular, R is the unit object for
®{". Sheafifying makes the triangulated category D_. of Nisnevich sheaves with
transfers into a tensor triangulated category.

The unit R is not representable in general. To form a projective resolution
of R, we begin with the canonical map Ri:(Sp,0) —— R. Consider the sim-
plicial object in PST(S,) which is Ry, (S;,4) in degree i, and let A, denote the
associated normalized chain complex: - -+ — Ry (S1,1) = R (Sp,0) — 0.

Lemma 6.5. A, —— R is a projective resolution.

Proof. By construction, each A; is projective. Evaluating A, at S; € Sm/S;
yields the normalized chain complex associated to the simplicial abelian group
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R[A?], and evaluating at X in Sm/S; yields the complex associated to
R[AY®r H(X, R). Since the R-module augmentation R[A?] — R is a simpli-
cial equivalence, A, (X) —— R(X) is a quasi-isomorphism for all X. This shows
that A, — R is a projective resolution. O

Let £(S.) denote the smallest thick subcategory of D ., closed under direct

sums and containing every R (X x Al,i) — Ry (X,4); maps whose cone is in
& are called A'-weak equivalences.

Definition 6.6. ([VoelOb, 4.2]) The triangulated category DML (S, ) is defined
to be the localization of D, at the class of A'-weak equivalences, i.e., as the
Verdier quotient D, /€. Again by [MVW, 9.6], it is a tensor triangulated

category.

Functoriality in S, follows the pattern of (6.1). If f : S, — T, is a morphism
of simplicial schemes, the direct image f. : PST(S,) — PST(T,) is defined
by (f.F)({U/T;) = F(U xr, S;) and is exact, so it passes to a functor f, :
D~ (PST(S,)) — D~ (PST(T.)). There is also an inverse image functor f*
fitting into an adjunction like (6.1); f* is monoidal because its components are,
by the discussion after (6.1). If Y; is in Sm/T;, then f* R, (Y,4) & R (Y x1,.5;).
In particular, f*(Ryz,) & Rg,. As in the non-simplicial case, there is a total
left derived functor Lf* : D~ (PST(T,)) — D~ (PST(S,)) which is adjoint to
f+, defined using projective resolutions. Since f* preserves projectives, we have
canonical isomorphisms in D~ (PST(S,)) of the form

Lf* (K @ L) = Lf*(K) @ Lf*(L). (6.7)

6.3 Motives over a smooth simplicial scheme

In this section we assume that S, is a smooth simplicial scheme over a perfect
field &, with maps ¢; : S; — Spec(k) forming the structure map ¢ : S, — Spec(k).
If M is a presheaf with transfers over k, the pullback ¢*(M) is {c¢f (M)}, and
c¢*(R)=R. By Remark 6.2, ¢* is exact and has a left adjoint c4: PST(S,) —
PST(k).

Because ¢* is exact, cx is determined by the formula cy R, (Y, 1) = R, (Y).
Since ¢y commutes with direct sums, it takes £(S.) to £(Spec k). Therefore
its total left derived functor Lex (defined via projective resolutions) induces a
functor Ley : DM (S,) — DML (k) left adjoint to ¢* = Le*,

nis nis
Lemma 6.8. If S, is a smooth simplicial scheme over k, then
Ley (' F) 2 Ry (S,) ®fF F
for all F in DML (K). In particular, Leg(R) 2 Ri(S.).

Proof. Tt suffices to consider the case when F' = R, (X) for X in Sm/k. By
Lemma 6.4, the tensor product of ¢*F with the quasi-isomorphism A, — R
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of 6.5 is a quasi-isomorphism A, ® ¢*F =5 ¢*F. It is a projective resolution
because each R, (S;,1) ® ¢*F = R, (S; x X, i) is a projective object. It follows
that Leg (¢*F) = cx[A, ® ¢* F] is the chain complex Ry, (S.) ®" Ry (X) sending
i to cp R (Si x X, 1) = R (S; X X)), with the evident differentials. O

Corollary 6.9. For all F,G in DM (k):
HOmDM(S.)(C*F, C*G) = HomDM(k) (Rtr(S-) ®]Er F, G)
Proof. Both sides are Hompny(x)(Lex (c*F), G), by adjunction and 6.8. O

For each p and ¢ > 0, we write R(q)[p] for ¢*(R(q)[p]) and call them the Tate
objects. Their role in motivic cohomology is illustrated by our next proposition.

Proposition 6.10. If S, is a smooth simplicial scheme over k, then for all p,q:
Hompas,) (R, R(q)[p]) = HP(S., R).

Proof. Take F = R and G = R(q)[p] in Corollary 6.9 and apply H?4(S,,R) =
Hompw k) (R (S.), R(q)[p]))- O

Definition 6.11. Let DM;?I; = DM;IEI(S.) denote the triangulated subcate-
gory of DM (S,) generated by the objects ¢*M with M in DM‘;gl(k). The

nis

formula (6.7) shows that DM is a tensor subcategory of DM (S.,).

gm

The goal of the rest of this section is to provide the tensor category DMg,f1
with an internal Hom, i.e., a right adjoint Hom to the tensor which is bi-
distributive for ®{* (Lemma 6.13), and then extend this to a rigid tensor category
DM, (S.), i.e., one with an internal Hom, equipped with a dual such that
A — (A*)* is an isomorphism for every A (Theorem 6.14).

For K in DM | write K(q) for K @ R(q).

gm>

Theorem 6.12 (Cancellation). For all K and L in DMgfn(S,), the canonical
map s an isomorphism:

HomDM(S.)(Kv L) o HomDM(S.)(K(l)aL(l))

Proof. 1t suffices to consider K = ¢*M, L = c¢* N, as these generate DM;?H. By
Corollary 6.9, the map in question is identified with

HOH’IDM(k) (Rtr(S.) & ]\47 N) — HomDM(k) (Rtr(S,) ® ]\4(1)7 N(l)),
which is an isomorphism by [VoelOal. O

We may form the category DMy, (S.) by formally inverting the Tate twist
functor K ~— K (1) in DM : every object K has the form M(—r) for an

gm?

effective M. By Cancellation 6.12, DM;lcf embeds as a full tensor subcategory

of DMy, (S.), and Hompas,) (K, L) — Hompns,) (K (r), L(r)) for all r.
Recall from [MVW, 14.12] that if M is an effective geometric motive over k
then —®!" M has a right adjoint RHom,, (M, —) on DMX (k). If N is another

effective geometric motive then RHom, (M, N) is also effective geometric.
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Lemma 6.13. For any objects ¢*M in DM;ﬁ(S,) and ¢*N in DME(S,),

Hom(M, N) = ¢*RHom, (M, N) is an internal Hom object in DMX(S,) from
c¢*M to ¢*N, and is independent (up to canonical isomorphism) of the choice of

M and N.

It follows that DM;EI(S.) has an internal Hom functor, and that the object
RHomg, (R(n), K) exists for all K in Dszfn(S,).

Proof. Writing ® for ®{*, Corollary 6.9 yields

Homps,)(c*L @ ¢* M, c*N) = Hompnx) (Rir (S.) @ L ® M, N)
= Hompnm k) (R (S.) ® L, RHom, (M, N))
= Hompwi(s,)(c" L, c* RHomy (M, N)).

This shows that ¢* RHom,, (M, N) is an internal Hom object; the canonical map
c*RHom,; (M,N)® c*M —=+ ¢*N is obtained by taking L = RHom, (M, N).
If "M = ¢*M' and ¢*N = ¢*N’ then taking L = RHom(M’, N') yields
a canonical map ¢*RHom(M',N') — c¢*RHom(M,N); the usual argument
shows that it is an isomorphism. Thus —® c¢*M has a right adjoint ¢*N ~—
¢*RHom, (M, N) in DM¢L(S,). O

nis

Recall [MVW, 20.4] that the dual M* = RHom, (M, R) of a geometric
motive over k is again a geometric motive and that (M*)* =2 M. We may now
borrow the construction in [MVW, 20.6]: any geometric motive over S, has the
form K = M(—r) for an effective geometric motive M and we want M (—r)* to
be M*(r). Thus we define the dual to be RHom, (K (r),R(3))(r — i) for large
1, an object which is independent of i and r by Cancellation 6.12. Since

(M(=r)")" 2 M*(r)" 2 M (=1) 2 M(-r),

this shows that the dual satisfies K = (K*)*

We may now copy the rest of the development in [MVW, §20] to prove that
M* is a geometric motive over S,, M =2 M** and Hom(M, N) = M*® N. This
proves:

Theorem 6.14. The tensor category DMgm (S.) is rigid, with internal Hom
Hom(K,L) 2 K*® L.

6.4 The slice filtration

In this section we fix a smooth S, and write DMZf,f1 for DM;EI(S.). For n > 0,
let DMgm(n) denote the full subcategory of DME?Cn on the objects of the form

M(n) with M in DMZ& The slice filtration of DMgi is the sequence of
subcategories

-+ C DMgp(n +1) € DMg(n) C -+ C DM, (0) = DM
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Lemma 6.15. DM, (n) is a coreflective subcategory of DM - the functor

gm’
s>nM = RHom(R(n), M)(n).
is right adjoint for the inclusion DMgy(n) C DM;?I;.

Proof. It is clear that s>, is a triangulated functor from Dszfn to DMgm(n).
For M, N in DM

gm>

a
o
E
=
2
2
|
s
o
B

M @™ R(n),N)
M,RHom(R(n), N))

Thus s>, is right adjoint to the inclusion. By the Cancellation Theorem 6.12,
s5n(M(n)) — RHom(R,M)(n) = M(n) for all M, so s>, is a coreflection
functor. O

Definition 6.16. We let s.,, M denote the mapping cone of the adjunction
counit € : s>, M — M. It is unique up to canonical isomorphism, and fits into
a distinguished triangle:

s>p M s M = SenM — .

We let s, M denote the mapping cone for the adjunction ¢ : s>, 41 M — s>, M
associated to DMy (n + 1) € DMgy(n). It is also unique up to canonical
isomorphism, and fits into a distinguished triangle:

82n+1M L) SZnM — s M — .
The s, are called the slice functors over S,.

Remark 6.16.1. The slice filtration extends to an (exhaustive) slice filtration
on DM, (S.). The existence of this extension is straightforward from the
observation that, by Lemma 6.15, there is a well defined coreflection s>q :
DM, (S.) — DM (S.).

We write DTsq = DT5(S,) for the thick subcategory of DM (S,) gener-
ated by the Tate objects R(q)[p] with ¢ > 0.

Lemma 6.17. The slice functor is conservative on DT>q. That is, an object
A is zero if and only if every s,(A) is zero.

Proof. ([VoelOb, 5.14]) If s,(A) = 0 then s>,41(A4) = s>,(A4). Since s>¢(A) =
A, we see by induction on n > 0 that if every s;(A) = 0 then s>,(A) = A for
all n. On the other hand, an induction on the number of triangles needed to

define A in terms of Tate objects shows that some s>, (A) is zero. The lemma
follows. 0
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For all 4,5 > 0 the tensor product on DMgﬁ restricts to a natural transfor-
mation 7; ; : §5i(M) ®5>;(N) = $>,4;(M @ N), defined as the right adjoint of
the map s>;(M) ® s>;(N) — (M ® N). As these are compatible, they induce
natural transformations 6; ; : s;(M) ® s;(N) — s;4,;(M @ N).

Lemma 6.18. The slice functor is multiplicative on DT> in the sense that the
0;.; induce an isomorphism

(Mo N)= @ (M) @ sy(V).

p+g=n

Proof. If M = R(q)[p] and N = R(q')[p'], 04,4 is the canonical isomorphism
R(q)[p] @ R(¢)[p] = R(g+ ¢')[p+ p'], and all other 6; ; are the isomorphism
0 = 0. By the 5-lemma, the subcategory of (M, N) in DT> x DT> for which
Lemma 6.18 holds is closed under extensions. Since it contains the generators,
and is closed under shifts and summands, it must be all of DT>y x DT>¢. O

Lemma 6.19. Let A %+ B % C bea sequence in DT>q, and n > 0 such that
A€ DT, and C € DT, If s;(a) is an isomorphism for all i > n and s;(b)
is an isomorphism for all i < n, then there is a unique morphism c : C' — Al[l]
such that A - B -2 ¢ % A[l] is a distinguished triangle, which identifies
A and C with s>, B and s<, B, respectively.

The proof that we gave for Lemma 5.8 goes through verbatim to prove 6.19.

Proof. Choose a distinguished triangle A -+ B — C’ — A[1]. The composition
ba is zero for weight reasons. Hence b factors through a morphism ¢ : C' — C.
The hypotheses imply that s;(¢) is an isomorphism for all ¢; as the slice functor
is conservative (Lemma 6.17), this implies that ¢ is an isomorphism. Letting ¢
be the composite of ¢~ and C' — A[1] yields the triangle (a, b, c).

If (a,b,c’) is a second triangle on (A, B,C) then there is an f : C — C so
that (1,1, f) is a morphism from the first to the second triangle. Since s<y(b)
is an isomorphism, it follows that f = s, (f) is the identity and hence that
¢ = ¢’. The final assertion follows since s>,C = 0 and s<, A =0 by 6.17. O

6.5 Embedded schemes

In Section 4.2 we considered the simplicial scheme X of Definition 1.32 associ-
ated to a smooth scheme X over k, and the subcategory DMg,, of DM (k)
generated by the objects Ry (X) ® M for M in DMgpn (k). In this section we
generalize from X to embedded schemes; see Proposition 6.23. Our exposition
is based on Section 6 of [VoelOb].

Definition 6.20. ([VoelOb, 6.1]) A smooth simplicial scheme S, over k is called

an embedded scheme if the natural map c¢®1 : Ry, (S,)® Ry (S,) — Ry (S,) is an
isomorphism. The most important example of an embedded simplicial scheme
is the simplicial scheme X of 1.32 associated to a smooth scheme X over k.
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Remark 6.20.1. The term ’embedded’ is suggested by the following observation.
Let us say that a morphism of schemes w : S — T is an embedding if the
projections S xp S — S are isomorphisms, or equivalently, if it is topologically
an injection, and Or 5y — Ogs is a surjection for every s € S. Then S
(considered as a constant simplicial scheme) is an embedded scheme over T'.

In Proposition 6.23 we will see that DM, is equivalent to the full subcat-
egory DMgi(%) of DM(X) introduced in Section 6.3 above.

Recall from Section 6.3 that the structure map ¢ : S, — Spec(k) induces an
adjunction (Leg, ¢*) between DM (S,) and DM (k). The unit and counit of
the adjunction are the natural transformations ny: N — ¢*Lcx N in DMffs(S,)
and ep7: Lege™M — M in DMEE (k).

Lemma 6.21. The natural transformation c*enr @ ¢*Leg(c*M) — ¢*M is an
isomorphism when S, is an embedded scheme.

Proof. As with any adjunction, the composite (¢*€)ne s is the identity on ¢* M,
so it is sufficient to show that the other composite 7.« o ¢*eps is the identity
map on ¢*Ley(c*M). The latter two maps are adjoint to the maps

Legcens  (Lege®)? = Lege®,  and  epeyer : (Legce®)? = Legc,

respectively. Using the identification Leg (¢* M) 2 Ry, (S,) @ M of Lemma 6.8,
these two maps may be identified with the two projections

M ® R (S.) ® Rix(S.) 2 M ® R (S. x S.) = M ® Ry, (S.).

Because S, is embedded, these two projections are isomorphisms and have the
diagonal as their common inverse, so they must be equal. Since Lcuc*ey =
ELcycr, their adjoints are equal: 1 = ne«ps o c*epr. Hence c*ep is an isomor-
phism, as required. O
Corollary 6.22. For any objects M, N of DM

nis

(k), there is a natural bijection
Homy, (Legc™ M, Legc™N) = Homg, (¢* M, ¢*Legc™N) Lkt Homg, (¢*M, c*N).

Proof. The first map is the adjunction isomorphism for the adjoint pair
(Leg, ¢*), and the second map is an isomorphism by Lemma 6.21. O

Let DMgff denote the full triangulated subcategory of DML (S,) generated
by objects of the form ¢*(M) for M in DML (k). Tt contains the subcategory
DMg;fn(S,)7 defined in 6.11, which is generated by objects of the form ¢*(M)
for M in DMgh (k).

Proposition 6.23. The functor Ley : DM (S,) — DML (k) induces an

nis nis
equivalence between DM‘fgf.f and the full subcategory of DM®X (k) consisting of
objects M such that ¢ @ M : Ry (S.) @ M — M is an isomorphism.
The subcategory DMggl(S,) is equivalent to the full subcategory of DM (k)
consisting of objects R (S,)®M with M in DMggl(k‘). In particular, DMZ?H(X)

is equivalent to DMg,,.
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Proof. Corollary 6.22 implies that Lecy induces an isomorphism on Hom-sets, so
it is a full embedding on DMZ‘T. By Lemma 6.8, the image consists of objects
Ley(c*M) = Ry, (S.) ® M. Since S, is an embedded scheme we have Ry, (S.) ®
M = Ry, (S.)® Ry (S.)®M, so N = Ley(c* M) if and only if R (S,)@N — N
is an isomorphism. O

The equivalence of Proposition 6.23 also preserves tensor products.

Lemma 6.24. If S, is embedded, the functor Leg preserves tensor products in
the sense that there is a canonical isomorphism for M, N in DM%ff

Ley(M @ N) =5 Leg(M) ®@ Leg(N).

Proof. Since ¢* commutes with tensor products by (6.7), we have a canonical
map

QN —— ¢"Lex (M) @ ¢*Leg(N) 2 ¢ (Leg (M) @ Leg (N)) .
The adjoint map is a map Legy (M ® N) — Leg (M) ® Leg (N) defined for all
M, N in DML (S,).

Let £ denote the subcategory of DMg, x DMg, consisting of pairs (M, N)
for which this adjoint map is an isomorphism. Since the map is bi-triangulated,
£ is a localizing subcategory. Therefore it suffices to show that £ contains pairs
(M,N) = (¢*Rix(X), "Ry (Y)) for X and Y smooth over k. Since LeygM =
R (S,) ® Rip(X) and Lex N = Ry, (S,) ® R (Y) by Lemma 6.8, the map of the
lemma coincides with the map

Ley (M @ N) 2R (S,) ® Rir(X) ® Ree(Y)
HRtr(S.) & Rtr(S.) ® Rtr(X) ® Rtr(Y)
~Ri:(S.) ® Rir(X) ® Rip(S.) @ Rix(Y) = Ly (M) @ Leg (N)

induced by the diagonal S, — S, x S,. Since S, is embedded, this map is an
isomorphism, as required. O

6.6 The operations ¢,

We are now able to construct the cohomology operations ¢; = ¢¥?. We first
define ¢;(z) for any z € H?’TH4(S, R), where S, is any smooth simplicial
scheme over k, R contains 1/(¢ — 1)! and p,q > 0 are arbitrary.

It is convenient to work in DM, (S.) and set T' = R(q¢)[2p]. By Proposition
6.10 we may interpret z as a morphism R — R(q)[2p+1] = T'[1] in DMy, (S.).
Define A, z and y in DMg,(S.) by the triangle

T AL RS T (6.25)
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Recall that the motive S?(A) is defined for i < ¢ as the symmetric part
ei(A®") of the R[Y;]-module A®*, where e; = Y s, o/i!. Since ¥;; C X;, we
also have e;_1 € R[3;] and S*"1(A) ® A = ¢;_1(A%"). Because e;e;_1 = ¢;, we
get a corestriction map cores : S°"1(A) ® A — S¥(A). There is also a transfer
map tr: S*(A) — S 1(A) ® A, induced by the endomorphism

G ®ar— N Qa4 ®--)Qaj;

of A%, Composing tr with 1®y yields a map u: S*(A) — S*~1(A); composing
1 ® x with corestriction yields a map v: S*™1(A) @ T — Si(A).

The following result generalizes Proposition 5.7 from X to S,, and has almost
the same proof. It is taken from [Voell, 3.1].

Proposition 6.26. If0 < i < £ and 1/(£ — 1)! € R, then there exist unique
morphisms v and s so that (S'x,u,r) and (v, S%y, s) are distinguished triangles:

S'x ; u

(a) 7" 25 Si(A) % S71(A) 5 T

(b) S 1 (A) T % §i(A) ZE R %5 §i-1(4) @ T[1].

Moreover, u identifies T* and S*=1(A) with s4i(A) and s<,i (S'A), respectively,
and v identifies S*"Y(A) ® T and R with s~o (S*A) and so(S*A), respectively.

Proof. By multiplicativity (Lemma 6.18), the slice s, (A%?) of A®? is the sum
of the s, (A) ® - - - ® sp, (A) with Y~ n; = n. Since the symmetric group acts on
everything here, the slice s,,(S?A) is the symmetric part of this, viz., R(qj)[2pj]
if n = qj for 0 < j <i and zero otherwise.

By inspection, S%r induces an isomorphism 7% 2 s,,(S?A), and each mor-
phism s,4;(u) is multiplication by 7 — j, which is an isomorphism for 0 < j < 7.
The existence and uniqueness of » now follows from Lemma 6.19.

Similarly, y is the top slice transformation, as so(A4) = R. Thus S’y induces
s0(S?A) 2 R, and s,4;(v) is an isomorphism for j > 0 because by multiplicativity
(6.18): , 4

Sqj [Sl_l(A) ® T} = sq(j,l)(SZ_lA) QT.

The existence and uniqueness of s now follows from Lemma 6.19. O

Definition 6.27. Let S, be a smooth simplicial scheme. The functions
¢i : HPT19(S, R) — H2PEHD+2alt D (g R)

are defined for each i = 1,...,¢ — 1 as follows. Given z, the composition of the
maps s and 7 ® 1 of Proposition 6.26 yields a map

$i(2) 1 R =5 ST (A) T[] 2 T 1@T[1] = T [2] = R(q(i+1))[2p(i+)+2],

i.c., an element of H2PU++2.4(+1) (g R,
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Remark 6.27.1. When S, is an embedded scheme, the above construction of
¢i(2) can be performed in the subcategory DM%. of DM (k), by Proposition
6.23 and Lemma 6.24. This was carried out in Section 5.2 for the simplicial Cech
variety X associated to a smooth X in Definition 1.32. (Compare Propositions
5.7 and 6.26.) Thus Definitions 5.10 and 6.27 of ¢V (z) = ¢y_1 agree for z in

H>+1a(X, R).

Proposition 6.28. The functions H**+19(S,, R) LN HP+D)+2,4(40) (g R)
assemble to form a cohomology operation ¢; =@t for each p,q and i, 0 < i < L.

Proof. Given a map f : S, — S, and an element z, triangle (6.25) induces a
triangle f*(T) — f*(4) — f*(R) Ak f*(T)[1]. By functoriality in S,, f* maps
R and T for S, to R and T for S/. Thus the construction of (6.25) and A is

natural in z. Since f* is strongly monoidal, we see that u, v, r and s are natural,
and we also have f*(¢;(2)) = ¢:i(f*(2)). O

Example 6.28.1. When i = 1, it is immediate from the definition that r = s =
z and hence ¢;(z) = z2. This is zero unless £ = 2, because z has odd degree.

Another case when it is easy to describe ¢; is when p =g =0 and R =Z//.
In this case each ¢; = ¢°°° goes from H(—,Z/0) to H>°(—,Z/() and we have:

Proposition 6.29. The operations ¢; : HYO(—,Z/¢) — H?*°(—,Z/{) are zero
fori < €—1, and the Bockstein 8 fori=1{¢— 1.

To set up the proof, let G denote the group Z/¢, and let R denote the
ring Z/f. Recall that in topology the classical Eilenberg-Mac Lane space
BG = K(G, 1) represents cohomology in the sense that Hl, (X, R) = [X, BG].
There is a canonical element o € Htlop(BG, R), corresponding to the identity of
BG@G, and the Yoneda Lemma yields a 1-1 correspondence between cohomology
operations 1 : Hl (=, R) — Hf, (-, R) and elements of Hf, (BG,R), given
by 1= ().

In motivic cohomology, we have the simplicial classifying space B, (G), which
is the simplicial set BG regarded as a simplicial scheme; it is a disjoint union of
(+1 copies of Spec(k) in simplicial degree i, and the simplicial structure comes
from the group structure of G. Then H'°(— Z/l) is represented by B,(G)
in the motivic homotopy category; see [MV99, p.130]. Again by the Yoneda
Lemma, there is a 1-1 correspondence between motivic cohomology operations
Y+ HY(—,Z/0) — HP9(—,Z/f) and elements of H?Y(B,G,Z/{), given by
¥+ (1), where oy is the canonical element of H'°(B,G,Z/().

Proof. To compare ¢y_1(c1) and B(ay), we use Yoneda extensions and the iden-
tification in Lemma 13.3 of HP°(B,G,Z/{) with

HY, (BG, Z/t) = Exth (2, 2,/0) = Ext}) (20, 7,/1).

Recall from Section 3.2 that the regular representation has an Z/¢[G]-module
filtration Z/¢ = F C Fy C --- Fy = Z/0]G], where dimg,, F; = i. The canonical
element oy corresponds to the extension 0 — Z/¢ — F» — Z/{ — 0.
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To compute ¢;(a1), we represent ay by the distinguished triangle
7/t — Fy — 7)¢ 2% 7./0]1]

in D(Z/¢|G]). The symmetric power S*(Fy) is isomorphic to Fj 1, and S*~1(Fy)
is the regular representation Z/¢[G] of G over Z/¢. Hence the triangles
(6.26)(a,b) are

Z)0 = Fiyy = F; S Z/¢1] and F; 5 Fipy — Z/0 S Fi[1);

thus r and s represent the Z/¢[G]-module extensions 0 — Z/{ — F; 41 — F; — 0
and 0 — F; — F;y1 — Z/{ — 0, respectively. Since vou : Fjpq1 — Fiq is
multiplication by (o — 1), where o is a chosen generator of G, the composition
of these extensions is the Z/¢[G]-module Yoneda extension representing ¢;(ay).
In particular, ¢y—1(ay) is represented by the Yoneda extension

0— Z/t — Z)IG] =3 Z)U[G] S 7./t — 0.
If ¢ < £ —1, the following diagram shows that ¢;(ca;) = 0:

200 —> 7J06] 225 7206) —> )0

L TR N

L/ — Fiq Fiy Z)e.

To compare ¢¢—1(a1) to B(c1), we need to use the natural isomorphism
Exty 011 (Z/4, 2/ 0) =2 Exty)(Z, Z/1) (see [Weid4, Ex.6.2]). As an extension of
Z|G]-modules, «; is represented by the extension

027/t 2= Z[G)/I* -7 — 0,

where [ is the augmentation ideal and Z/¢ = I /2. Since the integral Bockstein
f3 is represented by the extension 0 — Z 7z Z/¢ — 0, the composition

Blay) € Ext%[G] (Z,Z) is represented by the Z[G]-module Yoneda extension in
the bottom row (and hence the top row) of the following commutative diagram.

72— N gL e
i ! i"_l [Gl]/ﬂ H

It follows that 8(«1) is represented by the Z[G]-module Yoneda extension
0—2z/t 25 Z|G)/IN - 7 2= Z[G] = Z — 0.

Under the natural isomorphism Ext%/@[g] (Z)e,2)0) = Ext%[G] (Z,Z/)¢), this cor-
responds to the Yoneda extension given above for ¢y_1(aq). O

June 27, 2018 - Page 87 of 281



Motives over S

6.7 The operation ¢V

Consider the map ¢V = ¢, from H?**T19(S, R) to H?P!T294(S, R) con-
structed in the last section (Definition 6.27). In this section, we show that ¢V
agrees with the Steenrod operation P’ when p = ¢ = b. For notational sim-
plicity, we shall write R for Z/¢ in this section. Recall that the presheaf R is
defined in 6.3, and that 0 < i < £.

Theorem 6.30. Given morphisms R — R(r)[2s] and R -2 R(p)[2q + 1],
forp,r >0 and q,s > 0, we have

¢i(yo) =i (0).

Proof. ([Voell, 3.4]) For simplicity of notation we will write Ty for R(r)[2s]
and T for R(p)[2¢ + 1]. Let M, and M, be the fibers of v and o, i.e., the
objects defined (up to an isomorphism) by the distinguished triangles

To[-1] - M, R -5 T,, Ti[-1]2 M, BR -5 1.

Step 1: Let a denote R 2 R® R 129 To ® Ty, and M, the fiber of a. We
can represent « in two ways as a composition: (y®idp,) oo and (idg, ® o) 0.
The octahedral axiom applied to these compositions yields two distinguished
triangles:

M, L5 My — M, 0Ty — M,[1],

M, — M, % Ty @ M, — M,[1].

such that yo f = yo and vy, = (To ® Y5 )g. Thus the vertical arrows in diagram
(6.30a) form morphisms of triangles.

T Yo a

Ty[-1] M, R T
’Y®T1[1]J/ f H l’V@Tl
TooTi[-1] —2> M, — 2 R % s0mn (6.30a)
9 ¢!
Ty @ Ti[-1] — Ty o M, 2 2Y%2 7 1099 1o

Because (7 ® M,,v,7 ® T1) is also a morphism of triangles between the top
and bottom rows of (6.30a), the difference between g f and v® M, is the image
of amap d : M, — Ty ® T1[—1]. We may modify f by the image of d under
To @ Ty[—1] 22 M, to assume that go f =y ® M,.

Applying the slice functor so to the top middle square of (6.30a), we see
that so(My) =2 s0(My) =2 R and so(f) = 1. Applying the bottom slice functor
Sp4r to the lower left square in (6.30a), and using Proposition 6.18, we see that
sp+r(g) = 1.
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Step 2: Consider the following commutative diagram, in which the left square
is S*71(f)[1] tensored with the upper left square in (6.30a) and the right square
commutes by naturality of the corestriction map S*~1(4) ® A — S*(A) with
respect to f (see 6.26(b)).

STHM,) @ T, 1®2o[1] ST M,) @ My[1] coreg SY(M,)[1]
lSif®7®1 lS“f@f lSif[l]

; 1 1] . .
s M) e Ty o 7y 227 g1 @ Mo S s
The horizontal composites in this diagram are the maps v[1] = cores(1® x[1]) of
the triangles 6.26(b) for o and «. It follows that there is a morphism ¢ : R - R
completing the large outer square above into a morphism between the triangles
of 6.26(b) for o and a.
S'Yo

v[1]

S (M,) R SHM,) @ Ty ——— S'(M,)[1]
lSi(f) | 30l(= 1) lé’i‘lf@w@ﬂ lSi(f)[l]
siM,) —SYe R P gy e en YH s

Applying the slice functor sy to the left square, we conclude from 6.26(a) that
c=s0(S'f) = 1. In particular,

sa=(S"'fROY®TL) 05, (6.30b)

Step 3: Similarly, we have a commutative diagram in which the left square
commutes by naturality of the transfer, and the right square is just S*"'g ten-
sored with the bottom middle square in (6.30a):

| ¢ | 16y,
S(My) —— % gy @ M, Y

Si—l(Ma)

Sigl Silg@gl SilQ@’Y\L

i i tr i1 i—1 L®Yq i i—1
Ty ® 8" (Mg) — (T @57 (Mo)) @ (To ® Mo) —— T @ S (M,).
The horizontal composites in this diagram are the maps u, and 1 ® u, of the
triangles 6.26(a) for o and o. It follows that there is a morphism ¢ : Tg @ TF[1] —
Ti®T}[1] completing the large outer square above into a morphism of triangles,

from the triangle 6.26(a) for a to the tensor product of T¢ with the triangle
6.26(a) for o:

Si(M,) —2 5 §imL(M,) — % S T T[] —> S(M,)[1]

lS”'(g) lS”(g) ®7 HCl(— 1) lSi(g)[l]

-V 1®Quy, . 1Qry . S
Ti @ SH(M,) —2M2 i o 5 (M) ~27 T @ T[] — T @ S*(M,)[1].
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Applying the bottom slice functor, we conclude from the commutativity of the
right square and s (Tg ® A) = s;,(A)[2si] that ¢ = s;p44-(S'g) = 1. Thus
the middle square yields

ra = (T} ®71s) 0 (S 'g@ 7). (6.30c)

Step 4: By Definition 6.27, ¢;(¢) = (r, ® T1) 0 s, where 7, and s, are given
in 6.26, and ¢;(a) = (1o ® T') 0 54, where s, and r, are given in (6.30b) and
(6.30c) and T'= Ty ® Ty. Thus ¢;(«) is the composition

(1@r,@T)(S"'g@y@T)o (S foy@Ti)osy = (187, ®T)o (p®T1) 050,

where p is the composite

i—1 i—1
SY(M,) M S (M,) ® Tp Sﬂ ST M,) @ Tt
Because go f = v ® M, we have
S7Hg) o STH) =5 go /) =S My @ 5 (7) = ST M, @

Thus p = S* ' M, ® v*t!. Combining p, 7, and s,, we get the desired identity
pi(a) =" ¢i(0). O

Recall from [Voe03a, 2.4] that if S! is the simplicial circle and .5, denotes
the simplicial suspension S, A S} of a pointed simplicial space S, then there is
a suspension isomorphism ¥ : ﬁQp’q(S.,R) = EIQPH"?(ES,,R) sending vy to
yUos, where o, € HY0(SY R) = H (S', R) is the fundamental class of S?.

- top
Proposition 6.31. The operations ¢; = ¢t satisfy:
(a) ¢i(cz) = ctg(2) for c € Z;
(b) ¢:(3v) =0 in ﬁ'2p(i+l)+27q(i+1)(25’”R) for all v € ﬁQ;Lq(S”R)'

Proof. Part (a) is the case ¢ = 7 of Theorem 6.30. Part (b) is the case where
2z =0, € HY°(SL, R), because by Theorem 6.30 we have

d)i(as U ’Y) = ¢i(as) U ’yiJrlv
and this is zero because ¢;(0) is an element of H*%(S!) = 0. O

The group H*°(S,, R) is just the topological cohomology Hy, (mo(S.), R);
see Lemma 13.3. Under this identification, we show that ¢,_; is classical.

Corollary 6.32. ¢,_1 : H2p+1,0g7’ R) — H?P!H20(_ R) is the classical Steen-
rod operation BP,, (which is Sqtf;)rl if 0=2).
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Proof. Since ¢y_1 vanishes on suspensions, it must be cﬁPg)p for some ¢ € R
by Example 13.4.1. To see that ¢p_1 = BPg;p, it suffices to find one element x
such that ¢,_1(z) is nonzero and equal to SPf, (z).

For this, we recall from the proof of Proposition 6.29 that there is a
smooth simplicial scheme B,(G) and an element oy of H°(B,(G), R) with

v = ¢¢—1(01) = B(aq) nonzero. For x =P - oy, Theorem 6.30 yields
$e—1(z) =7 - Blar) = AP

By [Ste62, V.5.3], this is a nonzero element of H}, (BG, R). On the other hand,

if £ =2 then v = af and = ai"*', so Sg;b ' () = aP*? = 42+, while if
¢ # 2 the Cartan formula yields Pf (z) = Pl (7*)ar = 7"‘a; and hence
BPL,(x) = 4P Blar) = yPH. O

We now establish a motivic analogue of the classical assertion in Corollary
6.32, using a similar proof. For this we need the following theorem, which will
be proven in Chapter 15, as Theorem 15.38.

Theorem 6.33. Let ¢: H*" 17 (— 7)) — H?+2nt(_ 7./0) be a cohomology
operation such that for all X and all x € H** 1" (X, Z):

1. ¢(bx) = bo(x) forbe Z;
2. If x =Xy fory € H*"(X,Z) then ¢(x) = 0.
Then ¢ is a multiple of the mod-¢ reduction of BP™.

Corollary 6.34. When R = 7/{ and p=q=b, the operation ¢V = ¢;_1 is the
motivic cohomology operation

ﬁPb . H2b+17b(—,Z/€) —>H2b£+2’b£(—,Z/€).

Proof. By Propositions 6.28 and 6.31, ¢" satisfies the hypotheses of Theorem
6.33, which says that in this case ¢V is a Z/¢-multiple of BP°.

To determine which multiple, consider the canonical line element uw €
H2Y(PN,R) for N > bl. Then z = uba; is an element of H2+L0(PN x B,(G))
and by combining Propositions 6.31(a) and 6.29 we obtain ¢V (z) = u**B(a1).
By the projective bundle formula [MVW, 15.12], multiplication by u° is an in-
jection from H*%(B,(G),R) into H?***%*(B,(G) x PN R) for all s < N. It
follows that ¢V (z) # 0.

When ¢ = 2, the only Z/2-multiples of S¢?**! are S¢?**! and 0. Since
¢V # 0, we have ¢V = S¢?**1. Now suppose that ¢ # 2. To compute SP’(z),
we refer to the properties of the motivic operations P?, listed below in Axioms
13.6. Because P’(u’) = u®*, the Cartan formula yields

BPb(:c) =4 (ubeal) = ubeﬁ(al).

Since BP’(x) = ¢" (x), we must have ¢V = BPP. O
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6.8 Historical notes

Sections 6.1-6.5 are taken from the 2010 paper [VoelOb], based upon a preprint
written in 2003. The idea of working with motives over S originated much
earlier, in the 1994 preprint of [SVOOb]. Sections 6.6-6.7 are taken from the
2011 paper [Voell]; this material first appeared in the 2003 preprint [Voe03b].

Cohomology operations in motivic cohomology have their origins in the 1996
preprint [Voe96], and appeared in [Voe03c] and [Voe03a]. The construction of
the cohomology operations ¢; first appeared in the 2003 preprint [Voe03b], as
did the identification of ¢¥ with P’ up to a constant ¢ (the fact that ¢ = 1 is
taken from [Wei09]). The power of simplicial schemes to mimick simplicial sets
in manipulating cohomology operations is amply illustrated by the constructions
in Section 6.6.
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Chapter 7

. BM
The motivic group H—l,—

1

In this short chapter, we develop some more of the properties of the Borel-Moore
homology groups H 73{%{ 1(X) which we shall need in Part II.

The Borel-Moore homology group HEM | (X) = HBY |(X,Z) is defined
as Hompm(Z, M©(X)(1)[1]), and was briefly discussed in Section 1.3. Tt is
contravariant in X for finite flat maps [MVW, 16.1] [SV0O0b, 3.6], and has a
functorial pushforward for proper maps. If X is smooth and proper (in charac-
teristic 0), HPM | (X) agrees with H?*+14+1(X, 7) [MVW, 16.24], and has a
nice presentation (Proposition 1.19), which we will explore in Section 7.1.

If k is a field, we saw in Example 1.21 that HZM | (Speck) = k*. Thus if X
is proper over k there is a pushforward N : H5M | (X) — HBM | (k) = k%5 it
factors through the quotient H_; _1(X) of HZM | (X) by the difference of the
two projections from HEM (X x X).

The main result in this chapter is Proposition 7.7: if X is a norm variety for
a and k is f-special then the image of Hff‘j[_l(X) — k* is the group of units b
such that a Ub vanishes in K2, (k)/¢. We will see later, in the Norm Principle
11.1, that each of these units is a norm from a degree ¢ extension of k. This
will be used in Theorem 10.17 to prove that norm varieties exist, and again in
Theorem 11.2 to prove that norm varieties are Rost varieties.

7.1 Properties of ﬁ_l,_l

If « is a closed point on X then the proper map x — X induces a map k(z)* —
HPEM | (X); we write [z, a] for the image of a € k(x)* in HPM | (X). As noted
in Example 1.21, N : HPM | (X)) — k* sends [, a] to the norm of ar, N4 /5 (c).
When X is smooth, we saw in Proposition 1.19 that Hfﬂ/[_l(X) is generated by
the symbols [z, a]. This is true even when X is singular:

Lemma 7.1. For any reduced scheme X over a perfect field k, H?{‘ﬂ (X) s
X

1
generated by symbols [x,al, where x is a closed point of X and « € k(z)*.
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Proof. We proceed by induction on dim(X), the case dim(X) = 0 being given
by Proposition 1.19. Let Z be the singular locus of X and U the complement.
Then we have an exact localization sequence

HBM (2) — HPM (X) — HPM (U)

by [Voe00b, 4.1.5] or [MVW, 16.20] when char(k) = 0, and by [Kell3, 5.5.5]
when char(k) > 0. Since U is smooth and dim(Z) < dim(X), the left and
right groups are generated by [z, «] with z a closed point in Z (resp., U) and
o € k(x)*. As these may be regarded as elements of HZM |(X), the result
follows. O

Here are some elementary facts about the reduced group H_; _1(X), which
first appeared in [SJ06, 1.5-7].

If E is a finite field extension of k(z) for some closed point x € X then the
proper map Spec(E) — & — X induces a map

E* = HPM | (SpecE) — HPM | (2) — HPM | (X).

By inspection, the composite sends o € E* to the class of [z, Ng/p(z)al.
More generally, if f:Y — X is proper and y = Spec(FE) is a closed point of
Y, then the pushforward f. sends [y, ] to [f(z), Ng /i)l

To illustrate the advantage of passing to H_; _;, consider a cyclic field
extension E/k. Then H_; _;(Spec E) is the quotient of HEM | (Spec E) = E*
by the relation z ~ o(x), where o generates Gal(E/k), and H_; _1(Spec E)
injects into k* because Hilbert’s Theorem 90 gives an exact sequence

0— H_1_1(Spec E) - k* — Br(E/k) — 0.

If f:Y — X is a finite flat map of degree d, there is a natural pullback
fr HBM (X) — HBM | (Y), and an induced map H_y,_1(X) = H_1 _1(Y).
The composition f, f* is multiplication by d. This follows for example from the

fact that M°(X) EAN Me(Y) ELN M¢(X) is multiplication by d.

Given a closed point Spec(E) — X x X, the projections to X send it to
points x; = Spec(F;) of X, for intermediate subfields E;, Es such that F =
FE1FEs; every closed point of X x X has this form for suitable x1,z, € X.
It follows that H_;,_1(X) is the quotient of HZM | (X) by the relations that
[1, Ng/g, o] ~ [22, Ng/p,a] for a € EX.

Lemma 7.2. Suppose that x1,x2 € X are closed points, and « € k(x1)*.
1. If o : k(z1) = k(x2) then [z1,a] ~ [z2,0(a)] in H_1 _1(X).
2. If there is a field embedding k(w2) < k(x1), then in H_1 _1(X) we have:

(71, 0] = [22, Ni(a1)/k(2n) -

3. If X(k) # 0 and X is proper over k, then N : H_1 _1(X) = k*.
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4. If X has a closed point x with [k(x) : k] = m, and X is proper over k,
then the kernel and cokernel of N : H_1 _1(X) — k* have exponent m.

Proof. The first two parts follow from the above remarks by taking the push-
forward of « € k(x1)* along the proper map Speck(z1) — (z1,22) = X x X.
If X has a k-point z2, then (2) implies that every element of H_; _1(X) is
equivalent to one of the form [z, a]; since H_1 _1(z2) — H_1,_1(X) — k* is
an isomorphism, we obtain part (3). Finally, in the situation of part (4) the
cokernel of N is a quotient of the cokernel of Ny, /i : k(2)* — k*, which has
exponent m, and the kernel of IV is contained in the kernel of the finite flat
pullback f* : H_y _1(X) = H_1 _1(Xy@)) = k(z)*, which has exponent m
because f,f* =m. O

Lemma 7.3. Let f:Y — X be a finite flat morphism over k of degree prime
to 0. If F is an {-special field over k, Y (F) — X (F) is onto.

Proof. Suppose that Spec(F) — X is an F-point with image = € X. Since
the degree of Y X x Spec(F) — Spec(F) is deg(f) it is prime to £. Since F is
{-special, the map splits, yielding an F-point of Y. O

Lemma 7.4. Let f : Y — X be a finite flat morphism of degree prime to £ over
an C-special field k. Then fy : ﬁ?fil(Y) — Ffi{l(X) is onto, and f*f. is
multiplication by deg(f).

If X andY are proper over k, then f. is an isomorphism.

Proof. For each closed = € X, k(z) is f-special, so there is a y € Y with
f(y) = = and k(x) = k(y) by Lemma 7.3. Since we have f.([y,a]) = [z,q]
for all @ € k(x)*, the map f, is onto. To see that f*f. = deg(f), consider
a generator [y,f] of HEM (V) and set © = f(y), F = k(x). By Lemma
7.3, there is a ¢y € Y with f(y) = f(y') and k(y') = F. By Lemma 7.2(2),
[y, B] = [V, Ni(y),rB]. Replacing y by y', we may assume that k(y) = F.
Suppose that f~!(x) consists of points y = y1,...,y, counted with multi-

plicities, so > [k(y;) : F] = degf. Then in F?f_l(Y), again by 7.2(2),
£ flly, B) = £ (2 8) = 3 lis B = [y [ ] Nacwor 0 (B))-

Since [ Ni(y,y/r(8) = [18F@IF] = gaes) = £ ([y, B]) = deg(f)ly, B]-
Finally, if X and Y are proper over k then the pushforwards Nx /i and Ny,
are defined, and Ny, = Nx/i o fi. By Lemma 7.2(4) and the fact that k is
(-special, the kernel of Ny, and hence the kernel of f. has exponent a power
of ¢. Hence the kernel of f, is zero, since it also has exponent deg(f) = f* f,
which is prime to £. 0

Theorem 7.5. Let f: W — X be a dominant morphism of projective varieties
over the (-special field k of characteristic 0. Suppose that dim(W) = dim(X)
and the degree of f is prime to £. Then:

(a) For every {-special field F over k, the image of W(F) — X (F) contains
every F-point of X lying in the smooth locus of X.
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(b) The map f.: HEM (W) — HBM | (X) is a surjection. B
(c) If W and X are smooth projective then f. : H_1 _1(W) — H_1 _1(X)
s an isomorphism.

Proof. (a) We first note an easy case: if X; is the blow-up of X along a smooth
center, then every F-point in the smooth locus of X is in the image of X, (F) —
X (F) by construction. By induction, if X,, — X is obtained by a sequence of
n blow-ups along smooth centers, then the image of X,,(F) — X (F) contains
the smooth points of X (F).

In the general case, the Raynaud-Gruson platification theorem [RG71] says
that there is a blow-up b : X’ — X so that the proper pullback f': W' — X’
is flat. Because f is proper, so is f’; since f is generically finite, it follows that
[’ is finite. Since deg(f') = deg(f) is prime to ¢, W/(F) — X'(F) is onto by
Lemma 7.3. Thus it suffices to show that if x : Spec(#) — X is in the smooth
locus of X then x is in the image of X'(F) — X (F).

W —s W

finite
flat J/ i J/ f
b

I o x X.

XTL

Consider the rational map X --> X’ inverse to the birational map b : X' —
X. To eliminate the indeterminacy of this map, we can find a smooth X,,, a
map 7 : X,, — X obtained by a sequence of blow-ups along smooth centers,
and a morphism g : X,, — X’ extending the rational map. Moreover, m = bg.
By the easy case noted above, x = 7(x,,) for some F-point z,, € X, (F). Hence
the F-point 2’ = g(x,,) satisfies b(z’) = w(x,) = x. This proves part (a).

(b) Let j : U < X be a dense open subset, smooth over k, such that f is
finite and flat over U. Since every closed point in X can be connected by a chain
of curves to a closed point in U, HEM | (X) is generated by elements [z, a] with
x € U. Similarly, HBM (W) is generated by [w,f] with w € f~'(U). The
surjectivity of f. is now immediate: by (a), any x € U can be lifted to a point
w of W with k(x) = k(w), and f.([w,a]) = [z, a] for each « € k(x)*.

(¢) To show that f, is injective, we use the fact that the pullback f* :
HBM |(X) — HBM | (W) is defined. This is because the map H2#+hd+1(X) =~
H_1 _1(X) — HBM (X), induced by M(X) — M¢(X), is an isomorphism
when X is a smooth projective variety (see [MVW, 16.24] or [FV00, p. 186]):

HEML (X) <= g2t (x) s goindiigr) =s g= o).

If wis in f~1(U), with * = f(w), the calculation in Lemma 7.4 shows that

F*fe(w, B]) = (degf)[w, f] in Fj_gf_l(W). Hence if z = Y n;[w;, 5;] satisfies

f«(z) =0 then (degf)z =0 in ﬁi\f]fl(W). Since k is f-special, X has a closed
point x with [k(z) : k] = ¢” for some v > 0. By Lemma 7.2(4), ker(f,) is also
annihilated by ¢”. Since ¢*z = (degf)z = 0, we have z = 0. This shows that f,
is injective. O
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We conclude this section by relating the pushforward H fﬂ{l(X ) = Kk~
to the fundamental class L? 5 R;,(X), where X is smooth and proper of
dimension d and L = R(1)[2] as usual. Recall from Definition 5.15 that 7 is
the map dual to the structure map R, (X) — R. Therefore composing with
7 yields a motivic duality map from H™*(X,R) = Hom(R(X), R(i)[n]) to
Hom(L%, R(i)[n]), which is H"~24i=4(Spec k, R) when n > 2d and i > d.

Lemma 7.6. If char(k) = 0 and X —~ Spec(k) is smooth and proper of
dimension d then, for all p and q, the motivic duality maps for X and k fit into
a commutative diagram:

H2d+p’d+q(X, R) L> HP(k, R)

lg lg

H_p_o(X.R) " H_, _4(k.R).

In particular, the fundamental class T : H?*4F1L441(X) — HYY(E) =2 kX s
identified by motivic duality with N : H_1 _1(X) — k*.

Proof. Recall that H?¥+Pd+a(X R) = Hom(R.(X),L%(q)[p]). By motivic du-
ality [MVW, 16.24], an element f of this group corresponds to the element of
H_p, (X, R) = Hom(R(—q)[—p], Ri:(X)) represented by the dual map

R(—g)[—p] 2 LY @ LYq)[p]" ~2> L © Ri(X)* = Ru(X).

On the other hand, the element f o7 of H?(k, R) = Hom(L%,1L¢(q)[p]) corre-
sponds to the element 1 ® 7* f* of H_,, _,(k, R) represented by the dual map

R(—q)[=p) 2 L' o LY@)[p]" 5 L © Ru(X)" =5 L@ L™ = R,

Since 1 ® 7* is the canonical projection R (X) —— R, 1® 7* f* is the image of
1® f* under 7*. O

7.2 The case of norm varieties

Recall from Definition 1.13 that a norm variety for a symbol a in KM (k)/¢ is
a smooth projective variety X of dimension ¢"~! — 1 such that a vanishes in
KM (k(X))/¢, and which is £-generic in the sense that any splitting field F of a
has a finite extension F of degree prime to £ with X (F) # (.

In this section, we assume that there is a norm variety X for the sym-
bol ¢ = {a1,...,a,}, and show that the image of the pushforward map
N : H_; _1(X) — k* is the group of units 8 of k such that {ai,...,an, 5}
vanishes in K, (k)/¢. This will be used in Section 10.4 to construct a norm
variety for {a1, ..., an,an+1}, by induction on n.
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Proposition 7.7. Let a = {a1,...,a,} € KM(k)/l be a non-trivial symbol.
Assume that BL(n-1) holds, that k is {-special and that X is a norm variety for
a. Then the following sequence is exact:

N U (=
H]_B{\j[_l(X) k>< a ( )

K (k)/e.

Proof. We first show that the composition is trivial. It suffices to consider the
image of a generator [z, §]. Since X is a smooth splitting variety for a, ¢ vanishes
in KM(k(X))/¢ and also in KM (k(z))/¢ (by specialization; see Remark 1.13.1).
By the projection formula, {a, N(8)} = Ny(a)/x{a, B} = 0.

Since F' = k(y/a1) splits a, X is an (-generic splitting variety and F is (-
special, we conclude that X has an F-point z. Since N([z,b]) = b* for b € k, the
image of N contains k**. Since H_1,_1(X,Z)/¢ = H_1 _1(X,Z/!), this shows
that it suffices to show that the following sequence is exact:

H 1 _1(X,Z2/t) — kx/kxé N H;+1(k,ué®n+1),

We claim that this sequence forms the top row of a large commutative diagram:

N alJ
H—l,—l(X7 Z/g) _— kx/kxe —_— He?Lt—i_l(kaH’z@n—i_l)

o~ >~

injection

4]
HRaLayx gy TS gl 7,0 Y H" 1 (x,2/0)

A = Qn-1---Qo

. €71 * *
rrLan (v 70 5L gy g 20T s (x 7)),

We first describe the top half of this diagram. The map labelled 7 is composition
with the fundamental class 7 : LY — Ry, (X), defined in 5.15 and dual to the
structure map 7 : Ry (X) — R; the upper left square commutes by Lemma 7.6.

Recall that d = ¢"~1 — 1 and b = d/(¢ — 1). Since BL(n-1) holds, Lemma
3.13 states that a € HZ (k, uy™) is the image of an element § under the injection
H =YX, Z/0) — ch(k,ﬂz@n). Thus the upper right square commutes, and
the upper right vertical is an injection. (The middle vertical isomorphisms
HYN%,7/0) = HY Y (k,Z/¢) = k* /k** come from Lemma 1.35.)

In Section 5.2 we used the element 1 = Q2 -+ - Qo(d) to construct a motive
A and its symmetric powers D = S*~2(A) and M = S*~1(A), fitting into the
triangles defining a Rost motive (see Proposition 5.7). Part of the cohomology
exact sequence of the first of these triangles is

Zflx

H2HLA1 (0 7,/0) S HYY(,2/0) s B2H2441 (D 7./p).
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We also have an isomorphism s* : H24+2441(D 7,/0) — H2H3Y41(x 7./0),
by Lemma 4.16. The map A : R (X) — M is defined in Proposition 5.9, and
the lower left square commutes (for some unit ¢) by Theorem 5.18. This also
establishes exactness of the bottom row in the large diagram.

It remains to show that the triangles in the lower right square commute.
Given this, the exactness of the bottom row formally implies that the top row
is exact, proving the proposition.

Because the operations Q; are KM (k)-linear by 13.15 we have

Qn-1-"Qo(0UB) =Qn-1--Qo(6) UB = Qpn_1(n) U B

for every unit 5 € k*. Thus the upper right triangle in the lower right
square commutes. Note that the elements p of H2+10(X Z) and Q,_1 (1)
of H2¢+2041(X 7)) are both nonzero by Corollary 3.16.

Referring to Definition 5.10, we see that the composition s* o r* in the
above diagram is multiplication by the element ¢" (1) of H2*+2:%¢(X 7./¢). We
showed in Corollary 6.34 (which uses Theorem 15.38) that ¢" agrees with 3P°.
In addition, since u is annihilated by the Q; with i < n — 2 we have 3P?(u) =
(=1)""1Q,_1(u) by Lemma 5.14. This shows that the bottom triangle in the
lower right square also commutes. This competes the proof. O

7.3 Historical notes

The group we refer to as H_; _1(X) first surfaced in the early 1970’s as the
K-cohomology group H4(X,K441) (d = dim(X)), computed via the Gersten
resolution of the sheaf K441. For curves, the groups H!(X,Ky) were an im-
portant tool in understanding K;(X), especially in the work of Bloch. How-
ever, the K-cohomology groups H%(X,K4.1) for d > 1 did not attract much
attention until Rost’s 1988 paper [Ros88] where Ag(X, K1) was defined and
N : Ap(X, K1) — k™ was shown to be injective for certain quadric hypersur-
faces X. Rost’s 1996 paper [Ros96] considered Ag(X, K1) in the context of cycle
modules. This thread was picked up by Déglise in [Dég03], who connected it
with motives (and homotopy invariant sheaves with transfers).

The observation that this group was also the Borel-Moore motivic homology
group H_; _1(X) was established in [SJ06, 1.1], and most of Section 7.1 is taken
from [SJ06]. Proposition 7.7, which is due to Voevodsky, appeared first for £ = 2
as Theorem 2.1 in the 1996 preprint version of [OVV07], and later (for all ¢) in
the appendix to [SJ06].
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Part I1

The goal of Part II is to show that Rost varieties exist. Recall that Rost
varieties for a symbol a = {ay, ..., a, } were defined in Section 1.3; a Rost variety
X must have dimension d = ¢! — 1, its function field must split the sym-
bol, it must satisfy some conditions about characteristic classes, and a certain
homology group H_; _;(X) must inject into the group £ of units of the field.

The strategy is to define a related notion, that of a norm variety for a, show
that norm varieties exist and then show that norm varieties are Rost varieties.
The existence of norm varieties will be established in Chapter 10, using Rost’s
Chain Lemma 9.1; the fact that they are Rost varieties will be given in Chapter
11.

We remind the reader that we are proceeding by induction on n, so that
we shall assume that BL(n — 1) holds, and use the material from Part T which
depends upon it. We will also invoke some results about cohomology operations
from Part III.

To streamline the presentation, we begin with some preliminary chapters. In
Chapter 8, we use algebraic cobordism to establish some degree formulas (due
to Rost) that we shall need. In Chapter 9, we shall establish the Chain Lemma.
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Chapter 8

Degree formulas

Let § be a function from a class of smooth projective varieties over a field k to
some abelian group. A degree formula for 6 is a formula relating §(X), 6(Y)
and deg(f) for any generically finite map f: X — Y in this class. The formula
is usually 0(Y) = deg(f)d(X).

In this chapter, we recall three degree formulas (8.7, 8.9 and 8.12) involving
the algebraic cobordism ring §2, (k) over a field & of characteristic 0, in a form due
to Levine and Morel [LMO7]. These are used in Theorem 10.12 and Proposition
10.14 to prove that any norm variety over k is a v,,_i-variety. In particular, this
is the case for the norm variety we construct in Theorem 11.24.

Using a standard result (8.16) for the complex bordism ring MU,, which
uses a gluing argument of equivariant bordism theory, we establish Rost’s DN
Theorem (8.18) for degrees, and define the invariant n(X/S) of a pseudo-Galois
cover, which are used in the proof of the Norm Principle 11.27 (the initialism
‘DN’ is for ‘Degree’ and ‘Norm Principle’).

8.1 Algebraic cobordism

If k is a field, the algebraic cobordism ring Q. (k) is a positively graded Z-algebra.
Although its definition in [LMO07, 2.4.10] is a bit lengthy, we shall only need a
few facts about it. These facts are summarized in this section.

The ring Q. (k) is generated as a group by the classes [X] € Qgim x (k) of
smooth projective k-varieties X. The unit of the ring is 1 = [Speck] and the
product is determined by [X][Y] = [X x Y]. As a functor, Q. (k) is covariant in
k; it E C k', Qu(k) = Q.(k) sends [X] to [X Xj Speck’]; by convention, if X is
a disjoint union of varieties X; we write [X] for > [X;].

The Lazard ring L, is the polynomial ring Z[cy,ca,...]. We grade it by
placing ¢, in degree n; it is the coefficient ring of the universal formal group
law. By definition [LMO07, 2.4.10], Q. (k) has a canonical formal group law, so
there is a canonical graded ring homomorphism L, — Q. (k).

When k = C, there is a canonical map 2,,(C) — MUs,, sending the class of
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a smooth projective X to the class of the complex manifold X (C); see [LMO7,
4.3.1]. By Quillen’s theorem [Ada74, I1.8], the cobordism ring MUy, has a for-
mal group law, and the universal map L, — MUs, is an isomorphism. This
isomorphism factors through the map 2,,(C) — MUs,,, which is also an isomor-
phism; see [LMO07, 4.3.7].

Now suppose that k is any field of characteristic 0. Then the canonical maps
L, — Q,(k) are also isomorphisms by [LMO07, 4.3.7]. By universality of L., we
have graded ring isomorphisms:

1

]L* e MU2*

T& (8.1)
Q) —> Q,(C).

Example 8.1.1. Qq(k) = Z, and if k¥'/k is a finite separable field extension of
degree e then [Spec(k’)] = e in Qg(k). If char(k) = 0, this is immediate from
the fact that Spec(k’ ®, k) = LU Spec(k), together with the observation that
the isomorphism Qg(k) = Qo(k) of (8.1) takes [Spec(k’)] to [Spec(k’ @y k)] =
e[Spec(k)] = e. If char(k) > 0, the isomorphism (k) = Z is established in
[LMO7, 2.3.4], using geometric relations for Q. (k) that we have not mentioned.

The homology theory

Except for section 8.2, we shall not need any other facts about Q. (k). For
that result, we shall need to know that Q. (k) extends to a functor Q. which
assigns a graded €, (k)-module Q. (X) to every k-variety X, and that each group
0,(X) is generated by classes [V ER X] where Y is a smooth n-dimensional
variety over k and f is projective; see [LMO7, 2.5.11]. For each proper map
p: X' — X, there is a pushforward map p, sending [V’ EN X' to [V L2 X]; p«
is not a ring homomorphism. In fact, €2, is an “oriented Borel-Moore functor”
in the sense of [LMO07, 2.1.2, 2.4.10], but we shall not need the full strength of
this definition.

