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ABSTRACT. In this paper we introduce noncommutative clusters and their mutations, which can be viewed
as vast generalizations of both “classical” and quantum cluster structures. Each noncommutative cluster
X is built on a torsion-free group G and a certain collection of its automorphisms. We assign to X a
noncommutative algebra A(X) related to the group algebra of G, which is an analogue of the cluster algebra
and establish a noncommutative Laurent Phenomenon for many algebras A(X).

Our main examples of “cluster groups” G include principal noncommutative tori which we define for any
initial exchange matrix B and noncommutative triangulated groups whixh we define for all oriented surfaces.
The mutations of the latter groups turn out to be noncommutative analogues of classical Ptolemy relations,
which, in particular, implies the Noncommutative Laurent Phenomenon for surfaces. As a surprising byprod-
uct, we obtain new topological invariants of closed oriented surfaces with punctures. Another application is
the proof of Laurentness and positivity of a noncommutative recursion recently defined by M. Kontsevich.
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1. INTRODUCTION
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The project started about six years ago when we discovered the noncommutative polygon A,,, which is an
algebra generated by x;; and mi_jl, 1<14,5 <n,i#jsubject to the relations:

(i) (Triangle relations) For any distinct indices i, j, k:

(1.1) .’Eij.’L‘];jlxki = xikx;klxji .

(ii) (Exchange relations) For any cyclically listed (4, j, k, £):

(1.2) Tjp = xjkxi_klxig + xjix,;ilzkg .

In the commutative case, when x;; = x;;, the triangle relations are redundant and the exchange relations
lead to the famous Ptolemy-Pliicker relations.

Algebra A,, exhibits a Laurent phenomenon: given a triangulation A of the n-gon, each z;; belongs to a
subalgebra A of A, generated by all x;, j,, (¢0,70) € A (See Section ?7 for details).

Shortly after, we attached a similar algebra Ay, to each surface ¥ with punctures (and marked boundary
points if 3 has boundary) and obtained the Noncommutative Laurent Polynomial as well (Section ?7)

However, we delayed publishing these results because we did not have any other examples, as well as
a general definition of noncommutative cluster algebras. Fortunately, about three years ago, we realized
that the Kontsevich conjecture on totally noncommutative recursions can provide both the example and the
structural theory of noncommutative clusters. After proving the conjecture in [5], we started the new pursuit
that led to the present paper.

First, we noticed that each noncommutative cluster can be built on a specific noncommutative group. In
the case of noncommutative polygons or surfaces, this group is the triangular group Ta attached to each
triangulation A of the polygon (or surface) which is generated by all ¢;;, (i,7) € A subject to the above
triangle relations:

(1.3) tijts thi = ikt tyi -
In the case of noncommutative recursions this was the free group F» of rank 2.
Second, we found that each noncommutative cluster mutation, e.g., the “noncommutative Ptolemy-Pliicker

relations” (1.2) or Kontsevich recursion, are governed by a certain automorphism of that group.
Finally, in order to define mutations of such a cluster group, i.e, a group G with a family of certain

automorphisms 61, ..., 60,), we needed some kind of exchange matrix which normally controls mutations of
both commutative or quantum clusters. Quite surprisingly, this "noncommutative exchange matrix” is just
the family T' = (I'y,...,I", of conjugacy classes of G in respective “fixed point groups” G% ... G% where

G? = {g € G|6(g) = g} (See section ??? for precise definitions).
In particular, within this framework, the ordinary “commutative cluster” (of geometric type) consists of

the group G = Z™, we view each element a = (a1, ...,a,,) of Z™ as a Laurent monomial z® = x7* - 2% ),
T ifi#j

and each automorphism 6;, i = 1,...,n is given by: 6;(z;) = ¢’ b if g 7&] where b; is the i-th column
rixP ifi=3j

of the corresponding extended exchange matrix B (In fact, 2P is fixed under 6; because matrix B has zero
diagonal).

In this paper we introduce a notion of noncommutative principal cluster (Section ??) and one of our main
results , Theorem 7?7 asserts that for any initial n x n exchange matrix B each commutative or quantum
principal cluster is “covered”’ by the noncommutative principal one. It is natural to expect (Conjecture ?7?)
that the noncommutative Laurent Phenomenon holds for such principal noncommutative clusters as well.

Our approach brought a very unexpected “byproduct” for geometry/topology of surfaces. Since the cluster
groups do not change under mutations, we obtained a natural isomorphism between triangular groups Ta
and T for any triangulations of a given surface 3. This, in particular, helps us to prove that Ta is free if
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and only if either ¥ has a boundary or is a sphere with three punctures (Theorem ?7). If ¥ is closed with
p > 4 punctures, then each Ta is a one-relator group, which is, in fact an invariant of ¥ depending on p
(Theorem ??7) ! .

Based on this, it is natural to expect that new examples of noncommutative clusters may come from the
fundamental groups of 3-manifolds.

As another application of our Noncommutative Laurent Phenomenon for surfaces, we prove Laurentness of
the following noncommutative recursion from a paper [21]. Namely, let noncommutative variables U,, n € Z
satisfy the system

(1.4) {Un—kUn =14 Un-1Un—p41 if nis even

UnUn_k =1 + Un_k+1Un_1 if n is odd

where k > 3 is a fixed odd natural number. Maxim Kontsevich conjectured in [21] that each U, is a non-
commutative Laurent polynomial in Uy, . .., Uy with positive coefficients. We prove this conjecture (Theorem
??7) by taking ¥ to be a cylinder with no punctures, one marked point on the lower boundary and k& marked
points on the upper boundary.

Acknowledgements. This work was partly done during our visits to Mathematisches Forschungsinstitut
Oberwolfach, Max-Planck-Institut fir Matematik, Institut des Hautes Etudes Scientifiques, and MSRI. We
gratefully acknowledge the support of these institutions. We are very grateful to Alexander Goncharov and,
especially, Maxim Kontsevich for their encouragement and support during the preparation of the paper. We
also benefited from discussions with George Bergman and Michael Kapovich.

2. DEFINITIONS AND MAIN RESULTS

2.1. Noncommutative seeds and their mutations. For a group G, an automorphism 6 of G, and a
conjugacy class T' in the fixed point subgroup G? = {g € G : §(g) = g} define the “right eigenspace”

Xgr={z € G:0(z) € 2T}

Note that Xy r is also the “left eigenspace,” i.e., Xor = {z € G : §(z) € T'z} hence Xy = GY . Xor - GY.
Note also that (Xgr) ™' = Xp-1p = Xg-1.

We say that a pair (6,") is compatible if:

e Xy and GY generate G.

e under the abelianization homomorphism G +— G = G/[G, G], the corresponding automorphism % of
G is torsion-free.

We say that (6,T) is strongly compatible if it is compatible and the assignment z +— x + 6(x) for = € Xg
and g — g for g € G defines a homomorphism of multiplicative monoids:

Gt - 7G ,

where G is a submonoid of G generated by Xy and GY.

Given a finite indexing set I, a noncommutative seed is a triple B = (G, 0,T") where G is a group, © =
(0;,3 € I) is an I-tuple of automorphisms of G and T = (T';,4 € I), where each T'; is a conjugacy class in G
such that the pair (6;,T;) is compatible for for i € I. We abbreviate X; := Xy, , for ¢ € I and refer to it as
an i-th noncommutative cluster (multi)variable.

We say that a noncommutative seed B = (G, ©,T") is optimal if all (0;,T;) are strongly compatible.

To each noncommutative seed B = (G, 0,T") we assign generalized exchange matriz B = |B| which is an
I x I integer matrix whose (7, j)-th entry b;; is determined by:

@1) 07 (v5") = ;" - (i)

and v denotes the only element of (I'y)®® (see Section ??? for details). By definition, all b; = 0 (however,
the matrix B need not be skew-symmetrizable).

IMisha Kapovich explained to us that Ta is related to the fundamental group of a ramified two-fold covering of 3
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Example 2.1. Let G = Z"™ x C, where C is an abelian group (with an additional “tropical multiplication”)

and let B = (bq,...,b,) be an n x n sign-skew-symmetric matrix, where b; stands for the j-th column of B.
We view each element of G as a monomial z? - ¢, where ¢ € C and 2 = z{* - - - 2%, a = (a1,...,a,) € Z". By
definition, for each choice ¢y, ..., ¢, € C the triple {(x1,...,2,), (c1,...,¢,), B} is a Fomin-Zelevinsky seed.

Lemma 2.2. This defines a noncommutative seed Bg = (G, 0,T"), where 0; : G — G is an automorphism
given by

0i(z;) = {Ij b Zfl 7&]. , Ty ={z"¢;}
xixPic; ifi=]
forieI={1,...,n}.
We refer to such a “noncommutative” seed Bp as that of classical type.
This example can be generalized to a purely noncommutative one as follows.

Example 2.3. Let G be a group and X = {z1,...,z,} be a subset of G and C be a subgroup of G such
each z; is of infinite order and that

G=(r1)*(xn)xC,
where (z;) denotes the cyclic group generated by x; and “+” denotes the free product of groups (in particular,
if C is a free group of rank m — n for some m > n, then G is a free group of rank m). For i = 1,...,n denote
by G; the subgroup of G of the form

Gi = (@1) % oo (@ima) * (Tigr) * o x (2p) * O
so that (z;) NG; = {1} and G = (z;) * G,.
For i =1,...,n fix a non-unit element v; € G; and denote by I'; the conjugacy class of 7; in G;.
Lemma 2.4. These data define a noncommutative seed S = (G,0,T"), where 0; is an automorphism of G
such that 0;(x;) = x;v; and 6(x) = x for all x € G;.
Given noncommutative seeds B = (G,0,T") and B’ = (G’, ©’,T") a k-th mutation B — B’ is an isomorphism
of groups f : G=G’ such that © = (0,7 € I) and I'" = (I'},i € I) are respectively determined by:

Il W=k
B Bp06, 00" ifby >0 J :
(22) f 1, 0; ° f — {0 J k OtheJrWise , f 1(F;) = Hk(I‘J) if bk;j >0
¢ r; otherwise

If G = G and f = Idg, we denote the k-th mutation by B — HkB' We say that a noncommutative seed B’
is mutation-equivalent to B if they are related by a sequence of mutations. Clearly, for each B’ = (G',0',T")
mutation equivalent to B = (G, ©,T") there is an isomorphism f:G— @ suchthat B = f Opy oﬁle for
some sequence of indices ki, ..., kn, € I. Even though one can always take G = G’ and f = Idg above, it is
more convenient to view G and G’ as different groups.
It is easy to see that under the k-th mutation B — B’ the noncommutative cluster (multi)variables
transform by:
X! ifj=k
(2.3) FTHXY) =S 0u(Xy) if by >0
X; otherwise

It turns out that mutation of generalized exchange matrices is subject to the following generalization of
Fomin-Zelevinsky rule. Define the generalized matrix mutation B +— p;(B) of I x I integer matrices by:

_bij if ke {Zaj}
(2.4) pr(B)ij = { bij + bik|brj|  if bribr; <0
bij if bkibkj >0

Clearly, if B is sign-skew-symmetrizable, this coincides with Fomin-Zelevinsky matrix mutations.

Proposition 2.5. For each noncommutative seed B and j € I one has
|, Bl = p(18]) -
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Now we can define a totally noncommautative cluster algebra A(B) as follows. First, following Fomin-
Zelevinsky, we label all mutations of B by the vertices of the |I|-valent tree T, so that noncommutative seeds
B = (G,04,T) and By = (G, O ,'y) are connected by a k-th mutation for some k € I if and only if ¢ and
t' are connected by an edge colored with k. In that case, one has a fixed isomorphism f = f; v : Gy — Gy
such that (2.2) holds.

We denote by A(B) the quotient of the group algebra (over Z) of the free product of all Gy by the ideal
generated by all elements of the form:

frw (@) =2 — O (z)
for all 7 € (Xi )"t C Gy, t €T, k € I, where t' is the only vertex connected to ¢ by an edge colored with k.

By definition, A(uxB) = A(B) for k € I. Also, for each t € T one has a canonical homomorphism of
algebras

(2.5) 1t : ZGy — A(B)

In particular (in a contrast with the commutative case) the noncommutative cluster algebra A(B) contains
inverses of all cluster variables.
Now we can define canonical noncommutative cluster variable.

Definition 2.6. Given a noncommutative seed B = (G, ©,T"), the corresponding canonical noncommutative
cluster (multi)variable X§*" = X¢*"(B) is given by

X=X, NG .
JFi

n
Clearly, X$%" = CX$%C for all i € I, where C' = () G%.
i=1
Remark 2.7. Note, however, that under the k-th mutation the canonical noncommutative cluster (multi)variables
X3 do not behave properly. For instance, it may happen that Xg*"(B) # 0, but X" (p, B) = 0.

This definition is justified by the following observation.
Lemma 2.8. ????Let Bg = (G,0,T) be a noncommutative seed of classical type as in Example 2.1. Then

n
X = x; - C fori=1,...,n. , where (Xi,...,X,,) is the Fomin-Zelevinsky cluster and C = (| G% is the
i=1
corresponding coefficient group.
Definition 2.9. Let B; = (G, ©,T) be a noncommutative seed. We say that B admits a noncommutative
Laurent Phenomenon if for each mutation-equivalent seed By = (G, ©p, ') one has:

0 # X9 C 1(ZGy)
for all ¢ € I, where ¢, is given by (2.5).

or quantum case. We construct then noncommutative cluster algebras as group algebras of noncommutative
cluster groups and define their mutations.

Our main examples of noncommutative cluster algebras come from noncommutative tori and from surfaces
¥ (with marked boundary and punctures). The noncommutative clusters related to X, quite expectable, are
parametrized by triangulations of ¥ and therefore deserve the name noncommutative triangulations.

Since each surface can be glued out of a polygon (in many ways), the most important objects of study are
noncommutative triangulations of a given polygon. In the commutative case, cluster structure (of type A) on
polygons is based on the celebrated Ptolemy relations:

(2.6) TikTje = TijTre + TieXjk

for all quadrilaterals (i,7,1,¢) inscribed in a circle, so that the chords (ik) and (j¢) are diagonals of the
quadrilateral, and element x;;, ¢ # j is the Euclidean length of the chord (ij). The Ptolemy relations (2.6)
can also be interpreted as Pliicker identities for 2 x n matrices.

In the noncommutative version we do not assume that x;; equals to =;; and we think of z;; as a directed
chord from ¢ to j. We suggest the following noncommutative generalization of the Ptolemy identity based on
the theory of noncommutative quasi-Pliicker coordinates developed in [20]:
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-1 -1
(2.7) Tjp = TjkT;p, Tie + TjiTh; The-

Note that since elements x;; correspond to directed arrows, the products of the form xijx,:él, o:[klxji make
sense only when ¢ = j.

The noncommutative Ptolemy relations are not enough for developing a reasonable theory of noncommu-
tative cluster algebras, in particular, for establishing the noncommutative Laurent Phenomenon (Theorems
5.11, 5.15). However, the Phenomenon holds if we additionally impose the triangular relations (also suggested
by properties of quasi-Pliicker coordinates):

-1 -1
(2.8) TijZy; Thi = Tikljp, Tik

for all distinct ¢, j, k (of course, (2.8) is redundant in the commutative case).

These arguments extend verbatim if we replace a polygon with a surface ¥ with marked points in the
boundary and possibly with some punctures (see section 6 for details).

In exchange relations (2.7) both elements z;; and xy; are inverted. To deal with one of these elements
only, we rewrite the echange relations as

Tjo = Ty vie + T (Tiy) " T
where v = .Z'Zkll‘gi.’lf;ill'jk.

