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Finiteness Results for Non-Scattering Herglotz Waves
The case of inhomogeneities obtained by very general perturbations of disks.

Michael S. Vogelius *and Jingni Xiao |

Abstract

We study non-scattering phenomena associated with the time-harmonic Helmholtz equation
in two dimensions. For very general classes of star-shaped domains, we show that there are at
most finitely many wavenumbers such that Herglotz incident waves with a fixed density function
are non-scattering.

Keywords. Non-scattering, Herglotz waves, transmission eigenvalues, star-shaped domains,
Schiffer conjecture.

1 Introduction

In this paper we study the geometric implications of (a high degree of) non-scattering in the context
of the two dimensional Helmholtz equation. The focus is on smooth inhomogeneities, since it is
already known that non-scattering, at just a single wave number and for a single incident wave,
generically implies that the inhomogeneity (scatterer) is smooth [5, 8, [4]. The present study may
be seen as a continuation of the investigation initiated in [10]. We consider the two dimensional
Helmholtz equation for a wave number, k£ > 0, and an incident wave in the form of a superposition
of plane waves, a so-called Herglotz wave:

Bk ol(r) = [ 9(€)* ds (1.1)

The function ¢ € L%(S') is the associated Herglotz density. We note that H[k,®](z) solves
AH[k, ¢] + k*H[k,¢] = 0 in all of R2. The bounded inhomogeneity 1 C R?, with index of re-
fraction ¢ € L*(€2) (not identically 1), is non-scattering in the presence of this incident wave (at
wave number k), if and only if the total field outside 2 coincides with the incident field. This
happens if and only if there exists a solution to the following over-determined problem

2 _ .
{Au—i—k qu =10 in €, (12)

u—Hlk,¢] =0, 0J,u—0,HIk,¢] =0, on 0f.

In terms of the transmission eigenvalue problem

(1.3)

Au+qu=0, Av+ =0, in €,
u—v=0, Jyu—3av=0, on 0,
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this is equivalent to the fact that A = k? is a transmission eigenvalue with eigenvector component
v given by H[k, ¢].

Throughout this paper we assume that ¢ is a positive constant, different from 1. For disks
centered at the origin we recall the following result concerning the existence of infinite sequences
non-scattering (Herglotz) wave numbers; For more details, see [6] [7, 10].

Proposition 1. Let € be a disk of radius Ry > 0 centered at the origin, and let n € N be any fixed
integer. Then there exists an infinite sequence of positive wave numbers {k:](n) 521 with k§n) — 00

as j — oo such that Q) is non-scattering for the incident Herglotz waves H[k](.n), e i =1,2,....
For domains €2 that are not disks centered at the origin, the situation is quite different, as we

shall soon see.
Finally we notice that @ := u — H[k, ¢| satisfies

~Aa + k%qu = f in Q, (1.4)
=0, 0,u=0, on 0f2,

with f = —k?(¢ — 1)H[k, ¢]. The over-determined problem resembles the so-called Schiffer
problem. The Schiffer conjecture states that, given (2 a simply connected domain in R™, m = 2,3,
admits a solution with f = 1 for some k € R if and only if € is an m-dimensional ball.
The proof of this is still an open problem, with some partial results, including that admits a
solution with f = 1 for infinitely many k£ € R if and only if 2 is an m-dimensional ball [1 @]. In
this paper we show (for m = 2) that for broad classes of non-circular domains, €2, and for a fixed
nontrivial Herglotz density, ¢, there exist at most finitely many wave numbers k, for which Q is
non-scattering given the incident wave H[k, ¢|. Precise statements of our results are given in the
next section.

1.1 Main Results

One of our results concerns ellipses centered at the origin. We recall that that the eccentricity of

an ellipse is given by the formula /1 — 2—2, where a is the length of its semi-major axis, and b is
the length of its semi-minor axis.

Theorem 1. Let Q2 be an ellipse centered at the origin. Suppose that the eccentricity e of 2 satisfies

0< e < q/(1+/q).

Then, given a C' function ¢ on S', which is not identically zero, there are at most finitely many
k’s such that ) is non-scattering in the presence of the incident wave v = H[k, ¢]. |I|

This result, which was already announced in [10], significantly extends the result of Theorem 1
in that paper. Another result concerns disks that are not centered at the origin.

Theorem 2. Let Q) = Bg,(z0) be a disk of radius Ry centered at the point xo # 0. Suppose that
Va/(1+/q) ]‘07’\/§<107"1<\/21§ﬁ7
V1I-20+va)/(3v30) (< va/(l+ya)  for > oA .

Then, given a C' function ¢ on S', which is not identically zero, there are at most finitely many
k’s such that Q) is non-scattering in the presence of the incident wave v = Hk, ¢].

|x0|/R0 <

We identify S' with the interval [0,27) (and with the quotient space R/{27}) by the map 6 ~ (cos8,sind)”,
unless otherwise specified.



The following result concerns ellipses where the origin is one of the foci.

Theorem 3. Let Q2 be an ellipse with one of its foci located at the origin. Suppose the eccentricity
e of Q satisfies

0<e?<3/4-1/(4/9), ifg>1orl/d<qg<]l,
0<e? <y, if0<q<1/4.

Then, given a C' function ¢ on S', which is not identically zero, there are at most finitely many
k’s such that Q) is non-scattering in the presence of the incident wave v = Hk, ¢].

Theorems [2[ and (3| are direct consequences of Theorem [5| (and its counterpart for the case when
0 < g < 1, see [I1]), which will be stated shortly. In fact, applying Theorem [5| we can also show
similar results for certain off-center ellipses. For brevity we opt not to present those results. We
postpone the proofs of Theorems [2] and [3] to the Appendix.

We now proceed to present our more general results pertaining to non-circular domains that
are star-shaped with respect to the origin. For simplicity we only formulate and prove these
more general results for the case ¢ > 1, but similar results hold for 0 < ¢ < 1, see [I1]. Since
Theorems [2] and [3] are derived as consequences of Theorem [} they are here in reality only verified
for ¢ > 1. We shall need two definitions.

Definition 1. Given a bounded C? domain ©Q C R?, we say that § is star-shaped with respect to
the origin if O admits a parameterization {p(0)6 : 6 € [0,27)}, where § = (cos §,sin0)T and p is
a positive 2m-periodic C? function. We refer to p as the radius function of the domain .

Definition 2. Given a constant ¢ > 1 we call a radius function, p, admissible (with respect to q)
if it satisfies the following “smallness” condition:

(Inp)"(t) < v/q/(1 +/q) for all . (1.5)

Note that we only impose an upper bound for (In p)”, besides the natural condition f027r (Inp)’(t)dt =
0 due to periodicity. In particular, the quantity —(In p)”(¢) is allowed to be arbitrarily large in an
arbitrarily small interval.

Our first result for these star-shaped domains concerns domains where “half” of the boundary
consists of circular arcs.

Theorem 4. Suppose ¢ > 1 and suppose Q is a C? domain, which is star-shaped with respect to
the origin with an admissible radius function p. Assume that p satisfies

pP=0 inN, and  p'#0 ae in N+,

for some relatively open subset N of [0,27) satisfying |IN| =7 and N U (N +7) = [0,27) (in the
sense of the quotient space R/{27}). Let ¢ be a nontrivial C* function on S'. Then there are at

most finitely many wave-numbers k such that Q) is non-scattering in the presence of the incident
wave v = H[k, ¢).

Remark 1.1. An example of 2 in Theorem [4]is a star-shaped domain with the radius function

1+ asin’t, O0<t<m, . .
p(t) = { i with a € (0,1) being a constant.

B 1, T <t<2m,

Q forms a C? “egg” shape (see first frame of Figure 1). One can verify that 0 < 5a < \/g/(1+ ,/q)
is a sufficient condition for (1.5 to be satisfied. We show in Figure [1| some domains 2 that satisfy
the conditions in Theorem [4l
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Figure 1: Examples of star-shaped domains fulfilling conditions in Theorem From left to
right: p(t) = 1+ ax(o,n sindt, p(t) = 1+ ax(r,2m) sin®t, p(t) = 1+ axo,x) sin32t, p(t) =
L+ ax(o,x/3)u(27/3,7)U(4r/3,57/3) sin3 3t, where the values of a € (0,1) are chosen to be small so
that is satisfied for all ¢ > 1.
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The following result is the “complement” of Theorem [ in the sense that, it concerns domains
with boundaries containing no circular arcs.