Example 8.2. The pushforwards Z = Qq(k(x)) — Qo(X) asociated to closed
points € X induce a map from the group of zero-cycles on X onto Qy(X). By
[LMO7, 4.5.1], it induces an isomorphism CHy(X) = Q(X).

For each open j : U C X, the restriction [f] — [f|y] defines a pullback
map j*, making €, into a presheaf of {2, (k)-modules on each X. Moreover, if
char(k) = 0 then for each open j : U — X with closed complement i : Z — X
the sequence

02.(2) 25 Q.(X) L5 Q. (U) -0 (8.3)
is exact; see [LMO07, 3.2.7].

If X is a d-dimensional k-variety, and F' = k(X), the pullback maps sending
[Y — X] to [YF] induce a natural homomorphism Q,44(X) — Q,(F). With
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this as motivation, we write Q,(k(X)/k) for the stalk of the presheaf 2,14 at
the generic point of X, i.e., the colimit of the groups Q41,(U), taken over the
poset of all open U in X. This is a birational invariant of X, and hence depends
only on the field F' = k(X). The pullback maps sending [Y — U] to [Yr] induce
a natural factorization Q,,4(X) — Q,(F/k) = Q. (F), and Q,(F/k) — Q,(F)
is an isomorphism if char(k) = 0; see [LMO07, 4.4.2].

Definition 8.4 (Degree map). ([LM07, 4.4.4]) If char(k) = 0 and dim(X) = d,
the degree homomorphism is the natural composition

degy : Qnra(X) — Qu(k(X)/k) 2 Qn (k(X)) = Qu (k).

It is not hard to see that degy ([X]) = 1 in Qo(k) and that if & € Q,(X) has
degx (o) = 0 then there is an open U C X such that « vanishes in 2, (U).

Example 8.4.1. If Y 5 Xisa map of finite degree, then degy ([Y° ER X)) =
deg(f) in Qo(k(X)) = Z. This follows from Example 8.1.1 because the fiber
Yi(x) over the generic point of X is Speck(Y'), and [k(Y) : k(X)] = deg(f).

8.2 The General Degree Formula

In this section, we prove the General Degree Formula 8.7. Our formulation
is taken from [LMO7, Theorem 4.4.15]. We begin with a useful calculation,
modified from [LMO07, 4.4.7].

Theorem 8.5. Suppose that X is a smooth k-variety, with char(k) = 0. Then
Q.(X) is generated as a graded Q. (k)-module by [X] and the subgroups Q;(X)
with ¢ < dim X.

Proof. We proceed by induction on d = dim(X), the case d = 0 being the
observation that for each finite field extension k& C k' the ring isomorphism
Q. (k) — Q(K') of (8.1) sends [Speck] to [Spec k']

Consider a class [YLX] in Q,4+q4(X) withn>0, and set A = degx ([Y EN X).
Then A is an element of ,,(k), and a = [V ER X] =X [X]isin Q,4q(X). By
construction, degy(a) = 0. Thus there is a dense open U of X such that «
vanishes in Q,44(U). We see from (8.3) that a = .8 for some € Q.(2),
Z = X — U. By induction, 8 = Y ¢;[Z] — Z] where the ¢; € Q.(k) and the
Z! are smooth over k of dimension at most dimZ < dim(X). Applying the
pushforward, i, is in the Q. (k)-submodule of Q,(X) generated by the Q;(X)

with i < dim X, and [V 5 X] = X [X] +i.5. O

Corollary 8.5.1. Suppose that X is any k-variety, with char(k) =0, and that
X B X is a resolution of singularities. Then 0. (X) is generated as a graded
Q. (k)-module by [X 5 X| and the subgroups Q;(X) with i < dim X

June 27, 2018 - Page 104 of 281



Degree formulas

Proof. There is a dense open U of X over which p is an isomorphism. Let
Z C X and Z C X denote the respective closed complements of U. The
corollary follows immediately from the following diagram, whose rows are exact
by (8.3), and Theorem 8.5.

(U
| | |
%Z) — % (X) — Q.(U) —— 0 O

Definition 8.6. For each projective X, let Z(X) denote the ideal of Q. (k)
generated by the classes [Z] of smooth projective varieties Z such that dim(Z) <
dim(X) and there is a k-morphism Z — X.

That is, Z(X) is the subgroup of Q. (k) generated by the classes [Z x W] =
[Z] - [W], where W and Z are smooth projective varieties, dim(Z) < dim(X)
and there is a k-morphism Z — X.

Remark 8.6.1. Applying the pushforward p, : (X ) — Q. (k) to Theorem 8.5,
we see that for smooth projective X the ideal p,£2,(X) of Q. (k) is generated by
the ideal Z(X) of Definition 8.6 and the element [X].

Theorem 8.7 (General Degree Formula). Let f : Y — X be a morphism of
smooth projective k-varieties, with dim(X) = dim(Y") and char(k) = 0. Then

[Y] — deg(f)[X] € Z(X).

Proof. First suppose that Y 4 X is not dominant, so that deg(f) = 0 and
f(Y) = Z for some subvariety Z of X. By Corollary 8.5.1, [Y — Z] is in the
Q. (k)-linear span of the Q,;(Z) for i < dim(Z). As Z C X, [Y] € Q,(k) is in
Z(X). Since [Y] — 0[X] is in Z(X), the formula holds in this case.

Now suppose that Y ENS ST dominant, hence of finite degree. In this case,
the degree map Qq(X) — Qo(k(X)) 2 Z sends [V ER X] to deg(f), by Example

8.4.1. Therefore the element o = [V EN X] — deg(f)[X] of Q4(X) vanishes
under the degree map Q4(X) — Qo(k(X)). Thus (as in the proof of Theorem
8.5) there is a dense open U C X such that « vanishes in Q4(U). By (8.3),
a = i.0 for some 8 € Q.(Z), Z = X \ U. Hence the pushforward p,a equals
the pushforward (pi).0 under Q,(Z) — Q.(k). By Theorem 8.5, (pi)./3 is in
the ideal Z(X), so we are done. O

Corollary 8.8. Let f: X' — X be a morphism of smooth projective k-varieties
of the same dimension, with char(k) = 0. If the degree of f is prime to £ then
T(X") ey = Z(X) (o) as ideals of Q. (k) @ Zy).

Proof. By definition Z(X') C Z(X). We will show by induction on dim(Y") that
if Y — X is a projective k-morphism with ¥ smooth and dim(Y) < dim(X)
then [Y] € Z(X")(y). If dim(Y') =0, i.e., Y is a closed point = of X, then [z] is
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an element of Qg(k) NZ(X). Since £t deg(f), there is a closed point 2’ of X’
over x with e = [k(2’) : k(z)] prime to ¢, and [2] € Z(X"). Since [2'] = e[z] by
Example 8.1.1, we have [z] = [2]/e in Qo(k) ) = Z(y).

Choose an irreducible component Y’ of Y x x X’ such that e = [k(Y”) : k(Y]
is prime to ¢, and let Y be a resolution of singularities of Y. By Theorem 8.7,
[Y] —e[Y] is in Z(Y). Since [Y] € Z(X') and Z(Y) C Z(X') (¢ by the inductive
hypothesis, we see that e[Y] and hence [Y] is in Z(X') ). O

8.3 Other degree formulas

Other important degree formulas arise by applying suitable homomorphisms
from Qg(k) to abelian groups. We enumerate a few, proving those we shall
need.

The characteristic number s4(X) of a smooth d-dimensional projective va-
riety X provides an illustration of this method; it is used in Propositions 10.14
and 10.15 as part of the proof that norm varieties are Rost varieties.

Recall from Section 1.3 that the number s4(X) is defined to be the degree
of the characteristic class s4(Tx) € CH%(X). It is shown in [LMO7, 4.4.19]
that X — s4(X) is an algebraic cobordism invariant, i.e., it factors through a
homomorphism sg : Q4(k) — Z satisfying s4([X]) = sq4(X).

Theorem 8.9 (Rost’s Degree Formula for sg4). Let f: W — X be a morphism
of smooth projective varieties of dimension d = ¥ — 1, over a field of char-
acteristic 0. Suppose that the degree of every 0-cycle on X is divisible by L.
Then

sq(W) = deg(f)sq(X) (mod £?).

Proof. (See [Ros02], [LMO07, Thm.4.4.23].) Consider the element a = [W] —
deg(f)[X] in Qq(k). Since sq4 is additive, sq(a) = sq(W) — deg(f)sa(X). Since
a € Z(X) by Theorem 8.7, it suffices to show that s, vanishes modulo ¢* on
Z4(X), the degree d part of Z(X). By Definition 8.6, Z;(X) is generated as a
group by the classes [Y x Z], where Z — X is a map with dim(Z) < d and
dim(Y) + dim(Z) = d.

It is a general fact that when dim(Y"), dim(Z) > 0 we have Sqim y+dim z(Y X
Z) = 0. For stably complex manifolds this is [MS74, 16.3 and 16.5]; for algebraic
varieties this is [LMO7, (4.8), p.132]. In the case at hand, when dim(Z) < d,
we have s4(Y x Z) = 0 unless dim(Z) = 0. When dim(Z) = 0, i.e., Z is a
0-cycle, we have £|deg(Z) by assumption. In this case, dim(Y) =d = ¢~ — 1,
and we saw in Section 1.3 that £|s;(Y). Hence ¢2|deg(Z)sq(Y) = sa(Y x Z), as
desired. O

Remark 8.9.1. The characteristic numbers sg in [MS74] and in this book are
written as Sy in [LMO07]; the class called s4(X) in [LMO7] is our class s4(X) /4.

June 27, 2018 - Page 106 of 281



Degree formulas

A second class of examples, including the Levine—Morel “higher degree for-
mula” (Theorem 8.12 below), comes from graded ring homomorphisms

¢ = w@,n Ly — FZ[U]

with v = v, in degree d = ¢™ — 1, associated to ¢-typical formal group laws
of height n. Note that ¢(z) = 0 for x € Q;(k) unless d | i, and that v takes
Qra(k) = L,q to the 1-dimensional vector space generated by v".

Construction 8.10. Here is a sketch of the construction of 1; useful references
for this material are Appendix A2 of Ravenel’s book [Rav86] and [Lan73]. There
is a universal /-typical formal group law, which we fix; it is represented by a
ring homomorphism from L. to Z[v1,vs, ..., with v; in degree ¢t — 1. More
restrictively, we may consider ¢-typical formal group laws of height n; a universal
such law is represented by the quotient homomorphism ¢ = 9y ,, : L. — Fe[vy,],
obtained by going modulo ¢ and killing all the v; for i # n.

The following definition of the numbers ¢4,.(X) is taken from [LMO07, 4.4].

Definition 8.11. Fix a graded ring homomorphism ¢ : L, — Fy[v] corre-
sponding to an ¢-typical formal group laws of height n, as above. For r > 0, the
homomorphism

tar : Qra(k) = Leg — Fy

is defined by 1 (z) = tq,(z)v" for x € Q,4(k). That is, t4,(x) is the coefficient
of v in ¢(x). If X is a smooth projective variety over k, of dimension rd, then
X determines a class [X] in Q,4(k), and we write tq,(X) for tq,([X]).

Note that a different choice of ¢ corresponds to an automorphism of Fy[v],
so the number ¢4, depends upon the choice of formal group law above, but only
up to a unit of [Fy.

Here is the Levine-Morel “higher degree formula” (cf. [LMO07, Thm. 4.4.23].)
We fix an n and set d = 0" — 1, ¢ = ¢y 5.

Theorem 8.12 (Higher Degree Formula). Let X be a smooth projective variety
of dimension rd over a field k of characteristic 0 which admits a sequence of
surjective morphisms with X smooth and dim X = d - i:

X=X 5 x5 XO = Spec(k).
Suppose moreover that £ divides the degree of every zero-cycle on each of the
XD % yon k(X)) Then ¢(Z(X)) = 0.
In particular, if W is also smooth projective of dimension rd then for every

morphism f: W — X we have Y([W]) = deg(f) - ¢([X]), i.e.,

tar(W) =deg(f) - tar(X).
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Proof. Since [W] — deg(f)[X] is in Z(X) by Theorem 8.7, it suffices to show
that 1 (Z(X)) = 0. We will show that ¥(Z(X)) = 0 by induction on i.

We first show that ¢(Z(X®)) = 0. By assumption, if z is a closed point
of X then the degree of z is divisible by ¢; since [z] = [k(z) : k] in Qo(k)
by Example 8.4.1, we have ¢([z]) = 0. Next, note that if d does not divide
dim(Z), then ¥([Z]) = 0 as Fy[v] is zero in degree dim(Z). Since dim X1 = d,
¥([Z]) = 0 for every generator [Z] of Z(XW).

In the general case, consider a generator [Z] of the ideal Z(X ), defined by
a k-morphism f : Z — X with dim(Z) < di. If d { dim(Z) then ([Z]) = 0
for degree reasons. If dim(Z) < d(i — 1) then [Z] € Z(X(~Y) via the obvious
composition f; : Z — X0~V and ¢([Z]) = 0 by induction. Thus we may
assume that dim(Z) = d(i — 1) = dim(X“~1). By the General Degree Formula
8.7, [Z] — deg(f;)[XV] is in Z(X@=Y). Since Y(Z(X D)) = 0, we get
Y([Z]) = deg(f;)([X~V)]). Thus in order to show that ¢ ([Z]) = 0, it suffices
to show that deg(f;) =0 (mod ¢).

If f; is not dominant, then deg(f;) = 0 by definition. On the other hand,
if f; is dominant, then the generic point of Z maps to a closed point 7 of
X0 % o1y k(XC@=1). By the 0-cycles hypothesis of this theorem, ¢ divides
deg(n) = deg(f;) O

Example 8.12.1. Here is a typical application. Suppose that ¢4, (W) # 0 in
Fy. Then the degree of any dominant map f : W — X must be prime to /.

Here are some properties of the numbers ¢4, that we shall need below, in
Corollary 8.17 and Theorem 8.18. Recall from Section 1.3 (or [MS74, 16.6/16.E]
and [Sto68, p.130]) that if d = ¢™ — 1 then ¢ divides the characteristic number
s4(X), so that sq(X)/¢ is an integer.

Lemma 8.13. Let X/k be a smooth projective variety of dimension rd, and let
k C C be an embedding.

1. Thereis au € F; such thattyq(z) = usq(z)/¢ (mod ¢) for all z € Qq(k).
2. If X =[[i_; X; and dim(X;) = d, then tq,(X) = [[i_, ta1(X;).

3. tq,(X) depends only on the class of the manifold X (C) in the complex
bordism ring MU.,.

Proof. Part (1) is [LMO07, Proposition 4.4.22(3)]. Part (2) is immediate from
the graded multiplicative structure on §,(k): since [X] = [[[Xi], ¥([X]) =
[T¥([X:]) = [1ta,1(X;)v. Finally, part (3) is a consequence of the fact that the
natural homomorphism (k) — MUs, is an isomorphism (since both rings are
canonically isomorphic to the Lazard ring L.,). O
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8.4 An equivariant degree formula

In this section we consider G-varieties, where G = iy, and use the Higher Degree
Formula 8.12 to prove the DN Theorem 8.18. This theorem shows that (for a
certain class of G-varieties X) the degrees of maps W — X must be prime to ¢
for a class of varieties W. At its heart, it follows the pattern of Example 8.12.1.

We will need the following standard consequence of equivariant bordism
theory of complex manifolds, which is usually attributed to Conner and Floyd.
Let ¢ : Ly — Fy[v,] be as in Definition 8.11, with v = v,, in degree d = ™ — 1.

Lemma 8.14. Suppose that the abelian L-group G = (Z/0)"™ acts without fived
points on a stably complex manifold M, preserving the stably complex structure.
Then ([M]) = 0 in Fylv,].

Proof. Let I(n) denote the ideal in MU, generated by {¢,[Mi]...,[Mpn-1]},
where each M; is a complex manifold with dim¢(M;) = ¢* — 1 which generates
MUsypi_5 modulo decomposable elements (a “Milnor manifold”). By [tD70]
[Flo71], I(n) is the ideal of bordism classes represented by smooth G-manifolds
without fixed points. Since M has no fixed points, [M] is in I(n).

Since /¢ is the only generator of I(n) whose dimension is a multiple of d =
" — 1, the map ¥ : MU, — Fylv,] is zero on every generator and hence on
I(n). It follows that ¢ ([M]) = 0. O

Definition 8.15. For any group G, we say that two stably complex G-manifolds
are G-fixed point equivalent if FixgX and FixgY are 0-dimensional, and there
is a bijection FixgX — FixgY under which the families of tangent spaces at
the fixed points are isomorphic as GG-representations.

We say that two G-varieties X and Y over k are G-fized point equivalent
if FixgX and FixgY are 0-dimensional, lie in the smooth locus of X and Y,
and there is a separable extension K of k and a bijection Fixg X — Fixg Yi
under which the families of tangent spaces at the fixed points are isomorphic as
G-representations over K.

Theorem 8.16. Let G be (Z/0)™ and let X and Y be compact complex G-
manifolds which are G-fized point equivalent. Then ¥([X]) = ¥([Y]) in Felv,],
ie., tgr(X)=1tq,(Y) forallr > 0.

M=XU-Y

Proof. Remove equivariantly isomorphic small balls about the fixed points of
X and Y, and let M = X U —Y denote the result of joining the rest of X and
Y, using the opposite (stably complex) orientation on Y, as in the figure. This
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construction is posssible because X and Y are G-fixed point equivalent. Then
M has a canonical stably complex structure, G acts on M with no fixed points,
and [X]—[Y] = [M] in MU,; see [Sto68, II]. By Lemma 8.14, ¢ ([X]) —¢([Y]) =
¥([M]) = 0. By Definition 8.11, the final assertion follows automatically. O

Theorem 8.16 applies to complex G-varieties, via realization, and even to
G-varieties over a field k¥ with an embedding into C. By Lemma 8.13(1), we
conclude:

Corollary 8.17. For d-dimensional X and Y as in Theorem 8.16, we have
54(X) =0 (mod ¢?) iff s4(Y) =0 (mod ¢?).

We can now establish the “DN” degree theorem. It will be used in Chapter
11 to verify the Norm Principle.

To motivate it, suppose we are given varieties X and Y, a finite field ex-
tension k(Y) C F and an F-point of X, Spec(F) — X. Up to birational
equivalence, this data determines a smooth variety W with k(W) = F' together
with a dominant map g : W — Y and a map f: W — X compatible with the
data in the sense of the following diagram:

Spec(F) ———= W
ﬁnitel dominant | g f

Spec(k(Y)) —— Y X.

Indeed, the data determines a smooth variety W’ up to birational equiva-
lence together with a dominant rational map Y < - - W' and a rational map
W’ - -> X; we may replace W’ by a blow-up W to eliminate the points of
indeterminacy and obtain the desired morphisms f: W — X, g: W — Y, with
deg(g) = [F: k(Y)].

Theorem 8.18 (DN Theorem). Let uy, ..., u, be r symbols in K}, (k)/¢ and
let X1, ..., X, be smooth projective G-varieties, each of dimension d = {™ — 1
such that for each i:

1. k(X;) splits u;;
2. w; s non-zero over k(X1 x -+ x X;_1); and
3. 54(X;) £ 0 (mod ¢?).

Set X = [} X; and let Y be a smooth projective G-variety which is G-fized
point equivalent to the disjoint union of m copies of X, where £ 1 m.

If g : W — Y is a dominant map of degree prime to {, then any map
f:W — X is dominant and of degree prime to £.

Proof. We will apply the Higher Degree Formula 8.12 to W 4 X and the
sequence of projections between the X () = H;‘:1 X;, 1 <i<r. Wemust first
check that the zero-cycle hypothesis of Theorem 8.12 is satisfied. For a fixed ¢,
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it is convenient to set F; = k(X; x --- x X;_1) and X’ = X® x 1) F;. The
hypotheses (1-2) of the DN Theorem say that the symbol u; is nonzero over F;
but splits over the generic point of X'; by specialization (see Remark 1.13.1), u;
splits over all closed points of X’. This implies that ¢ divides the degree of any
closed point n of X', by the following transfer argument 1.2: the composition
KM(k) )t — KM (k(n))/¢ — KM (k)/¢ is multiplication by deg(n) = [k(n) : k;
since it sends the nonzero element u; to 0, ¢ | deg(n). Hence Theorem 8.12
applies and we have ([W]) = deg(f) ¥ ([X]).

Now ¥(Z(X)) = 0 by Theorem 8.12, and Z(W) C Z(X) since W — Spec(k)
factors through X, so ¥ (Z(W)) = 0. We now localize at ¢; since deg(g) is prime
to £, Corollary 8.8 implies that Z(Y) ) = Z(W)(y) as ideals of the localization
Q. (k)(e). Since the map 9 : Q. (k) — Fe[v] factors through Q. (k) ), 1 is zero
on I(Y)(g)

Applying the General Degree Formula 8.7 to g, we conclude that ([W]) =
deg(g) ¥A[Y]), so that deg(f) $([X]) = ¥([W]) = deg(g) ¥([Y), ic.

deg(f) ta,r(X) = deg(g) ta,r(Y).

On the other hand, since Y is G-fixed point equivalent to m copies of X, we have
m - tq,r(X) =tq,(Y) by Theorem 8.16. Condition (3) of the DN Theorem and
Lemma 8.13(1,2) imply that ¢41(X;) # 0 for all ¢ and hence that t4,(X) # 0.
It follows that deg(f) = mdeg(g) # 0 in Z/¢, as required. O

8.5 The n-invariant

In this section we define an invariant n(X/S) in Z/¢ for pseudo-Galois covers
(morphisms which are generically Galois), and provide a degree formula for
n(X/S) which will be needed in Chapter 11. Although 7 can be formulated in
terms of an invariant in Qg (k) = Z, it is simpler to define it directly. We assume
in this section that k is a field containing 1/¢ and py.

Definition 8.19. Let p: X — S be a finite surjective map of varieties over k.
We say that p is a pseudo-Galois cover if k(X)/k(S) is a Galois field extension
with group G = Gal(k(X)/k(S)), and the action of G on the field k(X) extends
to an action of G on X. Note that p is étale over an open subvariety U of S.

Examples 8.20. (1) A Galois covering is a finite étale map X — S of
varieties such that k(X)/k(S) is a Galois field extension and the action of
G = Gal(k(X)/k(S)) on k(X) extends to an action of G on X. Equivalently,
X Xg X is isomorphic to the disjoint union X x G = UzegX of copies of X.
(See [SGAT1, V(2.8)].)

(2) If ue C k, G = py acts on A' = Spec(k[t]); ¢ € ug sends t to (t. Then
A is pseudo-Galois over S = Spec(k[t‘]) but is not étale over the origin.

(3) If a finite group G acts on a variety X, the geometric quotient X/G
has function field £(X)%, and X — X/G is pseudo-Galois. If X — S is any
pseudo-Galois cover with group G, the canonical map X/G — S is birational.
If in addition S is normal then X/G = S, by Zariski’s Main Theorem.
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We will now assume that X 2 S is a pseudo-Galois cover with group G' = Z /¢
and that , C k. Choosing an isomorphism G — i, the Galois group G acts
on A! (as in Example 8.20(2)), and we can form Al x5 X. If U C S is the (open)
locus where X is étale over S, then L = A! xg (p~1U) is a line bundle over U.
If in addition U is smooth, we may form the divisor class ¢;(L) in CH(U) and
the zero-cycle z = ¢ (L)) in CHy(U).

Lemma 8.21. If U is a smooth open subvariety of a projective variety S, and
every closed point s in the complement of U has [k(s) : k] = 0 (mod £), the
degree CHy(S) — Z induces a map degy : CHo(U) — Z /L.

Suppose that f : S" — S is a projective morphism with dim(S’) = dim(S5),
and U' C f~Y(U) C S’ is such that every point s’ in the complement S’ \ U’ of
U’ has [k(s") : k] =0 (mod ¢). If U is smooth and fy : U' — U then for every
O-cycle z on U,

degy/ (frz) = (degf)degy(2)  in Z/L.

Proof. There is an exact sequence CHy(S \ U) — CHy(S) — CHy(U) — 0.
Since deg : CHy(S) — Z sends [s] to [k(s) : k|, the image of CHy(S \ U) is
contained in ¢Z, whence the first assertion.

For the second assertion, note that we may replace U’ by f~1(U) since ¢
divides the degree of every point in f~*(U) \ U’. In this case, the restriction
fu : U’ — U is proper, and the projection formula yields

degy (f2) = degy (f.fir2) = (degf)degy (2). O

Definition 8.22. Suppose that p: X — S is a pseudo-Galois cover with group
G =17/, with S projective. We say that n(X/S) is defined if there is a smooth
open U C S such that p is étale over U, and ¢ divides [k(s) : k] for every closed
seS\U.

In this case, we define the invariant n(X/S) in Z/¢ to be the degree of
z = c (L)W in Z/¢, i.e., n(X/S) = deg(z). This is well defined in Z/¢ and
independent of the choice of U by the case S’ = S of Lemma 8.21.

Remark 8.22.1. We could have defined n(X/S) in terms of algebraic cobordism.
Suppose given a pseudo-Galois cover X — S with d = dim(X). Then [U] is an
element of Q4(U), and the standard cycle [U, L, ..., L] is an element of Qo (U),
in the sense of [LMO07, 2.1.6, 2.4.10].

If char(k) = 0, we have CHy(S) = Qo(S) by Example 8.1.1. This extends to
a morphism 6 : Q,(U) — CH,(U) of orlented Borel-Moore homology theories
[LMO7, 4.5.1]. By [LMO07, 2.1.8], 6(|U, ,L]) = c1(L)?. Now take the degree.

(

The next lemma shows that n(X/S ) is essentlally a birational invariant.
Lemma 8.23. Suppose that X/S is a pseudo-Galois cover with group G = Z /0.
If f: 8" — S is a birational morphism, and X' is the normalization of X xg S’
in the field k(X), then X'/S" is pseudo-Galois.

Suppose in addition that S and S’ are projective, S’ is smooth and n(X/S)
is defined (8.22). Then n(X'/S") is defined, and equals n(X/S).
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Proof. The group G acts on X’ because it is the normalization of the G-variety
X xg8', s0 X" — S§"is pseudo-Galois and f : S’ — S lifts to amap f: X' — X.

To see that n(X’/S") is defined, let U be a smooth open in S such that
[k(s) : k] = 0 (mod ¢) for all s € S\ U, and set U’ = f~}(U). Since S’ is
smooth, so is U’. If s’ € '\ U’ then s = f(s') ¢ U and hence [k(s") : k] =0
(mod ¢). Consider the open subscheme V = X xg U of X; since V.— U is
étale, the pullback V/ =V xy U’ is étale over U’ and hence smooth. Since X’
is normal, it follows that the open subscheme X’ x g U’ of X’ is isomorphic to
V'’ and hence that n(X’/S’) is defined.

Finally, the equality n(X/S) = n(X'/S’) is a special case of the calculation
in Lemma 8.24 below. Note that X'/G — S’ is an isomorphism by Example
8.20(3), since S’ smooth. O

Lemma 8.24. Suppose that X 2 S is pseudo-Galois with group G, and that
f: X" = X is a G-equivariant morphism of projective varieties of dimension d.
Set 8" =X'/G. If n(X/S) and n(X'/S") are both defined then

n(X'/S") = deg(f)n(X/S).
Proof. Since f is equivariant, it induces a morphism f : X’/G — X/G — S.
Let U C S be such that X is étale over U, and [k(s) : k] =0 (mod ¢) for every
s € S\ U. Setting U’ = f~1(U), we have the G-equivariant diagram:

p ) s o)

N

U ———>U.
Since the vertical maps are Galois covers, it is easy to check that this is a
pullback diagram. Thus the line bundle L' on U’ is the pullback f*L of the line
bundle L on U, and f* : CHy(U) — CHo(U') sends z = ¢1(L)? to 2’ = ¢ (L)%
Since deg : CHy(S") — Z factors through f., Lemma 8.21 yields

n(X'/8') = degy (2') = degy (f..f"2) = deg(f)degy (2) = deg(f)n(X/S). O

Corollary 8.24.1. Let X/S be a pseudo-Galois cover with group G = Z/¢, and
set 8" = X/G. Then n(X/S) =n(X/S").

Proof. The cover X/S’ is pseudo-Galois by Example 8.20(3). Let U C S be an
open associated to n(X/S). Since X|y — U is a Galois cover, X/G — S is an

isomorphism over U. It follows immediately that 1(X/S’) is defined, so Lemma
8.24 applies (with f: X — X the identity). O

Theorem 8.25. Suppose that char(k) = 0 and that X/S and X'/S’ are two
pseudo-Galois covers with group G = Z/¢. Suppose in addition that X and
X' are projective of the same dimension, and that n(X/S) and n(X'/S’) are
defined. Then for any G-equivariant rational map f: X' --> X,

n(X'/8") = deg(f) - n(X/S).
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Proof. By definition, f induces a G-map from a G-invariant open U’ in X’
to X. Hence f induces a unique map U'/G — X/G, i.e., a rational map
X'/G - -> X/G and hence (by Example 8.20(3)) a unique rational map f :
S' --> S compatible with f. Clearly, deg(f) = deg(f).

There is a birational map S — S with S smooth projective, which eliminates
the points of indeterminacy of the rational map f in the sense that f extends
to the morphism S — S. Let X denote the normalization of X’ xg S in
kE(X'); by Lemma 8.23, n(X/S) is defined and equals n(X’'/S’). By Lemma

8.24, n(X /S) = deg(f) - n(X/S), and the result follows. O

8.6 Historical notes

The notion of framed bordism was introduced by Pontryagin in the 1938 paper
[Pon38], in order to study homotopy groups. Bordism for real (and oriented)
manifolds was introduced by René Thom [Thob4] in 1954. It was promoted
to a generalized cohomology theory (cobordism) by Atiyah [Ati6la] in 1961.
The extension to stably complex structures (with coefficient ring MU, ) was
introduced by Milnor and Novikov (see [Mil60]) and made into a generalized
cohomology theory in [Las63]. The development up to 1968 is summarized in
[Sto68]; Quillen’s identification of MU, with the Lazard ring L. followed soon
after, and all of the cobordism-theoretic versions of the results in this chapter
were known by 1975 (see [Ada74]). This includes Lemma 8.13, Lemma 8.14 and
Theorem 8.16 (birational invariance of sq4(X)/¥).

The applications to zero-cycles on varieties in this chapter first appeared in
Rost’s 1998 preprint [Ros98b], where the passage to stably complex manifolds
and the complex cobordism ring MU, played an important role. With the
appearance of the algebraic cobordism ring Q.(k) in 2001 (published as the
book [LMO07] in 2007), it became possible to recast many of these results in a
cleaner algebraic way. The proofs in [LMO07] only use resolution of singularities
(and weak factorization), which holds in characteristic 0.

The definition of a pseudo-Galois covering originated in the 1996 paper
[SV96] in connection with ¢fh sheaves. The invariant n(X/S) of Definition
8.22 is due to Rost, and first appeared in [SJ06].

This chapter is based upon the lectures of Markus Rost at the Institute for
Advanced Study in Spring 2005, and [SJ06]. Section 8.5 is based on Section 3
of [SJ06]. The name ‘DN Theorem’ (Degree Theorem for the Norm Principle)
is due to Rost.
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Chapter 9

Rost’s chain lemma.

In this chapter we state and prove Rost’s Chain Lemma (Theorem 9.1). The
proof (due to Markus Rost) does not use the inductive assumption of Part I
that BL(n-1) holds. The Chain Lemma is used in Chapter 10 to construct norm
varieties.

Throughout this chapter, ¢ is a fixed prime, and k is a field containing 1/¢

and all ¢-th roots of unity. We fix an integer n > 2 and an n-tuple (aq, ..., a,)
of units in k&, such that the symbol a = {a1,...,a,} is nontrivial in the Milnor
K-group KM (k)/¢.
Here is the statement of the Chain Lemma, which we prove in §9.5 below; the
special case n = 2 is proven in Section 9.2. The notion of an ¢-form on a locally
free sheaf over S is introduced in Section 9.1; Definition 9.4 shows how /-forms
may be used to define elements of KM (k(S))/¢.

Theorem 9.1 (Rost’s Chain Lemma). Let a = {a1,...,an} be a nontrivial
symbol in KM(k)/¢, where k is a field containing 1/¢. Then there exists a
smooth projective cellular variety S/k and a collection of invertible sheaves J =
Ji, J1s oy Ity Jh_1 on S equipped with nonzero £-forms

Y=Y Y1y Vit

satisfying the following conditions.
1. dim S = ("1 —1) =" —¢;
2. {ar,...,an} ={a1, .., an—2,Yn—1,7_1} € KM(k(9))/¢,
{ay,...;ai_1,vi} ={a1,. ., ai—2,vi—1,7_1} € KM(k(S))/C for2<i <n.
In particular, {a1,...,an}={v, Y, -, Vo1 EKM(K(9))/¢;
.y ¢ (S, J)@(—l);
. for any i and any s € V(v;) UV (7)), the field k(s) splits {ai,...,an};
. forany i and any s € V(v;) UV (7]), € divides [k(s) : k];
. the degree of c1(J)M™ 9 is relatively prime to .

S O~ Qo

Note that parts (3) and (5) are immediate from parts (2) and (4).
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9.1 Forms on vector bundles

We begin with a review of some well-known facts about ¢-forms.

If V is a vector space over a field k, an £-form on V' is a symmetric ¢-linear
function on V, i.e., a k-linecar map ¢ : Sym‘(V) — k. It determines an /-
ary form, i.e., a function ¢ : V — k satisfying p(Av) = Mop(v), by ¢o(v) =
o(v,v,...,v). If £ is invertible in k, ¢-forms are in 1-1 correspondence with
{-ary forms.

When dim(V') = 1, there is little difference between ¢-forms and ¢-ary forms.
If V = k then every f-form ¢ may be written as ¢(A1,...,A)) = a[[\; for
some a € k, and ¢ is determined by its associated f-ary form, p(\) = a)’. If
dim(V') = 1, the choice of an isomorphism f : V' — k determines a form f*p on
V. Up to isometry, non-zero 1-dimensional ¢-forms are in 1-1 correspondence
with elements of kX /k**, because the isomorphism v + sf(v) determines the
form s’ f*p. Therefore an n-tuple of forms ¢; on a 1-dimensional V' determines
a well-defined element of K (k)/¢ which we write as {¢1,...,pn}-

Definition 9.2. Given an f-ary form ¢ on a 1-dimensional vector space V', the
Kummer algebra A = A, (V) is the quotient of the symmetric algebra Sym* (V)
by the relation u’ = ¢(u) for v € V. If u is a nonzero element of V and
a = p(u) € k then A = k[u]/(u’ — a). If a & k¢ then A is the field k(V/a); if
a € k*—{0} then A =] k.

Of course the notion of an ¢-form on a projective module over a commutative
ring makes sense, but it is a special case of ¢-forms on locally free modules
(algebraic vector bundles), which we now define.

Definition 9.3. If £ is a locally free Ox-module over a scheme X then an
{-form on & is a symmetric ¢-linear function on &, i.e., an Ox-linear map ¢ :
Sym‘(£) — Ox. If £ is invertible, we will sometimes identify the ¢-form with
the diagonal f-ary form ¢ = ¢po A : £ — Ox; locally, if v is a section generating
€ then the form is ¢(tv) = att, where a = p(v).

Remark 9.3.1. The geometric vector bundle over a scheme X whose sheaf of
sections is € is V = Spec(Sym*(£7)), where £ is the dual Ox-module of £. We
will sometimes describe ¢-forms in terms of V.

The projective space bundle associated to & is 7 : P(€) = Proj(S*) — X,
S* = Sym™(£7). The tautological sheaf O(—1) on P(€) is the sheaf of sections
of the line bundle L. = Spec(Sym*O(1)). The multiplication S* ® £~ — S*(1)
in the symmetric algebra induces a surjection of locally free sheaves 7*(£7) —
O(1) and hence an injection O(—1) — 7©*(&); this yields a canonical morphism
L — 7*(V) of the associated geometric vector bundles.

We will use the following notational shorthand. For a scheme Z, a point z
on some Z-scheme and a locally free sheaf £ on Z we write £|, for the fiber of
€ at z, i.e., the k(z)-vector space z*(€) for z — Z. If ¢ is an f-ary form on an
invertible sheaf L, 0 # u € L|, and a = ¢|,(u), then ¢|, : (L|,) — k(z) is the
l-ary form |, (tu) = at’. By V(¢) we mean {z € Z : ¢|, = 0}.
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The notation {v,...,7v,_;} in the Chain Lemma 9.1 is a special case of the
notation in the following definition.

Definition 9.4. Given invertible sheaves Hq,..., H, on X, ¢-forms «; on H;,
and a point € X at which each form «;|, is nonzero, we write {aq,...,an}|z
for the element {ay|s, ..., |} of KM(k(x))/¢ described before 9.2: if u; is a
generator of H;|, and «;|.(u;) = a; then {a1,...,an}. = {a1,...,an}.

We record the following useful consequence of this construction. Recall that
if (R, m) is a regular local ring with quotient field F', any regular sequence r1, ...
generating m determines a specialization map KM (F) — KM(R/m); if ay, ... are
units of R, this specializations sends {a1, ...} to {a1,...}. (See Remark 1.13.1.)

Lemma 9.5. Suppose that the {-forms «; are all nonzero at the generic point
1 of a smooth X. The set U of points x in X on which each ;| # 0 is open,
and for every x € U, the symbol {a|z, ..., anle} in KM (k(z))/l is obtained by
specialization from the symbol in KM (k(X))/L.

Definition 9.6. Any /-form ) : SymZ(E) — Ox on & induces a canonical
{-form € on the tautological sheaf O(—1) on P(£):

€:O(—t) = Sym*(O(—1)) = Sym*(7*E) = 7*Sym*(€) 2y 0x = Op(g)-

Example 9.7. Given an invertible sheaf L on X, and an f-ary form ¢ on L,
the sheaf V = O @ L has the f-ary form 1(t,u) = t* —p(u). Then P(V)— X is
a Pl-bundle, and its tautological sheaf O(—1) has the /-form € described in 9.6.

Over a point in P(V) of the form oo = (0 : u), the ¢-form on O(—1)| is
€0, u) = —Mop(u). If ¢ = (1 : u) is any other point on P(V) then the 1-
dimensional subspace O(—1)|, of the vector space V|, is generated by v = (1, u)
and the /-form €|; on O(—1)|, is determined by e(v) = ¥(1,u) = 1 — ¢(u) in
the sense that e(Av) = M(1 — o(u)).

One application of these ideas is the formation of the sheaf of Kummer
algebras associated to an ¢-form.

Definition 9.8. If L is an invertible sheaf on X, equipped with an ¢-ary form
@, the Kummer algebra A, (L) is the sheaf A(L) = EBf;é L®" regarded as a
sheaf of algebras in the following way: locally, if u is a section generating L
then A(L) = O[u]/(u® — p(u)). If 2 € X and a = p|,(u) is nonzero then the
k(z)-algebra A|, is the Kummer algebra k(z)(\/a), defined in 9.2; it is a field if
a & k(z)** and [] k() otherwise.

Since the norm on A, (L) is given by a homogeneous polynomial of degree
£, we may regard the norm as a map from SyméA<p (L) to O.

Using the well-known isomorphism Sym™(Al) = A" it is easy to check
that if L is an invertible sheaf on X then the (¢—1)st symmetric power of the
projective line bundle P(O @ L) over X is Sym% 'P(O @ L) = P(A(L)), where

June 27, 2018 - Page 117 of 281



Chain lemma

A(L) = @1;3 L®%. The canonical ¢-form e on the tautological sheaf O(—1) on
the projective bundle P = P(A(L)), given in 9.6, is the natural ¢-form:

O(=1)®" = Sym‘m* A(L) 2 Op,

where 7 : P — X is the structure map and the canonical inclusion of O(—1)
into 7* (A(L)) = @5 '7*L®" induces the first map.

Recall from 9.6 and 9.8 that ¢ is an ¢-form on L, ¢ = (1, —¢) is an ¢-form
on O @ L and € is the canonical ¢-form on O(—1) induced from ).

Lemma 9.9. Suppose that © € X has ¢|, #0 and that 0 #u € L|,. Then
€l(o) # 0. Moreover, ¢(u) € k(z)** iff there is a point [[] € P(O & L) over x
so that €| = 0.

Proof. Let w = (t,su) be a point of O(—1)|, over [[] = (¢t : su) € P(O & L)|,.
If t = 0 then £ = (0 : u) and e(w) = —s°¢(u), which is nonzero for s # 0. If
t # 0 then €|y is determined by the scalar e(w) = 9(t, su) = t* — s°¢(u). Thus
el = 0iff p(u) = (t/s)". O

Remark 9.9.1. Here is an alternative proof, using the Kummer algebra K =
k(z)(a), a = {/¢(u). Since e(w) = (¢, su) is the norm of the nonzero element
t — sa in K, the norm e(w) is zero iff the Kummer algebra is split, i.e., ¢(u) =
a € k(z)**.

9.2 The Chain Lemma when n = 2.

In this section, we prove the Chain Lemma 9.1 for a symbol {ai,as}. To do
this, we construct certain iterated projective bundles Y, together with invertible
sheaves and ¢-forms on them; the variety S in the Chain Lemma will be Y.
We begin with a generic construction, which starts with a pair Ly, L_; of
invertible sheaves on a variety Yy = Y_; and produces a tower of varieties Y.,
equipped with distinguished invertible sheaves L,.. Each Y, is a product of £ —1
projective line bundles over Y,._1, so Y, has relative dimension r(¢ — 1) over Y.

Yrg—>"'—>YTL)erlfr—_iyrfg—)“-—)ylL}YOZY,L

Definition 9.10. Given a morphism f,_1 : Y1 — Y,_5 and invertible sheaves
L,_qyonY,_q, L._o onY,_o, we form the projective line bundle P(O & L,_1)
over Y,_; and its tautological sheaf O(—1). We define Y, to be the product

ffl]P’(O @ L,_1) over Y,_;. Writing f, for the projection Y, — Y,._1, and
Oy,.(—1,...,-1) for the external product O(—1)X---KO(—1) on Y, we define
the invertible sheaf L, on Y, to be L, = (fr o fr—1)*(Lr—2) ® Oy, (—1,...,-1).

Example 9.11 (k-tower). The k-tower is the tower obtained when we start
with Yy = Spec(k), using the trivial invertible sheaves L_j, Ly. Note that
Yy = [[P! and L; = Oy, (—1,...,—1), while Y3 is a product of projective line
bundles over [[P!, and Ly = Oy, (—1,...,—1).
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Remark 9.11.1. In the Chain Lemma (Theorem 9.1) for n = 2 we have S =Y,
in the k-tower, and the invertible sheaves are J = J; = Ly, J; = f}(Le—1)-

Before defining the ¢-forms v, and 7{ in 9.16, we quickly establish 9.15; this
verifies part (6) of Theorem 9.1, that the degree of ¢1(L;)¢ ~* is prime to £.

If L is an invertible sheaf over Y, and A = ¢;(L), the Chow ring of P =
P(O@L)is CH*(P) = CH*(Y)[z]/(2%2+)\2), where z = ¢1(O(=1)). If 7 : P = YV
then 7, (z) = —1 in CH*(Y'). Applying this observation to the construction of
Y, out of Y =Y, 1 with A\,_1 = ¢1(L,—1), we have

CH*(Y,) = CH*(Y,_1)[zr1, - 2ol /({20 + A1z | G =1,... 0= 1}),

where z, ; is the first Chern class of the jth tautological sheaf O(—1), and the
inclusion of CH*(Y,_1) as a subring of CH*(Y;) is via the pullback of cycles.
In CH*(Y;), A\r = c1(Ly) equals Ar_g + > 2,;. By induction on r, this yields
the following result:

Lemma 9.12. CH*(Y,) is a free CH*(Yy)-module. A basis consists of the
monomials T 2’ for ei; € {0,1}, 0 < i <7 and 0 < j < {. As a graded
algebra, CH*(Y;.)/L =2 CH*(Yy)/{ @R, R, where Ry = Fy[Xo, A_1] and

Rr = F([)\fla )‘07 ceey )‘T7zl,1; ceey Zr,é—l]/fm
-1

I, = ({Zi%j—"_)‘i—lziaj ‘ 1<, O<j<€}, {)\i_)\i—2 — Zzi,j | 1< < ’I“})
j=1

Definition 9.13. Fori=1,...,/, set z; = Zﬁ;i z;ij and ¢; = [[ 2 ;. It follows

from Lemma 9.12 that A\; = A\j_2 + 2, Zlkj'l = (=1)*M_ 2 ; and

0 _ ¢ _ VS VA |
i = E jzi,j = E ] ZijNi_1 = ZiNi_q

in the ring R;, and hence in CH*(Y;)/X.

By Lemma 9.12, if 1 <7 < £ then multiplication by [ ¢ € CH™~1(Y,) is
an isomorphism CHy(Yy)/¢ — CHy(Y,)/L. If Yy = Spec(k) then CH(Y;)/!
is isomorphic to Fy, and generated by [] ;.

Lemma 9.14. Ify € CHy(Yy), the degree of y - (1 -+ ¢ is (—1)"“"Ddeg(y).

Proof. The degree on Y, is the composition of the (f;). with the degree map on
Yy. The projection formula implies that (f,)«(¢.) = (—1)71, and

(fr)*(y : Cl e Cr) = (y : Cl e 'Crfl) : (fr)*(Cr) = (_1)8_1y : Cl v 'Cr71~

By induction on 7, (fi o0 f).(y - C1---¢) equals (—1)"¢~Dy. The result
follows. O
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Proposition 9.15. For every O-cycle y on Yy and 1 < r < €, A, = c1(L,)
satisfies

y MY =y G Goin CHo(Y,) /0, and deg(yA“" V) = deg(y)  (mod 0).

For the k-tower 9.11 (with y = 1), we have deg()\e ) =1 (mod ¢).

Proof. Tf r = 1 this follows from yA_1 = yA\o = 0in CH*(Yp): A\ = 21 + A4
and y-¢; = y A\, For r > 2, we have A\, = 2, + \,_s and z{ = 2, \’~1 by 9.13.
Because ¢ — r > 0, we have

)\:(é—l) Z(Z + A )é(r—l)-‘r(@—r) = (Zf + )\Z )r—l, (Z'r + )\r—Q)é_T mod ¢
=z AT M ) e+ A) T = G AT L T mod

where T'€ CH*(Y,_1)[z,] is a homogeneous polynomial of total degree less than
f—1in z,.

By 9.12; the coefficients of yT' are elements of CH*(Y,_1) of degree >
dim(Y;_1), so yT must be zero. Then by the inductive hypothesis,

y N = (1) Py AT = ()G (G G

in CH*(Y,)/{, as claimed. The degree assertion follows from Lemma 9.14. O

The /-forms for n = 2

We now turn to the ¢-forms in the Chain Lemma 9.1, using the k-tower 9.11.
We will inductively equip the invertible sheaves Oy, (—1,...,—1) and L, of 9.11
with ¢-forms ¥, and ¢,; the 71 and ~] of the Chain Lemma 9.1 will be ¢, and
Pe—1-

When r = 0, we equip the trivial invertible sheaves L_1, Ly on Yy = Spec(k)
with the /-forms p_1(t) = ast’ and ¢o(t) = ait’. The f-form ¢, 1 on L,_;
induces an f-form 9 (t,u) = t* — ¢, 1(u) on O @ L,_; and an f-form €(y) on
the tautological sheaf O(—1), as in Example 9.7. As observed in Example 9.7,
at the point ¢ = (1 : z) of P(O @ L,_1) the subspace O(—1)|, is generated by
y = (1,z) and we have e(y) = ¢¥(1,2) =1 — p,_1(x).

Definition 9.16. The ¢-form ¥, on Oy, (—1,...,—1) is the product form []e:
U(yr B Bye) = [ [ ews).

The ¢-form ¢, on L, = (fr—10 f.)*(Lr—2) ® Oy, (—1,...,—1) is defined to be
Pr = (fr—l o fr)*(@T'—Q) ® \I”I"

Proposition 9.17. Let ¢ = (x1,...,2¢—1) be a point of Y, with residue field
E = k(z). For —1 <i <, choose generators u; and v; for the one-dimensional
E-vector spaces Li|, and Oy,(—1,...,—1)|, respectively, in such a way that
U = Uj—2 Q@ V.
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1. If pils = 0 for some 1 < i <7 then {a1,a2}g =0 € Ko(E)/¢.
2. If pilo #£0 for alli, 1 <i<r, then

{ar,a2te = (=1)"{pr—1(ur—1),r(ur)} € K5 (E)/L.

Proof. By induction on r. Both parts are obvious if » = 0. To prove the first
part, we may assume that o;|, # 0 for 1 <i <r —1, but ¢,|, = 0. We have
Ur = Ur_2 @ v and by the definition of ¢,., we conclude that

0= @r(ur) = ﬁpr72(ur72)\:[lr(vr)v

whence ¥, (v,) = 0. Now the element v, # 0 is a tensor product of sec-

tions w; and ¥,(v,) = []e(w;), so e(w;) = 0 for a nonzero section w; of

O(—1)|z,. By Lemma 9.9, ¢, _1(u,—1) is an ¢th power in E. Consequently,

{@r—2(tr—2), pr—1(tr—1)} g = 0 in K3(F)/L. This symbol equals +{ay,as}g in

K3(E)/¢, by (2) and induction. This finishes the proof of the first assertion.
For the second claim, we can assume by induction that

{a1,a2} e = £{pr—2(ur—2), or—1(ur—1)} £
Now ¢, (ur) = @r_a(ttp—2)¥,.(v,.). Letting K = k(z)(a), a = /or—1(ur_1), we

have N () (t — sa) = t* — s, 1 (up—1) = ¥(t, su,_1), and hence

\Il'r(vr) = H 6(wj) = Hw(tu Siurfl) = NK/k($)(v/)

for some v' € K. But {¢,_1(ur—1), Ng/k@)(v')} = 0 by Lemma 9.18 below.
We conclude that

{(p'r72(ur72)7 Pr—1 (u'rfl)}E = _{Sorfl(urfl)a @r(ur)}E mod &
this concludes the proof of the second assertion. O

Lemma 9.18. For any field k, any a € k*, and any b in K, = k[Ya], the
symbol {a, Ni, /1,(b)} is trivial in Ko(k)/L.

Proof. Because {a,b} = ¢{/a,b} vanishes in K5(K,)/¢, we have {a, N(b)} =
N{a,b} = (N({a,b}) = 0. O

Proof of the Chain Lemma 9.1 for n = 2. We verify the conditions for:
the variety S = Y, in the k-tower 9.11; the invertible sheaves J = J; = Ly,
Ji = f;(Le—1); and the ¢-forms 1 and 1 in 9.1, which are the forms ¢, and
we—1 of 9.16. Part (1) of Theorem 9.1 is immediate from the construction of
S =Yy; parts (2) and (4) were proven in Proposition 9.17; parts (3) and (5)
follow from (2) and (4); and part (6) is Proposition 9.15 with y = 1. O
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9.3 The symbol chain

In this section, we describe the pattern of the Chain Lemma in all weights.
Using downward induction on n, we will construct a tower

S=8 —8 — -+ —>85,_9— S,_1 — S, = Spec(k), (9.19)

along with sheaves J;, J/ on S; carrying ¢-forms ;, v/ satisfying the conditions
of the Chain Lemma 9.1. The relative dimension of S;_; over S; will be £# — ¢~
so that S = S; will have dimension ¢ — ¢, as required by Theorem 9.1(1), and
each function field k(S;_1) will be purely transcendental over k(S;).

The construction will use a family of functions ®, and ¥, To define them,
we start with the function ®¢(t) = t* and a sequence ay, as, . . ., a, of units of k.
For r > 1, we inductively define functions ®,. in ¢ variables and ¥, in £" — ¢!
variables, taking values in k, and prove (in 9.23) that {ai,...,a,, ®.(x)} = 0
(mod ¢). Note that @, and ¥, depend only upon the units aq, ..., a,. We write
x; for a sequence of ¢ variables z;; (where j = (j1,...,Jr) and 0 < j; < £), so
that ®,.(x;) is defined for i = 0, ...,£—1, and we inductively define

-1
W (x1y ey Xem1) =[] [1 = araa (1), (9.20)

cI)r-i—l(XOv ceey Xg_l) :q)T(X0)\IJT+1 (Xl7 ceey Xg_l). (921)

We say that two rational functions are birationally equivalent if they can be
transformed into one another by an automorphism (over the base field k) of the
field of rational functions.

Example 9.22. Uy (z1,...,20_1) is [[(1 —a12¢) and @4 (g, ..., xe—1) is 2§ [J(1—
aizt), the norm of the element zo[J(1 — ay2;) in the Kummer extension
k(x)(a1), oy = /a;. Thus @, is birationally equivalent to symmetrizing in
the x;, followed by the norm from k[/a1] to k.

More generally, ¥,.(x1, ...,X¢—1) is the product of norms of elements in Kum-
mer extensions k(x1, ...,x¢—1)(v/b;) of k(x1,...,X¢—1).

It is useful to interpret the map ®; geometrically. Given a field extension
k(o) of degree £ over k, let A*(®) denote the variety, isomorphic to A¢, whose
F-points (2o, ...,x¢_1) correspond to elements 3 z;a’ of F(a). In fact, AF(®)
is the Weil restriction Rk(a)/kAl of the affine line over k(«a); see section 11.3.
Corresponding to the norm map k(a) — k, there is a morphism N : AR 5 AL
Similarly, the function & — k(a) defined by

(Tos 1y tim1) = zo(l — tia +t2a? — -+ £t 10"
induces a birational isomorphism A¢ = A¥(®), Finally, let A¢1-% ATYS, |
A’~! be the symmetrizing map sending (x1,...) to the elementary symmetric
functions (s1,...). Then the following diagram commutes:

A Al x AL XD pr e T k) o

birat.
\ lN
Dy
1

A-.
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Remark 9.22.1. If £ = 2, ®1(xg,21) = 23(1 — a;2?) is birationally equivalent
to the norm form u? — ajv? for k(y/ar)/k, and @2 = ®1(x¢)[l — a2®q(x1)] is
birationally equivalent to the norm form ({a,as2)) = (u? — a1v?)[1 — ag(w? —
a1t?)] for the quaternionic algebra A_1(ay,as).

More generally, ®,, is birationally equivalent to the Pfister form

(a1, ...,ar)) = (a1, .o, ar1)) L an{{ar,...;ar_1))

and W, is equivalent to the restriction of the Pfister form to the subspace defined
by the equations xo = (1,...,1).

Remark 9.22.2. (Rost [Ros99]) Suppose that £ = 3, and that k contains a cube
root of unity, (. Then P is birationally equivalent to (symmetrizing, followed
by) the reduced norm of the algebra A (a1, a2) and ®3 is equivalent to the norm
form of the exceptional Jordan algebra J(a1,as,as). When r = 4, Rost showed
that the set of nonzero values of ®4 is a subgroup of k*.

For the next lemma, it is useful to introduce the function field F. over k in
the ¢" variables x;, .. ;., 0 < j < £. Note that F;. is isomorphic to the tensor
product of ¢ copies of F,._1.

Lemma 9.23. {ay,...,a,, ®,(x)} = {a,...,a,, ¥, (x)} =0 € KM, (F,)/¢.
Ifb € k is a nonzero value of ®,, then {a1,...,a,,b} =0 € KX (k)/L.

Proof. By Lemma 9.18, {a,, ¥,.(x)} = 0 because ¥, (x) is a product of norms of
elements of k(x)(c,.) by Example 9.22. If r = 1 then {a;, ®;(x)} = {a1, 25} =0
as well. The result for F,. follows by induction, using (9.21):

{a/17 "'70’7‘+17¢’I‘+1(X)} = {a17 vy Qg 1, q)’r<x0)}{a17 vy Qg 1, \IIT‘+1(X>} =0.

The result for b follows from the first assertion, and specialization from F,. to
k, using the regular local ring at the point ¢ where ®,.(c) = b. O

The Chain Lemma is based upon the observation that certain manipulations
(or “moves”) of Milnor symbols do not change the class in KM (k)/¢. Here is
the class of moves we will model geometrically in Section 9.4; strings of these
moves will be used in Section 9.5 to prove the Chain Lemma.

Definition 9.24. A move of type C,, on a sequence aq, ...,a, in k* is a trans-
formation of the kind:

Type Cn : (ala "'aan) = (a17 ~'~7an—25anan—1(x)aan—l)-

Here ¥,,_1 is a function of £"~'—¢"~2 new variables x; = {x1 1, ...,X1,¢-1}, with
each x; ; a family of £"~2 variables, and the function field of this move is k(x1).

A move of type B,, on a sequence aq, ...,a, in k* is the result of switching
an—1 and a,, and then doing ¢ moves of type C,, applied to the sequence
A1y .0y An—2,0n, Gp—1:

Type B, : (@1 ey @p) > (A1, ey 2y Ve 15 Vi1 )

The i*" move of type C), uses a fresh set of ¢~ — (72
so a move of type B,, uses " — {"~! new variables.

variables x; = {x; ;},

June 27, 2018 - Page 123 of 281



Chain lemma

By Lemma 9.23, {a1,....,an} = —{a1,...,an—2,an¥,_1(x),a,—1} in the
larger group KM (k(x;))/¢. That is, each move of type C,, changes the symbol
by a sign. Therefore each move of type B,, leaves the symbol unchanged:

{a17-"aan} - {a1>---7an7277n7177;—1} (925)

in KM(F!)/t, where F! = k(x1,...,x¢) is a function field in ¢" — /"~ variables.
The functions 7,1 and «/,_; in 9.25 are the ones appearing in the Chain Lemma
9.1. In Section 9.5, we will define a variety S,,_1 with function field F,. This is
the initial step in the construction of the tower (9.19).

The next step uses a set xp of 71 — ¢"~2 more new variables
to do a move of type B,_1 on (ai,..,an—2,7.—1) to get the sequence
(A1, ey Gn—3, Yn—2yYh—2,Vm—_1)- The field of this move is F _; = F!(x2), a
function field in ¢® — ¢"~2 variables over k. In Section 9.5, we will define a
variety S,,_s with this function field, together with a morphism S,,_s — S, _1.

Next, apply a move of type B,,_g over the field F),_, = F|_,(x2), then a
move of type B,_3, and so on, ending with a move of type By over the field
F} in £" — ("2 variables over k. We have the sequence (y1,7],%V5, .-, Vh_1) in
™ — ¢ variables x1,...,Xy_1. Moreover, we see from Lemma 9.23 that

{ai,...,an} = {y1, Y Vs o7l in KM(K) /0. (9.26)

Let S be any variety containing U = A*"~* as an affine open, so that k(S) =
k(x1,...,X¢—1), each x; is =1 variables x;,; and all invertible sheaves on U are
trivial.

Parts (1), (2) and hence (3) of the Chain Lemma 9.1 are immediate from
(9.25) and (9.26).

Now the only thing to do is to construct S = Si, extend the invertible
sheaves (and forms) from U to S, and prove parts (4) and (6) of 9.1.

9.4 The tower of varieties P, and @,

In this section, we construct a tower of varieties P, and Q.. over a fixed base
scheme S’; with ¢-forms on invertible sheaves over them. Each P, (resp., Q)
will produce a model of the forms ¥, (resp., ®,) in (9.20) and (9.21). This
tower, depicted in (9.26), is defined in 9.28 below.

Pn—1_>"'_>Pr_>Qr71_>PT71_> ..._>Q1_>P1 —)Qozs/ (926)

The passage from S’ to the variety P,_; is a model for the move of type Cj,
defined in 9.24.

Recall that if &; is a sheaf over X; and 7; : [[ X; — X are the projections,

the external product & K --- K &, is defined to be 71 (£1) @ -+ @ 75, (Em)-
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Definition 9.27. Let X be a geometrically irreducible variety over some fixed
base S’. Given invertible sheaves K, L on X, we can form the sheaf V = O@ L,
the P'-bundle P(V) over X, and O(—1). Taking products over S’, set

-1
P:H1 P(O®L); Q=X xg P.

If X has relative dimension d over S’ then P and () have relative dimensions
(6 —=1)(d+1) and ¢d + ¢ — 1, respectively.
On P and @, we have the external products of the tautological sheaves:

Op(-1,...,-1)=0(-1)KO(-1)K---KO(-1) on P,
KXO(-1,...,—1) on Q.

Given (-forms ¢ and o on K and L, respectively, the sheaf O(—1) has the ¢-form
€, as in Example 9.7, and the sheaves O(—1,...,—1) and K X O(-1,...,—1)
are equipped with the product ¢-forms ¥ = [Je and & = p ® V.