One can separate x;; and xy; and look at their mutations independently. This is why we study mutations
defined by monomials ;Ujksc;klxig and a:jk(xikv)_lxig inside certain groups before going to group algebras. In
many cases such group are free or one-relator torsion free and localization theory of their group algebras is
“tame” in comparison to “wild” general theory of noncommutative realizations (see [11]).

A surprising byproduct of our approach is construction of a new topological invariant of closed surfaces
¥ with n > 1 punctures. The invariant is a group T = T(X) which is defined for any triangulation A of 3
with vertices in the punctures. Namely, T is generated by all x;;, where (¢,7) € A subject to the triangular
relations (2.8). It turns out that T is a one-relator group which does not depend on the choice of A. The
group T(X) looks like the fundamental group of the closure ¥ of 3, however it is different from 7 (3). For
instance, if 3, is the sphere S? with n punctures, then T(X3) is a free group in 5 generators and T'(%,,) is a
1-relator torsion-free group in 4n — 7 generators if n > 4.

In any case, the association ¥ +— T(X) defines a functor from the (topological) category of punctured
surfaces to the category of finitely generated groups (Theorem 6.4).

3. NONCOMMUTATIVE CLUSTERS, SEEDS, AND MUTATIONS

3.1. Cluster groups. We start with the following definition.

Definition 3.1. Let G be a group, G’ be a subgroup of G, and z € G \ G’ such that z and G’ generate G
denote by I'; the set of all ¥ € G’ such that the assignment

z—z-y L ¢ — g forg €G
defines an automorphism 6, : G — G. Note that 0., 00, = 0., for v1,72 € Iy, therefore, I'; is a subgroup
of G'.

We say that G is a semi-free product of the cyclic subgroup {z) and G’ (over T,,) if:

e r and G’ generate G;

e (x) NG’ = {1}, where (z) denotes the cyclic subgroup of G generated by x;

o', #{1}.

For the notation purposes we will sometimes denote this semi-free factorization of G by G = (z) *p, G'.

The most important example of semi-free product of (z) and G’ is an HNN extension (introduced in [16])
of G’ by an injective homomorphism « : H — G’ for some subgroup H of G’, the quotient of the free product
(x) * G’ by the relations zhz =t = a(h) for all h € H. The following result is obvious.

Lemma 3.2. An HNN extension G of (x) and G’ is a a semi-free product of (x) and G’ iff the subgroup
[, =27 'G'x NG’ has a non-trivial centralizer in G'. In that case, Ty = Zg/(T'y).

Furthermore, fix n > 1 and abbreviate [n] := {1,...,n}.
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Definition 3.3. Given a group G and its sub-monoid C (which will be referred to as the coefficient monoid)
with an involutive anti-automorphism g + g such that C = C. A noncommutative cluster on G (over C) is
a subset X = {x1,...,2,} of G such that:

e X, X, and C generate G;

e For each i € [n] the group G is a semi-free product of (z;) and G; := (C, X \ {z;}, X\ {Z;}) over

Dy ={yeG;|zjr—xj -7y %, g g for ¢ €G defines an automorphism 6, , : G — G} .
o T, € Gx;G; for i € [n];

We will refer to the pair (G,X) as a cluster group (over C) and to the number n as the rank of (G, X).
Given cluster groups (G,X) and (G’,X’), a morphism 6 : (G,X) — (G',X’) is any homomorphism of
groups 6 : G — G’ such that (C) = C" and 6(X) = X’. We denote by Clust the category whose objects are
cluster groups and arrows are morphisms of noncommutative seeds.
We denote by Clust¢ the sub-category of Clust whose objects have a common submonoid C' and mor-
phisms are identity on C
Remark 3.4. Strictly speaking, C' should be considered together with its embeddings into each involved
group G, however, by a slight abuse of notation, we view C' as a subgroup of all cluster groups in Clust.
It would be interesting to classify noncommutative clusters on a given group G over a given monoid C.
Here are some basic examples.
Example 3.5. If C is any abelian group and G = Z™ x C, then any generating set X = {z1,...,2,} of Z"
is obviously a cluster on G with G; =T'; and g = ¢ for any g € G.

The following example slightly generalizes based quantum tori from [8].

Example 3.6. (Quantum torus) Let Cy be an abelian group and G be generated by Cy and z1,..., 2,
subject to the relations
TiTj = (ijTiTq, Tiq = qT;

for all i, j € [m], ¢ € Cy, where all ¢;; € Cyy are such that g;; = qi_jl, gi; = 1 for all ¢, j.
Let C be the sub-monoid of G generated by Cy and {x;41,...,Zm}. Then X = {z1,...,2,} is obviously a
cluster on G (i.e., (G, X) is a cluster group) over C with T'; = Z(G;) and the anti-involution g — g on G
uniquely determined by z; = x; for j =1,...,m and ¢y = cal for ¢g € Cy.

If we assume that each ¢;; = vfj for some v;; € Cp, then each element x € G uniquely factors as

z=cX®

where ¢ € Cy, a = (a1,...,a;) € Z™ and X* = < 11 v;;aj> xit -+ x%m  and the multiplication table in

1<i<j<m
G becomes:
XeXb = y(a,b) Xt |
where x(a,b) = ] v?jbr%b". By construction, X¢ = X for all a € Z™ so G. Also

1<i<j<m
Ti = Z(Gi) = Co-{X"| x(be;) = 1,j € [n]\ {i}},
where {e1,...,e,} is the standard basis of Z".
The following is a “more noncommutative” version of 2-dimensional quantum tori.
Example 3.7. (Noncommutative rank 2 torus) Let G = T, be a group generated by X = {x1,z2} and
a = {a12,a91, ass3, ass}, subject to the relation:
T1a1272023 = A3222021X1

Lemma 3.8. (T,,X) is a cluster group over T'; = (;), i = 1,2, where y1 = a12x20a23, ¥2 = a21a:1a2_31, and
the anti-involution g — g on Ty is given by Ty = x;, Qi 41 = Qiy1,4, ¢ = 1,2.

We will consider higher-dimensional noncommutative tori in Section 3.3.
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3.2. Noncommutative seeds and their monomial mutations. We retain the notation of Section 3.1.
Definition 3.9. A noncommutative seed (over C) is a triple S = (G, X, ), where
e (G,X) is a cluster group over C;
ey ={"1,...,7}, where v; € I'; \ {1} for i € [n] such that:
(3.1) 3 = fﬂjf]fl
for j € [n].
By Definition 3.1 of a semi-free product of (x;) and G; (over T';), for each noncommutative seed (G,X,7)
and ¢ € [n] the assignment
x> 2", e cfor ce C
defines an automorphism 6¢; := 6; ,, : G — G. The following statement is obvious.
Lemma 3.10. Given a noncommutative seed (G,X,7), each automorphism 0; of G commutes with the anti-
automorphism g — g of G.

Given noncommutative seeds S = (G,X,v) and S’ = (G',X’,+’), a morphism 6 : S — S’ is any homomor-
phism of cluster groups 0 : (G,X) — (G’,X’) such that 0(y) = v'. We denote by Seed the category whose
objects are noncommutative seeds and arrows are morphisms of noncommutative seeds.

Now we are ready for our main definition, (monomial) mutation of noncommutative seeds.

Definition 3.11. Given a noncommutative seeds S = (G,X,v) and S’ = (G',X’,+’) over C, we say that S
and S’ are related by the i-th monomial mutation, i € [n] if there exists an isomorphism p; : G’ — G such
that:

o pi(g') = pilg’) for all ¢’ € G;
o pi(r}) = ; for j # i and pi(z]) € Giay ' Gy
e For j € [n]\ {i} one has p;(z}) € Gjz; 'G; U0, (G;z'Gy).

z(q/;) = (aibi)_lﬁi_la,'bi, where a;,b; € G; are such that &(.CCQ) € Gixi_lbi, T; € a;x;Gy;
. , i if pi(}) € Gy Gy
e For j € [n]\ {¢} one has: p;(v}) =< 7~ = ’ 7 :
— 07 (v;) if pi(z)) € 071Gz Gy)

We say that the mutation is positive if:
(3.2) pi(e;) € GFa7'GF, i) € Gz 'GY
where G is the submonoid of G; generated by C and X \ {z;}, X\ {Z;};

We characterize all (positive) i-th mutations in terms of an element u;(z}) = y; € Gix; 1@, as follows.
Theorem 3.12. Let S = (G, X,7) be a noncommutative seed over C and let y; € Gixi_lGi such that
(33) Y; € Gj(L'i_lGj U QZI(GjTi_lGj)

for all j € [n]\ {i}.
Then there exists a noncommutative seed ., (S) = (G',X’,~") over C such that S and p,,(S) are related
by the i-th mutation p; : G' — G given by:

=

pilay) =35 I @ =cforcec.
T yi ifj=i —

Moreover, the mutation is positive if and only if y; € G?‘x;lGj' and 0;(y;) € (GfT;lGj)

Proof. First of all, let us construct the cluster group (G’,X’) for each y; as in the theorem. We need the
following result.

Lemma 3.13. Let X be a noncommutative cluster on G and let y; € GiwflGi such that (3.3) holds. Then
the set X' := X\ {x;} U{y;} is a noncommutative cluster on G with

G, ifj=i
(3-4) Gy =14 G; if j #i and y; € Ga; ' Gy
0:71(Gy) ifj#14 andy; € 0;(G;7; ' Gy)

(3
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b;lle"llebl ij =1
(3.5) I =<1 if j #i and y; € Gjx; G,
0;71(T;) if j #i and y; € 071 (G, 'G;)

or j € [n], where b; € G; is any element such that y; € Gz b,
3

Proof. For each j € [n] denote by G the subgroup of G' generated by X\ {2}, X \{Z}}, and C and define
f‘; = J};_léjl';v N éj.

Indeed, since y; € Gixi_lGi, then G; = G,. Furthermore, the alternative (3.3) implies that for each j # i
one has:

éj = {Gjl lf vi € ij;1€j71 = G;a
0;°(G;) ifyi €6 (G Gj)
for j # 1.
Since 6; is an automorphism of G, we obtain for j # i:
0; (L) ifyi €0, (Gjz; Gy)

If j = i, then, clearly, the assignments y; — y;(v]) ™!, g’ — ¢’ for g’ € G; define an automorphism of G for
some v, € G; if and only if 7/ € b;lxifimi_lbi. The lemma is proved. O

Lemma 3.13 asserts that the pair

(Gl7 X/) = (G7 X \ {xl} U {yl})
is a cluster group. We set y; := Idg, which is, clearly, an isomorphism G'—G. To finish the proof we have to
determine the remainder of the seed (G, X’,7’), the set 7' = {71,...,7,} where each v; € I'; \ {1}. Indeed,
copying Definition 3.11, we set v} = bi_lsci’yi_lmi_lbi, where b; € G; is such that y; € Gixi_lbi, T; € a;x;G;
and:
= Y5 if y; € Giz; ' G;
P07 () ity €6, 1(GiT NGy
Clearly, v; € I';\ {1} for all j € [n]. Finally, verify (3.1). Indeed, if j # 4, then (3.1) holds for (G, X') because
900 1

0;(%;) = 0;(x;) = T;. When j = i, we have 0/(y;) = v;(7/) ™! = a;z; "bi(b; oy, 2y ') ™! = a2 th; and

0 (x;) = x; if j # i, hence 6] = 0;. Finally, by Lemma 3.10,

THCANNES 0:(;) = 0i(y;) = vi(v)~* = (7; )"
which proves (3.1) for (G',X'), j = 1.
Therefore, Theorem 3.12 is proved. U

Remark 3.14. The conditions (3.2) and (3.3) taken together are rather strong. For instance, they imply that
for any noncommutative seed S = (G, X,7), if ; € C, then any y; satisfying (3.3) must belong to Cx; 'C.
Example 3.15. Let (X, B) be a Fomin-Zelevinsky seed of geometric type with the cluster X={z1,...,zm},
B = (by,...,by,) is the m x n extended exchange matrix, m > n. Then the triple S = S(X, B) = (G, X, ) is
a noncommutative seed with:

e G=7™ C=7Z™ ™ and C occupies last m — n places in G;

e v, = 2% for i € [n].
Lemma 3.16. Let (X, B), (X', B’) be Fomin-Zelevinsky seed of geometric type. Then “noncommutative”
seeds S(X, B)) and S(X’, B') are related by the i-th positive monomial mutation if and only if:
z; ifj#i

=1 [=bil+ if § =i

(ii) B' = pi(B) = (Vy,...,b,) is the Fomin-Zelevinsky i-th mutation of B, i.e.,
) b TR
(Bl)kj:{ kj ZfZE{ aj}'

(i) pi : G' — G is an isomorphism given by p;(x}) = {

brj + [=bri]+bij + bri[bij]+  otherwise
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for k€ [m], j € [n];

o if by <
07" (v;) bi; >0
Example 3.17. (Noncommutative triangle) Let C' be a group and let T3 be a group generated by T3, T, T3
and C, i,7 =1,2,3, i # j subject to the relation:

/ 0
In that case, v} = 2% and wi(v;) = it bislbi — { for all j € [n].

—1 —1
Tra12T5 “ao3T3a31 = a13T3a32T, “aTh ,

where all a;; € C. Assume that C' admits an anti-automorphism c — ¢ such that @;; = a;; for all i # j.
The following fact is obvious.

Lemma 3.18. The set X = {T1,T5,T5} is a noncommutative cluster on Ts with the anti-involution x — T

extending that on C given by T; = T;, i = 1,2,3 and semi-free factorizations (in fact, HNN-extensions)
T3 = (T;) *r, (T3);, where T'; = {~;) and:

—1p —1p —1 —1p-1 -1 1
Y1 = agy T3a53 Toayy 2 = app Ty "a1sT3a32, v3 = ag2Ty anTiag, .

Then the triple S = (T3, X, {7?,73,73}) is a noncommutative seed which admits positive monomial mutations
Wy (S), i =1,2,3, where:

1 1 =1 —1
y1 = T3a31Ty "a13T3, y2 = Tra2Ty "axnTi, y3 = Thaszy T3 a3 1o .

Example 3.19. (Rank 2 noncommutative toric seeds) In the notation of Example 3.7 we see that for any
r1,72 > 1 the triple S;, ,, a := (Ta, XX, {7]*,75%}) is a noncommutative seed on (G, X), where y1 = a12z20a23
and v, = aglxlaggl.

The following fact easily follows from definitions.
Lemma 3.20. Let ri,79 > 1 and j € {1,2}. Then S;, »,a and S are related by an j-th positive mutation p;
if and only if S’ is isomorphic to Sy, ;, a. In that case, the underlying group isomorphism ji; : Ta — Ta is
given by

1

ZTj = 5'33_ y X3—j F> T3—j, A2 > A4—4.2, A2; F> Q24—

fori=1,3,7=1,2.

3.3. Principal noncommutative tori and their monomial mutations. Let B be an n x n matrix with
bi; = 0 for all i € [n]. Denote by G(B) the group generated by x;,7;, i = 1,...,n subject to the relations:

btj bi?
TiTj = T4, Tikj = TjTy, T TiTj = TjTiT;
for all 4,5 € [n], i # j.
We refer to G(B) as a principal noncommautative torus.
Remark 3.21. The quotient G(B) of G(B) by the relation that all elements ¢; = x;7;2; '7; ' are central, is

a (principal) quantum torus given by
_ _ O _ b
xixj = :L'jxi,ﬂ-:cj = qi IjTZ‘, TiTj = qi TjTZ‘
for all i, € [n]. In turn, this imply that B is “skew-symmetrizable”: ql-”j q?ji =1in G(B) for all ¢, j.