Theorem 5. Suppose ¢ > 1 and suppose Q is a C? domain, which is star-shaped with respect to
the origin with an admissible radius function p, that satisfies p' # 0 a.e. in [0,27), and for any t
p'(t) =0 if and only if p'(t + ) = 0. Assume furthermore that p satisfies one of the following two
conditions:

(i) For each t we have sgnp'(t) =sgnp/(t + ), or
(i1) For each t such that p'(t) =0, we have |p"(t)| + |p”(t + )| > 0.

Let ¢ be a nontrivial C* function on S'. Then there are at most finitely many wave numbers k
such that Q is non-scattering in the presence of the incident wave v = H[k, ¢].

Remark 1.2. A particular case, where the condition (i) in Theorem [5 is satisfied, is when p is
m-periodic, namely, when €2 is symmetric with respect to the origin.

Remark 1.3. We note that the ellipses considered in Theorem [1| are star-shaped with respect to the
origin, with radius functions

b
)= ——,
)= oot
and hence
_ 2 fsint L (oo Y
(]n P),(t> — w and (ln p)l’(t) _ 2 ( e )COS

1 —e2cos?t (1 —e2cos?t)?

We can verify that

(In p)"|cos t—0 = €2, if 0 < e? <2/3,

max (In p)” (t) = (2 — ¢2)?
t In p)” 2y = o > €2, if 2/3 < e? < 1.
( Ilp) | 623(22762% 8(1 _ 62) € 1 / €

cos? t=

In particular, concerning ellipses centered at the origin, Theorem [1|is more general than Theorem
when (¢ > 1 and) the eccentricity satisfies 2/3 < €? < 1, in view of the admissibility condition

-
The following result concerns Herglotz waves with real-analytic densities.
Theorem 6. Suppose ¢ > 1 and suppose Q is a C? domain, which is star-shaped with respect to

the origin with an admissible radius function p. Let ¢ be a montrivial function on S, with |¢|?
real-analytic. Furthermore assume that p satisfies one of the following two conditions:



(i) There exists some to such that p'(to) # 0 and p'(to)p'(to + m) > 0, or
it) The quantity |p' (t)| + |p'(t + m)| + |p" ()| + |p" (t + 7)| is strictly positive for all t.
p p p p

Then there are at most finitely many wave numbers k such that Q is non-scattering in the presence
of the incident wave v = Hk, ¢].

Remark 1.4. Note that we do not require p’ # 0 a.e. in Theorem |§| (as in Theorem . Moreover,
conditions (i) and (ii) in Theorem [6] are each much weaker than conditions (i) and (ii) in Theorem
However, the condition on ¢ is of course much more restrictive in Theorem [6]

1.2 Preliminaries

If the overdetermined boundary value problem has a solution v € H'(f2), then integration by
parts yields

kz/ﬂ(q— DH[k, plwdr = /aQ (w0, H[k, ¢] — H[k, ] O,w ) do(x)
= / (wou —ud,w )do(x) =0,
o0

for any w solving Aw + k?qw = 0 in Q. Since ¢ is a positive constant different from 1, we may
substitute w = *V4®7 into this identity and obtain

k2 / VAT [ (€)™ T @9 dw = 0,  for any n € S,
Q

—Tr

or equivalently
ik/ / v (&—+/qn) ¢(&) ek (vante)w df¢ do(z) =0, for any n € S'. (1.6)
o J—r

Let Q be a simple connected C? domain. By a parameterization y = y(6) of 92, we understand
a bijective orientation-preserving C? mapping y : S! — 9Q with y/(#) # 0 for any 6. Moreover,
the orientation of the parameterization is set to be counterclockwise. For any vector & € S!,
we denote by ¢ the angular coordinate of {. We also denote xt = (—z9,21)7 for any vector

xr = (x1,72)7 € R2. With these conventions, the outwards unit normal vector to 92 is given by
—y'*+/1y/|. We can now rewrite (1.6)) as

I(k) = Z(k;n; Q) = / / U, (0,0¢) p(&) e* V109 dg. dp = 0, for any n € S', (1.7)

where
Un(0.00) = (Van+€)-y(0) and U, (0,60 = — (van &) -y (0). (18)
We aim to show that, for a wide variety of domains §2 excluding disks centered at the origin,
and for a fixed nontrivial ¢, there exist at most finitely many wave numbers k such that Q is
non-scattering in the presence of the incident wave Hk, ¢]. We achieve this with a proof by
contradiction, starting with the assumption that there is a sequence of infinitely many such wave
numbers. Then, as the square of these wave numbers are transmission eigenvalues (for the problem
(1.3)) they must accumulate at co (see, [3]). Consequently, we may consider the asymptotics, as
k — oo, of the Fourier type integral Z(k) in , by using the method of stationary phase. Finally
we obtain a contradiction between the asymptotics and the identity .



For fixed 7 a stationary point (6,0¢) associated with the phase function 1), is characterized by

Oy /00 = (Van+€)-y'(0) =0  and  9y/00 =& - y(0) =0, (1.9)

or equivalently,
E==xy0)/ly(0)] and  (Van+&) -y (0) =0. (1.10)

Let C = Cq,, be the set of all stationary points (6, 6¢) of the phase function 1, for a fixed 7. We
assume for the time being that C is a nonempty finite set and that all elements in C are simple
stationary points. The latter is satisfied if and only if det D4, (6,6¢) # 0 for all (6, 0¢) € C, where
Dan denotes the Hessian

1. .7
D2, (6, 0¢) = (f77+€)(9?)/ (9) 5_5?;’/((3)) , (1.11)

Thanks to the periodicity of all the involved functions, the leading order contribution Z(k;n; (), as
k — oo, comes from the stationary points (see, [2])

I(k?;??;Q) _ 2j ¢(9€) ‘I/n(eyef)l/ze%’ sgnD2¢n(9,65)eikwn(0,9§) + 0(2)7 as k — oo, (1.12)
k (@ 60ec |det D24, (0, 0¢)| k

where sgn M is the signature of a matrix M, namely, the difference between the number of positive
and negative eigenvalues of M.
In addition, we can differentiate (L.7)) with respect to 6, and obtain for all n € S! that

y'(0)
1y (0)]

Similar to ((1.12]), we also have the following asymptotics for I(l)(k) as k — oo:

i /_ /_ (ik/an™ - y(0) ¥y (0, 0¢) + v/an - o) 6(€) V100 dhe df = 0.

Tk ) =2/ 3 |ded;(za)£2)f7(7é0;)0§|)1/2nl~y(9)ei4”Sg“D%"(@’@é)e““”"(”é)+o(1)~
(8,8¢)eC LASERS

Following this idea, we can differentiate (T.7) N times and denote the resulting quantity Z(V )(k)
By doing so we obtain, for each N € N and 5 € S!, that

0¢) V,,(0,0¢) 1 N _in gon D24, (0,0¢) ikibn (6,0
T (ks s ) = (lk’f) PO Un(O00) (o1 (g)) N T o8m D0 (006) kv (0.0
G ,9%66’ |detD2wn(979§)|l/2 (1'13)

—i—o(kN_l), as k — oo.

The main proofs of this paper are based on the analysis of the leading terms in , or
more generally, those in . For the appropriate non-circular domains we will show that they
cannot be identically zero for all n € S!, which in turn contradicts the existence of infinitely many
non-scattering (Herglotz) wave numbers.

We finish this section by pointing out a simple fact that will be used later.