Remark 9.27.1. Let = (x1,...,2¢_1) denote the generic point of X*~!. The
function fields of P and @ are k(P) = k(x)(y1,...,ye—1) and k(Q) = k(P) ®
k(xo). We may represent the generic point of P in coordinate form as a (¢ —1)-
tuple {(1 : y;)}, where the y; generate L over x;. Then y = &f:ll(l,yi) is a
generator of O(—1,...,—1) at the generic point, and ¥(y) = [[(1—o(y;)) by 9.7.
If wg is a generator of K at the generic point g of X, then ®(y) = ¢(vg)¥(y).

Example 9.27.2. An important special case arises when we begin with two
invertible sheaves H on S’, K on X, with ¢-forms « and . In this case, we set
L = HX K and equip it with the product form o(u ® v) = a(u)p(v). At the
generic point ¢ of () we can pick a generator u € H|, and set y; = u ® v;; the
forms are the forms of (9.20) and (9.21), with @, and a,1; replaced by ¢ and

| w(y) = [[( - awow)), () = p(o) B(y).

Remark 9.27.3. Suppose a group G acts on S/, X, K and L, and Ky, Ly are
nontrivial 1-dimensional representations so that at every fixed point = of X

kE(x)=k and L, = L.

Then G acts on P (resp., Q) with 2/~! fixed points y over each fixed point
of X*~1 (resp., of X*), each with k(y) = k, and each fiber of O(—1,...,—1)
(resp., K K O(—1,...,—1)) is the representation L} (resp., Ko ® L) for some
j (0 <j < ¥). Indeed, G acts nontrivially on each term P! of the fiber [P, so
that the fixed points in the fiber are the points (y1,...,y¢—1) such that each y;
is either (0: 1) or (1:0).

We now set Qo = S’ and recursively define the tower (9.26) of P. and Q,
over a fixed base S’, an invertible sheaf K, on @, and an /-form ®, on K,. We
start with invertible sheaves Hy,..., H,, and Ky = Og on S’. Each H; has a
nonzero {-form «a;, and Ky has the (-form ®¢(t) = t*.
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Definition 9.28. Given a variety @),_1 over S’ = Qg and an invertible sheaf
K,_1 on Q,_1, we form the varieties P, = P and @, = @ using the construction
in Definition 9.27, with X =Q,_1, K=K,_y and L = H, X K,._1 as in 9.27.2.

To emphasize that P, only depends upon S’ and Hy, ..., H,, we will sometimes
write P.(S’; Hy,...,H;). Asin 9.27, P, has the invertible sheaf O(—1,...,—1),
and @, has the invertible sheaf K, = K,_1 K O(-1,...,—1).
Constructed Input
Qr = Qr—l X Pr Pr Qr—l
K. =K._1XO(-1,...,-1) K,
¢, =0, 17, U, &,

Inductively, the invertible sheaf K,._; on Q,_1 is equipped with an ¢-form ®,._.
As described in 9.27 and 9.27.2, the invertible sheaf O(—1,...,—1) on P, ac-
quires an (-form WV, from the ¢-form o, ® ®,_; on L = H, ® K,_1, and K,
acquires an {-form &, = &,._; @ V,..

Example 9.28.1. Q; = P; is Hf_llP’l(O @ Hy) over S, equipped with the

invertible sheaf K; = O(—1,...,—1). If H; is a trivial invertible sheaf with
(-form () = a;t’ then ®; is the (-form ®; of Example 9.22.
Py is Hi_l PY(O @ Hy ® K1) over Qf_l, and Ko = K1 KO(-1,...,-1).

Lemma 9.29. Ifr > 0 then dim(P,/S") = (("—¢""1) and dim(Q,./S") = £"—1.

Proof. Set d,. = dim(Q,-/S"). The lemma follows easily by induction from the
formulas dim(P,41/5") = (£ —1)(d, + 1), dim(Qy4+1/5") = €d,. + £ — 1. O

Choosing generators u; for H; at the generic point s of S/, we get units a; =
a;(u;) in k(S"), and {aq,...0}s = {a1,...,a,}. Recall that the inductive
Definition 9.28 begins with the /-form ®(t) = t* over Qq = S'.

Lemma 9.30. For allr > 0, the {-forms ¥, and ®, of 9.28 agree at the generic
points of P, and Q, with the forms defined in (9.20) and (9.21).

Proof. This follows by induction on r, using the analysis of Example 9.27.2.
Given a point ¢ = (q1,...,q¢) of Q°} and a point {(1 : ;)} on P, over it,
y = K1, ) is a nonzero point on O(—1,...,—1) and y; = 1 ® v; for a
section v; of K,_1. Since ¢(1,y;) =1 — a,®,.—1(v;) and ¥,.(y) = [] e(1,y;), the
forms W, agree. Similarly, if vg is the generator of K,_; over the generic point
qo then 3y’ = vy ® y is a generator of K, and

D,.(y') = @1 (v0) U, (y),

which is also in agreement with the formula in (9.21). O

Recall that K is the trivial invertible sheaf, and that ®( is the standard
(-form ®y(v) = v’ on K. Every point of P, = [[P(O @ L) has the form
w = (wy,...,we—1), and the projection P, — [[ Q,—1 sends w € P, to a point
T = (331, v ,xg_l).
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Proposition 9.31. Let s € S’ be a point such that aqls,...,ar|s # 0, and let
w be a point of P, over s.

1. If U, |, =0, then {1, ..., a;}w vanishes in KM (k(w))/?.

2. If ®.|q = 0 for some q = (zo,w) € Qr, then {a1,...,a;}|q; vanishes in
KM(k(q))/L.

Proof. Since @, = ®,_; ® ¥, the assumption that ¥,|, = 0 implies that
D, |, =0 for any zg € Q,—1 over s. Conversely, if ®,.|; = 0 then either ¥, |, =0
or ®,_4];, = 0. Since &y # 0, we may proceed by induction on r and assume
that ®,._1|;; # 0 for each j, so that ®,[, = 0 is equivalent to ¥,[, = 0.

By construction, the ¢-form on L = H, ® K, is o(u, ® v) = a,P._1(v),
where u, generates the vector space H,|s, ar = a,(u,) and v is a section of
K, 1. Since V.|, is the product of the forms €l,,, some €[,; = 0. Lemma
9.9 implies that a,®,_1(v) is a £th power in k(x;), and hence in k(w), for any
generator v of K 1|,,. By Lemma 9.23, {a1,...,a,_1,®,_1} = 0 and hence

{ala v aar}lw = {al, v ;ar} = {al, v ;ar—laarq)r—l} =0
in KM (k(w))/¢, as claimed. O

We conclude this section with some identities in CH*(P,)/¢, given in 9.34.

To simplify the statements and proofs below, we write ch*(X) for CH*(X)/¢
and cho(X) for CHy(X)/¢, and adopt the following notation.
Notation 9.32. Set ) = ¢1(H,) € ch'(S’),and v = ¢, (O(—1,...,—1)) € ch'(P,).
Writing P for the bundle P(O @ H, ® K,._1) over Q,_1, with tautological sheaf
Op(—1), let ¢ € ch(P) denote ¢1(Op(—1)) and let k € ch(Q,—_1) denote ¢1 (K,_1).
We write ¢;, x; for the images of ¢ and & in ch(P,) under the jth coordinate
pullbacks ch(Q,—1) — ch(P) — ch(P,).

Lemma 9.33. Suppose that Hy,...,H,._1 are trivial. Then
(a) 7" =~"""n% in ch(P,), where d = " — (r1;
(b) If in addition H, is trivial, then v = —[] ¢jKS, where e = "1 — 1.
(c) If S' = Speck then the zero-cycles k° € chg(Q,—1) and ¥* € cho(P,)
have degrees

deg(k®) = (—1)""' and deg(v?) = -1 modulo L.

Proof. First note that because K, i is defined over the e-dimensional variety
Qr—1(Speck; Hy, ..., H._1), the element k = ¢ (K,_1) satisfies &' =0. Thus
(n+r)" " =n""" and hence (1 + x)? = . Now the element ¢ = ¢1(Op(—1))
satisfies the relation ¢? = ¢(n + &) in ch(P) and hence

&= c‘”il(n + K)d _ Ce“lnd
in ch® (P). Now recall that P, = [JP. Then y =" ¢; and (a) holds:

’YzT _ Zc‘fr _ ZC‘?T—lnd _ rye'r‘—lnd.
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2 = ck. Setting b; = C§T71 = ¢jKS,
we have v¢ = ¢ (=1 = (Y b, ;)71 To evaluate this, we use the algebra trick
that since b7 = 0 for all j andﬂ— 0 we have (3 b;) "1 = ((—1)!T]b; = —1b;.
Thus (b) holds.

For (c), note that if S’ = Speck then = 0 and 7% is a zero-cycle on P,. By
the projection formula for 7 : P, — [[ Q,_1, part (b) yields m.v¢ = (=1)* ] K.
Since each @,._1 is an iterated projective space bundle, the Projective Bundle
Formula [Har77, A11] yields ch([[Q,_1) = ®{ 'ch(Q,_1), and the degree of
11 x5 is the product of the degrees of the x§ By induction on 7, these degrees
are all the same, and nonzero, so deg(]] H]) =1 (mod ¢). Hence deg(v?) = —1
(mod ¢).

It remains to establish the formula for deg(x¢) by induction on r, the case
r = 0 being clear. Since the x in ch(Q,) is ¢ ( r) and the Qz are projective
space bundles, it suffices to compute that c; (K, ) ~! = x°y? in ch(Q,) =
ch(Q,_1) ® ch(P,). Since k™! =0 and ¢1(K,) = k + v we have

When H, is trivial we have n = 0 and hence ¢

r—1 r—1 r—1
a(K.)"  =rt et =0
and hence ¢; (K,.)¢ = 4%, Since v+ = 0, this yields the desired calculation:
e (K) 7t = e (K, e (K) Y = (k + 7)°y? = k842, O

Corollary 9.34. If Hy,...,H._1 are trivial, there is a ring homomorphism
Fo[X, 2]/ (2= A12) = ch(Py), sending A to n* ' and z to 4*

9.5 Models for moves of type C,

In this section we construct maps S,_1 — .5, which model the ¢ moves of
type C,, defined in 9.24. Each of the moves of type C,, introduces ¢~ — 72
new variables, and will be modelled by a map Y,, — Y,._; of relative dimension
(=1 —¢"=2 using the P,_; construction in 9.28 over the base S’ = S,,, starting
with Yy = S,,. The result (Definition 9.35) will be a family of sheaves L; lying
over varieties Y; fitting into a tower of the form:

Jn—1 =Ly Ly Ly Ly Lo=J,

Sor=Y, 5% v, — oo v Bovdy o y=s,.

Fix n > 2, a variety S,, and invertible sheaves Hy,...,H,_o, Ly = J,
and L_y; on S,. The first step in building the tower is to form Y; =
P,_1(Sn;Hyy. .., Hy—9,Lg) as in 9.28, with invertible sheaf L; = L_; K
Oy, (—1,...,-1). In forming the other Y,., the base S’ in the P,_; construction
9.28 will become Y,._; and the role of Ly will be played by L,._;. Here is the
formal definition.
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Definition 9.35. For r > 1, we define morphisms f, : Y;, — Y,._1 and invertible
sheaves L, on Y, as follows. Inductively, we are given a morphism f,._1 : Y,_1 —
Y, _5 and invertible sheaves L,_1 on Y,_1, L,._5 on Y, _5. Set

Y, =Py (Yyoi3 Huy oo Hoyo, Loy) 25 Yoy,
L, :f:f:fl(LT*Q) ® OYT(_L ceey _1)’

where Oy, (—1,...,—1) is defined in 9.27.
We define S,,_; to be Yy; by Lemma 9.29, dim(Y,./Y,_1) = £*~1 — ("2 and
hence dim(S,,—1/5,) = " — £"~1. Finally, we set

In—1 :Lfa Jrll—l :f;(Ll—l)-

For example, when n = 2, this tower is exactly the tower of 9.10: we have
Y, = Pl(Yr—l;Lr—l) = H]P)l(o 2] Lr—l)-

Remark 9.35.1. The invertible sheaves J,_; and J)_; will be the invertible
sheaves of the Chain Lemma 9.1. The rest of the tower of S; displayed in (9.19)
will be obtained in Definition 9.37 by repeating this construction and setting
S=25.

The /-forms

We now define the ¢-forms on the invertible sheaves J,,—1 and J},_; of Definition
9.35. Suppose that the invertible sheaves L _; and Ly = J,, on S,, are equipped
with the ¢-forms By and S_;. Initially, 8y and 5_; are a,,—1 and «,. Then
U, _1 is an ¢-form on Oy, (—1,...,—1), depending upon fy, and we endow the
sheaf Ly in Definition 9.35 with the ¢-form 81 = f*(8-1) ® ¥,,_1; inductively,
the form S,_; determines a form ¥, _; and we endow the invertible sheaf L,
with the ¢-form

ﬁr = f*(ﬁr72) Q@ W,_1.

Example. When n = 2, we saw that the tower 9.35 is exactly the tower of 9.10.
In addition, the ¢-form B, = ¥; (depending upon S,_1) on Op (-1,...,-1)
agrees with the /-form ¢, of 9.16.

Lemma 9.36. If By = a,—1 and B_1 = «y,, then (at the generic point s of Y1)
the -form (1 agrees with the form a,V,_;1 in (9.24), while By and Be—1 agree
with the L-forms vy,—1 and ~v),_, in (9.25). Moreover, {aq,...,an—_2, B, B-1}
agrees with —{ay, ..., Qn—2, B¢, Be—1}-

Proof. By Lemma 9.30, the form ¥, _;|s agrees with the form ¥, _; of (9.20);
this proves that (;|s agrees with a, ¥, _;. By Definition 9.24, the first move of
type C,, replaces Sy, -1 by 51,80 Applying Lemma 9.30 ¢ times, we obtain
(9.25). The final assertion now follows from 9.26. O
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9.6 Proof of the Chain Lemma

This section is devoted to proving the Chain Lemma 9.1.

Scheme of the proof 9.37. The tower (9.19) of varieties S; is obtained by
downward induction, starting with S,, = Spec(k) and sheaves Hy, ..., H,. Con-
struction 9.35 with Lo = H,, and L_; = H,,_; yields S,,—1 (= Y%), sheaves J,,_1
and J),_; and ¢-forms y,_1 = B, and v/,_; = Be—1. Inductively, we repeat con-
struction 9.35 for ¢ to produce the scheme S;, the sheaves J; and J/, and ¢-forms
on them, starting with the output S;y; and sheaves Hy,...,H;_1, Lo = Ji11
and L_, = H; of the previous step. Finally, we set S = 5.

Since dim(S;/Si11) = T — ¢* we have dim(S;/S,,) = £* — ¢*. In particular,
since dim(S,,) = 0 and S = S; we have dim(S) = ¢ — ¢. This proves part (1)
of the Chain Lemma.

By downward induction in the tower (9.19), each J; and J/ carries an ¢-form,
which we call v; and 7}, respectively. By 9.36, these forms agree with the forms
~i; and ~; of (9.25) and (9.26). Part (2) now follows from Lemma 9.36, (9.25)
and (9.26); part (3) follows. Part (4) was proven in Proposition 9.31; part (5)
follows. Thus we have established all but part (6) of the Chain Lemma.

The rest of this section is devoted to proving the final part (6), that the
degree of the zero-cycle ¢; (J1)4™ < is relatively prime to ¢. This will be achieved
in Theorem 9.43. In preparation, we need to compare the degrees of the zero-
cycles ¢1(J,—1)3m %1 on S, 1 and ¢;(J;)4™% on S, for i < n — 1. In order
to do so, we introduce the following algebra.

Definition 9.38. We define the graded Fs-algebras A, and A, = A,/\_1A,
by:

Ar =T A1, 00,5 Am 21, 2] /({2 = N i i = Nia —zi | i =1,...1}).
The variables A\; and z; all have degree 1.

Remark 9.38.1. Suppose that Hy, ..., H,_o are trivial. By Corollary 9.34 with
r = n — 1, there is an algebra homomorphism A, % ch(Y;), sending each \;
to 1 (L;)"" " and each z; to ¢;(Oy, (—1,...,—1))¢"". When L_, is trivial, and
hence A\_1; = ¢1(L_1) = 0, p factors through A,.

Lemma 9.39. In A,, every element u of degree 1 satisfies ut = uf)\ff*e,

Proof. We will show that A, embeds into a product of graded rings of the form
A = Fo[Mo][v1, ..., 0]/ (v%, ..., vE). In each entry, u = alg + v with v’ = 0 and
a € Fy, so u® = a)j and ut = a)\ff, whence the result.

Since A, 1 = A,[2]/(z* — \.712) is flat over A,, it embeds by induction into
a product of graded rings of the form A’ = Ag[z]/(2f = A712), A € Ay, IEX #0,
there is an embedding of A’ into Hf;é Ay whose ith component sends z to i\.
If A\=0, then A" = Ap,q. O

Remark 9.39.1. Tt follows that if k,m > 0 and (¢2—/¢) | m then u**+™ = APk
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ss A (N2 N —g? -1
Proposition 9.40. In A;,, A, ~" =X (ITz""+TXo) for all N > 2, where
T is a homogeneous polynomial of degree £ —¢—1.

Proof. By Definition 9.38, A, is free over F;[\o], with a basis consisting of the
elements [[2" (0 < m; < ¢). Thus any term of degree /N — / is a linear
combination of F = )\gN*ZQ [12°7" and terms of the form Aj™ [] 2™ where
TS N — 2 and mo > N — £2. Tt suffices to determine the coefficient of F
in )\nge. Since )\ENfé = )\ng62 )\ngé by Remark 9.39.1, it suffices to consider
N =2, when F = Hzf_l.

As in the proof of Proposition 9.15, if £ > r > 2 we compute in the ring A,
that

XD = (2 A TDHE) = (G XE ) (2 4 A 0)
=M+ M) T o + Ae) T = A e

where T is a homogeneous polynomial in A,_1[z,] of total degree </—1 in z,.
By induction on r, the coefficient of (z1 -+~ %)t in A\p" Vs 1 for all 7. O

Lemma 9.41. If S,, = Spec(k) and ¢ = ¢1(Jn_1) € CH(S,,_1), then
deg(cimSn-1y = —1  (mod ¢).

Proof. Set d = dim(S,_1) = ¢ — ¢"~1; under the map A, LN ch(Sy—1) of
9.38.1, the degree ¢2 — ¢ part of A, maps to CH?(S,,_1). Since S,, = Spec(k),
all the sheaves Hy,...,H, o, H, and Ly = J, are trivial. This implies that
p factors through A, and that p()\g) = 0. By Proposition 9.40, the zero-cycle
¢ = p(A)” ¢ equals the product of the p(z)~! = c1(Oy, (=1,...,—1))¥*~
Because S,—1 = Yy is a product of iterated projective space bundles, C Hy(Y7)
is the tensor product of their C'Hy groups, and the degree of ¢? is the product of
the degrees of the ¢;(Oy,(—1,...,—1))%* each of which is —1 by Lemma 9.33.
It follows that deg(c?) = —1 (mod /). O

Theorem 9.42. Fixi <n — 1. If S; has dimension 5 —{" and Hy,...,H;_o
and H; are trivial, then the zero-cycles ci(J;_1)3™%-1 € CHy(S;_1) and
c1(J;)4m S € CHy(S;) have the same degree modulo {:

deg(ey (J;—1)3mSi-1) = deg(cq (J;)M™ %) (mod £).

Proof. By Remark 9.38.1, there is a homomorphism A, % ch(S;_1), factoring

through Ay, sending A; to ¢;(L;)  and z; to ¢; (Oy,(—1,..., —1))¢
Set N=s—i+2and y = )\éN_KQ, 0 p(y) = c1(J;)4™ 5 € chy(S;). From
Proposition 9.40 we have )\ﬁN*e =y]] szl, since

PG Y =0 in f*ch(S;) C ch(S;_1).

By Lemma 9.14, the degree of this element equals the degree of y modulo /.
O
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If we combine Lemma 9.41 and Theorem 9.42, we obtain the following result.
Theorem 9.43. For each i < n, deg(c1(J;)¥™ %) = —1 (mod ¢).

Theorem 9.43 establishes the final part (6) of the Chain Lemma 9.1, that
the degree of ¢;(J;)4™ 51 is relatively prime to £.

9.7 Nice (G-actions

In this section, we extend the Chain Lemma 9.1 to include an action by the
group py = (pe)” on S, J; and J/ leaving ; and ~/ invariant. We will assume
that 1/¢ € k and py C k™, so that we may regard p, as a discrete group. We
also show that the action is nice, in the following sense.

Recall that if a finite group G acts on X then the (reduced) fixed-point
subscheme Fixg(X) is {z € X : (Vg € G)gx =2 and g =1 on k(z)}.

Definition 9.44. (Rost, cf. [Ros98b, p.2]) Let G be a finite group acting on a
k-variety X. We say that the action is nice if Fixg(X) is 0-dimensional, and
consists of k-points.

When G also acts on an invertible sheaf L over X, G acts on the corre-
sponding geometric bundle .. We say that the action on L is nice if G acts
nontrivially on L|, for every fixed point x € X. In this case, Fixg(L) is the
zero-section of L over Fixg(X).

Suppose that G acts nicely on each of several invertible sheaves L; over
X, giving a canonical representation G — [[ Aut(L;|.) = [[ k. We say that
G acts nicely on {Lq,..., L.} if for each fixed point © € X the image of the
canonical representation is [[ G;, with each G; nontrivial.

Remark 9.44.1. Tf X; — S are equivariant maps and the X; are nice (i = 1,2),
then G also acts nicely on X x g X5. However, even if G acts nicely on invertible
sheaves L; it may not act nicely on L; X Ly, because the representation over
(21,x2) is the product representation Lq|,, ® La|.,, and a tensor product of
non-trivial representations can be trivial.

Example 9.45. Suppose that G acts nicely on an invertible sheaf L over X.
Then the induced G-action on P = P(O @ L) and its tautological sheaf O(—1)
is nice. Indeed, if z € X is a fixed point then the fixed points of P|, consist of
the two k-points {[O],[L]}, and if L|, is the representation p then G acts on
O(—1) at these fixed points as p and p~!, respectively.

By 9.44.1, G also acts nicely on the products P = [[P(O @ L) and Q =
X X g P of Definition 9.27, but it may not act nicely on Op(—1,...,—1).

Example 9.46. If an ¢-group G acts nicely on L, it also acts nicely on the
projective space P(A) of the Kummer algebra sheaf A = A(L) of 9.8. Indeed,
an elementary calculation shows that FixgP(A) consists of the ¢ sections [Lf],
0 < i < £ over Fixg(X). In each fiber, the (vertical) tangent space at each fixed
point is the representation p @ --- @ p*~1. If G = g, this is the reduced regular
representation (because py C k™).
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Over any fixed point « € X, L|, is trivial, and the cyclic group of order £
acts on the sheaf A|, by L' — L+l rotating the fixed points. This induces
G-isomorphisms between the tangent spaces at these points.

Example 9.46.1. In contrast, the action of G on Y = P(O @ A) is not nice,
because Fixg(Y) is not 0-dimensional. In this case, an elementary calculation
shows that Fixg(Y') consists of the points [L?] of P(A), 0 < i < ¢, together with
the projective line P(O @ O) over every fixed point z of X. For each z, the
(vertical) tangent space at [L'] is 1@ p®---@p'~1; if G = puy, this is the regular
representation.

When G = puj, the following lemma allows us to assume that the action
on L, is induced by the standard representation py C k™, via a projection
G — L.

Lemma 9.47. Any nontrivial 1-dimensional representation p of G = py factors
as the composition of a surjection G — g with the standard representation of
He-

Proof. The representation p is an element of (Z/¢)" = G* = Hom(uy, G,,), and
7 is the Pontryagin dual of the induced map Z/¢ — G* sending 1 to p. O

The construction of the P, and @, in 9.28 is natural in the given invertible
sheaves Hy,...,H, and K, over S’. Therefore the construction of the Y, and
Sn—1 in 9.35 is natural in the given invertible sheaves Hy, ..., H,_2, Lo and L_1.
The same is true for the construction of the S; and S = S in 9.37 above. Since
[T, Aut(H;) acts on the H;, this group (and the subgroup G = p}) will act on
the variety S,_1, and on the invertible sheaves J,_; and J/,_;. Hence G acts
on the variety S of the Chain Lemma. We will show that it acts nicely on S.

Recall from Definition 9.28 that P, and @, are defined by the construction
9.27 using the invertible sheaf L, = H, ® K,_; over Q,_1.

Lemma 9.48. If S' = Spec(k), then G = pj acts nicely on L,, P, and Q..
This implies that any subgroup of [;_, Aut(H;) containing pj, also acts nicely.

Proof. We proceed by induction on r, the case » = 1 being 9.45, so we may
assume that uz_l acts nicely on Q,—1. By 9.44.1, it suffices to show that G = uj,
acts nicely on P(O & L,.), where L, = H, ® K,_;. Since the final component
e of G acts trivially on K,._; and @,_; and nontrivially on H,., G = /1271 )
acts nicely on L,. By Example 9.45, G acts nicely on P(O & L,.). O

The proof of Lemma 9.48 goes through in slightly greater generality.

Corollary 9.49. Suppose that G = u} acts nicely on S’ and on the invertible
sheaves {Hy,...,H,} over it. Then G acts nicely on L., P, and Q.

Proof. Without loss of generality, we may replace S’ by a fixed point s € S,
in which case G acts nicely on {Hj,...,H,} through the surjection puj} — wuj.
Now we are in the situation of Lemma 9.48. O
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Example 9.49.1. Suppose that G acts nicely on Y, 1 and on the invert-
ible sheaves Hy,...,H, o, L._1. By Corollary 9.49, G acts nicely on Y, =
P,_1(Y,_1;Hy,...,Hy_o,L._1) and on the sheaf L,_;. Since the last factor

pe of G = py acts solely on L,_, it follows that the group puj = ;L;‘_l ",
acts nicely on the family of invertible sheaves Hy,...,H, _2,L,_1, and L, =

L,_o®0(—1,...,—1) over Y.
We can now process the tower of varieties Y;. defined in 9.35.

Proposition 9.50. Suppose that G = Gg X puj acts nicely on S, and (via
G — up)on{Hy,...,Hy_o,Lo,L_1}. Then G acts nicely on each Y,, and on
its invertible sheaves {Hy,...,Hp_o, Ly, Lo_1}.

Proof. The question being local, we may replace S’ by a fixed point s € S’, and
G by py. We proceed by induction on r, the case r = 1 being Example 9.49.1,
since L1 = H,, ® O(—1,...,—1). Inductively, suppose that G acts nicely on Y.
and on {Hy,...,Hy_9,L,,L,._1}. Thus there is a factor of G isomorphic to p
which acts nontrivially on L, but acts trivially on {Hj, ..., H,_2, L.}. Hence
this factor acts trivially on Y41 = P,—1(Y,; Hy, ..., Hy—2, L) and its invertible
sheaf O(—1,...,—1), and nontrivially on L,11 = L,_1 ® O(—1,...,—1). The
assertion follows. O

Corollary 9.51. G = uy acts nicely on S and J.

Proof. By Definition 9.35, S,,—1 = Yp, Jo—1 = Ly and J)_; = Ly;—1. By 9.50
with » = ¢, G acts nicely on S,_1 and on {Hy,...,Hy—2,Jn-1,J),_1}. By
downward induction, G = /QLI,“Z' X u@ acts nicely on S; and {Hq, ..., H;—1,J;, J!}
for all i« < n. The case i = 1 is the conclusion, since (5, J) = (S, J1). O

9.8 Chain Lemma, revisited.

In this section we prove a variation of the Chain Lemma, Theorem 9.52, which
needs the extra assumption that BL(n-1) holds, and will be use to prove the
multiplication principle 11.5. To state Theorem 9.52, we need some notation.

Recall from the Chain Lemma 9.1 that the variety S is equipped with an
invertible sheaf J and an ¢-form v on J. As in Definition 9.8, there is a sheaf
of Kummer algebras A = ®:_j.J% on S associated to v; we write S({/7) for the
scheme Spec(.A), noting that it is finite and flat of degree ¢ over S.

The fiber of S(y/7) over a point s € S is Spec(A|s) where A, is described
in Definition 9.8: if u is a nonzero element of J; and ¢ = ~,(u) € k(s) then

Als = k(s)[u]/(u® —t); if t & k(s)*, we write k(s)({/7(s)) for the field k(s)(v/t).
If uy C k™, every field extension E/k of degree ¢ is a cyclic Galois extension

of the form k(+/t) for some ¢ € k. Theorem 9.52 says that if £ splits the symbol
{a1,...,a,} then E comes from the above construction for some k-point s of S.
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Theorem 9.52. Let k be an {-special field k of characteristic 0, and suppose
that BL(n-1) holds. Given a nonzero symbol a € KM (k)/l over k, let S be the
variety constructed in the Chain Lemma 9.1 for a.

For each cyclic extension E of k of degree £ that splits a, there exists a
k-rational point s € S(k) such that E = k(/7(s)).

Before proving Theorem 9.52, we state a corollary in the form that will be
used to prove the multiplication principle (Theorem 11.5).

Corollary 9.53. Let k be a {-special field of characteristic 0, and suppose
that BL(n-1) holds. Given a nonzero symbol a € KM (k)/t over k, and a se-

quence E1,... E, of cyclic extensions of k of degree { splitting a, there ex-
ist al,...,al, € k* such that a = {a},...,al,} and each E; splits the symbol
{dl,...,al}.

Proof of Corollary 9.53. We will prove by induction on 7, 1 < j < n, that we can
find a,...,a, so that the splitting condition holds for 1 < i < j. By Theorem
9.52, there is a k-point s € S so that By = k(</~(s)). Since a = {v(s),...} (by
the Chain Lemma 9.1), the case j = 1 follows.

Inductively, suppose that the splitting condition holds for j — 1. After rela-
belling, we may assume that E; splits {a1,...,a;—1} for 2 <14 < j. Again using
Theorem 9.52, choose a k-rational point s € S such that By = k(</7(s)); E1r
splits {y(s)}. By part (2) of the Chain Lemma 9.1, a = {y(s),71(8), .-, Yh_1(5)}
and {a1,...,a;-1,7%(9)} = {7v(s),71(s),...,7_1(s)}. By induction, the latter
symbol is split by E; for 2 < ¢ < j. Setting aj = v(s) and a}, = ~v,_,(s) for
1=2,...,7, we see that the splitting condition holds for j. O

The proof of Theorem 9.52 will use the invariant n(X/S), which is defined
in 8.22, and Theorems 7.5 and 8.25, which require characteristic 0.

Lemma 9.54. If uy C k and vy is nonzero at the generic point sg of S, then
either s, (L|s,) = k(s0)** or else S(¢/7) is a pseudo-Galois cover of S with
group pg. In this case, n(S(/7)/S) is defined in Z/l and equals the degree of
the zero-cycle c1(J)Y™ 9 which is nonzero by the Chain Lemma 9.1(6).

Proof. Let u be a nonzero element of J|,, and consider the element t = 7, (u)
of k(so). The fiber of S(¢/7) over sq is Ey, = k(s)[u]/(u’ —t); if t & k(so)* then
E,, is a field extension of k(sg) with Galois group pe. In this case, S(/7) is
a variety with function field E,,. The natural action of y, on any line bundle,
and in particular J, extends naturally to an action on A and hence on (/7).
Thus S(/y) — S is a pseudo-Galois cover in the sense of Definition 8.19.

If s is a closed point of S contained in V(v) then k(s) splits a by 9.1(4) and
hence ¢ divides [k(s) : k|. Hence n = n(S(/7)/S) is defined (see 8.22). Since the
invertible sheaf corresponding to this pseudo-Galois covering of S' is the dual J*
of J, n = deg(cy(J*)4m9). Since ¢;(J*) = —c1(J) and dim(S) = £"— £ is even,
we have = (—1)4™Sdeg ¢; (J)4™ 3 = deg c; (J)4™ 5 and the result follows. [
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Lemma 9.55. For every finite field extension F' of k(S(/7)) of degree prime
to ¢, there is a diagram of smooth projective varieties and dominant maps, where
the degree of h is prime to £ and F' is the function field of S(/7):

S(v7) — S
El hi
S(vv) —— 8.
If char(k) = 0 and py C k then n(S(¢/7)/S) = deg(h) - deg(cy (J)4m™ ).

Proof. Choose a Sylow ¢-subgroup P of the Galois group of F'/k(S), and let F
be the fixed subfield of F’ fixed by P. Then [F’ : F| = ¢ and [F : k(S)] is prime
to £. Let Sp be the normal closure of S over F, with canonical map Sp — S;
locally, the restriction of Sg over an affine open Spec(4) C S'is Spec(fl), where
A is the normalization of A4 in F. Let S be a resolution of singularities of Sg
with projection h : S — S. Finally, the ¢-form ~ on J lifts to an /-form h*~y on
h*(J), and the finite flat map S(\fﬁ) — S is compatible with S(yv) — S.
The final assertion comes from Theorem 8.25 and Lemma 9.54. O

Remark 9.55.1. By the Chain Lemma 9.1(2), the function field of S(y/7) splits
a. If X is a norm variety for a, there is a finite field extension F’ of k(S(/7))

of degree prime to £ and an F’-point Spec(F’) — X. Forming S as in Lemma

9.55, this F’-point extends to a rational map ¢ : S((ﬁ) --> X,
Recall that the cyclic group C; = (o) acts on X! by o(x1,...,2¢) =
(xg,...,2¢,21), and that C*X denotes the geometric quotient variety X*/C,.

Let o be a generator of Cy, and let ¢ : S’(\lﬁ) - - > X be the rational map
mentioned above. Choosing an isomorphism Cy & g, the rational maps ¢o*
assemble to form a Cy-equivariant rational map g = (&, ¢o, ey ot h) from

S(y7) to X ¢, Taking geometric quotients yields a rational map g from S to
C'X = X'/Cy. Thus we have the commutative diagram:

S(Yy) -=-- i > xt
J/ _ \L (9.55.2)
S fffffffff ‘g ,,,,,,,, > C«[(X)

Proposition 9.56. If char(k) =0 and pe C k, the degree of g is prime to .
Proof. By the Degree Formula 8.25,

deg(h) - n(S(v/7)/8) = n(S(¢/7)/8) = deg(g) - n(X*/C*X).

The left side is nonzero by Lemmas 9.54 and 9.55, which implies that deg(g) is
also nonzero modulo /. O
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Proof of Theorem 9.52. Let X be an ¢-generic splitting variety for a; X exists by
Theorem 10.17, because of our inductive hypothesis that BL(n-1) holds. Since
E splits a and E is {-special, there is an E-point ¢ : Spec(E) — X. Let o be
a generator of the cyclic group G = Gal(E/k); each o' is also an E-point of
X. The sequence of these points yields a G-equivariant map p : Spec(E) — X*;
taking geometric quotients yields a diagram

p= (o, pa't)

Spec(E) Xt
! |
Spec(k) z CU(X).

Since the diagonal copy of X in X* has no k-points, and is the singular locus
of C*(X), the image of z is a smooth point of C*(X), lying in the unramified
locus of X¢ — C*(X). It follows that the diagram is Cartesian, i.e., that the
fiber over z consists of a single E-point, namely the image of p.

Since the map ¢ in (9.55.2) is dominant of degree prime to ¢ (by 9.56), so
is the induced rational map g : S — C*(X). By Theorem 7.5, we can lift the
smooth k-point z of C*(X) to a k-point 3 of S and hence a k-point s of S such
that ¢g(§) = z. Since v # 0 in a neighborhood of every k-point of S, by the
Chain Lemma 9.1(5), the map S(v/%)) — S is unramified in a neighborhood
of s. Because the diagram (9.55.2) is Cartesian, the fiber of S(v/%) over 3 is a
single point with residue field E. Thus k(v/t) = k(3)(v/t) 2 E. O

9.9 Historical notes

The Chain Lemma for n = 2 and ¢ = 2 is a reformulation of the common
slot lemma for quaternionic division algebras: if the algebra (a1,as) is split
over k(y/c) then (aq,a2) = (a1,v) = (¢,7) for some v € k. The extension to
n = 2 and ¢ = 3, formulated in terms of cyclic division algebras of degree 3
(in characteristic # 3), was given by Rost in [R0os99]. The Chain Lemma in its
present form, and its proof, was given by Rost in the 1998 preprint [Ros98a].

Our formulation of the Chain Lemma (Theorem 9.1) is taken from the
Suslin—Joukhovitski paper [SJ06, 5.1]. The proof of the Chain Lemma pre-
sented here is taken from [HWO09] and is based upon Rost’s preprint [Ros98b],
his web site [Ros98a] and Rost’s lectures at the Institute for Advanced Study
in 1999-2000 and 2005.
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Chapter 10

Existence of norm varieties

The main goal of this chapter, achieved in Theorem 10.17, is to construct norm
varieties for symbols a = {a1,...,a,} over a field k of characteristic 0, and
start the proof (completed in Chapter 11 using the Norm Principle) that norm
varieties are Rost varieties. In turn, Rost varieties are used in Chapter 5 to
produce Rost motives, which are used in Chapter 4 to establish the H90(n)
condition used to prove our main theorem, Theorem 1.11.

Section 10.1 recalls the definition of a norm variety for a symbol g in
KM(k)/t; if n > 2 and k is f-special, norm varieties are geometrically irre-
ducible. In section 10.2, we use the Chain Lemma 9.1 to produce a specific
Vn_1-variety P(A), and a pencil Q of splitting varieties over A’ —{0} whose
fibers @Q,, are fixed point equivalent to P(A). Using the bordism result 8.17, we
see that any equivariant resolution Q(a) of Q., is a v,_1-variety. In section 10.3
we use Rost’s degree formula 8.9 to show that any norm variety for g is v,
because Q(a) is. A norm variety for g is constructed in the final section 10.4
by induction on n, making use of the global inductive assumption that BL(n-1)
holds, and the Norm Principle 10.18, whose proof we postpone to chapter 11.

The name “norm variety” reflects the fact that these varieties are birational
to a hypersurface in a family of Kummer algebras defined by the equation
Norm(u) = a,. The current meaning in Definition 10.1 has evolved over the
years; see the Historical Notes 10.5 for further details.

10.1 Properties of norm varieties

We first recall what a norm variety over a field k is. A field F over k is a splitting
field for a symbol a € KM (k)/¢ if a = 0 in KM (F)/¢. The following definition
was given in Chapter 1; see Definition 1.13.

Definition 10.1. An (irreducible) variety X over k is called a splitting variety
for a symbol a € KM (k)/¢ if its function field splits a, i.e., if @ vanishes in
KM(k(X))/¢. A splitting variety X is called an £-generic splitting variety if any
splitting field F has a finite extension E of degree prime to ¢ with X (E) # 0.
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A norm wvariety for a nonzero symbol a € KM (k)/¢ is a smooth projective
(-generic splitting variety for a of dimension ¢*~1 — 1.

Example 10.1.1. If n = 1 then Spec k(1/a) is both a splitting variety and a
norm variety for a € k. This is because the element a of KM (k)/¢ = k> /k**
is split by a field F' exactly when F contains /a. Similarly, if £ is any finite
field extension of k(/a) of degree prime to ¢, then Spec(E) is a norm variety
for a € k*.

If n =2 and N is the norm form defined by the extension k({/a1)/k, then
the (¢/—1)-dimensional affine variety Y defined by N(Xo,...,X¢—1) = az is a
geometrically irreducible splitting variety for a = {a1,a2}, as we saw in the
proof of Proposition 1.25.

If n = 2 and k contains the £*" roots of unity, then the Severi-Brauer variety
for a = {a1,as}, defined in 1.14, is a norm variety for the symbol a. Since
KM(F)/¢ = (,Br(F), if F is a splitting field for @ then the central simple k-
algebra A defining the Severi-Brauer variety X satisfies A @y F = M,y(F) and
hence X (F) # 0.

Example 10.1.2. If £’ is a finite separable field extension of k, of degree prime
to £, then any norm variety for a over k' is also a norm variety for a over k.
The assumption that [k’ : k] is prime to ¢ ensures that a is a nonzero symbol in
KM(K')/¢, and that any field F' over k has a prime-to-¢ extension F’ over k’.

To avoid the frequent passage to extension fields associated with the ¢-generic
splitting hypothesis, it will be useful to assume that & has no extension fields of
degree prime to ¢, i.e., that k is an ¢-special field (Definition 1.9): 1/¢ € k and
¢ divides the order of every finite field extension of k.

The assumption that &'/k is separable is necessary. If k is not perfect, there
may be an inseparable extension k' of k& and a norm variety X over k' which is
not smooth over k — and therefore cannot be a norm variety over k.

Remark 10.1.3. Let X be a splitting variety for a¢. Then k(z) is a splitting field
for a for every point € X, by specialization (see [Weil3, I11.7.3]). It follows
that if a field F has a finite extension F of degree prime to ¢ with X (E) # ()
then F' is a splitting field of a. In particular, this implies that the degree of
every closed point x € X is divisible by ¢.

Recall that the field of constants of an irreducible k-variety X is the algebraic
closure k. of k in k(X). It is well known that X is geometrically irreducible over
k.. Example 10.1.2 shows that the field of constants of a norm variety need not
be k; we now show that every norm variety is either geometrically irreducible
or arises in this way, provided that n > 2.

Proposition 10.2. Let k be a field containing 1/£. If X is an (-generic splitting
variety for a = {a1,...,a,}, and n > 2, then [k, : k| is prime to £ and X is a
geometrically irreducible £-generic splitting variety for a over k..

If k is £-special and n > 2, every norm variety over k is geometrically irre-
ducible.
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Proof. Let Y be a geometrically irreducible splitting variety for a, i.e., such that
E(Y") splits the symbol a. Such a variety always exists; for example, ¥ could be
the affine variety N = ay of Example 10.1.1, or the Severi-Brauer variety Y of
{a1,as} over k(/a1). (See Example 10.1.2.)

If X is an f-generic splitting variety, there is a field extension F' of k(Y") with
[F: k(Y)] prime to ¢, and a point in X(F). Let k. be the field of constants of
X. Then K = k(Y) ® k. is a subfield of F, since Y is geometrically irreducible.

Now the degree [K : k(Y)] = [k. : k] divides [F : k(Y)], which is prime
to £. This proves that [k. : k] is prime to £. Since X is always geometrically
irreducible over k., it suffices to observe that X is an f-generic splitting variety
over k., which is elementary. O

Remark 10.2.1. Proposition 10.2 fails for n = 1: Spec(k(\/a1)) is a norm variety
for ay, is not geometrically irreducible over k, and [k, : k] = £.

Lemma 10.3. Let k' be a finite field extension of k, and X a variety over k.
i) If Xiy = X Xy k' is a norm variety for a over k', and [k : k] is prime to
l, then X and Xy are also norm varieties for a over k.
it) If X is a geometrically irreducible norm variety for a over k, then Xy is
a norm variety over k'.

Proof. For (i), suppose that X/ is a norm variety over k’. By Example 10.1.2,
X is a norm variety over k. Since [k (Xy/) : B(X)] = [k : k] is prime to
0, KM(k(X))/¢ is a summand of KM (k(X))/l, so a = 0 in KM(k(X))/¢.
The fact that X is an f-generic splitting variety follows from the fact that if
X (E) # 0 then X (E) # 0 via the map X/ (E) — X(E). Since X} is smooth
over k', X is smooth over k (see [Har77, I11.10.2]). Thus X is a norm variety
over k.

For (ii), we may suppose that n > 2, as the case n = 1 is vacuous. Since
X is smooth projective over k, X/ is smooth projective over k. As X is
geometrically irreducible over k, Xy is irreducible; the function field k'(Xy)
splits a since k(X)) does. Suppose that F' is a splitting field of a over k’. Since
X is f-generic, there is a prime-to-¢ extension E/F and a map Spec(E) — X
over k. Since Xy = X Xy, k there is a map Spec(F) — Xj-. which implies that
Xy is f-generic over k' and hence a norm variety over k’. O

As pointed out after Definition 1.9, any maximal prime-to-¢ algebraic exten-
sion k" of k is an f-special field. This prime-to-£ passage from k to an ¢-special
field k" preserves norm varieties, by the following argument.

If a is a nonzero symbol over k then it is also nonzero over k”. Any norm
variety for a over k” is the basechange of a smooth geometrically irreducible
variety X' defined over a finite extension k' of k with [k : k] prime to ¢. The
argument of Lemma 10.3(i) applies to show that X’ is a norm variety for g
over k' and hence is a norm variety over k. Conversely, if X is a geometrically
irreducible norm variety over k then X} is a norm variety over k”, by Lemma
10.3(ii).

June 27, 2018 - Page 140 of 281



Norm varieties

Proposition 10.4. If k is a field of characteristic 0, the property of being a
norm variety for a is a birational invariant.

Proof. Suppose that X and X’ are smooth projective, with X a norm variety
for a, and that X --> X’ is a birational morphism. Choose a tower X, —
-+ — X7 — X of blow-ups along smooth centers and a morphism f : X,, — X’
resolving the indeterminacies of the birational map; such a tower exists by the
Weak Factorization Theorem (and resolution of singularities). For every field F,
the map X,,(F) — X (F) is onto by construction and there is a map X,,(F) —
X'(F); if F is an ¢-special splitting field for a then X (F') and hence X,,(F) and
X'(F) are not empty. This shows that X’ is f-generic, as required. O

Corollary 10.5. If k is any field of characteristic 0, or if up C k*, every
nonzero symbol {a1,a2} has a geometrically irreducible norm variety over k.

Proof. If puy C k*, the Severi—Brauer variety is a geometrically irreducible norm
variety, by Example 10.1.1. If char(k) = 0, let Y be the (geometrically irre-
ducible) affine splitting variety of Example 10.1.1 defined by N = ay. Then Y
is smooth; let Y be a smooth projective completion of Y. If k' is obtained by
adjoining an ¢*" root of unity to k, then Y3 is a norm variety for &’ by Propo-
sition 10.4, since Y} is birational to the Severi-Brauer variety (as observed in
the proof of 1.25). By Lemma 10.3(i), Y is a norm variety. O

10.2 Two v,_j-varieties.

Part of the definition of a Rost variety (Definition 1.24) is that it is a v,—1-
variety, and that some v;-variety maps to it for each smaller 7. In Section 10.3,
we shall prove that norm varieties have these properties when k is a field of
characteristic 0. For this, we need a pair of reference v,,_;-varieties, P(A) and
Q(a). In this section, we use the Chain Lemma 9.1 to produce these varieties.
We require n > 2, so that S and A are defined.

Recall from Definition 1.17 that a v;-variety is a smooth projective variety X
of dimension d = ¢* — 1 with s4(X) # 0 (mod ¢?). Here i > 1 and s4(X) is the
degree of the characteristic class s4(Tx) € CH?(X), where Ty is the tangent
bundle of X.

For example, when n = 2 we saw in Example 1.18(1) and Proposition 1.25
that the projective space P~! is a v;-variety (but not a norm variety), while
any Severi-Brauer variety of dimension ¢ — 1 is not only a norm variety, and a
vp-variety, but is also a Rost variety for its underlying symbol.

Given a nontrivial symbol {ay, ...,a,_1} in KM (k) /¢, where k contains 1/¢
and n > 2, the Chain Lemma 9.1 states that there is a smooth projective S of
dimension ¢"~! — ¢, an invertible sheaf J on S and an f-form ~ : J®¢ — Og
satisfying the properties listed in loc. cit. Let A = A, (J) denote the associated
Kummer algebra (defined in 9.8); it is the locally free Og-module @f;é J®
equipped with a product defined by ~.
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Theorem 10.6. Let S be the variety of the Chain Lemma 9.1 for some symbol
n KM (k)/t, n>2, and A= A,(J) the associated sheaf of Kummer algebras
over S. Then the projective bundle P(A) is a v,_1-variety.

Proof. Let m : P(A) — S be the projection. Since dim(S) = ¢! — ¢, the
dimension of P(A) is £*~!—1. In the Grothendieck group Ko(P(A)), we have
that
[Tecay) = 7 ([Ts]) + [Tp(ay/s]

where Tp(4)/s is the relative tangent bundle. The characteristic class sq is
additive, and sq(7*([Ts]) = 0 because the dimension of S is less than d, so
5a(P(A)) = sa(Tpay/s). Now [Tpay/s] = [1"(A) ® O(1)pa)/s] — 1. Applying
additivity again, together with the definition of the characteristic class s4 (given
before 1.17) and the decomposition of A and hence 7*(.A) into invertible sheaves,

we obtain
-1
d

sa(P(A)) = degz c1 (’/T*J®i @ Op(ays(1))".
=0
The projective bundle formula presents the Chow ring CH*(P(.A)) as:

CH* (P(A)) = CH*(sny]/( _iz)

where © = —c;(J) € CHY(S) and y = ¢,(O(1)) € CH*(P(A)). Then s4(P(A))
is the degree of the following element of the ring CH*(P(A)):

{—1

saP(A) =) (y—iz)! = ZH) aiy'z?™!

for some integer coefficients a;. Since z € CH'(S), we have 2" = 0 for any
r > dim(S) = "1 — £. Tt follows that s/,(P(A)) = ay_1y*~'z¥™S). By part
(6) of the Chain Lemma 9.1, the degree of zd™(5) = (—1)dim(S)¢, ()dim(S) g
prime to £. In addition, 7, (y*~1) = . (c1(O(1))1) = [S] in CH(S). By the
projection formula sq(P(A)) = ay_ideg 3™, Thus to prove the theorem, it
suffices to show that ay_; = £ (mod ¢?); this algebraic calculation is achieved
in Lemma 10.7 below. O

Lemma 10.7. In the ring R = Z/EQ[m,y]/(Hf é(y —ix)), the coefficient of

v in u,, = Zf:é (y —ix)*" 1 ds La®, with b= (™ — (.

Proof. Since u,, is homogeneous of degree ™ — 1, it suffices to determine the
coefficient of *~! in u,, in the ring

re =1 =z (TT o w-0) =TT 2/

0

If m =1, then u; = Zf;é (y—1i)*~! is a polynomial of degree £ — 1 with leading
term £y‘~!. Inductively, we use the fact that for all a € Z/¢?, we have

an?l _ {0, if ¢ | a

1, else.
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Thus for m > 2, if we set k = (™1 —1)/(£—1), then a’" ~! = (- DR -0 =
a*~' € Z/¢2, and therefore

-1 -1
= 3= =S -0 =
i=0 =0
holds in R/(x — 1); the result follows. O

The second class of v,_1-varieties is defined using the norm N : A — Og.
Recall from 9.8 that N is homogeneous of degree ¢, so it induces a morphism
N : Ps(A) — Os/0%". Given a point s of S, the norm N : A — k(s) on the
k(s)-algebra A = Al, induces a norm N : Ap — F for every field F over k(s),
where Ar denotes A ®;, F. Since N(\a) = AN(a) for A € F and a € Ap, it
induces a quotient function N : P(Ar) — F/F** sending [a] to N(a). It also
induces a function

Ps(Ar @ F)\ {[a,t] : t =0} — F, la,t] — N(a)/t".
Definition 10.8. We define the variety @ over S x A!, and its fiber @Q,, over
w € k, by the equation N(a) = t‘w:

Q= {([a t,w) EPs(A®O) x A' | N(a) = tew},

Qu={la:1] €Ps(A® O) | N(a) = t'w}, forwek.

Since dim(S) = £"~1 — ¢ we have dim(Q,) = ("' — 1.

Remark 10.8.1. When w # 0, there is a canonical map 7 : Q, — Pg(A),
sending [a : t] to [a]. This is a cover of degree ¢ over its image, since 7([a :
t]) = 7([a : Ct]) for all ¢ € pp. To see that m is well defined, note that over
each point of S, the point [0 : 1] of Ps(A @ O) is disjoint from Q.,, i.e., Q. is
disjoint from the section o : S = Pg(O) — Ps(A @ O). Hence the projection
Ps(A @ O) — o(S) = Pg(A) from these points induces the morphism Q,, —
Ps(A).

Ps(A) Qu Q Ps(A® O)

S —— > SxA.

Lemma 10.9. If w # 0, the projective variety Q., is geometrically irreducible
and the open subscheme QS, where t # 0 is smooth.
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Proof. That Q9 is smooth over S (and hence smooth) is an easy consequence
of the Jacobian criterion, or Remark 10.8.1.

Now extend the base to make k algebraically closed. If Q¢ is reducible,
then there exists an s € S such that the form Ny — w is reducible over the
UFD Og s, or equivalently, the polynomial Ns — wt is reducible in R[t], where
R = Og4[r1,...,7¢) and N, € R. If F = frac(R), Ns—wt* must factor in F[t] (as
e C F*) and hence (by Gauss’ Lemma) in R[t] as [[(M — r;t) for some linear
form M € R. Setting t = 0 yields N, = M¥, i.e., N, is the /-th power of the
linear form M. It follows that {a € A, : Ns(a) = 0}, the degeneracy locus of Ny
in Aj, is a proper, non-zero Og s-submodule of A;. However, this is impossible
because A, = Og [u]/(u’ — ¢), so either u’ — ¢ is irreducible (in which case A
is a domain and N,(a) = 0 for a # 0) or else u* — ¢ factors (in which case A, is
a product of domains and the degeneracy locus is not a submodule). O

Proposition 10.10. For any nonzero w € k, the variety Q. is a splitting
variety for the symbol {ay,...,an_1,w}.

Proof. Let z € @, be a point, lying over the point s € S. If s € V(y), then
by Theorem 9.1(4) the residue field k(z) splits {a1,...,an—1} and therefore
splits {a1,...,an—1,w}. If s is not in V(v), then by the Chain Lemma 9.1(2)
we can assume that a,—1 = v(u) in k(s), and consider the Kummer algebra
A = Flu]/(u* — an_1) over F = k(x). Then z determines an F-point [a : 1]
of Qu(F) C P(A® F), i.e., an element a of A such that Ny p(a) = w in F.
Then we have {ay,...,a,_1}|a = {a1,...,u’} = 0 over A, and (as in the proof of
Lemma 9.18) we conclude:

{a1,....,an—1,w} ={as,...,an—1,Na} = N{a1,...,an_1,a} = 0. O

In order to show that @, is a v,_1-variety, we need to consider the action
of the group G = u?‘l on @, and P(A). For this, we recall some terminology
from Definitions 8.15 and 9.44 about the action of G on k-varieties.

Two G-varieties X and Y are said to be G-fized point equivalent over k
if FixgX and FixgY are O-dimensional, lie in the smooth locus of X and Y,
and there is a separable extension K of k and a bijection Fixg X — Fixg Y
under which the families of tangent spaces at the fixed points are isomorphic as
G-representations over K.

We say that G acts nicely on a k-variety X if the fixed locus FixgX is a
finite set of k-points; there is also a notion of G acting nicely on a line bundle.

In the case at hand, the group G = ﬂ?71 acts nicely on S, Og, J and A by
9.51, and acts nicely on P(A) by 9.46. It also acts on P(A @ Og) by 9.46.1. By
inspection, G acts on Q; as the map Q — S x Al is equivariant, each Q,, is a
G-variety and the projection 7 : Q,, — P(A) of Remark 10.8.1 is G-equivariant.

Theorem 10.11. Assume that 1/€ € k, pg C k™ and w # 0. Then G = ,u?fl
acts nicely on Qu and (Fixg Qu) N (Quw)sing = 0. Moreover, Q,, and P(A) are
G-fized point equivalent over the field k({/w).
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Proof. Since the maps Q,, — P(A) — S are equivariant, 7 maps Fixg Q. to
Fixg P(A), and both lie over the finite set Fixg S of k-rational points. Since
the tangent space T,P(A) is the product of TS and the tangent space of the
fiber P(A|s), and similarly for @, it suffices to consider a G-fixed point s € S.

By Proposition 9.50 and Lemma 9.47, G acts nontrivially on L = J|s via
a projection G — py,. By Example 9.46, G acts nicely on P(A). Thus there
is no harm in assuming that G = p, and that L is the standard 1-dimensional
representation.

Let y € P(A) be a G-fixed point over s. By 9.45, the tangent space of P(A|s)

at y is the reduced regular representation, and y is one of [1], [L], ..., [L*71].
We saw in Example 9.46.1 that a fixed point [ag:aj: - - :ap—1:t] of G in
P((A® O)|s) is either one of the points e; =[---0:a; : 0---: 0], which do not

lie on Q.,, or a point on the projective line {[ag : 0 : t]}, which lies on @Q,, only
when af = w. These points are defined over the field K = k(/w), and Q,, ®; K

meets the projective line in the K-points [(Yw :0:---:0:1], ¢ € ue. Each of
these ¢ points is smooth on @,,, and the tangent space (over s) is the reduced
regular representation of G. O
Remark 10.11.1. Since n([¢( Yw:0:---:0:1])=[1:0:---:0] for all { € py,

Fixg Qu — FixgP(A) is not a scheme isomorphism over k(/w).
Now we need to invoke an equivariant cobordism result (Theorem 8.16, or
rather Corollary 8.17). For this, we need to assume that k has characteristic 0.

Theorem 10.12. Given a nonzero symbol a over a field k of characteristic 0,
let Q(a) denote a G-equivariant resolution of singularities of Qq, . Then Q(a)
s a geometrically irreducible v,_1-variety.

Proof. Because k admits resolution of singularities and @Q,, is geometrically
irreducible by 10.9, Q(a) exists and is geometrically irreducible. It is also a
smooth projective completion of the (smooth) variety Qg . By Theorem 10.11,
Q(a) is G-fixed point equivalent to P(A), which is a v,_;-variety by Theorem
10.6, i.e., sqP(A) # 0 (mod ¢?). Now Corollary 8.17 implies that s4Q(a) % 0
(mod ¢?), i.e., that Q(a) is a v,_;-variety. O

10.3 Norm varieties are v,_j-varieties

In this section, we show that a norm variety is a v, _i-variety, and that a v;-
variety maps to it for smaller ¢, at least when k is a field of characteristic 0. The
proof will use two results which require characteristic 0: Rost’s degree formula
8.9 and Theorem 10.12.

Construction 10.13. Suppose that a projective k-variety Y splits a symbol
a, and X is a projective ¢-generic splitting variety for a. Since a splits over the
function field k(Y'), there is a finite extension F'/k(Y") of degree prime to ¢ and
an F-point of X. We may choose a smooth projective model W for F' having a
morphism f : W — Y of degree prime to ¢, extending Spec(F) — Spec(k(Y),
and a morphism ¢ : W — X extending Spec(F') — X.
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Proposition 10.14. When k is a field of characteristic 0 and n > 2, any norm
variety X for a symbol a = {a1,...,an} is a vy_1-variety.

Proof. Since Q(a) splits the symbol, Construction 10.13 yields a smooth pro-
jective variety W and morphisms f: W — Q(a) and g : W — X such that f is
generically finite of degree prime to .

X << w L Qa)

By Proposition 10.12, s4(Q(a)) # 0 (mod £2). Because Q(a) and X are splitting
varieties for a, ¢ divides the degree of every closed point of Q(a) and X, by
Remark 10.1.3. Hence we may apply Rost’s degree formula (Theorem 8.9) to
the morphisms f and g to conclude that

deg(g)sa(X) = sa(W) = deg(f)sa(Q(a)) (mod £2).

Since the right side of this equation is non-zero modulo ¢, both factors on the
left hand side are non-zero modulo #? as well. Thus X is a v,,_-variety. O

Finally, we prove that the f-generic splitting variety X satisfies condition
1.24(b) to be a Rost variety. (Condition 1.24(b) is sometimes stated as saying
that X is a “v<,,_1-variety,” a notion we do not need.)

Proposition 10.15. Let k be a field of characteristic 0, and suppose that X is
a norm variety for the symbol a = {ay,...,an}. Then for each i with 1 < i <mn,
there exists a v;_1-variety W over k and a k-morphism W — X.

Proof. Fix 1 < i < n and let Y be a smooth projective geometrically irreducible
(-generic splitting variety of dimension ¢/~!—1 over k for the symbol {ay,...,a;}.
(At this point of our proof of the Bloch—Kato conjecture, we know that such a
variety exists by induction on n.) Clearly, a splits over the function field k(Y);
since X is an f-generic splitting variety for a, Construction 10.13 yields a smooth
projective variety W of dimension d’ = ¢! — 1 with a morphism f: W — Y
of degree prime to ¢ and a morphism g : W — X.

Because Y is a splitting variety for a non-split symbol, ¢ divides the degree
of every O-cycle on Y. Hence Rost’s degree formula 8.9 applies to the morphism
f, yielding sqg/ (W) = deg(f)sa(Y). Since sg(Y) # 0 (mod ¢?), we conclude
that s (W) £ 0 (mod £?), i.e., that W is a v;_;-variety. O

10.4 Existence of norm varieties.

In this section, we construct a norm variety for a given symbol a = {ay,...,a,}
over a field of characteristic 0. By Example 10.1.1 and Corollary 10.5, we may
assume that n > 3; part of our global inductive hypothesis is that BL(n-1) holds
and that the Norm Principle (Theorem 10.18) holds for symbols of length n — 1.
We write S™(T') for the m-th symmetric power of a variety T.
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By induction, there is a geometrically irreducible norm variety Y (of dimen-
sion /"~2 — 1) for the symbol {ai,...,a,_1}. Let p: Y x S*=1(Y) — SY(Y)
be the natural morphism; it is finite and surjective of degree £. Let U denote
the smooth locus of S*(Y), and let A = P«Oy yse-1(y)|u be the induced sheaf
of finite-dimensional algebras on U, with associated geometric vector bundle
V(A) — U; V(A) has relative dimension ¢ over U.