K2

For any sequence i = (i1,...,%m) € [n]™ and vector a = (a1, ..., an) € Z™ we define the element 7 € G(B)
by:
Tia:T’Zl... ZG‘T:"

The following result is obvious.
Lemma 3.22. For alli€ [n|™ and a € Z™:

1 d

()T = aimx d

where d = di(a) = >} agb; ;. It implies
(3.6) [TiaTj] = [TjilaTi] = [Tj’Tiil] )

where [a,b] denotes the group commutator aba=1b=1.
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Remark 3.23. Based on Lemma 3.22 one can conjecture that the subgroup G(B) generated by 71,...,7, is
subject to the relations (3.6) and

[1:, 7] =1

whenever Y | apb;;, = 0.

Denote by G; = G;(B), i € [n] the subgroup of G(B) generated by X \ {x;} and T = {¢1,...,t,}, where
X ={x1,...,2,} and

ty =1 H x;b"
k=1

for i € [n];
Theorem 3.24. Let B be any integer n X n matriz with zero diagonal. Then:

The pair (G(B),X) is a cluster group with:

e the anti-involution x — T defined by T; = x;, T; = xinx;l fori € [n];

e the submonoid C C G(B) generated by T and T = {x1t1x7",. .. xotiz;t};

o the automorphism 0;, i € [n] of G(B) given by xj — x; -7, 7, t; — t; for every j.

Proof. We need the following obvious result.
Lemma 3.25. For each i € [n] the subgroup (x;,t;) generated by x; and t; is normal in G(B).

To prove that 6; is an automorphism of G(B), it is enough to check that 6; is a homomorphism preserving
identities including x; and 7;.

Note that
—bij

91(7—7,) = Ti, ai(Tj) = Tj(Ev

.

(@i,
It is easy to see that 6;(x;)0;(z;) = 0;(x;)0;(x;).
Now, let p # ¢. The identity x,7, = 7,2, can be written as z,t; = t,zp, the identity xgququ = TquQ?qu

. bpg . —b _ bap, —bap _
can be written as "' 7px, "1 = TaTpT, L Or Xy tgrg " =t Mgty

To check that 6;(z;)0;(t;) = 0;(t;)0;(x;), it is enough to check that
byi— byiy—
Ii(tinJ ) lt]‘ = thi(tinJ ) 1.
bit = 4t

7 = t7',t; and remains unchanged under

We may cancel z; in both sides and rewrite the rest as a known identity x?”tjxj_

. . bij —bij _ —~1 . bji —b
The identity z;” 7;z; ™ = 7;7;7; " can be rewritten as z;"'t;;

application of ;.

. bLJ 7bLJ _ —
It remains to check that 6;(z;" 7z, ) = 0;(1;7i7; ") or
—1\b;; —1\—bs; —bij —1\bi; —1\—bs; bij _—1
(zir; " )milar; )70 = miwy (@) m (e ) T T
Note that
xb"j -1, -1, -m_b” _ 71(1,b71j 71x—bu) o 71( -1 71) R
i T T e =T; i T Xy Ty =T; \TjTy T; )75 = XiTy

Since a conjugation by an invertible element is an automorphism and 7; and x; commute for ¢ # j, the
previous equality after conjugation by :cf” Tj_l becomes an identity. It proves that 6; is an automorphism. [

Remark 3.26. It follows from Lemma 3.22 that G;(B) is normal in G(B)) iff ged(|b1;l, ..., [bni]) = 1.

Remark 3.27. It is easy to see that semi-free factorizations G(B) into (r; and G;(B) are not HNN-
extensions. This was our primary reason for introducing semi-free products (Definition 3.1).

It follows from Theorem 3.24 that the triple S(B) := (G(B),X, (1,...,7,)) is a noncommutative seed,
which we refer to as a principal noncommutative seed.
In the following result we use the (generalized) matrix mutation B — p;(B) defined in (2.4).

Main Theorem 3.28. Let B be any integer n X n matriz with zero diagonal and let j € [n]. Then:
(a) S(B) and S’ are related by an j-th positive mutation p; if and only if S’ is isomorphic to S(u;(B)).
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(b) The underlying group homomorphism p; : G(B)=G(u;(B)) is (unique and) given by

n =1 ifs — g
a7t [Lal ™ ifi=g ik gi=J
€T; k=1 ST T ifi#j and bj; >0,
£ otherwise ’Ti.’L'j_le . (ijj)bji ’LfZ #] and bij <0

for all i € [n].

3.4. Noncommutative triangulated polygons, seeds, and their mutations. For each n > 3 consider
a cyclic order i — it on [n] = {1,2,...,n} by setting

" {i—|—1 ifi<n
7 =

1 ifi=n

(and i — i~ to be the inverse of i — iT). In what follows we will view [n] with this order as a colection of n
points on a circle (or vertices of a convex n-gon) and each pair (4,7) as a chord from ¢ to j (or as a diagonal
of the n-gon).

We also say that a sequence i = (i1,...,4) of distinct elements in [n] is cyclic if a cyclic permutation
i (iky...,%0,11,...,ik—1) is strictly increasing. In particular, the sequence (k,k+1,...,n,1,...,k—1) is
cyclic for each k.

We say that a pair (i, k) crosses (4,£) if (4,4, k,£) is cyclic.

An ordered triangulation A of [n] is a maximal non-crossing subset of [n] x [n] such that if (,j) € A for
some (i,7), then (j,7) ¢ A. Clearly, each ordered triangulation of [n] has cardinality 2n — 3. We denote
AP ={(4,4)|(i,7) € A} the opposite ordered triangulation and the (unordered) triangulation A := A LI AP,
which we refer to as the underlying triangulation of A.

For each triangulation A of [n] define the group Ta generated by all ¢;5, (4, j) € A subject to the triangular
relations:

tijte, thi = tintsy i
for all i, j, k € [n] such that (,7), (4, k), (k,i) € A.
By definition, the assignment ¢;; — ¢;; = t;j; defines an anti-involution g — g on Ta.
Theorem 3.29. For each triangulation A of [n] the group Ta is a free group in 3n — 4 generators.
We prove Theorem 3.29 in Section 777. It also agrees with Theorem 6.2 for more general surfaces.
For each ordered triangulation A of [n] define:
e The subset Xa C Ta by Xa = {tij, (i,5) € A\ {(i,i%),i € I}};
e the submonoid C of Ta generated by all ¢; ;+, i € [n].
e a subgroup G,; = Gj; of G = Tx for each (ij) € A to be generated by C and Xa U Xaor \ {ti;,%5:}

Theorem 3.30. For each triangulation A of [n] the pair (Ta,Xa) is a cluster group such that for each
(i,j) € A, j ¢ {i*,i"} one has a semi-free factorization (in fact, an HNN-extension):

Ta = (ij) *r,; Gij
where I';; is the cyclic group generated by v;; = tgjltgit;iltkj, where (k€) € [n] X [n]\ A is a unique (up to the
transposition k — £) pair such that A" = A\ {(ij), (i)} U {(k£), (¢k)} is a triangulation of [n].
Theorem 3.31. For each ordered triangulation A of [n] the triple Sa = (Ta,Xa,va), where ya =
{i;1(, ) € AN\ {(3,i%),i € I}} is a noncommutative seed on (Ta, XA).
Theorem 3.32. 77?7 Given an ordered triangulation A and a noncommutative seed S = (G, X, ). Then Sa
and S are related by an (ij)-th positive mutation if and only if S is isomorphic to Spr, where A" is an ordered
triangulation of [n] such that A\ A" = {(ij)}. In that case, the underlying isomorphism p;j : Tar — Ta is
(unique and) given by (here {(k,0)} = A"\ A): o

tkg [d tkjti_jltig, tgk = t[jtj_iltjk, tk/g/ [ tk/é/ Zf (k/,g/) S A/ \ {(k,f), (f, k)} .

We prove Theorem 3.32 in Section 77.
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3.5. Binomial mutations and cluster algebras. For each cluster group (G, X) denote by GT the sub-
monoid of G generated by X and C.

For each group G denote by ZG the group ring of G with integer coefficients and and by ZG™ the subalgebra
of ZG generated by G*. We start with a simple fact on monomial mutations.

Lemma 3.33. Let S € Seedc(G). Then for any i € [n] there exists a unique homomorphism of algebras
wi : KG'" — kG such that p;(c) = ¢ for c € C and:

N )T ifj#i
pi(x5) = e
() + Ospi (i) if j =1
Definition 3.34. (Cluster algebra) For each noncommutative seed S define its cluster algebra to be the
Z-algebra A(S) to be generated by the groups G’ of all noncommutative seeds S’ = (G',X’,~') € (S) subject
to the relations:
—y

for i € [n] and S8” = (G”,X",y"”,~") in (S) such that S’ and S” are related by an é-th positive mutation and
af =
for j € [n] and S’, S” in (S) such that S’ = S”.

By definition A(S) = A(S’) for any S’ mutation-equivalent to S.

We say that a noncommutative seed S = (G, X,y, ) is complete for each i € [n] there exists a unique (up

to an isomorphism) positive mutation p;(S) of S.
For each complete noncommutative seed S we define the upper cluster algebra U(S) C ZG of S by:

U(S) := ﬂ Z(C a2, ;vii_ﬁl, R
i=1
where = p;i(2;) 4 0;p:(2;) and Z(M) stands for the subalgebra of ZG generated by a subset M C ZG.
The upper cluster algebra of S is, clearly, a generalization of the upper bound for the ordinary and quantum
cluster algebras. However, we do not know if ¢(S) is mutation-invariant in general.

3.6. Localizations and Laurent seeds. For each group G we denote by Z~ (G te Z~¢-linear span of ele-
ments of G in ZG. By definition, Z (G is a sub-semiring of ZG not containing 0. Denote by Ag the universal
localization ZG[(Z~oG) 1] (see Section 8 below for details) and denote by j the canonical homomorphism

(3.7) 7G — Ag .

For instance, if G = Zs then Ag = Q and if G = Z", then ZG = Z[ch’...,xTiLl] is the Laurent
polynomial algebra and Ag is the set of all rational functions f/g in 1, ..., 2, such that f € k[xy,...,z,]
and g € Qxo[71,. .., 75

This choice of “denominators” for A¢ is more convenient than other localizations of ZG. 7777 In particular,
Ag respects group homomorphisms (see e.g., Lemma 3.43 below). Denote by A the sub-semiring of Ag
generated by Z-oG and (ZoG)™ L.

Note that if g € G is of order m, then the canonical homomorphism j : ZG — Ag satisfies p(g — 1) =0
because 1 4+ g+ --- + g™~ ! € Z~(G. This implies the following result.

Lemma 3.35. If j is injective, then G is torsion-free.

However, converse of the lemma is not known. The following reformulation of Lemma 8.3 addresses this
issue.
Lemma 3.36. If G is such that kG can be embedded into a skew field, then j is injective.
Remark 3.37. A well-known Embedding Conjecture (see e.g., [17, Chapter IV.2.2]) asserts that that for
each torsion-free group G the group algebra kG can be embedded into a skew field (in particular, kG has no
zero divisors). This would imply Lemma 3.36 for all torsion-free groups G. Based on this, we can conjecture
that j is injective for any torsion-free group.

The Embedding Conjecture is proved for all ordered groups, which include finitely generated free groups
and torsion free 1-relator groups (see e.g., Theorem 8.5) thus Lemma 3.36 holds for ordered groups. All
noncommutative clusters we construct in this paper are built over such groups.
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Definition 3.38. We say that a seed S is quasi-Laurent if the canonical homomorphism j : ZG — Ag given
by (3.7) extends to an injective homomorphism of algebras:
jA(S) = Ag
We say that S Laurent if the image j(X) of each cluster X’ under belongs to ZG.???
3.7. Strong mutations. 77?7 We say that p;(S) is a strong i-th (monomial) mutation of S if
pi(v;) €TV

for each j € [n] \ {i}, where I'¥ is the normal subgroup of G generated by ~; and ;.

For a given cluster group S denote by H = H(S) the quotient of G by the normal subgroup generated by
a;(S), i € [n].
Proposition 3.39. For any noncommutative seeds S and S’ related by strong i-th mutation, the isomorphisms

ﬂgs) : G — G’ restrict to a unique (thus canonical) isomorphism

wi s H(S) — H(S') .
We say that (S) is a (strong) cluster group structure (of rank n over C) if for each S’ € (S) and each i € [n)]
there exists (strong) i-th mutation S’ € (S) of S.
Corollary 3.40. For a given strong cluster group structure (S) there exists a unique group H such that H
is canonically isomorphic to H(S'), S’ € (S).
Remark 3.41. Based on this and results of Section 77, it makes sense to refer to H(S) as a noncommutative
homology of the strong mutation-equivalence class (S).

3.8. Folding of noncommutative clusters. The following result is our main tool for constructing new
noncommutative (pre-)clusters.

Proposition 3.42. Let H be a subgroup of G, H' be another group, mg : H — H' be a surjective group
homomorphism, and let G’ be another group and 7w : G — G’ be a surjective group homomorphism determined
by the pushout diagram of groups:

H —%

(3-8) m,l Jﬂ

H — &
Let ¢ € pClust be such that
(3.9) {p(Ker mo)) = (i(Ker 7o))) ,

where mg : kH — kH’ is the canonical extension of mg, j : kH C kG — Ag is the canonical homomorphism,
and (X) denotes the ideal in Ag generated by X.
Then there is a unique ¢’ € pClustg, such that

kGLAG

(3.10) ﬂl lfr

’

kG —— Ag
is a pushout diagram, where 7t : Ag — Ag is given by (3.11).9¢%
Proof. We need the following fact.

Lemma 3.43. For any group homomorphisms w : G' — G there is a unique homomorphism & : Ag — A
such that the following is a pushout diagram:

kG%AG

(3.11) ﬁl lfr

kG —— WiVel
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where ™ : kG’ — kG is the canonical extension of m, and the horizontal arrows stand for the canonical
homomorphisms kG — Ag and kG' — Agr.

Proof. Let us abbreviate R = kG, R = kG, S = Q+G, S" = Q-¢G". Then Ag = R[S™'], Aer = R[S ']
and 7 : R — R’ is a homomorphism of algebras such that 7(S) = S’. Then Lemma 8.2 verifies that (3.11) is
the pushout diagram. O

Furthermore, the linearization of (3.8) is the pushout diagram:

kH —2 - kG

(3.12) ﬁol lﬁ

kH —%— kG’
Composing it “horizontally” with (3.11), gives the pushout diagram

kH —— Ag
(3.13) ﬁol lﬁ-

kH — Ag
In particular, Ag: = Ag/(j(Ker 7)).
Furthermore, 7 and ¢ determine a pushout diagram

kG —2— Ag
(3.14) %l W

kG —2 A
which, after composing with (3.13) gives the pushout diagram:

kH —29 . A,

frol lwl
kH — A
In particular, the kernel of the (surjective) homomorphism ¢’ : Ag — A’ is (p(Ker 7g)). The condition (3.9)
guarantees that
A = Ag/Ker ' = Ag/{p(Ker 7)) = Ac/(j(Ker o)) = Agr
Thus, ¢’ = v in the pushout diagram (3.14) which identifies the latter diagram with (3.10). The proposition

is proved.
O

Remark 3.44. Most of noncommutative clusters from Section 6 are constructed via such a pushout in
Proposition 3.42, when ¢ commutes with the natural inclusions H C kG and j : H — Ag. Another
important case is when G = H and H' is obtained by the “folding” of G along an automorphism o of G
commuting with .

4. NONCOMMUTATIVE RECURSIONS

Let F» be a Q-algebra freely generated by alizl, agtll, a§t31, a:jle. Denote by F»(Y1, Ys) the algebra generated
by Fo and Ylil7 Y2jEl subject to the relations
(4.1) YiaioYaa23 = azaYaa01Y1 .

