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ABSTRACT. In this article, we study the impact of a change in the type of boundary conditions of an elliptic
boundary value problem. In the context of the conductivity equation we consider a reference problem
with mixed homogeneous Dirichlet and Neumann boundary conditions. Two different perturbed versions of
this “background” situation are investigated, when (i) The homogeneous Neumann boundary condition is
replaced by a homogeneous Dirichlet boundary condition on a “small” subset we of the Neumann boundary;
and when (ii) The homogeneous Dirichlet boundary condition is replaced by a homogeneous Neumann
boundary condition on a “small” subset we of the Dirichlet boundary. The relevant quantity that measures
the “smallness” of the subset w. differs in the two cases: while it is the harmonic capacity of we in the
former case, we introduce a notion of “Neumann capacity” to handle the latter. In the first part of this work
we derive representation formulas that catch the structure of the first non trivial term in the asymptotic
expansion of the voltage potential, for a general w., under the sole assumption that it is “small” in the
appropriate sense. In the second part, we explicitly calculate the first non trivial term in the asymptotic
expansion of the voltage potential, in the particular geometric situation where the subset w. is a vanishing
surfacic ball.
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1. GENERAL SETTING OF THE PROBLEM

Understanding the perturbations in physical fields caused by the presence of small inhomogeneities in a
known ambient medium is crucial for a variety of purposes. For instance, it allows one to appraise the
robustness of the behavior of a body with respect to alterations of its constituent material, or to reconstruct
“small” inclusions with unknown locations, shapes and properties inside this body; see [6] for an overview of
such applications. From the mathematical point of view, this task translates into the asymptotic analysis of
the solution u. to a “physical” partial differential equation, whose defining domain or material coefficients
are perturbed at a small scale, parametrized by the vanishing parameter . Many instances of this general
question have been investigated: beyond the model setting of the conductivity equation, addressed for
instance in [15, 10, 16], let us mention the studies [9, 13] in the context of the linearized elasticity system,
or the works [11, 35] devoted to the Maxwell equations.

Here we investigate, in the physical context of the conductivity equation, an interesting variant of the
aforementioned problems, namely the variant when the type of the boundary condition is changed on small
sets.

Throughout this article, @ C R? is a smooth, bounded domain (d = 2 or 3), whose boundary is decomposed
as follows

(1.1) 00 =Tp UTy, where I'p, 'y are disjoint, non empty, open Lipschitz subsets of 99 ,

where we refer to Definition 2.1 below for the definition of an open Lipschitz subset of 2. The regions
I'p and I'y correspond to homogeneous Dirichlet, and homogeneous Neumann conditions for the voltage
potential, respectively; see Fig. 1 for an illustration of this setting (in the case d = 3). The domain € is
occupied by a medium with smooth isotropic conductivity v € C*(Q), satisfying the bounds

(1.2) Ve Q, a<y(r) <P,

for some fixed constants 0 < a < . The “background” voltage potential ug, in response to a smooth
external source f € C>(Q), is the unique H'(2) solution to the mixed boundary value problem

—div(yVug) = f in Q,
(1.3) ug =0 on FD,
’y% =0 on I'y.
We notice that, as a consequence of the classical regularity theory for elliptic partial differential equations,
ug is smooth except at the interface, 3, between I'p and Iy, where the boundary condition changes type;
see e.g. [14, 34].

In this paper we analyze perturbed versions of (1.3), where the boundary conditions are modified on a
“small”, open Lipschitz subset w. of the boundary 92. More precisely, we are interested in two different
situations:

e The case where the homogeneous Neumann boundary condition is replaced by a homogeneous Dirich-
let boundary condition on a “small” open Lipschitz subset w,, lying strictly inside the region I'y;. In
this situation, the voltage potential u. is the unique H'(Q) solution to the boundary value problem

—div(yVue) = f in Q,
(1.4) u: =0 onI'p Uw,,
7% =0 on 'y \ w¢.

e The case where the homogeneous Dirichlet boundary condition on I'p is replaced by a homogeneous
Neumann boundary condition on a “small” open Lipschitz subset w,, located strictly inside I'p. The
voltage potential . is then the unique H*(£2) solution to the boundary value problem

—div(yVue) = f in Q,
(1.5) u: =0 on I'p \ g,
'y% =0 on I'y U we.



In either case, we assume that w. lies “far” from the transition region Y, in the sense that

(1.6) There exists a constant dy,i, > 0 such that, for all € > 0, dist(we, X) > dmin.

@
»

FIGURE 1. The considered setting when the Neumann region I'y s perturbed by a “small”
subset w. bearing homogeneous Dirichlet boundary conditions.

Such problems show up in multiple physical applications. The former situation, where homogeneous
Neumann boundary conditions are replaced by Dirichlet boundary conditions, is sometimes referred to as
the “narrow escape problem” in the literature. Originating from acoustics, it has recently attracted much
attention due to its significance in the field of biology. In this setting indeed, €2 represents a cavity whose
boundary is reflecting except on the small absorbing window w. C 0f). The particles inside €2 are guided by
a Brownian motion; they may only leave through the region w. and the solution u. to (1.4) then represents
their mean exit time. We refer to [38] and the references therein for an overview of the physical relevance of
this problem and for an account of recent developments. In this context, the asymptotic behavior of u. in
the limit where e vanishes has been analyzed in [20, 57] by means of formal matched asymptotic expansions;
the rigorous proofs of these results were later provided in [19, 5] for “simple” sets w.. Let us also mention the
interesting variant of this “narrow escape problem”, tackled in [45, 46], where the vanishing exit region w, is
connected to a thin, elongated channel, whose presence is modeled through the replacement of homogeneous
Neumann conditions by Robin (and not Dirichlet) boundary conditions on w.

The case (1.5) where homogeneous Dirichlet boundary conditions are replaced by homogeneous Neumann
boundary conditions on the vanishing region w. C 0f2 seems to have been more rarely considered. Let us
however mention the early investigations conducted in [33, 32], where the asymptotics of the eigen elements
of the Laplace operator are examined as the boundary condition passes from Dirichlet to Neumann type on
a small surfacic ball w, C Q. An analogous study is found in [58], where, in three space dimensions, the
small subset w, is shaped as a thin neighborhood of a curve on 9€). An interesting physical motivation for
this problem was recently provided in the work [41], devoted to the construction of metasurfaces capable
of affecting such changes in boundary conditions. This mechanism was analyzed from the mathematical
point of view, and the corresponding asymptotic behavior of u. was derived in 2d in [4], under the technical
assumption that the boundary of Q is completely flat in a neighborhood of the w,; these results were then
used in [3] so as to determine the optimal placement of such metasurfaces.