Recall that the norm N : A — Oy induces a morphism of the associated
vector bundles, from V(A) to V(Op) 2 U x Al.

Definition 10.16. Let X° denote the hypersurface N = a, in V(A). Since
dim(U) = "~ — ¢, we have dim(X°) = "1 — 1.

X ——= V(A) = V(p.Oyxst-1(v))

l ¥ v|
U—2" SUxA 5 57 x A

Assuming that char(k) = 0, resolution of singularities implies that the smooth
hypersurface X° has a smooth projective completion, which we write as X (a).
Note that X(a) is only well defined up to birational equivalence.

For the next result, we recall that we are inductively assuming that BL(n-1)
holds, and that Y is a geometrically irreducible norm variety for {a1,...,a,—1},
so that X (a) exists.

Theorem 10.17. If char(k) =0 and n > 3, the variety X (a) is a geometrically
irreducible norm variety for the symbol a.

This is the main result of this chapter; it fails for n=2 (see Example 10.20.1).
Before proving it, we state and prove several lemmas which are needed in the
proof. We will also need the following result, known as the Norm Principle,
which will be proved in chapter 11 below. We state it here because we will use
it in the proof of Theorem 10.17.

Theorem 10.18 (Norm Principle). Let k be an £-special field of characteristic 0,
and n > 3. IfY is a norm variety for a nonzero symbol {ai,...,an_1} in
KM | (k)/¢, then each unit in the image of N : H_1_1(Y) — k* is of the form
Ny k@), where y € Y is a closed point of degree £ and o € k(y)*.

Lemma 10.19. X° is smooth over U and geometrically irreducible.

Proof. That X° is smooth over U (and hence smooth) is an easy consequence
of the Jacobian criterion. Also, U is geometrically irreducible since n > 2. We
may now argue as we did in the proof of Lemma 10.9.

Suppose that X° is not geometrically irreducible. Replacing k by its al-
gebraic closure, we may assume that X¢ is reducible. That is, there is a
point v € U such that X is reducible, i.e., the homogeneous polynomial
g(t) = N, — a,t* is reducible in R[t], where R = Oy ,[21, ..., 2¢] and N, € R. If
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F = frac(R), then F[t]/(g) is not a field. Since up, C F*, g(t) must factor into
linear terms in F'[t]. Since R is a UFD, ¢(t) factors as [[(M — r;t) over R with
M € R of degree 1, by Gauss’ Lemma. This implies that N, = M*, and hence
that the degeneracy locus of N, in A, is a proper, non-zero Oy ,-submodule.
However, this is impossible because A, = Op ,[z]/(z" — ¢), so either z* — ¢ is
irreducible in Oy, [2] (in which case A, is a domain and Ny (a) # 0 for a # 0) or
else x‘ — ¢ factors (in which case A, is a product of domains and the degeneracy
locus is not a submodule). O

The following key lemma is taken from Lemma 2.3 of [SJ06].
Lemma 10.20. The function field F = k(X°) splits the symbol a.

Proof. The generic point x of X induces an F-point u of U C S*(Y). This
corresponds to a cycle y; + - -+ + yg of Y such that > [F(y;) : F] = £. Since
V(A), = A%, z also determines a point (A1, ..., \;) € [[ F(y;) such that a,, =
N(z) = I Nr), r(N)-

By construction, the y; are F(y;)-points of Y. Since Y is a norm variety for
b= {ai,...,an-1} we have bp(,.) = 0 in KM (F(y;))/¢ for each i. Thus we
have the desired vanishing in K (F)/¢, namely:

Example 10.20.1. It is instructive to consider the case n = 2. In this case
Y = Spec(E), E = k(Yar), U = S'Y and X° is the hypersurface N(u) = as
in IP%. However, U is the disjoint union of many points, so X is not even
connected. Over each point u € U, we saw in Lemma 1.15 and Proposition 1.25
that the hypersurface N(u) = ag in ]P’i(u) is an affine open subset of a norm

variety for a = {a1, a2} over k(u).

Lemma 10.21. Let Z a smooth irreducible variety over an £-special field F. If
dim(Z) > 0 then the set Z(F) is either empty or dense and infinite.

Proof. Let z be an F-point of Z, and let U be a dense open in Z. By Bertini’s
Theorem, there is a curve C' on Z, meeting U, such that z is a smooth point
of C; if the smooth projective closure of C' has infinitely many F-points then
so does C N U and hence U. Thus it suffices to suppose that Z is a smooth
projective curve.

Suppose that z1,...,z; are distinct points in Z(F'); we need to show there
exists a rational point distinct from z1,..., zx. Choose a rational function f on
Z that has a pole at each of the z;, and such that the degree of the divisor (f)so
of poles is prime to £. Then the degree of the divisor of zeroes (f)q is also prime
to ¢ and, since F is ¢-special, the support of (f)o contains an F-rational point
(which is obviously distinct from zq, ..., zx). O

Remark 10.21.1. There can be singular varieties Z over F with Z(F) finite. If
Z is any projective variety with a smooth F-rational point, the proof of Lemma
10.21 goes through to show that Z(F') is infinite.
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rically irreducible by Lemma 10.19, and dim(X) = dim(X°) = "1 — 1. It
is a splitting variety by Lemma 10.20. To show that it is f-generic, it suffices
to show that X = X(a) has an F-point for every f-special field F' splitting a.
Because X° C X, it suffices to show that X° has an F-point.

Recall that Y is a norm variety for {ay,...,a,—1}. If F splits this symbol
then Y'(F) is non-empty. Since F is f-special, Lemma 10.21 shows that Y'(F)
is infinite. Choose ¢ distinct F-points y1, ...,y of Y their sum y1 + --- + ye
determines an F-point u of the non-singular part U of S*(Y), and hence (u, (1+
-+++1,a,)) is an F-point in the hypersurface X° over U.

If F does not split {aj,...,a,—1}, then we can apply Proposition 7.7 to
Y, which is a norm variety for {ai,...,a,-1} over F: since {aj,...,a,} =0
in KM(F)/¢, a, is N(B) for some 3 € H_; _1(Yr). Note that Proposition
7.7 assumes BL(n-1). By the Norm Principle 10.18, which applies to Yz by
induction, there is a closed point y of Yz of degree £ over F' and a unit « € F(y)*
such that a,, = N(8) = Np(y)/r(a). The degree £ zero-cycle y on Yr determines
an F-point of U C S*Y; see [SV96, 6.8]. Together with a € A, y determines
an F-point of X°. Hence, X°(F) is non-empty, as asserted. O

Proof of Theorem 10.17. The variety X (a) is smooth, projective and geomet-

Remark 10.22. If n > 2 and char(k) = 0, there is a norm variety for g with
infinitely many points of degree ¢, and in fact infinitely many E-points, where
E = k({/a,). When n = 2, it suffices by Example 10.1.1 to consider the affine
variety Y defined by Ng,i(Xo,..., X¢—1) = aa. BEach (t1,a2/t1,1,...) is an E-
point of Yg = Spec E[t1, .., t¢]/(]] ti—a2), so Y has infinitely many E-points. For
n > 3, let Y be a norm variety for {ay, ..., a,—1} with infinitely many E-points,
and form X° as in Definition 10.16. For each set yi, ..., y¢ of distinct E-points
of Y, s = Y y; is an E-point of S*Y and A, = [[ E, so X? is isomorphic to
Spec Elt1, ..., te]/(I1 t: = a2). This clearly has infinitely many E-points.

We conclude this section by constructing a geometrically irreducible norm
variety for a = {ai,...,a,} over any perfect field k of characteristic p # ¢,
assuming the Norm Principle for the symbol {ay,...,an—1}.

If k is a field of finite characteristic, de Jong proved in [dJ96, 4.1, 4.2] that
there is a finite field extension k& C k; and a variety X; which is smooth and
geometrically irreducible over kp, together with a finite surjective map from X,
to a projective closure X of X°, and that if k is perfect then X is étale over a
dense open subscheme of X°. Gabber showed that we may take [k(X;) : k(X°)]
and hence [k : k] to be prime to ¢; see [I1I09]. If we assume that k is ¢-special,
then k = k1, and we write X (a) for this X;.

Lemma 10.23. Suppose that k is a perfect field of characteristicp > 0,Y is a
norm variety for a = {a, ...,an_1} over k, and the Norm Principle 10.18 holds
for' Y. If BL(n-1) holds, then X(a) is a geometrically irreducible norm variety
for a over k.
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Proof. Since Lemmas 10.19, 10.20 and 10.21 do not use the characteristic zero
assumption, and neither does Proposition 7.7, the proof of Theorem 10.17 goes
through to show that X° has an F-point for every f-special field F over k.

Let V C X° be a dense open subscheme over which 7 : X (a) — X is étale.
If z : Spec(F') — X°is in V, then X(a) has an F-point over x because F' is
{-special, by Lemma 7.3. If not, we produce a curve C in X, smooth at x and
meeting the étale locus; by Lemma 10.21, C'(F') meets V, so there is an F-point
in V and hence in X (a), again by Lemma 7.3 O

10.5 Historical notes

The study of hypersurfaces of constant norm in algebra bundles was a natural
development in the classical study of quadratic forms. Merkurjev and Suslin
used Severi-—Brauer hypersurfaces in the 1982 paper [MS82] to show that the
norm residue Ko(k)/¢ — HZ (k, %) was an isomorphism. This led to an inten-
sive study of the properties of these hypersurfaces in the late 1980s, including
Rost’s 1990 preprint [Ros90].

The notion of a generic splitting variety arose out of attempts to generalize
the 1982 paper [MS82] by Merkurjev and Suslin; the Severi—Brauer variety X of
a division algebra D has the property that if F' splits D then X has an F-point.
An explicit definition is given in Voevodsky’s 1996 preprint [Voe96], where it
was proven that Pfister quadrics are generic splitting varieties for £ = 2. (This
definition does not appear in the published version [Voe03a] but does appear
in [Ros98b] and [Voe99, 4.16].) Rost’s analysis [Ros98c] of the motive of a
hypersurface defined by a Pfister form led to Voevodsky’s proof that K (k)/2 =
HZ (k, u$™) in [Voe03a] (the Milnor Conjecture).

There has always been an ambiguity about what the definition of a norm
variety should be. The prototype was the variety of points in £ = k[/a,]
whose norm is ag; it is a splitting variety for {ai,as} (see 1.25). The term
“norm variety” was used in the 1980s to refer to hypersurfaces of constant
norm, usually having special (unspecified) properties (see [Sus91], [Ros90]). In
the 1998 preprint [Ros98b], Rost used the term norm wvariety to refer to the
variety @ of Definition 10.8. In his Fall 1999 lectures and in [Ros02], Rost
used the term norm wvariety to mean a smooth projective splitting variety of
dimension /"~ — 1 with s4(X) # 0 (mod ¢?). Suslin and Joukhovitski [SJO06]
deliberately left the term undefined, and the present definition originated in the
2009 paper [HWO09].

Our choice (smooth projective £-generic splitting variety for a) is based upon
Rost’s observation (Theorem 10.17) that the smooth projective varieties asso-
ciated to hypersurfaces of constant norm enjoy these properties.

Our presentation is based on the Suslin-Joukhovitski paper [SJ06], Rost’s
1998 preprint [Ros98b], his web site [Ros98a], and Rost’s lectures at the Institute
for Advanced Study in 1999-2000 and 2005. This includes our proof of the Norm
principle in chapter 11.
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Chapter 11

Existence of Rost varieties

In this chapter, we will prove that the norm varieties constructed in chapter 10
are indeed Rost varieties; in other words, we will prove that Rost varieties exist.
Fix a sequence a = (ay, ..., a,) of units in &, and recall from Definition 1.24 that
a Rost variety for a is a v, _1-variety such that:

(a) {a1,...,a,} vanishes in KM (k(X))/¢;
(b) for each i < n there is a v;-variety mapping to X; and

(¢) the following motivic homology sequence is exact:

HEM (X x x) T 2T gBM () N HEM (k) (= k%),
Recall from Definition 1.22 that the reduced group H_; _1(X) is the quotient
of HBM (X)) by the difference of the two projections from HEM | (X x X).
When Y is smooth and proper, we have H_; _1(Y) = HBM (V).

One goal of this chapter is to prove the following theorem, which was already
stated in Theorem 10.18. Let us say that an element of F,l’,l(X) is a Kummer
element if it has a representative [z, a], where z € X is a closed point of degree
Cand o € k(z)*.

Theorem 11.1 (Norm Principle). Suppose that k is a £-special field of char-
acteristic 0, and that X is a norm variety for some nontrivial symbol a. Then
each element of H_1 _1(X) is a Kummer element.

We will see that the Norm Principle 11.1 implies our main result:

Theorem 11.2. Let k be an (-special field of characteristic 0, and let a be a
nonzero symbol. Then any norm variety for a is also a Rost variety for a.

The idea of the proof of the Norm Principle is to show (in 11.5) that the
Kummer elements of H_;,_1(X) form a subgroup, so that it suffices to consider
the generators. Now every generator of H_; _1(X) is the image of a Kummer
element under a pushforward map H_1 _1(Xg) — H_1 _1(X) for some finite
field extension E of k, so the result follows once we show (in 11.11) that these
pushforward maps preserve Kummer elements.
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11.1 The multiplication principle

In preparation for the proof of the Norm Principle, we develop some basic facts
about elements of H_1,_1(X) supported on points z with [k(z) : k] = .

Here is the case n = 2 of the Norm Principle, which we will use to prove the
multiplication principle 11.5. Recall that if k& contains a primitive ¢** root of
unity then the symbol {a;,as} determines a central division algebra.

Theorem 11.3 (Norm Principle for n = 2). Let Y be the Severi-Brauer variety
associated to a central division k-algebra D, of degree £ over a field k containing
1/¢. Then HBM |(Y) = H_1 _1(Y), and for every 6 € HBM | (Y) there eists
a pointy €Y with [k(y) : k] =¥, and X € k(y)* so that 0 = [y, A].

Proof. Merkurjev and Suslin showed in [MS82, 8.7.2] that N : HBM | (V) — k*
is an injection with image Nrd(D) C k*, so HEM (V) = H_; _1(Y). Given
6 € HBM (Y), its image N(#) in k* can be written as the reduced norm
of an element A € D. The subfield E = k(\) of D has degree ¢ because
Y(E) # 0 and Y (k) = (. Thus there is a point y € Y with k(y) = E. Since
N([y, A]) = Nrd(A\) = N(6) in k>, and hence [y,A\] =60 in H_; _1(Y). O

We now suppose that k is a ¢-special field, and that X is a norm variety for
a. Note that the kernel and cokernel of N : H_; _1(X) — k* are {-groups, by
Lemma 7.2(4). The Norm Principle is concerned with reducing the degrees of
the field extensions k(z) used to represent elements of H_; _1(X). For this, the
following definition is useful.

Definition 11.4. We write go(k) for the subset of Kummer elements of
H_1 _1(X), i.e., those represented by [z,a] where k(x) = k or [k(z) : k] =
(. If E/k is a field extension, Ag(E) denotes the corresponding subset of
F—l,—l(XE)-

Example 11.4.1. If X has a k-point z, then by 7.2(3) the norm map N is an
isomorphism Ag(k) = H_1-1(X) =5 kX, split by o — [z, a.

The following result is known as the multiplication principle. The proof
needs the hypothesis that char(k) = 0 in order to use the Corollary 9.53 to
Theorem 9.52, which in turn invokes Rost’s Degree Formula 8.25.

Theorem 11.5 (Multiplication Principle). Let X be a norm wvariety for a
nonzero symbol a over an £-special field k of characteristic 0. Then Ag(k) is a

subgroup of H_1,_1(X).

Proof. The set Ag(k) is nonempty because E = k[/ai] splits the sym-
bol and therefore X(E) # (. It is closed under additive inverses because
[z, ]+ [z, 1] = [x,1] = 0. Hence it suffices to prove that Ag(k) is closed under
addition, i.e., for each [z, 1] and [z2, as] in Ag(k) the sum [z1, aq] + [22, as]

in H_1 _1(X) equals [z3, as] for some [z3,a3] € Ag(k).
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Using Corollary 9.53, we may assume that ¢ = {ay,...,a,} where k(z;)
splits {a1 } and k(x2) splits {a1,a2}. Let Y be the Severi-Brauer variety for the
algebra A(aq,as), that is, a norm variety for {a;,as}. Then Y has a k(z1)-point
y1 and a k(x9)-point ys. Applying Theorem 11.3 to 6 = [y1, a1] + [y2, az2], we
see that the multiplication principle holds for Y: there is a closed point y3 of
degree ¢ and an a3 € k(y)* such that [y1, 1]+ [y2, a2] = [ys,a3] in H_1 _1(Y).

Moreover k(Y") splits a so, using Construction 10.13, there is a smooth pro-
jective variety }7, a morphism f : Y =Y of degree prime to £ and a morphism
g:Y — X. We can lift the y; to points (of the same name) of Y with the same
residue fields, by 7.5(a). By Theorem 7.5(c), the morphism f, : H_1_1(Y) —
H_y _1(Y) is an isomorphism. Thus [y1, 1] + [y, o] = [ys, as] in H_1 1 (Y).
Now apply g. : F_L_l(f/) — H_; _1(X) to this relation; since X has no
k-points, the points x; = g¢(y;) have degree ¢ over k, because [k(x}) : k] di-
vides [k(y) : k] = £. Hence k(x}) = k(y;), and the [z}, ;] are elements of
go(k;) C H_1,-1(X). Since g.[y;, o] = [z}, a;], Lemma 7.2(1) implies that

[xlﬂal] + [x27a2] = [xlhaﬂ + [x/ZﬂCV?] = [1‘3,043} O

Corollary 11.6. If k is ¢-special and X is a norm variety, the restriction of

H_1_1(X) N Ao(k) is an injective group homomorphism.

Proof. By the multiplication principle 11.5, Zo(k:) — k> is a group homo-
morphism. Suppose that [z, a] represents an element 6 of Ag(k) such that
N(0) = Ny(z)/x(a) = 1. Then a = o(B)/B for some § by the classical Hilbert
Theorem 90 [Wei94, 6.4.8], so 8 = [z,0(8)] — [z, 5]. But [z,0(8)] — [z,5] =0
(apply 7.2(1) to ), so 6§ = 0. O

Let S be the variety of the Chain Lemma 9.1 for the symbol a, and A = A(J)
the associated sheaf of Kummer algebras over S (see 9.8). If s is a k-point of
S, then 7|, is an ¢-ary form on the 1-dimensional k-vector space J|s; if w is a
nonzero element of J|, then Al|s = k[u]/(u’ —v|s(w)). By abuse of notation, we
shall use v(s) to denote 7|s(w) for some fixed choice of w # 0; the class of v(s)
is well defined in k> /k*¢.

Lemma 11.7. For every k-point s of S, y(s) & k**. Hence k[/~(s)] is a field.

Proof. By the Chain Lemma 9.1(5), v(s) # 0. Similarly, v(s) cannot be in k*¢,
because that would imply that a = {v(s),...} = 0 in KM (k)/¢, by the Chain
Lemma 9.1 and specialization from S. Hence v(s) & k**, so A, is a field. O

Since the fiber A(A)s over s of the vector bundle A(A) is Spec(Symy.Als),
there is a natural isomorphism A(A)s(k) = Als;. Thus we may identify the k-
points of A(A), with elements of A|s, and speak of the norm N : A(A)s(k) — k.

Proposition 11.8 (Multiplication Principle, geometric version). Let k be a £-
special field of characteristic 0, and X a norm variety for a symbol a. Then the
subgroup Ag(k) of k™ is the set of nonzero values of the map N : A(A)(k) — k.
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Proof. Let o be a k-point of A(A) over s € S(k) with N(a) # 0. By Lemma
11.7, we may regard « as a nonzero element of the field A|; = k[{/7(s)]. Since
Als splits a, and k is ¢-special, there is a point z € X with k(z) = A|s and
[k(x) : k] = €. If N(«) is nonzero in k then it is the image of [z,a] € H_1 _1(X).

Conversely, Construction 11.9 below shows that every element of Ag (k) arises
as [z, ] for some a with N () # 0, so the set of nonzero values of N : A(A)(k) —
k is exactly the image of go(k), which is a group by Theorem 11.5. O

Construction 11.9. Each element [z, o] of Ay(k) is represented by a k-point of
A(A), and also by a k-point ([ : 1], w) of the variety @ defined in 10.8. Indeed,
since k(z) splits the symbol, Theorem 9.52 states that there is a k-point s € S
such that k(z) is the Kummer k-algebra Al; = k[{/7(s)]. As remarked above,
we may then identify the element « of A|s with a k-point of A(A). The map
A(A) — @Q sends « to ([a : 1], w).

11.2 The Norm Principle

In this section, we will prove Theorems 11.2 and 11.1 (existence of Rost varieties
and the Norm Principle) modulo the following result, whose proof we postpone
to Section 11.5.

Theorem 11.10. Let k be an (-special field of characteristic 0, and let X be a
norm variety over k for a. Suppose that E = k[e] is a field extension of k with
el € k such that ag # 0. For each [z,a] € Ay(E), there exist a finite set of
points x; € X of degree { over k, t; € k and b; € k(x;) such that

Negye(@) = [ New,)/pb: + tie) in k.

Recall from Proposition 10.2 that when k is ¢-special and n > 2, every norm
variety X over k is geometrically irreducible, and hence (by Lemma 10.3) Xp is

a norm variety over E. We also know that Aq(E) is a subgroup of H_1 _1(Xg).

Theorem 11.11. If k is {-special of characteristic 0 and [E : k] = ¥ then the
pushforward H_1 _1(Xg) — H_1,_1(X) sends Ao(E) to Ao(k).

Proof. By Galois theory and the structure of finite ¢-groups, there is a chain of
subfields k = Eg C Ey C - -+ E, = E with [E;11 : E;] = £. Thus we may assume
that [E : k] = £. By Kummer theory, there is a ¢ € k so that E = k[e]/(¢! — ¢).

If @ vanishes in E then the generic splitting variety X has an E-point z,
and Theorem 11.11 is immediate from Example 11.4.1. Indeed, in this case Xg
has an E-point z’ over z, every element of Ag(E) = E* has the form [z, o],
and Ng/i[z',a] = [r,a]. Hence we may assume that ap # 0. This has the
advantage that E(x;) = E ®y k(x;) is a field for every point z; € X of degree
l; otherwise, there would be a homomorphism E — FE(z;) — k(z;), forcing
E = k(z;) — and splitting the symbol.
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Choose 0 = [z,a] € Ag(E) and let z; € X, t; and b; be the data given by
Theorem 11.10. Each x; lifts to an E(z;)-point 2; ® E of X g so we may consider
the element

0 =0- [x;®E,b; +ti] € H 1 _1(Xg).

By the multiplication principle 11.5 over E, 6’ belongs to the subgroup EO(E).
By Theorem 11.10, its norm is

N(0') = Npiyp(@)/ [ Ne@) eb + tie) = 1.

By Corollary 11.6, 8’ = 0. Hence
Ng/r(0) = Z [%is NE (@) /(o) (bi + ti€)]

in H_; _1(X). Since Ao (k) is a group by 11.5, this is an element of Ag(k). O

Proof of the Norm Principle (Theorem 11.1). By the multiplication prin-
ciple 11.5, it suffices to show that every generator [z, o] of H_; _1(X) is in Ao (k).
Since [k(z) : k] = ¢¥ for v > 0, Galois theory and the structure of finite ¢-groups
imply that there is a field E with k¥ C E C k(z) and [k(z) : E] = ¢, and that
2 lifts to a point 2’ of Xg with k(z) = k(z'). By construction, [2/,a] € Ay(E)
and H_1 _1(Xg) = H_1 _1(X) sends [?/, a] to [z, a]. By Theorem 11.11, [z, o]
is in Ag(k), i.e., is represented by an element [z, 8] with [k(z) : k] = £. O

Proof of Theorem 11.2. Let X be a norm variety for a = {a1,...,a,}. Be-
cause k is a field of characteristic 0, X is a v,_1-variety by Proposition 10.14,
and for 1 < i < n there is a v;_j-variety mapping to X by Proposition 10.15.
Since k is (-special, the Norm Principle implies that Ag(k) = H_1_1(X), so
Corollary 11.6 implies that the motivic homology sequence is exact. O

11.3 Welil restriction

Because there are not many good references for Weil restriction, we pause here
to collect the basic facts that we shall need. The original references are [Wei56]
and Weil’s 1961 Lecture Notes, published as [Wei82, §1.3].

Definition 11.12. If F is a finite field extension of k, Weil restriction is the
right adjoint of the basechange functor V' +— V x Spec E. That is, if X is
any variety defined over E, the Weil restriction Resg/, X is a variety over k of
dimension [E : k] dim(X) which is characterized by

Homy,(V, Resg/,X) = Homp(V x Spec E, X).

The Weil restriction exists for any quasi-projective variety by [Wei82, 1.3.1].
In particular, if F' is a field containing k& then the F-points are given by:
RBSE/kX(F) = X(E Rk F)

June 27, 2018 - Page 155 of 281



Rost varieties

Example 11.13. For visual reasons, we shall write A¥ for the Weil restriction
ResE/kAl of the affine line. It is isomorphic to A™, n = [E : k], as a k-variety,
and is characterized by A¥(F) = E @ F. In particular, AF (k) = E.

Using the normal basis theorem, we can find a k-basis of E permuted by
the Galois group I'. Thus the coordinate ring of A¥ is a polynomial ring
klwi,...,wy] (the indeterminates correspond to the k-basis of F), and the func-
tion field of A is k(w) = k(w1,...,wn). The Galois group I' permutes the
indeterminates w;, and AF = ] ger A'. This motivates the following result.

Lemma 11.14. If X is a variety over E, and E is Galois over k with group T,
then Resg(X) x Spec(E) =[], X.

Proof. If A is an FE-algebra, there is a natural isomorphism A®y F = ngr A.
This induces natural isomorphisms

[Resg /1, (X) x Spec(E)] (A) = X (A @y E) = X(HF A) = HF X(A).

Since the functors of points are isomorphic, so are the schemes. O

Remark 11.14.1. The original 1956 construction of Weil restriction in [Wei56]
used Lemma 11.14 and descent to construct Resp/;(X). Grothendieck gave
another construction in [Gro61, 221-19], identifying Resg/,(X) as an open sub-
scheme of the Hilbert scheme Hilby/;, assuming X is quasi-projective over k.

It is obvious that Resg/;(X1 x X2) = Resg/r(X1) x Resg/p(X2). Less
obvious (but not hard) is the fact that if Z is closed in X then Resg,,(Z) is
closed in Resg/,(X). It follows for example that the Weil restriction of At —{0}
is the closed subvariety of A® x A¥ whose k-points are all pairs (a,b) € E x E
such that ab = 1.

11.4 Another splitting variety

In this section, we construct a G-variety Y, parametrized by A', which will be
used in Section 11.5 to establish Theorem 11.10. As we saw in Section 11.2,
this is the key step in proving Theorems 11.2 and 11.1. We will show that the
general fibers of Y — A are G-fixed point equivalent to disjoint unions of copies
of P(A)¢, where A = A(J) is the sheaf of Kummer algebras for a = {a1,...,a,}
over the variety S of the Chain Lemma (see Definition 9.8 and Theorem 9.1).
To construct Y, we fix a Kummer extension £ = k[e] of k, where ¢/ € k. Let
B be the rank ¢ + 1 Og-submodule (A®k) © (Os®rk-€) of Ap = AQy E and
let Ng: B — Og ®; E be the sheaf map over S induced by the norm on Ag.

Definition 11.15. Let U be the variety P(A) x; P(B)*¢~1 over $**. We
write L for the invertible sheaf on U associated to the external product L(A) X
L(B)®¢=1 of the tautological bundles over P(A) and P(B). The product of the
various norms N4 and Npg defines a sheaf map N : L — Og®F.
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Note that dim(S) = ¢™ — /; since U has relative dimension ¢? — 1 over S*¢,
dim(U) = ¢+ —1.

Recall that A® denotes the Weil restriction Resg/,A' of A’ (Example 11.13).

Definition 11.16. Let Y denote the subvariety of P(L&O) x A¥ whose F-points
are all ([ : ¢],w) such that N(a) = t‘w in E ®j F; since dimP(L & O) = ¢"+!
we have dim(Y) = ¢"*L We write Y,, for the (scheme-theoretic) fiber over a
point w € AF under the projection Y — A¥ onto the second factor. Note that

dim(Y,,) = ¢ - dim(Q,,), where @, is the variety of dimension ¢" — 1 defined in
10.8.

Notation 11.17. Here is a description of the k-points of Y,,. Let ([a : t],w) be a
k-rational point on Y, so that w € AF(k) = E. We may regard [« : t] € P(L &
O)(k) as being given by a point u € U(k), lying over a point (sg,...,s¢—1) of
S(k)**, and a nonzero pair (o, t) € L|, xk (up to scalars). From the definition of
L, we see that (up to scalars) a determines a ¢-tuple (bg, b1 +t1€, ..., bp_1+ts_1€),
where b; € Al,, and ¢; € k. When « # 0 we have by # 0 and, for all i > 0,
(b, t;) # (0,0), Finally, writing A; for A|,,, the norm condition says that in F:

-1 )
NAO/k(bO) Hi:l NA,-,@E/E(bi + tie) =tw.

If ¥ C F is a field extension, then an F-point of Y is described as above,
replacing k by F' and F by E ®; F everywhere.

Lemma 11.18. Let u € U be a point over (sg, s1,...,50-1) € S**, and write
A; for the k(s;)-algebra Als,. Then the following hold.

1. If a doesn’t split at any of the points sg,...,S¢_1, then the norm map
N : L|, — k(u) ® E is non-zero.

2. Ifals, #0 in KM (k(s0))/¢, then Ay is a field.
3. Fori>1, if a|p(s;) # 0 in KM(E(s;))/l then A; ® E is a field.

Proof. The first assertion follows from part (4) of the Chain Lemma 9.1, which
says that s & V(v1), since by 9.8 the norm on L is induced from the ¢-form ~;
on J. Assertions (2-3) follow from part (2) of the Chain Lemma, since a # 0
implies that v, is nontrivial. O

Lemma 11.19. IfY has a k-point with t = 0 then a|p = 0 in KM (E)/L.

Proof. We use the description of a k-point of Y from 11.17. Since (o, t) # (0,0),
if t =0, then o # 0. Therefore by # 0 € Ag and b; +tie # 0 € A, ® E for
all i. By Lemma 11.18, if a|g # 0 in KM (E)/¢ then Ay and all the algebras
A; ® E are fields, so that N(a) = NAU/k(bO)Hf;ll Na,op/e(bi +tie) # 0, a
contradiction to t‘w = 0. O
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Combining Lemmas 11.18 and 11.19, we obtain the following consequence
(in the notation of 11.17):

Corollary 11.20. Ifa # 0 in KM(E)/¢ and w € E* is such that Y,, has a
k-point, then

1. Ay and the A; ® E are fields and

2. w is a product of norms of an element by /t of Ay and elements b; + t;e in
the subsets A; + k- € of A; @i E for all i.

Remark 11.20.1. In Theorem 11.23 we will see that if w is a general element of
FE then such a k-point exists.

The group G = uj acts nicely on S, J and A by Corollary 9.51, and on P(A)
by 9.46. Letting G act trivially on A®, G acts on B, U and Y (but not nicely;
see 9.44.1).

In the notation of 11.17, if ([« : t],w) is a fixed point of the (nice) G-action
on Y then the points s; € S and u = (ug, u1,...) in U = P(A) x [[P(B) are fixed.
By definition (see 9.44), the fixed points of any nice action are k-rational, so ug
and the s; are k-rational. If u is defined over F, each point (b; : ¢;) is fixed in
B|s,. Since G acts nicely on J, Example 9.46.1 shows that if ¢ = 0 then, for all i,
eithert; # 0 (and b; € F C A;®@F)orelset; =0and 0 # b; € J|§”®F CARQF
for some 7;, 0 < r; < £.

Lemma 11.21. For allw € A¥, Fixg Y, is disjoint from the locus where t = 0.

Proof. Suppose ([a : 0], w) is a fixed point defined over a field F' containing k.
As explained above, by # 0 and (for each ¢ > 0) b; + t;€ # 0 and either ¢; # 0 or
there is an 7; so that b; € J|£" @ F. Let I C {1,...,n—1} be the set of indices
such that t; # 0.

By Example 9.46, by € J|§fO for some 7o, and hence Ny, (bg) is a unit in k,
because the (-form + is nontrivial on J|,,. Likewise, if i ¢ I, then Na,gp/p(b;)
is a unit in F'.

Now suppose i € I, i.e., t; # 0, and recall that in this case b; € F CA; QF.
If we write EF for the algebra E ® F, noting that EF 2 F[e]/(¢* — ¢) for some
¢ € F, then the norm from A; ® EF to EF is simply the ¢-th power on elements
in EF, so Ng,gpr/pr(bi +tic) = (b + tie)’ as an element in the algebra EF.
Taking the product, and keeping in mind that ¢ = 0, we get the equation

. ) = ) Y
HieI NAi®EF/EF (bz + tze) Hiel(bl + tze) 0.
Because E'F is a separable F-algebra, it has no nilpotent elements. We

conclude that
H. (bi +tie) = 0.
el

The left hand side of this equation is a polynomial of degree at most £ — 1 in ¢;
since {1,¢,...,€" "1} is a basis of F ® E over F, that polynomial must be zero.
This implies that b; = t; = 0 for some i, a contradiction. O
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Proposition 11.22. Ifw € AF is general then Fixg Y, lies in the open subva-
riety of Y, where tHle t; #0.

Th expression that w is “general” means that w does not lie on a certain
proper closed subvariety of A

Proof. By Lemma 11.21, Fixg Y, is disjoint from the locus where t = 0, so we
may assume that ¢ = 1. Since w is general, we may also take w # 0. So let
(o : 1],w) be a fixed point of Y,, defined over F D k for which ¢; = 0. As in
the proof of the previous lemma, we collect those indices i such that t; # 0 into
a set I, and write EF for F ®; F. Recall that for ¢ € I, we have b; € F. Since
j ¢ I, we have that |I| < ¢ —2. Fori ¢ I,

Na,opr/pr(bi +ti€) = No,gp/p(bi) € F*

(the norm cannot be 0 as t‘aw = w # 0 by assumption). So we get that
I'LEI(bz +tie)! = cw

for some £ € F*. If we view {w as a point in P(E)(F) = (EF — {0})/F*, then
we get an equation of the form

{Hiel(bi + tie)z] = [wl.

But the left-hand side lies in the image of the morphism [],., P* — P(E) which
sends [b; : t;] € PL(F) to [[[(b; + tie)’] € P(E)(F). Since |I| < £ — 2, this image
is a proper closed subvariety, proving the assertion for general w. O

Remark 11.22.1. The open subvariety of Y,, in 11.22 is G-isomorphic (by setting
t and all #; to 1) to a closed subvariety of A(A), namely the fiber over w € A¥
of the map Nagp/r : A(A)* — AF defined by the formula of 11.17:

(-1
N(bo, ey bg_l) = NAo/k(bO) Hi:l NA1-®E/E(bi -+ 6).

Indeed, A(A)* is G-isomorphic to an open subvariety of Y and Ny, oE/E 18 the
restriction of o — N ().

Recall from Definition 8.15 that two G-varieties are fixed point equivalent if
their fixed loci are 0-dimensional smooth points and that (after separable base
change) the tangent spaces are isomorphic as G-representations.

Theorem 11.23. For a general closed point w € AP, Y, is G-fized point
equivalent to the disjoint union of (£ — 1)! copies of P(A)".

Proof. Since both Y,, and P(A)* lie over S**, it suffices to consider a G-fixed
point s = (sg,...,5,_1) in S(k)* and prove the assertion for the fixed points
over s. Because G acts nicely on S and J, k(s) = k and (by Lemma 9.47) G
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acts on Jg via a projection G — uy as the standard representation of py. Note
that J; = J,, for all q.

By Example 9.46, there are precisely ¢ fixed points on P(A) lying over a
given fixed point s; € S(k), and at each of these points the (vertical) tangent
space is the reduced regular representation of . Thus each fixed point in P(.A)*
is k-rational, the number of fixed points over s is £, and each of their tangent
spaces is the sum of ¢ copies of the reduced regular representation.

Since w is general, we saw in 11.22 that all the fixed points of Y,, satisfy
t#0andt; #0for 1 <i</{—1. By Remark 11.22.1, they lie in the affine open
A(A)! of P(L ® O). Because jy acts nicely on J,, an F-point b = (bo, ..., by_1)
of A(A)* is fixed if and only if each b; € F. That is, Fixg(A(A)*) = A. Now
the norm map restricted to the fixed-point set is just the map A — AF sending
b to b§ Hf;ll (b; +¢)*. This map is finite of degree ¢/(£—1)!, and étale for general
w, so Fixg Y, has ¢/(¢ — 1)! geometric points for general w. This is the same
number as the fixed points in (¢ — 1)! copies of P(A) over s, so it suffices to
check their tangent space representations.

At each fixed point b, the tangent space of A(A)* (or Y) is the sum of ¢
copies of the regular representation of u,. Since this tangent space is also the
sum of the tangent space of A® (a trivial representation of () and the normal
bundle of A¢ in Y, the normal bundle must then be ¢ copies of the reduced
regular representation of yi,. Since the tangent space of A* maps isomorphically
onto the tangent space of AF at w, the tangent space of Y,, is the same as the
normal bundle of A? in Y, as required. O

Remark 11.23.1. The fixed points in Y., are not necessarily rational points, and
we only know that the isomorphism of the tangent spaces at the fixed points
holds over a separable extension of k. This is parallel to the situation with the
fixed points in @,, described in Theorem 10.11.

Corollary 11.24. For a general closed point w € AP, the variety Yy, is a
vp-variety over any field k of characteristic 0.

Proof. By Theorem 11.23, Y,, is G-fixed point equivalent to (¢ — 1)! copies of
P(A), which is a v,-variety by Theorem 10.6. As in the proof of Proposition
10.12, Theorem 8.16 implies that Y, is also a v,-variety. O

11.5 Expressing norms

The purpose of this section is to prove Theorem 11.10, that if E = k(e) is a
fixed Kummer extension of k¥ and w € E is a norm Ng.y/g(c) for a Kummer
point z € Xg, then w is a product of norms of the form specified in Theorem
11.10. In the language of Section 11.1, this means that [z, ] = > [z, b; +t;€] in
H_1_1(X). Since our proof will depend upon the bordism results in Chapter
8, we will need to assume that k has characteristic 0. We will also assume that
k is f-special in order to invoke Theorem 9.52.
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Let S be the variety of the Chain Lemma 9.1 for a = {aj,...,a,}, and
A = A(J) the associated sheaf of Kummer algebras over S (see 9.8). Recall
from Definition 10.8 that @ is the subvariety of P(A@® O) x A}, consisting of all
points ([a : t],w) such that N(a) = t‘w. Extending the base field to E yields
the subvariety Qg of P(A® O) g x AL, and we write RQ for the Weil restriction
Resg/k(QEp); see Definition 11.12. The main property of Weil restriction we will
need is that the k-points of RQ are naturally isomorphic to the E-points of Q,
and may thus be written as ([a : ], w) with w € E. Similarly, we write A® for
the Weil restriction Resg /k(A%E), noting that A¥ (k) = E. Since Weil restriction
is a functor, the projection q : QQ — A}c induces a morphism

Rq = Resg/,(qr) : RQ — AP, (11.25)

Let U be the variety over S*¢ defined in Definition 11.15; there is an associ-
ated invertible sheaf L on U, equipped with a norm N : L — Og,,. Recall from
Definition 11.16 that Y is the subvariety of P(L & O) x A¥ whose k-points are
tuples ([ : t],w) with ¢ € k and w € E such that N(a) = t‘w in E. By 11.17,
a k-point ([ : 1],w) of Y,, determines an ¢-tuple (sq, ..., s¢_1) of k-points of S
and an ¢-tuple (bg, by + t1€,...) with b; in A; = A|,,, so that

-1
w = NAo/k(bO) 1_[1.:1 NAi®E/E(bi —|—ti6).

To prove Theorem 11.10 it therefore suffices to show that Y, (k) is non-empty
whenever w = Npg(;)/p(a) is nonzero (we use to = 0). To do this, we will
produce a correspondence Z — Y X & RQ that is dominant and invoke the DN
Theorem 8.18 to see that the degree of Z over R(Q is prime to /.

The correspondence Z is constructed using the geometric version 11.8 of the
multiplication principle.

Lemma 11.26. Let F be the function field of Y. Then there exists a finite
extension K/F, of degree prime to £, and a point £ € RQ(K) lying over the
generic point of AF.

Proof. Let F' be a maximal prime-to-£ extension of F'; then the fields F’ and
EF' = E ®; F' are f-special. We may regard the generic point of Y as an
element of Y(F). Applying the inclusion F' C F’ to this element, followed by
the projection Y — A¥ we obtain an element v of A¥(F') = EF’. By 11.17,
v is a product of norms from A(A)(EF’). By the multiplication principle 11.8,
there exists 8 € A(A)(EF') such that N(8) = v. Now let & be the point
([8 : 1],v) of RQ(F"). By (11.25), Rq(§) = v, and £ is defined over some finite
intermediate extension ' C K C F’, with [K : F| prime to /. O

Let nx denote the point of Y (K) defined by the inclusion of F = k(Y) in K,

and let § : Spec K — RQ be the K-point of Lemma 11.26. We can now define
Z to be a (smooth, projective) model of (nx,&) € (Y xpe RQ)(K), equipped
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with maps Y Lz RQ.

Spec(K) 8, , g RO 0
an lf qu ql
Spec(F) Y AF Al

The following result uses the DN Theorem 8.18 of Chapter 8 with r = £.

Theorem 11.27. The morphism g : Z — RQ is proper and dominant (hence
onto) and of degree prime to (.

Proof. Let w be the generic point of A¥. Using the normal basis theorem, we
can write F(w) = E(wy, ...,wp) for transcendentals w; permuted by the action
of the cyclic Galois group I' = Gal(E/k). We saw in Theorem 10.11 that the
group G = puf acts on @ over Aj, and acts nicely on @, for every w # 0 in k.

We will apply the DN Theorem 8.18 with base field ¥’ = E(w), group G = puj
and symbols u; = {a1, ..., an,w;} € KM (k) /L.

To define the X;, choose a puj-equivariant resolution of singularities @ — @
since @ is smooth where ¢ # 0 (by the Jacobian criterion), this is an isomorphism
where t # 0. The map ¢ extends to a map @ — A, and we let X; be the fiber
Q. over the point w; € AY(E(w)) = E(w).

We claim that the hypotheses of the DN Theorem are satisfied. Since the Q,,,
are projective, the X; = éwi are smooth projective varieties. By Proposition
10.10 and Lemma 10.19, X, is a smooth, geometrically irreducible splitting
variety for the symbol u; of dimension ¢® — 1. Thus, hypothesis (1) of the DN
Theorem 8.18 is satisfied. _ _

Let RQ denote the Weil restriction of Q g, and set X = RQg(.). Because our
base field contains F, it follows from Lemma 11.14 that RQ X 4= Spec E(w) &

[Ir @) and
X = RQp() = RQ x Spec E(w) = HF QB(w)-

Finally, we let Y be some desingularization of ?E(w), and let W be a model of
Zp(w), which has a map to Y over fp(,) and a map to X = R@E(w) over gp(u)-

By Theorem 10.11, @,, and P(A) are G-fixed point equivalent over the field
K (Yw) for every w # 0 in k. By Theorem 8.16, t41(X;) = tq1(P(A)); by
Lemma 8.13, we conclude that s4(X;) = vsq(P(A)) (mod ¢2?) for some unit
v € Z/. Since s4(P(A)) £ 0 by Theorem 10.6, we conclude that s4(X;) # 0,
i.e., that hypothesis (3) of the DN Theorem 8.18 is satisfied.

Furthermore, K = k'(X; X --- x X;_1) is contained in a rational function
field over E; in fact, the field F(w;)(Q.,) becomes a rational function field once
we adjoin (/7. Since E does not split a, K does not split a either. It follows
that K does not split u; = a U {w;}, verifying hypothesis (2) of Theorem 8.18.
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We have now checked the hypotheses (1-3) of Theorem 8.18. It remains to
check that X and Y are G-fixed point equivalent up to a prime-to-¢ factor. We
proved in Theorem 10.11 that X; is G-fixed point equivalent to P(A). We also
proved in Theorem 11.23 that ?E(w) is G-fixed point equivalent to (£—1)! copies
of P(A)*, hence so is Y (since the fixed points lie in the smooth locus). Thus, Y’
is G-fixed point equivalent to (¢ — 1)! copies of X. Therefore the DN Theorem
applies to show that g is dominant and of degree prime to ¢, as asserted. O

_ Since k is (-special, so is E. As stated in Corollary 11.6, the norm map
Ao(E) — E* is injective; we identify Ag(E) with its image. Thus [z, o] € Ag(E)
is identified with w = Ng(.)/g(a) € E*.

Lemma 11.28. Let k be an {-special field of characteristic 0. Then the subgroup
Ao(E) of E* is equal to q(Q(E)) — {0}.

Proof. Suppose we are given [z, a] € Ag(E) with w = Ng(z)/e(a) as above. By
Construction 11.9, with k replaced by F, there is an E-point s € Sg such that
E(z) = E[/7(s)]- Under the correspondence E(z) = A(A)(E), we identify
a with an E-point of A(A)g over s € S. The map A(A)g — Qg sends a to
([ev = 1], w), which we may regard as a k-point of RQ, and w = Rq([a : 1], w).
This shows that Ay(E) C ¢(Q(E)) — {0}.

Conversely, by Definition 10.8, an element u of Q(F) over s € S with g(u) #
0 has the form ([« : 1),w), where « is in E' = E[{/v(s)], and ¢(u) = w =
Ng//g(a). Such an element is in Ao(E). O

Proof of Theorem 11.10. We have constructed a diagram Y Lz RQ and
proved that the degree of g is prime to ¢ (see 11.27). By blowing up Z if
necessary we may assume that g : Z — RQ factors through g : Z — R@7 with
the degree of g prime to /.

Let [z,a] € Ag(E), and set w = Ng(.)/g(a). By Lemma 11.28, there exists a
point ([ : 1], w) € RQ(k). Lift this to a point in RQ(k) (recall that RQ — RQ
is an isomorphism where ¢ # 0). Since Z — R@ is a morphism of smooth
projective varieties of degree prime to £ and k is £-special, we can lift ([« : 1], w)
to a k-point of Z, by Theorem 7.5(a). Applying f : Z — Y, we get a k-point
in Y,,. By the definition of Y and Corollary 11.20, this means that we can find
Kummer extensions k(z;)/k (corresponding to points s; € S, and determining
points z; € X because X is a f-generic splitting variety), elements b; € k(x;)
and t; € k such that w = [[; Ng(q,)/e(bi + ti€), as asserted. O

11.6 Historical notes

This chapter is based upon the preprints of Rost, except for the proof of the
Norm Principle which Rost never wrote down. Our other sources are the papers
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[SJ06, HW09] and the lectures given by Rost at the Institute for Advanced
Study in 1999-2000 and 2005.

The condition that s4(X) # 0 (mod £2) arose in [Voe03a, 3.2] as a sufficient
condition for Margolis homology to vanish. The preprint [Ros96] introduced the
notation Ao (X, K1) for the group we now recognize as H_; _1(X).

The term “Rost variety” is fairly recent, but the proof that such varieties
exist was announced by Rost in 1998 and proven in [SJ06, Th. 0.1], modulo the
proofs of the Chain Lemma 9.1 and the Norm Principle, Theorem 11.1. Proofs
of these results appeared in [HWO09].
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Chapter 12

Model structures for the
Al-homotopy category

In order to work with objects in the Morel-Voevodsky A!-homotopy category
Ho, it is useful to introduce a Quillen model structure on an appropriate cate-
gory of spaces, one which is compatible with the passage in motivic cohomology
from complexes of presheaves with transfers to the triangulated category DMffifS.
This model structure will be used to set up the formalism underlying motivic
Steenrod operations, symmetric powers and motivic classifying spaces in the
next few chapters.

The goal of this chapter is to provide such a framework, namely the Al-
local projective model structure on the categories of simplicial presheaves
and simplicial presheaves with transfers. These model categories, written as

A°PPshv(Sm),1 and A°PPST(Sm),:, are defined in 12.62 and 12.68. Their
respective homotopy categories are Ho(Sm) and the full subcategory DMffSSO

of DMSE: see 12.63 and 12.69.

Sections 12.2 and 12.4 introduce the notions of radditive presheaves and A-
closed classes, and develop their basic properties. This material will be used
in chapter 14 to deal with symmetric powers of motives, and in particular to
show that symmetric power functors on term-wise ind-representable simplicial
presheaves preserve Al-weak equivalences. The theory of A-closed classes is
needed because the extension of symmetric power functors to simplicial radditive
presheaves is not a left adjoint.

We will use many of the basic ideas of Quillen model categories. Recall that
a Quillen model category is a category equipped with three classes of morphisms
(weak equivalences, fibrations and cofibrations) satisfying 5 axioms, including
a lifting axiom and a functorial factorization axiom; we refer the reader to the
books by Hovey [Hov99] or Hirschhorn [Hir03] for more information about model
categories.

Much of the material in this chapter is based upon the technique of Bous-
field localization, which we recall in Definition 12.38. We will also need the
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fundamental notion of a Quillen adjunction, which we now recall.

12.0. If A, B are model categories, an adjoint pair of functors (F,U) from
A to B is called a Quillen adjunction if F preserves cofibrations and trivial
cofibrations, or equivalently, if U preserves fibrations and trivial fibrations.

A Quillen adjunction induces a derived adjunction (LF,RU) between the
associated homotopy categories of A and B; see [Hir03, 8.5.18]. For example,
LF(A) may be defined to be F(QA), where QA — A is a functorial cofibrant
replacement; RU(B) may defined using a functorial fibrant replacement of B.

We say that (F,U) is a Quillen equivalence if the derived adjunction defines
an equivalence of homotopy categories. This is equivalent to the condition that
(for all cofibrant A in A and all fibrant B in B) a map F(A) — B is a weak
equivalence in B if and only if its adjoint A — U(B) is a weak equivalence in
A. See [Hov99, 1.3.3] and [Hir03, 8.5.3] for more information.

Here is an example of a Quillen adjunction of interest to us. We will see in
12.28 that the forgetful functor from presheaves with transfers to presheaves on
Sm has a left adjoint, X + Ry (X*®), and this defines a Quillen adjunction
from A°PPshv(Sm)y: to A°PPST(Sm),:. Similarly, the restriction functor
from presheaves on the category Norm of normal varieties to the category
Sm of smooth varieties defines a Quillen adjunction from A°PPshv(Sm): to
A°PPshv(Norm),:. It will be studied in Section 12.8 below.

12.1 The projective model structure

We begin by considering the category Pshv(C) of presheaves on an arbitrary
small category C, i.e., contravariant functors from C to Sets, and the category
A°PPshv(C) of simplicial objects in Pshv(C). By abuse, we will apply this to
skeletally small categories such as Sm.

Definition 12.1. A morphism X — Y of simplicial presheaves is called a global
weak equivalence (resp., a projective fibration) if X(C) — Y (C) is a simplicial
weak equivalence (resp., a Kan fibration) for every C in C. It is a trivial projective
fibration if it is both a projective fibration and a global weak equivalence.

Quillen showed that these determine the structure of a proper simplicial
model category on A°PPshv(C), called the projective model structure. As usual,
the projective cofibrations are determined by the left lifting property. That is,
a map A — B is a projective cofibration if for every trivial projective fibration
X — Y and every solid diagram

———¢
7

A
lh
B

- >Y
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there is a map h making both triangles commute.

The pairing X X K of a simplicial presheaf X and a simplicial set K is the
simplicial presheaf n — [[ Xy, and the simplicial mapping space Map(X,Y’)
is the simplicial set n — Hom(X K A™ Y). This pairing makes the model
category A°PPshv(C) into a simplicial model category. See Theorems 11.7.3 and
13.1.14 of [Hir03] for proofs.

Lemma 12.2. Let C be an object of C, and F' a simplicial presheaf on C. Then
F(C) =2 Map(C, F) and for each n there is a natural isomorphism

Ma’pAOPPShV(C) (C X Anv F) = MapAOPSets(Anﬂ F(C))

Proof. By direct computation, the summand C x [1] of CKA* corresponding to
the canonical ¢ € A induces a natural isomorphism Fy(C) = Hom(C' K A*, F).
As k varies, this shows that F(C) = Map(C, F). For the second asssertion, it
suffices to show that Hom(C' X K, F) = Hom(K, F(C)) for K = A" x A* (as k
varies). As with any simplicial set, we can write K as the colimit of its simplices
o: A" - K. Since C X K is the colimit (over o) of the C K A?, we are reduced
to the case K = A?, where Hom(A®, F(C)) & F;(C) = Hom(C X A%, F). O

Given a functor f : C — C’, there is a well known adjunction (f*, f.) between
presheaves on C and C’. The direct image functor f, : Pshv(C') — Pshv(C) is
(f«Y)(C) =Y (fC), and the inverse image functor f* : Pshv(C) — Pshv(C’) is
given by the formula

* ! .
(fF X)) = gpgjr%X(C)-
It is well known (and an easy exercise) that if X is an object of C, regarded as
a presheaf, then f*X is represented by f(X).

Clearly, f. preserves projective fibrations and global weak equivalences.
Therefore, (f*, f) is a Quillen adjunction of projective model structures.

As with any Quillen adjunction, (f*,f.) induces a derived adjunction
(Lf*,Rf«) between the homotopy categories (see 12.0). Because f. preserves
global weak equivalences, it also defines a functor between homotopy categories;
since (f.Y)(C) = (Rf.Y)(C) is an equivalence for all Y and C, we have
f« 2 Rf.. Thus we may regard f, as the right adjoint of L f*.

Lemma 12.3. Leti:C C C’ be a full embedding. Then:

(1) the inverse image i* : A°PPshv(C) — A°PPshv(C’) is a full embedding as
a full coreflective subcategory. That is, the unit of the adjunction X — i,i*X is
an isomorphism for any X in A°PPshv(C).

(2) the total inverse image Li* embeds the homotopy category of A°PPshv(C)
into the homotopy category of A°PPshv(C’) as a full (coreflective) subcategory.

Proof. For (1), it suffices to show that X (C) — i.i*X(C) = (i*X)(i C) is an
isomorphism for every C in C; this is clear from the definition of i*X (i C), as
the identity map of C' is initial among all maps C' — Cj in ¢’ with C in C.
For (2), we may assume that X is cofibrant; by (1), the unit map X —
ix(Li*X) 2 4,i*(X) is an isomorphism. This implies X — 4, Li* X is an isomor-
phism in the homotopy category, and hence that Li* is a full embedding. [
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It is useful to have a broad family of examples of projectively cofibrant
presheaves in A°PPshv(C).

Example 12.4. For any C in C, the representable presheaf H = Hom¢(—, C)
and the presheaves H X A™ are projectively cofibrant in Pshv(C). This is be-
cause morphisms H K A™ — Y correspond to elements of Y, (C), and the lift-
ings required by the left lifting property exist because any trivial Kan fibration
X(C) = Y(C) is a surjection in each degree.

Any coproduct of representable presheaves is projectively cofibrant, since
coproducts of cofibrant objects are cofibrant. It will be convenient to let CM
denote the full subcategory of presheaves which consists of coproducts of rep-
resentable presheaves; if ¢ = IIHome(—,Cy), we sometimes write F'(C') for
Hom(C, F) = [[ F(Cy).

It is worth noting that the Yoneda embedding does not preserve coproducts.
Indeed, the presheaf coproduct Il Home (—, Cy,) in C! sends A to I1 Hom(A, C,,)
while Home(—,1IC,,) sends A to the typically larger set Hom(A, I1C,,).

Recall from [AGV73, Vbis(5.1.1)] that a simplicial object Y in any category
is called split if each Y; has a subobject N; such that the natural maps

[Ir: I ~-v
]

n:[i] =
are isomorphisms. The coproduct here is over all surjections 7 in A with source 7.
Theorem 12.5. Every split simplicial presheaf in CY is projectively cofibrant.

Since simplicial sets are split, presheaves of the form C'X X, are split sim-
plicial. Thus we have:

Corollary 12.5.1. If C is an object of C and X, is a simplicial set then CK X,
1s projectively cofibrant.

Before giving the proof of 12.5, we need to introduce some terminology.
Let A<, denote the full subcategory of A with objects [0],[1]....,[n], and i, :
A<y, C A the inclusion. The direct image functor 4, is called n-truncation.
In addition to the left adjoint ¢} ,the n-truncation functor i,. also has a right
adjoint i',. The n-coskeleton of a simplicial F is defined to be cosk,, F = i}, i,. F,
and the n-skeleton of F' is defined to be sk,, F' = i} i, F. There are natural 1-1
correspondences between maps i,+X — i,%Y of the n-truncated objects, maps
X — cosk, Y and maps sk, X — Y. Both 4.4, and zn*z'n are the identity.
There are natural maps sk, X - X — cosk,, X.

Finally, the boundary A"+ of A" is the simplicial subset generated by
the faces of the unique non-degenerate (n+1)-simplex in A"+, That is, A"+ =
i i AL

Lemma 12.6. If X is a representable presheaf and F' is any simplicial presheaf,
then presheaf maps X — (cosky, F)py1 are in 1-1 correspondence with simpli-
cial maps OA™ — F(X).
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Proof. Set K = F(X). Then the left and right adjoints of 4, yield:

Hom(X, (cosk,, F),11) = (cosk,, K),+1 = Hom(A" " cosk, K)
>~ Hom(ip A" iy K) = Hom(0A™ M F(X)). O

Remark 12.6.1. Here is another proof. Giving a map from X to (cosk,, F'),41
is equivalent to giving maps ag, ..., an41 : X — F), such that 0;a; = 0;_1a; for
i < j (see [GJ99, VII.1.19]). Regarding ag,...,an4+1 as a sequence of elements
in F,,(X), we have the data of a map A" — F(X).

Proof of Theorem 12.5. Given a split simplicial C' in C™ and a trivial projective

fibration F —— B, we need to show that any map C -, B has a lift C RNy
By the Yoneda Lemma, we may regard the components b, : C,, — B,, of b as
elements of B,,(C,,), and the components f,, of f as elements of F,,(C,,).

We will construct a compatible family of maps i,+C — i,.F lifting the
truncations of b; taking the inverse limit yields the desired lift f : C — F of
b. The O-truncation of b is the map bp; since the set map Fy(Cy) — Bo(Cp) is
onto, we may lift by to an element fy of Fy(Cp), representing a map Cy — Fy.

Inductively, suppose we are given a map i,.C — i, F which lifts i,.b, or
equivalently by adjunction, a map f’ : C — cosk,, F lifting C' — B — cosk,, B.
By Lemma 12.6, the component f; ,; : Crp1 — (cosk, F'),41 corresponds to a
map f’: A" — F(C,,41) fitting into the solid diagram

/
oamtt o pen

fn+1 - -7
J/ o7 | w(Char)

-
-

INGE ﬁ B(Cn+1).

Since 7 is a trivial projective fibration, w(C),+1) is a trivial fibration of simplicial
sets, so there is a dotted arrow f,, ;1 making the diagram commute. By Lemma
12.6, fn+1 corresponds to a commutative diagram

Cpy1 — (cosky, C)pt1

fn+1l K

Foi1 — (cosky Fpaq.