Clearly, F»(Y1,Y>) is isomorphic to a group algebra of a free group in 6 generators.
Define the elements a r+1, k € Z in F; recursively by:

—1 —1
Ak42,k+1 = OQp 1 g5 Ak41,k+2 = Qg g9
for k € Z.
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Then define elements Yy, € Frac(F2(Y1,Y2)), k € Z\ {1,2} by the formula:

(4.2) Yit1Yie—1 = hi(ar—1,6Yi0k k+1),
for all k € Z, where all hi(z) € Q[z] and hy(z) = hr—2(x) for k € Z.
Proposition 4.1. The elements Yy, satisfy:

(4.3) Yic1Yit1 = hi(art1,6Ye0k k—1)
(4.4) Yiak k41 Yr410k41,k42 = Okt2,k+1 Yi+10k+1,k Yk
forkeZ,

Proof. For each k € Z denote
(4.5) Y, = apo1 k Ytk ki1, Yy = Q1 i Yk k-1

Then, the relations (4.2), (4.3) and (4.4) simplify and become respectively:

(4.6) Yit1Ye—1 = he(Y,)
(4.7) Yi—1Yit1 = hi (Y,
(4.8) ViV =Y Ye

for k € Z. We prove (4.7) and (4.4) by induction in k. For simplicity, consider the case k > 2, and suppose
that (4.8) holds for k& — 1, i.e.,

(4.9) Yie1Y, =YY
Then, conjugating (4.2) with Y,_; on the left and using (4.9), we obtain:
Yic1Yit1 = Yo he (V)Y = ha(Y3H)
which gives (4.7).
Thus, it remains to prove (4.4). Indeed, since ??ag g+1 = bg k—1 and by g1 = a,;_lLk, (4.4) is equivalent to:
Y]:Yk+1 = Yk+1Yk+
Multiplying (4.7) by Y, Y, ', on the left and using (4.9), we obtain:
Yy Vi = Ykiyki—llhk(yl:r) = Yk'iyljhk(yl:r) = Ykillhk(yk+)yk+ = Ykill(ykflyk+1)yk+ = Yk+1Yk+
This proves (4.4).

The case k < 0 is proved by the same argument. Proposition 4.1 is proved. O

ry if kis odd
ro if k is even
of F5 generated by a;,a;, t = 1,2 and Yj, Y1, Y3, Y3. We refer to A
cluster algebra.

Theorem 4.3. For each k € Z the subalgebra of Fo(Y1,Ys) generated by Fo and Yy, Yii1, Yo, Yits equals
to A, r,-

Proof. We proceed similarly to the proof of [5, Theorem 5]. Denote by A, the subalgebra of Frac(Fz(Y1,Y2))
generated by Fy and Yy, Yiy1, Yito, Yits (so that A, ., = Ag). It suffices to prove that

(4.10) Apr1 = Ag

For simplicity (and without loss of generality) we assume that k = 0. We need the following result.

Definition 4.2. Let now hg(z) = 14 2™, where ry = . Denote by A,, , the subalgebra

., @8 the purely noncommutative rank 2

Proposition 4.4. For each k € Z one has:

rl—l
Vi =Yo(Yy )™ = Y (Vi) aon (V5)2 aga(V5)®

s=0

Proof. We start with the following technical result.
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Lemma 4.5. For allm >0 one has and k € Z:
m—1
(Ykil)m(ykt-l)7rb =1+ Z (Ykil)sal;—ll-l,k(Yk+)7-kak+1,k(yk+—&-1)s :
s=0

Proof. We proceed by induction on m. For m = 0 the assertion is clear. Assume that m > 0 and it holds
for m — 1. Let us prove it for m. Note that

— + -1 +\r o —1 +\r
Y Vi = ak—2 k-1 Yi—1ak—1 ko k1 Yiakt1,k = @y (L+ (V7)™ )akte = 1+ a1 (Y) ™ aktrk
because ax—1 gak+2,k+1 =1 and ag—2 k-1 = a,;il - Using this, we obtain:

Y )" (V)" = V)YV YY) = (Yk:1)m_1(YkJrH)m_1+(yki1)m_lalz+11,k(Ylj)rkak+1,k(thr1)m_l

m—2
=1+ Z (Yk_—1)Sagiuc(Yk+)rkak+1,k(yktr1)s + (Yk_—1)mjla;iuq(Yk+)rkak+1,k(yki1)mfl .
s=0

The lemma is proved. O
Furthermore, combining (4.7) with k£ = 3 and (4.6) with k£ = 1, we obtain:
Yi= Yo (L (%)) = Yo (Y07 4 Y = (Y - Ve () (%) + Yy
=Yo(Y5)" — Y271<(Y1+)r1 (Y3)™ = 1)
Furthermore, using Lemma 4.5 with m = r1, kK = 2, we obtain:

ri—1 ri—1

Yi=Yo(Yy )" = Y5 D0 () ag (%) a5 (V)" = Yo (Y5 )™ =¥y D (V) agy (¥3) s (V5)°
s=0 s=0
7‘171
=Yo(Y5 )" = Y (V) *an (Y5h) aga(V5h)®
s=0
by (4.9) with k = 2 and the fact that Y 'ag, Y5 = ag;. This finishes the proof of Proposition 4.4. O
Therefore, the theorem is proved. g

Corollary 4.6. (noncommautative Laurent phenomenon) Yy, € A, r, for all k € Z. In particular, all Yy, are
noncommutative Laurent polynomials in Y1,Ys with coefficients in Fs.

Define an involutive anti-automorphism x +— 7 of Fo(Y1, Y2) by @k k1 = Qk+1.k, Ch.kt1 = Chi1 ks Y1 = Y1,
Y, =Y>.
Denote by 7 the automorphism of Frac(F2(Y1,Y2)) given by
Ak ft1 — Qi1 hr141, Y1 Yo, Yoo Yo =Y ten(1+ (Y,7)™)

Theorem 4.7. (symmetries)

(a) One has Yy, =Y}, for all k € Z. In particular, the algebra A,, ., is invariant under the anti-involution
=T of F2(Y1,Y2).

(b) 222 The restriction of T to Ay, r, is an automorphism

'AT1,T2:AT1,T2 :
Let G’(rl, r2) be the group generated by x;,7;, i = 1,2, a,a subject to the relations:
1. 23,7, 9 = 1,2 form a principal rank 2 torus G(B), where B = (79 Orl)
2
2. x1 commutes with a and @.
Denote by T5¢ group generated by Y;, a; 41, ai+1,4, ¢ = 1,2 subject to the relations

(4.11) Yia12Yoa03 = az2Yoa21Y .
. —-1 . _
Lemma 4.8. The assignment Y; — x;7;, , 1= 1,2 and a12 — a, as — a,
-1 ——1
23 — A217 -, Q32 = T1 Q12

defines a homomorphism f : T5¢ — G(r1,73).
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Theorem 4.9. Under the above homomorphism, one has
F) = mer !

for k € Z where 1y, is determined by T, = ?,;_12 for k e Z.

5. NONCOMMUTATIVE POLYGONS

5.1. Definition and main results. In this section we define the noncommutative polygon algebra A,, (over
Q) and relate it to the noncommutative cluster structure on polygons from Section 3.4, from which we also
borrow some notation.

-1

Definition 5.1. Denote by A,, the Q-algebra generated by x;; and T

relations:
(i) (Triangle relations) For any distinct indices 4, j, k € [n]:

i,j € [n], i # j subject to the

(51) l‘ijl‘;jl$ki = ,Iikiﬁj_kllfji .
(ii) (Exchange relations) For any cyclic (i, j, k, £) in [n]:
(5.2) Tjp = a:jkxi_klxig + xjix,:ilxu .

Remark 5.2. It is easy to see that the exchange relations (5.37) are equivalent to noncommutative Ptolemy
relations (2.6) provided the triangular relations (5.1).

At the first glance the number of relations of A,, greatly exceeds the number of generators. However, we
will demonstrate below that the algebra A, is “rationally” generated only by 3n — 4 free generators.

Following A. A Malcev and P. M. Cohn (see also Section 8), we say that an algebra A is of class & if it
embeds into a skew field. We say that algebra A € £ is of class & if the category of epic A-fields admits a
(unique) initial object (see [10], Section 7.2). Such object is called in [10] the universal A-field and we denote
it by Frac(A).

Essentially Frac(A) is the largest or the ”freemost” skew field such that A C Frac(A) and A generates
Frac(A) (we explicitly construct such skew fields for algebras considered in this paper.) For example, it is
well-known (see e.g., Theorem 8.5) that the free algebra F,, := Q < z1,...,2,, > is of class &. The free
skew field Frac(F,,) was consructed by S. Amitsur and P.M. Cohn (see [10]). In what follows, we abbreviate
Fm := Frac(F,,) and refer to it as the free skew field in m generators.

Theorem 5.3. The algebra A, is of class & and Frac(Ay,) is isomorphic to Fan_4.
We prove the theorem in Section 5.4. In fact, it will follow from a more precise assertion (Theorem 5.5).
Remark 5.4. By contrast, we expect that the subalgebra of A,, generated by all x;; is isomorphic to Fi2_,.
Now we explore the cluster structure of A,. For each triangulation A of [n] define the subalgebra Aa of

A, generated by z;;, i,j € [n] and xi_jl, (i,7) € A.

Clearly, the assignment ¢;; — x5, (4,5) € A defines a homomorphism of algebras:
(5.3) in : QTA — A,

where QT is the group algebra of Ta (defined in Section 3.4).
Recall (see, e.g., (8.1)) that for a given algebra A with no zero divisors and a subset S C A\ {0} one has
a freemost localization A[S~!] of A by S.

Theorem 5.5. For each triangulation A of [n] one has:
(a) The homomorphism ia given by (5.3) is an isomorphism.
(b) There is a multiplicative sub-monoid S = Sa of Aa \ {0} such that A, = Aa[S7].

We will prove Theorem 5.5 in Section 5.4. In fact, Theorem 5.5(a) establishes a noncommutative cluster
structure on A,, and Theorem 5.5(b) — a noncommutative Laurent Phenomenon (see also Section 5.2).
Now we illustrate Theorem 5.5 for each starlike triangulation

Ai = {(i,4), (G, 1)l € ]\ {i}, (k,k5), k € [n]} |
i € [n].
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Proposition 5.6. Fiz i € [n]. Then for each k, ¢ € [n]\ {i} such that (i,k,€)is cyclic, the following relation
holds in A,,:

-1 -1
Tre = E Thilgy Ls,s+L; o+ Lil
S

where summation is over all s = k,k¥,..., 0~ in cyclic order. Hence xyp = in, (O, tkit;lts’s+ti—:+tig).

In fact, this result is a direct corollary of Theorem 7?7 below.

Let A, be the subalgebra of A, generated by z;;, i,j € [n], ¢ # j and xi_ili, i € [n]. By definition,
A, C An for each triangulation A of [n].

Conjecture 5.7. For each n > 2 one has:

(54) Zn = mAA )
A

where the intersection is over all triangulations A of n.
Remark 5.8. This conjecture means that A, is a totally noncommutative analogue of the upper cluster
algebra (of type A,_3).
Conjecture 5.9. A, is generated by all x;;, i # j and x;ili subject to:
(a) the reduced triangle relations:

1 f— ..
(55) LT T+ i = xi,j+mj7j+le .

it
for alli,j € [n], i ¢ {j,5*};
(b) the reduced exchange relations:

-1 _ -1
xi,ﬁ—, xi+7i—x, i—Lij = xi‘*’,i + xi+7imi*7ixi_,j

—1 _ -1
(5.6) Tjil,— ;Ti— i+ = Tji+ + Tji-T; i

T
for all distinct i,j € [n] such that j ¢ {i~,i"}.
This allows for finding a more “economical” presentation of A,,.

Corollary 5.10. ?272? The algebra A, is generated by all x;tjl, i # j subject to the relations (5.5) and (5.6).

5.2. Noncommutative Laurent Phenomenon. For each even sequence i = (i1,...,42,) € [n]*™ such

that adjacent indices are distinct define the monomial z; € A, by:

—1

o xi2n1717i2m72xi2"1—17i2m N

. —1
Ty = x11712$i3,i2x13714 :

For a directed chord (i,7), we say that a sequence i = (i1, ..., i2m) € [n]*™ of indices is (i, j)-admissible if:
(i) 41 =1, Gom = j and 45 # isy1 for s =1,...,2m — 1 and all chords (is,isy1) are distinct;
(ii) each chord (igs,i25+1), $ = 2,...,m — 1 intersects (i, 5);
(iii) for each s < ¢ the intersection point (ias,42s+1) N (4,4) is closer to i than (igs,i9:41) N (7, 7).

Theorem 5.11. (Refined Noncommutative Laurent Phenomenon) Let A be a triangulation of [n]. Then for
any i # j each element x;; of A, belongs to Ax, more precisely,

(5.7) l‘ij = in 5

where the summation is over all (i,7)-admissible sequences i = (i1,...,i2m,) such that (is,is11) € A for
s=1,...,2m—1.

Remark 5.12. This is a noncommutative version of Schiffler’s formula ([24]).
Example 5.13. (a) If n =5 and A = {(1, 3), (1,4); (12), (23), (34), (45), (51) }, then

Tos = $21$Z113345 + $23I1_31$15 + $21$§11$3433f41$15-
(b) 1f n = 6 and A = {(13), (36), (46); (12), (23), (34), (45), (56), (61)}, then

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
Tos = T23Tg3 T65 T T21T31 T36T4g LTa5 T L2131 T34Tgy T6s T L23T13 T16Ty6 Ta5L23% 13 L16T36 L34Tg4 T65-
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In fact, we can streamline the formula for z;; (and even prove Theorem 5.11) by introducing new coordinates
associated with A. For each triple of distinct indices i, j, k € [n] define elements yfj of A, by:

k -1
Yij = Ty Thyj -
We refer to yfj as noncommutative sectors and denote by Q,, the subalgebra of A,, generated by all yfj (with

the convention y¥ = 1).

Theorem 5.14. The algebra Q,, is generated by all yfj subject to the relations:
(i) Triangle relations:

(5.8) il =1 uhyiy =1
for distinct i, 7,k € [n] and
(5.9) Yok =1

for distinct i, 4, k, £ € [n].
(i1) Exchange relations:

(5.10) Yle = Yiiyie + Yie
for all cyclic (i,7,k, ) in [n].
For each odd sequence j = (ig,i1,...,i2,) € [n]?™F! such that adjacent indices are distinct define the
monomial y; € Q,, by:
3 3 T2m—
Ui = YigizYinis " Yigmn—sizm -

The following result is a “polynomial equivalent” in Q,, of Theorem 5.11.

Theorem 5.15. (Noncommutative polynomial phenomenon) Let A be a triangulation of [n]. Then for any
triple (i,7,k) of distinct indices such that (i,k) € A one has:

Z/?@j = Zy(k,i) s

where 1 runs of all (i, j)-admissible sequences i = (i1,...,i9m) such that (is,is4+1) € A fors=1,...,2m — 1.
Example 5.16. (a) If n =5 and A = {(1,3),(3,1), (1,4), (4,1); (4,5%)|i € [5]}, then

Yis = Yis + Yislss + Yi4Uis-
(b) Tt n = 6 and A = {(13), (36), (46); (12), (23), (34), (45), (56), (61)}, then

Yis = YieUas + Yisyss + Yl + YisUseYis T YisYseUiaYis-
Similarly to Section 5.1, for each triangulation A of [n] define:

e The subalgebra Qa of Q,, generated by all yfj, i,7,k € [n] such that (i, k), (k,7) € A.

e the subgroup U of Ta generated by

U?j = tlzz‘ltkj J
for i, 7,k € [n] such that (i, k), (kj) € A.
Clearly, the restriction of the homomorphism in given by (5.3) to QUa C QTa is a homomorphism of

algebras:
(5.11) i’y :QUA — Qa .
The following is an analogue of Theorem 5.5.