The present paper addresses both situations (1.4) and (1.5): our goal is to understand the asymptotic
behavior of u. as € — 0, a limiting regime in which the small inclusions w,., where boundary conditions are
changed, “vanish” in an appropriate sense. As we shall see, the relevant measure of “smallness” for the set
we depends on which one of the above situations we are in. Our investigations go in two complementary
directions. In the first part of this paper, we work from a quite abstract point of view, making minimal
assumptions about the inclusion set w., apart from “smallness”. We derive the general structure of the
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lowest order terms in the asymptotic expansion of the perturbation u. —ug. In the second part of this paper,
we consider a more specific situation as far as the geometry of the inclusion set w. is concerned: we assume
that we is a surfacic ball of radius € on 9. In the two- and three-dimensional instances of (1.4) and (1.5),
we precisely calculate the lowest order terms in the asymptotic expansion of the perturbation u. — ug, thus
offering four non trivial examples of our more abstract formulas. As we shall see, our mathematical treatment
of these four cases, based on an integral equation method, displays some similarities but also important
differences. To emphasize both aspects, we shall use the same notation for corresponding quantities, as far
as possible.

This paper is organized as follows. In Section 2, we recall some background material from functional
analysis and potential theory, which is essential for the rest of our investigation. In Section 3 we analyze,
from an abstract point of view, the general structure of the (lowest order terms of the) perturbation u. — uyg,
when the homogeneous Neumann boundary condition is replaced with a homogeneous Dirichlet boundary
condition on a small subset w. € I'y. In Section 4 we investigate the case when the homogeneous Dirichlet
boundary condition is replaced with a homogeneous Neumann boundary condition on a small subset w. € I'p.
Sections 5 and 6 are then devoted to the explicit asymptotic expansion of u. — ug for both scenarios in the
particular case where w, is a small surfacic ball, lying in I'y or I'p, respectively. In Section 7 we outline a
few natural ideas for future work, suggested by the present study. At the end this article are four appendices,
collecting several useful results from the litterature, as well as some technical calculations in close connection
with the topics discussed in the main parts of the text.

2. PRELIMINARY MATERIAL

We initiate our study by collecting some essential background material. In Section 2.1, we outline classical
results about fractional Sobolev spaces defined on the boundary of a smooth domain 2, or on a relatively
open Lipschitz subset I' C 9€); in the latter case we emphasize the difference between the spaces H*(T') and
ﬁS(F). In Section 2.2 we summarize the main properties of layer potential operators, and in Section 2.3
we make a few remarks about the construction of fundamental solutions to boundary value problems with
variable coefficients. Finally, in Section 2.4 we introduce and discuss the notion of H' capacity, which turns
out to be the relevant measure of smallness for sets supporting Dirichlet boundary conditions.

2.1. The Sobolev spaces H*(92), H*(I') and H*(I)

As is customary in the literature, for an arbitrary integer n > 0, H™(9)) stands for the Sobolev space of
functions u € L?(99Q) defined on the boundary of €2, whose tangential derivatives up to order n also belong
to L?(0N2), and the space H"(91) is the topological dual of H™(952).

The definition of Sobolev spaces with fractional exponents on the closed hypersurface 02, or on an open
Lipschitz subset I' C 9 gives rise to some subtleties, which we briefly describe in this section, referring to
[49] and [36, 47] for more details.

Let us first consider Sobolev spaces of functions attached to the whole boundary 0€2. Given a real number
0 < s < 1, there are several equivalent ways of defining a norm on the fractional Sobolev Space H*(91); we
use the following definition

o(y)P
o1 omy = lolEsomy + [ [ T2 |x_ P et WL 45(2) dsty) -

Note that, in the literature the geodesic distance d?(x,7) between two points x,y € 9§ is often used in
place of the Euclidean one |z — y| in the above formula. However, since 2 is smooth and compact, the
resulting norms are equivalent (with a constant depending on 2); see Lemma A.1.

When —1 < s <0, H(99) is the topological dual of H~*(99).

We next turn to Sobolev spaces H*(T"), defined on a proper region I' C 9, and to this end, we introduce
a definition.

Definition 2.1. An open, connected subset I' C 0X2 is called a Lipschitz subdomain if locally at its boundary,
T' consists of all points located on one side of the graph of a Lipschitz function. A Lipschitz subset T' C OS2
is then defined to be the reunion of a finite number of Lipschitz subdomains, the closures of which do not
intersect.



Let then I' C 09 be a Lipschitz subset of 0f). For any real number 0 < s < 1 we introduce the following
two classes of Sobolev spaces on I

e H*(T') denotes the space of (restrictions to I' of) functions in H*(€2) with compact support inside

I'. This space is equipped with the norm || - || s 9q); it is the closure in H*(9S2) of the set of C*

functions on 9 with compact support inside I'. Equivalently, u belongs to Hs (") if and only if its
extension by 0 to all of 92, which we throughout the following still denote by u, belongs to H*(9%).

e H*(T) is the space of the restrictions to I' of functions in H*(9€2). This space is equipped with the
norm:

[v(z) —v(y)?
(2.1) ol Fery = 0172 (ry + [0l5s(ry> where [v[F. ::/r o= gt ds(z) ds(y) .

which is equivalent to the quotient norm induced by that of H®(0Q2), up to constants that may
depend on T'.

Let us point out a few facts about the relation between both types of spaces:

e When 0 < s < 1/2, the spaces H*(I') and H*(T) are identical, with equivalent norms. On the other
hand, when  <s <1, H*(T) is a proper subspace of H*(T).
e When 1 < s < 1, the space H*(T") coincides with H§(T), the closure in H*(T") (for the natural norm
(2.1)) of the set of C*° functions with compact support K €T
For any real number —1 < s < 0, H(T') is still defined as the space of restrictions to I' of distributions
in H*(09) (equipped with the quotient norm). This space can be identified with the topological dual of
H —5(I"), using as a pairing the natural extension of the L?(T") inner product, that we denote by:

(u,v), ue H*T), ve H ).

Similarly, H* (T') is the space of distributions in H*(99) with compact support inside I'. It is identified with
the dual space of H~*(T"), using the same pairing (with the same notation).

The case when s = 1/2 is particular: HY/2(T') is a proper subspace of HY/2(T'), with a strictly stronger
norm, while the latter space, incidentally, coincides with Hé /2 (T"). To better appraise this distinction between
H'Y?(T) and H'Y/?(T'), we calculate the norm Hu||ﬁ1/2(r) = ||lull g1/2(90) of an arbitrary function u € HY?(T):

uxr) —u 2
ey = Nl + [ [ ) ast) + 2 [ pr(@lute)l? asto)

|z —y|

[l ey +2 [ pr@lua)f ds(o)
The weight pr is here defined by

1
—— ds(y) .
OQ\T |z —y[?

Vo € Fa PF(x) :/
19}

The above norm on the space H'/2(T') is stronger than that on H/2(I'), and in particular

(22) ([ P as@) < Sl

The spaces with exponents j:% are particularly relevant in the context of variational solutions to boundary
value problems like (1.3). By a variational solution to (1.3) we understand a function ug in the functional
space

Hp (Q):={ueH'(Q), u=0onTp}

of H'(Q) functions with vanishing trace on I'p (in other words ug|p, € H'/2(I'y)), and for which

/’qu(vadx:/fvdm,
Q Q
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for all v € H} () (ie., v|ry € H'/2(T'y)). Using integration by parts, this identity asserts that:

0 0 ~
Wﬂ =0 as an element in H~'/?(T'y), and so ’y% e H'2(Tp) .

on

2.2. A short review of layer potentials

In the present section, we denote by D C R? a smooth bounded domain, and we briefly recall some back-
ground material about layer potential operators associated with dD; we refer to [7, 30, 49, 61] for more
details about such operators.