By assumption, Cp4+1 has a nondegenerate subobject N,i1. By [AGVT3,
Vbis(5.1.3)], this diagram determines a map from the truncation i,41.C of C
to the truncation 4,41+ F (equivalently, cosk, 11 C — cosk,,4+1 F) which restricts
to f’ and lifts the n + 1-truncation of b. O

Construction 12.7. There is a canonical functor L, from simplicial presheaves
to globally cofibrant simplicial presheaves, as we assume that C has a set of
objects. To construct it, we consider the discrete category C® on the objects of
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C. The inclusion ¢ :C° C C induces an adjunction (¢*,1,) of presheaf categories,
with

x() =[] X(©)=]]Home(C",C) x X(C)= [[ Home(C’,C),
C'—C c C,X(C)

for C' in C and X in Pshv(C%), and L = t*1, is a cotriple on Pshv(C). Setting
L, = L™ the map L(F) — F yields a simplicial map L.F — F called the
cotriple resolution of the presheaf F'; see [Wei94, 8.6.4]. Recall that the nerve
of C is the simplicial set N, = N,(C) in which N,, is the set of all composable
sequences Cy — -+ — C,, in C. Then we have the explicit formula

L,F = szn ann) Co. (12.7.1)

By inspection, L.F is a split simplicial object of C", so by Theorem 12.5 it is
projectively cofibrant. Moreover, F' is the coequalizer of the diagram L1 F =
LoF. If F = F, is a simplicial presheaf we write L,F, for the diagonal of the
bisimplicial presheaf L.(F,). Again by inspection, L.F, is a split simplicial
object of C1, so it is also projectively cofibrant.

Example 12.8.1. If F' = pt is the constant one-point presheaf, then (L,.pt)(C)
is contractible for each C in C. Indeed, (L.pt)(C) is the nerve of the comma
category C\C, which has 1 € Hom(C, C) as initial object.

If C° is an object of C°, then (:*C°)(C") = Home (C’, C).

Lemma 12.9. The L,, commute with coproducts: L,(][; F;) = [1; Ln(F;).
Proof. This follows from (12.7.1), since [, (¢, ) Co = [; 1 £,(c,) Co- O

Recall that two maps f, g : A — B between simplicial objects are simplicially
homotopic if there are maps h; : A, = Bpy1 (i = 0,...,n) such that dyhg = f,
On+1hn, = g and the standard formulas for 0;h; and o;h; hold; see [Wei94,
8.3.11]. This gives rise to the notion of a simplicial homotopy equivalence in
any category of simplicial objects, one which is preserved by functors.

Since the representable presheaf ' = C is i*(C?), the general theory of
cotriple resolutions (see [Wei94, 8.6.8-10]) implies that L.C' — C is a simplicial
homotopy equivalence, and hence that (L.C)(C") — C(C’) = Hom(C’,C) is a
homotopy equivalence for each C’, i.e., L,C — C is a global weak equivalence.
Since the coproduct [[ L.(Cy) — ] Ca of simplicial homotopy equivalences is
a simplicial homotopy equivalence, this argument establishes:

Corollary 12.9.1. If F is a simplicial object in C" then L.F — F is also a
global weak equivalence.

The following lemma will be used in 12.26 and (14.24.1).

Lemma 12.10. Let F, — F5 be a monomorphism of pointed presheaves, with
presheaf quotient F5(C) = F3(C)/F1(C). Then L.Fy — L.Fs is a termwise
split inclusion, and there is an isomorphism L.Fy/L.Fy = L,F3/L,pt.
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Proof. For each object C of C, choose a set-theoretic splitting of the surjection
F5(C) — F5(C) = F5(C)/F1(C), i.e., a decomposition F»(C) = F1(C)V F3(C).
For each C and Cj, this decomposition yields an isomorphism

HFQ(C) Co = (HFl(C) CO) 1 (HFg(C)\* CO)'

As in the proof of Lemma 12.9, the explicit formula (12.7.1) shows that each
L, F; is the coproduct of L, F; and the presheaf Q,, = HNn ]_[FS(C)\* Cy. Since
L, F3 is the coproduct of L, pt and @, the result follows.

We conclude this section with a description of all cofibrant objects in
A°PPshv(C). It follows from the general theory of cellular model categories.

Definition 12.11. ([Hir03, 12.1]) A model category M is cellular if it has a set
I of generating cofibrations whose sources and targets are compact objects, a
set J of generating trivial cofibrations whose sources are small relative to I, and
such that the cofibrations are effective monomorphisms. For example, A°PSets
is cellular: I is the set of all 9A™ — A™ and J is the set of all horns A} — A",

We refer the reader to [Hir03, 11.1] for the terminology in this definition. In
particular, M is “cofibrantly generated” by I and J. Moreover, a map in M
is a trivial fibration (resp., a fibration) iff it has the right lifting property with
respect to I (resp., J).

Example 12.11.1. Hirschhorn observes that the projective model structure
on A°PPshv(C) is cellular in [Hir03, Prop. 12.1.5], assuming that C is small (or
skeletally small); I is the set of all C X OA™ — C K A™ with C in C, Je is the
set of all horns C XA} — C X A™ with C in C, and the pairing X is defined at
the end of 12.1.

A map which is a transfinite composition of morphisms which are pushouts
of morphisms in a set I of maps in C is called a relative I-cell complex; see
[Hir03, 10.5.8]. The following result is proven in [Hir03, 11.2.1] when I is I¢.

Lemma 12.12. Let M be a cellular model category. Then every cofibration is
a retract of a relative Ic-cell complex (which is also a cofibration).

Let us say that a map X — Y of presheaves is nice if it is isomorphic to
the projective cofibration X < X II (][ C?) for some family of representable
presheaves C°. From Example 12.4, the X — X II ([JC* K A™) are projec-
tive cofibrations as well as termwise nice. We now show that every projective
cofibration is a retract of a termwise nice map.

Corollary 12.13. If f : X — Y is a projective cofibration in A°PPshv(C) then
there is a termwise nice map X — Y and a split inclusion i : Y — Y whose
splitting map p restricts to f on X.

Proof. ([VoelOd, 3.27b]) The generating cofibrations of A°?Pshv(C) (maps in
Ic) are termwise nice by Example 12.11.1. Since pushouts of nice maps are
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nice, and transfinite compositions of nice morphisms are nice, relative I¢-cell
complexes are termwise nice cofibrations. By the small object argument, f
factors as X — YV —2» Y, where n is termwise nice and p has the right lifting
property for Ic. Since f is a retract of a relative I¢-cell complex by Lemma
12.12, p has a section ¢ with n = if. O

12.2 Radditive presheaves

A convenient category of presheaves that we shall use for our motivic model
structures is the category of radditive presheaves. One might think of rad-
ditive presheaves as intermediate between sheaves and presheaves since, on a
Grothendieck site in which {U, V'} covers U I1 V, every sheaf is radditive.

The use of radditive presheaves allows us to give a unified treatment of
several Quillen adjunctions; see diagram (12.28.1) in Section 12.3. In addition,
the motivic Hurewicz functor Ry, is easily defined for radditive presheaves; see
12.28. Most of the material in this section was published in [Voel0d].

We assume throughout this section that C is a skeletally small category with
finite coproducts (and hence an initial object ().

Definition 12.14. A presheaf of sets X on C is called radditive if X (0) is a
one-element set and the map X(C'IIC") — X (C) x X(C") is a bijection for all
C,C" in C. We write rad(C) for the full subcategory of Pshv(C) (presheaves on
C) consisting of all radditive presheaves.

Example 12.14.1. The representable presheaf Home(—,C) is radditive for
each C' in C. Thus we may regard C as a full subcategory of rad(C), via the
Yoneda embedding of C into Pshv(C). The following calculation shows that the
embedding C C rad(C) preserves coproducts: for radditive F,

HOmrad(c)(HOmc(f, Cl II CQ), F) = F(Cl I CQ) = F(Cl) X F(CQ)

In contrast, the Yoneda embedding C — Pshv(C) does not preserve coproducts:
if C = Cy 11 Cy then ide € Hom(C, C) is not in Home (C, Cy) I Home (C, Cs).

Example 12.14.2. Let Sets denote the category of finite sets and * the 1-
element set. Any radditive presheaf F' on Sets is completely determined by
the set F'(x). Thus the Yoneda embedding gives an equivalence between Sets
and rad(Sets). Similarly, the category Sets of pointed sets is equivalent to
the category rad(Sets;) because F is completely determined by the data x =
F(x) = F(S%), i.e., by the pointed set F(S?).

Example 12.14.3. Suppose that C is either Sm or Norm (normal schemes
over k), and let Cy denote the full subcategory of nonempty connected varieties
in C. Then a radditive presheaf on C is uniquely determined by its values on
Co, because every object of C is uniquely a finite coproduct of objects in Cy. In
other words, the restriction ¢, of presheaves from C to Cy induces an equivalence
between rad(C) and Pshv(Cp). The inverse equivalence Pshv(Cy) — rad(C) sends
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F to FI(IIX;) = [[ F(X;), and F — F*® = (,, F)! is the universal map to a
radditive presheaf.

Example 12.14.4. If [ is filtered and F; are radditive, then the presheaf
colim F; is also radditive. Indeed, because filtered colimits commute with fi-
nite limits, colim; (F;(C) x F;(C")) = (colim; F;(C)) x (colim; F;(C")).

Another important family consists of ind-objects of C.

Definition 12.15. Let C™® denote the full subcategory of presheaves on C
consisting of filtered colimits of representable presheaves; this is the same as
the category of ind-objects of C (see [AGV73, 1.8.2]). By Examples 12.14.1 and
12.14.4, ind-objects are radditive as presheaves. Thus C"! is a full subcategory
of rad(C).

Example 12.15.1. By Example 12.14.1, the coproduct of Hom(—,C}) and
Hom(—, Cs) is Hom(—, C1I1Cs) in both rad(C) and in C'™4. Since the coproduct
over an indexing set I is the filtered colimit of the coproducts over finite sub-
categories of I, it follows that arbitrary coproducts of objects of C exist in both
rad(C) and C™"4, and are equal. We shall write II'*4C,, for the coproduct (in C7d)
of objects {C, : a € A} of C, to distinguish it from the corresponding coproduct
in Pshv(C). There is a canonical presheaf map 7 : [[ Hom(—, C,) — II"*4C,,
between coproducts.

We will prove in Proposition 12.17 below that the inclusion rad(C) C Pshv(C)
has a left adjoint (—)™d for every C. The key step is to show that reflexive
coequalizers of radditive presheaves are radditive. Recall that a coequalizer
diagram A = B in a category is called reflexive if both maps have a common
right inverse B — A.

Lemma 12.16. If E = F is a reflerive coequalizer diagram of radditive pre-
sheaves, then the presheaf coequalizer is a radditive presheaf.

Proof. If G is the presheaf coequalizer of E = F, each set G(C) is the set
coequalizer of E(C) = F(C). In the category of sets, reflexive coequalizers
commute with finite products (exercise!). Hence the set G(C) x G(C") is the
coequalizer of E(CIIC') = F(CLIC"). O

Proposition 12.17. The inclusion rad(C) C Pshv(C) has a left adjoint (—)'4,
and the universal map np : F — F™ is an isomorphism for every radditive F.

Proof. (See [Voel0d, 3.6].) Recall from Construction 12.7 that any presheaf F'
is the coequalizer of the reflexive diagram L1 F = LoF. The formula (12.7.1)
shows that each L,F is a coproduct of representable presheaves, so the co-
product (L, F)™d exists in rad(C) by Example 12.15.1. We define F*®d to be
the presheaf coequalizer of the reflexive diagram (L, F)™d = (LoF)rad; prad
is radditive by Lemma 12.16. We also define nr : F — F™ to be the co-
equalizer of the maps 7 : L;(F) — (L;F)'™® in Example 12.15.1. It is now
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easy to check that F™d is natural in F, and that nz induces an isomorphism
n* : Hom(F*4 @) = Hom(F, Q) for any radditive G.

When F is radditive, this yields n* : Hom,aq(c) (Frad, ) =~ Hom,aq(cy (F, —)
S0 np is an isomorphism by the Yoneda lemma. O

Corollary 12.18. The category rad(C) admits all small colimits; if colim F; is
the colimit of F : I — rad(C) in Pshv(C), the colimit in rad(C) is (colim F;)*ad.

Construction 12.19. Recall from 12.7 that there is a canonical functor L.
from simplicial presheaves to cofibrant simplicial presheaves. If F' is a simplicial
radditive presheaf, we define Lres (F) to be L,(F)™. That is,

rad rad

Lres ,F = (L, F)"™ = ]_[ Co.

Co—-—Chp HF(Cn)
for all n. In particular, Lres (F) is an object of A°P(Ci"); see Example 12.15.1.

Alternatively, the adjunction (:*,¢,) in 12.7 induces an adjunction (¢*24,4,)
between Pshv(C?) and rad(C). This gives rise to the cotriple /™41, = L4 in
rad(C), and Lres (F) is the resulting cotriple resolution of F' in rad(C). As in
Corollary 12.9.1, the general theory of cotriples implies that Lres (C) — C'is a
simplicial homotopy equivalence for every C.

Remark 12.19.1. ([Voel0Od, 3.19(1)]) Lres commutes with filtered colimits:
Lres (colim F;) 2 colim Lres F;. Indeed, [[™ F.(c,,) Co = colim H?ﬁcn) Co
for each chain Cy — --- — C},; see Lemma 12.9.

The following trick, modelled on the analysis for Sets and Sets; above,
allows us to pass back and forth between the pointed and unpointed cases when
C has a final object *. Let C; C C denote the subcategory of pointed objects of
C which are isomorphic to C; = C II x for some C, together with all pointed
morphisms; C; has initial object * and has finite coproducts whenever C does.

Lemma 12.20. IfC has a final object, rad(C) is equivalent to the category of
pointed objects in rad(C).

Proof. The canonical functor C LA C4, defined by b(C') = C. preserves coprod-

ucts so it defines a functor rad(C;) LN rad(C) sending G to b.G(C) = G(Cy);
the presheaf b,G is pointed by the image of x = G(x) = G(Cy) = b.G(C).
Conversely, given a pointed radditive presheaf F' on C, define G : C; — Sets
on objects by letting G(X) be the inverse image of the basepoint in the canonical
map F(X) — F(x) associated to x — X; if X = C4 then F(X) = F(C) x F(x)
and G(X) = F(C). To a morphism X — X’ in C; we associate the composition

G(X')— F(X') - F(X)= F(C) x F(x) = F(C) = G(X).

Tt is routine to check that G is a presheaf; G is radditive because G(*) = * and
G(Cyv ) =G((CC);)=F(C)x F(C"). Thus F' +— G defines a functor
from pointed radditive presheaves on C to rad(C4). By inspection, it is inverse
to the given functor b, : rad(Cy) — rad(C). O
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Lemma 12.21. IfC is an additive category, rad(C) and rad(Cy+) are both equiv-
alent to the category of contravariant additive functors from C to abelian groups.

Proof. Clearly any additive contravariant functor is a radditive presheaf. Sup-
pose conversely that F' is a radditive presheaf on C. For each C, the di-
agonal A : C — C @ C gives an operation F(C) x F(C) — F(C). The
usual diagrams for a group object show that this operation is associative and
commutative, that the basepoint 0 of F(C) is an identity, and that an in-
verse operation on F(C) is given by F(—1¢); this makes F(C) an abelian
group. If F' is the radditive presheaf underlying an additive functor to Ab,
this construction recovers the original additive structure on each F(C'). Given
B — C, the two maps Aco f,(f ® f)oAp : B — C & C agree, showing that
Home(B,C) — Homap(F(C), F(B)) is a homomorphism, i.e., that F' is an
additive functor. This establishes the equivalence between radditive presheaves
and additive functors to Ab.

Finally, since 0 is both initial and terminal in C, any radditive functor F' has
F(0) =0, and so is pointed; cf. Lemma 12.20. O

Example 12.21.1. Let S be either the category Sm of smooth schemes, or the
category Norm of normal schemes over k, and let Cor(S) denote the category
of (finite) correspondences on S, with coefficients in a ring R, as defined in
[MVW, §1 and 1A]. We write PST(S) for the (abelian) category of contravari-
ant additive functors Cor(S) — Ab; such functors are called presheaves with
transfers on S. By Lemma 12.21, PST(S) is the same as rad(Cor(S)).

Given an arbitrary functor f : C — C’, neither half of the adjunction (f*, fi)
between presheaves will preserve radditive presheaves. We write 4 for the
functor F + (f*F)"d from rad(C) to rad(C’) (see 12.14.3). It agrees with f on
representable presheaves; if X is an object of C, regarded as a presheaf, then f*X
is f(X), regarded as a (radditive) presheaf, and hence 24X = f*X = f(X).

Lemma 12.22. For any functor f :C—C’, the functor f*:rad(C)—rad(C’)
commutes with coproducts, filtered colimits and reflexive coequalizers.

Proof. ([Voel0d, 4.1]) The functor (—)**dof* from Pshv(C) to rad(C’) commutes
with all colimits because it is the composition of two left adjoints. Since the
inclusion rad(C) C Pshv(C) preserves filtered colimits and reflexive coequaliz-
ers (the latter by Lemma 12.16), it follows that f™G preserves these special
colimits as well. O

12.3 The radditive projective model structure

There is an analogue for radditive presheaves of the projective model structure
for presheaves: we just restrict the notions of fibration and weak equivalence.
As in the previous section, we assume throughout that C is a skeletally small
category with finite coproducts.
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Definition 12.23. A global weak equivalence (resp., a projective fibration) be-
tween simplicial radditive functors is just a global weak equivalence (resp., a
projective fibration) between the underlying simplicial presheaves in the sense
of Definition 12.1. We define projective cofibrations to be the maps having the
left lifting property relative to trivial projective fibrations.

We will write U @ K for (U X K)™4 when U is a simplicial object in €4
and K is a simplicial set, so (U ® K), = H&?SUP. Note that if each K, is finite
then U ® K is in A°PC™d. In particular, C @ A" = (C' K A")r2d js in A°PCind,

Let I (rjad denote the set of all morphisms CQIA"™ — CRA"™ and Jéad denote
the morphisms C' ® A} — C ® A™ with C in C. These are the radditivizations
of the generating cofibrations I and trivial cofibrations J¢ for A°PPshv(C) in
Example 12.11.1.

Since radditivization is left adjoint to the inclusion rad(C) C Pshv(C), it
follows formally from the cellular model structure on simplicial presheaves that
Iéad consists of cofibrations, and that a map in A°Prad(C) is a projective fi-
bration (resp., trivial projective fibration) if and only if it has the right lifting
property with respect to J3* (resp., I54).

We will see in Application 12.32 below that the morphisms in Jéad are global
weak equivalences. Hence they are trivial cofibrations.

Lemma 12.24. The global weak equivalences, projective fibrations and projec-
tive cofibrations form a cellular model structure on A°Prad(C).
We shall call it the projective model structure on A°Prad(C).

Proof. ([Voel0d, 3.25]) Given the criterion of Theorem 2.1.19 in [Hov99] for
a cofibrantly generated model structure, and the remarks above, the proof is
formal from the definitions, using Ig"d for the set of generating cofibrations, and
Jéad for the set of generating trivial cofibrations. O

Since the inclusion rad(C) C Pshv(C) preserves global weak equivalences and
fibrations, the adjoint pair (—"*4,incl) of Proposition 12.17 defines a Quillen
adjunction A°PPshv(C) — A°Prad(C). It follows that if A — B is a cofibration
in Pshv(C) then A™d — Brad s a cofibration in rad(C). In particular, any
projective cofibration in A°PPshv(C) whose source and target are simplicial
radditive is a projective cofibration in A°Prad(C), and any representable presheaf
is projectively cofibrant in rad(C).

Example 12.24.1. Let Cor(S) be the category of (finite) correspondences on
either Sm or Norm, and recall from Example 12.21.1 that rad(Cor(S)) =
PST(S). By [MVW, 8.1], every projective object in PST(S) is a summand
(i.e., retract) of a direct sum of representable presheaves. Since Kan fibrations
of simplicial groups are just termwise surjections, projective cofibrant objects in
A°PPST(S) are just termwise projective objects, and a projective cofibration
A — A’ is just an injection whose cokernel is termwise a projective object.

From this concrete description, it is easy to see that the model structure
on A°PPST(S) is left proper, meaning that the pushout of a weak equivalence
along a cofibration is a weak equivalence.
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Remark 12.24.2. When C is either Sm, Sch or Norm, the projective model
structures on A°Prad(C) and A°Prad(C,) are proper. This is because raddi-
tive functors on C are the same as presheaves on Cy, by Example 12.14.3. As
illustrated in [Voel0Od, Ex. 3.48], A°Prad(C) need not be proper for general C.

The following lemma, taken from [Voel0Od, 3.18], shows that Lres is a func-
torial cofibrant replacement functor for A°Prad(C).

Lemma 12.25. For every radditive F, the map Lres (F) — F is a global weak
equivalence in A°Prad(C) and hence in A°PPshv(C).

Proof. We use the notation of Construction 12.7. For each C' in C, Lres , F(C)
is the coproduct of copies of Co(C), by (12.7.1). This is the same as evalu-
ation at C' of the presheaf 1,Lres,, (F) on C°. Since Lres (F) is the cotriple
resolution associated to the cotriple :*2ds, of 12.19, it follows from the general
theory of cotriples (see [Wei94, 8.6.10]) that the augmented ¢ Lres (F) — ¢, F
is left contractible (in the sense of [Wei94, 8.4.6]) and hence is a simplicial
homotopy equivalence. Evaluation yields a simplicial homotopy equivalence
Lres (F)(C) — F(C) for each C, showing that Lres (F') — F is a global weak
equivalence. O

Applying (—)"*d to Lemma 12.10, we see that if F; — F, is a monomorphism
of pointed radditive presheaves, with presheaf quotient F5(C) = F»(C)/F1(C),
then Lres (F) — Lres (F») is a termwise split inclusion,

Lres (Fy)/Lres (F}) = Lres (F3*1) /Lres (pt),

and (by Example 12.8.1) Lres (pt) — pt is a global weak equivalence.

Let us say that a map f: A — B in rad(C) is a nice radditive map if there
is a nice presheaf map f: A — B = AII (IIC?) (in the sense of 12.13) such that
B = B and f = f4, Here is the radditive analogue of Corollary 12.13.

Lemma 12.26. (1) If X L Yisa projective cofibration in A°Prad(C) then

there is a termwise nice radditive map X — Y and a split inclusion Y — Y
whose splitting map p restricts to f on X.

(2) Suppose that C is Sm or Norm. If E — F is a projective fibration in
A°PPshv(C), then E**d — F**d js a projective fibration in A°Prad(C).

Proof. By Lemmas 12.12 and 12.24, cofibrations in A°Prad(C) are the same
as retracts of relative Ic-cell complexes. As in the proof of Corollary 12.13,
pushouts and transfinite compositions preserve nice radditive maps, so each
relative Ic-cell complex in A°Prad(C) is a termwise nice radditive map. As in
loc. cit., the map f factors as X —— y -2 Y, where n is a termwise nice
radditive map and p has the right lifting property for I-. Hence p has a section
i with n =1f.

For (2), note that any C' is a finite coproduct of connected Cj, so the map
from E**4(C) = [[ E(C;) to F*4(C) = [[ F(C;) is a finite product of the Kan
fibrations E(C;) — F(C;). Hence E™4(C) — F*4(C) is a Kan fibration. [
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Lemma 12.27. Suppose that C and C' have finite coproducts, and that C N c’
commutes with finite coproducts. Then the adjunction (f*, f.) between pre-
sheaves restricts to an adjunction (f*, fi) between rad(C) and rad(C’).
Similarly, we have a Quillen adjunction (f*, f.) between A°Prad(C) and
A°Prad(C’), and an adjunction (Lf*, fi) between their homotopy categories.

Proof. 'Y is radditive, then so is f.Y because f(C; 11 Cy) = f(Cy) I f(Cy).
If X is radditive then so is f* X, because filtered colimits of sets commute with
finite products. By naturality, f* and f, also form an adjoint pair between the
simplicial categories. Since f, preserves global weak equivalences and projective
fibrations, it is a Quillen adjunction. Finally, f. = Rf,. O

Corollary 12.27.1. Ifi: C C C' preserves coproducts, the inverse image i* :
A°Prad(C) — A°Prad(C’) is a full embedding as a coreflective subcategory.

In addition, Li* embeds the homotopy category of A°Prad(C) into the homo-
topy category of A°Prad(C’) as a full (coreflective) subcategory.

Proof. Immediate from Lemma 12.27 and Lemma 12.3. O

Example 12.28. The standard embedding of Sm = Sm/k into Cor(Sm, R)
preserves coproducts by definition [MVW, 1.1], so by Lemma 12.27 we have an
adjunction (Ryy,u) between rad(Sm) and PST(Sm, R) = rad Cor(Sm, R) for
each ring R. The notation reflects the fact that the right adjoint u is the functor
from presheaves with transfers to the underlying (radditive) presheaves, and the
composition of the left adjoint Ry, with the Yoneda embedding of Cor(Sm, R)
into PST(Sm, R) sends X to the presheaf with transfers R, (X) = Z,(X) ® R.
Thus we have a pair of adjunctions:

_rad ; 1 Rr
Pohv(Sm) B L asm) Fod pgr(sm, R).

Hence there are Quillen adjunctions between the corresponding simplicial
model categories. There is of course a similar diagram for pointed presheaves
by Lemma 12.21, and a similar diagram with Sm/k replaced by Norm/k.

We may compare these using the adjunctions (i*,.) of 12.1 and Lemma
12.27 associated to the inclusion 7 : Sm — Norm and the induced inclusion
i : Cor(Sm) — Cor(Norm) of Example 12.21.1. By naturality and Example
12.28, these fit into a commutative diagram of projective model categories and
Quillen adjunctions:

A°PPshv(Smy ) M A°PPshv(Norm; )
(—r2d incl) j/ j/ (—rad incl)
(% i)

A°Prad(Sm;) ——= A°Prad(Norm, ) (12.28.1)

(Row| | (e
APPST(Sm) L APPST(Norm).
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By Corollary 12.27.1, the horizontal maps are fully faithful, even on the level of
homotopy categories. Vertically, we have an adjunction (LR, u) of homotopy
categories. By Example 12.19, we may choose the model Ry, (Lres (F')) for the
total left derived functors LR;,.

Example 12.28.2. If (X, ) is a pointed normal variety, regarded as a pointed
presheaf on Norm, we may form the simplicial wedge X VA! with the 1-simplex
by identifying # with one of the vertices of A'. This is pointed (using the other
vertex of Al as basepoint) and is a split simplicial object of A°°’Norm, because
its degree n term is the coproduct of X and n + 1 copies of Spec(k). It is easy
to see that X V Al — (X, z) is a global weak equivalence.

The normalized chain complex corresponding to the simplicial presheaf with
transfers Ry (X V A') is R %+ Ry (X) which is chain homotopic to the usual
presheaf with transfers R, (X, z) in degree 0; see [MVW, p. 15].

In particular, for G,, = (A!—{0},1) this gives a simplicial object V of
Norm, so that Ry (V) = Ry (G, ). Note that R(1)[1] = Ci R4 (Gyy,) by defini-

tion.

12.4 A-closed classes and weak equivalences

In this section we introduce Voevodsky’s notion of a A-closed class [Voel0d],
and use it to finish the proof that A°Prad(C) is a model category under the
projective model structure of Definition 12.23, by showing that the morphisms
in Jéad are global weak equivalences (in Application 12.32); see Lemma 12.24.

We will also show that for any functor C RN , the inverse image f* :
Acrcind _ Aopc’ind wil] preserve global weak equivalences, as long as C and C’
have finite coproducts. This has several useful consequences: in addition to the
Application 12.32 just mentioned, it also implies that if X is a simplicial scheme
then the canonical map from LR (X) = Ry (Lres (X)) to Ry (X) is a global
weak equivalence of simplicial presheaves with transfers; see 12.33.1. Third, it
implies that the symmetric powers functors (introduced in Chapter 14) preserve
global weak equivalences.

Definition 12.29 (A-closed classes). Let € be a category containing all small
colimits, and F a class of morphisms in A°PE. We say that E is a A-closed class
if: (1) F contains all simplicial homotopy equivalences; (2) E has the 2-out-of-3
property (i.e., whenever f o g exists and two out of f, g and f o g are in E
then so is the third); (3) for each bisimplicial map f : A,, — B,. whose rows
fj + Ay; — B.j are in E, the diagonal map diag(A) — diag(B) is in E; and (4)
E is closed under finite coproducts and filtered colimits i.e., if each A, — B,
is in F for all « in a filtering diagram, then so is colim A, — colim B,,.

Let S be a class of morphisms in A°Prad(C) such that the Bousfield local-
ization at S exists in the sense of Definition 12.38 below. Theorem 12.47 below
shows that the class of S-local equivalences is A-closed.
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Remark 12.29.1. The intersection of A-closed classes in &£ is again a A-closed
class. Thus each class of morphisms has a A-closure: the smallest A-closed class
containing it. We will often use this observation below, including in Theorems
12.31, 12.55 and 12.66.

Example 12.29.2. In the category of simplicial sets, the class W of weak
homotopy equivalences is the smallest A-closed class in A°PSets. The fact that
W is A-closed is well known. To see that every A-closed class E contains W,
we use the fibrant replacement functor K +— K(>) = colim K ("), obtained via
the small object argument for the maps A} — A™.

Suppose that K — K’ is a weak equivalence. Then K(°°) = K'(°) ig a
weak equivalence between Kan complexes; as such it is a simplicial homotopy
equivalence, and hence in E. Now each K" — K+ is in E because it is a
pushout of a coproduct of the simplicial homotopy equivalences A} — A™ along
maps A} — K (") and pushouts preserve simplicial homotopy equivalences. By
induction, each K — K is in E, and hence so is the colimit K — K(°). The
2-out-of-3 property implies that K — K’ is in E, as asserted.

Theorem 12.30. Let ® : & — &' be a functor which commutes with filtered
colimits, and E' a A-closed class of morphisms in A°PE’. Let E denote the
class of morphisms n in A°PE such that ®(n) is in E'. Then E is A-closed.

Proof. By assumption, F is closed under filtered colimits and has the 2-out-of-3
property. Since ® preserves simplicial homotopies and diagonals of bisimplicial
maps, the other conditions in Definition 12.29 are satisfied as well. O

We now specialize to the case A°PE = A°PCd following [VoelOd, 3.16,21].

Theorem 12.31. The global weak equivalences between objects of A°P(Cind)
form the smallest A-closed class of morphisms in A°P(C"d).

Proof. The class of global weak equivalences is A-closed in A°P(C'"?) because
X — Y is a global weak equivalence exactly when each X (U) — Y (U) is a weak
equivalence, and the class of weak equivalences is A-closed in A°PSets.

Conversely, we must show that if f: X — Y is a global weak equivalence of
simplicial objects in C™4, and E is any A-closed class of morphisms in A°PCind,
then fisin E. If each X, is representable, each Lres (X,,) — X, is a simplicial
homotopy equivalence by Construction 12.19, and hence Lres (X) — X is in
E. In general, X is a filtered colimit of representable simplicial presheaves, by
Construction 12.7, so (by Remark 12.19.1) Lres (X) — X is in E. Form the
diagram:

in K
Lres(X) ———— X

Lres (f)lin E lf (12.31.1)
Lres (Y) LE> Y.

By the formula in 12.19, Lres (f) = A(Lres f,) is the diagonal of a bisimplicial
map whose rows are coproducts of maps of the form Uy ® X (U,,) — Uy Y (U,,).
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Since each X (U,) — Y (U,) is a weak equivalence of simplicial sets, the rows
are in E by Sublemma 12.31.2 and hence Lres (f) is in E. By the 2-out-of-3
property applied to diagram (12.31.1), f is in E. O

Sublemma 12.31.2. If K — K’ is a weak equivalence of simplicial sets, then
eachU® K — U ® K' is in E, the smallest A-closed class in A°PC™,

Proof. We saw in Example 12.29.2 that K () — K is a simplicial homotopy
equivalence. By functoriality, U @ K(®) — U ® K’ () s a simplicial homotopy
equivalence in A°PC4 and hence is in E.

in &
UK — U® K

ls.h.e.

, n E 7(0)
UK —URK

Similarly, each K" — K™*1 is the pushout of a coproduct of the simplicial
homotopy equivalences A} — A™ (as we pointed out in loc. cit.). Therefore
U K™ — U@ K™Y is the pushout of a coproduct of the simplicial homotopy
equivalences U @ A} — U ® A"™; as such, these maps are in E. Taking the
colimit over n, we see that U ® K — U ® K is in F, and similarly for
U®K' — U® K. The 2-out-of-3 property implies that U @ K — U @ K’
isin E. O
Application 12.32. The morphisms in Jéad have the form C @ A} — C®@ A"

with C in C (Example 12.11.1). By Sublemma 12.31.2 and Theorem 12.31, they
are global weak equivalences. This fact was used in the proof of Lemma 12.24.

Now let f: C — C’ be a functor. Since f* is a left adjoint, it commutes with
filtered colimits. Hence it sends C? to ¢’ 4,

Corollary 12.33. Let f : C — C’ be a functor. Then the inverse image func-
tor f* 1 A°P(Cind) — A°P(C'nd) takes global weak equivalences to global weak
equivalences.

Proof. ([Voel0d, Th.4.8]) Combine Theorems 12.31 and 12.30, with ® = f*. If
FE is the class of maps i with f*n a global weak equivalence then E is A-closed,
and hence F contains all global weak equivalences. O

Example 12.33.1. The functor Ry, : A°PPshv(Sm, ) — A°?PST(Sm) is the
inverse image functor associated to Sm — Cor(Sm, R). Its derived functor
LR;, sends f to Ri(Lres(f)); see Example 12.7. Hence if X, is a simplicial
presheaf for which each X,, is an ind-object of Sm, Corollary 12.33 applied to
Lres (X,) - X, implies that LR, (X,)— Ry (X,) is a global weak equivalence.

We conclude this section by describing the behavior of A-classes under var-
ious pushouts. This will be needed in Section 12.6.
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Definition 12.34. Suppose that C «+— A — B is a diagram in A°PE. By
definition, the homotopy pushout is the (usual) pushout of the diagram

ATTA ——> A Al
J/ 0,1

BIIC.
By inspection, it is the diagonal of the bisimplicial object with rows CI11 A" 11 B
obtained by formally adding degeneracies to A = BII C (Jy and 9; map A to
B and C, respectively). (Cf. [BK72, XII.2].)

The mapping cylinder cyl(f) of f : A — B is the special case of the homotopy

pushout when A = C; it is also the pushout of B + A — A ® A', and there
are canonical maps A — BII A — cyl(f). It is a standard exercise, using the

simplicial contraction of A, to show that B — cyl(f) is a simplicial homotopy
equivalence.

Remark 12.34.1. Tt is a basic fact [BK72, XI1.3.1(iv)] that the category of sim-
plicial sets is left proper: the pushout BU,4 C of an injection A C B of simplicial
sets along any map A — C is weakly equivalent to the homotopy pushout.

The next lemma is based on [VoelOd, 2.10] and [Del09, p24].
Lemma 12.35. Given a pushout square @ in A°PE

A—>B

o ]

C —> BUyC

with each A, — By, a coprojection (i.e., B, = A, 11 By,), the map from the
homotopy pushout Kg to BU4 C is in every A-closed class in A°PE.

Proof. Let K,, denote the homotopy pushout of the square @),, formed by the
nt? terms of Q). Since K¢ is the diagonal of the bisimplicial system with rows
K,, it suffices to show that each K,, — B, U4, C,, is in E. Thus we may assume
that B= Al B/, so that BUy C = B' 11 C.

When B = AII B’, the square @ is the coproduct of the two squares

A:A *%B/
| ] e |
C—C ¥ — >R

Thus the homotopy pushout Kq is the coproduct of the mapping cylinders of
x> Band A—C. Thus K - B IICisin E. O

Proposition 12.36. Let E be a A-closed set of morphisms in €. Suppose that
Q — Q' is a morphism of pushout squares in £ of the form in Lemma 12.35,
with each A, — By and A, — Bl a coprojection. If A - A', B — B’ and
C — C" arein E, then so is BUy C — B' Uy C'.
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Proof. Let P and P’ denote the homotopy pushouts of ) and Q’; by Lemma
12.35, P -+ BU4 C and P’ — B’ Uy, C' are in E. By the 2-out-of-3 property,
it suffices to show that P — P’ is in E. By Definition 12.34, P and P’ are the
diagonals of bisimplicial objects X and X’ whose n!* rows are a coproduct of
B, C and n copies of A, resp., of B’, C' and n copies of A’. Since the rows of
the bisimplicial map X — X’ are in E, the diagonal map P — P’ is also in
E. O

Corollary 12.37. Let E be a A-closed set of morphisms in €. Ife: A — B
is a map in E, and each A, — B, is a coprojection. then E also contains the
pushout C' — B Uy C along any map A — C in .

Proof. ([Voel0d, L. 2.13]) Apply Proposition 12.36 to the morphism of squares:

[ T A -
C———=C C —> BuUyC.

12.5 Bousfield localization

In this section, we introduce the notion of Bousfield localization. The model
structures on presheaves which are suitable for (Nisnevich) sheaf theory and
A'-homotopy theory will be obtained by Bousfield localization of the projective
model structure on presheaves.

Recall from [Hir03, 3.1] that if S is a class of maps in a model category
M then a left localization of M with respect to S (if it exists) is a Quillen
adjunction (j,7) : M — Mg such that j takes S to weak equivalences, and is
universal with respect to this property.

Definition 12.38. ([Hir03, 3.1.4].) The S-local objects in M are the fibrant
objects L such that Map(B, L) — Map(A, L) is a weak equivalence for every
map A — B in S. The S-local equivalences are the maps X — Y in M such
that Map(Y, L) — Map(X, L) is a weak equivalence for every S-local L.

The left Bousfield localization of M with respect to S (if it exists) is a
left localization in which M and Mg have the same underlying category and
the same class of cofibrations (the Quillen adjunction is the identity), the weak
equivalences in Mg are the S-local equivalences in the sense of Definition 12.38,
and the fibrations are determined by the right lifting property.

Since r : Mg — M preserves fibrations, every fibration in Mg is a fibration
in M, but not conversely. It turns out that the fibrant objects in Mg are
exactly the S-local objects of M in the sense of Definition 12.38.

Remark 12.38.1. Bousfield localization preserves Quillen equivalences in the
following sense; see [Hir03, 3.3.20]. Let (F,U) be a Quillen equivalence between
model categories M and N. If S is a class of maps in M and T = F(S), then
(F,U) is also a Quillen equivalence between Mg and N7.
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Remark 12.38.2. By Ken Brown’s Lemma ([Hov99, 1.1.12] or [Hir03, 7.7.2]),
every S-local equivalence between S-local objects, i.e., between fibrant objects
of Mg, is also a weak equivalence in M. Dually, every weak equivalence in M
between cofibrant objects is an S-local equivalence in Mg.

A proof of the following theorem is given in [Hir03, Thm.4.1.1]. Recall that
a model category is left proper if weak equivalences are preserved by pushouts
along cofibrations. For example, A°P?Pshv(C, ) is left proper, because pushouts
are constructed objectwise; see [Hir03, 13.1.14].

Theorem 12.39. If M is a left proper cellular model category, then the left
Bousfield localization exists for every set S, and is again a left proper cellular
model category. If M is a simplicial model category, so is Mg.

Remark 12.39.1. Let M be as in Theorem 12.39. If M is skeletally small then
the Bousfield localization of M exists with respect to any class of morphisms S.
Indeed, there is a set Sy contained in S such that every s in S is isomorphic to
some Sqg in Sy, and Mg is the Bousfield localization of M with respect to Sy.
This remark will be used without comment below, for example when applied to
the projective model category structure on A°PPshv(Sm).

We also need some facts about the fibrant replacement functor in Mg. To
formulate them, we need to recall several definitions from Hirschhorn [Hir03].

Definition 12.40. Let A be an ordinal, viewed as a category. By a A-sequence
in a category M we mean a functor X

Xo =2 X 25 o — X, 2 e a <\,

from A to M such that for each limit ordinal x < A the induced map
colimg <, Xy — X, is an isomorphism. When A = w, this is the usual notion
of a sequence indexed by N. The colimit of X (if it exists in M) is sometimes
called the transfinite composition of the maps .

Given a set A of morphisms in a simplicial model category M, a relative
A-cell complex is a map that can be constructed as a transfinite composition of
pushouts of maps in A.

Given a cofibrant object A and a cofibration f : A > B, the n'® horn on
[ is the cofibration A% defined by

(Azam) ] Beoa™) = e A,
AROA™

If S is a set of cofibrations fs : Ay >—> By in M with each A, cofibrant, the
set A(S) of horns of the f, (for all n > 0) is a full set of horns on S in the sense
of [Hir03, 4.2.1].

The following theorem is proven by Hirschhorn, using the small object argu-
ment, in [Hir03, 4.2.5, 4.2.9 and 4.3.1]. The map X — LgX in 12.41(4) may
be taken to be the fibrant replacement of X in the localized model structure

M.

June 27, 2018 - Page 185 of 281



Model Structures

Theorem 12.41. Let M be a (simplicial) left proper cellular model category,
with generating cofibrations I and generating trivial cofibrations J. We assume
that every j in J is a relative I-cell complex with cofibrant domain.

If S is a set of cofibrations with cofibrant domains, then:

1. the set A(S) of horns on S consists of S-local equivalences;

2. every relative J U A(S)-cell complex is both a cofibration and an S-local
equivalence;

3. an object X of M is fibrant in Mg if and only if X is fibrant in M and
has the right lifting property relative to A(S);

4. for every X in M there is a natural map X — LgX with LgX fibrant in
Mg. The map is a relative J U A(S)-cell complex.

We will apply Theorem 12.41 when M is either A°?Pshv(C) or A°Prad(C).

Remark 12.41.1. The trivial cofibrations Je and Jéad satisfy the hypotheses of
Theorem 12.41 by Example 12.11.1 and Lemma 12.24.

12.6 Bousfield localization and A-closed classes

Suppose that S is a class of morphisms in A°Prad(C) such that the Bousfield
localization at S exists, e.g., if S is a set. The goal of this section is to prove
that the S-local equivalences in A°PC'™ form a A-closed class (Theorem 12.47).

Lemma 12.42. Let E be a A-closed class in a model category M = A°PE.
If f + A — B is a map in E, and each A, — B, is a coprojection (i.e.,
B, = A, 11 B,,), then the horns on f are also in E.

(&

Proof. Set P = (A®A") [[4goan (B®OIA™). Now ARIA" —> BRJIA™ is in
E, since it is the diagonal of a bisimplicial map whose rows are finite coproducts
of copies of f. Each term of e is a coprojection, since this is the case for the
terms A,, — B, of f. Corollary 12.37 implies that the pushout A ® A™ — P of
e is in E. Since the composition A ® A” — P — B® A" is in E, the n'” horn
P —- B® A™ of f is in E by the 2-out-of-3 property. O

If S is a set of maps s: A; — By in M, and cyl(s) is the mapping cylinder
of s defined in 12.34, let cyl S denote the set of maps A; — cyl(s) for s in S.
From the universal property of left localization, the Bousfield localizations Mg
and M.y, s have the same cofibrations, weak equivalences and fibrations. Their
fibrant replacements LgX and L.y s X are different, but weakly equivalent.

Proposition 12.43. Let M = A°PE be a (simplicial) left proper cellular model
category, with generating cofibrations I and generating trivial cofibrations J
which are relative I-cell complexes with cofibrant domains. We assume that for
each map T — T' in J the maps T,, — T, are coprojections.
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If S is a set of cofibrations As > > B, in M with cofibrant domains, and
each A,JJTA, — A, @ Al is a cofibration, then the fibrant replacement maps
X = LeysX for My s belong to every A-closed class E containing J and S.

Proof. Let E be the smallest A-closed set containing J and S. Since each
By — cyl(s) is a simplicial homotopy equivalence, E also contains cyl S. By
Lemma 12.42, the horns on ¢yl S are also in F, as each (Ag), — cyl(s), is
a coprojection. Each A; — cyl(s) is a cofibration, as it is the composition of
A, > A1 B, and the pushout of A,JITA, — A,® Al. By Theorem 12.41(4),
each X — L., sX is a relative J U A(eyl S)-cell complex. Because E is closed
under transfinite compositions, it suffices to show that F contains the pushout
of elements of J U A(cyl S) along any map. This follows from Corollary 12.37;
we have already noted that the Ay — cyl(s) are termwise coprojections, and
the elements of J are termwise coprojections by hypothesis. O

Example 12.44. Let M be either A°PPshv(C) or A°Prad(C). The trivial cofi-
brations Je and JE*4 of M satisfy the hypotheses of Proposition 12.43 by Ex-
ample 12.11.1 and Lemma 12.24. If S is any set of cofibrations with cofibrant
domains, then the fibrant replacement X — Lc,; s X is in the A-closure of JUS.

Lemma 12.45. Let M be a model category. Suppose that f is a morphism of
pushout squares with the X; and X cofibrant for i =1,2,3:

X — =X x, —9 S x
9| | & |
Xy — > X, X, — > X,

such that g and ¢ are cofibrations. If f; + X; — X! is a weak equivalence for
1=1,2,3 then f; is also a weak equivalence.

Proof. This is Proposition 15.10.10 in [Hir03]. O

In order to prove that the class of S-local equivalences is A-closed, we need
to introduce a few standard constructions.

Definition 12.46. If one forgets the degeneracies in a simplicial object, one
obtains a semi-simplicial object, that is, a contravariant functor from the sub-
category Ay of injections in A. In fact, forgetting the degeneracies is the direct
image i. associated with the inclusion i : Ay, ——= A; see [Wei94, 8.1.9].

As pointed out before Lemma 12.3 in Section 12.1, i, has a left adjoint ¥
and (i*1,K), is the coproduct of the K for j < p, indexed by of the surjections
[p] = [j] in A. The functor i*i, is sometimes called the wrapping functor, and
the adjunction counit i*i, K — K is a weak equivalence; see [VoelOd, 3.22] or
[Wei94, 8.4.4].

We note that i*i, K is split simplicial by construction (with N,, = K,,). By
Theorem 12.5, if each K is a coproduct of representable presheaves then i*7, K
is projectively cofibrant in M = A°PE.
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Lemma 12.46.1. The skeleta of i*i, K fit into the pushout diagram:

K, ® OA" —> sk,_1(i*i,K)

l J

K, ® A" —> sk, (i, K).

Proof. This is just Proposition VII.1.13 in [GJ99], applied to the split simplicial
(or “degeneracy free”) object i*i, K with A =0 and N,, = K. O

Theorem 12.47. Let S be a class of morphisms in A°Prad(C) such that the
Bousfield localization at S exists. Then the class of S-local equivalences in
A°Prad(C) or A°PC s A-closed.

Proof. We check first that S-local weak equivalences are closed under arbitrary
filtered colimits. For each small filtered category I there is a model structure
on I-diagrams for which the weak equivalences (resp., fibrant objects) are the
maps A — B such that each A; — B; is an S-local equivalence (resp., is S-
local). Given a weak equivalence A — B of I-diagrams, we need to show that
colim; A — colim; B is an S-local equivalence.

Since global weak equivalences are closed under arbitrary filtered colimits,
by Theorem 12.30 and Example 12.29.2, we may assume that the I-diagrams A
and B are cofibrant in this model structure. For any S-local fibrant presheaf X,
the I°P-diagrams Map(A, X) and Map(B, X) are fibrant diagrams of simplicial
sets and hence the induced map

Map(colimy B, X) = lim Map(B, X) — lim Map(A4, X) = Map(colim; 4, X)
is a weak equivalence of simplicial sets. By Definition 12.38, the map
colimy; A — colim; B

is an S-local equivalence of simplicial presheaves.

The only other non-trivial thing to check is that if K — K’ is a bisim-
plicial map with each column K,, — Kz’“ an S-local equivalence, then
diag(K) — diag(K') is an S-local equivalence. Applying the functorial cofi-
brant replacement Lres of Construction 12.19 to each column (see 12.25), we
may assume that each column K,, and Kz/m is cofibrant and that each K, ,
and K, , is in cH.

Let L, . (resp., L, ,) be the bisimplicial objects obtained by applying the
wrapping functor 12.46 to each row K, 4 (vesp., K| ;). Each row L, , and L, , is
cofibrant. In addition, each of the columns of L (and L’) is cofibrant, because the
p'" column L, , is a coproduct of the cofibrant K, for j < p. Since each L, , —
K., is a global weak equivalence, each L,, — Lj; , is an S-local equivalence.
As global weak equivalences are A-closed, the maps diag(L) — diag(K) and
diag(L') — diag(K’) are global weak equivalences. Therefore it suffices to show
that diag(L) — diag(L’) is an S-local equivalence.
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Let sk, L denote the bisimplicial object whose ¢ row is the n-skeleton
skp L. g. We will use induction on n to show that each diag(sk, L) and
diag(sk,, L) is cofibrant, and that each diag(sk, L) — diag(sk,, L") is an S-local
equivalence. Since diag(L) is the colimit of the diag(sk,, L) as n — oo, and simi-
larly for diag(L’), Proposition 17.9.1 of [Hir03] implies that diag(L) — diag(L’)
is an S-local equivalence between cofibrant objects, as required.

For n = 0, the ¢'" row of skg L is the constant presheaf Ly, = Ko 4, S0
diag(sko L) is the first column Lg , of L; this is cofibrant by construction, and
diag(sko L) — diag(sko L) is an S-local equivalence.

For n > 0, Lemma 12.46.1 yields pushout squares of simplicial objects:

K, q®0A"™ — sk,_1(L. q) K, .®0A" — diag(sk,—1 L)
for all ¢
J/ J/zn and hence l J/ln
K,q,®A" —= sk, (L. 4) K, .® A" — diag(sk, L).

Since the left verticals are cofibrations, so are the right verticals i,. Since
diag(sk,—1 L) is cofibrant by induction, it follows that diag(sk, L) is cofibrant.
We have a morphism between the pushout squares of Lemma 12.46.1:

K, .®0A" — diag(sk,—1 L) K, ,® A" — diag(sk,_1 L')

I

K, .® A" — diag(sk, L) K], ® A" — diag(sky, L').

As the K, , — K, , are S-local equivalences, so are the maps K, , ® A" —
K, ,®A" and K,, , ® 0A" — K, , ® 0A™. By Lemma 12.45 and induction on
n, the maps diag(sk, L) — diag(sk, L') are S-local equivalences. O

12.7 Nisnevich-local projective model structure

In this section, we introduce a Bousfield localization of the projective model
structure on presheaves which is suitable for (Nisnevich) sheaf theory. Recall
that we are restricting our attention to the case where C is Sch, Sm or Norm,
and Cy is the category of varieties with a disjoint basepoint.

When C is Sch, Sm or Norm, the Nisnevich topology on C and C; may be
defined in terms of “upper distinguished” squares; see [MV99, 3.1.3] or [MVW,
12.5]. By definition (see loc. cit.), a commutative square @ of the form

U ——Vv/
Q: l lf (12.48)

v—"' -y
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is called upper distinguished if 1 is an open immersion, U’ = U xy V', f is étale
and (V' — U')yed = (V — U)yea is an isomorphism.

The Nisnevich topology on C is the smallest topology such that {U,V'} is a
covering of V for each upper distinguished square (12.48). A presheaf F' on C is
a Nisnevich sheaf if and only if F' takes upper distinguished squares to pullback
squares; see [MV99, 3.1.4] or [MVW, 12.7].

Definition 12.49. A morphism X — Y in A°PPshv(C,) (resp., in A°Prad(Cy)
or A°PPST(C)) is called a Nisnevich-local equivalence if it induces an isomor-
phism on the Nisnevich sheaves of homotopy groups on each scheme U in C, for
any choice of basepoint z € X (U).

The Nisnevich-local model structure on A°PPshv(Cy) is defined to be the
Boustfield localization of the projective model structure of Definition 12.1 at the
class S of Nisnevich-local equivalences: the cofibrations are the projective cofi-
brations, and the fibrations are determined by the right lifting property. That
this model structure exists was proved by Blander in [Bla01]; the Nisnevich-local
equivalences are the same as the S-local equivalances by Lemma 12.50 below.

When C is Sch, Sm or Norm, the Bousfield localizations of the projective
model structures on A°Prad(C;) and A°PPST(C) at the classes of Nisnevich-
local equivalences are also called Nisnevich-local model structures.

We will write A°PPshv(Cy )nis, etc., for these model structures. We will
sometimes refer to them as Nisnevich-local projective model structures, to dis-
tinguish them from their corresponding injective model structures, which are
discussed in Lemma 12.58 below.

The idea of using Bousfield localization to define local model structures is
due to Blander, who proved the following result in [Bla01, Thm. 1.5, Lemma 4.1].
Although Blander’s results are stated for A°®?Pshv(C. ), his proofs also work for
the model structures on radditive presheaves and presheaves with transfers on

C.

Lemma 12.50. In the Nisnevich-local model structures on A°PPshv(Cy),
A°Prad(Cy) and A°PPST(C), the weak equivalences are exactly the Nisnevich-
local equivalences.

Moreover, a simplicial presheaf F is Nisnevich-local in the sense of Bousfield
localization (Definition 12.38) if and only if (i) F' — * is a projective fibration
and (i) F converts upper distinguished squares to homotopy pullback squares.

Remark 12.50.1. Blander actually considered the Bousfield localization for any
essentially small Grothendieck site on C, i.e., localization at the class S of maps
inducing an isomorphism on the sheaves of homotopy groups, and proved in
[Bla01, 1.5] that S is always the class of S-local equivalences.

Remark 12.50.2. If there were only a set of Nisnevich-local equivalences, we
could also conclude that the model structures exist by Theorem 12.39, as the
projective model structures are left proper (see Remark 12.24.2 and Example
12.24.1), and cellular (by 12.11.1). Thus if we restrict to presheaves X with
the cardinality of all X (U) uniformly bounded by an appropriate cardinal, we
would also get Nisnevich-local model structures.
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By naturality of Bousfield localization [Hir03, 3.3.20], there are Quillen ad-
junctions:

(_rad7 incl (Rtr7 U

A°PPshv(Cy uis A°Prad(C. uis APPST(C)uis;

A°PPshv(Smy )pis ML A°PPshv(Norm, )yis;

APPST(Sm, )y L APPST(Norm., )i

Tt is easy to see that the squares in (12.28.1) also form a commutative diagram
of Nisnevich-local model categories and Quillen adjunctions.

In Section 12.8, we will need the following comparison between the Nisnevich-
local model structures on A°®Pshv(C;) and A°rad(Cy ).

Recall from Definition 12.38 that a presheaf L is Nisnevich-local if Hom(f, L)
is a projective weak equivalence for every Nisnevish-local map f.

Corollary 12.51. A morphism X Ly in A°Prad(Cy) is a Nisnevich-local
fibration (resp., Nisnevich-local equivalence) if and only if it is a Nisnevich-local
fibration (resp., Nisnevich-local equivalence) in A°PPshv(Cy.).

A presheaf X in A°Prad(Cy.) is Nisnevich-local if and only if it is Nisnevich-
local in A°PPshv(Cy).

Proof. Tt suffices to establish the result for (Nisnevich-)local fibrations, since the
other assertions follow formally from Lemma 12.50. One direction is easy: if f
is a local fibration in A°Prad(C4 ), then f is a local fibration in A°PPshv(Cy) by
the Quillen adjunction.

Conversely, suppose that f : X — Y is a Nisnevich-local fibration in
A°PPshv(Cy), i.e., f has the right lifting property for trivial cofibrations in
A°PPshv(Cy). Let j : A>—> B be a trivial cofibration in A°rad(Cy). We
can factor j in A°PPshv(C,) as A >=s B —» B, where the first map is a
trivial cofibration and the second map is a trivial fibration; note that B’ is not
radditive. By Lemma 12.26(1), we can also factor j as the composition of a
termwise nice map A>— E, the map B —>§rad, and a retraction B4 — B of
B - B4 Given the solid square below on the left, the map B - B — Y
has a lift A : B’ — X by the lifting property for f relative to A >=> B’. Thus
we may form the right hand diagram below, in which the top composite is a.
Because B’ — B is a trivial local fibration in A°Pshv(Cy), there is a map
o B— B factoring the first square on the right; the evident map AS factors
the outer square on the right.

A ¢ X A>L>B’f~%\~>X
L 7
)\ ///, L L
:I ///// //A/? \J/f ZI /B// \Lz f
v p v
B - > B Y B B Y
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Factoring A3 as B — Brad 2, x , the composite B —» Brad 25 X factors

the large square on the left. Thus f has the right lifting property for trivial
cofibrations in A°Prad(Cy), i.e., f is a local fibration in A°rad(C.). O

Our next goal is to show (in Proposition 12.54) that the Nisnevich-local
model structure on A°®Pshv(C) is actually the Bousfield localization at a class
S of maps, indexed by the upper distinguished squares. The S-localization is
designed to turn upper distinguished squares into homotopy cartesian squares.

Lemma 12.52. For each diagram B < A — C in C, the homotopy pushout K
is cofibrant in A°°Pshv(C), and K 11 K — K K Al is a cofibration.

Proof. Recall that K is the pushout of the diagram BIIC < AT A — AKX AL
As pointed out in Example 12.11.1, ATl A — AX A! is one of the generating
cofibrations in the projective model structure on A°Prad(C), so the pushout
B C — K is a cofibration. Since B II C is cofibrant (by Examples 12.4 and
12.14.1), K is cofibrant.

Similarly, (AKX A!) KA — (AKX Al) K Al is a cofibration, and K 1T K —
K X A is the pushout of this along AKX A! — K, so it is a cofibration. O

Lemma 12.53. Given a diagram B < A — C of representable presheaves
with homotopy pushout K, and a globally fibrant presheaf F', the simplicial set
Map(K, F) is the homotopy pullback of the diagram F'(B) <— F(A) — F(C).

Proof. For each n, the homotopy pushout of BX A™ + AK A" — CXK A" is
KX A"™. Since Map(K, F),, = Hom(K X A", F'), this implies that Map(K, F')
is the presheaf pullback of the diagram

Map(A x A, F) — Map(AIl A, F) < Map(BII C, F).

Here AIT A and BII C are coproducts of presheaves. Since F'(A) = Map(A, F)
by Lemma 12.2, and similarly for F(B), F(C),

Map(B 11 C, F) = Map(B, F) x Map(C, F) = F(B) x F(C)

and similarly for Map(A IT A, F); see [Hir03, 9.2.3]. Since Map(A X Al F) =
Map popgets(AL, F(A)) by Lemma 12.2, we have the pullback diagram

Map(K, F) —> Map(Al, F(A))
| I
F(B) x F(C) — F(A) x F(A).

Since F(A), F(B) and F(C) are fibrant, and p is a fibration, Map (K, F') is the
homotopy pullback of F(B) « F(A) — F(C); see [Hir03, 13.3.2]. O

For each upper distinguished square @ as in (12.48), with homotopy pushout
K, there is a canonical map sg : Kg — V.
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Proposition 12.54. The Bousfield localization of A°PPshv(C) or A°Prad(C) at
S ={Kg — V} is the Nisnevich-local model structure.

Proof. We give the proof for Pshv(C); the proof for rad(C) is similar. As with
any Bousfield localization, the S-local equivalences are determined by the S-
local objects (that is, the fibrant objects); see 12.38. Thus it suffices to show
that an object is S-local if and only if it is Nisnevich-local. Since the localization
A°PPshv(C)g — A°PPshv(C)yis is a left Quillen functor, its adjoint preserves
fibrant objects: every Nisnevich-local object is an S-local object.

Conversely, suppose that F' is S-local; we need to show that it is Nisnevich-
local. By Lemma 12.50, it suffices to show that it converts upper distinguished
squares into homotopy pullback squares. Given an upper distinguished square
Q as in (12.48), with homotopy pushout K¢, the square

Map(Kq, F) —> F(V')

l l

F(U) —— F(U")

is a homotopy pullback square by Lemma 12.53, as F' is globally fibrant by
Definition 12.38. Since F'is S-local and Ko — V is in S, the map from F(V') =
Map(V, F) to Map(Kg, F)) is a homotopy equivalence of simplicial sets (see
12.38). It follows that F(Q) is a homotopy pullback square, as required. O

Let S denote the class of maps sg : Ko — V, as Q runs over the upper
distinguished squares in C, and let T denote the class of maps tg : Kg — cyl(sg)
(T is the class cyl S of Proposition 12.43). Since each map sq is a Nisnevich-
local equivalence, and each V' — cyl(sqg) is a simplicial homotopy equivalence,
each t¢ is also a Nisnevich-local equivalence, and it is clear that the Bousfield
localizations of A°Prad(C) at S and T are the same.

In fact, each tg : Ko — cyl(sq) in T is a cofibration with a cofibrant
domain. To see this, fix @ and recall from Lemma 12.52 that K¢ is cofibrant
and KgIIKg — KogXA® is a cofibration. The pushout of this cofibration along
Kol Kg — Kg L'V is also a cofibration, namely tg llv: Ko II'V — eyl(sg).
Since V is cofibrant, ¢t : Ko — cyl(sq) is a cofibration.

If X is a simplicial object in C™d then so is LeyiTX, because Leyi7X is a
relative cell complex for JE U A(cyl T); Loy 7X is a transfinite composition of
pushouts along maps in J;*¢, which are in C® by 12.32. See Theorem 12.41(4).