Lemma 1.1. Givenn € S let 0,0 satisfy 91, /00 =0 as in ([1.9). Then U, (0,0¢) = 0 if and only
ify'(6) =0

Proof. Notice from and (L.9) that 0v,,/00 = ¥, = 0 if and only if y/(f) = 0 or (\/gn + &) -
(Van—§ =q—1= 0 The latter contradicts the assumption that g # 1. The proof is complete. [
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2 Ellipses

Up to a rotational change of coordinates (which our results are invariant under) an ellipse €,
centered at the origin, is given by

Q= Qup = {(z1,22) : (v1/0)* + (22/b)* < 1}, (2.1)

with 0 < b < a. We apply the parameterization y = (y1,y2)” = (acosf,bsind)” for 9Q. Denote
s:=b/a € (0,1). Then the conditions (1.9) for a stationary point (,0¢) € C = Cq,, read

—(v/gm + &) sinf + s (y/qnz2 + &) cos@ =0 and —&ycos6 4 s& sinf =0,
which is equivalent to
Va(mé —s?neé) + (1 —sH)E& =0 and — & cosf + s& sinf = 0. (2.2)
The following result in proven in [10, Lemma 7].

Lemma 2.1. Ifs?> > 1/(1 + V), then for each n € S!, there are exactly two solutions O = T;0,,
Jj=1,2, to the first equation of (2.2)). These may be ordered to satisfy

sgn cos 6, = sgn cos 716, = — sgn cos T2y, sgnsin @, = sgnsin 7160, = —sgnsin7260,.  (2.3)
With this ordering,
T160,, = 0, if and only if T20, = 0, + 7 if and only if 0, € {0,7/2,7,31/2}. (2.4)

Moreover, we also have that | cos8,| < |cos T16,|, and

| cos 0| < |cos Taby| < |cosby,|/s* if ¢> 1,
| cos 0| > |cos T26,| if 0 <q<1,

where the leftmost equal signs hold if and only if 6, € {0,7/2,m,37/2}. As a consequence, we have
in total four stationary points, i.e., solutions to (2.2), given by

(73,8977> 7;077) and (7378917 + m, 739?7)7 j = 17 2>

where
(scosT;0, , sinT;0,)

(cos Tj sy , sin T s0p) = .
\/32 cos? T;0,, + sin? T;6,

The following is a direct consequence of Lemma [2.1

Corollary 2.2. Under the same assumptions and notations as in Lemma[2-1], then
T, +7) =T;0, +, j=12.
In addition, using & = cos T;0, and {& = sinT;0,, we get
ml/[&i] = *[n2l/|€2| = (1) (1 = s*)//a, ~ whenever minz # 0.

As a consequence,
| cos Tably| < | cos 16y when mmn2 # 0.
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Lemma 2.3. With the same assumptions and notations as in Lemma @, the mappings T; :
R/{27} — R/{27},j = 1,2, are C' bijections, and they are locally strictly increasz’ngﬂ

Proof. Tt can be calculated straight forwardly from (2.2)) that

dT;6, _ Va(s*m & +m2é) (25)

o, Va(mé+s2mé) + (1 —s2) (& - &)’

where & = cos 7;6, and & = sin7;60,. When 0, ¢ {0,7/2,7,37/2}, that is when 72 # 0 ( and
thus 1€ # 0), then ([2.5) may be rewritten
dTi0y, _ $*mé& +mé

— =12 2.6
B,  TE A j=1, (2.6)

For 0, € {0,7/2,m,3m/2} (2.5)) gives

2
0= Tir = VA T _ 3T V4
T0="Tm= V@ + (1)1 — s2) and T =T = s2,/q — (—1)I-1(1 — %)’

Applying and the condition that s? > 1/(1 + V/q) we can deduce from ) and . that
dT;0,/do, > 0, for all n € S' and both j =1, 2.
Due to the monotonicity, the surjectivity of 7; can be obtained from O
We are now ready to prove Theorem

Proof of Theorem[1. We prove the result by contradiction. Let ¢ be a C' function which is not
identically zero. Assume that there are infinitely many wave numbers k,, n € N such that
admits a solution wg, . Then, as explained before, k2 are transmission eigenvalues (for ) and
so ky, must accumulate at oo. Since e =1 —s* < /g/(1 + ,/q) implies that s* > 1/(1 + \/q)
lemmata [2.1] and [2.3] and Corollary [2.2] are all valid. Notice also that

{Wn, Uy D*y}(0 + 7, 0g) = —{tby, Wy, D4y } (6, O).
We get from ([1.7)) and (1.13) that, as k = k,, — oo,

O(Tj00) U5(0n) [ im san D24 (0n) ik (0) pN _ o= sgn D245 (0n)—iky (0) (_ + \N| _y
|det DQw |1/2 fn,] ( f77, ) ’ (27)

for all n € S, where

{1(09), %;(0y), D*0;(0)} = {tb, Wy, D*ty (T 500, Tiy),

and

bsin(7;6, — 6y)
\/82 cos? T;0, + sin? T;6,

fw’ =

2The monotonicity holds when we take the domain and the range of 7; to be fixed 27-length intervals. In other
words, T; : (to,to + 27) — (0o + 2km, 00 + 2(k + 1)7)) is strictly increasing for any to € R and any k € Z, where
0o = Tjto is the solution to the first equation of (2.2)) as specified in Lemma



Here we have made use of the fact that det D?t;(6,) # 0 for j = 1,2 and n € S! (see [10, Lemma
8]). By extraction of a subsequence (depending on 6,) we may assume that

eFiln) — 2.(6,) as k =k, — oo
for j = 1,2 where |2;(6,)| = 1. From (2.7) with 0 < N < 3, we now conclude that

1 1 1 1] &

a]; ag a3z aq t2

2 2 2 2 =0
aj ay; a3 ay| |t3

ai{’ a% ag ai tq

Here a; = —as = fy1, a3 = —ag = fy2 and
tl _ (b(ﬂ@n) \111(9771)/2 e%‘r sen Dle(en)Zl ’ tQ _ _ ¢(7-1977) \111(0771)/2 e%m sgn DQ'l/)l(e’n)Zl—l
|det D24y (6,)| [det D2¢by (6)|

3 = ¢(7-2977) \PQ(QU) 6% sgnDQwQ(On)Z2 ty = — ¢(7-2977) \PQ(QU) 67% sgnD2¢2(9n)Z—1 )
|det D24s(0,)]/> ’ |det D245 (6,,)["/* ’

We notice that f,; = 0 if and only if 7172 = 0. When mn2 # 0 and |fy1]| # |fy2| the above
Vandermonde matrix is invertible, and thus ¢t; = to = t3 = t4 = 0, in other words one possibility

for myng2 # 0 is
|fn,1’ 7& |f77,2

When |f,1| = |fy2] and min2 # 0 the above Vandermonde matrix is not invertible (has rank 2)
and we get t] +t3 =ty +t4 = 0 or t1 + t4 =t + t3 = 0. In either case the alternative to (2.8]) for
mne # 0 becomes

and  @(Tiby)W1(0y) = ¢(T20y)Va(6y) = 0, (2.8)

Cfsl  ana (OO 16(T20) [T2(0)]
B |det D2¢1(9n)|1/2 |det D2w2(0n)’1/27

’fn,l

The last statement can be rearranged as |fy, 1| = | fy,2| and

B ‘det D21/12(9n)‘ Wy (6,)?
~ |det D2y (6,)] Wa(6,)?

O(Ta0) = GO (Ti0)  with G(6) (2.9)

Here we used that ¥;(6,) # 0 for any ¢,. This follows immediately from Lemma since
y'(0) = a(—siné, scos ) # 0 for any 0. Based on (2.8)) and (2.9), and the fact that ¥;(6,) # 0 for
any 6, we conclude that in both cases, whether |f, 1] # | fy,2] or |fy1] = |fp,2], one has

|det D2y (6,)] W1 (6,)?