Let G(z,y) be the fundamental solution of the operator —A in the free space R¢

(23) o) = {

—loglz—y| ifd=2,
For z € R?, the function y — G(x,y) satisfies
_AyG(w7y) = 6y:z y

in the sense of distributions in R¢, where dy=c is the Dirac distribution at z.
For a smooth density function ¢ € C*°(0D), the single layer potential associated with ¢ is defined by

(2.4) Spo(x) = - G(z,y)o(y) ds(y), = €R\ oD,

and the corresponding double layer potential is defined by
0G
Dpo(z) = [ o —(z,y)¢(y) ds(y), =€ R\ OD.
oD Ty
The operators Sp and Dp extend to bounded operators from H~'/2(9D) into H._(R?), and from H/?(9D)
into H'(D) U HL (R%\ D), respectively. In addition, the functions Sp¢ and Dp¢ are both harmonic on D

and R?\ D. Of particular interest are their behavior at the interface dD. Let us denote by
(2.5) gt (z) = ltifgg(x ttn(z)), x€dD

the one-sided limits of a function g which is smooth enough from either side of D and by [g](x) := g*(z) —
¢~ () the corresponding jump across 9D. The functions Sp¢ and Dp¢ satisty the well-known jump relations:

(2.6 Sp0] =0 and | 2-(Sp0)] = o,
and
(2.7) [Dpé] = ¢ and [ fnwm] 0.

The first and the last of these four jump relations allow to introduce the integral operators Sp and Rp,
defined for a smooth density function ¢ € C*°(9D) by:

Spé = (Spd)lops  Spé(x) = /8 Glr9)o(w) ds(y) . @ €D,

and

0

922G
Rpo = — (Dpd), R — f.p. / — 7 (a ds(y) , = € 9D,
Do 8n< Do) po(x) nfo R 8nm5‘ny(x y)o(y) ds(y) , =

where f.p. refers to a finite part integral in the sense of Hadamard. These operators extend as bounded
mappings Sp : H~'/2(0D) — H'/?(0D) and Rp : HY/?(0D) — H~'/2(0D).

Lastly, we recall the decay properties of the single and double layer potentials at infinity. For a given
density ¢ € H~'/2(dD), it follows from the explicit expression (2.3) of the fundamental solution G(z,y)
that, for d =3

(23) Spota) = 0 (1) and [98p0(0)= 0 (175 )

|[?
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where we have used the convenient notation O (@) to represent a function whose modulus is bounded by

el

77 when |z| is large enough, for some constant C' > 0.

The case d = 2 is a little more subtle, and in general one only has
1
Spo(a) = O ([loglel) . and [Spoa)l=0 (1) |

however, if f op @ ds =0, then it holds additionally

(2.9) Spé(z) = O (é') , and [VSpo(z)|= O (1) .

|=[?

As far as the double layer potential is concerned, one has for ¢ € H/? (0D) and d = 2,3
1 1

2.3. The fundamental solution N(z,y) to the background equation (1.3)

We turn our attention to the case when the reference problem under consideration is not the free-space
Laplace equation, but rather the background boundary value problem (1.3). The fundamental solution
N(z,y) to the latter is constructed from that G(x,y) associated to the operator —A in the free space, given
by (2.3), in a way which we now briefly describe. We refer, e.g., to [31] or [8] for similar results.

For any point x € Q, the function y — N(z,y) satisfies the following equation

—divy (y(y)VyN(2,9)) = 6y=p in Q,
(2.11) N(z,y)=0 foryeTlp,
V(Q)gﬁ(ﬂu‘,y)zo forye 'y .

This means that, for any function ¢ € C*(£2) such that ¢ = 0 on I'p, one has

o(z) = /Q VW)V, N(z,y) - Vo(y) dy, =€

By an easy adaptation of the proof of Lemma 2.36 in [30], one sees that the function N(z,y) is symmetric
in its arguments. Furthermore, it is related to the fundamental solution G(z,y) to the Laplace equation in
free space via the relation

N(ay) = %Gmy)  R(zy)

where for given z € Q, y — R(x,y) is the solution to the equation
—divy (v(y)VyR(2,y)) = 535 V(y) - V,Gla,y) inQ,

()
R(Z,y) = *ﬁG(IIZ,y) for S FD )
V() BE (z,y) = —28 HE (2, ) fory €Ty .

The precise functional characterization of R(x,y) follows from standard elliptic regularity theory, depending
on the singularity of G(z,y), see [14, 34]. Without entering into technicalities, let us just mention that,
for fixed € Q, the function y — R(z,y) belongs (at least) to H(2). Moreover, for every open subset
U eR\ (BU{z}), it is of class C>® on QN U.

2.4. The capacity of a subset in R?

In one of the two scenarios studied in this article, namely when w. accounts for Dirichlet boundary conditions
being imposed inside the Neumann region T'y (cf. Section 3), the key quantity to measure the “smallness”
of the set w. will be the H*(R?) capacity. For the convenience of the reader, we briefly recall the definition
and two simple results related to this notion, referring to [37] for further details.

Definition 2.2. The capacity cap(E) of an arbitrary subset E C R? is defined by:
(2.12) cap(F) = inf {||v|\§{1(Rd), v(z) > 1 a.e. on an open neighborhood of E} .

A slightly different formula for cap(F) is that of the following lemma.
7



Lemma 2.1. For an arbitrary subset E C R?, it holds
(2.13) cap(F) = inf {H’UH%F(R(,;), v(z) =1 a.e. on an open neighborhood of E} .
Proof. On the one hand, it follows immediately from the definition (2.12) that

cap(F) < inf{HvH%{l(Rd), v(xz) =1 a.e. on an open neighborhood of E} .
Conversely, if v, € H'(R?) is a sequence of functions such that

v, > 1 a.e. on an open neighborhood of F, ||vn|\§{1(Rd) SEmAN cap(FE) ,
then w,, = min(v,, 1) defines a sequence of functions in H!(R?) which satisfies
||wn||?{1(JRd) < anH%{l(Rd) ;

see for instance [37], Proposition 3.1.11. As a result,
inf {Hv||§{1(Rd), v(z) =1 a.e. on an open neighborhood of E} < ||wn|\%{1(Rd) < anH?{l(Rd) 272, cap(E)
which proves (2.13). O

We now provide a useful lemma, whereby the capacity of a subset w of the boundary 90 of a smooth
domain Q C R? can be estimated in terms of the energy norm of a function whose trace equals 1 on w.

Lemma 2.2. Let Q be a smooth bounded domain in R?, w be a Lipschitz open subset of 02, and let u be a
function in H'(R?). If u =1 on w in the sense of traces in H/?(w), then

cap(w) < [JulF1 gay-

Proof. Let U be an open neighborhood of w in R?, and let ¢ be a C°(R?) function which equals 1 identically
on U. We decompose the function u as:

u=¢+u—qo.
Since the set of functions v € H'(R?) with vanishing trace on w is exactly the closure of C2°(R? \ @) in
H'(R?) (see Section 2.1), and since the trace of u — ¢ equals 0 on w, there exists a sequence v,, € C°(R%\ @)

such that 1

— - < —.
lu—¢ Un”Hl(]Rd)_n

We now estimate

ull ey = ¢+ vn+u—¢ = vallgrga
> ¢+ vnllar ey — lu— & = vnll 1 (ray
. 1

¢+ vallr @y = = -

The function ¢ + v, lies in H!(R?) (actually it lies in C2°(R%)) and it equals 1 on an open neighborhood of
w in R, From the definition of cap(w) it follows that

16+ vl 11 ey > (cap(w))*/?

and so by combination with the previous estimate we get:

1
1/2
lullars ay > (cap(@))'/? = .