Remark 12.54.1. Given Proposition 12.54, Theorem 12.39 implies that these
Nisnevich-local model structures are left proper and cellular. This was also
proven by Blander (Lemmas 1.1 and 1.3 in [Bla01]).

Theorem 12.55. Let S denote the class of morphisms sqg : Ko =V, as Q runs
over all upper distinguished squares (12;48), Then the class of Nisnevish-local
equivalences in A°PC™? is the smallest A-closed class of morphisms containing

S.
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Proof. ([Voel0Od, 3.51]) Let E denote the smallest A-closed class of morphisms
in A°PC containing S. By Theorem 12.47, the class of S-local equivalences is
A-closed. Thus we have

E C {S-local equivalences} = {Nisnevich-local equivalences}.

(The equality is by Proposition 12.54.) We need to show that every S-local
equivalence f: X — Y isin E. For each f, consider the following diagram.

f

X— =Y

in £ l J/in FE
in K
Lcle(X) —_— Lcle(Y)

By Proposition 12.43 and Example 12.44, the fibrant replacement maps X —
Leyi7X arein E. By the remarks before this theorem, £ also contains the class
T of maps Kq — cyl(sq). By the 2-out-of-3 property, Leyir(f) @ Leyir(X) —
Leyi7(Y) is an S-local equivalence between S-local fibrant objects. By Ken
Brown’s Lemma 12.38.2, L¢y, 7 (f) is a global weak equivalence; by Theorem
12.31, it belongs to E. Again by the 2-out-of-3 property, f is in E. O

Application 12.55.1. The functor i* : A°°Sm™? c A°°Norm™ preserves
global weak equivalences, by Theorem 12.33. It follows from Theorem 12.55
that i* also takes Nisnevich-local equivalences to Nisnevich-local equivalences.

We will see another application of Theorem 12.55 in Section 14.3, that the
symmetric powers functors S¢ preserve Nisnevich-local equivalences.

12.8 Model categories of sheaves

In this section, we compare our Nisnevich-local model structure on presheaves
on C to the Morel-Voevodsky model structure on sheaves introduced in [MV99],
when C is Sch, Sm or Norm. The intermediary is a projective model structure
on Nisnevich sheaves, due to Blander, which we now recall.

By [Bla01, 2.1] there is a proper simplicial cellular projective model structure
on the category A°PSheaves(C) of simplicial sheaves on C. The weak equiva-
lences and fibrations in this category are the Nisnevich-local equivalences and
fibrations of the underlying simplicial presheaves. The usual sheafification ad-
junction (a*, a,) is a Quillen adjunction for both A°P?Pshv(C) — A°PSheaves(C)
and A°PPshv(C), — A°PSheaves(C), because the forgetful functor a. preserves
fibrations and weak equivalences.

Theorem 12.56. We have Quillen equivalences for both the pointed and un-
pointed Nisnevich-local projective model categories:

A°PPshv(C)pis — A%rad(C)nis — AP Sheaves(C).
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Proof. Blander observed in [Bla01, 2.2] that sheafification (a*,a,) is a Quillen
equivalence A°?Pshv(C) — A°PSheaves(C) for the Nisnevich-local projective
model structure, because for any simplicial presheaf F' the map F' — a,a*F is a
Nisnevich-local equivalence. This observation also holds in the pointed setting.

Example 12.14.3 shows that for any simplicial presheaf A the map A —
A4 induces an isomorphism of Nisnevich sheaves. Using Corollary 12.51, it
follows that for any simplicial radditive presheaf B, a map A — B is a local
equivalence in A°?Pshv(C) if and only if the map A*™! — B is a local equivalence
in A°rad(C). By definition (see 12.0), the Nisnevich-local Quillen adjunction
(=8 incl) is a Quillen equivalence. O

The inclusion 7 : Sm C Norm allows us to compare homotopy categories.
The following lemma is taken from [VoelOc, 2.43].

Lemma 12.57. The total direct image Li* embeds the Nisnevich-local homo-
topy category of A°PPshv(Sm),;s into the Nisnevich-local homotopy category of
A°PPshv(Norm)ys as a full (coreflective) subcategory.

Proof. By Lemma 12.3(1), * : A°®Pshv(Sm) — A°PPshv(Norm) is a full
embedding as a coreflective subcategory (i.e., X = 4,4* X for all X). Because i,
preserves Nisnevich-local equivalences, the proof of Lemma 12.3 goes through to
show that (i*,4,) is a Quillen adjunction between the corresponding Nisnevich-
local model structures, and that i, = Ri,. As in the proof of Lemma 12.3(2),
there is an induced adjunction (Lé*, Ri.) between the homotopy categories, and
Li* is a full embedding as a coreflective subcategory: each X — ¢, Li* X = 4,i* X
is an isomorphism in the homotopy category of A°PPshv(Sm),;s. O

Injective model structures. There is a different model structure on the cat-
egory of simplicial sheaves, called the local injective model structure. Although
the weak equivalences are still the Nisnevich-local equivalences of Definition
12.49, the cofibrations are the monomorphisms, and the fibrations are deter-
mined by the right lifting property. The injective model structure is due to
Joyal (see [Jar86]), and is used by Morel and Voevodsky in [MV99].

Lemma 12.58. The identity map is a Quillen equivalence, from the Nisnevich-
local projective model structure on simplicial sheaves to the Nisnevich-local in-
jective model structure on simplicial sheaves.

Proof. The identity is a Quillen functor because every projective cofibration
is a monomorphism and hence a cofibration for the Nisnevich-local injective
structure (see 12.0). Because the homotopy categories of the two model struc-
tures are both the localization of A°PSheaves(C) at the class of Nisnevich-local
equivalences, they are canonically isomorphic. O

Remark 12.58.1. (Blander) The Nisnevich-local injective model structure on
simplicial sheaves has more cofibrations than the Nisnevich-local projective
model structure. For example, if U — X is an open inclusion then the map
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of representable sheaves is a cofibration in the injective model structure (by def-
inition), but not always a cofibration in the projective model structure, because
it does not have the left lifting property with respect to a Kan fibration F' —
unless FI(X) — F(U) is onto.

We now turn to the corresponding results for sheaves with transfers.

Definition 12.59. Let NST(C, R) denote the category of Nisnevich sheaves
of R-modules with transfers (sheaves which are also presheaves with transfers).
By [Jar03, 2.2], the Nisnevich-local equivalences and projective cofibrations de-
termine a proper closed simplicial model structure on the simplicial category

A°PNST(C, R).

Because the sheafification af, (F') of a presheaf with transfers F is a
sheaf with transfers (see [MVW, 13.1]), and the forgetful functor a. to
A°PPST(C, R)pnis preserves fibrations and weak equivalences, sheafification de-

termines a Quillen adjunction (a*, a,) from A°PPST(C, R)yis to A°°NST(C, R).

Theorem 12.60. The adjoint pair (aly,a.) defines a Quillen equivalence
A°PPST(C, R)pnis — A°°NST(C, R).

Moreover, both (equivalent) homotopy categories are equivalent to the full
subcategory DSO(NST) of the derived category D~ (NST(C, R)) of Nisnevich
sheaves of R-modules with transfers on C.

Proof. Let A bein A°°PST(C, R) and let F be in A°°’NST(C, R). By Definition
12.49, a map A — a.F is a Nisnevich-local equivalence if a};.(A) — F is a
weak equivalence of simplicial sheaves, i.e., a Nisnevich-local equivalence in
A°PNST(C, R). Thus (a}, a.) is a Quillen equivalence.

The embedding into the derived category follows from the observation that
via the Dold—Kan correspondence, a Nisnevich-local equivalence between sim-
plicial sheaves is the same as a quasi-isomorphism between the associated chain

complexes of sheaves. O

Corollary 12.61. The derived functor Li* embeds the homotopy category
D=Y(NST(Sm, R)) into the homotopy category D<°(NST(Norm, R)) as a
coreflective subcategory.

Proof. Immediate from Lemma 12.3 and Theorem 12.60. O

12.9 Al-local model structure

We are now ready to provide a model structure on presheaves associated to
the Morel-Voevodsky pointed A'-homotopy category Ho,. For C either Sm or
Norm, consider the class S of maps X x Al — X (regarded as maps between
constant simplicial presheaves on C) and the corresponding class S; of maps
X x AL — X in the pointed category A°PPshv(C;).
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Definition 12.62. We write A°PPshv(C)s1 (vesp., A°PPshv(Ci)a1) for the
Bousfield localization of A°PPshv(C)yis (resp., of A°PPshv(Cy )nis) with respect
to the class S of projections X x A — X (resp., to the class Sy). They are
called the A'-local projective model structures on these categories, and the weak
equivalences in this model structure are called A'-local equivalences.

We can also form the Bousfield localization A°PSheaves(C)a: of the projec-
tive model structure on A°PSheaves(C) with respect to S. By Remark 12.38.1
and Theorem 12.56, A°PPshv(C)y1 — A°PSheaves(C)a1 is a Quillen equiva-
lence. A similar assertion is true for the pointed categories.

Remark 12.62.1. We could also take the Bousfield localization at the class of
inclusions X — X x A'. Since both the projections and inclusions define the
same class of weak equivalences, the Bousfield localizations are equivalent.

The category A°PSheaves(C) also has an Al-local injective model structure.
This is defined as the Bousfield localization of the injective model structure
(Lemma 12.58) with respect to the class of maps X — X x Al. It is the model
category used by Morel and Voevodsky in [MV99, 3.2.1].

Definition 12.63. The A'-homotopy category Ho(C) is the homotopy category
of the Al-local injective model structure on A°PSheaves(C).

The pointed A'-homotopy category Ho,(C) is formed in the same way from
pointed simplicial sheaves; see [MV99, p. 109].

Lemma 12.64. The A'-local projective model structure and the Al-local in-
jective model structure on A°PSheaves(C) are Quillen equivalent. In particular,
they have canonically equivalent homotopy categories. Thus we have Quillen
equivalences:

Ho(A°PPshv(C)a1) — Ho(A°PSheaves(C)y1) — Ho(C)
Ho(A°PPshv(Cy)a1) — Ho(AP Sheaves(Cy)a1) — Ho, (C).

Proof. The class of maps X — X x A! is is the same class used in Remark
12.62.1 to form the A'-local projective model structure in Definition 12.62. The
first assertion now follows from Lemma 12.58 and Remark 12.38.1. The final
sentences follow from 12.0 and Definition 12.63. O

The Al-local equivalences are difficult to describe directly. By Definition
12.38, a map E — F is an A'-local equivalence if for any A'-local L the map
Map(F,L) — Map(E,L) is a Nisnevich-local equivalence. This reduces the
problem to describing Al-local objects. By Definition 12.38, an object L of
A°PPshv(Cy) is Al-local if and only if:

(i) L is Nisnevich-local, as characterized in Lemma 12.50, and
(i) Map(U, L) — Map(U x A, L) is a weak equivalence for all U.

By Lemma 12.2, Map(U, L) = L(U). Thus (ii) is equivalent to the condition:
(ii") L(U x A') — L(U) is a weak equivalence for all U in C.

Given Definition 12.62, Theorem 12.47 immediately implies:
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Lemma 12.65. The A'-local equivalences in A°P(C™Y) form a A-closed class.

We now give another description of Al-equivalences, taken from [VoelOd,
3.49]. Here C is either Sch, Sm or Norm, and ‘sheaves’ means for the Nisnevich
topology on C.

Theorem 12.66. 'In either A°P(C™) or A°PSheaves(C), the A'-local equiv-
alences form the smallest A-closed class containing the Nisnevich-local equiva-
lences and the projections X x A! — X.

Proof. By Proposition 12.54 and Definition 12.62, the A!-local (projective)
model structure is the Bousfield localization of the projective model structure
at So U Shis, where Syis denotes the class of morphisms sg : Ko — V' described
in Theorem 12.55, and Sy denotes the class of zero-sections X — (X x Al).

Let E denote the smallest A-closed class of morphisms in A°PC" contain-
ing both Sy;s and Sy; by Theorem 12.55, E' contains all Nisnevich-local equiva-
lences in A°PC'"d. The class of Al-local equivalences in A°P(C"?) is A-closed,
by Lemma 12.65, so it contains E. It remains to show that every Al-local
equivalence in A°P(C"d) is in E.

As in the proof of Theorem 12.55, let T},;s denote the class of maps K¢qg —
cyl(sq), let S1 be the class cyl(T), and set S = Sy U S1. Then E contains S,
and the fibrant replacement maps X — LgX of Theorem 12.41(4) also belong
to E by Proposition 12.43.

For each Al-local equivalence f : X — Y, consider the following diagram.

X ! Y
in B l J/in E
in K
Ls(X) —— Ls(Y).

By the 2-out-of-3 property, the bottom map Lg(f) : Lg(X) — Ls(Y) is an
Al-local equivalence between A'-local fibrant objects. By Ken Brown’s Lemma
12.38.2, Lg(f) is a global weak equivalence; by Theorem 12.31, Lg(f) belongs
to E. Again by the 2-out-of-3 property, f is in E. O

Corollary 12.67. The total direct image Li* embeds the Al-local homotopy
category Ho,(Sm) into the A'-local homotopy category Ho,(Norm) as a full
(coreflective) subcategory.

Proof. Because i, commutes with products, it sends the maps U X Ai — Uyt
to maps (i.U) x Ai — (i+U)4, which are Al-local equivalences. Because i,
commutes with colimits, and preserves Nisnevich-local equivalences, Theorem
12.66 implies that i, sends A'-local equivalences to Al-local equivalences, and
i+Y =2 Ri,Y for all Y. The proof of Lemma 12.3(2) now goes through, as it did
for Lemma 12.57; that is, it suffices to assume X is Al-cofibrant, in which case
the unit of the adjunction X — 4, LX =4,i*X is an isomorphism. O

IThe proof of Theorem 12.66 is based on [Voel0d, 3.51] and [Del09, p. 389].
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Notation 12.67.1. When X and Y are smooth, morphisms X — Y in Ho(Sm )
are the same as morphisms in Ho(Norm.,), by 12.67. This justifies writ-
ing [X,Y]s: for the morphisms from X to Y in the Al-homotopy category
Ho(Norm,).

Presheaves with transfers. We now turn to the homological side of the
story: the A'-model category structures on simplicial presheaves with transfers.

Definition 12.68. We write A°®PST(C),1 for the Bousfield localization of
A°PPST(C)nis with respect to the class of maps Ry (X) — R (X x Al). We
write Hoy, (C) for the associated homotopy category.

Let DMegf? (C) denote the full subcategory of the triangulated category
DM (C) of [MVW, 14.1] consisting of complexes concentrated in nonposi-
tive cohomological degrees. Using Theorem 12.60, we immediately obtain the
following result.

Corollary 12.69. The homotopy category Hoy,(C) is equivalent to DMC%)(C).

Example 12.69.1. If X, is a pointed simplicial object of C (or C'™), then
LR (X.) = Ri:(X.) is an equivalence by 12.33.1. If p > ¢ then R(q)[p] is a
nonpositive cochain complex; regarding it as a simplicial object via the Dold—
Kan correspondence, we have:

HP(X,, R) =Hompwm (R (X.), R(q)[p])
= Hompo,, (LRu(X.), R(q)[p]) = [(X.)+, uR(q)[p]] -

This observation will be central to Chapter 13.

Remark 12.69.2. Let L be a simplicial presheaf with transfers. Since each X —
X x A' is a map between cofibrant objects, it is well known that L is Al-local
in A°PPST(C) if and only if uL is A'-local in A°’Pshv(C, ). One reference for
this fact is [Hir03, 3.1.12).

Remark 12.69.3. By naturality of Bousfield localization [Hir03, 3.3.20], the
Quillen adjunctions (i*,4.) and (R, u) of (12.28.1) are also Quillen adjunc-
tions for the Al-local model structures, so that (12.28.1) induces a commutative
diagram of Al-local model categories and Quillen adjunctions.

The corresponding diagram of A'-local homotopy categories uses the derived
functors LR, and Li*:

Li*,i,
Ho,: (Sm, ) (Z—’Z; Ho,: (Norm, )
(LRtr; U)J/

Hoy, (Sm)

l(LRu, ) (12.70)

Li*.i.
% Hoy,(Norm).
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Let M be an object in DM (C) ~ Ho,(C). Then uM is a simplicial group
object, so its classifying object B(ulM) exists; B(uM) is the simplicial object
associated to p — (uM)P. Since u preserves fibration sequences, such as M —
cone(M) — M][1], we see that

u(M[1]) =~ B(uM).

Similarly, since Ry, preserves cofibration sequences, such as the simplicial sus-
pension sequence V; — cone(V); — XV, we have

R (ZV) ~ Ry (V)[1]. (12.71)

If V is any simplicial radditive presheaf on Norm , the natural transforma-
tion R (i, V) — i. (R, V) is an Al-local equivalence of presheaves with transfers
on Sm, because it is a global weak equivalence by (12.28.1). Thus Ry, (i.V) and
i+(Ry: V) are identified in DM

We can use (12.71) to obtain an interpretation of the motivic cohomol-
ogy of any V in A°°Norm,. By (12.70) and Example 12.33.1, Lres (i, V) ~
isLres (V) ~i,V. Therefore

HP(V,R) = [i,V,uR(q)[p] ] 1 =
Hompn (LRt (4. V), R(q)[p]) = Hompm (ix R (V'), R(q)[p])-

Topological realization 12.72. There is a realization functor from Sm/C
to the category Top,, of locally contractible topological spaces, sending X to
X(C) and A%: to a contractible space. This implies that there is an inverse image
functor, from A°PPshv(Sm/C) to simplicial sheaves on Top,,, sending A'-local
equivalences to weak equivalences. By Morel-Voevodsky [MV99, 3.3.3], the in-
clusion of simplicial sets into simplicial sheaves on Top,, induces an equivalence
of homotopy categories (its inverse is evaluation of a simplicial sheaf on the
topological simplices). Hence we have a functor t© from the A'-homotopy cat-
egory Ho(Sm/C) to the usual homotopy category; see [MV99], 2.1.57, 2.3.17
and 3.3.4ff. Up to homotopy, the topological realization functor sends A™—0 to
S§2n=1 and A"/(A"—0) to S?".

The Quillen functor u : A°°®PST(Sm) — A°Prad(Sm, ) of Remark 12.69.3
lands in the category of simplicial sheaves of R-modules. Composition with
t® gives a simplicial R-module, which we may identify with a chain complex
using the Dold-Kan correspondence. As the composition sends A'-local equiv-
alences to chain homotopy equivalences, it induces a functor on homotopy cate-
gories. By the previous paragraph, t© sends IL?[b] to the reduced chain complex
C.(S2%+0 R) and the reduced motive S™(L%[b]) of (14.1) to C, (5™ (520, R).

12.10 Historical notes

The global projective model structure on simplicial presheaves was present in
Quillen’s foundational paper [Qui67] on homotopical algebra. Brown and Ger-
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sten introduced the local projective model structure in [BG73] as a descent tool
for simplicial sheaves, and the injective model structure on simplicial sheaves
is due to Joyal; see [Jar86]. These model structures were studied by Jardine,
who pointed out in [Jar87] and [Jar00, App. B] that the model structures could
profitably be lifted to presheaves.

The original model structure used by Morel and Voevodsky in [MV99, 2.1.4]
to define the motivic homotopy category Ho was the global injective model
structure on simplicial sheaves, and the Al-localization of this model structure.
Blander pointed out in [Bla01] that this could also be accomplished using the
projective model structure and its Bousfield localizations on either sheaves or
presheaves, as we have done here; see also [RD06]. Theorem 12.5 is new.

The radditive functors approach we have used is taken from [Voel0Od]. Some
of the characterizations are new, such as 12.26 and 12.51. Our definition 12.29 of
a A-closed class is taken from [Voel0d, 2.18]. This differs slightly, both from the
definition in [Del09] — which requires arbitrary coproducts — and the original
definition in [Voe00a]. Theorem 12.47 is new.

The construction of the Hurewicz functor Ry, was done independently by
many people; see [Spi0l, 14.7], [Mor04, p.241], [Wei04] and [Rio07]. It is also
implicit in the 2000 preprint [Voe00a], and underlies the viewpoint presented in
[Voe03c, 2.1]. The use of the adjunction (R, u) to construct classifying spaces
is taken primarily from [VoelOc], and partially from [Wei09].
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Cohomology operations

Fix a perfect field k. Although motivic cohomology was originally defined for
smooth varieties over k, it is more useful to view it as a functor defined on
the pointed A'-homotopy category Ho,, originally constructed by Morel and
Voevodsky in [MV99, 3.3.2] and discussed in Section 12.9 above.

After defining cohomology operations and giving a few examples, we devote
Section 13.2 to an axiomatic treatment of the motivic Steenrod operations,
following Voevodsky [Voe03c]. The motivic Milnor operations are presented in
Section 13.4. In Section 13.6, we show that the sequence of Milnor operations
Q; is exact on the reduced cohomology of the suspension XX attached to a
Rost variety X, using the degree map tp of Section 13.5. We conclude with
Voevodsky’s motivic degree theorem in Section 13.7, which is needed for the
proof of Proposition 5.16.

13.1 Motivic cohomology operations

For each abelian group A, the motivic cohomology groups H?'4(—, A) form a
bigraded family of functors from smooth (simplicial) schemes to abelian groups.
By definition, there is a chain complex A(q)[p] of sheaves with transfers so that
H?1(X, A) = Hompm (R (X), A(q)[p]); see [MVW, 3.1].

Suppose for simplicity that p > ¢. Then the cochain complex A(q)[p] is zero
in positive degrees, so it may be identified with a simplicial sheaf with transfers
(by the Dold—Kan correspondence); we define K(A(q),p) to be the underlying
pointed simplicial sheaf uA(q)[p]. Via the adjunction (R, u) in (12.70), we saw
in Example 12.69.1 that for every smooth (simplicial) scheme X we have

HP1 (Xv A) = Hompo,, (Rtr(X)v A(q) [p]) = Hompo, (X-H K(A(q)’ p))

(Here X is X with a disjoint basepoint.) This formula allows us to extend
motivic cohomology from smooth schemes to the pointed A'-homotopy category
Ho,.
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Definition 13.1. Given a pointed motivic space M, we define the reduced
motivic cohomology of M, 1;'7”(1(M7 A), to be Homp,, (M, K(A(q),p)).

A cohomology operation ¢ is a natural transformation from ﬁ'r’s(—,A) to
H P2(— B) of contravariant functors Ho, — Sets. It depends upon the integers
r, 8, p, ¢ and the groups A and B; we say that ¢ has bidegree (p —r,q — s).

By construction, ﬁp’q(—, A) is a representable cohomology theory on Ho,.
Using the natural isomorphism H??(X, A) = I?[p’q(X+7 A), a cohomology oper-
ation also determines a natural transformation ¢x : H™*(X, A) — H?9(X, B)
of functors defined on A°°?Sm.

For example, if R is a ring then H **(M,R) is a ring, and any monomial
f(z) = ca® with ¢ € HP9(k, R) defines a cohomology operation on I;V”S(f, R),
taking values in HPtiratis(— R).

Lemma 13.1.1. If c#0, the operations x +— cx® are nonzero on H*»"(—, R).

Proof. By the Projective Bundle Theorem ([MVW, 15.5]), there is a canonical
line element u € H%1 (PN, R) such that

H**(PY, R) = H** (k, R)[u] /(™).
When N > ni and z is u™ € H>»"(PV R), cx’ = cu™ is nonzero. O

By the Yoneda Lemma, cohomology operations on H ™8(—, A) are classified
by the motivic cohomology of K(A(s),r), with the identity operation x —
corresponding to the canonical element o = a;, € H™s(K(A(s),r), A). We
record this:

Lemma 13.2. The set of cohomology operations 1) : H™*(—, A) — HP1(—, B)
is in 1-1 correspondence with elements of HP9(K(A(s),r), B), with ¢ corre-
sponding to V().

Example 13.2.1 (H?>!). The classifying space K(Z(1),2) is represented by
the pointed ind-scheme (P°°,x*); see [MV99, 4.3.8] or [Voe03c, 2.1]. Since
H**(P>, R) = lim H**(PV, R) is the power series ring H**(k, R)[[t]] for every
ring R (by the ﬁ)jective Bundle Theorem [MVW, 15.5]), motivic cohomology
operations H>'(—,Z) — HP%(—, R) are classified by sequences (a1,as,...) in
the finite sum &7_, HP~297(k, R).

We can interpret the cohomology operation corresponding to (ay,...) as the
polynomial z + f(x) = a;x’. Thus if ¢ denotes a formal variable of bidegree
(2,1) then cohomology operations H%!(—,Z) — HP*(—, R) are just homoge-
neous polynomials f(t) in H**(k, R)[t] of bidegree (p,q).

Example 13.2.2 (H!!). The pointed scheme G,, = (A'—{0}, 1) represents the
classifying space K (Z(1),1). This follows from the homotopy fibration sequence
Gp — A*®—{0} — P> and Example 13.2.1; another proof will be given in
15.6 below. Since H?(G,,,R) = HP~14~1(k, R), every motivic cohomology
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operation HU!(—,Z) > HP9(— R) has the form A(z) = az for a unique
a € HP~1971(k R). The element a is determined by A(t) = at, where t €
HY“Y(G,,,Z) is the canonical element, via the isomorphism H?P~19-1(k R) =
H?4(G,,, R) sending a to at.

Example 13.2.3 (H%?). Since K(A,0) is the pointed set A, it is not hard to
see that cohomology operations PNIO’O(—, A) — I;'p’q(—, B) correspond to pointed
functions f : A — HP9(k, B) (sending 0 to 0). If X is a smooth connected
scheme then the cohomology operation corresponding to f is the composition

HOO(X, A) = A Ly HP9(k, B) - HP(X, B).

Operations in weight 0. The case s = ¢ = 0 may be classically understood
as topological cohomology operations, classified in [Carb4], because of the fol-
lowing well known lemma. If X is a smooth scheme, let mo(X) denote the set of
its components; if X, is a smooth simplicial scheme, my(X,) is a simplicial set.

Lemma 13.3. For every smooth simplicial scheme X,, the motivic cohomology
group HPY(X,, A) is isomorphic to the topological cohomology HY, (w0 X.,, A) of
the simplicial set mo(X,).

Proof. For smooth connected X we have HP?(X, A) = HE, (X,A) = 0 for
p > 0 and H%9(X, A) = A almost by definition; see [MVW, 3.4]. Hence the
spectral sequence EV'? = H(X,, A) = HPt49(X,, A) degenerates, as E}'? =0
for ¢ # 0, and the ¢ = 0 row ET’O is the chain complex Hom(m(X,), A). As the

cohomology of this complex is Hy,, (m0(X,), A), we are done. O

Proposition 13.4. Motivic cohomology operations ﬁ“o(f,A) — I;'p’o(f,B)
are in 1-1 correspondence with the classical topological cohomology operations
H{, (=, A)—H{, (-, B).

top

Proof. Let K(A,r) denote the simplicial Eilenberg—Mac Lane space representing

top(—sA). As an object of Ho,, K(A(0),r) is represented by the pointed
simplicial scheme which in degree ¢ is the disjoint union of copies of Spec(k)
indexed by the elements of the set K(A,r),. In particular, mo(K(A(0),r)) =

K(A,r). Lemma 13.3 implies that H?0(K (A(0),r), B) = HE, (K(A,r),B). O

top
Example 13.4.1. Consider the vector space V of all cohomology operations

H2e+L0(— 7,/0) — H?*+2.0(— 7/¢) which vanish on suspensions. By Proposi-
tion 13.4, V is in 1-1 correspondence with the kernel of the map

HXP(K(Z)0,2a + 1), Z/0) — HE Y (K(Z/¢,2q), Z,/¢)

top top

induced by XK(Z/¢,2a) — K(Z/¢,2a + 1). By [Ser52] and [Carb4], V is a
I-dimensional vector space spanned by B8P ,. (For { = 2 we have Sq2ett —

top -
BP,.) This observation is used in Corollary 6.32.
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Remark 13.4.2. Recall that in topology the classical Eilenberg—Mac Lane space
BG = K(G,1) of a group G represents cohomology in the sense that
H!,,(X,G) = [X,BG]. There is a canonical element a; € H{, (BG,G), cor-
responding to the identity of BG, and the Yoneda Lemma yields a 1-1 corre-
spondence between cohomology operations 1 : Hl, (-, G) — H{, (—,Z/() and
elements of H{, (BG,Z/!), given by ¢ — 9(az).

In motivic cohomology, we have the simplicial classifying space B, (G), which
is the simplicial set BG regarded as a simplicial scheme. In simplicial degree 1,
B,(G) is the disjoint union over the indexing set G**! of copies of Spec(k) in
simplicial degree i, and the simplicial structure comes from the group structure
of G. Now set G = Z/{. By Lemma 13.3, H%(—,Z/{) is represented by B,(G)
in the motivic homotopy category. Again by the Yoneda Lemma, there is a 1—
1 correspondence between motivic cohomology operations ¢ : HY(— Z/0) —
HP(— Z/¢) and elements of H?4(B,G,Z/¢), given by ¢ — ¥(ay), where ay
is the canonical element of H%(B,G,Z/¢). These facts were also mentioned in
Section 6.6, and used in Proposition 6.29.

Bi-stable operations. Recall from Definition 1.41 that a family of operations
brs : HM(—, A) — H" 554 (— B) of bidegree (i,j) is called bi-stable if it
commutes with both the simplicial suspension and the Tate suspension isomor-
phisms. (It is simplicially stable if it commutes with the simplicial suspension.)
For every ¢ € HP(k,Z), the left multiplication A, s(x) = cz is a bi-stable
operation.

Since simplicially stable operations (and hence bi-stable operations) are ad-
ditive by [Voe03c, 2.10], the non-additive operations in Examples 13.2.1 and
13.2.3 are not bi-stable. The additive operations f(x) = 2’ defined on H*' do
extend to bi-stable operations, namely the bi-stable operations P! defined in
the next section. The operations f defined on H*%(—,Z/¢) in Example 13.2.3
are only additive when f is a homomorphism, and in that case correspond to
multiplication by f(1) € H>(k, B).

The canonical example of a bi-stable operation is the family of Bockstein
operations 3 : HPY(X,7/0) — HPTL4(X 7 /(), which are the boundary maps
in the long exact sequence associated to the exact coefficient sequence 0 —
Z/0(q) — Z/0*(q) — Z/t(q) — 0. Tt is the reduction modulo ¢ of the integral
Bockstein 3: HP(X,7Z/0) — HPTL4(X,7Z), the boundary map associated to

the exact sequence 0 — Z(q) N Z(q) — Z/f(q) — 0. It is well known that
B2 = 0, because it is the composition
HP(X,7/0) 5 Hrtva(x, 7)) — Hetba(x, z)0) S Heta(x, 7)),
The following result is stated without proof in [Voe03c, (8.1)].

Lemma 13.5. The Bockstein is a derivation with respect to the cup product on
H**(X,Z/¢).

Proof. (Folklore) Recall that HP9(X,Z/¢") is the p!" hypercohomology of a
chain complex Z(q)/¢" of Zariski sheaves. Choose flasque Godement-style res-
olutions Z(q)/¢?> — Z(q) whose stalks are free (=injective) Z/¢*-modules, and
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write Z(q) for Z(q)/¢, so that Z(q)/¢ — Z(q) is also a flasque resolution. Given
cycles @; (i = 1,2) representing w; € HP#»%(X,Z/¢), lift them to chains u} in
Z(q;); then B(u;) is represented by w, defined by 6(u}) = i(uf).

The cup product u; U us is represented by the image of 41 ® s under the
map m : Z(q1) ® Z(q2) — Z(q1 + qz) resolving Z/l(q1) ® Z/(q2) — Z/U(q1 + q2);
see [MVW, 3.11]. Since the coboundary on Z(q1) ® Z(ge) satisfies

O(uy @ uy) = i(uy) @ uy + (=1)P ) ®i(uy) = i(u) @ Gg) + (=1)Pri(a; © usy)

it follows that B(u1 Uusz) is represented by m(u] ® @2) + (—1)Prm(a1 @ uy), i.e.,
by B(u1) Uug + (=1)Prur U B(uz). O

13.2 Steenrod operations

One important family of bi-stable (and hence additive) cohomology operations
are the reduced power operations P°, which were constructed by Voevodsky in

[Voe03c¢, p.33], and mirror the classical Steenrod operations PtiOp in topology.

In this section, we assume that 1/¢ € k and give an axiomatic description of
their salient properties; Voevodsky’s construction of the P’ is sketched in the
next section, following [Voe03c].

The operation P? on H** is bi-stable of bidegree (2i(f — 1), i(¢ — 1)). Thus

Pi: HP9(X,Z,/0) — HPH2E-Datilt=1)(x 7/p).
for X in Ho,. The following list of axioms are verified in [Voe03c, §9-§10].
Axioms for Steenrod Operations 13.6. The operations P’ satisfy:
1. P2 =z for all , and P’z = z* if 2 has bidegree (21,1).
2. Pz = 0 if = has bidegree (p,q) with ¢ < i and p < ¢ + 1.

3. If ¢ > 2, the usual Cartan formula P"(zy) = > ., P*(z)P" *(y) holds.
The Cartan formula for SP™(xy) follows from this since S is a derivation.

4. If ¢ > 2, the usual Adem relations hold (compare [Ste62, p.77]). For i < j¢:

pipi_ %(—1)1“ ((z —1)(—t) - 1)Pi+j_tpt;

— i—tl

[i/£] .
plﬂpj _ Z(il)iﬂ ((Z -1 — t)>ﬁpi+Jtpt

prd 1 —t
[(i—1)/4] ,
e (=G =) = 1Y iy
_11+t1( i+j—t t.
DN (A I LN

The Adem relations for 3P?PJ follow since 3 is a derivation.
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If ¢ > 2, it follows from the axioms that the P’ and the Bockstein 3 generate
a bigraded ring, isomorphic to the topological Steenrod Algebra Af, (Z/f) de-
scribed in [Ste62, VI]. In particular, every monomial in 3 and the P? is a unique
Z/¢-linear combination of the admissible monomials:

Beopslﬁq N 'Pskﬂek, €; = O, 1 and S; Z Esl-_H + €;.

The Adem relations show that the admissible monomials form a basis for the
Z/¢-subalgebra of the ring of all bi-stable cohomology operations, isomorphic to

Afop(Z/0).
Axioms for S¢® 13.7. When ¢ = 2 we define S¢? to be P? and define S¢g?**+!
to be AP, In particular, S¢°(z) = x and S¢'(x) = B(x) is the Bockstein. Thus
Sq¢* has bidegree (2i,i) and Sq? ™! has bidegree (2i + 1,i). The operations S¢’
satisfy the following axioms, the first two of which are special cases of 13.6(1,2):

1. S¢°(z) = z for all z, and Sq¢?(z) = x? if = has bidegree (2i,1).

2. S¢*(x) = 0 if  has bidegree (p,q) with ¢ <1, p < g + i.

3. A modified Cartan formula holds:

S (xy) = Y S (x)SH )+ D ST ) ST (y),

i+j=n i+j=n—1

where 7 is the nonzero element in H%!(k,Z/2) = pus = Z/2. The Cartan
formula for S¢®"!(zy) follows from this since 3 is a derivation.

4. Modified Adem relations hold; these are taken from [Voe03a, 10.2].

. /% —t—1 ,
21 2k 2i+2k—t t
54750 = Z:<2%Jt)% 54

t=0 even

2%k —t—1Y o

E S 2'L+2kfts t O . Qk
+TtOodd< 2i_2t> ! v =

. 2kt ,
2 o 2k+1 _ 2i4+2k+1—t q t
Sq“*Sq = g <2i B 2t> Sq Sq
t=0

2k —t ,
+ B(7) E: (%QJSf”%”Sf, 0<i<2k+1.
t=0 odd

The Adem relations for S¢%*+1Sq? follow from this since 3 is a derivation.

Remark 13.7.1. When comparing with other formulations of the Adem relations
for £ = 2, it is useful to recall that if n is even and j is odd then () = 0 (mod 2).
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Formally setting 7 = 1 and B(7) = 0 transforms the Adem relations 13.7(4)
for £ = 2 into the topological Adem relations (see [Ste62, p.2]): If 0 < a < 2b
then

t=0

[a/2]
(b —t— 1) Sqa+b7tSqt.

Remark 13.7.2. Let a; be the canonical element of H'(B,Z/2,7Z/2). By
Axiom 13.7(2), Sq¢*(ta1) = S¢*(r) = 0; by the Cartan formula 13.7(3),
75¢%(a1) = 78(7)B(a1). Now multiplication by 7 is injective, as a consequence
of the Milnor Conjecture (the main theorem of this book for £ = 2). This proves
that Sq?(a1) = B(7)B(a1), which is nonzero, while Sq¢®(a1) = 85¢*(ay) = 0.

Definition 13.8. Let A** = A**(k,Z/¢) denote the subalgebra of the ring of
all bi-stable cohomology operations generated by the P?, 5 and left multiplica-
tion by elements of H**(k,Z/¢). The Adem relations show that it is free as
a left H**(k,Z/¢)-module, with the admissible monomials as a basis, even if
¢ = 2; see [Voe03c, 11.5].

13.3 Construction of Steenrod Operations

In this section, we briefly sketch Voevodsky’s construction of the motivic co-
homology operations. They are modelled on Steenrod’s construction, which we
recall.

Topological operations: The topological Steenrod operations P’ are con-
structed in [Ste62] as follows. Let us write H*(X) for Hy,,(X,Z/¢) and let Cy
denote the cyclic group of order ¢. Steenrod first constructs a reduced power

operation in [Ste62, VII.2.3]:

P:H"(X) — HY(X)= @ H'(X)® H/(BC)).
i+j=nt

If ¢ # 2, H*(BCy) is Z/{[[c,d]]/(c* = 0) with 8(c) = d; if £ = 2, H*(BCY)
is Z/{[[c]]. In either case, c € H'(BC}) so there is a canonical element w; in
HI(BCy) for all j > 0. Steenrod defines Pi(x) for x € H"(X) and i < n/2 to
be the coefficient of (—1)iw(n,2i)(g,1) (times a constant v, if £ # 2); see [Ste62,
VIL6.1].

Motivic operations: For every subgroup G of the symmetric group 3,
and each n > 0, Voevodsky constructs a map K(Z/l(n),2n) A (BgmG)4+ —
K(Z/t(nf),2nf) in [Voe03c, 5.3 and p. 28], representing a power map

P H?™" (=) — H>""™ (= A BynGy).
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Here we abbreviate H**(—,Z/¢) as H**. He then uses the computation, given
in [Voe03c, 6.16] (and sketched in 15.16 and Corollary 15.17 below), that

. H**(k)[[e,d]]/(c* = 0), 0 2;
e By = {7 B )/ =0 ;
Ho* () [e, /(2 + md + pe), € =2.
Here ¢ € H*=3*1(B,,, %), d € H¥*=2*71(B,,,%) and B(c) = d. Moreover,
by the Kiinneth formula (see Proposition 15.30):

H**(X % Bgn¥¢) 2 H** (X4 A (BgmS0)4) = H*(X) @ g+ (k) H*" (BgmXe)-

For x € H*»"(X) and a < n/2, Voevodsky defines P*(z) to be the coefficient
of d"~% in P(z); see [Voe03c, (9.1) and p. 33].

If p # 2q, Voevodsky defines P® on HP:9(X) to make the following diagram
commute for b large and a = 2¢ — p+ b, so that p+a + b = 2(q + b):

o~

H;IMI(X) Hp+a+b,q+b<sa /\G?n /\X)

Pt pi

~

Hp+2i(€—1),q+i(€—1)(X) =~ H:u+a+b+21‘(€—1)7q+b+i(€—1)(Su AGY A X).

This produces a bi-stable family of operations; see [Voe03c, Prop. 2.6]. Finally,
the verification of the axioms 13.6-13.7 is given in Sections 9-10 of [Voe03c].

13.4 The Milnor operations Q);

In this section, we introduce the sequence of motivic Milnor operations Q;, i > 0.
These are bi-stable motivic cohomology operations, starting with the Bockstein
Qo. For ¢ # 2, they satisfy the same formulas as the Milnor operations Q°” in
topology, but the formulas are slightly different when ¢ = 2.

13.9. Topological Milnor operations: The topological Steenrod algebra
A* = Af,, contains a distinguished family of cohomology operations Q20p7 1> 0,
called the Milnor operations after their discovery by Milnor in [Mil58]. By
definition, QBOP is the Bockstein; the rest are determined inductively by the
commutator formula

Q:ipl = [PtE;pv onp]'
Thus Q;°® has degree 2¢' —1 and Q}°® = P B—pBP.,,. Milnor proved in [Mil58,

top
4a] that the @Q; generate an exterior algebra under composition, i.e., Q% =

and Q;Q; = —Q;Q;, and in [Mil58, Lemma 9] that the Q; are derivations.
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Milnor’s paper [Mil58] also defined a family of cohomology operations P,

indexed by finite sequences r = (r1,79,...) of natural numbers, such that the

usual operation P, is Py when r = (r), and proved in [Mil58, 4a] that
P*Q; — QiP* = Qi1 PT=W00 4 Qo pr=(000) o (13.9.1)

In fact, the finite products QP - - Q;°PPL, (iy < -+ < i,) form a basis of the
topological Steenrod algebra A*; see [Mil58, 4a.

By Theorem 1 of [Mil58], there is a coproduct A : A* — A*®.A4*, making the
graded dual A, into a graded Hopf algebra. By Theorem 2 of [Mil58], A, is the
tensor product of an exterior algebra in variables {71, 72, ...} with a polynomial
algebra in variables {&1,&a, ...}, with 7; dual to @Q;; Milnor defines Prire.) o

be dual to the product & &,- -, so that &; is dual to P*;

Definition 13.10. When ¢ # 2, the Milnor operation Q; on H**(X,Z/¢) is
the cohomology operation of bidegree (2¢* — 1,¢* — 1) defined inductively by
setting Qo = 8 (the Bockstein), @, = P! — P!, and Q41 = [P*, Q).

When ¢ = 2, we again set Qo = Sq¢' = 3 (the Bockstein) and Q; = P8 —
BP' = S¢® + 5¢>Sq'. Voevodsky defines operations P* using Milnor’s formulas
(see Remark 13.10.1) and shows in [Voe03c, 13.6] that the remaining Q; may
be defined inductively by the formula @Q; = [3, P*i], where r; is the sequence
(0,...,0,1) of length q.

Remark 13.10.1. Tt is convenient to write Q¥ for Q;, --- Q;., where E denotes
the finite sequence (i1, ...,%5). As in the topological situation 13.9, the finite
products Q¥ P form a basis of the motivic Steenrod algebra A** (k) even when
£ = 2. In fact, Voevodsky constructs a coproduct A on A** in [Voe03c, 11.8]
and shows in [Voe03c, 12.6] that the dual A, , is a commutative algebra having
a basis consisting of monomials 7E¢¥, where 7% = 7, -+ -7, and & = [[£]7; in
[Voe03c, 13.2] he defines Q; to be the dual of 7; and defines P* to be the dual
of &7,

Lemma 13.11. When £ # 2, the Q; generate an exterior algebra under com-
position, and each Q; is a derivation: Q;(zy) = Q;(x)y + xQ;(y). Moreover,

PTQi _ QzPT + QiJrIPT_Ei» Qz — Prz/B _ ﬁPm

Proof. As noted after 13.6, when £ # 2 the subalgebra of bi-stable motivic oper-
ations generated by the Bockstein and the P? is isomorphic to Af,p- Therefore
the first sentence follows formally from 13.9. To see the final assertions, note that
Milnor’s formula (13.9.1) with r = (r,0,...) becomes P"Q; —Q;P" = Q; 11 P"",
and that Milnor’s formula with r = r; = (0, ...,0, 1) becomes [P", Qo] = Q;. O

The following consequence will be used in Lemma 5.14.

Corollary 13.12. If { # 2 then

2
IBPb — Pbﬂ _ Pb*lcg1 +Pb717€Q2 _ Pb*l*l*l QS R
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The analogue of Lemma 13.11 for ¢ = 2 involves the class p = (1) of —1
in kX /k*? = HYY(k,Z/2). This is illustrated by the formula Qs = [P%, Q1] +
p Qo Q1 P! of [Voe03c, 13.7], which is the special case P2Q; of our next formula.

Lemma 13.13. When £ = 2, the Q; generate an exterior algebra under com-
position and we have

. ok ok
PrQi = QuP" + Qi1 P + pQu QP2
02 QraQr 1 QR P P T T Qe QP2

Proof. Tt suffices to write P"Q}, in terms of the standard basis QF P of A**
described in 13.10.1. This basis element cannot occur unless the coproduct of
TE¢F contains €] @7y, by [Voe03c, (12.9)]. By inspection, the only term & which
can occur is £, whose coproduct contains £f ® 1. Following Milnor’s method
in [Mil58], we must look for terms 72 whose coproduct contains £® ® 7. The

E

two univariate terms 7 = 75, 7441 contain 1 ® 7, and £2° ® 73, leading to the

terms QrP" + Qk“P“Qk, and no other univariate terms are possible.

To check the remaining terms 77, we must check the 7; whose coproduct
contains & ® 7; for i < k. The only possibilities are 7; for j < k since 1. (79) =
T ®1+1® 719, and if j > 0 then . (7;) contains 1 ® 7; + {fj_l ® Tj—1. Since
77 = pris1 + p1o&ip1 + [—1]€541 by [Voe03c, 12.6], the term 7; cannot occur
for j < k without 7,4, also occurring. By induction on k with E = (e, ..., €x),
Y. (7F) can only contain £ ® 7, when F is E; = (0,...,0,1,1,...,1) (j zeros),
and in this case it contains p/¢Y @7y for b = 2K=7 ... 4 2k=1 = 2k=3(27 1), O

The following consequence is needed to prove Lemma 5.14.

Corollary 13.14. If{ =2 and Q;(z) =0 for j=0,....k — 1 then

QkHPT_Qk () = P"Qi(x) + QP (z), and hence Qpy1(x)= [sz,Qk](a?).

Proof. This follows from Lemma 13.13 by induction on k. If j < k the hypothesis
that Q;(xz) = 0 and the inductive formula for Q;P%(x) shows that the term

Qjt1--- Qr(Q;P*)(x) contains Q3,, = 0. O

Remark 13.14.1. If £ = 2, the Q; need not be derivations unless v/—1 € k (so

p = 0). For example, Q1(zy) = Q1(z)y + 2 Q1(y) + p (Bz)(By). 1t is proven in
[Voe03a, 13.4] that the general formula has the form

Qi(wy) = Qi) y + 2 Qi(y) +p > curQ”(z) Q" (y),
where E, F' are subsets of {0,...,7 — 1} and cg,r € H**(k, R).
Lemma 13.15. The operations Q; are KM (k)-linear: if y € KM (k) then

Qi(ry) = Qi(z) - y.

Proof. It suffices to consider y € k. Since Q;(y) = 0 for all j, the result follows
from Lemma 13.11 if ¢ # 2, and from Remark 13.14.1 if ¢ = 2. O
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13.5 (), of the degree map

To compute the Margolis homology for @); in Section 13.6, we need a motivic
interpretation of the degree map deg : CHY(Y) — Z, where CH(Y) is the
group of zero-cycles on a smooth projective variety Y of dimension d.

At the motivic level, the degree map 7, : L — Z,(Y) may be defined as
the tensor product of LY = Z(d)[2d] with the dual Z — Z,(Y)* of the structure
map, together with the duality Z, (Y) 2 L ® Z, (Y)*. Since H?*#4(L4,7Z) =
Hom(L4, L¢) = Z we have a map

deg = Hom(ri,, LY) : CHYY) = H**4(Y,Z) — Z.

This is the usual degree map on zero-cycles, because for any closed point
S = Spec(E) of Y the composition Z — Zy(Y)* — Z(S)* =2 Z:(S) with the
structure map is multiplication by [E : k]. We need to lift the construction of
the degree map via 7, to the Morel-Voevodsky category of motivic spaces; see
Definition 12.63.

Recall from [Voe03c, 4.3] that for any s-dimensional vector bundle E on Y
the Thom space Thy (E) is the pointed sheaf E/(E —Y') and there is a Thom
class tg in H2*(Thy (E),Z) = Hom(Thy (E),L*) and a Thom isomorphism

H**(Y,Z) = H"*(Y,,7) = H*T?*"5(Thy(E),Z) (13.16)

defined by a + a - tp (multiplication by tgz). For each i > 0, we set T® =
A?/(AT—0), so that Zy(T?) = L and H2(T% Z) = 7.

Let t denote the mod-¢ reduction of the Thom class t. We pause to record
the following result, proven in [Voe03c, 14.2(1)].

Lemma 13.17. For any vector bundle E and any i we have Q;(tg) = 0 in
H**(Thy (E),Z/¢).

Choose an s-dimensional vector bundle N on Y representing the stable nor-
mal bundle, and form its Thom space Thy (N). The following theorem was
proven in [Voe03a, Thm2.11], and is the motivic analogue of Atiyah Duality
[Ati61b, Thm. 3.3]; the topological analogue of the map 7 in the theorem is the
Pontryagin-Thom collapse map on an embedding of Y into a sphere.

Theorem 13.18. There is a map Tt — Thy (N) such that the degree map
deg : CHUY) — Z coincides with the composition of the Thom isomorphism
(13.16), 7" and the cancellation isomorphism:

H2Ad(y,z) 1, FRd+s)dts(Phy (N), Z) T B2+ ds(pdts 7y o 7,

Construction 13.19. The map 7 of Theorem 13.18 determines a cofibration
sequence:

T 55 Thy (N) B Thy (NV)/T4s 25 glrdts (13.19.1)
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Under the identification of Z, (X179%%) with L4*[1], the map § in (13.19.1)
corresponds to a cohomology class

v = Zp(8) € HA ) hdts (P (N /T, 7). (13.19.2)

For d = dim(Y) > 0 we have ﬁQS’S(Td+S,Z) = fIQS*LS(Td*s,Z) = 0 for
weight reasons, so from the cohomology exact sequence associated to (13.19.1),

ﬁ2s_17S(Td+S) N f_j2s75(Thy(N)/Td+s) P_*> ﬁ2875(Thy(N)) "'_*> ﬁ25’S(Td+S),
we see that the Thom class txr € H2*(Thy (N),Z) lifts to a unique class
iy € H?*(Thy (N)/T*, 7). (13.19.3)

If ¢ and £y denote the reductions of ¢y and ¢y modulo ¢, then p*t is f .
We now assume that d = ¢ — 1, so that @, has bidegree (2d + 1,d), and

Q@ (t) has the same bidegree (2d + 2s + 1,d + s) as v. Recall from Section 1.3
that the characteristic number s4(Y") is defined as the degree of s4(Ty ), and
that s4(Y) =0 (mod ¢).

Theorem 13.20. Ifd = ("—1 and s4(Y) = c- £ then Q,(t) = c¢-v (mod ¢).

Proof. (Cf.[Voell, 4.1]) Recall that Q,, = P — 3 P™ (for £ = 2, from 13.10;
for ¢ # 2, from Lemma 13.11). Since ¢ is the reduction of the integral class ¢y
and £ is the Bockstein, we have §(t) = 0. Thus it is sufficient to show that

BP™(t)=c-v (mod f).

Since p*t = fr, we have p* P™ () = P*(fx-). The Thom isomorphism implies
that PT(tyr) is tn times an element of H244(Y,Z/¢) = CH(Y)/{. By [Voe03c,
Cor. 14.3], that element is the characteristic class sq(Ty) € CH(Y) of the
tangent bundle Ty of Y. Therefore PX () is the mod-£ reduction of the integral
cohomology class s4(Ty ) - ta. This information is summarized by the following
commutative square in the motivic category DM (k, Z):

Zeo(Thy (N)) —L2 5 2o (Thy (N)/T*)

sa(Ty) - tNJ/ lprn (t)
Z(d+ 9)2d +25) 225 700 + )24 + 2]

Since Z, (T9F%) is L4+¢ = Z(d + s5)[2d + 25|, this square extends to a morphism
of distinguished triangles, where the top triangle is Z, of (13.19.1):

Li+s T 7, (Thy (N) B Zo(Thy (V) /TH) N Ld+s[1]

lcl J/Sd(Ty) . t/\/ J/Pr" (?) N J/C’

4 B

L4 — > L4 — 5 Z/6(d + s)[2d + 2s] = L4+[1]
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for some morphism ¢/. Since Hom(L+* L4+%) = Z, ¢/ is multiplication by
some integer; the commutativity of the left square and Theorem 13.18 means
that we have ¢ - £ = 7*(sq4(Ty) - txr) = deg(sq(Ty)) = s4(Y), so ¢ = ¢. The
commutativity of the right square means that we have the desired congruence:

c-v=c-[8]=foP™(t),

which is equivalent to SP*(t) modulo £, as desired. O

13.6 Margolis homology

Since the cohomology operations Q; satisfy Q7 = 0, it is natural to consider
H**(Y,,Z/¢) as a family of chain complexes with differential @Q;, for any sim-
plicial variety Y,. The resulting homology is bigraded, and referred to as Mar-
golis homology for @); because the analogous construction in topology is due
to H. Margolis [Mar83]. We will show that the Margolis homology vanishes on
some simplicial varieties, using the degree map ta of Theorem 13.18.

Here is a simple example, involving the Bockstein Qg = 8. Let X be any
smooth variety, and X the simplicial scheme s — X**1 of Definition 1.32. Recall
from Definition 1.36 that the unreduced suspension XX is defined to be the
mapping cone of X, — Spec(k).

Example 13.21. Suppose that X has a closed point z, such that k(z) is a finite
separable field extension of k. By Corollary 1.38, the groups H **(XX,Z) have
exponent [k(z) : k]. If [k(z) : k] is not divisible by ¢? then the ﬁ*’*(Z%7Z(Z))
have exponent ¢. Thus the universal coefficient sequence for the integral Bock-
stein (localized at ) is

0 — HPI(SX, Zp)) — HPI(SX,2/0) L5 HPHH(SX, Zgpy) — 0,

and the sequence N H**(XX,Z/0) 2, is seen to be exact by splicing. That
is, the Margolis homology of H**(XX,Z/{) for 8 = @y vanishes.

Fix i > 1, d = ¢ — 1 and a smooth d-dimensional variety Y such that
54(Y) #£ 0 (mod £2). For every smooth projective X admitting a map ¥ — X,
we construct a map ® : HP9(LX) — HP~24-1a-4(%%). Recall (from 12.1)
that a map F' — G of simplicial sheaves is called a global weak equivalence if
F(U) = G(U) is a weak equivalence of simplicial sets for every U.

Construction 13.22. Asin 13.18, choose a vector bundle N on Y representing
the stable normal bundle. We observed just after Definition 1.32 in Chapter 1
that, because A maps to Y and hence X, both X x A" — N and X x (N —Y) —
(N —Y) are global weak equivalences of sheaves.

Because (N —Y)y — Ny — Thy(N) is a cofibration sequence of pointed
sheaves, and the smash product with X, preserves cofibration sequences, it
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follows that X4 AThy (N) ~ Thy (N). Since X is the cone of X4 — Spec(k)4,
this implies that X A Thy (N) ~ 0. From the cofibration sequence (13.19.1)
we deduce that

YXNA (Thy (N)/T4*) = X A BT (13.22.1)

is a (global) weak equivalence. We define ® to be the composite map:

APa(5x) 25 Fre2sats (53 A (Thy (N)/T4))
(322D gp+2sats(mx A wTd+s) o gr-2d-la-d(xy),

We now implicitly work with coefficients Z/¢, so that @; is defined, has
bidegree (2d+ 1, d), and both @; ® and ® Q; have bidegree 0. This is illustrated
by the following diagram, where we have written K for Thy (N')/T d+s. the map
t is the reduction modulo ¢ of the lift £y of the Thom class ty, deﬁned in
(13.19.3). Thus the horizontal composites are the operation ®. The lower right
isomorphism sends v - = to z, where v is defined in (13.19.2).

~ t ~_ 7 1
HP($X) — > H? 7 (SX A K)

of  af

ﬁp+2d+1,q+d(2x) i> ﬁp’+2d+1,q’+d(2x/\ K)

~

S ﬁp72d71,q7d(2x)
(13.22.1)

o

fra(sx)

~

_—
(13.22.1)

Here p' = p+ 2s and ¢ = ¢+ s. We warn the reader that, although the
right square commutes, the left square does not commute. This is quantified by
Proposition 13.23, which is taken from [Voe03a, 3.3].

Proposition 13.23. Suppose Y is smooth of dimension d = {'~1, and s4(Y) =
c- L. Then for every smooth X and map Y — X, Q; ® — ® Q; is multiplication
by ¢ on HP9(XX,Z/1).

Proof. The isomorphism HP +24+14'+d(Sx A K) 2 HPI(SX) of (13.22.1) sends
Qi(t-z)—t-Qi(x) to Q; P(x) — Q;(x), and v - x to x. The proposition now
follows from the observation that, by Lemma 13.23.1 below and Theorem 13.20,

Qit-z)—1-Qi(z) =Qi(t) z=cv- O
Lemma 13.23.1. For all z € HP(SX,Z/0), Qi(t-xz) = Qi(t) - &+ - Qi(x).

Proof. When ¢ # 2, this is just the assertion that ), is a derivation (by Lemma
13.11). Thus we may suppose that ¢ = 2. By Remark 13.14.1, we have the
formula

Qilt-2) =Qi(t)x +1Qi(x) +p ZCEFHQe I1 @s@)

ecE fer
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where E, F are subsets of {1,...,4 — 1}. Thus it suffices to show that for all
e < i we have Q.(t) = 0 in H**(Thy (N)/T4**) (where a = 2s + 2(¢ — 1 and
b= s+ ¢°—1). Consider the cohomology exact sequence of (13.19.1),

Hob(Bird+sy O Fob(Thy (N)/T95) 25 Ho(Thy (N)).

Now PNI“’Z’(EiT‘”S) = 0 for weight reasons when e < i, so it suffices to observe
that p*Q.(t) = Q.(fx’) vanishes in H**(Thy (N)), by Lemma 13.17. O

Theorem 13.24. Suppose there is v;-variety X; and a map X; — X. Then
the Margolis sequence for Q; is exact on H**(XX,7Z/1).

&} ﬁ*7251+1,*7£i+1 &} ﬁ*,* (EI,Z/K) &) ﬁ*+2€"’71,*+5171 &)

Proof. Since the case i = 0 was handled in Example 13.21, we assume ¢ > 0 and
use the map ® constructed in 13.22. By Proposition 13.23, Q; ¢ — ¢ Q; must
be multiplication by a nonzero constant ¢ € Z/¢. Thus the Margolis sequence
is exact, because if Q;(x) =0 we have z = Q;(®z)/c = Q;(P z/c). O

Theorem 13.24 is one of the main reasons that v;-varieties are useful. This
theorem was used in Proposition 3.15 to show that the cohomology operation
Qn—1-+ Qo is an injection from H™"~Y(X,Z/¢) to H?*+2¥+1(X 7), and may
be viewed as the key topological step in the entire proof of Theorems A and B.

13.7 A motivic degree theorem

Let X be a variety of dimension d = ¢" — 1 such that s4(X) # 0 (mod £2),
i.e., a vp-variety, set R =Z/¢ and let X be the simplicial scheme introduced in
1.32. In Lemma 6.8, we identified Ry, (X) with the unit motive R, defined in
6.3. Also recall from Section 13.5 that the degree map CH?(X) — Z may be
interpreted motivically using a map 7, : LY — Z(X), or (mod ¢) as a map
R® LY — Ry (X).

Proposition 5.16 asserts that (under certain hypotheses) a map A (defined
in Proposition 5.9) is such that A o 7, : R (X) ® LY — S*~1A is nonzero in
DM (%, R). Theorem 13.25 below shows that it suffices to produce a nonzero

element o with @,,(«) = 0, which is accomplished in the proof of 5.16.

Theorem 13.25. ' Let X be a vy,-variety, and let o be a nonzero class in
HP49(%,R) = Hompm (R, R(q)[p]), with p > q, such that Q,(a) = 0. Suppose
that the structure map Ry, (X) —— R factors as Ry (X) 2 M % R with
aoy =0 for some M.

Then Ao, : R® LY — M is nonzero as a map in DMT (%, R).

nis

ICompare with [Voell, 4.4].
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The situation in Theorem 13.25 and its proof is summarized by the following
commutative diagram in DM, with coy = 0.

RoL! 0 Ry (X) BN cone(Tiy)

A 7, ' show
Ao Ttrl / T . ' nonzero
. v
Y L

M R R(q)[p]-

Proof. We begin the proof with a reduction. Let M’ be the motive defined by
the distinguished triangle

R(q)[p—1] — M' — R - R(q)[p].