2 _ 2 i
() = GEIS(Ti)I* with G(6) = 15 ma 0 T2

(2.10)

Moreover, due to the continuity of ¢, G, and 7;, we infer that holds for all 6,,, and not
just when 7179 # 0. The argument used to arrive at will be developed further in Section
where we study more general star-shaped domains (see Lemma and Corollary )

We obtain by direct calculations that

—1+s*(/q—1)?
60) =9(m) = Vi Eﬁﬂ; <1
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Then by continuity we have that
g(@n) < 1, for j = 1,2 and 0,7 € (*tl,tl) U (7’[‘ — t1,7T+t1), (211)

with some ¢; € (0,7/2). In addition, we obtain from (2.10) with 6, = 0,7 that ¢(0) = ¢(7) = 0;
otherwise

|6(m)> = G(0)6(0)]* = G(0)G(m)|p(m)[* < [6(m)[*,
and similarly for ¢(0), which is a contradiction. From Lemma and Corollary we get

T1(0,7/2) = To(mw,3mw/2) = (0,7/2), Ti(m,37/2) = T2(0,7/2) = (m,3m/2), (2.12)
and
Tit <t and Ti(t+7m)—7m = Tit < Tat—7 = Ta(t +n), forall t € (0,7/2). (2.13)

Next we show that ¢ = 0 in (0, 71¢1) C (0,t1) C (0,7/2). If not, then we can find t3 € (0, ]
such that

6(Tit2)] = Bl >0 and  [6(0)] < [6(Tit)| forall t € (0,Tita).  (2.14)

Denote To = T, 7. We observe from (2.12)), (2.13)) and Lemma [2.3| that 7o : (0,7/2) — (7,37 /2)
and 7y : (m,37/2) — (0,7/2) are both increasing bijections. Moreover,

T<Tot<t+m and 0<Tit < To(t+m) <t for all t € (0,7/2). (2.15)

Then we can apply ([2.10) and @.11)) for 6, = T, 'Tit2 = Tot2 € (7,7 + t2) and for 6, = Tits €
(0,t2), which yields

[6(Tit2)” = G(Tot2) (T Tot2)|? = G(Tot2)G(T5 t2)|o(TiTi't2) * < |(Ti T ta) [

However, it contradicts (2.14)) since 0 < T3 T2te < Tita by (2.15).
We can now prove ¢ = 0 in (0, 7/2). Since ¢ = 0in (0, T1¢1), we obtain from ({2.10)) that ¢ = 0 in
(7, Tat1). We can apply (2.10) for 6, € (r, T, ' Tat1) to obtain ¢ = 0in (0, 72T, ' Tat1) = (0, Ti Tt1),

where T := 7’1*17'2. With an argument of induction, we can now show that

=0 in (0, 7172™t1), for any m € N.

From it follows that that ¢ < 762t < w/2 for all t € (0,7/2). As a consequence,
{TiT2™t1 }men is a strictly increasing sequence in (0,7/2). Therefore it has a limit in (0, /2]
as m — oo, denoted as ty. In fact we must have tg = 7/2; otherwise ’7'1_1750 = ’762’7'1_)150 > ’Tflto.
Therefore, we have deduced that ¢ =0 in (0,7/2).

Applying (2.8)) or (2.10) again for 6, € (0,7/2) yields ¢ = 0 in (7, 37/2). Using analogous
arguments we can also deduce that ¢ =0 in (7/2,7) U (37/2,27). In particular, we need to make
use of the properties

Ti(m/2.7) = To(3m/2.20) = (/2.7),  Ti(3m/2,27) = Ta(m/2.7) = (37/2,27)
and
Tit >t and Ti(t+7m)—7m = Tit > Tot —71 = Ta(t +7), for all t € (w/2, ),

which can be obtained from Lemma and Corollary O
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3 Star-Shaped Domains

Let Q be a C? domain that is star-shaped with respect to the origin and with a radius function p.
In other words 92 = {y(0) := p(0)6;6 € [0,27)}. Then

y = (p0+6%p and y’ = (7 =1+ p0 + 2p/nc§1)p, where pp, == Inp.

Recall that (6,6¢) belongs to the set of stationary points C = Cq, (of v,) if and only if (1.10)) is
satisfied, or equivalently, for [ =1 or 2,

€= (-1)""14 and (5 mv/q+1)p,(0) = 0+ M/, with g == (=1)"1n. (3.1)

Notice that 6 that satisfies 6 - My/q +1 = 0 can never be a solution to (3.1f), since ¢ # 1. Therefore
the second condition in (3.1)) for stationary points can equivalently be written as

Vqsin(0 — 6,,)

/
pu— —_— p— .2
Pn(0) = 10 = bn) Vacos( —6y,,) + 1’ (32)
where h is given by
_ W/gqsinf
o) = Vacosf +1° (33)
Applying ({3.1]) we have for every (6,0¢) € Cq, with £ = (—=1)!-14 that
YO 5 iy g - TV (0" m) 8 va _ nyard
- =v= Pn - ~ =z ’
p(0) 0-myq+1 0-my/q+1
and thus, recalling (1.8) and (|1.11]), we obtain by straightforward calculations that
Ty(0.0e) _ (=1)"""g—-1) _ (¢—1)p(0)
- & - | (3.4)
p(9) 0-my/q+1 Wy (0, 0¢)
- 14 p2 — p) (6 - 1) -1
(D2,)(6.6¢) = (<1~ p(o) | (107 =)o@ mv/a+ 1) 1], (35)

3.1 The Stationary Points for ¢ > 1

We consider the case when ¢ > 1 and p satisfies ([1.5). Recall the function h as defined in (3.3).
Then

+ cosd
W) = VAV + cos g > V90 forallg, (3.6)
(\/(j cos 0 + 1) 1+ /4
Hence h has the range (—o00, 00), and monotonically increases on both the intervals (6, — m, 7 —6,)

and (7 — 04,04 + ), where 6, = arccos(1/,/q) € (0,7/2). Therefore, we have

Lemma 3.1. Suppose that ¢ > 1 and p is a C? function satisfying (L.5]). Then for eachn € S' and
each | € {1,2}, there are exactly two solutions Tin and Tan to (3.2)), which satisfy Tim — 6y, €
(O —m,m—0y) and Toyn — 6y, € (1 — 04,04+ 7).

11
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Figure 2: Graphs of h and A’ with ¢ = 9.

We note that?]
Tian = Tji411, for 7 = —n, n € S', and j,1 = 1,2, (3.7)
and
(=1 (Vacos(Tjm —by) +1) >0 and  sgusin(Tjum —by,) = (=1 sgnp/(Tjm).  (3.8)

Notice that (3.2) implies (g% + 1)t? + 2,/gg°t + g> — ¢ = 0, where ¢t = cos(6 — 0,,) and g = p,,(6).
Thanks to (3.8) we derive that

=y — (=g + (g —D)pp2
Vacos(Tim—by,) = 37 _ (3.9)
and .
: 1= (=1)/q+ (¢g—1Dpy
Tian — On) = p, " . 3.10
Vasin(Tjn — 0y) = py, 1+ 2 T ( )
As a consequence, for each j,I = 1,2 we have
Tii—14+5n = Oy, if and only if  p/(6,,) = 0. (3.11)

We can regard the solutions 7;;n, j = 1,2, to (3.2)) as maps 7j; : S' — R/{27}. When there is no
ambiguity, we shall sometimes consider the domain of 7;; as R/{27} by identifying 6,, with n;, or
refer to the range fo 7;; as S by identifying g with 6.

Lemma 3.2. Under the same assumptions and notations as in Lemma for each j,1 = 1,2,
Tii: St — St is a bijection and Tj; : R/{2n} — R/{27} is C! and locally strictly increasinﬂ.

Proof. Given j,1 = 1,2, we first deduce from (3.6)) and (3.9)) that

(Vacost + DI () = (~1~1y/g + (g = DoR(0), (3.12)
where 0 = 0(n) = T;m and t = § — §,,. Differentiating (3.2) with respect to ¢, and applying (3.6))

we arrive at
V/q +cos(0 — 0y,)

(Vacos(® —oy,) +1)°
where ¢ := 00/00, = 0T;n/06,. Hence by (3.12) we have

00 _ KMo _ Va+(qg—1)p2(0)
90y 1(0) = pi(0) g+ (q— 1)p2(0) + (—1)7 (\/geost +1) p(6)

3For indices in {1, 2}, addition is performed modulo 2.

4The monotonicity holds when we take the domain and the range of T, to be fixed 2m-length intervals. In other
words, T;1 : (to,to + 2m) — (6o + 2k, 00 + 2(k + 1)7)) is strictly increasing for any ¢y € R and any x € Z, where
0o = T;,to is the solution to as specified in Lemma The same applies to the regularity.