By passing to the limit as n — oo we arrive at the desired conclusion.
O

Remark 2.1. From the physical point of view, the capacity of a compact subset E C R? is the total energy

of the electric field in the whole ambient space R?, in the equilibrium regime where the potential is constant

on E (equal to 1). Different notions of capacity are found in the literature, depending on the kernel relating

the charge distribution (i.e., the source term) to the induced potential. A very natural notion of capacity is

attached to the fundamental solution to the Laplace operator with homogeneous Dirichlet boundary conditions

on a “ground surface” A (where the potential is set to 0); this concept is often associated with the name
8



condenser capacity. The version proposed in Definition 2.2 is convenient for our purpose, since it is somehow
“universal” (it does not depend on the choice of a fized grounding subset A for the potential), and it involves
the Bessel kernel. It is equivalent to the notion of condenser capacity, up to constants depending on the subset
A; see for instance Lemma 3.1 for a result in this direction. We refer to [1] for an extensive discussion of
the concept of capacity; see also [43, 28].

Remark 2.2. In Section 5 we shall be particularly interested in subsets of R® of the form
(2.14) D, := {x: (z1,...,24-1,0) € RY |z] <5} )

D. is a line segment of length 2¢, when d = 2, and a planar disk with radius €, when d = 3. The following
estimates of the capacity of D, will come in handy

Cs
[log €|

where Co and C3 are universal constants; see for instance Chap. 2 in [413].

(2.15) cap(D,) <

when d =2, cap(D.) < Cse when d =3,

3. REPLACING NEUMANN CONDITIONS BY DIRICHLET CONDITIONS ON A “SMALL SET”

In this section, we consider an arbitrary sequence w. of open, Lipschitz subsets of the Neumann region I',
which are all “well-separated” from the Dirichlet region I'p in the sense that the assumption (1.6) holds.
The homogeneous Neumann boundary condition satisfied on I'y by the background potential ug (see (1.3))
is dropped on w,, where it is replaced by a homogeneous Dirichlet condition. The perturbed potential u. in
this situation is the solution to the equation (1.4).

As we shall see, the potential u. converges to ug as € — 0, when the set w. vanishes in an appropriate
sense. In this general setting, where no additional hypothesis is made about w., our aim is to establish an
abstract representation formula for the first non-trivial term in the limiting asymptotics of u. — ug.

3.1. Some preliminary estimates

We start with some a priori estimates related to modified versions of the perturbed boundary value problem
(1.4). The first of these results is concerned with the unique solution x. € H'(Q2) to the problem
—Ax:=0 inQ,

Xe=1 onw,

(3.1) Xe =0 onITp,
%: on 'y \w; .

Let us recall that, by a solution to (3.1) we understand a function x. € H} () such that x. =1 on w. and
(3.2) Yo € Hf(Q) with v =0 on w,, / Vxe -Vodr=0.
Q

Lemma 3.1. Let w. be an open Lipschitz subset of the region I'y C 02, which lies “far” from I'p in the
sense that (1.6) holds, and let x. be the solution to (3.1). There exist two constants 0 < m < M which depend
only on Q, I'p and the lower bound dwin on the distance from we to I'p, but are otherwise independent of
we, such that

(3.3) m cap(we) < |[Xell7 (@) < Meap(we) -

Proof. We start with the proof of the inequality m cap(we) < ||X5qul(ﬂ). Because of the smoothness of €2,
there exists an extension x. € H'(R?) to the whole space R? such that

(3.4) Xl Rty < Clixellm (@)

where the constant C' depends only on 2 (see e.g. Appendix A in [49]). Using Lemma 2.2 we may estimate
the capacity of the subset w. C 912, where the trace of Xz equals 1, by

cap(we) < |Xell7 (ga) -

This inequality, combined with (3.4), yields the desired result.
9



We now prove that ||X€H%{1(Q) < Mcap(w:). Let us first observe that, due to a classical variation of the
Poincaré inequality, there exists a constant C' > 0 which depends only on Q and I'p, such that

(3.5) Ixe ) < ClIVXellZ20a -

Because of the separation assumption (1.6), there exists a function h € C'(Q) such that, for any ¢ > 0
small enough, one has

h(z) =1 for z € we, h(z) =0 for z € I'p, and [|h[|cag < C,

where C' depends on dpi,, but is otherwise independent of w.. For any function x € H'(R?) such that y = 1
on an open neighborhood of w., we now have

I9x: e = V- Vxeda

/ Vxe - V(xh) dz
Q

OHVX5||L2(Q)dHXHHl(Rd) .

IN

Here we have used the fact that x. — xh vanishes on I' p Uw,, together with the variational formulation (3.2),
to pass from the first line to the second. We immediately conclude that

||VX5||2L2(Q)d < C||X||§11(Rd) :

Since this holds for any function x € H'(R?) which equals identically 1 on an open neighborhood of w,, the
desired upper bound for || X5||%1(Q) follows by taking the infimum over all such functions y € H'(R?) and

using the formula (2.13) for the capacity, as well as the Poincaré inequality (3.5). |

The second result in this section is concerned with solutions to a slight generalization of (3.1), where the
prescribed Dirichlet data on w, is given by a function g (and not constantly equal to 1) and the conductivity
1 is replaced by . More precisely, we now consider the unique solution v. € H*(2) to the boundary value
problem:

—div(yVve) =0 in Q,

Ve =g on we,
(3.6) ve =0 on I'p,
g = on 'y \ &z,

where g is a given function in C*(€). By a solution to (3.6) we understand a function v. € H} () such
that v. = g on w. and

(3.7) Yo € H(Q) with v =0 on w,, / YV -Vodz =0.
Q

Lemma 3.2. Suppose d =2 ord = 3. Let w. be an open Lipschitz subset of the region I'y C 082, satisfying
(1.6), and let v. € HY(Q) be the solution to (3.6). There exists a constant M which depends only on «, 3,
the ellipticity constants of v, Q, I'p and dyin, but is otherwise independent of w., such that

(3.8) vell 1) < Mllgller @)cap(w:)? -
In addition, v. satisfies the following improved L? estimate

3
(3.9) [vellz2(0) < Mllgller g cap(we)* -

Proof. We first prove (3.8). Notice that, due to (a modified version of) the Poincaré inequality, it suffices
to show that the term ||Vo,] |2L2(Q)d satisfies the desired upper bound. To this end we introduce the solution
10



Xe € HY(Q) to (3.1). Since v. — gx. = 0 on w. UT'p, the variational formulation (3.7) yields

||vvs||2Lz(Q)d S C/ "}/VUE . V’UE dx
Q
= C [ vVov.-V(gxe) dz
Q
< C||9Xs||H1(Q)||UsHH1(Q)

< Cligller@lixellm@llvellma) -
Using the upper bound for ||xc|| 1 (q) supplied by Lemma 3.1, and the Poincaré inequality for v, we conclude
that )
[[VVel|L2@)a < M|gllcr @)cap(ws)?
which is the desired estimate (3.8).
We proceed to prove (3.9). To this end we rely on a variant of the “classical” Aubin-Nitsche trick [12, 54, 21].
Let w. denote the unique solution in Hf, () to the boundary value problem

—div(yVw:) =v. inQ,

we =0 onIlp,
85_
YHEe =0 onI'y,

or rather, in its variational form:
we € H_(Q), and / YVwe - Vode = / vevda forallv e HE () .
Q Q

Since (1.6) holds, there exists a cut-off function n € C2°(R?) with the property
n =1 on a neighborhood of all the w. and 7 = 0 on an open set U of R? with I'p € U .