Theorem 5.17. For each triangulation A one has:
(a) The homomorphism i\ given by (5.11) is an isomorphism.
(b) There exists a multiplicative sub-monoid 8’ = S\ C Qa \ {0} such that Q, = QalS"™"].
We prove Theorem 5.17 in Section 5.4.
The following is immediate.

Corollary 5.18. For each n > 2 the algebra Q,, is of class & and Frac(Q,) = Fon—q.
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5.3. Free factorizations of A, and proof of Theorem 5.14. For any Q-algebras A and B denote by
A x B their free product, i.e., the universal algebra generated by A and B as subalgebras (with no relations
between them). The most fundamental property of the free product is that any algebra homomorphisms
fi: A—C, fo: B— C canonically lift to an algebra homomorphism f; * fo : A% B — C.

Denote by E,, the free Laurent polynomial algebra Q < cfl, ...,c¢El >, By definition, F, = Q[cfl} Kook
Q[ctl] is the group algebra of the free group generated by clil, i=1,...,m.
Proposition 5.19. For each n > 2 the assignment x;; — c; * yf,)j, i,j € [n], i # j defines an isomorphism
of algebras
(5.12) i ASE, «Q, .

Proof. Let us prove that the homomorphism (5.12) is well-defined. We need the following obvious fact.
Lemma 5.20. Let B be a Q-algebra and let ¢y, ..., ¢, be invertible elements of B. Then the assignment
(5.13) Tij = G ¥ Ty
fori,j € [n], i #j defines a homomorphism of algebras:

A, — Bx A,

By the above Lemma B = F}, generated by ¢!, i € [n], the assignment (5.13) defines a homomorphism of
algebras

(5.14) A, — Eyx A,
-1

and the identity map A, — A, defines a homomorphism of algebras fs : A, — E, * A,. This gives an
algebra homomorphism f; * fs : F, x A, — F, x A, determined by ¢; — ¢; * 33;1.1,7 Zi; — T3;. Then the

Furthermore, the assignment c; — ¢; *x i € [n] defines an algebra homomorphism f; : F,— F,*x A,

composition of the homomorphism (5.14) with fi * fo : F), % A, is a homomorphism of algebras

given by

Tjj b= Ci % Tjj > Cj % J:i_,il_ Tij = Ci * yg,’j
for all 4,5 € [n], @ # j. Since the image of the latter homomorphism belongs to F, % Q,, we see that the
algebra homomorphism f : A,, — F,, * Q,, given by (5.12) is well-defined.

It remains to show that f is invertible. Indeed, denote by fi : F, — A, the homomorphism of algebras
given by ¢; — x;;-, i € [n] and denote by f;5 the natural inclusion Q,, < A,,. This defines a homomorphism

of algebras g = f] * f3 : Fj, x Q,, — A, which is determined by ¢; — Tii-, Yij — Yij- This immediately
implies that

(go f)xiz) = glci yz?*,j) = xz‘,i—yf—,j = Tyj
for all ¢ # j. Therefore, g o f = Id. Similarly,

(fog)e) = flwii-) = cixyi ;- =cixl=ci, (fog)lyi ;) = fyi- ;)

= f(x;il—xij) = f(@ii- )" fwig) = (cixwii-)leixaiy = w;;ﬁﬂ?ij = Yij
Therefore, f o g = Id as well.
The proposition is proved. O

Remark 5.21. Proposition 5.19 is a noncommutative algebraic analogue of the following assertion: if a group
G acts freely on a set X, then there a bijection X—=G x X/G.

For any groups G and H denote by G % H their free product. It is well-known (see, e.g., [10]) that
Q(G = H) = (QG) = (QH).
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Proposition 5.22. For each triangulation A of [n] the assignment

i
tij — C; * ui,ﬁj

for all (i,7) € A (in the notation of (5.11)) defines an isomorphism of groups
(5.15) TA=G, *Up ,
where G, is the free group generated by cq,...,cp.
Proof. We essentially copy the proof of Proposition 5.19. Indeed, the following fact is obvious.
Lemma 5.23. Let G be any any group and let ¢1,...,¢, € G. Then for any triangulation A of [n] the
assignment
(5.16) tij = ity
fori,j € A, defines a homomorphism of groups:
Ta — GxUp
Now we take G = G,,, the free group generated by cy,...,c,. Clearly, the assignment
C; > C; % t;il,

for i € [n] defines a group homomorphism G,, — G,, * Ta. Composing this with (5.16), we obtain a group
homomorphism:

TA — Gn * TA
given by

tij = C; * ui_,j
for all 4,7 € A. Clearly, the image of this homomorphism contains all ¢; and ufj, (1,7), (jk) € A, hence this
gives a group homomorphism (5.15). Clearly, the homomorphism G,, * Un — Ta given by

k k
Ci = L=, Uy UG

is inverse of (5.15).
The proposition is proved. O
Taking into account that G, * G, = G, 4n, We obtain an obvious corollary from Theorem 3.29.

Corollary 5.24. For each triangulation A of n the group Ua is isomorphic to Go,—y4, the free group in 2n—4
generators.

Now we are ready to prove Theorem 5.14.
Proof of Theorem 5.14. First, we verify that the relations (5.8), (5.9), and (5.18) hold. The left hand side
of the first relation (5.8) is:

k., k - -
iy = (g eng) (@ o) = 1.
Furthermore, the left hand side of the second relation (5.8) is:
iy = (et o) (5 wa) (25 w5) = (et o) (@waglwg) = 1.
for all distinct 4, j, k € [n] by the triangle relations (5.1). Similarly, the left hand side of (5.9) is:
¢.0 - - -
YijYikYki = (xéilxzj)(xijlek)(xéklei) =1.

for all distinct quadruples (i, j, k, £).

Finally, the difference between the right and left hand sides of (5.18) is:

Yiyse + vie — vip = (@ wng) (i wie) + a e — w3 e = (03w wie + ag we — x5t e
m;il(xjka:;jlxig + mjix,;ilxkg —2) =0

for all cyclic (4, , k, ¢) by the exchange relations (5.37).

Now let us show that the relations (5.8), (5.9), (5.18) are defining. Indeed, Proposition 5.19 implies that
there is a surjective homomorphism of algebras A,, - Q,, given by

i
L5 — yi’,j .

Therefore, we obtain the following obvious result.
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Lemma 5.25. The algebra Q,, is generated by all y;; := y;‘,’j and yi_jl, i,j € [n], i # j, subject to y; ;- =1,
i € [i] and the relations (5.1), (5.37), i.e.,
(5.17) YijUis Yki = YikYp Uji -
for any distinct indices i, j, k € [n];
(5.18) Yie = YikYi Yie + YjiV; Yke -
for all cyclic (1, k, j,1) in [n].
Since yfj = y;; Yk, the relations (5.17) directly follow from (5.8) and the relations (5.18) directly follow
from (5.18) (this is obvious if we “reverse engineer” the fist part of the proof and replace all z;; by v;; there).
Therefore, Theorem 5.14 is proved. d
The following obvious corollary from the proof of Theorem 5.14 will be instrumental in Section 6.
Corollary 5.26. For each triangulation A of [n] the Ua is generated by ufj, (i,k), (jk) € A subject to the
relations (5.8) and (5.9), i.e., for all distinct i, j, k € [n] such that (i,7), (jk) € A one has:

k k., k
o u’ =1 and uguy; =1
ki .0
i Wi Wk = 1

° ufjugkuf;i =1 forany ¢ ¢ {i,5,k}.

o U

5.4. Proof of Theorems 5.3, 5.5, 5.17 and representation by noncommutative 2 x n matrices. In
fact, Theorem 5.5 implies Theorem 5.3 because for a given triangulation A of [n] one has:

e The group Tx is free by Theorem 3.29 hence QT4 is of class & by Theorem 8.5) Frac(QTa) & Fap_4.

o A, = AA(S7Y) C Frac(Aa).

e This implies that A, is also of class & and its image in Frac(Aa) generates Frac(Aa).

e On the other hand, Frac(Aa) = Frac(QTa) = Fsp_a.

Therefore, A,, embeds into F3,_4 and generates it, i.e., Frac(A,) = Fan_4.

This finishes proof of the implication Theorem 5.5 => Theorem 5.3. O

In fact, Theorem Theorem 5.5 follows from Theorem 5.17 because for a given triangulation A of [n] one has:
e The restriction of the isomorphism (5.12) to Aa gives an isomorphism fa : AA=F), * Oa.
e The isomorphism (5.15) of groups extends to the isomorphism of algebras

QTASQ(Gr #Ua) = (QGy) * (QUa) = F # QU4
e And the following diagram commutes

QTa —— F, *QUa
(5.19) N| | rae, s

-AA L’ Fn*QA

Thus, Theorem 5.17(a) implies Theorem 5.5(a) because if i)y is an isomorphism, then so is ia in the
commutative diagram (5.19). Also Theorem 5.17(b) implies Theorem 5.5(b) due to the following obvious 77
identity:

(5.20) (By * Bo)[(S1 % S2) 1] = B[Sy ] * Ba[S5 ]
for any algebra B;, ¢« = 1,2 with no zero divisors where \S; is a multiplicative sub-monoid of B; \ {0} (free
product of monoids S; * Ss is defined in the most obvious way).

This gives Theorem 5.5(b) by taking B; = F,,, S = G,, (so that B;[S;'] = QG,, = F,,) and By = Qa,
Sy = S’ as in Theorem 5.17(b), so that By[S5 '] = Q,,. Then (5.20) gives

(Fn * QA)[(Gn * Sl)il} - Fn * Qn .

Then, applying the isomorphism f~! given by (5.12) and taking taking S = f~(G,, *S’), we obtain Theorem
5.5(b).
This finishes the implication Theorem 5.17 => Theorem 5.5. d

It remains to prove Theorem 5.17.
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Proof of Theorem 5.17. In what follows, we identify the free skew field generated by by all a1,, ag;, i € [n]
with F3, and view it as the set of totally noncommutative rational functions on the space Matox, of 2 X n
matrices.

Following [20] define 2 X 2-quasiminors by

ai; |aij| -1 ai; A | -1
= Q15 — G14Qg; A2j5, as; az; = Qgj — Q2;Qy; A1j -

ag;  Agj

for 4, j € [n] and the quasi-Pliicker coordinates qu for distinct 4, j, k € [n] by:
-1

-1
ajg | Q14 ajg | A1y ayg Ay ajp Ay
21 ko= : - .
(5 ) qw sk ao; Aok asj asy a2; a ag;
(the last identity is proved in Proposition 4.2.1 and Section 4.3 of [20]).
Proposition 5.27. For each n > 2 the assignment
yi; v sgu(i — k) sgn(j — k)
defines a homomorphism of algebras
(5.22) p:Qn— Fop -
Proof. First, we establish a new presentation of A,, (and Q,,) by using generators i”;ftjl = sgn(j — i)as;ftjl,
1 # 7 and the elements Tijk € A given by:
(5.23) /% = a7 a iy, = sen(i — j) sgn(k — j) sgn(k — i)a;; Euiy,

(see also Section 5.6). Similarly, we define
(5.24) gt = @5, @y = sgn(i — k) sgn(j — k)y
for distinct 7, j, 7 € [n]

We need the following useful fact.

Lemma 5.28. For each n > 2 one has:
(a) The algebra A, is generated by Z;; for distinct i,j € [n] subject to the relations:

(5.25) T*F = —TH

(2

for any distinct i, 7,k € [n]:

(5.26) T+ TH 4+ T =0 .

for any distinct i, 5, k, £ € [n].
(b) The algebra Q,, is generated by all gfj subject to the relations:

(5.27) U585 =1 UG = —1

for distinct i, 7,k € [n],

(5.28) G T5kTk = Lo GGk + TGt = 1

for distinct i, 5, k, £ € [n].

Proof. Prove (a). Denote by A the algebra freely generated by all &', i # j. That is, A" is the group

j
2 _ n generators. And define

Fige = T} (1))

algebra of a free group in n

for all distinct 4, j, k € [n]. Clearly,
VI U U o | -1 “1,. _~k~io~j oo koi g
Tijk = Tgg ThjLij Likdjp Lji = —Tpy Thjli; Tikljp Lji = Yij¥Yie¥ri = ~YijYinYre

for all distinct 4,4,k € [n]. Denote by Z’ the ideal in A” generated by all 7;;x + 1. Then the quotient
Al = Al'/T' is an algebra generated by z;;, ¢,j € [n], i # j subject to the triangle relations (5.1).
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Furthermore, for any distinct ¢, j, k, ¢ € [n] define 7, 1, € A}, by
Figae =T+ T + T

Clearly, 7i.j ke = —Tikje = —Tijer for all 4,5,k €, ie., vy e is skew-symmetric in j, k,¢ because of
(5.25). Note also that

- S PR g N = a1 N A Ay . o~k ~—1
Tisj.k,8 = Tj; (T, Tie + Tjalyy The — Tje) Ty = (TipTre + Uie — Uip)Tie = (—UhTri + 1 — TlU0:) %5
for all distinct 4, j, k, £. Moreover, if (4,7, k, £) is cyclic, i.e., (ik) crosses (j,£), this gives:

Fisj ko = F25 (Tjry ie + 23 Tre — w30)5
Therefore, if we denote by Z the ideal in A/, generated by all 7;,; 1 ¢, then, obviously, A}, /T = A,,.
This proves (a).
Part (b) also follows because the relations (5.27) and (5.28) are equivalent to (5.8), (5.9), and (5.17). The
lemma is proved. O

Finally, note that quasi-Pliicker coordinates also satisfy (5.27) and (5.28) by the results of [20, Section 4.4].
This proves that the assignment
ity 4
is a homomorphism of algebras. Taking into account (5.24), this finishes the proof of Proposition 5.27. O
The following is an immediate corollary of Propositions 5.19 and 5.27.

Corollary 5.29. For each n > 2 the assignments

aii | 01; ai;i  Gi1j

y Lij = Sgl’l(j - 7’) a9; az;

Tij > sgn(j — 1) aoi an
i J

for all i # j define homomorphisms of algebras
(5.29) oy A — Fon, o Ay — Fop

Furthermore, denote by F} _, the skew sub-field of F3, generated by ¢(Q,), i.e., by all qu

Proposition 5.30. F}, _, is isomorphic to Fop_4.

Proof. Denote:

(530) a= (e e (e ey (0 o)
a1 -0 d2n B asi a2

so that A = [C| B].

Lemma 5.31. ([20, Theorem 4.4.4]) The matriz C~*B equals:

-1 — <Q§3 t@n)
Qo3 0 G2n)’
where qu = qu (A) are quasi-Pliicker coordinates on A given by (5.21).

It was proved in [20, Section 4] that qu(A) = qu (DA) for all distinct ¢, 7,7 € [n] and any invertible 2 x 2
matrix D over Fa,. In particular, taking D = C !, we see that ¢f; = ¢&([C'| B]) = ¢ ([I2| C~' B]), therefore,
each qu belongs to the sub-field of F,, generated by the matrix coefficients of C' (here I5 is the 2 x 2 identity
matrix). This proves that F3, , is a sub-field of Fy, generated by the entries of C, i.e., by all ¢7},q5;,
| =3,...,n.

’ It remains to show that matrix coefficients of C~1B (freely) generate a free subfield of Fa,. We need the
following obvious fact.