00 = a0 — — (' — )K(6),

(3.13)
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Figure 3: Graphs of h and h, when ¢ = 9.

From (3.8) it follows that 0 > (—1)7 (\/gcost+1) > —(,/g + 1). Then, recalling the admissibility
condition ([1.5) on p, we deduce

Va+(g—1)p2(0) + (1) (\/gcost + 1) pj(0) > \/q+ (¢ — 1)p2(0) — /g > 0.

Consequently, 00/06,, > 0, and T;;n, j,1 = 1,2, are strictly increasing C' functions of 0,. Thanks
to the monotonicity, the bijectivity will follow if 7;; is surjective on S!. In fact given j,1 = 1,2, and
g e S!, the equations and , with 7;;n replaced by 6, uniquely determine a ¢,, € R/{27}
and hence a unique n € S'. The proof is complete. O

Lemma 3.3. Under the same assumptions and notations as in Lemmal[3.1}, we have for eachn € S!
and each l = 1,2 that

sgn ' (Tom) = (=)' sgnsin(Tym — 0,) = (=1)" ' sgnsin(Tau11n — 6,) = sgn ' (Ta.1417)-

Moreover, for eachl = 1,2 and everyn € S' such that p'(6,,) # 0, we must have 0 < [Tz 41n—0y,| <
|Tim — Oy <7 =04, and

p(T2pe1n) < p(Tram)  and 0 < [sin(Togqan — Op)] < |sin(Trim — 0)|.

Proof. We first observe that § = 77 17 is the unique solution to p},(6) = h(6 — 6,)) with 6 — 6, €
(0g — 7, m—0,), and 6 = T3 21 is the unique solution to p),(0) = h(0 —0,) with 0 — 0, € (—04,6,) C
(0g —m,m—0,). Here, hr(8) = h(0 — ). It can be verified straightforwardly that h, monotonically
increases in (—6g, 6,) and that

0 < |h(0)] < |ha(0)],  for all § € (—B,,0,)\{0}.

(i) If p'(T2,2n) = 0, then hr (7221 —6,) = 0 and hence T2 2n = 6,. Consequently p’(6;) = 0 and
'T1,177 = 977-

(ii) In the case when p/'(T22m) > 0, we first observe from that T22n — 6, € (0,6,).
We claim that 0 < Taon — 60, < Ti1n — 6, < ™ — 6,4, and hence p'(T1,1m) > 0. Otherwise if
0y —m < Tian— 0, < Ta2n— 0, <0, and then

Pn(T2,20) = P, (T11m) = ha(T22n — 0y) — h(T1,1m — 60y) > h(Ta,2n — 0y) — h(T11n — 0y) > 0.

Hence 71,11 # T22n and, by the mean value theorem again, there exist ¢1,t2 € (71,17, T2,217) such
that

pu(tr) > D (ta — bn) = v/a/ (1 + V/a),

which contradicts (1.5). Now 0 < sin(T2.2n — 6,) < sin(71,1m — 6,) follows by noticing that either
0<Toon—0, <Tian—"0, <m/20r0<Taon—0, <0, <m/2<Ti1n—0,<m—0; holds. Next,
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assume that p(7221) > p(71,17m), and hence there exists ¢ € (72,21, T1,1m) such that p'(¢1) < 0.
Thus

P (Tiam) = P (t1) > h(Tian — 6y) > h(Ti1m — 6y) — h(t1 — 6y),

where in the latter inequality we utilized the properties t1 —6, € (71,10 — 0, T22n—6,) C (0, 7—065)
and h > 0 on (0,7 — 6§,). Consequently there exist to,t3 € (t1,71,1m) such that

Pu(ta) > D(ts —bn) > V/a/ (1 +V/a),

which again contradicts (L.5)). Therefore p(72,2n) < p(T1,17).

(iii) By analogous arguments we can show that p'(722n) < 0 implies T2 2n — 0, € (—64,0),
0> Toon—0y > Tian—0, > 0 —m, p(Tian) < 0, 0 > sin(T22n — 60,) > sin(T1,1m — 6,), and
p(T2.2nm) < p(T1,1m).

This verifies the statements of the lemma for [ = 1, the statements for [ = 2 can be proven
analogously by identifying 7797 as the unique solution to pl,(0) = h(d — 0,,) with 6 — 6,, €
(0g — m,m—b6,), and T17m the unique solution to p),(0) = h(0 — 6,,) with 8 — 0,, € (—04,0,). O
3.2 The Asymptotics for ¢ > 1

We shall prove Theorem [5] by contradiction. To that end, assume that there are infinitely many k;,’s
such that admits a solution (ug,,vs,) with vy, = Hk,, ¢] for a given nontrivial C'* function
¢. Then the principal term of ZWV)(k), given by , will tend to 0 as k = k,, — oo, for all
n€S!and all N € N.

We observe from (3.4)), (3.5) and (3.8)) that

sgn \I/Z]’l = sgn @bf;l = (—1) and sgn Tr DQ@D}?’Z = (=171 (3.14)

where
(U2 bt D2t = [Wy, 4y, D*y) (Tjam, Tom + Si2m), 4,1 =1,2. (3.15)

Applying (3.9) to ( . yields
(—1)77" det(D*,)(8, 8) = (Va+ (a— Do + (~17 (0" mv/a+ 1ol ) 105 (6),
with 6 = T;m and § = (—1)l_15. Combining this with , and we derive that
sgndet D*0! = (—1)77'  and  sgn D*p)! = (—1)" — (=1)"*. (3.16)

Applying Lemma to the principal term of (1.13)) we now obtain

2 .
(Tian + O12m) W L cnla—(=nd) g i
> (Y N OTpan + 0amVy i OO CDD kit o allpeStand N €N, (3.17)
— | det D23 7
]7:

as k = k,, — o0o. Here '
i = p(Tm) sin(Tjm = 0,),  G.1=1,2 (3.18)

For each n € S', denote

A= AT? = {(.]7 l)a ¢(7;,l7] + 5[277') 7é 07 jvl = 17 2} (319)
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Then

— 0, for all n € S' and N € N, (3.20)

‘7l j .
> (! N ¢(Tjm + d10m) ¥y i CLACDD) gyt
il 12
()eA | det D2y5"|

as k = k, — 0o. We have the following result depending on #A, the number of elements in the set
A.

Lemma 3.4. Under the same assumptions and notations as in Lemma suppose that
holds true. Then #A € {0, 2 3,4} with the following additional properties satzsﬁed

If #A € {2,3}, then fn take the same value for all (j,1) € A.

If #A = 4, then either f,,’ take the same value for all (j,1) € A, or A = A1 U Ay where for
eachp=1,2, #A, =2 and f77 take the same value for all (j,1) € Ap. In the latter case, 18
satisfied for each A, (with A replaced by Ap), p=1,2.

Proof. Recall from Lemma that \IJ%’Z £ 0, j,l = 1,2. Consider now the case #A = 4, and let
t,,a, denote

ST+ 0, 2m) WPl D=1 it
| det D2t |1/

t,(k) = #0 and abzfg“lb, forv=1,...,4,

with UX_;{(j,,1.)} = A. After extraction of a subsequence we may assume that
t,(k) >z, #0as k— oo .
Applying (3.17) with N =0,1,2,3 we obtain that

1 1 1 1 21
a]; az a3z aq4 Z9

2,2 .2 2 =0 .

ai a3 a3 ail| |z

By direct algebraic operations, on the 4-by-4 Vandermonde coefficient matrix, we obtain that either
a1 =as =a3z = a4 and z1 + 29 + 23+ 24 = 0, or, up to a swap of notations, a1 = as # ag = a4 and
21+ 29 = 0 and z3 + z4 = 0. The fact that holds for each A, follows immediately from this
latter statement. By similar arguments we can verify the cases when #A = 2 or 3, as well as show
that #A # 1. O

The following results are consequences of Lemmas [3.3] and [3.4]

Corollary 3.5. Under the same assumptions and notations as in Lemma let n € S' satisfy
p'(0n)p (0 +m) #0. Then #A € {0,2,4}. Moreover, if #A =4 then

) ) (T; pll 7— + N
=17 and [$(T;1m) ‘1 2/2‘ _ [o(Tjen + ‘2‘1/;7 " -1
| det D2y | | det D237
If #A = 2 then A = {(j1,11), (o, l2)} # {(5, 1), (j + 1,2)}, 1 = 1,2, and
[O(Tsna1m + S 2m) | [ W5 | 16Tyt + 0132|272
| det D2y 17 ot D] 2

1,0 2,0
f%l’ 1 f7j72, 2 and
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Proof. Recall from Lemma [3.3] that
<P and AR <A (3.21)

Then we immediately infer from Lemma that #A # 3, which require three of the fﬁ’l’s coincide.