The key ingredient of the following derivation is that w. shows improved regularity with respect to v. (away
from the interface between I'p and T' ). In particular, standard interior elliptic regularity results, discussed
e.g. in [14, 34], give
[Inwel|ms ) < Cllvellm ) -
In addition, since d = 2 or 3, the classical Sobolev Embedding Theorem ensures that
H3(Q) c C*(Q) and for all v € H3(Q), [vller@) < Cllvllas )
see e.g. [2]. It follows immediately from this and the previous regularity estimate that

(3.10) [nwellcr @y < Clinwellmrs @) < Cllvellm (o) -

/ v? de = / YVwe - Vo dx
Q Q
= / YV (xenwe) - Vo, dz,
Q

where we have introduced the solution y. € H'(Q) to (3.1), as well as the fixed cut-off function 1 from
above. We have also used that w. — xcnw: = 0 on w. UT'p and the variational formulation (3.7). It now
follows that

We now calculate

HU6||2L2(Q) < Cllvella@)lIxellar @l Inwellor @)
<

3.11
( ) C||Us|ﬁ11(n)\|Xs||Hl(Q) )

where we have employed (3.10) for the last inequality. Finally, using the estimate

1
Xl (o) < Mcap(we)?
from Lemma 3.1, together with the already established H! estimate (3.8) for v, it follows from (3.11) that

3
||U€||2L?(Q) < C||g||§1(§)cap(w5)2 )

as desired. 0
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Remark 3.1. We observe that the conclusions of Lemma 5.2, and their proofs, extend verbatim to the case
where the scalar conductivity v is replaced by a smooth conductivity matriz A € C>(Q)¥*< satisfying the
bounds

(3.12) Ve eRY,  aléP < A(z)e-€ < BIE?, xeq.

More precisely, the H' and L? estimates (3.8) and (3.9) still hold true when v. is the solution to the following
anisotropic counterpart of (3.6)

—div(AVv:) =0 in Q,

Ve =g on we,
ve =0 onT'p,
(AVv.) n=0 onTy\w; .
3.2. The representation formula
The deviation r. := u. — ug between the perturbed potential and the background potential is the unique

H(Q) solution to

—div(yVre) =0 inQ,

re = —Up on we ,
(3.13) re =0 onl'p,
7%20 on 'y \@; .

Because of our separation assumption (1.6), there exists a smooth compact subset K € I'y such that w. C K
for all e. Owing to local elliptic regularity estimates for the background problem (1.3), we have

lluollcr(xy < Cllfllmm @)

for a sufficiently large integer m (again, see e.g. [14, 34]). Hence, we may construct a C'! function g on all
of Q with the properties that

go = —up on K , and ||90||cl(§) < Clluollcrxy < Cllfllam @) -
With this notation, r. is the unique H!(£2) solution to

—div(yVre) =0 in Q

Te = 9o on we ,

re =0 onTp ,

or- __ J—
Vo = on 'y \ ;.

As a straightforward consequence of Lemma 3.2, it follows that

(3.14) lIrellir @) < ClIfllm@ycap(we)'/?
and we now search for the next term in the asymptotic expansion of u.. Our main result is the following.

Theorem 3.1. Suppose d =2 or d = 3, and suppose we is a sequence of non-empty, open Lipschitz subsets
of 0, which are all contained in T n and well-separated from U'p in the sense that (1.6) holds. Let u. denote
the solution to (1.4). Assume that the capacity cap(w:) of we tends to 0 as ¢ — 0. Then there exists a
subsequence, still labeled by €, and a non-trivial distribution p in the dual space of C1(0Q), such that for
any fized point x € Q, and any n € C®(0N) withn =1 on {y € 99Q, dist(y,I'p) > dmin/2} and n =0 on
{y € 09, dist(y,I'p) < dmin/3}, it holds

(3.15) us(x) = uo(z) — cap(we) by (W) Y(W)uo(y)N(z,y)] + o(cap(we)) , ase —0.

The term o(cap(we)) goes to zero faster than cap(we) uniformly for x € K, where K is any compact subset
of Q. The distribution u depends only on the subsequence w,, 2, and I'y.
12



Proof. Introducing the fundamental solution N(z,y) of the background operator defined in Section 2.3, we
obtain for any z € 2

) = [ r)(div, G0N @) dy
= [V VNG dr - [ )T ) dst)
7 Ore - 6]7\}1/
= [ G ONE s - [ )5 ) ds().
Since y = y(y) 55— ON (m y) vanishes on I'y (i.e. as an element in H~'/2(I'y)) and 7. vanishes on I'p (i.e.,

r. € HY/2 (T'n)), the second integral in the above right-hand side equals 0, and so

or
(3.16) rele) = [ )G N G) dsty)
Gl9) on
To proceed, we now use the same “compensated compactness”, or “clever integration by parts” technique as in
[15], see also [50]. Let ¢ € C*(99) be an arbitrary function, which vanishes on the set {y € 9Q : dist(y,I'p) <
dmin/3}. Since Q is smooth, it is easy to construct a function ¢ € C*(Q) such that
(3.17) =6 on 02, and [[¥lle: g < Clidllerony -

where the constant C' depends only on 2. As before, let x. denote the solution to (3.1). Since the function
(¢ — x<v) belongs to H'/?(9Q), and vanishes on I'p U w,, we have

87"5 ore
ds = — ds .
An integration by parts now yields

ore
/ 8 ¢ ds / YVre - V(Xaw) dy
(3.18) on  on 9
= / w’YVTe . VXE dy + / Xs'yvrs : V¢ dy .
Q Q

Using (3.14) and the estimate (3.9) applied to x., we may control the second term in the above right-hand
as follows

‘/ XeYVre - V1/)dy’ < Clixellez@llrellm @ 1¥ller @)
< Ceap(w.)? £l )1l ony -

A similar argument makes it possible to rewrite the first term in the right-hand side of (3.18) as

/Q YYVre - Vxedy = /Q V(vire) - Vxe dy — /Q reV(7Y) - Vxe dy

(3.19)