Since we assume that ooy = 0, y lifts to a morphism M — M’ in the sense
that y is the composite M — M’ — R. Therefore to prove the proposition it is
sufficient to show that the composition

R®LY— R.(X) = M — M’

is nonzero. We may now forget about the original M and consider only M’.
By 4.5, Homx (R ® L4, R) = H~24~4(X, R); this is zero as —d < 0. Thus
the composition m o 7, : R ® L? — R is zero, and 7 extends to a morphism
7 : cone(ty;) — R; 7 is uniquely determined because Hom(R ® L¢[1], R) = 0.
If the composition R@LY — M’ were zero then A would lift to A: cone(ry,) —
M’ and y o X would be a second lift of 7. This would imply that

aoF=aoyol=0,

Therefore, to finish the proof, it suffices to show that « o 7 is non-zero.

Recall from Theorem 13.18 that the degree map 7, arises from the compo-
sition of the Thom isomorphism with a map 7 : TV — Thx (N), where N is an
s-dimensional bundle representing the stable normal bundle on X, N =d + s
and TV = AN /(AN —0). Smashing the sequence (13.19.1) with X, we see that
T determines a cofibration sequence

TN A%, 5 Thy(N) A%y — (Thy(N)/TV) A%, -5 SITN A X,
By (13.19.3), the Thom class ty in H?»*(Thx(N),Z) lifts to a class ty in
H?4(Thx(N)/TN,7). By abuse of notation, we write ¢ for the image of txr
modulo £ in H244(Thx(N)/TN AXy, R). Since Thx (N') maps to X and hence

X, we have Thx (N)AX, — Thx(N) by the discussion in Section 4.2. There-
fore we have a commutative diagram:

*

Hom(cone(7: ), R(q)[p]) P . opgra (X,R)

lyHy,f lexotN
f_jp+2d,q+d(ThX (/\/)/TN A %Jr’ R) —> f{P-ﬁ-Qd,q-&-d(Thx(N), R).
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In the left vertical map, we have written y - ¢ for the more pedantic product of
p*(y) € HP9(X, R) with t.

Since 7 represents 1 € H%%(X, R) and 7 € Hom(cone(7,), R) has p*(7) = T,
we have 7 -t = t. Hence the left vertical map sends awo 7 to « - £. Hence it
suffices to show that ¢ -« # 0.

We are going to show that Q, (- a) # 0. First, we claim that

Qn(t- @) = Qn(t)a. (13.25.1)

For ¢ > 2, this follows from the fact that @, is a derivation (Lemma 13.11) and
Qn(a) =0. For £ =2, Q, is not a derivation, and there are additional terms
on the right side of (13.25.1) which depend on Q;(t) for i < n, as described
in Remark 13.14.1. As in the proof of Lemma 13.23.1, it follows from simple
weight considerations that Q;(t) = 0 for i < n and therefore (13.25.1) holds for
=2 as well.

Theorem 13.20 shows that the right hand side Q,(¢)a of (13.25.1) equals
¢-v-a where ¢ = s4(X)/¢ and v is given in (13.19.2). Since X is a v,-variety, ¢
is an invertible element of Z/¢. Hence it suffices to check that v - o # 0. Since

v = 6*(u), where u is the tautological generator of
HANTUN (50T R) = H(Spec(k), R) = R,

we have v -« = 0*(u - «). Setting p’ = p+ 2N and ¢’ = g + N, the element
u-a liesin HP 1.4 (XITN AX ) R) = HP4(X, R) and is nonzero because o # 0.
Because Thx (N) A Xy — Thx(N), we have an exact sequence

HY 9 (Thx(N), R) = H” (TN A%, R) ° H” 9 (Thx(N)/TN A %4, R),

and H? 7 (Thx(N), R) = HPt2datd(X R) = 0 by the Thom isomorphism and
the cohomological dimension theorem. Hence §* is an injection; since u - a # 0,
we have v - a = §*(u - ) # 0, as required. O

13.8 Historical notes

Steenrod’s original 1947 paper constructing the Steenrod squares opened the
doors for remarkable developments in algebraic topology; his Sq' was the Bock-
stein, first introduced by Meyer Bockstein in 1942. Henri Cartan discovered
the Cartan formula almost immediately; Serre recognized the connection to
Eilenberg—Mac Lane spaces and classified all mod—2 cohomomology operations
in his 1952 note [Ser52]. Steenrod later constructed the reduced power opera-
tions P and Cartan used them to describe all mod—¢ cohomomology operations
in his 1954 note [Car54]. The 1962 book [Ste62] summarized the main develop-
ments of that era.

The idea that there should be cohomology operations in motivic cohomol-
ogy, and that they should be defined in the A!-homotopy category, is due to
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Voevodsky. His construction of the operations P? is modelled on the work of
Steenrod [Ste62]. The main structural theorems of [Voe03c] are summarized in
Section 13.2; some typos in loc. cit. have been corrected in 13.7.

Similarly, the results in Section 13.4 are based on the 1958 paper [Mil58]
by Milnor, which introduced the operations @Q;, and all the formulas for ¢ # 2
are due to Milnor. Of course, the motivic definition of the (); and many of the
other results are taken from [Voe03c]. The formulas 13.13 and 13.14 are new.

Sections 13.5 and 13.6 are taken from Sections 2 and 3 of Voevodsky’s paper
[Voe03a] and from Riou’s commentaries [Riol4] and [Riol2]. The final section
13.7 is taken from Section 4 of [Voell].
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Chapter 14

Symmetric powers of
motives

In this chapter we develop the basic theory of symmetric powers of smooth vari-
eties, which will play an important role in the construction of motivic classifying
spaces in Chapter 15.

The constructions in this chapter are based on an analogy with the corre-
sponding symmetric power constructions in topology. Recall that if K is a set
(or even a topological space) then the symmetric power S™K is defined to be
the orbit space K™ /%,,, where ¥,, is the symmetric group. If K is pointed,
there is an inclusion S™K C S™T'K and S*K = |JS™K is the free abelian
monoid on K — {x}.

When K is a connected topological space, the Dold-Thom theorem [DT58]
says that I;T*(K ,Z) agrees with the homotopy groups m,(S°°K). In particular,
the spaces S*°(S™) have only one homotopy group (n > 1) and hence are the
Eilenberg—Mac Lane spaces K (Z,n) which classify integral homology.

14.1 Symmetric powers of varieties

If X is a quasiprojective variety over a perfect field, its m!* symmetric power

is the geometric quotient variety S™X = X™ /%, where ¥, is the symmetric
group; locally, if X = Spec(A) and B = A® --- ® A then S™X = Spec(B¥m).
If G is a subgroup of ¥, then we also set SX = X™/G; locally S9X =
Spec(B%). This is an abuse of notation, since S¢X depends upon m.

The example X = A? shows that symmetric powers of smooth varieties are
not always smooth. However, if X is normal then X™, S™X and S¢X are also
normal, because locally the coordinate rings of X™ and S“X are the normal
domains B = A®™ and B N k(X™)%. For this reason, we shall work with
the category Norm of normal quasiprojective varieties; S™ and S¢ determine
functors from Norm to itself.
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Replacing X™ by the smash product (X, )" = (X™),, the formula
89(X,) = (X,)"™/G = (S9X),

defines “reduced” functors S¢ from the pointed category Norm, (normal va-
rieties of the form X IT *) to itself. The unreduced functors S™ are defined on
Norm, by S¢(X,) = S%(X II %).

By naturality, S¢ and SC also determine self-functors on A°®Norm and
A°PNorm_. There is a natural decomposition:

smxuy) =] SH(X) x §(Y). (14.1)

i+j=m

Setting Y = Spec(k), formula (14.1) gives a decomposition of S™(X,) as
the coproduct of the S*(X) for 0 < i < m. This decomposition is not natural
for pointed maps, but it is related to S™(X,) = (§™X), by a natural sequence
of pointed objects, split for each X:

x = SMTHXL) = S™(XL) = S™(XL) — % (14.2

)

We let S°°(X ) denote the filtered colimit of the pointed presheaves S™(X )
along the maps in the split sequences (14.2). For example, for S° = Spec(k)
we have S™(8%) = §°, §™(5%) = {0,1,...,m} and $°S° = N.

If X is a variety then the sets (S“X)(U) need not equal the symmetric
powers S¢(X(U)) of the sets X (U). For example, if X = A and U = Spec(k)
then S2X = A? and the natural map from S?(Al(k)) = A%(k)/S2 to A%(k),
sending (a,b) = (b,a) to (a + b,ab), is not onto when k has a quadratic field
extension.

Definition 14.3. Let G—Norm denote the category of normal G-schemes
and equivariant morphisms. The functor endowing a scheme with the triv-
ial G-action has a left adjoint, the quotient functor (/G) : T — T/G from
G—Norm to Norm. Its inverse image functor (/G)*, from Pshv(G—Norm) to
Pshv(Norm), is defined by (/G)*H(Y) = colimy_,7/¢ H(T). Note that (/G)*
commutes with colimits because it is left adjoint to F' — F'(—/G).

It will be convenient to factor S¢ as the composition of (/G)* and a functor
P from presheaves on Norm to presheaves on G—Norm, which we now define.

Definition 14.4. Let G be a subgroup of ¥,,. Given a G-scheme T, let TH"™
denote the disjoint union of m copies of T, made into a G-scheme via the
diagonal action, with quotient 7U™/G. For any (simplicial) presheaf F' on
Norm, we define the (simplicial) presheaf PF on the category of normal G-
schemes by
(PF)(T) = F (T /G).

It is clear that P commutes with colimits: P(colim F,) & colim(PF,). Since
PF is natural in F', P is a functor from Pshv(Norm) to Pshv(G—Norm).

Similarly, we define P : Pshv(Norm;) — Pshv(G—Norm,) by sending a
presheaf F' on Norm, to (PF)(T) = F(TV™/Q), where TV"™ =TV ---VT
with the diagonal action.
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Lemma 14.5. If X is a normal scheme, the presheaf PX is representable by
the G-scheme X™. That is, (PX)(T) = Homg (T, X™).!
Similarly, P(Xy) is representable by the pointed G-scheme (X™)4.

Proof. Non-equivariantly, we have natural isomorphisms
HOHl(T, Xm) =~ H()rn(T7 X)m o~ HOHI(TH"L, X)

A map (fi,..., fm) : T — X™ is equivariant if fi(vt) = f,;)(t) for all v € G.
Since G acts trivially on X, this is also the condition for a map T"™ — X to
be equivariant. Thus we have Homg (7T, X™) = Hom(T"™ /G, X).

The pointed version is left to the reader. O

The considerations of Chapter 12 also apply to simplicial presheaves on
G—Norm. For example, the notions of global weak equivalence, etc. make
sense for simplicial presheaves on G—Norm. This includes the notion of a
radditive presheaf (Definition 12.14).

Lemma 14.6. P preserves global weak equivalences, and sends radditive pre-
sheaves to radditive presheaves.

Proof. Let I, — F5 be a global weak equivalence of simplicial presheaves on
Norm. Then for every normal G-scheme T we have a weak equivalence

(PF)(T) = Fi(T""/G) = F(T"™/G) = (PF)(T).

Hence PFy — PF; is a global weak equivalence of simplicial presheaves on
G—Norm. Similarly, if F' is radditive on Norm then for every T and T5:

PF(TiUTy) = F ((T{" U T,™)/G) = F(TT™/G) (T, /G))
= F(TI'"™/G) x F(Ty'™/G) = PF(T,) x PF(Ty).
Hence PF is also a radditive presheaf. O

Proposition 14.7. If F' is a presheaf on Norm, resp., Norm,, there is a
presheaf isomorphism

(SEV'F = (/G)*(PF), resp., (S¢)*F=(/G)*(PF).

Proof. Because all functors involved commute with colimits, and F' is the co-
equalizer of L1F = LoF (see Construction 12.7), we may assume that F is
represented by a normal scheme X. But by Lemma 14.5, we have

SEX) = (/G)"(X™) = (/G)"(PX). O

ITaken from [Del09], Ex. 6
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14.2 Symmetric powers of correspondences

The symmetric power construction is compatible with elementary and finite
correspondences, as defined in Section 6.1. Indeed, if f : X — Y is a finite
correspondence then so is f*™ : X™ — Y™,  If f*™ is an elementary cor-
respondence then it induces an elementary correspondence X™/G — Y™/G
for every G C X,,, almost by definition. In general, the finite correspondence
fXm™: X™ — Y™ /G descends to a finite correspondence from X™ /G to Y™ /G,
which we call SG(f), by the case Z = Y™ /G of the following formula of Suslin
and Voevodsky; see [SV96, 5.16].

Cor(X™/G, Z) —» Cor(X™, Z)%.

Recall (say from [MVW]) that Cor(Norm) denotes the category of finite
correspondences on Norm, with coefficients in a fixed ring R. We will sometimes
require that |G| is invertible in R. For clarity, we shall write Ry, (X) for a normal
scheme X, regarded as an object of Cor(Norm).

Definition 14.8. The endofunctor SG : Cor(Norm) — Cor(Norm) is defined
for any subgroup G of %,,, on objects by SG (R (X)) = Ri:(S¢X), and on
morphisms by f + SG(f). When G = %,, we write S for S’tzrm. By naturality,
S& extends to an endofunctor on the simplicial category A°°?Cor(Norm).

For X in Norm we define SG Ry, (X ) = Ry, (S¢(X,)), so that SGo Ry, =
Ry 0S¢ is a functor from Norm, to Cor(Norm). In particular, S? R, (X, ) =
Ry S™(X 1) = Ry ((S™X)+). The next lemma is based on [VoelOc, 2.34].

Lemma 14.9. For any (simplicial) normal varieties X, Y we have

SE(RuX ® RyY) = P S, (RuX) ® St (RuY).

i+j=m
Proof. Immediate from R (X [[Y) = R X ® Ry, Y and (14.1). O

Lemma 14.10. Let G be a finite group whose order is invertible in R. If G acts
faithfully and algebraically on X then m : X — X/G induces an isomorphism

R (X)¢ =5 Ry (X/G).

Proof. The transpose 7' is a finite correspondence from X/G to X, and is

equivariant, so we may regard 7* as a map from Ry, (X/G) to Ry, (X)€. Since  :
X — X/G is pseudo-Galois with group G (see Definition 8.19), the composition
7o m' is multiplication by |G| on R(X/G) — which is an isomorphism by
assumption — and 7’ o is 30 ;9. (See [SV96, 5.17] or [SVOOD, 3.6.7].) But
3" g is an isomorphism on Ry, (X)%, since the idempotent e = (1/|G|) >gec Y
of R[G] acts on Ry, (X) as projection onto the summand Ry, (X)%. O

Corollary 14.11. If H <« G C X, and [G : H] is invertible in R, then G/H
acts on SEX and SG (R (X)) = SH (Rtr(X))G/H.

June 27, 2018 - Page 223 of 281



Symmetric Powers

Proof. Apply Lemma 14.10 to the action of G/H on SH X, using SG Ry (X) =
Ry (S¢X) and SYX = (S¥X)/(G/H). O

Examples 14.12. (a) Since S™(Speck) = Speck, S{'(R) = R for all m.
If the s; are the elementary symmetric polynomials then S™(A!) =
Spec(k[s1, ..., Sm]) = A™.

(b) The functors S{i' extend to the idempotent completion of Cor, because if
e is an idempotent finite correspondence then so is S%(e). For example,
since Ry (P') 2 R@ L' and S™P! = P™, we see that ST(R @ L) =
Ry (P™) = Ri (P~ 1) @ L™. Lemma 14.9 yields S/ (L') = L™.

(c) The map 7 : S™(A') — Al (a1,...,am) + ai---am, and its restriction
S™(At—{0}) — Al —{0}, are vector bundles with fiber A™~1  split by
a — (a,1,...,1). This is because 7 is the map Spec(k[si,...,$m]) —
Spec(k[s,,]). For later use, we note the consequence that S™(A!—{0}) =
(A'—{0}) x A™~1 and hence the simplicial presheaf S™(A*—{0}) is Al-
weakly equivalent to (A'—{0}).

(d) Suppose that m! is a unit of R, so that the symmetrizing idempotent
e = (Xo)/m! of R[X,,] exists. Since R[X,,] acts on R, (X™), we can form
the summand e - Ry, (X™). From Lemma 14.10 we see that the canonical
map R (X™) = Ry (S™X) = S{? (R X)) induces an isomorphism

ST (R X) 2 Ren(X™)*™ = e Ryy(X™),  when 1/m! € R.
(e) Suppose that 1/m! € R. If T is such that the interchange 7 on T ® T is
A'-homotopic to the identity (e.g., T' = L[2b]), then S/(T) ~ T®™ by

(d). f 7~ -1 (e.g., T = L%2b+ 1]) and m > 1, then S (T) ~ 0, again
by (d). In particular,

SM(LO[20]) =~ L™ [2bm],  SM™(L%[2b + 1]) ~ 0.

The following result is the analogue of a formula for augmented simplicial
R-modules discovered by Steenrod in [Ste72]; it is taken from [VoelOc, 2.47].

Lemma 14.13. (Steenrod’s Formula) Applying Ry, to (14.2) (for X ) yields a
split exact sequence; the splitting is natural in Norm, :

0 — RueS™ 1(X4) = RuS™(X4) = RuwS™(X 1) — 0.

Proof. By (14.2), the sequence is split exact for each X ;. Recall that, as in

Section 5.2, for each X and i < m the transfer maps for S*(X)x X™~* — S™(X)

and the structure map 7y : X — x induce maps 7; : R S™(X) — Ry SU(X)

and hence from SRy, (X+) = R (S™(X)4) to SE R (X1) = Rer(SH(X) ).
The alternating sum (over 4) of the transfers 7; defines a splitting map

7 SR (X4) = Ru(S™(X) 1) = O R (S°(X)4) = @], S Rer (X4).
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We claim that 7 is natural for maps f : Z, — X . To see this, note that Z, is
the disjoint union of f~1(X) and Y, = f~1(x). Thus f factors as a composite

Z,=(fony), s xmy), ™ X,
where 7y sends Y to the basepoint. Since the transfers 7; are natural for maps
coming from Norm, such as (f I 1), it suffices to consider the projections
Ty - (XH Y)+ —>X+.
We must show that for each j > 0 and a < i the composition from the
summand S{ R, (X) ® S} Ry, (Y) of Ry S™(X 1Y) to S& R, (X) is zero.

. . -1 a+b .
S Ru(X) @ S0 R (Y) o> ST Ru(X 1Y) DO gap ey o 80 R (Y)

\ J/StrRtr(ﬂ'Y) J/l & Ty
(=),

Sir Ree(X) 5% R (X).
This composition factors through each of the ({)) terms S& Ry (X) ® SE Ry (Y)
for b=0,...,j, and the result follows from Zizo(—l)b(i) =0. O

Corollary 14.14. For any simplicial object V, of Norm there is an isomor-
phism
Ru(S*V.) = lim Ru(S™V.) =D~ S Ru(V.).

Proof. Since Ry, S°(V,) = 0, the formula Ry, (S™V,) = @, Si R (V.) follows
by induction, using the splittings in Lemma 14.13. O

Remark 14.14.1. We will now describe S in terms of S, when R = Z,. If G
is any subgroup of ¥,,,, and n > 1, the wreath product

G1Y,=G"xX%,

acts on {1,...,mn} by decomposing it into n blocks of m elements, with G™
acting on the blocks and ¥,, permuting the blocks. Thus G X, C ¥,,. It is
easy to see that

SEE(X) = S"(SC(X)), ST (RuX) = SnSG(RuX).

Similarly, if H is a subgroup of ¥, and we embed >, x ¥, in X,,1, then
SExH(X) = §9(X) x S7(X) and SE*H (R, X) = SG (R X) ® SH (R X).

Proposition 14.15. Consider the ¢-adic expansion m = mg+mil+---+m,.L",
with 0 <m; <{. The subgroup

G =X, X (Zf 1 8m,) ¥ ((ZE DIORPISIPEEEDS ((EZZT) 1 5m,.)
- Zmo X Emlg X Emgﬁ X oo X Emrﬂ

of ¥y, contains a Sylow L-subgroup of ¥p,. If R = Zyy or Z/L, then for every
simplicial V- and M = Ry (V), S{(M) is a direct summand of

SE(M) = (Si°M) ® Si (SEM) ® Si* (SE(S6M)) @ -+ @ S ((S)"™M).
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Proof. Tt is well known (and easy to check) that G contains a Sylow ¢-subgroup
of %,,, i.e., that £ 1 d = [¥,,: G]. The displayed formula for S (M) follows
from the above remarks, and the map 7 from S¢(V) = V™/G to S™V =
V™ /¥, is finite of degree d. The transpose 7' is a finite correspondence, and
the composition 7o' is multiplication by d on Ry, (S™V) = Sir(M), and hence
is an isomorphism. O

14.3 Weak equivalences and symmetric powers

The goal of this section is to show that the functors S¢, and in particular the
symmetric powers S™, preserve Al-local equivalences between filtered colimits
of representable presheaves on Norm. As in Definition 12.15, we write Norm™¢
for the category of ind-normal varieties, i.e., the category of filtered colimits of
representable presheaves on Norm (see [AGV73, 1.8.2]).

For example, consider the functorial cofibrant replacement Lres (F') of a
simplicial radditive presheaf F', described in Example 12.19 and Remark 12.7.
Each of the terms Lres , F' is an infinite coproduct of representable presheaves,
which are filtered colimits of finite coproducts. Since each finite coproduct is
representable by Example 12.14.1, each Lres,F is a filtered colimit of rep-
resentable presheaves. Hence Lres (F) is in A°*Norm™? for every radditive
presheaf F.

Lemma 14.16. If X is a simplicial ind-normal variety, the cofibrant re-
placement Lres (X) —» X of Ezample 12.19 induces global weak equivalences
SGLres (X) — SYX and S®Lres (X,) — SY(X,).

Proof. The endofunctor S¢ of C = Norm has (S¢)*X = S®X. Since
Lres (X) —+ X is a global weak equivalence in A°PNorm™4, Corollary 12.33
states that S¢Lres (X) — SYX is a global weak equivalence. The same ar-
gument, applied to Norm, yields the assertion for §G(X+). O

For any radditive presheaf I, we set (LSY)F = S%Lres (F). In this lan-
guage, Lemma 14.16 states that (LS%)X -+ SYX for all representable X.

Proposition 14.17. The derived functor LS® = S%Lres preserves global weak
equivalences between simplicial radditive presheaves. That is, if F1 — F5 is any
global weak equivalence, then so is LS (Fy) — LS (I).

The pointed functor LS = SCLres also preserves global weak equivalences.

Proof. ([VoelOc, 2.11]) The map Lres (F;) — Lres (F) is a global equivalence
because both of the Lres (F;) — F; are (by 12.25). Hence the induced map
from LS (F;) = S®Lres (F}) to LSY(Fy) = S%Lres (F3) is a global weak
equivalence, by Corollary 12.33. The argument for LS€ is similar. O

Next, we consider the behavior of symmetric powers under Nisnevich-local
equivalences.
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Proposition 14.18. If X 4 v is a Nisnevich-local equivalence between objects
of A°°Norm™? then so is S¢(f) : S°X — SCY.

A similar assertion holds for SCX — SCY when X —Y is in AOpNormifd,
Proof. Let E denote the class of morphisms f in AOPNormi_f_ld such that
SCf(W) is a weak equivalence for all hensel local W. It is a A-closed class,
by Theorem 12.30. Thus it suffices to show that E contains the Nisnevich-local
equivalences.

Fix a hensel local W and consider the functor ®(X) = (S¢X)(W) from
Norm™ to Sets (or from A°°Norm™? to A°PSets). Because S¢ commutes
with colimits, so does ®.2 Tt is also clear that if U is open in X then SCU is
open in S“X and hence ®(U) — ®(X) is an injection.

Suppose that f : V' — V is an étale cover and U C V is open, so that
(V'=U")red = (V=U)rea is an isomorphism, i.e., we have an upper distinguished
square ) of the form (12.48). Let K¢ denote the associated homotopy pushout,
defined in 12.34. Applying ®, which commutes with colimits, we have two
pushout squares of simplicial sets:

U ——= (V) dUHNISU') — d(U' @A)

o |

BU) > d(V)  BU)LBV') > d(Ko).

These squares show that ®(V') and ®(K() are the respective pushout and homo-
topy pushout of ®(U) « &(U’) — ®(V’). Recall from Remark 12.34.1 that the
pushout of an injection of simplicial sets is weakly equivalent to the homotopy
pushout. Therefore ®(V) — ®(Kg) is a weak equivalence.

Thus E contains the maps Kg — V for all upper distinguished squares
(12.48). By Theorem 12.55, every Nisnevich-local equivalence is in the A-closure
of the class of maps Kg — V for all upper distinguished squares (12.48). There-
fore the Nisnevich-local equivalences are in E. O

Corollary 14.19. The derived functor LS = SCLres preserves Nisnevich-
local equivalences.

Proof. If F; — F5 is a Nisnevich-local equivalence of simplicial radditive pre-
sheaves, the cofibrant replacement f : Lres (F}) — Lres (F3) is a Nisnevich-
local equivalence of objects in A°°Norm™?. Therefore S&(f) : LS%(F) —
LS (F3) is a Nisnevich-local equivalence by Proposition 14.18. O

We can now consider the behavior under A'-weak equivalences.

Lemma 14.20. If 7 : V — X is a vector bundle, then SCV — S¢X is an
Al-local equivalence.

2Compare to [Del09, Thm.6]
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Proof. If X = Spec(R) and V = Spec(4), A = Symp(P), then V™ =
Spec(A®™) and the graded algebra map

bR A®™ — A®™ [y, S=a1® @y, s utTT (a; € Ay,),

is natural in R. The ¢ glue to define an equivariant map V™ x A! N vm,
fitting into the equivariant diagram on the left below. Modding out by the
G-action yields the commutative diagram on the right.

— = :1
ym =0y 5oy L=2 go vy« at L21 g

lwm (;SJ/ lscw ¢/Gl /
t=0 t= a

XxXm s ym SE(X) —— S¢(v™)

From the right-hand diagram (and the 2-out-of-3 property), we see that ¢/G is
an A'-local equivalence. Since S€r is a retract of an A'-local equivalence, it
follows that S¢r is also an Al-local equivalence. O

Proposition 14.21. If X 4 v s an Al-local equivalence between objects of
. G
APNorm™ then so is S¢X 24 §Gy

Proof. Let E denote the class of morphisms f in A°°Norm™? such that S f
is an A'-local equivalence. Since the class of Al-local equivalences is A-closed
by Theorem 12.66 and S commutes with colimits, E is a A-closed class by
Theorem 12.30.

Again by Theorem 12.66, the A'-local equivalences are the smallest A-closed
class containing the Nisnevich-local equivalences and the maps U x Al — U.
Since S¢ preserves Nisnevich-local equivalences by Proposition 14.18, and
SE(X x Al) — SY(X) is an Al-local equivalence by Lemma 14.20, E contains
the A'-local equivalences. O

Corollary 14.22. The derived functor LS¢ = SCLres preserves A'-local
equivalences.

14.4 S¢ of quotients X/U

In the next chapter, we will need to compute S¢(A" /U) and LSE (A" /U), where
U is the complement of the origin and G is a subgroup of %,,. In this section
we consider the more general problem of computing S¢(X/U), where U C X is
the open complement of a closed subvariety Z.

By definition, X /U is the pointed Nisnevich sheaf associated to the reflexive
coequalizer (X Uy *) of (X IIU); = X, which sends V to X(V)/U(V). Since
(X IIU)+ is representable, (X Uy *) is a radditive presheaf by Lemma 12.16.
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Recall from Section 12.1 that the functors S¢ on Norm, extend to inverse
image functors (S)* on Pshv(Norm,). Because (5F)* preserves colimits,
(S9)*(X Uy *) is the presheaf coequalizer of SC(X I U), = (S9X),: by
Lemma 12.16, this presheaf is radditive. The following theorem is a combination
of Example 5.8 in [Del09] and Proposition 2.12 in [VoelOc].

Theorem 14.23. There is a Nisnevich-local equivalence
(S€)* (X/U) = (5€)* (X Uy ) L 89Xx/(89X — 592).

Proof. Writing V' for S¢X — S9Z, S X/V is the pointed Nisnevich sheaf as-
sociated to the coequalizer (SEX) Uy * of ((SCX)II V), = (S¢X),. We
will define f by using a decomposition of S(X I1U) to produce a morphism
h:SC(XTU)y — ((SYX) V), compatible with the coequalizer diagrams

SOXTU)y = (S9X)y — (S9)"(X Uy %)

g H 1|
(SX)IIV), = (S9X); — (89X) Uy *

and then show that f is a Nisnevich-local equivalence, by evaluating h at hensel
local schemes.

Step 1: We first consider the case G = 3,,, using the decomposition
SMXTU) =1 S°X x S U of (14.1). The identity map of S™X and
the concatenation maps

S'X x S™TU -V, i<m,

assemble to define a natural map h : S™(XIIU) — (S™X )V, compatible with
the coequalizer diagrams. Thus h induces a morphism f as indicated above.

To show that f is a Nisnevich-local equivalence, it suffices (by the construc-
tion of coequalizers in the category of sets) to show that A is a surjection when
evaluated at any hensel local scheme T'.

Fix ¢ and j > 0 such that i +j = m, and set H = ¥; x X, so that
SiX x SIU = (X*x U7)/H is an open subscheme of S'X x S7X = X™/H. Let
Y; denote the étale locus of S?X x SU — V. We claim that the union of the
étale maps Y; — V' (j > 0) forms a Nisnevich cover of V. This implies that for
any hensel local T, the subset I1Y;(T) of II(SX x S7X)(T) maps onto V(T),
which will finish the case G = X,,,.

To demonstrate the claim, let B; denote the locally closed subscheme Z ixUI
of X™. Because Z and U are disjoint, the stabilizer subgroups of points in B;
lie in H. By Lemma 14.23.1, applied to G = %,,, and Y = X™, the étale locus
of S'X x S7X — S™X contains S'Z x S'U = B;/H. As §'Z x S7U is also
contained in S*X x S7U, it is contained in Y;.

As a scheme, V is the union of the images of the B; (0 < j < m). Therefore,
it suffices to show that each morphism S?Z x S/U — V is a locally closed
immersion. Consider the ¥,,-closure of B; in X™, A; = ,ex 0(Bj). Then
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A; is the disjoint union of the o(B;) as o runs over a set of coset representatives
of H in ¥,,. Hence A;/%,, equals Bj/H = S'Z x S7U. Since A; is locally
closed in X™ and the map X™ — X™/%,, = S™X is both open and proper,
StZ x 87U is locally closed in S™X. This establishes the claim, and finishes
the case G =%,

Step 2: When G is an arbitrary subgroup of ¥,,, we proceed by first ana-
lyzing S¢(X I1U) = (X I1U)™/G. The G-scheme (X I1U)™ breaks up as the
disjoint union over i 4+ j = m of G-schemes Y; ;, where Y; ; is the ¥,,-closure of
X x UY; since the stabilizer of X* x U7 is 3; x %, Y; ; is the disjoint union
over coset representatives:

— i J
Y;’] HG’GEm/EiXE]‘ G(X xU )

Note that Yy, 0 = X™, 50 Y;,0/G = S¢X. For each pair (i,j) with j > 0 and
for each o, the images of the concatenations o(X*xU7) — X™ — SEX liein V.
We define the morphism h : SE(XTIU) — SX IV as follows. We map the
summand Y;,0/G = X™/G to S¢X by the identity map; the summands Y; j/G
with 7 > 0 are mapped to V by the mod G reduction of the concatenation maps
defined above. It is clear that h is compatible with the coequalizer diagram.
As in the case G = %,,, f will be a Nisnevich-local equivalence if h is a
surjection, i.e., if the étale locus of the morphisms Y; ;/G — V (5 > 0) form a
Nisnevich cover of V. To see this, we decompose each Y; ; even further using

the double cosets [o] in G\%,,/(X; X £;). Let Yz[j] denote the union of those
components 7(X* x U’) of Y; ; indexed by coset representatives 7 in the G-orbit
Go in ¥,,/(%; x ¥;). Then Y; ; = H YZ[U] G acts on each factor Y7, and

2,7 7
Sé(x1uU) =1y,7/c.
The G-stabilizer of 0 € ,,,/(Z; x ;) is H’) = GNo(E; xT;)o~". Thus the

orbit Go of ¥,,, /(X; x ¥;) is isomorphic to G/H[G and H[J] acts on o(X*x U7).
In summary, we have a natural isomorphism (mduced by the inclusion)

o(X'x U9)/H = Y7 a,
and the map h restricted to the component Y-[U- /G of SE(X11U) is
[o] . 1 0‘]
hiso(X XUJ)/H - V.

Set H = HZ[Z] and B = o(Z* x U’). Since B is closed in o(X* x U?), B/H
is closed in o(X® x U7)/H. Finally, let A denote the G-closure of B in X™,
A =, 7(B). Now consider the following diagram, in which the top right
map is an open immersion and both left horizontal maps are closed immersions.

B/H — o(X'"x U’)/H —— X™/H

*| e

A)G Y )G s v e xm/a
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Because Z and U are disjoint, the stabilizer subgroups of points in B lie in H.
By Lemma 14.23.1, applied to G and Y = X™, the map X™/H — X™/G is
étale in a neighborhood of B/H.

As a scheme, V is the union of the images of the B/H (over all (i, ) with
0 < j <m and all ). That is, the images form a constructible stratification of

V. Hence the union of the étale loci of the Yz[‘;]/G — V form a Nisnevich cover
of V. This implies that h is onto when evaluated at any hensel local scheme,

and hence f is an isomorphism. O

Lemma 14.23.1. Let G be a finite group and H a subgroup. Suppose G acts
faithfully on a quasi-projective variety Y, and let U be the (open) subscheme
of points y whose (scheme-theoretic) stabilizer G, is contained in H. Then
Y/H = Y/G is étale on U/H.

Proof. This is proven in V(2.2) of [SGA71], where the stabilizer Gy, is called the
groupe d’inertie of y. O

We also need to determine LS (X/U). By 14.19, it is Nisnevich-local equiv-
alent to LSY(X Uy *) = S%Lres (X Uy *). We start with G-schemes.

Proposition 14.24. Suppose that V' C T is an open inclusion of G-schemes,
with pointed quotient presheaf T Uy x. Then we have a global weak equivalence
(/G)*Lres (T Uy *) — (/G)*(T Uy *).

If T is At-local equivalent to a point, (/G)*(T Uy *) is Al-local equivalent to
the suspension of V/G.

Proof. Consider the map of squares, induced by Lres (F') — F:

Lres(V}) —— Lres (T} ) Vye—— T4
l l BN l l (14.24.1)
Lres (x) —> Lres (T Uy %) x ——> T Uy x.

Since Lres is a functor, G acts on the terms in the left square. By Construction
12.19 (the radditive version of Lemma 12.10), the left top map is a termwise split
monomorphism and the left square is cocartesian. By assumption, the right top
map is a monomorphism and the right square is cocartesian. Since (/G)* is a left
adjoint, it preserves pushouts. As (/G)*(V}) = (V/G)4, (/G)*(Ty) = (T/G)+
and (/G)*(x) = *, we have a map of cocartesian squares:

(/G)*Lres (V) —— (/G)"Lres (TY) V/G)y —— (T/G)4
(/G)'Lres (x) —> (/G)*Lres (T Uy %) * — (/GQ)" (T Uy *).
(14.24.2)

Since each term Lres (T ), is termwise the coproduct of Lres (V), and an-
other coproduct of schemes, and (/G)* is computed termwise, the left top map
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is a monomorphism. Because T — T/G is an open map, V/G — T/G is an
open inclusion. Thus (V/G)(W) — (T/G)(W) is a monomorphism for each W
in Norm, .

Recall from Remark 12.34.1 that if K — K’ is a monomorphism of simplicial
sets and K — L is any map then the pushout K’ Ux L is weakly equivalent
to the homotopy pushout. It follows that both squares are homotopy pushouts
when evaluated at any W.

Now the maps between the three corresponding top and left corners of
(14.24.1) are global weak equivalences, by 12.19. By Theorem 12.33, applied
to (/G)*, the maps between the three corresponding top and left corners of
(14.24.2) are also global weak equivalences. It follows that the homotopy
pushout

(/G)'Lres (T Uy *) = (/G)* (T Uy %)

is also a global weak equivalence.

Now suppose that T is Al-local equivalent to a point. Since A'-localization
preserves homotopy cocartesian squares, the pushout (/G)*(T Uy ) is Al-
equivalent to the homotopy pushout of (/G)*(Ty) = (T/G);+ and * along
(/G)*(Vy) = (V/G)y, i.e., to the cone of (V/G) — S°. Hence (/G)*(T Uy *)
is Al-local equivalent to the suspension of V/G (see Definition 1.36). O

Remark. Proposition 14.24 is essentially Lemma 16 in [Del09], with F' = .

14.5 Nisnevich G-local equivalences

The goal of this section is to prove the following theorem, which is needed for
Lemma 15.24.

Theorem 14.25. Suppose that U C X is an open inclusion of normal schemes.
Then LSE (X Uy *) — SY(X Uy *) is a Nisnevich-local equivalence.

The proof will need the notion of a G-local hensel scheme, and a Nisnevich
G-local equivalence. This notion first appeared in [Del09, p.373].

Definition 14.26. Let G be a finite group scheme. A G-local hensel scheme T'
is a G-scheme whose underlying scheme is a finite disjoint union of hensel local
schemes, and such that the scheme T'/G is hensel local.

A map F} — F5 of simplicial presheaves on G—Norm is a Nisnevich G-
local equivalence if Fy(T) — F5(T) is a weak equivalence for every G-local
hensel scheme T. A map I} — F5 of simplicial presheaves on G—Norm is
a Nisnevich G-local equivalence it Fy(Ty) — F5(Ty) is a weak equivalence for
every G-local hensel scheme T.

Remark 14.26.1. The G-local hensel schemes are the points of the G-Nisnevich
topology on G—Norm of [Del09, §3.1]. In this topology, covers of T are col-
lections of G-equivariant étale maps Y; — T such that T" admits a filtration by
closed equivariant subschemes ) = Ty € Ty C --- C T, = T such that for each
Jj one of the maps Y; — T admits a section over T; — T} _;.
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Construction 14.27. The following construction produces G-local hensel
schemes. Fix a hensel local scheme S and a G-scheme W. Given a G-local
hensel scheme T with T/G = S, any G-map T — W induces a map S — W/G.
Conversely, given a map f : S — W/G, the pullback T' = S Xy /¢ W is a G-local
hensel scheme, and the equivariant map fr : T — W induces the original map
f on the G-quotient schemes. Thus we have a bijection

colim Home (T, W) —» (W/G)(S) = Hom(S, W/G).

The colimit is taken over the system of G-local schemes T over S with T/G =
S. Note that a morphism 77 — 75 in this system induces an isomorphism
Homg(Ty, W) — Homg(Ty, W).

If F is a simplicial presheaf on G—Norm,, the system of G-local hensel T'
with S = T/G is cofinal in the comma category of maps S — T”/G. Hence

((/G) F)($) = colim F(I") = colim F(T)

We will need two properties of Nisnevich G-local equivalences.

Lemma 14.28. 1) If Fy — F5 is a Nisnevich G-local equivalence of radditive
presheaves on G—Norm ., then Lres F} — Lres Fs is also a Nisnevich G-local
equivalence.

2) If F1 — Fy is a Nisnevich G-local equivalence in A°°(G—Norm.), then
(/G)*Fy — (/G)*Fy is a Nisnevich local equivalence.

Proof. The first assertion follows from 12.25 for C = G—Norm., which as-
serts that Lres F; — F; and Lres Fy, — F5 are global weak equivalences in
A°Prad(C).

For the second assertion, we observe that for each hensel local S the map
(/G)*F1(S) — (/G)*F5(S) is the colimit over the system of G-local hensel T
with S = T/G of the weak equivalences Fy(T') — F»(T). O

Lemma 14.29. Let U C X be an open inclusion of normal schemes, and set
Z=X-U,W = X"—2" Then for every subgroup G of 3, there is a
Nisnevich G-local equivalence

P(X Uy %) -1 (X™ Uy #).

Proof. By Lemma 14.5, P(X;) = (X™)4. We claim there is a map h fitting
into a coequalizer diagram in A°Prad(G—Norm) similar to that in Theorem
14.23:

P(XUIU), = P(Xy)—> P(X Uy %)

|

(XmaOw)y = (XM — X" Uw =
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The construction of h is parallel to the construction in the proof of Theorem
14.23. As a G-scheme, P(X IIU), = (X I U)? is the coproduct of G-schemes
Yi;, i +j = m; each Y;; is the coproduct of all terms o(X* x U’) for o in
Y/ (E; x3;). As in the proof of Theorem 14.23, h maps Y;,, o = X™ to X™ by
the identity and maps Y; ; to W by concatenation when j > 0. As in loc. cit., h
is compatible with the coequalizer diagram, and defines a map f. In fact, the
map in Theorem 14.23 is obtained by applying (/G)* to the map f we have just
constructed, since V = (/G)*W

Using the decomposition of the Y; ; into G-schemes YZ[ 7} in the proof of

Theorem 14.23, we see that W has a G-invariant constructlble stratification by
locally closed subschemes B[J-] (the G-closure of the B in loc. cit.) such that
the restriction of h to the étale loci of Y[J] — W splits over B[ 7l (In the

terminology of Remark 14.26.1, the étale loci of Y; ; = W form a G Nisnevich
cover of W.) It follows that the maps

h]_[ , Yii (1) = W(T)

are surjective for every G-local hensel scheme T'. By the construction of coequal-
izers in the category of sets, P(X Uy *)(T) — (X™ Uy *)(T) is a bijection. O

Proof of Theorem 14.25. 3 Let us write C for the simplicial radditive presheaf
Lres (X Uy *). By Lemmas 12.25 and 14.6, PC — P(X Uy *) is a global
weak equivalence of simplicial radditive presheaves on G-Norm . Applying the
cofibrant resolution Lres H — H in A°rad(G—Norm,) (which is a global
weak equivalence of simplicial radditive presheaves by Lemma 12.25), we have
a square of global weak equivalences in A°°rad(G—Norm.).

Lres (PC) = . pC

«| ng

Lres P(X Uy *) — P(X Up=).

With the exception of P(X Uy x), the corners of this diagram are simplicial
objects of (G—Norm, )™, by the analysis before Lemma 14.16. Since S¢ =
(/G)* P by Proposition 14.7, applying (/G)* to this diagram yields the following
diagram of simplicial radditive presheaves on Norm, .

(/G)*Lres (PC) — > (JG)*PC ——> §(C)

. L

(/G)*Lres P(X Uy+) —> (/G)*P(X Up*) — SE(X Uy+)

3The proof of Theorem 14.25 is based on Proposition 42 in [Del09)].
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The theorem asserts that the composition from the upper left to the lower right
is a Nisnevich-local equivalence. By Theorem 12.33, the left vertical and top
left horizontal maps are global weak equivalences. Thus to prove the assertion,
it suffices to show that the lower left horizontal map

1 (/G) Lres P(X Uy *) — (/G)* P(X Uy +)

is a Nisnevich-local equivalence.

We saw in Lemma 14.29 that f : P(X Uy *) — (X™ Uw #) is a Nisnevich
G-local equivalence. Thus by Lemma 14.28, Lres P(X Uy x) — Lres (X™ Uy %)
is a Nisnevich G-local equivalence. Applying (/G)*, we obtain a commutative
diagram

(/G)*Lres P(X Ups) — (JG)* P(X Uy ) —> SE(X Uy #)
14.28l: (/G)*fl 14.23l:

~ ~

(/G)"Lres (X™ Uw %) 2> (/G)"(X™ Uw *) — 59XV,

where V = S9X — SY(X — U). The bottom left horizontal map is a global
weak equivalence by Proposition 14.24, the right vertical map is a Nisnevich-
local equivalence by Theorem 14.23, and the left vertical map is a Nisnevich-
local equivalence by Lemma 14.28. Thus the upper left horizontal map is a
Nisnevich-local equivalence, as needed to finish the proof. O

14.6 Symmetric powers and shifts

In this section, we establish two distinguished triangles in DM (see Theorem
14.34); these will be used in Corollary 15.27 to describe St (L[b]). We will
assume that (/—1)! is invertible in the coefficient ring R.

Definition 14.30. A motive X is called even if the transpose automorphism
7(X) of X ® X is the identity; X is called odd if 7(X) is multiplication by —1.

It is easy to see that 7(X[n]) = (—=1)"7(X). This implies that if X is even
then X[1] is odd, and if X is odd then X[1] is even. Since R is clearly even,
this implies that R[n] is even or odd, depending on whether n is even or odd.

Lemma 14.31. The motives L™ are even.
Proof. By [MVW, 15.8], R(n) is even, and L™ = R(n)[2n]. O
Here is a useful decomposition result.

Theorem 14.32. Let f : X — Y be a termwise split injection of simplicial
ind-objects in Cor(Norm, R). Then we have a collection of objects

e =Su(f),  0<a<b<n,
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with Sy, = Siy(Y), such that for 0 < a < n there are isomorphisms
Saa = Sp(X) © S (Y/X).
Moreover, for 0 < a < b < c<n we have distinguished triangles in DM.:
Sp1.e = Sie = Sap = Spiiell]:

These data are natural in X —'Y.

Proof. Set Z = Y/X and choose termwise splittings Y, = X, & Z,, so that
S (Yy) = ®itj=nSi(Xp) © S)(Z,) by Lemma 14.9. Let Si , denote the sub-
object of SI(Y') which termwise is the sum of the S7.(X,) ® S/.(Z,) for i > a.
Clearly S, = Si(Y) and S} ,, = S{;(X). Define S, to be the termwise cok-
ernel of the termwise split injection Sp'y, ,, — S,,. Because X is a simplicial
subobject of Y, these are all simplicial ind-objects. The description of S, , and
the existence of the distinguished triangles are straightforward. O

Corollary 14.33. ([VoelOc, 2.45]) Let X — Y be a termwise split injection
of simplicial ind-objects in Cor(Norm, R), with Z = Y/X. Then there are
distinguished triangles

X®Sp'Z =S =Stz = X®Sy 2],
SENX)® Z = Sy = Sin_s — SETHX) @ Z[1).

Proof. These are the triangles of Theorem 14.32 for (a,b,¢) = (0,0,1) and
(a,b,¢) = (0,n —2,n —1). O

We now come to the main result in this section; it is taken from [VoelOc, 2.46].

Theorem 14.34. Assume that ({ — 1)! is invertible in R, and let X be a sim-
plicial ind-object in Cor(Norm, R).

1. If X is odd, there is a distinguished triangle
XU —1] <5 (SEX)[1] 1 SL(X[1)) — X4,
2. If X is even, there is a distinguished triangle
X = (SEX)I - SLXT) — X®2)

Proof. Let CX denote the simplicial cone on X and consider the termwise split
cofiber sequence X — CX — SX in A°°Cor(Norm, R)™¢. Note that CX =0
and SX = X[1] in DM.

Assume first that X is odd. Then Z = X[1] is even, so S5 1(X[1]) is
isomorphic to (X[1])®¢~1 = X®¢~1[/ — 1] by Example 14.12(e). Thus the first
sequence of Corollary 14.33 with n = ¢, Y = CX and Z = X[1] becomes:

X —1) = 8§, = SHX[1]) — X0,
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Thus to prove assertion 14.34(1), it suffices to show that S§, = S{.(X)[1]. By
Theorem 14.32 with (a,b,¢) = (0,1, £), we have a distinguished triangle

S§o— Sy — 561 2 S8 (1],

By construction, Sél is equal to S.(CX), which is zero. Hence § is an isomor-
phism: Sf ; = Sgg[l]. We are done if £ = 2, since in that case S5, = SZ.(X).
By Theorem 14.32 with (a, b, ¢) = (2,¢—1, £), we have a distinguished triangle

Ser = Sf,e — Sé,z — 55,571 - (Ser)[l]'

Therefore it remains to show that Sﬁﬁ +—1 equals zero.

Now Sf,i is isomorphic to S¢.(X) @ Sf*(X[1]). Since X is odd, S{.(X) =0
for 1 < i < ¢, by Example 14.12(e), so Sﬁi = 0. We are now done if £ = 3,
since S5, = 0. From the distinguished triangles with (a,b,c) = (2,i — 1,4) for
3<i<l—1, 5 ,=0 yields

¢ ~ ¢ =gl _
Sau—1 —> Sy —> S35 =0.

This finishes the proof of the first part of Theorem 14.34.

Now assume that X is even. Then S{, !(X) = X®/~1 by Example 14.12(e).
Since Z = X[1], Sf_w_l =~ S (X)®X 1] = X®4[1). Thus the second sequence
of Corollary 14.33 with n = ¢, Y = CX and Z = X[1] becomes:

XN = 8§y — S§u_o — X®[2).

o

The triangle for (a,b,c¢) = (0,4 —1,¢) yields ngg_l — (SEX)[1]. We are done
if £ =2, as 5§, = Sa(X[1]). Since X[1] is odd, S (X[1])=0for 1 <j < {¢and
hence Sf’i =0for 1 <i<¢—2. Now the triangles for (a,b,c) = (0,7 — 1,1),
1<i< /-2, yield

Shuz — - = 851 = 550 = SL(X[1).
This finishes the proof. O

Corollary 14.35. Set T = 1L%[b]. Then there is a map (S,T)[1] — SE(T1))
whose cone is: T®[2] for b even, and T®[(] for b odd.

Proof. By Lemma 14.31, L%[b] is even or odd, according to the parity of b. Now
apply Theorem 14.34. O

By 12.72, we can refer to topology to calculate the maps in 14.34.

Example 14.36. When T = R = Z/{, we have S{.(R) = R (S*Speck) = R.
We claim that S/, (R[1]) = 0, which by 14.34(2) implies that S!, (R[2]) = R[2/].

To see the claim, we regard the discrete simplicial set S' as a union of
copies of Spec k in each degree, so that R @ R[1] & Ry, (S1). Since R[1] is odd,
Si(R[1]) =0 for 1 < i < £ and we have S{,.(R @ R[1]) = R® R[1] ® S{.(R[1]).
Nakaoka’s simplicial calculation in [Nak57] shows that Sf.(R® R[1]) = R® R[1].
It follows that S{.(R[1]) = 0, as claimed.

June 27, 2018 - Page 237 of 281



Symmetric Powers

Example 14.37. For T = R[b] and b > 1, we can compare with the cohomology
of the Eilenberg—Mac Lane spaces K(Z,b). Recall that by Dold-Thom [DT58]
we have a homotopy equivalence K(Z b) =~ SOO(Sb), where S® is a (based)
simplicial sphere, so we have Ht*op( (Z,b),R) = P tOp(kS”'(Sb), R) by Steen-
rod’s formula in topology (cf. Corollary 14.14). If char(k) = 0, the topological
realization of Theorem 14.34 for X = S® ® Spec(k) yields triangles in D~ (R):

O (GQbe+2
Gu(84(8"), R[] "% GL(50(sH+), Ry — | DS TR
C*(S * )7R)

Now take R = Z/¢. On cohomology, the map Ht*ozl(Se (S*) g Hi L ( CHEa))
is an injection, because it is a summand of the suspension map H:O*I;l (K(Z,b)) —

Ht*op( (Z,b+ 1)), which Cartan showed was an injection in [Carb4]. It follows
that the map ¢(¢) is zero on cohomology, and hence ¢t(¢) = 0 in the semisimple

triangulated category D~ (Z/¢). Thus the triangles split and we have the formula
in D= (Z/¢):

53 N DU V2R +2i(0— 1)@ (RER[),  bodd,
C5HS)R) { [bf]@EBb/2 "Rlb+2i( —1)]® (R® R[]), b even.

Note that the singular cohomology top(Sé (S%), R) can be read off from this
formula, and we get exactly the result obtained in 1957 by Nakaoka in [Nak57];
cf. [Milg, 4.2].

Corollary 14.38. * When char(k) =0, R =Z/{ and b > 1, we have

SL(R[b]) = DV Rlp+2i(t - 1)] @ (R R[1)), b odd,
tr R[] ® @b/2 YR[b+2i(0 — 1) ® (R® R[1]), b even.

Thus the canonical map S&(R[B))[1] — SL(R[b+ 1)) is a split injection for all
b > 0, and the zero map for b = 0.

Proof. We proceed by induction on b, the cases b = 1,2 being covered in Ex-
ample 14.36. Suppose that the formula holds for b and consider the map ¢ in
14.34. If b is odd, ¢ = 0 because inductively S’ (R[b]) is a sum of terms R[c|
with ¢ < b, so that Hom(R[bl + ¢ — 1], SL(R[b])) is zero. If b is even, the same
considerations show that Hom(R[b(], S’ (R[b])) = Hom(R[b(], R[b]) = Z/¢. In
this case, we see that the topological realization functor is an isomorphism on

o~

Hom(R[b(], St (Rb])) > Homp )0 (C.(5™), C.(S'(S")) = Z¢.

(The last isomorphism is from 14.37.) Since ¢ maps to (iop = 0, we have
¢ = 0. Thus the triangle in 14.34 splits, and we obtain the inductive result for
SY(R[b+1]). O

4Taken from [Wei09, 3.5.1]
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14.7 Historical notes

Symmetric products were introduced by Dold and Thom in 1956, and published
in the 1958 paper [DT58]. They played an important role in the development
of algebraic topology and spectra, especially in the 1960s.

The use of symmetric products of varieties in motivic cohomology had its
origins in the 1996 Suslin—Voevodsky paper [SV96], where effective correspon-
dences from X to Y were shown to be in 1-1 correspondence with morphisms
X — S°°Y,. Thus the connection between symmetric products and motivic
cohomology was clear from the beginnings of the subject in the late 1990s.

Early approaches such as [MV99] and [Voe03c] used G-equivariant methods
to model classifying spaces BG and to construct the Steenrod operations. The
foundations of the symmetric product approach were presented by Voevodsky
in a course in 200001 and published in [Del09] and [VoelOc].

The material in this chapter is based upon Section 5 of [Del09] and Section 2
of [VoelOc]. As we only need the notions of Nisnevich G-local equivalence and G-
local hensel schemes (Definition 14.26), we have avoided a lengthy development
of the G-Nisnevich topology, or the corresponding model structure on simplicial
presheaves on G—Norm in [Del09].

June 27, 2018 - Page 239 of 281



Chapter 15
Motivic classifying spaces

In this chapter, we first connect the motives Sg° (L") to cohomology operations
on H?™" in Theorem 15.3, at least when char(k) = 0. This parallels the Dold—
Thom theorem in topology, which identifies the reduces homology H.,(X,Z) of a
connected space X with the homotopy groups of the infinite symmetric product
S>*X.

A similar analysis shows that G,, represents H'(—,Z), which allows us
to describe operations on H! (Section 15.2). In Section 15.3 we introduce
the notion of scalar weight operations on H2?™". In Sections 15.4 and 15.5, we
develop formulas for Sf,(L"). These formulas imply that S°(IL") is a proper
Tate motive (15.28), so there is a Kiinneth formula for them (15.32). The
chapter culminates in Theorem 15.38, where we show that P’ is the unique
cohomology operation of scalar weight 0 in its bidegree. This is used in Part I,
Theorem 6.33 to identify a cohomology operation ¢ with gP™.

15.1 Symmetric powers and operations

In this section, we relate cohomology operations to the symmetric powers
Si(L™) (see Theorem 15.3). The key will be the following result of Suslin
and Voevodsky from [SV96]. Recall that the algebraic group completion of an
abelian monoid M is an abelian group A together with a map M — A which
is universal for maps to abelian groups. Since S*°(Y. ) is a presheaf of abelian
monoids, its algebraic group completion is a presheaf of abelian groups.

Recall from Example 12.28 that R, (Y") is a presheaf with transfers (for any
ring R and any scheme Y'), and that uR;,(Y) denotes the underlying presheaf.

Theorem 15.1. If char(k) = 0 and Y is normal, there is a morphism ny :
S®(Yy) — uZy(Y) of presheaves of abelian monoids, natural in Y, such that
for each scheme X the following map is an algebraic group completion.

Ny (X) : Hom(X 1, S*Y,) — uZy,(Y)(X)
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Proof. Suslin and Voevodsky proved in [SV96, 6.8] that finite correspondences
of degree m > 0 from X to Y correspond to morphisms from X to S™(Y),
and effective finite correspondences correspond to elements of Hom(X, S>°Y, ).
Since elements of Z,(Y)(X) correspond to all finite correspondences from X
to Y, Z,(Y)(X) is the group completion of Hom(X,,S*Y,), and the group
completion map 7y (X) is natural in X and Y. O

Remark 15.1.1. If char(k) = p > 0 and R = Z[1/p], the same proof (using
[SV96, 6.8]) shows that uR(Y)(X) is the group completion of the abelian
monoid Hom(X, Y, )[1/p].

There is a topological notion of the group completion of an H-space, based
on the observation that the realization of any simplicial abelian monoid is a
commutative H-space. If B is a homotopy commutative H-space, mo(B) is an
abelian monoid. A topological group completion of B is an H-map f: B — C
such that mg(B) — m(C) is the algebraic group completion, and f, identifies
H,(C) with the localization of the ring H,(B) at the multiplicative set my(B).
The topological group completion of B is unique up to homotopy equivalence.

If B is a simplicial abelian monoid, and A is its algebraic group completion,
then B — A is also a topological group completion.

Corollary 15.2. Let Y be a simplicial object of Norm with char(k) = 0.
Assume that, for all normal X, either (i) the simplicial set Hom (X4, S>®Y) is
connected, or (ii) mo Hom(X 4, S®Y) is an abelian group. Then the canonical
simplicial morphism S®Y — uZ(Y') is a global weak equivalence.

Proof. 1t suffices to show that each H-space B = Hom(X,S®Y) is already
topologically group complete. By assumption, mo(B) is an abelian group. The
result follows because any simplicial H-space B has a homotopy inverse if and
only if mo(B) is a group, by [Whi78, X.2.2]. O

Remark 15.2.1. The hypothesis on 7 is necessary in Corollary 15.2. For exam-
ple, the morphism in 15.1 for Y = S° is the group completion N — Z, which is
not a weak equivalence.

Remark 15.2.2. If char(k) = p > 0, we may define S®Y[1/p] to be the colimit of
Sy 25 8%y 2, ... Then for R = Z[1/p] we have a global weak equivalence
S°Y[1/p] — uR(Y) for every simplicial object ¥ of Norm, satisfying (i)
or (ii) from Corollary 15.2.

We now apply these general considerations to L™ = L% = R(n)[2n].
Write K,, and B,K,, for the underlying sheaves ulL™ and ulL"[1] representing
H?""(— R) and H?>"T1"(— R), respectively; see Lemma 13.2. The example
Y = S% in Remark 15.2.1 shows that we need to restrict to n > 0.
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Theorem 15.3. Suppose that char(k) = 0. For n > 1, there are A'-local
equivalences in A°°PST(Sm, R):

R (K,,) ~S°(L7) ({)sqrnjl, and
Ri(B.K,) ~S(LA[1 @s;r (L1

Hence cohomology operations from H*""(—,7Z) to HPY(—,R), resp., from
H2HLn(— 7)) to HP9(—, R), are in 1-1 correspondence with elements of

H"(Ky, R) = Hompwm (€72, S4,(L"), R(9)[p]) = [ [ Hom(SE(L™), R(g)[p)),

i=1

resp., with elements of

HP%(B,K,, R)~Hompwm (T, 57, (L"[1]), R(q)[p]) = | [Hom(S{, (L™ [1]). R(a)[p]).

=1

Proof. First suppose that R is any commutative ring. Writing C’(A") for the
simplicial Cech scheme on A”, let V' denote the cone of (A™ — 0), — C(A™),,
given by (A" — 0) C A™; V is an object of A°®Sm,. Note that V is Al-
local equivalent to the cone of (A™—0) — A™, which in turn is Nisnevich-local
equivalent to A" /(A" —0). By 12.69.3, Ry, preserves A'-local equivalences. Thus
L% = Ry, (A"/(A™ —0)) is Al-local equivalent to Ry (V) in A°°PST(Sm, R)
for all R. Applying u, we see that ulL’ is A'-local equivalent to uR (V) in
A°PPshv(Sm, ).

Now set R = Z, and suppose that char(k) = 0. Since C((A™) — Spec(k)
is a global weak equivalence, each Hom(X, S™V) is connected. By Corollary
15.2, SV — uZ (V) is a global weak equivalence. Hence we have Al-local
equivalences S®V ~ K,,, and SP R, (V) = R (S*®°V) ~ R (K,). By Corol-
lary 14.14, Ry, (K,,) ~ @SRy, (V). Finally, since L% is Al-local equivalent to
R (V), Proposition 14.21 implies that each S/ R, (V) is Al-local equivalent to
SmLn.

Similarly, B,K, = u(L"[1]) ~ uZ(XV). In this case, the decomposition
arises from Ry, (B,K,) ~ RS (XV), Proposition 14.21 and Corollary 14.14.