If #A = 4, by Lemma we must have ,371’11 = f#’lz and f,%g”l?’ = fff"l‘* for some {(j,,0,);¢t =

1,2,3,4} = {(1,1),(1,2),(2,1),(2,2)}. In view of (3.21) we then must have fi'' = f1* and
2,2 2,1 :

fn° = fy . Moreover, notice that

7 81,2m) Wit D A= (=D)L,
¢(Tjm + l’_ﬂ) 7 is independent of k, and ‘e”’ = “k%l‘ =1,
| det D25 "?
Then we deduce from ((3.20) for each A; that
i1 j,2
ATl 94| _ loTam+ ol 197
| det D23 Y2 | det D2y3?|"?
The case when #A = 2 can be shown similarly. O

Corollary 3.6. Under the same assumptions and notations as in Lemma suppose n € St
satisfies p'(0y +m) = 0 # p'(0,). Then ¢(Tiin) = ¢(T2,2n+m) = 0. Moreover, ¢(6,) and ¢(6, + )
are either both zero or both nonzero.

Proof. Since p'(6,+m) = 0 # p'(6,), by (3.11)) we have T2.1m = T1,2m = 6+, and so f$’2 = fg’l =0.
By Lemma 0 < |f$2| < |f$1| Consequently we obtain from Lemma that #A € {0,2}.
Moreover, if #A = 0 then ¢(T1,1m) = ¢(T22n + ) = ¢(0,) = ¢(0, + ) = 0. If #A = 2 then
o(Tian) = ¢(Taon + ) = 0, ¢(6)p(0y + m) # 0. O
3.3 Proofs of Theorems [, [5] and [6]

We start these proofs in the same way as that of Theorem [I} by assuming the opposite, namely
that there are infinitely many wave numbers k,, n € N, for which (A = k2) admits a solution
(ug,, , Vg, ) with vy, = H[k,, ¢]. Then k,, — oo and consequently, the asymptotics as well as
Corollaries |3.5| and are valid. Moreover, all the results established in Section hold true. In
each case we then show that this leads to a contradiction.

3.3.1 Proof of Theorem [l

Given the assumptions of Theorem [4] there exists some open interval where p’ has one sign, say
p' > 0. We may assume, up to a rotational change of coordinates, that

p'>0 in(0,7) and p'(0)=p'(1)=0. (3.22)
Then, from and the assumptions of Theorem
T11(0,7) = T2,2(0,7) = (0, 7), and p =0 in (m7+7).
Hence by Corollary it follows that
$p=0 in 71,1(0,7) U (T2,2(0,7) + ) = (0, 7) U (7, 7 + ).
Applying this argument to all connected components of the set {p’ # 0} we obtain that
=0 inNUW+n)=]0,2n),

which contradicts the assumption that ¢ is nontrivial. The proof is complete.
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3.3.2 Proof of Theorem

Similar to before, we assume without loss of generality that (3.22) holds for some 7 > 0. As a
consequence, p’(0) >0 > p”(7). Notice that

T1,1(0,7) = T2.2(0,7) = (0,7).
Then by Lemmas and we obtain for all ¢ € (0,7) that
0 < sin(Tat —t) < sin(Ty1t —t),

0< Topt—t<Tigt—t<m—0, and O0<T t<Tt<t<r (3.23)

Furthermore, since ¢ is a nontrivial 27-periodic real-analytic function, we derive from Corollar-
ies and that, for all ¢ € (0,7) U (7,7 + 7) except for a possible finite set of points,

p'(t 4+ m)p(Tiat)p(Toat)p(Tiat + m)d(Topt + ) # 0,

and
p(Tiat)sin(Ti it — t) = p(Tipt)sin(Tiot —t) and  |G(Ti1t)]* = Griaa(t)|@(Tiot — )%, (3.24)
p(Tat) sin(Tat — t) = p(Toat)sin(Toat —t) and  |¢(Toot +7)|* = Gazo1(H)|0(T21t))?, (3.25)

where ' o

}det Dzwgull‘ ‘\Pizh‘

| det D222 [ @[>
By continuity we then observe that (3.24)) and (3.25)) are satisfied for all ¢ € [0, 7]. As a consequence,
T120 =T210 =7, Tio7 = To17 = 7+7 and sin(7; 2t —t) > 0 for all t € (0, 7). Hence by Lemma

we have that p’ < 0 in (7,7 + 7) and thus p”’(7) < 0 < p"(7 4+ 7). Moreover, for all t € (0,7) we
have

gjlll,jzlz (t) = j17j27 llv l2 - 17 2. (326)

t+60,<Tiot<t+m and  0<sin(T21t—1t) <sin(Ti2t — ). (3.27)

In particular, we have shown that (3.22) implies
p<0 in (m7+m) and  p(m)=p(r+m) =0, (3.28)

provided that there are infinitely many wave numbers k,,, n € N, with which admits a solution
(ug,, , Vg, ) where vy, = Hlky, ¢]. In fact, by analogous arguments we can show that (3.22)) and (3.28)
are equivalent. Therefore, we have completed the proof of Theorem |§| in Case (i) (recall:¢ > 1).
Direct calculation yields

- (Va )pZO

( ) // 7.(
In Case (ii) of Theorem [6] since we already have p( ) = p'(m) = 0, then p”(0) and p”(7) cannot
both be zero. Therefore p”(0) > p”(7) and hence Gi1,12(0) < 1. Then, in view of (3.24), we must

have ¢(0) = 0. In addition, by continuity we also have Gi112 < 1 in (0,¢;) for some ¢; € (0, 7).
Since ¢ is real analytic and nontrivial there exists to € (0,¢1) such that

0 < Gi1,12(0) =

0(t2)] = [[@llcojoey) >0 and  [§(t)] < |o(t2)] for all t € (0,2). (3.29)
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Then we can apply (3.24) for ¢ = 7‘17_11152 € (0,t2) and for t = T17_1176t2 € (0,t2) where Ty =
Ti2Tii — % which yields

[6(t2)* = G(T11't2)|6(Tot2)|” = G(Ti ' 42)G (T} Tota) | o(Ti't2)[* < |o(T5't2) 2.

However, this contradicts (3.29)) because by (3.23)) and (3.27) we have 0 < Tot = 7’1,27“1’_1175—71 <
7'1’*11t <t for all t € (0,7) and hence 0 < Ttz < to. The proof is complete.

3.3.3 Proof of Theorem [5

For either Case (i) or Case (ii) in Theorem [5] we have that p/(t) = 0 implies p/(t +m) = 0. Let w be
a connected component of the set {6 : p/(6) > 0}. We may without loss of generality assume that
w = (0,7) with 7 € (0,7]. Then

p'>0 1in (0,7) and  p/(0)=p/(7)=0 and (3.30)
T11(0,7) = T22(0,7) = (0,7) = Tho(m, 7 + ) = T (m, 7+ ).
In addition, we also have that p/(7) = p/(T + m) =0 and p'(t +7) # 0 for t € (0, 7). Hence
T1,2(0,7) = T2,1(0,7) = (m, 7+ ) = Tia(m, 7+ 7) = Too(m, 7+ 7).
Moreover, by Lemmas and we obtain for all ¢t € (0,7) that
0 < sin(T ot —t) < sin(7Ti1t —t) and t<Taot <Tigt<t+m—0b,. (3.31)

We first prove that
$=0 in (0,7). (3.32)

Assume otherwise, namely
o(10) #0 for some 1 € (0, 7).