= | Vlr) - Ve dy + Oleap(w) Dl amen olloron -
Inserting these two facts into (3.18) we get

or. 5
/8 A ds = /Q V(yre) - Ve dy + Ofcap(we) H)IIF e l6llc on -

on
and so, after another integration by parts
or 8 5
| Ageeds= [ Daords + Ofcapw) Dl oyl e oo -
o0 o0
Since % =0on I'y \ @, and since 7. = —ugx: on we UT'p, we may replace r. with —ugx. in the integral
of the above right-hand side, thus obtaining
or ox 5
(320) | Agods=— [ Zexaunods + Oap) DIl lollcron -
oQ oQ
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Now let  be a function as introduced in the statement of this theorem:
n € C>®(0Q), n=1on {y € 99, dist(y,I'p) > dmin/2} and n =0 on {y € 9Q, dist(y,I'p) < dmin/3}

Then, N(z,-)n(-) is a C* function on 9 which vanishes on the set {y € 9Q : dist(y,I'p) < dmin/3} and
coincides with N(z,-) on w. UT'p. By a combination of (3.16) and (3.20), with ¢(-) = N(x,-)n(-), it follows
that

@) = [ 2 GEN e ds)

3.21) = /{m 7(y) g:f ()N (z,y)n(y) ds(y)

Oxe

= ) n () xe (¥)uo ()Y (W)N (2, y)n(y) ds(y) + Ocap(w:) )| flam @ IN (@, )n(-) e @) -

Finally, the upper bound in Lemma 3.1 reveals that cap(w:) > 0 (since the w, are non-empty), and that for
any function ¢ € C*(9Q)

1 OXe
E— 8 =
cap(we) Joo On Xe

1
cap(w:)

It follows from the Banach-Alaoglu theorem that, up to extraction of a subsequence, which we still label by
g, there exists a bounded linear functional y on C1(99) such that, for any ¢ € C(99):

1 OXe e—0
Cap(wg) /aQ an XEQSdS M(¢) N

The lower bound in Lemma 3.1, in combination with Poincaré’s inequality, reveals that u(1) > 0, in other
words that p is non-trivial. A combination of Section 3.2 and the above convergence result (with ¢(-) =
uo(-)y(-)N(x,-)n(-)) yields the desired representation formula

/Q Ve - Vixed) dy| < Clidllercon -

re(w) = —cap(we)py [M(y)uo(y)y(y)N(z,y)] + o(cap(we)) -

The uniformity of the convergence of the remainder term, when the point x is confined to a fixed compact
subset K € €, follows from the fact that the set of functions {ug(-)y(-)N(x, )n(:)}eerx C C1(IN) is compact
in the C! topology. O

3.3. Properties of the limiting distribution p

The limiting distribution g introduced in Theorem 3.1 is a priori a distribution of order one on 0f2, and as
such it may depend on first-order derivatives of the argument function ¢. We now show that this is not the
case, and that p is actually a non negative Radon measure on 0).

Proposition 3.1. The distribution p in (3.15) is a non-trivial, non negative Radon measure on 0Q2. More-
over, the support of p is contained in any compact subset K C 02 such that w. C K for e > 0 small
enough.

Proof. We recall from the proof of Theorem 3.1 that the distribution p is defined by:

! o 1 28
V(b eC (aQ), M((b) = il—I}(l) cap(wg) 20 on XEd) ds )

where the limit is taken along a subsequence, and x. € H'(f2) is the solution to the equation (3.1). Let ¢

be an arbitrary function ¢ € C*(99). Since 952 is smooth, it is easy to construct a function Yec 1(Q) such
that

(3.22) ¥ = ¢ on 99, and [[¥]] o) = ll6llcogn) -

Green’s formula then yields

OXe ~ -
/ X Xep ds = / (Vxe - Vxe)v do +/ (Vxe - Vi) xe do .
0! Q Q

Qan
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As in the proof of Theorem 3.1 (see (3.19)), the estimates of Lemma 3.2 show that

/Q (Vxe - V"Z)Xe dz =0,

lim
e—0 cap(we)

and as a consequence

(3.23) H(9) = limy s

for any function ¢ € C1(892), where ¢ € C1(Q) is related to ¢ by (3.22). On the other hand, using Lemma 3.1,
there exists a constant C' > 0 such that

/ (VXE : VXE){/;dz ,
Q

(3.24) vy € C(Q),

Vxe Vxe)¢dz| < C 0(g) -
o | LT ) o

Hence, using again the Banach-Alaoglu theorem, there exists a subsequence of the e’s and a non negative
Radon measure v on ) such that

0/~ 1
v € CO(Q), m/ﬂ(%-mwdw/ﬂwdu.

Combining this with (3.23) we conclude that:
wo) = [ G
Q
for any ¢ € C(99), where ¢ € C1(9Q) is related to ¢ by (3.22). Moreover,

|5 ] < Clilenay = Clldlicnom)
and we have thus proved that, for any ¢ € C1(99)
()] < Cllollcoan) -

This shows that p is a Radon measure on 052, the non negativity of which follows from that of v. Moreover,
the proof of Theorem 3.1 has already revealed that p is non trivial since p(1) > 0.

Finally, let K € 99 be a compact subset of 9 such that w. C K for e > 0 small enough. Let ¢ € C1(99)
be an arbitrary function with support in the relatively open subset U := 00\ K. Then, x.¢ belongs to
H'?(99) and vanishes on w. UT p, so that

It follows that

ox.
n(o) = tim —— [ Zevods—o.

i
e—0 cap(we) Joq On

Since this holds true for any ¢ € C'(9Q) with support in U, the desired result about the support of
follows. O

Proposition 3.1 immediately leads to the following Corollary to Theorem 3.1.

Corollary 3.1. Suppose d =2 or d = 3. Let w. be a sequence of non-empty, open Lipschitz subsets of OS2,
which are all contained in T'y and are well-separated from T'p in the sense that (1.6) holds. Let u. denote
the solution to (1.4). Assume furthermore that the capacity cap(we) of we goes to 0 as e — 0. Then there
exists a subsequence, still denoted by e, and a non-trivial, non negative Radon measure i on 052, such that
for any fixed point x € Q

ue(x) = o(z) — cap(we) /3 0y (5) N ) duy) + ofcap(e.)

The measure p depends only on the subsequence we, ), and I'y. The support of v lies inside any compact
subset K C 09 containing the we for € > 0 small enough, and the term o(cap(we)) goes to zero faster than
cap(we) uniformly (in x) on compact subsets of Q.

Remark 3.2. Let us comment about the physical meaning of the representation formula of Corollary 3.1.
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o The first order term in this expansion arises as the superposition of the potentials uo(y)y(y)N(z,y)
created at x by point sources (monopoles) which are distributed on the “limiting location” of the
vanishing subsets w.. The negative sign in front of this term indicates that these point sources have
been replaced by a “ground” (homogeneous Dirichlet boundary condition) when passing from the
background physical situation to the perturbed one.

o Assuming for simplicity that f has compact support inside 2, the fact that the term o(cap(w:)) (in
Corollary 3.1) is uniformly small on compact subsets of Q leads to the following asymptotic expansion
for the compliance (or power consumption) of §2:

/Q fu. de = /Q f o dz — cap(we) /Q f() /@  (0)uofu)N . 9) dly) dx -+ ofeap(ce)

Due to the symmetry of the fundamental solution (see Section 2.3), we have

uo(y) = / Nz 9)f(z) da |

and this now implies

/Q fu.de = /Q fuo dz — cap(we) /8 3(@)ud(w) dta) + ofeap(e))

In particular, the emergence of a small Dirichlet region within the homogeneous Neumann zone I'y
always decreases the value of the compliance, which is consistent with physical intuition, since it
amounts to enlarging the region of the boundary 02 where the voltage potential is grounded.