Lemma 5.32. Let F be a skew field, C € GL,,,(F) and B € Mat,, n—m(F) such that matriz coefficients of
the partitioned matriz A = [C'| B] generate F. Then the matriz coefficients of [C'| C~1B] also generate F.
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Now we take m = 2 and B, C as in (5.30), F = Fa,, the free field freely generated by matrix coefficients
of A = [C|B]. Then, clearly, C € GLy(F2,) and B € Mats ,—o(F). Then, by Lemma 5.32, the matrix
coefficients A’ = [C'| C~1B] also generate Fy,. Since A’ is 2 x n, then Proposition 8.6 implies that the matrix
coefficients of A’ are free generators of Fa,. In particular, the matrix coefficients of the 2 x (n — 2) matrix
C~1B are free generators of the free skew sub-field of F,,. That is, Fj, _, is freely generated by the matrix
coefficients ¢3;,q3;, 7 = 3,...,n of C7'B.

The proposition is proved. O

Remark 5.33. Proposition 5.30 and its proof generalize verbatim to m X n matrices.
Now we are ready to finish the proof of Theorem 5.17(a). It follows from the following key fact.

Theorem 5.34. For each triangulation A of [n] the homomorphism
(5.31) poip:QUa — Fp,_y
18 injective.

Proof. We need the following result, which is a particular case of [25, Theorem 10.10].

Proposition 5.35. Let m > 1 and assume that m elements t, ..., t, of Fp, generate Fp,. Then t1,...,tmy,
are free generators, in particular, the assignment c; — t;, 1t = 1,...,m defines an injective homomorphism of
algebras
QGm — fm .
Taking m = 2n — 4 and any free generating set u1, ..., us,_4 of the free group Uan = G, _4, we see that

t; == (i (u;)), i =1,...,2n — 4 generate Fj,,_, due to the following fact.

Lemma 5.36. For each triangulation A of [n] the image ¢(Qa) generates the skew field F5,,_,.

Proof. Denote by Fj,_, the skew subfield of F3, generated by image ¢(Qa). Since image Oa C Qy,

we have an obvious inclusion F3,_, C F3,._,. On the other hand, Theorem 5.15 implies that all elements

Yij = yf,w i # j belong to Qa. Taking into account that yfj = y,;lykj for all distinct 4, j, k € [n], we see that
5,4 contains all quotients ©(yf;) = ©(yri) '@ (yk;), thus F3, , contains the image ¢(Q,). This implies

the opposite inclusion F3, _, D F4,._, and hence F}, _, = F._,. The lemma is proved. O
Therefore using Proposition 8.6 with £ = 2n — 4, we see that 1, ... ,t2,_4 are free generators of F},, _, and
hence the homomorphism (5.31) is injective.
Theorem 5.34 is proved. O

Finally, the injectivity of (5.31) implies injectivity of i’y. This finishes the proof of Theorem 5.17(a).
Now prove Theorem 5.17(b). Indeed, by the above arguments the restriction pa = ¢|g, is an injective
homomorphism of algebras:

(5.32) Pa: Qa — Foyy

Let S’ be the sub-monoid of Qa generated by y;; = yi_ . for all distinct 4,j € [n]. By Lemma 8.3, the
homomorphism (5.32) uniquely extends to an injective homomorphism of algebras

(5.33) $a: QalS' ™ = Fh 4
By the construction, the image of pa equals p(Q, hence we obtain an isomorphism:
P(2)=Qals' ]
which splits the surjective homomorphism of algebras:
@ :Qn > o(Qn) -

This implies that the latter homomorphism is also an isomorphism, and thus proves Theorem 5.17(b).
Theorem 5.17 is proved. O
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5.5. Some symmetries of noncommutative polygons. In the notation of Lemma 5.28 define the action
of the symmetric group S, on the set X = {Z;;|i,j € [n],i # j} by the formula
W(Zij) = Tw(i)w()
for all w € Sy, i, € [n], i # j.
Proposition 5.37. For each n > 2 one has:
(a) The above action uniquely extends to an action of S, on A, by algebra automorphisms.
(b) The action commutes with homomorphisms ¢4, p_ : A, — Fan given by (5.29), where the action of
Sn on Fap is given by
w(as7i) = as,w(i)
fors=1,2,i€[n], weS,.
(c) The subalgebra Q,, is invariant under the Sy-action, more precisely,
~ky\ _ ~w(k)
W(Ti3) = Yuoiy,w(s)
for alli,j, k € [n], w € S,.

Proof. Prove (a). In what follows, we borrow all notation from the proof of Proposition 5.27. The following
fact is obvious.

Lemma 5.38. The S, action on X uniquely extends to the S,-action on A= Q < X > by algebra
automorphisms.

Thus, it suffices to prove that the S,-action on A/ preserves the ideal of triangle relations (5.25) and
exchange relations (5.26).

Let us prove that the ideal Z' of A" generated by all r;;;, is invariant under the S,-action. Indeed, for
distinct i, j, k € [n] and w € S,, one has

w(Fije) = w(Eij)w (@)~ w(@re)w (@) T w(@ir)w(Eik) T = T wi)we -

This proves that S, (Z’') = Z’ hence S,, acts on A/, by algebra automorphisms.

It remains to prove that the ideal of exchange relations (5.26) in A/, is invariant under the S,-action. Now
we show that the ideal Z of A}, = A" /T! generated by all 7;,; ¢ is invariant under the Sy,-action. Indeed,

~ =ik - = ~w(g),w(k ~w(k),w(l ~w (), w(j ~
w(Fij ) = w(T{") +w(TF) + w(T}’) = Tw(%) ® 4 Tw((o) Y Tw((i)) D = Py

for all distinct i, j, k, £ € [n] (where T7* are defined in (5.23)). This proves that S, (Z) = Z.

Part (a) is proved.

Part (b) follows from the fact that the homomorphisms ¢y, p_ : A, — Fa, are determined respectively
by the assignments:

Foi s a1y | A1y For i a1y A1y
ij ) Lij ) ;
! a2 G2; ! a2i | A2;
which, clearly commute with the S,-action.
Part (c) is obvious.
The proposition is proved. O

The Lie algebra gl,,(Q) (viewed as Mat, x,(Q)) naturally acts on the space Matax,(Q) by right multipli-
cations, i.e.,

Eji(ast) = 0t jas,

for s € {1,2}, i, 4,t € [n]), where E;; € gin(Q) are the matrix units.
This action uniquely extends to Fs,, by the Leibniz rule:

E(fg) =E(f)g+ fE(g), E(h™') = —h 'E(h)h™"
fOI' any D) S gln(@)7 fvg € ana h S an \ {O}
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Proposition 5.39. For each n > 2 there exists a unique action of gl,,(Q) on Q, by derivations such that
the homomorphism ¢ : Q, — Fa, given by (5.22) is g, (Q)-equivariant. The action is given by:

0 if j' ¢ {5, k}
—gruus if§ =i
gﬁi/glig,j ifj' =k
T ifj'=j

(5.34) Ej oy (F ) =

for any distinct indices i, j, k € [n].

Proof. Indeed, since the homomorphism ¢ is injective, it suffices to prove (5.34) for qu = gp(gfj) Indeed, if

we abbreviate z,. = for distinct 7,5 € [n], then

J

az;  azj
0 it ¢ (i) (0 it ¢ 10,7}
Ejiir(zy;) = Ejr io(ar; — aviag; ag;) = S a1y — ayaytasy ifj'=35 =2, if j' =j
—E; iy (ayay; )ag; if j =i Ez’,i@j_il&j if j/ =
because
—E; i (aliag_il) = *al,i'ag_il + aliag_ilCLQ,i/ag_il = fgm,a;il
and
ag_ila2j = —Qj_ilﬁij
for i # j. Therefore,
0 if j' & {d,5, k}
£1;‘1]53',1‘/ (ij) if j' =7

k —1 —1 1
Ej’i’(Qij) = Ejir (&ki Ekj) = Ejny (im )Ekj + Ej/i’(xki ij) = . (:z:_l)x if i/ =i
1/ \Li JLkj =

By (g,;l)gkj —l—g,:ilﬂki/ () ifj =i

Note that
-1 -1 _ -1 -1 -1 -1 -1 -1 -1 -1
Eki/ (iki )@k:j +£ki Ei/k:(&k;j) = Ty, (Ek,i’ﬁik zki)zki ij +£ki (Ek:,i’zjk ij) =T Ek,i’(_zik +£jk )ﬁkj
— 1 -1 -1 _ -1 -1
=Ly LT Ly, (2, — Ejk)ﬁjk Lrj = Lpj Lpir Lige Ly
because
(@i, — ﬁ‘k)ﬁ'_klﬁk‘ = ((a1x — aliaz_ilaf%) — (a1 — a1ja2_1a2k))a2_k1a2j = —aliailagj +a; =z,
L] J j J
Therefore,
e . e o ..
0 if j' ¢ {i,5,k} 0 if j' ¢ {i,5,k}
-1 el k i
ok ) Lk i ifj' =y _ )4y ifj' =7
E ’z’(Q' ) = =
T —z My )z ey, i = —qF. gk if g =i
Lhi &k, ) 2ki k) ] = qm/q” ] =
-1 —1 e ) k i e
Lpj L g Lig Ly if j' =1 4G oay; =i
The proposition is proved. 0

For i, j € [n] define the elements y;; € F,, by:
Gij = Gi- ;= &; - T
(with the convention that y;; = 0). Clearly, §;,- =1 and §; ;+ = iri_il_ Ty i+
Denote by X; the subalgebra of Q,, generated by all 7;; and rg;ﬂ The following is an immediate corollary
of Proposition 5.39.
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Corollary 5.40. For each i,j,i',j € [n] one has:

0 ifjh ¢ {im ik}
_ —Ui,irUij ifj' =i~
By (i) =q =7 "2 L
s _yi,i’yi—lﬂ- Yi—.,j ifj' =i
gi,i/ ifj/ =7

In particular, Z;L is invariant under the gl,(Q)-action.
Remark 5.41. Note, however, that the subalgebra A,, of A, generated by z;;, i,j € [n], i # j and x;ﬂ,
i € [n] is not gl,, (Q)-invariant.
5.6. Noncommutative angles. Now we take advantage of the “invariant” algebra Q, and will view the
ambient algebra A4,, as some “Galois extension” of Q,,: in fact, Proposition 5.19 guarantees that 4, is (freely)
generated by x; ;—, ¢ € [n] and Q,,.
However, we want a more symmetric and “geometric” presentation of A, over @Q,,. Recall that yfj = x;ilxj k
and set
ik -1 -1
)" = Lji TjkTsp -
The following result provides such a presentation of A,,.

Proposition 5.42. The algebra A,, is generated by yfj, (Tijk)il for all distinct triples i, j, k € [n] subject to
the relations:
(i) triangle relations for all distinct (i, 7, k):

Tz'jk = Tikj
(#i) modified exchange relations for any cyclic (i,7,k, ) in [n]:
T/ =TI% T
(iti) consistency relations:
(5.35) T =yl T
for all i, j, k,£,m € [n] such that the triples (i,j,k) and (i,¢,m) are distinct (with the convention yfz =1 for
all i,7.

Proof. Denote by A/, the algebra whose presentation is given in the proposition. We need to construct an
isomorphism A,, — A/,. Indeed, we define z;; € A}, for distinct ¢, j € [n] by:

.
zij = (T]") "yl

for any k ¢ {4, j}. This definition is correct because (5.35) guarantees that one has in Aj;:

. Tfk = yij;ijyfiﬂjlk hence yijfl = 1lfor distinpt i,7,k. 4
. Ti]k = yij;jyﬁTgm hence (yfj)_lTi]k =ynT™ = (y{’;)_lTi]m for distinct 1, 5, k, m. O

We view Tij ¥ as noncommutative angles first, because of the triangle relations (i) (so that we can attach Tij k
to the angle in the triangle (7, j, k) at the vertex i) and, second, because of the modified exchange relations (ii)
of Proposition 5.42 can be viewed as an “addition law” of angles in a quadrilateral. In fact, such an addition
law holds in more general situation.

Corollary 5.43. For any cyclic (ig, 11,12, ...,1¢) one has:
Tiiol’ik _ Tz'igl’h + Tiij,is 4t jﬂiiotf—hiz :

in particular,
TP =TE + T3+ 1"
Moreover, this view is supported by the following observation. For each triangulation A of n and each
i € [n] define the total angle T> around the vertex i to be the sum of all noncommutative angles in A at the
vertex i. For instance, we have in Example 5.16:

TA = B 4 TH 4 T, TR =T, T8 = Ti2 + T8, TA =TI + 715, T8 =734 |
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Corollary 5.44. For any triangulation A of [n] and any i € [n], we have
TA =T
In particular, TP does not depend on a choice of A.

Remark 5.45. Based on Corollary 5.44, we can view T; := Tir’i+ as the total angle of the noncommutative

n-gon at the vertex i. The sum of all total angles T := T} + T + - - - + T, also does not depend on a choice
of triangulations and, in particular, can be specialized to any constant value (e.g., to 7 - (n — 2)).

Remark 5.46. The independence of T; of a choice of A means that T; is invariant of noncommutative
mutations. We will encounter the noncommutative angles again in Section 6.

5.7. Extended noncommutative n-gons. In this section we define a larger algebra A} which is an exten-
sion of A, and can be viewed as a carrier of double noncommutative triangulations of the n-gon.
Definition 5.47. Let AT be the algebra generated by «5; and (x5;)~", 4,j € [n], i # j, € € {—,+} subject
to the relations:

(i) (Triangle relations) For any triple (i, 7, k) of distinct indices in [n]:

(5.36) wij(ahy) g = af(ap) T

(ii) (Exchange relations) For all cyclic (i, 4, k, £) in [n]:
(5.37) x;ré = xj’k(:c;k)’lx;; + x;ri(:c,;i)’lx,&, T, = xj’k(:c;;)*lxi} + xﬁ(x;)’lx,& )
The following result is obvious.

Proposition 5.48. The assignment xlf — x5 defines a surjective homomorphism of algebras my, : Af — A,

In what follows, we adopt a convention for all distinct 14, j, k:
xi—“j = x;; if the triangle (4, j, k) is to the left of the interval (i, ;) when one goes from i to j;
:cf] := x;; if the triangle (4, j, k) is to the right of the interval (4, j) when one goes from i to j.

In particular, we have

whenever (ik) crosses (j¢).
The following result is a generalization of Proposition 5.42. Let
~ N1 ~ ik 1 Py
yfj = (‘x?@z) 1$;‘k7 " = (xfz) 1x§k(wik) h
Theorem 5.49. The algebra Al is generated by yfj, (Tijk)il for all distinct triples (i, j,k) subject to the
relations
(i) triangular relations:
Tk — Tk
K2 7
for all distinct (i, 7, k);
(ii) modified exchange relations:
j:;:]e _ lek + j—;ké
whenever (i, k) crosses (j,€);
(iii) consistency relations:
Fiky—1~ = j0\—1 ~
(") 'l = (1)) i
for all distinct quadruples (i, j, k,€) such that (i,k) crosses (j,£).
k

The generators x;; can be recovered by:

e

x?j = (Tf ) 13/2]‘3

for any k ¢ {1, j}.

Theorem 5.50. Fiz a triangulation A of [n]. Then for each i, j, k one has:
+ =797

j

zy; =177
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5.8. Further generalizations and specializations.

Definition 5.51. Let A, be the algebra generated by all z¥ s (x fj)_l, where i, j, k are distinct indices in [1,n)
subject to the relations: 4 .
(i) (triangular relations) 79% = T/ for all distinct i, j, k, where

Ak .
77" = (xfz) lxl w(@h)” L

(ii) (exchange relations) TAiﬂ = Tfk + 1% whenever (i, k) crosses (j,£);

The following result is obvious.
Lemma 5.52. (a) The asszgnment x = x;; defines a surjective homomorphism of algebras .A — A,.

(b) The assignment x deﬁnes a surjective homomorphism of algebras A — A,.

We refer to each TZJ * as the generalized noncommutative angle and view it as a certain measure of the
angle at the vertex ¢ in the triangle (ijk).