Then we can find t1, t2 such that
¢(t) 750 for t € (tz,tl), with 0 <to<7mg<t; <7, (3.33)

and that for each « = 1,2, either ¢(¢t,) = 0 or ¢, € {0, 7}. Notice from that ¢o T 1 is nowhere
Zero on 7’1*11 (t2,t1) € (0,7). Then #A; > 1 for t € 71]1 (t2,t1). Hence by Corollary we must
have #A; = 2 or 4. Moreover, if #A; = 4, then ¢(7;1t)$(Tj2t + 7) # 0 and f?’1 = ft" , for both
j = 1,2, where ft"l is defined in (3.18). Otherwise if #A; = 2, then ¢(72,2t + 7) = 0, and either,
d(T21t) = 0 # ¢p(Th 2t — m) and ftl’1 = ft1’2, or, (Thot —m) = 0 # ¢(T2,1t) and fl,/l’1 = ff’l. As a

conclusion, whether #A; = 2 or 4, one of the following must hold true for each ¢ € ’7'1_11 (ta,t1):
p(’Tth) Sin(’Tth — t) = ,0(7-1’225) Sin(’Tl’gt - t) and |¢(7-1,1t)|2 = gll,lg(tﬂqﬁ(ﬂ,gt — 7T)‘2, (3.34)
or
p(Tiat)sin(Tiit —t) = p(Tot)sin(Tout —t)  and  [o(Tiat)[> = Guz1(8)|o(T2at) >, (3.35)

Combining with (3.31) we infer that sin(7; ot — t) or sin(72,1t — t) must be positive, and hence
by Lemma p'(Ti2t) < 0 or equivalently p'(T21t) < 0, for ¢t € 7'17_11(t2,t1) C (0,7). Since p/

SHereafter, as an operator, £ is understood as £7 : ¢t — t £ 7.
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is nowhere zero in (m, 7 4+ 7), we must have p’ < 0 in (7,7 + 7). For Case (i), this represents
a contradiction to sgn p/(t) = sgnp/(t + ), and so in this case is proven. We proceed to
establish in Case (ii). Since p < 0in (m,7+m) a combination of Lemma [3.3]and gives
that for all t € (0, 7)

0 <sin(Taat —t) <sin(Tiot —t) and t+4+60, < Tiot <Toit<t+m
and for all t € (0,7), 7 =1,2
Tigt =7 < Toat —7 <t < Topt < Tiat, 0<TioT 't—m<t, 0<ToT't—7<t (3.36)
The following two auxiliary results will be needed.

Lemma 3.7. Suppose that ¢ is nowhere zero in (to,t1) C (0,7). Then ¢ is either nowhere zero in

7’1727’1?11 (ta,t1) — 7, or identically zero in 7’1,27’17711 (ta,t1) — 7 and nowhere zero in 7‘2717’17711 (ta,t1).
Similarly if ¢ is nowhere zero in (th + 7, t) + ) C (7,7 + m), then ¢ is either nowhere zero in

7’2717“2’_21 (th,t)), or identically zero in 7’2717“2’_21 (th,t}) and nowhere zero in 717275;1 (th,th) —m.

Proof. We first consider the case when ¢ is nowhere zero in (t2,¢1). Assume that ¢ is neither
nowhere zero or identically zero in 7'1727'1?11 (t2,t1) — m. Then there exists t12 € (t2,t1) and €1 # 0
such that

(25(7-1727-17_117512 —7m)=0 and d(Tigt—7m)#0 forallte 7-1,_11 (t12,t12 +€1). (3.37)

Here, we allow €1 being either positive or negative, and in the latter case the interval (t12,t12 +¢€1)
is understood as (t12 + €1, t12). Recall that one of the relations (3.34) and (3.35)) must be valid at
t = 7'17_11t12, while the case (3.34) contradicts the assumption ¢(’7'1,2’7'17_11t12 —m) = 0. Hence (3.35))

must hold true for ¢t = ’fljlltlg. As a consequence, we have ¢(7d2717;:|_1t12) # 0 and thus
O(Toat) #0  forall t € Ty (tia — €2, 12 + £2),
with some constant e # 0. Therefore, there exists a constant € # 0 such that
H(Tiat)p(Tiot — m)d(Toat) #0  forall t € Ty (tig, taz + ).

Applying Corollary we then derive that #A; = 4 and (3.34) (as well as (3.25))) must hold for
all t € 7'1_11 (t12,t12 + €). Thus by continuity (3.34]) is valid for ¢ = 7'17_11t12, which implies that

<;3(’7'1727'17_11t12 — 7) # 0, contradicting (3.37)).
If ¢ = 0in 712771 (2, t1) — , then ¢(Ti1t) # 0 = ¢(Tiot —7) for all t € Ty (t2,1). Hence by
Corollary [3.5{ we must have ¢(72,1t) # 0 = ¢(T22t + m) for all t € 7'111(t2, t1).

The case when ¢ is nowhere zero in (t§ + 7t} + m) can be shown analogously by observing
¢(Tapt +m) #0fort € 7;_21 (th,t}), assuming

<Z>(’7§717'27_21t’12) =0 and &(T2at) #0 forall t € 7'27_21(t’12,t’12 +e1),

and applying Corollary [3.5/in 7-2,_21 (t)o, thy +€1). O
Applying Lemma [3.7] we can prove the following.

Corollary 3.8. Suppose that ¢ is nowhere zero in (to,t1) C (0,7). Then there exists a sequence of
intervals (tn2,tn,1) C (0,7), n € Ny, with {t,1}nen, monotonically decreasing to 0, such that ¢ is
either nowhere zero in all (t,2,tn1), n € Ny, or nowhere zero in all (t, 2 + 7, ty1 +m), n € Np.
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Proof. Denote _ ~
Tij:=Ti2T} —n and Toj:=ToaTj}' —m  j=12

Then (3.36) implies that 73-,1, J, 0 = 1,2, are strictly decreasing mappings on (0,7). We have from
Lemma 3.7 that

¢ is nowhere zero in ﬁ,l(tg,tl) C (0,7) or in 7’2,1(t2,t1) + 7 C (7w, 7+ 7).

In the former case, we set (t12,t11) = ?:1,1(752,151), and further apply Lemma on (t12,t1,1)-
Then _ ~
¢ is nowhere zero in Ty 1(t1,2,t1,1) C (0,7) or in Ta1(t12,t1,1) + 7 C (w, 7 + ).

For the latter case, let (t12,t1,1) := ’7'2,1(t2, t1). Applying Lemma again on (t1,2,%1,1) + 7 yields
¢ is nowhere zero in 7~’2,2(t172,t1,1) +7 C (m,7+7) or in 7~'172(t172,t171) C (0,7).

By induction, for each n € N, we can find TM) .= ’7}75 for some j,1 = 1,2, and (tp11.2,tnt1,1) ==
T () (tn,2,tn1), such that ¢ is nowhere zero in (tp412,tn+1,1) or (tnt1,2,tnt1,1) + . Therefore, we
can find an infinite subsequence of {(t,2,tn1);n € Ny}, say {(t;,2,%,1);n € Ny}, such that ¢ is
nowhere zero either in all (¢, 5,;, 1), n € Ny, orin all (], o+, ], ; +7), n € N;. Moreover ¢,,1 — 0

as n — oo since 7™ is a strictly decreasing mapping on (0, 7). O

Returning to the proof of Theorem 5], we consider the case from Corollary when ¢ is nowhere
zero in (ty2,tn1) C (0,7), n € Ny, with ¢, 1 — 0 as n — oco. The case when ¢ is nowhere zero in
(tn2 + m, ty1 + m) can be shown analogously, but we opt to omit the details.