4. REPLACING DIRICHLET CONDITIONS BY NEUMANN CONDITIONS ON A “SMALL SET”

We presently turn to the opposite situation of that considered in Section 3. The considered sequence w. of
“small”, open Lipschitz subsets of 0f) is now included in I'p, and it is well-separated from I'y in the sense
that (1.6) holds. The homogeneous Dirichlet boundary condition satisfied by the “background” voltage
potential ug on I'p (see (1.3)) is dropped on we, where it is replaced by a homogeneous Neumann boundary
condition: the perturbed voltage potential u. is then the solution to the equation (1.5). Like in Section 3,
without any further assumption on w., we aim to derive a representation formula for u. —ug as € — 0.

Let us start by defining the quantity e(w.) which will measure the “smallness” of a set w. in the present
setting. When w C R? is an arbitrary finite collection of disjoint Lipschitz hypersurfaces, we introduce:

A =0 inRI\w

(4.1) e(w) = max / (22 4+ |Vz[}) dz, z € HY(R?\ @) s.t. 822—|— ¥ in R\ @, .

KECZ (RY), R\ n KR on w
r(x)==x1 for z€w

In the above formulation, n stands for any smooth unit normal vector field on (each connected component

of) w, and the value of e(w) does not depend on the choice of the particular direction(s) of n, due to the

presence of the maximum. More precisely, when w has only one connected component, e(w) is the energy of

the unique H'(R?\ @) solution z to the equation

—Az+2=0 inR4\w@,
(4.2) { 9z on w '
on )

and the choice of an orientation for the normal vector n to w only affects the sign of z and not the value of
the energy e(w). When w has several connected components, a direction for n can be set independently on
each connected component of w; the possible choices for « in (4.1) correspond to all possible configurations
of the field n, and the quantity e(w) captures the configuration with maximum energy.

In view of the discussion in Section 2.4 (see notably Remark 2.1), it is very tempting to interpret e(w) as
a sort of “capacity” of the set w, which, in a Neumann context, measures the energy of the potential in an
“equilibrium” situation where the current passing through w is constant, with amplitude equal to 1.

Remark 4.1. In spite of its intuitive physical interpretation, the quantity e(w) is not very explicit, since it
involves the solution of a boundary value problem posed on the whole ambient space R®. For this reason, we
derive in Appendix A several interesting surrogate quantities, depending only on the geometry of w, which in
some particular cases are equivalent to e(w).
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In Section 6, we shall conduct explicit calculations of the solution u. to (1.5), in the particular case where
the inclusion set w. is a “surfacic ball” on 0. The following estimates for the “smallness” of the planar
disk D, defined in (2.14), which follow straighforwardly from Appendiz A (see in particular Remark A.1),
will be used repeatedly:

(4.3) e(D.) < Che? if d =2, and e(D.) < Cse® if d = 3,
for some universal constants Cs, Cs.
4.1. Preliminary estimates

We start with a preliminary result, which is analogous to Lemma 3.1, and is essential for the derivation of
our asymptotic representation formula. Let (. be the unique H'(2) solution to

A =0 inQ,
c&::O OnFD\F&Z)
(4.4) %e — 1 onw.,

% =0 only.
The following lemma relates the energy of (. with the quantity e(w.) defined in (4.1).

Lemma 4.1. Let w. be an open Lipschitz subset of the region I'p C OS2, which lies “far” from Uy in the
sense that (1.6) holds, and let (. be the solution to (4.4). There exist two constants 0 < m < M, which
depend only on ), T'p and the lower bound duyin on the distance from we to 'y, but are otherwise independent
of we, such that

me(we) < |G|z ) < M e(we).
Proof. We start by looking at the right-hand inequality. The latter is actually quite natural, since (. can be
seen as arising from the solution z to (an equation like) (4.2), for a suitable function s, by “adding Dirichlet
boundary conditions”. An adapted version of the Poincaré inequality for functions with vanishing trace on
the set

{l‘ e Il'p, diSt(I‘,FN) < dmin/S}

reveals that there exists a constant C' > 0 which only depends on 2, I'y and dy,i, such that
(4.5) [Cellmrr () < ClIVElL2(0)a -

Let z. be the solution to (4.2), where n is the unit normal vector to dQ pointing outward from Q (in
particular, it is normal to we) and & constantly equals 1 on w.. An integration by parts, using the boundary
conditions satisfied by (. and z., yields

VAo = /Qvgs.vgedx
B 0¢e
= /wi 8nC€ds
0z,
= Laﬁ&ds

0z,

where 7 is a smooth function such that
n=1on {z €Tp, dist(z,I'n) > dmin/2} and n=0on {x € 99, dist(z,I'n) < dmin/3} -
It follows that
V6B = [ (Vo Tlage) + zenc.) da

Q
< Olleellm@lléel|m o)
< Ollzellm @avo) Vel L2 @)
where we have used the Poincaré inequality (4.5). The desired inequality now follows from the definition
(4.1) of e(we) and repeated use of the Poincaré inequality (4.5).
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Let us now turn to the left-hand inequality. To this end, let z. be the H'(R?\ @.) solution to (an equation
like) (4.2), where & is any C2°(R?) function taking values 1 or —1 on w,, and n again is chosen to be the unit
normal to Jf2, pointing outward €. The variational formulation associated to (an equation like) (4.2) and
an integration by parts immediately imply that

|‘ZE||%]1(Rd\@) = (Zg + VZg . VZE> dz
R

dws
= j k(zh —27)ds .
We

Here we have denoted by z1 and zZ the one-sided traces of z. on w, from the exterior and the interior of Q,
respectively (see (2.5)). We obtain

¢ _
||Z€Hi11(Rd\uTE) < a;| : — 2 | ds
We ac
aﬂa;‘j_ze‘ds’?

where we have used the fact that z. is continuous across 92 (in the sense of traces) except on w.. Since
is smooth, there exists a bounded linear extension operator E : H/2(9Q) — H'(Q) such that

Yu € HY?(09), [[Eul[ 1) < Cllullgi/2(90) and Eu = u on 08,

for a constant C' which depends only on 2. Based on the previous estimate we calculate

9¢e
Q on

V(. -V|Ezl -z | dx
)
ClIVEllr2@yall Bz — 2|l @)

ClIVEll 2y (1128 2oy + 2l m1 (@)
ClIVCllr2@yel el ravg.)

|Ezf — 27| ds

||z |§11(Rd\¢7€)

AVANTAY

which finally results in the desired inequality
|[2e] |1 mavez) < ClIVElL2(@)a -

Since this holds for any choice of the function x € C2°(R?) having values 1 or —1 on w,, the desired inequality
follows by taking the maximum with respect to any such choice. O

We now consider the H!() solution v. to the boundary value problem

—div(yVo) =0 in Q

=0 on I'p \ wy

(4.6) e n Lo\,
155 =g on we ,
755 =0 on 'y,

where g is a given C°(Q) function. Our next result provides norm bounds for v. in terms of the expression
e(we).