For any triangulation A of the n-gon and i € [n], define the total angle TiA to be the sum of all noncom-
mutative angles of all triangles of A at the vertex i.

Theorem 5.53. For any triangulations A and A’ of the n-gon, we have
Ta =Tar .
Furthermore, let A/, be the algebra generated by z;;, CZ b= fj , dg b= dfj
relations: ' ‘
(i) (triangular relations) T9% = T/ for all distinct i, j, k, where

and their inverses subject to the

Tijk = x;ilzjka:i_kl ;
(ii) (exchange relations) (d?*) =277 ()1 = (dZ*)1T7% (F) =1 4+ (dF) " TH (cF*)~! whenever (i, k) crosses
(G, ).
Proposition 5.54. The assignment xfj — cgkxijdg-k defines a homomorphism of algebras:

(5.38) @A, — A,

Proof. Denote by A;L the algebra freely generated by all xfj Then, clearly, the assignment x i c! kx”dlk
defines an algebra homomorphism )
AL — A
Denote Ti,jk = (acfi)_l ]k( ) )1, We need the following fact.
Lemma 5.55.
(L") = (@) )

Proof. Indeed,
P17 = @ () ey (al) ™) = (Fagudl®) T eFapdy ( wiwd)!)
= (dfk) wgz%szk(ﬁk) (dgk)_lﬂjk(czk)_l
The lemma is proved. O
The lemma implies that ¢/(T,7%) = ¢/ (7;*7)
G — T = T = (@) TN T = (@) T T - @) T T ) T =0
This proves the proposition. O

and:

Corollary 5.56. For each collection of integers a = {ajk = a].“j|i j, k € [n] are distinct}, the assignment

xfj = (TJ ) : :Ul (le)
defines an algebra homomorphism

<p(1 : 'An - An
(the latter algebra is defined in Definition 5.1).
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Proof. Clearly, ¢ = ¢o@, where ¢ is given by (5.38) and ¢ : A, — A, is a surjective algebra homomorphism
given by

ij > i, e (T, dlF e (TR

Remark 5.57. Note that if a{k =1, then @a(mfj) = x;ilxkjmjkxﬁclxij.

6. NONCOMMUTATIVE TRIANGULATED SURFACES

6.1. Definitions and main results. In this section we extend all the constructions and results of Section
2 to each orientable surface ¥ possibly with boundary and with some finite set Iy marked boundary points
and a finite set I; of punctures (see e.g., Goncharov, Fock, Fomin, Thurston, Shapiro, Muziker, Schiffler,
Williams, etc).

Denote by I' = I'; the set of isotopy classes of directed paths on ¥ between any points of I = Iy U I; and
for each v € T" we denote by s(),t(vy) € I respectively the source and the tail of . Also denote by v — 7
the change of direction in the path v € T

In what follows an n-gon in ¥ a sequence P = (7y1,...,7,) in I' such that ¢(v;) = s(y:+), @ € [n] and such
that the interior of P contains no punctures. Note that for each n-gon in ¥ and each i # j there exists a
unique ;; € I strictly in the interior of P such that s(v;;) = s(v;) and t(vi;) = s(v;). By definition, 7,;; = v;;
and 7, ;+ = ;. By definition, for each n-gon P in ¥ one has (in the notation of Section 5) a continuous map
fp from the regular n-gon D,, to X such that fp(i,j) =~ for all 4, j € [n], i # j.

Note that each pair v,+’ that intersect at one point defines a unique quadrilateral @ in T'.

Definition 6.1. Define the algebra As; to be generated by all x.,,v € I" subject to:
(1) (triangle relations) (i) For any triangle T = (y1,72,73) in X one has
(6'1) ‘T’Yux;glzx’)'m = 957135”;21,%21 .

(ii) (Exchange relations) For any quadrilateral @ = (71,72, V3, 74):
-1 -1
(6.2) Tyzq = Loyp1 Toygy Tyag + Lo Ty Tyna -

A triangulation A of ¥ is a maximal non-crossing subset of I' (we require that A = A).
For each triangulation A of ¥ we define the group Ta = Ta(X) to be generated by all tﬁl, v € A subject
to the triangle relations:

(6.3) byt it =ttt t

Y12 “y32 ¥Y31 Y13 ¥ry23 7V21 ¢
for any triangle 7?7 T = (y1,72,73) in X.
Also for each triangulation A of 3 denote by Ua the subgroup of Ta generated by all
-1
Yyoy! 2= Ty Ty
for all v,+" € A such that the composition v o+’ is defined and also belongs to A.
Ultimately, for each A define the group Ha to be the quotient of Ta by the quadrilateral relations:

—1 —1
tatgtysatyy, =1
for any triangle T = (71, 72,73, 7v4) in X.

Theorem 6.2. For any two triangulations A and A’ of ¥ there exists a group isomorphism:
Jan :Ta = Ta

such that
fan(Ua)=TUar .

Proof. Tt suffices to prove the assertion only for neighboring triangulations A and A’; i.e., A\A" = {713,731}
and A\ A’ = {724,742} for some intersecting paths y13 € Iy, i,, V24 € 'y, 5,, Where y31 = 713, Y42 = You-
The following result is obvious.
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Lemma 6.3. In the notation as above, the assignment

x’lex';;lszm if (ZM]) = (173)
x’Yij = x734‘r';2{1x721 Zf (Zv.]) = (Sa 1)
Ty, otherwise
fori,j €[1,4], i # j, defines an isomorphism
oa,ar s Ta=Tar
This proves the theorem. 777 O
This allows to define a group T(X) (resp. U(X) C T(X)) such that T(X) = Ta (resp. U(X) = Ua) for each

triangulation A of X. We sometimes refer to the group as Ty as the triangular group of the surface X.
In fact, the groups Ty, Uy, and Hy, are topological (and even differential-geometric invariants).

Theorem 6.4. 777 The assignment ¥ — T(X) and the assignment ¥ — T(X) each extends to a functor
from the category of surfaces (with continuous maps as morphisms) to the category of groups.

Proof. It suffices prove that any continuous map f : ¥ — ¥’ defines a group homomorphism f, : Ty, — Ty,
which is functorial. Indeed, let us chose triangulations A and A’ of respectively ¥ and ¥’ such that f(A) C A'.
Then, by definition of the triangular group, the assignment x., — x’f( ) for v € A extends to a homomor-

phism of groups Ta — Ta.
U

Our next result provides an initial classification of triangular groups of surfaces.

Theorem 6.5. For any orientable surface ¥ as above we have:

(a) If ¥ is a surface with boundary, then Ty is a free group in 4(2g + b — 2) + 3|I| + p generators, where g
is the genus, b is the number of boundary components, and p is the number of punctures of .

(b) If 3 is the sphere with 3 punctures, then Ty, is a free group in 5 generators.

(c) If ¥ is a closed surface not homeomorphic to sphere with 3 punctures, then the group Tx is (non-free)
1-relator torsion free (in the sense of Definition 8.4) in 8(g — 1) + 4|I| + 1 generators.

Proof. 7?77We need the following results.

Lemma 6.6. For each triangulation A of ¥ there exists n > 0, a triangulation A of [n] and an equivalence
relation = on [n] such that

e Fach equivalence class consists of at most 2 elements

o Tx is the quotient of Tz by the relations ; ;+ = x; ;- whenever i = j.

In fact, in what follows we choose a star-like triangulation of 3 so that all paths in A originate at a single
vertex p so that A = Ay as in 777.
We need the following result.

Lemma 6.7. Let Ay be the star-like triangulation of [n] (as in 22). Then the (free) group Ta, of the n-gon
is generated by t; = le’ﬁ, J=3,...,n—=1, ¢k = Tpp+, Ck = Tt i, k € [n] (s0 that ¢, = Tp,1, Cn = T1p,
t1 =t, = 1) subject to the relation:

(64) Cgtg e tn,16n716n_101 = Elcglén,ltn,lén,g e tSEQ
Proof. It is easy to see that
Ty = CthCQ e tj_lcj_l, Tj1 = Ej—ltj—l cee EQtQEl
for j =1,...,n. Thus, Ta, is generated by ta,...,tn_1, Ck, Ck, K =1,...,n subject to the relations:
Cp = C1taCa -+ Cp—2tp—1Cn—1,Cn = Cp—1tp—1 - Cataly

By eliminating ¢, we see that Ta, is subject to the relation (6.4).
The lemma is proved. O



34 ARKADY BERENSTEIN AND VLADIMIR RETAKH

By combining Lemmas 6.6 and (6.4), we see that T(X) is generated by t;, j = 3,...,n — 1, ¢, Tk,
k =1,...,n subject to the relations: ¢; = ¢;- whenever ¢ = j and:
(6.5) otz tn_1Cn_1G, ‘1 = C1C), Cpo1tp_1Cn_2 - t3Co
This implies that T(X) is free if = has an equivalence class consisting of a single element, i.e., when ¥ has
boundary.

Assume now that 3 has no boundary. Then clearly, T(X) is a 1-relator group. More precisely, T(X) is free
only if ¥ is a sphere with n = 3 punctures. Otherwise, it is not free.

This finishes the proof of Theorem 6.5. g

Example 6.8. If ¥ is a torus with one puncture, then Ty is isomorphic to the group generated by a, b, ¢, d, e

subject to the relation abcde = edcba.

Remark 6.9. The classification of 1-relator torsion free groups is a rather nontrivial task (see 777).
Clearly, for each triangulation A of ¥ the assignment ¢, — x.,, v € A defines a homomorphisms of algebras:

(6.6) in : QTA — As .

Theorem 6.10. For each triangulation A of ¥ the homomorphism (5.3) is injective.

Proof. Follows from Theorems 6.5 and 8.5.
O

Similarly to Section 5.1, for each triangulation A of ¥ denote by Aa the image (6.6), i.e., the subalgebra
of Ay, generated by z;;,x;:", (i,7) € A. Then define

.7‘2 = ﬂ.AA
A

-1
ij

The following is an analogue of Conjecture 5.7.
Conjecture 6.11. If ¥ has bounary, then As; is finitely generated.

Now we consider surfaces X with possible “black holes”, i.e, boundary components with no marked points.
For such a surface ¥ with “black holes” denote by I'¢; ) C I' the set of all isotopy classes of minimal 777
loops at the vertex i which become trivial after gluing in the black hole h by a disc. Clearly, [I'(; p)| = 2.

Definition 6.12. Let Ay, be the algebra generated by all x.,, v € I' subject to the relations:
(1) All triangle and exchange relations from Definition 6.1;
(2) z4, = 257 forlall v €T ny;
(3) @y, = @y 23 05, + a0y @

,‘7],
paths in I';; such that the bi-gon spanned by ;; and %/'i contains the black hole h, but does not contain other
punctures or boundary components.

1IT for all v; € L' ny, 5 € T'(jny, @ # J, where {7i5,7j;} is the set of two

Theorem 6.13. If X is the annulus with no punctures and n marked points on one boundary component (so
that the remaining one is the black hole), then C, := As is generated by x;;, i # j and y,j, i,j € [n] subject
to the relations: 992922229

(1) x5, © # j satisfy (6.1) and (6.2).

(ii) For each i # j one has:

Yje = Uik Yie + Tl The
(#3) (mutual triangle relations) For any triple (i, j, k) of distinct indices in [n]:
(6.7) yijxgzjlyki = yikmj_k-lyjiv mijy};jlxki = Cﬂikyj_klfji .

(iv) (special mutual exchange relations) For any distinct indices i, j, k € [n] such that j is between i and k
in the linear order on [n]:

-1 —1 -1 -1
(6.8) ik = Ty Tik  TigYiy Yiks Yig = Ti%pg Ykj T YikTyy Tij -

Corollary 6.14. ??27?Commutative limit of C,, is the cluster algebra of type Cp_1.
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7777 Let now I = {1,2} and I' = {v;;]7,j € Z} be generated by vi;,7,; € ['ij, 4,5 € I subject to the

relations
YiiVi; = VjiVii = id;

for all 4,5 € I. Clearly, the inertia group of T' is Z and the Z-action on v € T';; is given by [n](viv7];)-

To each [y] € I'/7Z we associate a variable x[,].

Notations: xop = Tpa, T12 = T3 = ... = U, Ty/9r = Tz = ... =V, T11/ = Toyr = ... = W, L1y = Tozr = ... =
x.

Then

X9 = vz tu + wziflm

1 1

T3 = v te + wz o 4+ va " tuw v,

1

T3 = vw + wr— wflu—k

1 1 1

oz tuw e u + v tuz T o + (w2,

Ty = vw tuw o + (barwz 1) 2uw o + (v uw ™) 2o4-
+oz tuz " + (w27 Yo + v(w 1 2)2 + 9z lvw e + v lun T low
6.2. Kontsevich discrete integrable system and its generalizations. We illustrate the above structures
and results by the description of Ay, . where X1 ;. is a (vertical) cylinder with no punctures, one marked point
p on the top boundary circle and r marked points p1,...,p, on the bottom boundary circle. It is easy to see
that classes of the arcs from p to {p1,...,p,} in £, are in a natural bijection with Z: the n-th arc v, goes
from p to ps where s =n mod r and ~, has the winding number ¢ such that n = rq + s.
Thus, we obtain the following result.

Theorem 6.15. The algebra As, . contains a subalgebra A’ generated by dil,ail and cffl,Enil
n € Z such that ¢4y = Cp, Cpyr = Gy, for allm € Z and:
(i) (Triangle relations)

2 mTL?f'ﬂ?

1 1 _ -1 _ _
(6.9) Tp 1C; T = TnCp Tp_1, Tnd  Tyy =Tp_rd 'z,
(ii) (Exchange relations) For each n € Z:
_ _ _ -1 _ =1 _ _ _
(610) Tpn—r—1d 1~73n =Cp+Tp-1d Tp_p, Tnd Tp_p_1=70Cp+ Tp_rd 133n—1
foralln € Z.

In the theorem, each x,, corresponds to vy, ¢, corresponds to the short (counterclockwise) boundary arc
in the bottom circle, and d — to the short boundary arc in the top circle.

Note that for each m € Z the cylinder 3 , has a triangulation A,, such that the set za,, = {z,,7 € A}
is given by:

ra, = {d,d,cs,Cs,5 = 1,...,7, TpitsTmatst=1,...,7+1}.
Hence the triangle group T, is generated by @,,,Z,, n € Z, ¢, ¢, s = 1,...,7, d,d subject to the triangle
relations
(6.11) EH_la_lxl =T1d ', xs_lés_lfs = xscs_lfs_l,
s=2,...,7+ 1 (with the convention ¢, 1 = ¢1, 41 = ¢1).

Theorem 6.16. For each r > 0 we have
(a) (Noncommutative Laurent Phenomenon) Each x,, Ty, n € Z is sum of elements of Ta, in ZTa,.
(b) The total noncommutative angle Tx, , € As, , is given by
1 n—+r
Ts,, =21 dT, +d wpeny, ' +d wpzn i+ Y (@ omay! + e Bazy oy e, )
m=n+1

(and does not depend on n).
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If r is even, we can refine this observations and thus recover noncommutative integrable Kontsevich re-

)

x, ifniseven ¢y if nis even
cursion from the recent paper [21]. Indeed, by setting U, := { " ,Cp = { "

T, ifnis odd ¢, ifnisodd
and D :=d~ ', D := 371 we see that the subgroup of the triangle group Ta, generated by D, D and Cs,
s=1,....,7, U, t=1,...,7r+ 11is free. .

Furthermore, denote by T, the free group generated by D, D,C4,...,C,, Uy,...,U,11 and by F, the (free)
skew field of fractions of T,.. Define the elements U,, € F,, n € Z by

{UnrlDUn =C,+U,_1DU,_, ifniseven

(6.12) _ o .
U,DU,__1=C, +U,_.DU,_1 ifnis odd

(with the convention Cy4, = C,.).
The following corollary of Theorem 6.16, in particular, proves Kontsevich conjecture from [21, Section 4].