O

Remark 15.3.1. If char(k) = p > 0, the conclusions of Theorem 15.3 hold with
Z replaced by Z[1/p]. To see this, replace Corollary 15.2 with Remark 15.2.2 in
the proof.

Example 15.3.2. For n = 1, Theorem 15.3 gives an alternative to the calcu-
lation in 13.2.1 that cohomology operations ¢ : H*(—,Z) — HP9(—, R) are
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in 1-1 correspondence with homogeneous polynomials f(t) = >, a;t* of bide-
gree (p,q) in H**(k, R)[t], where t has bidegree (2,1). The polynomial > a;t
corresponds to the operation ¢(z) = > a; 7"

Indeed, we saw in Example 14.12(b) that S{ (L') = L? for all i > 0. By
Theorem 15.3, the classifying space K; = ulL! has cohomology:

HP(Ky, R) = [ [ Hompm (L', R(q)[p)) = [ [ HY """ (k, R).

i=1 i=1

Example 15.4. As pointed out before Lemma 13.2, the identity cohomology
operation on H?""(—, R) corresponds to the canonical element a = aff, , of
H2""(K,, R). It follows from Theorem 15.3 and the Slice Lemma 6.15 that
ﬁQ”’"(Kn,R) >~ Hom(L",L™) = R, and it is easy to see that this group is
generated by . This was first observed by Voevodsky in [Voe03c, 3.7].

Consider the i-th power cohomology operation z + ¢ from H?""(X, R) to
H?"ni(X | R). Tt is nonzero for every R, by Lemma 13.1.1, and has a natural
interpretation in terms of the summand S}, (L") in the decomposition in Theo-
rem 15.3. If 1/(¢ —1)! € R and i < £ then S{ (L") = L™ by Example 14.12(e),
and the power map corresponds to the generator o’ of Hom(S¢, (L"), L") = R.

Consider the diagonal V — V' — S*(V) for V = C(A™)/(A™ —0). Applying
Ry, yields the motivic power map L™ — L™ (see [MVW, 3.11]), and the sym-
metrizing map L™ — S{ (L"), up to the Al-local equivalences LY ~ Ry, (V?).
Applying u to L™ — L™ yields the map K,, — K,; representing the power
operation. By Theorem 15.3, the adjoint map R, (K,) — L™ may be identified
with the map SO (L") — S, (L") — L™,

15.2 Operations on H"!

In this section we fulfill the promise of Example 13.2.2, to show that the classi-
fying space K (Z(1),1) is the pointed scheme G,, = (A1—{0},1), at least when k
has characteristic 0. As pointed out in loc. cit., this implies that every motivic
cohomology operation ¢ : HY!(—,Z) — HP*9(—, R) has the form ¢(z) = az for
a unique element a € HP~1971(k R). We begin with a useful general observa-
tion.

Lemma 15.5. If (X, x) is a pointed normal variety, there are global weak equiv-
alences LS™(X,z) — (S™)*(X,x) — (S™X,2™).
In particular, LS™(G,,) is weakly equivalent to (S™(A*—{0}),1™).

Proof. Since the presheaf (X, ) is the reflexive coequalizer of S° = X, and
S™(S%) = SO the presheaf (S™)*(X,z) is the reflexive coequalizer of SO =
S™(X4) = (5S™X),4 by Lemma 12.16. Since the coequalizer identifies ™ with
the basepoint, we have (S™)*(X,z) & (S™X, z™).

The global weak equivalence X V Al — (X, z) of Example 12.28.2 induces
a global weak equivalence X V Al ~ Lres (X V A!) ~ Lres (X, ) (see 12.25),
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so we have S™(X vV Al) ~LS™(X v Al) = LS™(X,x) by Lemma 14.16 and
Proposition 14.17.

It follows from (14.1) that S™(X VA?) is the union of the sheaves S*X x S7 Al
along the subsheaves S°X x z7 of S™X for i + j = m. The linear contractions
fi(z1,...,2;) = (tz1,...,tx;) of the (STA!)(U) provide a homotopy retraction
of S™(X Vv AY)(U) onto S™X (U), sending the basepoint to z™. O

Theorem 15.6. The pointed space G, = (A*—{0},1) represents H"(—,Z),
at least when char(k) = 0.

Proof. Recall from Section 13.1 that H1(—,Z) is represented by uZ(1)[1]. Be-
cause u preserves Al-local equivalences such as Z(1)[1] = C,Z(G) = Zir (G)
(see 12.70), it is also represented by uZi, (G, ). Also recall from Example 12.28.2
that G,, is weakly equivalent to the split simplicial variety V = (A'—{0}) Vv Al,
and hence uZ, (V) ~ uZy (Gy,).

By Proposition 14.17, S®°V ~ LS (V) ~ LS*(G,,). By Lemma 15.5 and
Example 14.12(c), the maps LS™(G,,) — (S™(A!—{0}),1) — G,, and hence
their colimit LS*(G,,) — G,, are Al-equivalences. This shows that there is an
Al-local equivalence between SV and G,,.

We claim that the map S®V — uZ (V) is an A'-local equivalence. Assum-
ing this, we have the asserted A'-local equivalence:

K(Z(1),1) = uZ:(Gp) ~ uZe (V) ¢— S®V =5 G

To establish the claim, consider the diagram of presheaves of simplicial
abelian monoids:

Al Al
S®V 5 8%V (= x A*) —> LE®Gn(— x A*) —> G,

77J/ ln
Al

U,ZtrV e (uZtrV)(— X A.)

The two left horizontal maps are A'-local equivalences by construction, the
upper middle horizontal is a global weak equivalence by Proposition 14.17 and
the upper right horizontal is an Al-local equivalence by Example 14.12(c). The
vertical maps 1 are group completions, by Theorem 15.1. (This step requires
char(k) = 0.) But the group completion of any simplicial abelian monoid H
is a homotopy equivalence when mo(H) is a group; applying this to H(U) =
SV (U x A*), we see that the right vertical group completion map is a global
weak equivalence. The claim follows. O

15.3 Scalar weight

In this section, we introduce the notion of scalar weight for motivic cohomology
operations, and give some examples. After describing Sf.(L") (Theorem 15.26),
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we will show that motivic cohomology operations H?“"(—,Z) — HP4(—,7Z/)
are graded by scalar weight when n > 0 (Section 15.7).

Definition 15.7. Let ¢ : H?%(—, R) — H?9(— 7Z/{) be a cohomology oper-
ation. We say that ¢ has scalar weight 0if ¢(£-2z) = 0 and ¢(m - x) = ¢(z) for
every integer m #Z 0 (mod ¢), every X and every x € H?9(X, R).

We say that ¢ has scalar weight 1 if ¢(m-x) = m - ¢(zx) for every integer m,
every X and every x € HP9(X  R). More generally, if 1 < s < ¢, ¢ is said to
have scalar weight s if ¢(m - x) = m® - ¢(x) for every integer m, every X and
every x € HP9(X, R).

In particular, ¢(m - x) = ¢(m’ - z) if m = m’ modulo ¢. Hence the group
Z/¢* acts on the R-submodule of operations ¢ which have scalar weight s; if
m € Z/¢* and o € H?9(X, R) then (¢ - m)(a) = m®¢(a).

For example, the identity map and the Frobenius ¢(z) = ¢ have scalar
weight 1 when R = Z/¢. More generally, any additive cohomology operation
(such as P%) has scalar weight 1.

Abstractly, cohomology operations need not have scalar weight, or even be
a sum of operations having scalar weight.

Example 15.7.1. Scalar weight s cohomology operations ¢ on H%?(—,Z) are
completely determined by ¢(1), where 1 € H%%(k,Z) = Z, since ¢(m - 1) =
m®¢p(1), and they are classified by the elements of H**(k,Z/¢). For example,
there are exactly ¢ cohomology operations H?(—,Z) — H%%(—,Z/l) of any
scalar weight s.

In contrast, the description in Example 13.2.3 shows that there are uncount-
ably many cohomology operations from H°(—,Z) to H*%(—,Z/¢).

Example 15.7.2. We can create cohomology operations of all scalar weights by
multiplication; if ¢; has scalar weight s; then the monomial x — ¢1(z) - - ()
has scalar weight s, where s = > s; (mod ¢-1). In particular, if a € H**(k,Z/{)
then ¢(z) = ax® has scalar weight s.

Example 15.7.3. Cohomology operations H?1(—,Z) — HP(—,Z/{) are rep-
resented by homogeneous polynomials f(t) = Y, a;t’ of bidegree (p,q) in
H**(k,Z/)[t] by either Example 13.2.1 or 15.3.2. That is, ¢(z) = f(z). The
operation ¢(r) = ax’, corresponding to the monomial at’, has scalar weight i
modulo (£ —1): (¢-m)(z) = ¢p(mzx) = a(mz)’ = mie(x).

Thus every cohomology operation H?1(—,Z) — H**(—,Z/{) is a unique
sum ¢g + -+ + ¢y_o of operations ¢ of scalar weight s. The operations of
scalar weight 0 are exactly those represented by a polynomial in /=1, and every
operation of scalar weight s (0 < s </ — 1) corresponds to at® or t*f(t'~!) for
an operation f(t~1) of scalar weight 0.

Suppose that n > 1. By Theorem 15.3, R (K,) ~ @7 S (L"), so that
every cohomology operation H?™"(—,Z) — H**(—,Z/{) is a sum of operations
corresponding to elements of Hompn (Sir (™), Z/£(x)[*]). Following Steenrod
[SteT2], we will refer to these latter cohomology operations as having rank m.
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Definition 15.8. A cohomology operation H?""(—,Z) — HP4(—,Z/{) has
rank m if it factors as Zy, K,, — S{(IL™) — Z/4(q)[p].

In Section 15.7, we will show that every motivic operation H?™"(—,7Z) —
H**(—,Z/¢) of rank m has scalar weight m. This is true for 1 < m < ¢ by
Examples 15.8.1 and 15.8.2 below. To handle the case m = ¢, we will need a
description of S{ (™). That is the goal of the next two sections.

Example 15.8.1. Rank 1 cohomology operations H?""(—,Z) — H**(—,Z/{)
are all of the form ¢(z) = az, where

a € H*?"* "(k, R) = Hom(SL (L™), R(*)[#]).
These operations are additive, and so have scalar weight one.

Example 15.8.2. Similarly, if 1 < s < ¢ then it follows from Example 15.4
that cohomology operations H?™"(—,Z) — HP9(—,7Z/f) of rank s are all of the
form ¢(x) = ax®, and have scalar weight s. Here

a € HP~2r=9-15(k R = Hom(S: (L"), R(q)[p)).

15.4 The motive of (V—0)/C with V¢ =0

The goal of this section is to describe the motive associated to the quotient
(V—{0})/C, where C is the cyclic group of order ¢, and V is a nontrivial
representation over k with V¢ = {0}. This description is preparation for the
next section, whose goal is to derive a formula for Sf, (L"), where L = R(1)[2].
This formula will then be used to establish the key uniqueness theorem 15.38.

By abuse of notation, we identify V with the affine space A(V) =
Spec(Sym(V*)), and let (V—0) denote the algebraic variety A(V)—{0}. We also
write X for (V—0)/C. Since V (k) # {0}, both (V—0) and X have a k-rational
point. The choice of this point provides the motive Ry, (X) with a summand
R = Ry, (Spec(k)), and provides H**(X,Z/¢) with a summand H**(k,Z/{).

Our first step is to produce a non-constant map u : Ry, (X) — R(1)[1], i.e.,
an element of H1(X,Z/¢) not in the summand H!(k,Z/¢) = k> /k*¢.

Lemma 15.9. Let V be a nonzero representation of C with VC = 0, and set
X =(V-0)/C. If dim(V) > 2 then O(X)* = k* and Pic(X) = ue(k).
Hence HYY (X, Z/0) = HY 1 (k,Z/0) & pe(k).

Proof. Since dim(V) > 1, O(X) = k[V—0] = k. By [MVW, 4.9], HY(X,7/() =
H} (X, pe), which is (non-canonically) the direct sum of O(X)*/O(X)*¢ =
kX /k** and Hom(Z/¢, Pic(X)). Thus it suffices to show that Pic(X) 2 ue(k).

Since C' is cyclic of prime order and V¢ = 0, C acts freely on (V—0). Hence
(V-0) — X is a Galois cover with group C. There is a Hochschild—Serre spectral
sequence with EY? = H?(C, H{, (V—-0,G,,)) converging to H},(X,G,,) [Mil80,
IT1(2.20)]. Since Pic(V —0) = 0, the row ¢ = 1 is zero, and we have

Pic(X) = By = HY(C,k[V—0%) = HY(C, k™) = pe(k). O
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Remark 15.9.1. If dim(V) = 1, i.e., A(V) = Spec(k[t]), then X = (V—-0)/C
Spec(k[t’,t*]) is isomorphic to A'—{0}. In this case Pic(X) = 0 and Ry, (X)
R R(1)[1].

Il

Definition 15.10. Suppose that k contains a primitive ¢th root of unity (,
and that V is a nonzero representation of C' of dimension > 2 with V¢ =
0. By Lemma 15.9, the choice of a k-point of X = (V' —0)/C determines
an isomorphism HY'(X,Z/¢) = HY'(k,Z/l) ® py. Let u be the element of
HY(X,Z/?) corresponding to ¢, and let v € H*1(X,Z/¢) denote the Bockstein
applied to u. Note that u determines a map R (X) — R(1)[1] in DM(k, R),
where R = Z/X.

Each v' € H?(X,Z/{) determines a map R;,(X) — L’ in DM(k, R), and
each uv’ € H?*Lit1(X) determines a map Ry, (X) — Li(1)[1] in DM(k, R).
The elements v?, uv® for 0 < i < dim(V') assemble to form the map:

dim(V)—1

Iy = Iv(¢) : Ru((V-0)/C) — P {L'e L'(1)[1]} .

=0

The map Iy (¢) in 15.10 depends on the choice of (. To see how, recall
that the choice determines an isomorphism (Z/¢)* — Aut(su,), sending s to
¢ — (. For s € (Z/0)*, let m(s) denote the isomorphism of @ L’ & L¢(1)[1]
which is multiplication by s on L’ and by s+ on L¢(1)[1].

Lemma 15.11. For each s € (Z/€)*, I/ (¢®) is the composition m(s) o Iy ().

Proof. Under the natural isomorphism H%!(X,Z/¢) = H} (X, ) of Lemma
15.9, u corresponds to ¢ and hence su corresponds to (°. Since the components
of the map I/ (¢®) are obtained from u by applying the Bockstein and taking
products, the map v : Ry (X) — L(1)[1] is replaced by sv, v* is replaced by s‘v®
and wv’ is replaced by s“tluv’. O

Theorem 15.12. Let V be a nonzero representation of C with V¢ = 0. If
R =17/l and pe C k*, the map Iy of Definition 15.10 is an isomorphism in
DM(k, R):

Iv : R (V=0)/C) = ofm=1Lig L)1)}

To prove Theorem 15.12, note that the choice of { determines an isomor-
phism C' = py, and allows us to consider representations of py as representations
of C'. We begin by considering the case in which V' is an isotypical representa-
tion.

Lemma 15.13. Let V; be the direct sum of n > 2 copies of the standard one-
dimensional representation of we. Then the map Iy, of Definition 15.10 is an
isomorphism in DM (k, R):

Iv, : Ru((Vi—0)/C) =5 @l {Li @ Li(1)[1]} .
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Proof. ([Voe03c, 6.3]) Set X = (V;—0)/C. Since the projection (V;—0) — Pn~!
is equivariant with fiber A'—{0}, it factors through a map X — P"~! with fiber
isomorphic to A'—{0} (see Remark 15.9.1). As observed in [Voe03c, 6.3], X is
isomorphic to the complement of the zero-section of the line bundle L on P?~!
associated to the sheaf O(—¢). By [MVW, 15.15] we have a Gysin triangle

Re:(P"H(D[1] — Ru(X) = Ry (L) - R (P" Y@L — Ry (X)[1],

and Ry (L) = Ry (P"') = @I7/L’. The components of the composition
R (X) — Ry (L) — @72, L7 are the maps v'.

Now for any line bundle L over any Y, the Gysin map v : R, (Y) = R, (L) —
Ry (Y)®L is 1 ® [L], where [L] is the class of L in Pic(Y)/¢ = Hom(R,L). In
the case at hand, [O(—¢)] = 0 in Pic(P"~1)/¢. Therefore v = 0, and the Gysin
triangle splits. The result may be read off from this information. O

This proves Theorem 15.12 when ¢ = 2, since our assumption that V¢ =0
implies that V' = V;. If dim(V') = 1, the isomorphism is given by Remark 15.9.1,
so we may assume that dim(V) > 2.

Next, we consider the case when V is isotypical for a different representation.

Corollary 15.14. Let V,, be the direct sum of n > 2 copies of the twisted 1-
dimensional representation ¢ - x = (“x. Then the map I, = Iy, of Definition
15.10 is an isomorphism in DM(k, R), and there is a commutative diagram:

Ru(Vi — 0)/C % er ) {1 e Li(1)[1]}

gj/ \LGB(ai’aiJrl)
Ru(Va = 0)/C = 65 {L' o L'()[1]}

Proof. The representation V, is the pullback of the representation V; along the
automorphism ¢ — ¢ of C' = py. Hence we may identify V; and (V;—0)/C with
Vo and (V,—0)/C, respectively. Since the automorphism acts as multiplication
by a on H'(C,k*), which is Pic((V;—0)/C) by Lemma 15.9, this identification
multiplies both u and v = S(u) by the unit a. O

Remark 15.14.1. The power morphism p, : Vi — V, sending (z1,...,z,) to
(xf,...,2%) is C-equivariant, finite and surjective of degree a™. The same is true
for the restriction (V3 —0) — (V, —0) and for the C-quotient ¢, : (V4 —0)/C —
(V. —0)/C. Since the degree of ¢, is prime to ¢, it follows that Rt,(q,) is a split

surjection, and hence an isomorphism in DM(k, R) (by Corollary 15.14).

Proof of Theorem 15.12. Since py C k*, Maschke’s theorem allows us to write
V as a direct sum of 1-dimensional representations, and hence as a direct sum
of the isotypical representations V, as in Corollary 15.14, 1 < a < £ — 1 of
dimension ng, > n, = dim(V). Let V' denote the sum of dim(V') copies of the
standard representation, so that the direct sum of the equivariant morphisms p,
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of Remark 15.14.1 is a finite C-equivariant map p : V' — V of degree d = [] a™.
The same is true for the restriction (V/—0) — (V' — 0) of p, so the C-quotient
q: (V' =0)/C — (V —0)/C is finite of degree d, prime to ¢. It follows that
Ry:(q) is a split surjection.

Since ¢* : Pic((V = 0)/C) — Pic((V'=0)/C) sends uy to d - uys and hence
vy to d - vy, it follows that R (q) : Ry (V' —0)/C) — Ru:((V —0)/C) is
compatible with the maps Iy, I/ in Definition 15.10. Thus the diagram

R, (V' —0)/C % o {LP e LY(1)[1]}
J/Rtr(q) %\L@(di’dﬂrl)
Ru(V —0)/C 7= o7y {L e L'(1)[]}.

commutes. This implies that R (¢) is also a split injection, and hence an
isomorphism. It follows that Iy, is an isomorphism. O

Proposition 15.15. Let V be a representation of G = Cx Aut(C) with VE =0
and d = dim(V) > 0. If R=Z/¢ and py C k™, there is a natural isomorphism

Ry, (V—0)/G) =2 Ry, (V — 0)/C)Aut(0)

=re P (U@Li‘l(l)m)@{Ld‘l(l)[ll, (0—1)|d

osiza 0, else.

(e=D)ji

Proof. Set X = (V—0)/C and A = Aut(C). Since C acts trivially on X, the
G-action on V induces an action of A = G/C on X. Observe that Aut(C) acts
faithfully on X. Lemma 14.10 yields the formula Ry (X)* — Ry (X/A) =
R ((V—0)/G). Given the direct sum decomposition of R, (X) in Theorem
15.12, the formula for M = Ry, (X)# is immediate from Lemma 15.11. O

We conclude this section by describing the motivic cohomology rings of (V—
0)/C and (V—-0)/G, via the decompositions in Theorem 15.12 and Proposition
15.15. When pp C k*, the reduced regular representation Wi of C' is the direct
sum of the /—1 nontrivial 1-dimensional representations of C' 2 iy, and W& = 0.

Let W, denote the direct sum of n copies of W1, so d = dim(W,,) = n(¢—1),
and set X,, = (W,,—0)/C. Note that %,, acts on W,, by permuting its factors.

15.16. We briefly recall the computation of H**(Bgmpte) and H**(Bgm2,) in
[VoeO3c, §6]. Suppose that k has ¢-th roots of unity, so that we may identify
C with the algebraic group pe. By [Voe03c, 6.1], the map H?4(X,,11,Z/¢) —
HP4(X,,Z/¢) is an isomorphism if n > ¢q. Taking the limit as n — oo yields
HP9(Bpy, 7,)0) = lim HP9(X,,, Z,/{) by [Voe03c, 6.2]. By [Voe03c, 6.10],

H**(Bpe, Z/0) = H** (k, Z/0)[[u, v]]/ (u* = 0) (15.16.1)
for £ > 2 and
H**(Bpug,Z/2) = H**(k, Z/0)[[u,v]]/(u* = Tv + pu). (15.16.2)

Recall from 15.10 that u € HY1(X,,,Z/¢) and v € H*Y(X,,,Z /).
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Now consider the group G = C x A, A = Aut(C). For £ = 2, when A = 1,
we have ps = G = ¥y and hence BG = Bs.

When ¢ > 2, the group A acts by algebra maps, and a € A satisfies: a-u = au,
a-v = av; see [Voe03c, 6.11]. Thus for ¢ = uv*~2 and b = B(c) = v*~! we have:

H**(BgnG, R) = H**(Bgmpe, R)* = H**(k, R)|[c,b]]/(c?), ¢ odd.

By [Voe03c, 6.13-6.14], ¢ and b come from H**(BgmX¢, R). This implies that
the canonical injection H**(BgmX¢, R) — H**(BgmG, R) is an isomorphism.

Corollary 15.17. If uy C k*, H**(X,,,Z/¢) is a free module over H** =
H**(k,Z/l), and the elements v',uv’ for 0 <i < d=n({ —1) form a basis.
(a) If £ # 2 the ring structure is H**(X,,,Z/¢) = H**[u,v]/(v? = u* = 0).

(b) If £ = 2 then the ring structure is

H**(X,,,7/2) = H*"*(k,Z/2)[u,v]/ (v}, u?® + Tv + pu).

Here 7 is the nonzero element of HOY(k,7/2) = pa(k) = Z/2 and p is the class
of =1 in HYY(k,Z/2) = k> k2.

Proof. The first sentence is immediate from Theorem 15.12. Since H**(X,,, R)
is a quotient of H**(Buyg,Z/{), the algebra structure on H**(X,,,7Z/¢) follows
from (15.16.1) and (15.16.2). O

The group A = Aut(C) = (Z/¢)* acts on X,, = (W,, —0)/C and hence on
the ring H**(X,,,Z/(), and a € A satisfies: a - u = au, a - v = av; see Lemma
15.11 or [Voe03c, 6.11]. Hence a acts on uv’~! and v as multiplication by a’;
these elements are invariant if and only if ¢ = 0 (mod (¢ — 1)). In particular,
the elements ¢ = uv~2 and b = v*~! are invariant under this action. From
Proposition 15.15 we immediately conclude:

Corollary 15.18. If yuy C k*, H**(X,/A,Z/t) = H**(X,,Z/0)" is a free
module over H** = H**(k,Z/{), and the elements b/, cb’ for 0 < j < n form
a basis. If £ > 2 the ring structure is

H**(X,/A,Z/0) = H**[b,c]/(b" = * =0).

The case ¢ = 2 is given by Corollary 15.17(b), because in that case A is trivial.

15.5 The motive S{ (L")

In this section, we compute S{,(L"). To do so, we identify the cyclic group
C = Cy with the Sylow ¢-subgroup of ¥, on generator (12---¢), and identify
G = C x Aut(C) with the normalizer Ny, (C), where s € (Z/¢)* = Aut(C)
corresponds to the permutation o (i) = si of (12---¢). Since [E, : C] is prime
to ¢, we may identify S{, (L") with a summand of both SS (L") and SG (™).
As observed in Corollary 14.11, SG (L") 2 SC(IL")A(€) | 5o the calculation is
reduced to S&(L").
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We first extend the formulas for Ry, ((V —0)/G) in Section 15.4 to the case
when V¢ # 0 (15.22). For this, it is convenient to use an auxiliary space. Recall
that the Thom space Th(V) of an affine space V is defined to be the Nisnevich
sheaf V/(V—0). If a finite group G acts on V, X = (V—-0)/G is open in V/G.

Definition 15.19. If G is a finite group acting on V', we define Th(V)/G to be
the pointed Nisnevich sheaf quotient (V/G)/X, where X = (V—-0)/G.

Since the radial A'-contraction V' x A' — V is equivariant, it induces an
Al-contraction (V/G) x Al — V/G. By Proposition 14.24, Th(V)/G is Al-
equivalent to the suspension XX, i.e., the cone of X; — S° (see 1.36). Thus
there is a cofiber sequence

X, = 8% = Th(V)/G = B(X,).
If V # 0 then X (k) # 0, and X — S splits, yielding XX, ~ XSV Th(V)/G;
applying Ry, [—1] and using (12.71) yields an isomorphism
Ru((V —=0)/Gy) =2 ROLR(Th(V)/G)[-1], V #0. (15.20)
This display is (37) in [VoelOc]; cf. Lemma 16 in [Del09)].

Lemma 15.21. Let V be a nonzero representation of a finite group G with
VY =0, and let A™ be a trivial representation of G.
Then Th(V @ A™)/G = Th(V)/G ANTh(A™), and

LRy (Th(V ® A™)/G) = LRy.(Th(V)/G) ® L" = { R ((V ~0)/G) /R} @ L"[1].
The term in braces is the quotient by the basepoint inclusion of R.

Proof. There is a canonical isomorphism Th(V) A Th(A") — Th(V @ A™),
because both are the quotient of V @A™ by (V @ A™)—{0}. (This was observed
in [MV99, 3.2.17].) The same reasoning shows that there is a canonical isomor-
phism Th(V)/G A Th(A™) — Th(V @ A™)/G, because both sheaves are the
quotient of V/G x A™ by (V/G x A™)—{0}.

The final assertion is obtained by applying Ry, using the formula (15.20)
for R, (Th(V)/G) @ R[1] and observing that R (Th(A™)) = L™ O

Proposition 15.22. Suppose that pu, C k* and set R =7Z/¢. If V #0 is a
representation of C with VC =0 and d = dim(V'), the map of Definition 15.10
induces an isomorphism in DM(k, R) between LRy, (Th(V @ A™)/C)[-1]® R

and

Ry (V& A"—0)/C) = Rae L[] & @j: Lt e LM (1))} .
If V is a representation of G = C x Aut(C) with VC =0 and d = dim(V) > 0,
Ry (V@ A"—0)/G) = Ry, (V @ A" —0)/C) ()

= R® @ (Lnﬂ @Ln+i71(1)[1}) ® {Ln+d_l(l)[1], (=1) | d

osied 0, else.

(e=1)ji
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Proof. ([VoelOc, 3.56]) Set A = Aut(C), W =V ¢ A", X = (W-0)/C and
Xo = (V=0)/C. Then (15.20) and Lemma 15.21 yield:
Ry (X)/R = LRy (Th(W)/C)[-1] = Ru(Xo)/R @ L,
R (X/A)/R = LR (Th(W)/G)[-1] = Ru(Xo/A)/R @ L".

Now plug in the formulas for Ry, (Xo)/R and Ry, (Xo/A)/R, which are given in
Theorem 15.12 and Proposition 15.15. U

Since L. = R(1)[2], combining Lemma 15.21 with Proposition 15.22 yields:

Corollary 15.23. Suppose that V is a representation of G = C' x Aut(C) with
VC =0 and d = dim(V) > 0 is divisible by (¢—1). Then LRy, (Th(V @& A")/G)
s isomorphic to

R ((V -0)/G)/R®L"[1] = @ (L™ @ L T [1]) @ L.

0<i<d
(L—1)|%

Here is our main application of Proposition 15.22. The symmetric group >,
acts on the product (A™) of ¢ copies of A™ by permuting the factors. When
n =1, ¥, acts trivially on the diagonal A! and we have (A')* = Al @ W;. The
restriction (from 3, to Cy) of Wy is the reduced regular representation of Cy.
Therefore (A™)* has the form W,, @ A", where ¥, acts trivially on A", and W,
is the direct sum of n copies of the representation W7, as in Corollary 15.18.

Lemma 15.24. For all G C %,,, SGL" = LR, (Th(A™)/G) in DM(k, R).

Proof. By definition, S (L") = Ry,S%Lres (A" /(A™ —0)). By Theorems 14.25
and 14.23, there is a Nisnevich-local equivalence

S%Lres (A"/(A" — 0)) = (S€)*(A"/(A" — 0)) = SCA"/(SCA™ — §%0).

Keeping in mind that S¢Lres (A" /(A" —0)) is in AOpNormi_,I_ld7 applying LRy,
yields a Nisnevich-local equivalence

SE(L™) = Ry, SCLres (A" /(A™ — 0)) — LRy, (SCA™/(SEA™ — 5€0)).

Finally, S¢A"/(SYA™ —S0) equals Th(A™)/G because SCA™ — SE0 equals
A™/G — 0 = (A™—0)/G. Applying LR, gives the result. O

Corollary 15.25. If up Ck*, R=7/l and G = C x Aut(C) then
né—1

SSLr = @ {L'e L]} o L™
i=n+1

n—1
Stcr:]Ln ~ @ {LnJrj(Zfl) o ]Lnﬂ'(eq)m} oL,

Jj=1
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Proof. Combine Lemma 15.24 and A" = W,, @ A" with Proposition 15.22 (for
SCIL™) and Corollary 15.23 (for SGLL"), noting that d = n(¢ — 1). O

Theorem 15.26. When R = Z/¢, S, (L") is A'-equivalent to SG (L"), i.e.,

n—1

SLILT) = @ {LrHED gL D L o L,

j=1
Proof. ([VoelOc, 2.58]) The basis of H**(X,/G), displayed in Corollary 15.18,
corresponds to the factors of SG (L"), which are displayed in Corollary 15.25.
Since [X¢: G] = (£ —2)!, S{. (L") is a summand of S& (L"), and H**(X,,/%¢)
is a summand of H**(X,,/G). By 15.16, the canonical map H**(BgmX¢) —
H**(BgmG) is an isomorphism. Hence the map on quotients, H**(X,,/¥,) —
H**(X,/G), is a surjection and hence an isomorphism. This implies that each
summand of S& (L") belongs to Sf (L"). O

For the next application, we need the topological realization functor t©
from DM=? to the subcategory D<°(Ab) of the derived category of abelian
groups, described in 12.72. This functor sends Ry (A™/(A™ — 0)) to the re-
duced chain complex C,(52™) = R[—2m] of the based sphere S2™ sends L[b]
to C,(S2%1, R) and S™(Le[b]) to C,(S™(S2%+P)). For the next result, we set

A= @a 1{La+i(£—1)[1] ® La+i(€—1)[2]}.
1=

Corollary 15.27. When R = Z/¢, a > 0, and char(k) = 0, there is a split
injection SE(LO[])[1] - SL.(Le[b+1]) for all b, and we have: SE.(L[1]) = A;

SLILE) =Alb-1] & (LBl o LD+ 1} o @ B2~ 1), b=2k+1;
S (Leb)) =S (Le[b — 1)) [1] @ L¥[be], b > 2 even.

Proof. ([Wei09, 14.7.2]) Set T' = L[b]. We will assume the result is true for T’
and prove that it is true for T'[1]. It holds for b = 0 by Theorem 15.26, so we
assume it holds for b. For b > 0, consider the triangle of Theorem 14.34:

(SET)[1] -2+ SE(TT1)) — cone(n) — (SLT)[2].

By Corollary 14.35, cone(n) is T®¢[2] for b even, and T®*[(] for b odd. For b
odd, ¢ is zero for weight reasons. For b even, the boundary map J is an element
of Hom(T®* S{.T) = Z/¢. Using the topological realization functor of 12.72,
the topological calculations of Cartan [Carb4] show that the boundary map ¢ is
also zero for b even. In both cases, the triangle splits. The result now follows
by induction on b, since:

St (L7 [b + 1]) 2= SE(L[b])[1] @ cone(r). .

Remark 15.27.1. The formulas in Corollary 15.27 also hold for a = 0, as L? = R;
we saw in Example 14.36 that SY (R[1]) = 0, and S{.(R[2]) = R[2¢]. The general
formula for SY (R[b]) is given in Corollary 14.38.
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15.6 A Kunneth formula

A proper Tate motive is a direct sum of motives of the form L%[b] with b > 0.
The category of proper Tate motives over a field R is idempotent complete, and
closed in DM under ®. Corollary 15.27 shows that the Sf,(L%[b]) are proper
Tate motives.

Theorem 15.28. When R = Z/¢, Sg2(L™) is a proper Tate motive. For each
q there are only finitely many terms of weight q.

Proof. Combining 14.14, 14.15, 15.26 and 15.27 yields the theorem. O

Lemma 15.29. For all integers p,q,n and i, and all simplicial schemes X :
Ay = JHTTPTUXCR)if g <
Homp (Ree(X)(@)[p), R(i)[n]) = { ) A,

Proof. We may suppose that p = 0. Suppose first that ¢ < i. By the Cancella-
tion Theorem [MVW, 16.25] we have Hom(M (q), R(7)) = Hom(M, R(i — q)) for
any M in DM. In particular, Hom(R:.(X)(q), R(7)[n]) = Hom(Ry(X), R(i —
q)[n]) = H™~9(X,R). Similarly, the case when ¢ > i reduces to the case
i =0, q>0. Here Ri;(X)(q) is a summand of R, (X x P?) and HP°(—, R) =
HP (-, R), so the result follows from H}, (X,R) = H} (X x P9 R); see

Z zar zar

[Voe03c, 3.5]. O

Proposition 15.30. (Pure Kiinneth formula) Let X andY be pointed simplicial
ind-schemes such that Ry (Y) is a direct sum of motives R(qq)[pa]. Assume
that for each q there are only finitely many a with qo = q. Then the Kinneth
homomorphism is an isomorphism:

H**(X,R) @peo 6.y H* (Y, R) = H**(X X Y, R).

Proof. By Lemma 15.29, H™*(Y,R) = Hompm (R (Y), R(i)[n]) is a free
H**(k, R)-module on finitely many generators 7, in bidegrees (pq,¢n). Simi-
larly, Ry (X x Y') is the direct sum of the R, (X)(ga)[pal, so (by Lemma 15.29)
H™ (X xY,R) = Hompm (R (X xY), R(i)[n]) is a free H**(X, R)-module on
the same set of generators 7, in bidegrees (pa, ¢o). The result follows. O

Recall that if K — H is a morphism of graded-commutative rings, H ® x H
is an associative graded-commutative ring with product

@@y @y) = () er' @ yy'.

The twist 7(z ® y) = (=1)*I¥ly @ = fixes K and defines an action of the
symmetric group s on H ® H, which extends to an action of ¥,, on the
m-fold tensor product H @ - - - @k H. We define Sym™ (H) to be the invariant
subring (H ®k - @ H)®m of H®™. For example, if |z| = 2, Sym™ (K |[x]) is
the polynomial ring Ks1, ..., $my] on the symmetric polynomials s;.
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Corollary 15.31. If 1/m! € R and R(Y) is a direct sum of R(qa)[pa] with
da = q for only finitely many «, then the H**(k, R)-algebra H**(Y, R) satisfies

Sym™H** (Y, R) = H**(S™(Y), R).

Proof. By the Kiinneth formula 15.30, H**(Y, R)®™ — H**(Y™ R) is an iso-
morphism of free H**(k, R)-modules. The symmetric group ¥,,, acts on both
sides and the isomorphism is equivariant, so the symmetric subrings are isomor-
phic. Finally, H**(S™Y, R) = H**(Y™, R)*"; see Example 14.12(d). O

Recall from 15.8 that K, is the sheaf underlying ", representing H*""(—, R).

Corollary 15.32. For all n > 0 the Kunneth maps are isomorphisms:
H**(Kp, L)) @pee -+ Qppee H* (K, L)) — H** (K, % -+ x K,,, /1),
or equivalently,
H"(Kn,Z)l) @pere - @pee H (K, ZJ0) — H"*(Ky A+ N Ky, Z/0).

Proof. We saw in the proof of Theorem 15.3 that there is a V' in A°?Sm_ such
that Ry (V) is Al-local equivalent to L™ and S*®V ~ ulL" = K,,. By Theorem
15.28, S°LL"™ is a proper Tate motive with only finitely many terms of any given
weight. Thus

Sie Ry (V) = R (S™°V) ~ Ry (Kp,) ~ Ser L.
Proposition 15.30 implies that
H**(X,72/0) @pe iy H" (K, Z/0) = H**(X x K,,,Z/1).

The corollary follows by induction on the number of terms K. O

15.7 Operations of pure scalar weight

With the description of S{,(L") in hand, we may now prove the following the-
orem, which shows that H**(K,,Z/f) is graded by the group (Z/¢)*. We
assume that char(k) = 0 and that n > 1. The rank of a cohomology operation
H?™"(— 7)) — H**(—,Z/{) is defined in 15.8.

Theorem 15.33. The cohomology operations H*"(—,7Z) — H**(—,Z/{) of
rank m have scalar weight m mod (¢ — 1).

The proof of Theorem 15.33 will occupy the rest of this section. Operations
of rank < ¢ are covered by Example 15.8.1, so we may assume that m > /.
The first lemma shows that operations coming from S{7(L™) may be factored
using the f-adic expansion of m. By Example 15.7.2, this reduces the proof of
Theorem 15.33 to m = m;¢".
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Lemma 15.34. Writem = mo+mil+---+m.L" with 0 < m; < £. Every coho-
mology operation ¢ of rank m is a sum of operations x — ¢o(x)d1(x) - - (),
where the ¢; have rank m;0*.

Proof. Set R = 7Z/¢ and set H; = %,,,4:. By Proposition 14.15, the subgroup
H =[] H; of ¥, contains a Sylow f-subgroup, and S{¥(L™) is a summand of
SH(L"). Hence any rank m operation ¢ : K, — S™(L") — R(x)[*] factors
through a map S(L") — R(x)[x]. We saw before Proposition 14.15 that
SH(L™) = @8m (L™).

By the Kiinneth formula 15.30, we have

Hom(SE (L"), Z/6(x)[+]) = R) Hom(S+* (L"), Z,/£(x)[+),
1=0

so ¢ is induced by a sum of terms ¢g ® ¢1 ® « -+ ® Py. O

The next two propositions handle the cases m = £ and m = ¢~.

Proposition 15.35. Every cohomology operation H?™"(—,Z) 4 HP(—,Z/¢)
of rank £ has scalar weight one.

Proof. Set T = Z/0(q)[p], so ¢ comes from an element of Hom(St (L"), T).
By Corollary 15.27, the map S (L™)[1] -5 S¢ (L"[1]) is a split injection, so
Hom(S%, (L"[1]), T[1]) — Hom(S! (L"), T) is onto. Hence ¢ lifts to a coho-
mology operation ¢; : H?"t1n(— 7Z) — HPTL4(— 7Z/0), in the sense that the
suspension Y¢(x) is ¢1(3z). If 2,y € H*"(X,Z) then by [Voe03c, 2.9], the
cohomology operation ¢; is additive on H?"+1:7 (XX 7Z), so:

So(x+y) = o1(E(@+y) = ¢1(Sx+Dy) = 61(32) + ¢1(3y) = Td(x) + Zd(y).
Since the suspension ¥ is an isomorphism of groups, ¢ is additive. O

We now establish the case m = ¢” by induction on v, the case v = 1 being
15.35.

Proposition 15.36. Every cohomology operation H?""(—,7) A HP(—,Z]0)
of rank £ has scalar weight one.
If 0 < s < £, then every operation of rank s” has scalar weight s.

Proof. We proceed by induction on v, the case v = 0 being in hand. By Proposi-
tion 14.15, every operation of rank s¢” has the form S3¢" (L") — Sg.(SE (L") —
T. By 15.31, every element of Hom(S$ (SY (")), T) is a sum of monomials
¢1 -+~ ¢s where the ¢; belong to Hom(S% (L"), T). Once we show that the ¢;
have scalar weight 1, it will follow from Example 15.7.2 that these monomials
have scalar weight s. Thus we are reduced to the case s = 1.

Consider the subgroup G = X113, (v—1 times) of H = ¥,.—1; as noted
in Proposition 14.15, G1 ¥, C H1%, C ¥4, and S (L") is a direct summand
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of both ST¥¢(Ln) = S¢(SH(L™)) and SS™*(L"). Thus it suffices to treat
cohomology operations of the form St (L") — S¢ (SH(L")) — T. By Corollary
15.27, we may write SH# (L") = S& (L") as a sum of L%[b;]. By Lemma
14.9, SL.SZ (L") is a sum of “linear” terms SY (L% [b;]), which correspond to
additive cohomology operations by Lemma 15.37 below, and “nonlinear” terms
of the form

ST b)) @ - @ ST by, ]), Y ri =L

By induction, each of the L% [b;] correspond to cohomology operations of scalar
weight one. Since r; < ¢, we see from Example 14.12(d) that the S™ (L [b;])
correspond to operations ¢;(z) of scalar weight r;. Hence the “nonlinear” terms
¢1(x) - - dr(z) correspond to cohomology operations which have scalar weight
Sry=£=1 (mod £ —1). O

Lemma 15.37. Let L2[b] be a summand of S, (L"). Then the motiic co-
homology operations H*™"™(—,Z) — H**(—,Z/l) corresponding to elements of
Hom (S (L2[b]), Z/£()[*]) are additive. Hence they have scalar weight one.

Proof. By Corollary 15.27, the map SL(SE (L")[1] —% SL(SE ™ (L™)[1]) is
a split injection, and restricts to a split injection S¢, (IL®[b])[1] —% S& (L[b+1]).
We may now argue as in the proof of Proposition 15.35. By Theorem 15.27, the
map Hom(S{ (L2b + 1)), T[1]) — Hom(S{ (L2[b]),T) is onto. Hence ¢ lifts to
a cohomology operation ¢y : H?"t1n(— Z) — HPTL4(— Z/¢). But then ¢ is
additive by [Voe03c, 2.9]. O

This completes the proof of Theorem 15.33.

15.8 Uniqueness of 5P"

The purpose of this section is establish the uniquess of certain cohomology
operations from H?"*+17(— 7) to H?>"*2n¢(— 7/¢). This is accomplished in
Theorem 15.38. !

We saw in Definition 1.6 that the cohomology operations described in The-
orem 15.38 correspond to elements of H**(B,K,,,Z/{). We saw in Section 14.2
(see 14.15) that a complete description of this cohomology is possible, but it is
messy for n > 1.

Consider the cohomology operation H?" 1 (— 7Z/¢) il H2er2nb (7,10,
where the Bockstein 8 and the Steenrod operation P™ are described in Section
3.4. Since this operation is bi-stable, it is additive and commutes with simplicial
suspension ¥ by [Voe03c]. Since P"(y) = y* for y € H*»"(X,Z/¢) by axiom
13.6(2), and the Bockstein g is a derivation, we have:

BP"(Sy) = S(BP"y) = SA(y") = - SB(y) = 0.

1The n of this section is unrelated to the n in the norm residue homomorphism of the
Bloch—Kato conjecture.
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Thus SP™, or rather its composition with mod-¢ reduction
H2n+1’n(—, Z) N H2n+1,n(_’ Z/f) B_PZ H2n€+2,né<_) Z/£)7

satisfies (1) and (2) of the following uniqueness theorem.

Theorem 15.38. Let ¢: H?"1n(— 7)) — H2 4208 7./0) be a cohomology
operation such that for all X and all x € H*" T (X, Z):

1. ¢(bx) = bo(x) forbe Z;

2. If v =Xy fory € H*"(X,7Z) then ¢(z) = 0.

Then ¢ is a multiple of the composition of BP™ with mod-£ reduction.

Remark 15.38.1. In topology, SP" is the image of a cohomology operation
H?"Y(— 7Z) — H?"+2(— 7). We saw the relevance of this in Chapter 5.

Lemma 15.39. If R(q)[p] is a summand of S{? (L"), and m = s mod (¢ — 1)
form>1and0<s<{—1, then:

(a) If s # 0 then q > ns, with equality iff m < £;
(b) If s =0 then ¢ > n(€ — 1), with equality iff m =€ — 1;
() p=2¢>2n

Proof. Recall from Proposition 15.30 that R(q)[p] = L?[b] for b > 0, so p = 2¢+b.
Hence (a) and (b) imply (c). If 1 < m < £ then S{F(L™) =2 L™ and ¢ = mn
by 14.12(e). This yields the equalities in (a) and (b). To prove the inequalities
in (a) and (b), we suppose that m > ¢ and write m = Y m;¢*, noting that
> m; > mg, Y.m; = m mod (£ —1). By Proposition 14.15 and Theorem
15.26, we also have

q>> mi(n+i(t—1) > mn.

Since Y m; > s, we have ¢ > ns. If s = 0 then > m; > ¢ — 1 and we have
q>n(l—1). O

Remark 15.39.1. The equalities in Lemma 15.39 are the equations (2.6), (2.7)
and (2.8) of [Voell].

We now analyze the motivic cohomology H?™*2"(B,K,,7/f), where
B,K,, is the underlying sheaf ulL™[1]. It is well known that the shift operator
[1] on chain complexes of abelian groups corresponds to the bar construction
on simplicial abelian groups, under the Dold—Kan correspondence. Passing to
sheaves of abelian groups, we see that since K, is the simplicial sheaf corre-
sponding to (a chain complex homotopy equivalent to) L™ the simplicial sheaf
B,K,, may be taken to be the simplicial classifying space [r] — (K,)".

s = K, = K, x K, -+~
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There is a standard first-quadrant spectral sequence for the cohomology of any
simplicial space V' with coefficients in Z/¢(nf); for V = B,K,, it has

Ey* = H M (K", Z/0) = H™ " (B K, Z/1). (15.40)

Now H*"(K,,Z/) = 0 for w < n by Theorem 15.3. From the Kiinneth formula
15.32, it follows that H*Y (K, ",Z/¢) = 0 for w < nr. Thus if n > 0 we have
E7® =0 for r > ¢, and the spectral sequence (15.40) converges.

Proof of Theorem 15.38 when ¢ = 2. If £ = 2 then H>""(K,) = Z/2 on gener-
ator «; see Example 15.4. Hence a A « is the generator of I;'4"’2"(Kn NKy) &
H?"(K,) @ H>""(K,) = Z/2. Simple weight considerations, using the
Kiinneth formula 15.32 and Theorem 15.26, show that ﬁ4"’2"(Kn) = 7Z/2
on generator o2, corresponding to P on H2""(— 7Z), and H*" 127 (K, ) =
H4n=12n(K ) = 0. Since E"® = 0 for r > 2, the row s = 4n of the spectral
sequence (15.40) yields the exact sequence (with coefficients Z/2):

0_>Hv'4n+l,2n(B.Kn)_>ﬁ4n,2n(Kn) gﬁ4n+2,2n(KT/L\2)_>ﬁ4n+2,2n(B.Kn) 0.

The first and last terms are nonzero because P™ and SP™ are nonzero co-
homology operations on H?"*t1.7(— 7Z) (see [Voe03c] or Section 13.2), so the
differential d; is zero. Hence

HAn+L20 (B K, 7,/2) & {4220 (B K, 7,/2) = 7,/2.

Thus every cohomology operation from H?"T47(— Z) to HA" 12 (— 7Z/2) or
HA2.2n(_ 7, /2) is a multiple of P™ or SP", respectively. O

In order to prepare for the proof of Theorem 15.38 when ¢ > 2, we consider
the cohomology of K,, A ... A K, in scalar weight 1.

Lemma 15.41. The scalar weight s = 1 part of HP9(K}",7/f) vanishes if
g <nlandr>2, and also if ¢ =nl and p < 2nl.

Proof. ([Voell, 2.7-2.8]) By 15.32 and 15.28, it suffices to consider 1 ® - - - @ x,
where the z; are in Hom (S5 L™, R(q;)[p:]), p; = p and X¢q; = ¢q. By 15.33, we
may assume %a; = 1 mod (£ —1). If ¢ < nf then a; Z 0 by 15.39(b) and we
must have Xa; > ¢, which is excluded by 15.39(a) as ¢ > nXa;. This establishes
the case ¢ < nf. When ¢ = nf, the vanishing comes from 15.39(c). O

Using Lemma 15.41, the relevant part of the spectral sequence looks like this:

0
s=2l+1 0 H7HLnU(E) —

s =2nl 0 ﬁ2n£,né(Kn) & ﬁ'Zné,nZ(Kn A Kn) N ﬁQnZ,nZ(KT/L\S) —
0 0 (nothing in scalar weight 1 below here)
r=20 r=1 r=2 r=3

Now di(af) = (a®@1+1®a) —af®@1—-1®a’ =0, so o’ is a permanent cycle
in the spectral sequence.
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Construction 15.42. Recall from [Voe03c, 3.7] that H?""(K,,, R) = R on the
fundamental class o = agn’n. Since it is additive, o has scalar weight 1. Hence

y={a®1+1®a)-'@l -1} /lt=a""2a+ - +a®a"!

is an element of H?"“"! (K, A K,,,7Z/{) of scalar weight 1. A calculation shows
that df’%e maps 7 to zero in H2"" (K, AK,, A K,,Z/{). Formally this follows
from di(a’) = (@@ 1) —(a®1+1®a) + (1®a) = —fy and dy od; = 0.

Lemma 15.43. Let D, denote the subset of elements of scalar weight one in
H2nE(KA 7.00). If r > 1 then D, is the Z/l-vector space generated by mono-
mials of the form o A ... Aa', where iy + -+ +1i, = £ and each i; > 0.

When ¢ = 2, we have already seen that fIQ”Z’”Z(KT/L\T', R) =0 for r > 2 and
that H2"" (K, A K,,R) = R on a A a. Thus we may assume that £ > 2.

Proof. ([Voell, 2.9]) The monomials are linearly independent by the Kiinneth
formula 15.32 and 13.1.1. Lemma 15.41 implies that D,. is generated by elements
of the form z1 ® - - - @z, where the z; € Hom(S*L", R(¢;)[p:]) C HP"% (K, R).
By 15.39(b), if two of the x; have scalar weight 0 then nf = ¢ = >_ ¢; > 2n(¢—1),
which cannot happen (as the case £ = 2 has been ruled out).

Hence at most one z; can have scalar weight 0. By 15.39(a), this can occur
only if » = 2 and then only if (¢1,¢2) is (n,n(¢ — 1)) or (n(£—1),n). In the first
case, 1 is in H**"(K,,R) = R (on a) and z, is in Hom (S~ 'L, L~ D)~ R
(on af~1) by 15.39(b,c) and 14.12(e), so 1 ® x5 is a multiple of a A a’~!. The
second case is similar.

Thus we are reduced to the case in which » > 2 and all a; #0 mod (£ —1).
By 15.39(a, ¢) and ¢ = nf we must have Xa; = ¢, ¢; = na; and p; = 2¢;. Since
Spi(L™) = L™ by 14.12(e) we must have x; = a® up to scalars. O

Lemma 15.44. E§,2n£ is 1-dimensional on the class of ~y.
Proof. Dy has basis ¢; = a* Aaf~™%, 1 < i < {—1. Let W be the subspace of

D5 on the monomials f; = o' AaAa’~*1, 1 <i < ¢ —2. The composition

Dy A, D3 Pl ¥/ is onto because it sends e1 to —f1 and e; to —(i+1)f;+i fi—1.
This follows from the expansion

l—i

di(e;) = Ina' Aa T = (1Aa+anl) Aa T +al A (LAat+anl)  —a’ Aot AL

Since dim(W) = dim(D3) — 1, the kernel of dy is at most 1-dimensional; by
15.42, the kernel is nonzero as di(y) = 0. O

Proof of Theorem 15.38: We regard ¢ as an clement of H2"t2n¢(B K, 7/0).
Condition 15.38(1) says that ¢ has scalar weight one. Condition 15.38(2) says
that ¢ (like SP™) is in the kernel of the map

ﬁ2n2+2,n€(B.Kn’ Z0) — ﬁ2n£+2,n€(EKm Zl) = ﬁ2n£+1,né(Km Z)0)
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defined by the inclusion of ¥ K, into B, K, as the 1-skeleton in the B-direction.
That is, ¢ and BP™ lie in the kernel of the edge map in the spectral sequence
(15.40). Since they have scalar weight 1, Lemma 15.41 shows that they come
from elements of ES’Q”K, which is 1-dimensional by Lemma 15.44. Since SP™ #
0, ¢ must be a multiple of SP". O

Remark 15.45. Consider the simplicial scheme BG, over R = Z/¢ and the
cochain complex C* associated to the cosimplicial abelian group O(BG,). Then
C" = R[zy,...,x,] is graded with the z; in degree 1, and its cohomology
H*(BG,,G,) was computed by Lazard in [Laz55, Thm.1.21].

Define Cf,_; — H*""™(K?,Z/{) by the rule z; - 1®-- - ®@a®-- - 1, where
the « is in the ' place. It is observed in [Voell] that this map induces a
morphism of graded cochain complexes from Cj,,_, to the row s = 2ni of the
E; page of the spectral sequence (15.40) with coefficients in R(ni), and hence
a homomorphism Hg ._;(BGq,G,) — E;gx;, taking the degree i subspace to
subspace of cohomology having scalar weight i.

Lemma 15.43 implies that Cgeg: ;= D, for r > 2 and hence that the induced

map Hj.,_,(BG,, G,) — E;fg;z is an isomorphism for r > 3 (and a surjection
2nt

for r = 2). Therefore the rest of the row E;:swzé may also be read off from
Lazard’s calculations.

15.9 Historical notes

The present material is based upon Voevodsky’s 2003 preprint [Voe03b], the
2007 preprint version of his paper [VoelOc| as well as [Wei09]. Section 15.4
is taken from Section 2.3 of [VoelOc]. Many of the arguments we use did not
appear in the published versions of [Voell] and [VoelOc].
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Z(X) ideal of Q.(k), 105

a {a1,...,a,} in KM(k)/¢, 11

A(A) vector bundle of Kummer algebra A, 153
Ay(L) sheaf of Kummer algebras for ¢-form ¢, 117
Ao(k) the set of symbols in H_; _1(X), 152

Af X-dual of A in DMg,,, 58

A,, A, algebras used in Chain Lemma, 130

BL(n) Beilinson-Lichtenbaum hypothesis, 26

B, 8 Bockstein, 23

Cy left adjoint to c*, 78

C cyclic group Cy of order ¢, 251

cH coproducts of representable presheaves, 169
C»d  filtered colimits of representable presheaves, 174
ch(X) Chow group mod ¢, 127

CH*(X) Chow group of cycles modulo rational equivalence, 55
Cor(S) category of correspondences on S, 177

C(X) 0-coskeleton of X, 20

cyl(f) mapping cylinder of f: A — B, 183

eyl S class of maps A — cyl(s), s € S, 187

D(Sm/k) derived category of sheaves, 34

) element of H™"~1(X,Z/(), 52
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Ag semi-simplicial category, 187
DM, subcategory of DMy, generated by R, (X), 57

D Meﬁ

is(S.) derived category of effective motives, 78
DM;IEI(S,) derived category of effective geometric motives, 79
DT<  category of Tate objects in DMg,,, 59

eM  reflection Ry (X) @ M of M, 57

n(X/S) invariant of pseudo-Galois covers, 112

F_1 contraction of sheaf F, 27

f* inverse image functor for f:C — C’, 168

Fixg(X) fixed-point subscheme of X, 132

frad radditive inverse image functor, 176

(/G) quotient of a G-scheme, 222

Gm the pointed scheme (A' —0,1), 180

G—Norm category of normal G-schemes, 222

G X, wreath product, 226

H_1_1(X) quotient of H_; _1(X), 17

HP(X, A), H»%(X,A) (reduced) motivic cohomology of X, 204
H., .(X) motivic homology of X, 16

H90(n) Hilbert 90 hypothesis, 9

HPM(X) Borel-Moore homology of X, 16

HE étale cohomology, 1

Ho(C) Al-local injective model structure category, 198
Ho,:(C) homotopy category of A°PPshv(C),1, 200

Ho,,(C) homotopy category of A°°PPST(C),1, 200

Ic, Je generating (trivial) cofibrations, 172

Iy map decomposing the motive of (V —0)/C, 248

J, J; invertible sheaves given by Rost’s Chain Lemma, 115
KM (k) Milnor K-theory of k, 1
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K(n) cone of Zy(n) — T(n), 41

K,, B,K,, sheaves representing H?""(—, R), H*"Tt"(— R), 242
Kog homotopy pushout, 183

K, invertible sheaf on @, for Chain Lemma, 126
L, L™ Lefschetz motive Z(1)[2] and its powers, 56

AR k-horn in A™, 172

A(S) set of horns on S, 186

L, Lazard ring, 102

LR, (X) cofibrant replacement Ry, (Lres (X)), 180
L(n), L/¢”(n) truncated motivic complex, 18

L,F  cotriple resolution of presheaf F, 171

L, invertible sheaves on Y,. , 129

Lres (F') cofibrant replacement of radditive sheaf F', 175
(LSE)F left derived functor of S¢, 227

LgX fibrant replacement for Mg, 186

M(X), M°(X) motive of X, 16

Map(X,Y) simplicial mapping space, 168

u element of H?T1:0(X,7Z), 54

Lhes u?" roots of unity, twisted roots of unity, 1

MU, complex cobordism ring, 102

Norm category of normal schemes over k, 167
NST(C) Nisnevich sheaves with transfers, 197
vp-variety variety with sq Z 0 (mod £2), 15
V<p-variety variant of v,-variety, 146

9)2 Kahler differentials, 17

Q. (k(X)/k) stalk of Q, at generic point, 104

Q.(k), Q.(X) algebraic cobordism ring of k¥ or X, 102

PF  extension of presheaf F' to normal G-schemes, 222
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OA™  scheme boundary of m-simplex, 36

pb reduced motivic power operations, 207

oV motivic cohomology operation (= SP?), 69
oV motivic cohomology operation, 88

b; motivic cohomology operations, 85

®,(x) function used in Symbol Chain, 122

P, tower of varieties in Symbol Chain, 126
A°PPshv(C)yis Nisnevich-local model structure, 191
A°PPshv(C)a1 Al-local model structure, 197
A°PPshv(C) simplicial presheaves on C, 167

¥, ¥¢.n, homomorphism L, — Fe[v] for ¢-typical formal group laws, 107
v, {-form for n =2, 120

U,.(x) function used in Symbol Chain, 122
PST(S) presheaves with transfers over S, 76

Q; Milnor’s cohomology operations, 211

Q- tower of varieties in Symbol Chain, 126

Qu splitting variety for {a,w}, 143

rad(C) category of radditive presheaves, 173
Resp X Weil restriction of X, 155

p class of —1in k* /k*? = HY(k,Z/2), 251
Ry, motivic Hurewicz functor, 179

S, SG symmetric power for correspondences, 224
St (L™) symmetric power of Lefschetz motive, 251
snM, s<nM, s>, M slice functors on DMy, 81
Sch/k Schemes of finite type over k, 31

$4(X) symmetric characteristic class, 15

SG(X) reduced quotient variety for X, 222

SE(X) quotient variety X™ /G, 221
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Sm/k category of smooth schemes over k, 2

Sm/k category of smooth schemes over k, 18

S™(X), SYX symmetric power of X, equal to X™/%,,, 221
Sq' motivic Steenrod operations when ¢ =2, 208

Sqfop, PtiOp topological Steenrod operations, 205

»X, Y X simplicial suspension and reduced suspension of X, 22
Sym™(H) invariant subring of H®™, 255

t€ topological realization on Ho(Sm/C), 201
T element of H%1(k,7Z/2), 251

tg, tg Thom class of vector bundle E, 213
Th(V) Thom space of affine space V', 252

Thy (E) Thom space of vector bundle E on Y, 213
Th(V)/G quotient of Thom space by G, 252
TU™  G-scheme T'II--- 11T, 222

T(n) truncated motivic complex, 41

tar Todd numbers, 107

UX K simplicial presheaf n +— [[5 X, 168

U ® K radditive version of UK K, 177

G %, wreath product, 226

X 0-coskeleton of X, 20

yP twisted dual of y, 60

Y, tower of varieties in Symbol Chain, 129
Z(i), Z/L(i) Motivic complex in weight 4, 8
Zsm|X] restriction of Z[X] to Sm/k, 31
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