On each of the intervals (¢, 2,t,,1) we can apply Lemma to obtain that one of the followings
holds. Either ¢ is nowhere zero in 7‘172’7’17*11 (tn,z2,tn,1) — m and hence by Corollary is

satisfied in ’Tfll (tn,2,tn,1); in particular,

& (T at) sin(Tiat = 0)] = & [o(Ts o) sin(Ts ot — 1) (.39

holds for t € 7'1’_11(tn72,tn,1). Or ¢ =0 in 7'1,27'1’_11(75”72,25”,1) — 7, and thus by Corollary again,
(3.35)) is satisfied in 7'17_11 (tn,2,tn,1); in particular,

Cp(Tiat) sin(Tiat = 0] = & [p(Ta) sin( Tt — 1)) (3.39)

for t € ’7'1_11 (tn,2,tn,1). Therefore, letting n — oo, by continuity we infer that

either (3.38]) or (3.39) is valid for ¢t = 0. (3.40)

Notice that if ¢ is nowhere zero in an interval (t2,¢1) C (0,7), we also have ¢(T22t) # 0 for
t € Ty (ta,t1). Recall from (8.7) that

Tiat=Ti2(t+m) and Toot = To1(t + ). (3.41)

Then ¢(Tz1t) # 0 for t € Ty (ta, t1) +7 C (7, 7+7). By Corollary for each t € Ty (ta, t1)+,
either #A; = 4 with both (3.24) and (3.25) valid, or #A; = 2 with either (3.25) or (3.35) satisfied.
To fix the domain of the operators 7; ; as (0,7), we make use of (3.41) again to rewrite (3.25) and

as, respectively
p(Taot)sin(Taat —t) = p(Taat)sin(Taat —t) and |¢(Taot)|* = Gooon (t)|p(Taat — 7)?, (3.42)
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and
p(Tapt)sin(Topt — t) = p(Tiot) sin(Tipt —t) and  |¢(Tz28)* = Goo12(H)|(Tiot) >, (3.43)
Then applying similar arguments as in the proof of Lemma we can show that
¢ being nowhere zero in (t2,t1) C (0,7) implies ¢ is either
nowhere zero in 7'2717'27_21 (t2,t1) — 7 or identically zero (3.44)
in 7'2717'2,_21 (t2,t1) — m and nowhere zero in 7'1727'27_21 (ta,t1) ,

and moreover,

if ¢ is nowhere zero in T 17'2 2 (t2, t1) — , then ) holds
in 7;72 [t2, t1]; otherwise (3.43)) holds in ’7‘272 [tg,tl].

Applying the statements (3.44)) and (3.45)), we may, similarly to before (see Corollary obtain a
sequence of intervals (ty2,tp,1) C (0,7), with ¢, 1 — 0 as n — oo so that for all n either

(3.45)

7 [P(T22t)sin(Topt — )] = = [p(T2.1t) sin(Tont — )], (3.46)
or
@ 0T ) sin(Tat — 1)) = 5 (T: o) sin(Ti ot — 1), (3.47)
holds for all t € 7’2T21 (tn,2,tn,1). Therefore, passing to the limit n — oo, we get that
either or is valid for ¢ = 0. (3.48)

We conclude the proof of (3.32) by showing that (3.40) and (3.48) contradict each other. Direct
calculation yields

d
7 [p(Tjat) sin(Tjt — )] = p' (Tjut) sin(Tjat — )T it + p(Tjat) cos(Tjit — t) (T]{lt -1),

and (see, (3.13))

ATt Qu)p,(Tit)
dt Rji(t) = Qju()pn(Tiut)’

at—1=

where

t) = \/q +(g=DpR(Tjat)  and  Qu(t) = W‘

) # 0. Then either (3.38)) or (3.39) at ¢ = 0 implies that p”(0)p"(7) # 0,
<0< p"(0). In addition,

V4 L_ L Vi (3.49)

Recall that p"2(0) 4 p"?(m
more precisely that p” ()

(Va+1)p"0)  p(0)  p(r)  (va—(=1)9) p"(x)’
where j = 1 if (3.38]) is satisfied at t = 0 and j = 2 if (3.39) holds for ¢ = 0. Similarly, we have

V4 1 1 Va
(\/a - 1) p"(0) p(0)  p(m) (\f — (—1)3)p”(7r)’ (3.50)




where j = 1 if is satisfied at ¢t = 0 and j = 2 if holds for t = 0. However, we observe
directly that (3.49) and (3.50)) can not be both true if j = j. In the case when j = 1 and j = 2
we derive from and (3.50) that p”(0) = —p”(7) and p(0) = —p(w), which violates p > 0.
Finally, if j = 2 and j = 1 we obtain that p”(0)p”(7) > 0, which contradicts the assumption that
§'(m) <0< 5(0).

Up to now, we have proven that implies . That is, ¢ must be identically zero in
any interval where p’ > 0. Applying analogous arguments we can also show if p’ < 0 in (0, 7) with
p'(0) = p/(1) =0, then ¢ = 0 in (0,7). In particular (if ¢ is not identically zero in (0,7)) we can
deduce that p' > 0 in (7, 7+ ), and Lemma [3.7 as well as (3.44)) and (3.4F)) are still valid. In place
of we have for all ¢t € (0,7) that

Tigt =7 > Toat —m >t > Toot > Tint, 7>TioT, ' t—7>t, 7>TT,'t—7>t (3.51)

Corollary holds, except that {¢, 2}nen, is now a monotonically increasing sequence approaching
7 (instead of {t,1}nen, decreasing to 0), and and are valid at ¢ = 7. This leads to a
contradiction in the same way as before. We leave the details to the reader. It is now established
that ¢ is identically zero on the set {6 : p'(6) # 0}, and by continuity and the fact that p’ # 0
almost everywhere it follows that ¢ vanishes identically on [0, 27). The proof is complete.

Appendix

Proof of Theorem [ We can parameterize 0Bg,(x¢) as a star domain with

p(8) = |wo| cos(0 — O) + \/Rg — |zo|2sin?(6 — B,).
By direct calculations we derive that
B —sin(0 — 6,,)
R ol —sin?(0— 6,,)

Aside from the admissibility condition (|1.5)), it is evident that p satisfies the conditions in Theorem
We assume without loss of generality that 6,, = 0, and consequently =y = (Ry/s,0) with
s = Ro/|xo| > 1. Then

—R3/|ao|2 cos(8 — O)

Inp) (6 .
( p) ( ) (R%/\l’op . sin2(0 o 9$0))3/2

and  (lnp)’(0) =

(npf(0) = < and (np)(0) = = (32 - e
It can be easily verified that
(Inp)'(w) =1/s, if s > /3,
—min (Inp)(6) = max (In p)"(9) = (In p)"(arccos —y | =ty = 25" it's < /3.

- 3vV3s2 -1’

When /g < 1/(v/3 —1) then (1 + ,/9)/,/q is greater than or equal to v/3. Therefore s =
Ro/|wo| > (1 + ,/9)/+/q implies s > /3, and so

2

" 1 V4
< —
(Inp)”’(9) < S < 1+\/afora119,
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i.e., (L.5)) is satisfied.
When /g > 1/(v/3 — 1) then (1 + ,/g)/,/q is strictly between 1 and v/3, and

Ay = 1\1 =201+ @) /3/30 > (L+ V) /v .

Therefore s = Ro/|zg| > A, implies s > (1 + ,/q)/,/q which, when s > /3, as before gives

q
max(In p)”(0) < V4
elinp)'(0) < 27
and when 1 < s < /3 gives
2 A
np)(0) < —=-—51
mgx(np)(0) < Znt
2 1
3v31—(1-2(1+/4)/3v3q)
_ W
1+q
In combination these two facts are sufficient to guarantee that (1.5)) is satisfied. Theorem [2] (for
g > 1) now follows from Theorem O

Proof of Thoerem[3. Up to a rotational change of coordinates (placing it horizontally along its
major axis and with the right-most focal point at the origin) we can express the ellipse 2 as a star
domain with the radius function ( 2)
a(l—e
o) =2
+ ecosd

where e is the eccentricity of the ellipse and a is half of the major diameter. Then

esin @ e+ cos b

Inp)(0) = —— d Inp)"(0) =e———.
() @) =1 oeg @4 () @) = e

Aside from the admissibility condition (|1.5)), it is evident that the conditions in Theorem [5[ are
satisfied. It can easily be verified that

(Inp)”(0) =e/(1+e), ife<1/2,

max (In )" (6) = {(ln p)"(arccos(1/e — 2¢)) = 1/(4 — 4¢?), if1/2<e< 1.

The admissible condition (|1.5)) (since g > 1) is now equivalent to

4e* <3 -1/1/1.

With this observation Theorem (3| (for ¢ > 1) follows directly from Theorem O
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