Theorem 6.17. Let r > 0 be even. Then each U, belongs to the group algebra ZT, of the free group T,,
more precisely, U, is a sum of elements of T,.
7. NONCOMMUTATIVE RANK 2 SURFACES

7.1. Type Agl). Let Bgl) be the algebra generated by X,:CH, 7:1, keZ, ciﬂ, E;H, 1 = 1,2 subject to the
relations.

- _w-l_ = + -1 -

(7.1) Xiy1 = Xp X, L X + @1 X 182y Xpp1 = XeXp1 Xk + X o1,
_ _ 1= _ — —=—1 _

(7.2) Xp X, e =a X Xk, X, X = X X 10 -

for all k£ € Z.

Denote by Agl) the subalgebra of B%l) generated by X, X, k=0,1,2,3, c;fﬂ, Ejﬂ, i = 1,2 and refer to
Aﬁ” as the (upper) cluster algebra of noncommutative type Agl).
The following result is obvious.
Lemma 7.1. (a) The assignment X, — X, ¢; — C;, extends to an involutive anti-automorphism = of Bgl)
preserving Agl).
(a) The assignment Xy — Xg11, X — 7k+1, c; V— ¢;, C; — C;, extends to an automorphism of Bgl).
(b) The assignment Xy — X}, ¢; — €; extends to an involutive anti-automorphism = of B?) preserving Agl).
The following result shows a number of new relations in Bgl) and .Agl).
Lemma 7.2. The following relations hold in B%l) for all k € Z:

(73) kalcflylﬁ,l =c1 + Xkéglyk, XkJrlE{lyk,l =+ Xkcilyk ,

(74) Yk_lgl_lX]H_l = Cy +7k61_1Xk,7k+161_1Xk_1 = Cy +7k61_1Xk ,
_ -1 = - -l o _q_

(7.5) X1 = Xe X1 Xk + a1 X 02 Xio1 = XeX 1 Xi + 02X 00

Proof. Prove the first relation. Indeed, the defining relations (7.1) and (7.2) imply:

— ] — _ _ R pa—

Xk+1 = Xka_le + CQXk_11C1 = CQXk_ll (61 + Xkcg 1Xk)
This verifies the first relation (7.3). In turn, this implies that

— 1 1= -1 -1 _
Xpo1 = a1 X 00+ Xply ' XX 02 = a1 X 02 + Xe X0 X

by the second relation (7.2). Furthermore, this implies that

Xprie] ' Xpo1 = +Yk+101_1Xka_+11Xk = ¢y + Xty " Xp

by (7.2), which verifies the second relation (7.4).
The remaining relations follow by applying Lemma 7.1(b). O

The following result is an obvious corollary from relations (7.5).
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Lemma 7.3. (b) The assignment X +— X _p, Xg — X _p, ¢; = €, G; — ¢;, extends to an automorphism of
B,
Theorem 7.4. (Noncommutative Laurent phenomenon) Each Xy, and Xy belongs to ,A:(Ll).

Proof. For each k € Z define the element Z), € Bﬁ” by:

(7.6) Zy = ' X X Ve X X
Clearly, Z;, = Z;, and
(77) Zp Xy = 61_1Xk+1 + Cl_le—l .

Lemma 7.5. The elements Zy satisfy for each k € Z:
(a) Z = e ' (Xp—2es " Xp1 — X185 ' Xp)er '
(b) Zy, = Zs.

Proof. Prove (a). Using (7.3) along with the first relation (7.2), we obtain:
_ 1= _ _ e o - _ RN _
Cq le,QCQ 1Xk+161 1 (& 1(61 +Xk,1(?2 lefl)Xk XkJrlCl 1= (1 —|—Cl IX}C,102 le,1)61 leJrle !
= X1 X o X8 X ey P X Xy =6 X X e P X1y (e + X e P X)X
by the first relation (7.4). Therefore,
e ' Xpooey ' Xpyier ' = X X o X X o T X8 X el = Z o) P X1y X e
This proves (a).
Prove (b). It suffices to prove that Z; = Z;41. Indeed, using (7.5), we obtain:
__ _ _ _ __ _ —-1 _
Zi1 X =0 "Xiao X0 Xie 4 of " Xe X0 X =00 "X X0 X — X o+ o ' X
Furthermore, using (7.5) we have:
__ _ __ _ e T
o X2 X0 X = o (X1 Xy ' X 4@ X, )X, 5 X
__ ——l_ o _ __ -1
:Cl 1Xk7+1+Xk C2Xk+11Xk:cl le+1+Xk+1CQ
by (7.1) taken with k + 1. Therefore,
Ty X = ¢ " Xpq1 + o7 ' X1 = Zi X,
and Zyy1 = Zi. This proves (b).
The lemma is proved. O

We will finish the proof of the theorem now. First, note that Zy = Zs € Agl) by Lemma 7.5. Furthermore,
we proceed by induction in k. The assertion is obvious for £ = 0. Assume that for some k > 0 we have

Xy € Agl) for all 0 < ¢ < k. Then Lemma 7.5 implies that X, € Agl) as well. This finishes the induction.
Since AE” = AE”, this also proves that X, € A(ll) for all k.

The case k < 0 can be treated identically.

The theorem is proved. O

Lemma 7.6. For k > 1 one has
k—2
(7.8) X1 = XXX+ 01Xy X, 1) (Xiey e Xy ) Xas -
s=0
Proof. We proceed by induction in all k£ > 1. For k = 1,2 we have nothing to prove because X = X2X1_1X1
and X3 = Xo X, ' X0 + 61X, 62X, ' X,
Assume that & > 3 and the assertion holds for all ¢ < k.
Taking into account that

Zi=Zy = X Xy o) XX = X X 4 X Xy e X X
by Lemma 7.5(b) and (7.6), we obtain using (7.7):
_— — __ — ~ —1_ — — _ —
e X1 = Zo X — ] ' X = (6 P X X X Xy P e XXy DXy o X =
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_ _ —-1_ _ _
G XXX+ X GXy X e NG X X — X))
Therefore, in order to obtain (7.8), it suffices to prove that
k—2
(7.9) TN XX X — X)) = X 6 Xy ! D (Xies e Xs ) X
s=1
Using the inductive hypothesis for £ = k — 1 and the first relation (7.2), we obtain:

k—3
_ e -l o - v —1hs
X1 Xy ' Xy = X = XX, 0 X, 6Xy DY (X 'eX, ) X,
s=0
1 k—3 1 k—2
=X, X, 'Y (X X, )X s =aX, X5 'Y (Xie 6X; ) T X,
s=0 s=1
1 k—2
=X, XY (X 'eX, ) X,
s=1

and we obtain (7.9) (using second relation (7.2)). This finishes the inductive proof of (7.8). The lemma is
proved.
g

Example 7.7. For small k we have:
Xy =1 X, (Xac] ' Xy + )
Xy = Elffl(fzc;%t@X;l)Xg +61Y2_162 = Elfl_l(fgcflJrEgX;l)(El +X2c;1Y2)Y1_162 +61Y2_162
X5 =X, (Koey ' + 60X, DXy + 01X, 62Xy (Xs + Xicy 1)
= (517171(72@*1 + X, 1)2X; +617fl(c2 +62X2*1517;162) + EIY;@XQ*(Xg + X1cy 'e)
= [e1 X (Xoey M Xy D2 (e14+-Xocy ' X)) X teaten [X T H (KXo, Hre Xy e+ X5 X Xy et Xy tea(cy P X+
X;te) X e
Lemma 7.8. The specialization homomorphism X — qXp, c¢1 — 1, ¢ — ¢, ca — q, Co — 1 results in
quantum cluster algebra of type Agl) (as defined in [8]):

X Xps1 = qXp1 X, Xpo1 X1 = qXp+1, Xpp1 X1 =¢ ' X7 +1.

7.2. Type A§2). Let Bf) be the algebra generated by X,;tl7 7:1 k € Z subject to the relations.
Xop—1Xok1 =1+ Xog, Xopr1Xow—1 =14 Xop, Xop—2Xok = XoxXop—2 =1+ Xo,_,

— _ 11—
Xopr1 = Xoky1, X1 Xy ' =X, Xpar -
for all k£ € Z.

Denote by A§2) the subalgebra of B§2) generated by Xy, X, k =0,1,2,3, and refer to A(12) as the (upper)

cluster algebra of noncommutative type AgQ).

The following result is obvious.
Lemma 7.9. (a) The assignment X}, — X}, extends to an involutive anti-automorphism ~ of Biz) preserving
2
AP, -
(b) The assignment Xy — Xpio, Xi — Xgio2, k € Z extends to an automorphism of ng).
(c) The assignment Xy, — X 1, k € 7 extends to an involutive automorphism o of B§2).
Theorem 7.10. (Noncommutative Laurent phenomenon) Each X} and X}, belongs to Agm. In particular,
each X5 and X, is a noncommutative Laurent polynomial in X1, Xa, Xo.

Proof. We need is the following result.
Lemma 7.11. We have for each k € Z:

{kak+3 - X3, if k is odd
Xpya =

(7.10) s~ Xy, ok |
XpXiips + Xpo(1 = (14 Xpq2) (1 + Xpy2))?)  if k is even
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Proof. In view of Lemma 7.9(b), in order to prove (7.10), it suffices to do so only for k£ = 0,1. Indeed,

XoX4 =X, (X4 1)XE =X, ' XIXE 4+ X, X2 =X, (1 + Xpaa) 1+ Xpg2))2 — 1) + X4
because
X2X2 = X1 (1+ Xo)Xg = (1+ X2) (14 X)), Xi X4 = X2(1+ Xo)(1 4+ X2) X2 = (1 + Xppo) (1 + Xpi2))? .
Finally,
XXy =X; '+ X)Xy = X5 ' Xy + Xy ' X0 Xy = X' X0 + X (1 4+ X3) = X5 + X3
The lemma is proved. O

To finish the proof of the Theorem, let us denote by Af,)c, k € Z the subalgebra of 652) generated by X,
Xiqi, i =0,1,2,3, which we refer to as the upper bound. Clearly, Aﬁg) = Af()).

Lemma 7.12. ASQI)C = A?) for all k € Z.

Proof. It suffices to prove that Aﬁl = Af,)ﬂ_l for all k € Z. It follows from (7.10) that X414 € Agg,)c for all
k € Z. Applying Lemma 7.9(a), we see that X4 € AgQI)C for all k € Z hence .,452,)C ) .Af,)ﬁ_l. By applying the

homomorphism ¢ from Lemma 7.9(c) we obtain the opposite inclusion because gp(.A?l)c) = Af)fkfzs for all k.
The lemma is proved. O

Theorem 7.10 is proved. O

Example 7.13. For small k£ we have:
X3=X""Xo+ X!
Xy =Xy = X5 4+ X70X5 (A + Xo)(1 + Xo))?
X5 =X X5  + X3 X5 (1 + Xo) (14 X2)(1 + Xo).

8. APPENDIX: NONCOMMUTATIVE LOCALIZATIONS

Given a ring R and a monoid S we define the free localization of R by S to be the free product R*ZS, where
7S is the linearlization of S, i.e., ZS = @, g 7Z - [s] is the ring with the natural extension of multiplication
on S.

If S is a multiplicative sub-monoid a unital ring of R, following Ore (see e.g., [11, Section 0.7]), we define
the universal localization R[S™!] of R by S to be quotient of the free localization R * (ZS°P) by the ideal
generated by all elements of the form s [s] — 1, [s] *x s — 1 for any s € S. By definition, one has a canonical
ring homomorphism

(8.1) j:R— R[S

In other words, R[S~] is the unital ring R’ with the universal property that for any ring homomorphism
7 : R — R’ such that each element of 7(S) in invertible there exists a unique homomorphism # : R[S™!] — R’
such that 7 factors as a composition of # and j: R — R[S™].

For any subset T C R containing no zero divisors, we sometimes abbreviate R[T~!] := R[S™!], where S is
the multiplicative sub-monoid of R generated by X.

277
Proposition 8.1. Let R and R’ be k-algebras and let f : R — R’ be a homomorphism of algebras. Then for
any S C R and any homomorphism ¢ : R — R[S™'] one has a pushout diagram:

R —* . R[Sil]

(8.2) wl lw

’

R ¥» R”[S//_l}
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where R" is determined by the pushout diagram:

R —% o(R)

(8.3) ”l l”'

R —— R’
and S = o(7'(9)).
Proof. We need the following fact.
Lemma 8.2. Let R and R’ be rings and m : R — R’ be a homomorphism. Then for any S C R there exists
a ring homomorphism # : R[S~ — R'[r(S) ] such that following diagram is a pushout.

R -3, R[S_l]

(8.4) nl lir

R —— R[x(S)]
Proof. First, we construct 7 and verify the commutativity of (8.4). Denote 7’ := j' o 7. Clearly, each
element in 7/(S) = 7(9) is invertible in R'[x(S)~!]. This implies that 7’ factors as 7’ = 7 o j, where
7 R[S™Y — R'[w(S)~}] is the canonical lifting of 7’.
Thus, it suffices to verify the universality of (8.4). Indeed, consider a commutative diagram

R —— R[S

T

J R N 3
where R; is any ring generated by the images of j” and «”. Since j” is an 7(S)-inverting homomorphism,
there exists a homomorphism ¢ : R'[7(S)~!] such that j” = j' o 9. Furthermore, it is easy to see that R; is
generated by j”(R') = ¥(j'(R’) and by j’(S)~! = ¥(j'(S)~!. This verifies surjectivity of 1. Finally, let us
show that

(8.5) 7’ =or

' (r) =§"(n(r)) = ¥ (7 (r))) = »(7([(r) = »(#(x)) -
This verifies (8.5).
Thus, ¥ makes the total “pentagonal” diagram fully commutative and is surjective.
Therefore (8.2) is the pushout diagram.
The lemma is proved. O

Using Lemma 8.2, we obtain a pushout diagram:
¢(R) —— R[S™]

~| K
R R//[S—l]
Composing it “horizontally” with (8.3) gives the pushout diagram (8.2).
The proposition is proved. O

Note that the canonical S-inverting homomorphism (8.1) in not always injective. Below, following A.I. Mal-
cev and P.M. Cohn, we establish a sufficient conditions on injectivity of (8.1).

Following A. Malcev and P. M. Cohn, we say that a unital ring is of class £ if it can be embedded into a
skew-field.

The following result is obvious.
Lemma 8.3. Let R be any ring of class £. Then for any S C R\ {0} the canonical homomorphism (8.1) is
injective.
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Below we provide a sufficient criterion for a group algebra kG to belong to class £.

Definition 8.4. A group G is said to be l-relator torsion-free if G is isomorphic to F/(z) where F is a
finitely generated free group, « € F\ {1} is not a proper power in F, and (z) denotes a normal subgroup of
I generated by x.

The following result is proved by Malcev, Newman, J. Lewin and T. Lewin (see e.g., [10, Section 8.7], [23]).
Theorem 8.5. Let G be any finitely generated free group or any l-relator torsion free group. Then the group
algebra kG is of class €. In particular, for any submonoid S C kG \ {0} the canonical homomorphism (8.1)

kG — kG[S™1]
1s injective.

Denote by G, the free group in ¢ generators ci,...,c,. We will need the following result, which is a
particular case of [25, Theorem 10.10].

Proposition 8.6. Let £ > 1 and assume that £ elements ty,...,t; of F; generate Fy. Then ty,...,t; are

free generators. In particular, the assignment c; — t; fori =1,...,¢ defines an injective homomorphism of
algebras

QG — Fu .
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