Lemma 4.2. Suppose d =2 ord = 3. Let w. be an open Lipschitz subset of the region I'p C 0N, which lies
“far” from T in the sense that (1.6) holds. There exists a constant M, which depends only on «, B, the
coercivity constants of v, Q, I'n and the lower bound dpi, on the distance from w. to I'y, but is otherwise
independent of w., such that the function v. in (4.6) satisfies the following H' estimate

1
(4.7) [[vellzr) < Me(we)* [lgllcoay -
In addition, the following “improved” L? estimate holds

3
(4.8) vl r2(0) < Me(we)? [lglleo) -

The quantity e(w.) is that defined in (4.1).
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Proof. We start by proving (4.7). Since w. lies inside I'p with dist(we, ') > dmin > 0, a variant of the
Poincaré’s inequality for functions whose trace vanishes on the fixed region {z € I'p, dist(z,I'n) < dmin}
yields the existence of a constant C' > 0, depending only on 99, I'p and d,;,, such that

(4.9) [[vel |1 (o) < ClIVvel|p2(q)a -

We then calculate

HVUEHZLQ(Q) < C/QVVUE-VUde

Ve ds

Ve
C o
o0 an

C/ gue ds .

An application of (4.9) and introduction of the function (. — defined in (4.4) and estimated in Lemma 4.1 —
now yields

lolfey < Cliallosgy [ ol ds
= Cllalleo | Il 5 ds
= Cllslleoy | Vivel - V. do
< Cliglleoyllvella @ ewe)?

and the desired estimate (4.7) follows.

Let us now consider the improved L? estimate (4.8). To establish this, we proceed along the lines of the
proof of Lemma 3.2. As in that proof, let w. denote the unique H'(Q) solution to the boundary value
problem

—div(yVw,) =v. inQ,
we =0 onI'p,
768% =0 onI'y .

Taking advantage of the separation assumption (1.6), we may introduce a cut-off function n € C2°(R?) with
the property

n =1 on a fixed neighborhood of all the w, and 1 = 0 on an open set U in R? with Ty € U .
The function w. shows improved regularity with respect to v., away from the interface ¥ between the
Dirichlet and Neumann regions I'p and I'y. More precisely, arguing as in the proof of Lemma 3.2 (see in

particular (3.10)), one obtains that

(4.10) [nwellcr @y < Clinwe|lrs @) < Cllvellm (o) -

/v?dx
Q

We now calculate

—/ div(yVw,) v, dz
Q

/ YVwe - Vo, dz f/ ’y%
Q we 3n

(nwe)ve ds .

ve ds

—_ 5 7%
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Using the regularity estimate (4.10) for nw. and introducing the function (., — defined in (4.4), and estimated
in Lemma 4.1 — we are now led to

/v?dx < C O(mwe) |ve| ds
Q on Co(09) Jwe
87’1 CO(aQ) a0 8n
_ o |2we) /V\m-vgdx
on Cco(99) J0
< Oflelli ye(we)®

In combination with the already established estimate (4.7), this yields

3
[ 2 < C e Hlalng
exactly as asserted in (4.8). O

Remark 4.2. Asin Section 3 (see Remark 3.1) close inspection of the above proof reveals that both estimates
(4.7) and (4.8) still hold true when the function ve from (4.6) is replaced by the solution to the following
anisotropic boundary value problem

—div(AVv:) =0 in Q,

ve =0 onT'p\ Wy,
(AVv:) -m=g on we,
(AVv.) - n=0 onTxn,

where A € C(Q)¥? is a smooth conductivity matriz satisfying the bounds (3.12).

4.2. The representation formula

One of our main results in this section is the following representation theorem.

Theorem 4.1. Suppose that d =2 or d = 3 and that w, is a sequence of non-empty, open Lipschitz subsets
of 08, which are all contained in I'p and well-separated from I'n in the sense that (1.6) holds. Let u. denote
the solution to (1.5). Assume that the quantity e(w.), given by (4.1), goes to 0 as ¢ — 0. Then there exists
a subsequence, still labeled by €, and a non-trivial distribution p in the dual space of C1(OS) such that for
any fized point x € Q, and any n € C°(0N) withn =1 on {y € 9Q, dist(y,T'n) > dmin/2} and n =0 on
{y € 09, dist(y,I'n) < dmin/3}

(111) wela) = o) + o) sy (100) G () g .9)) +ofelvn)

Y

The term o(e(we)) goes to zero faster than e(w.), uniformly for x in any fized compact subset K of Q. The
distribution p depends only on the subsequence we, ), and I'p.

Proof. The proof parallels that of Theorem 3.1 with appropriate changes. We give a fairly detailed outline
of it, except in a few places where we refer back to the proof of Theorem 3.1. Let r. denote the remainder
Te = u. — Ug, which is now the unique H*(£) solution to the following problem

—div(yVr,) =0 in Q,

re =0 inFD\cT,

(4.12) 3TEE__ dug c
Yon = ~Ton on we ,
7%:0 on 'y .

Let x be a fixed point inside 2. From the definition (2.11) of the fundamental solution N(x,y) to the
background equation, we obtain after integration by parts

re(z) = /Q re(y)(~divy (Y(4) Vy N () dy

ON

- / (0 o (.9) ds(y) + /Q V()Vre(y) - Ty N (z,y) dy -
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Another integration by parts of the second term in the above right-hand side reveals that the latter actually
vanishes, so in conclusion

ON

re(z) = - / e ) g, (.9) ds()

= —/ rs(y)n(y)v(y)g%(x»y) ds(y) -

We Y

(4.13)

Following the proof of Theorem 3.1, we now proceed to calculate, for any given function ¢ € C*(92) vanishing
on {y € 99, dist(y,I'n) < dmin/3}, the limit of the quantity

- [ rwot asty)
For this purpose we introduce an extension ¢ € C1(Q) of ¢ satisfying the properties (see (3.17))
¥ = ¢ on 0Q, and [[¢||c1 ) < Clldllcr(a0)

and we consider the unique H*(£2) solution ¢. to the boundary value problem (4.4). We calculate

[ rwew st = - [ FEnvas

a0 671

- / (Ve - Ve dy — /Q (Ve - Vib)re dy

(9]
- /Q <vcs~vvre>%dy + O(e(w) D llimen Il om) -

where the last identity follows from the improved L? estimate (applied to r.) and the H! estimate (applied
to () from Lemma 4.2; see the proof of Theorem 3.1 for details. A repeated use of the same estimates (with
the roles of r. and (. interchanged) followed by an integration by parts yields

- [ rwswase) = - /Q me-v<¢j€> dz + O(e(ws) )| fllm @ | Slleson

¢C. ds + O(e(we) )| fllzrm () 6]l o1 003

Te

on
a9
see the proof of Theorem 3.1. Using the boundary conditions satisfied by r. and (. we finally end up with

0Ce 0 5
ay = [ e asn = [ () Gods+ 0Dl lamaldleron

From Lemma 4.1, we infer that the sequence e(i ) (%% Cs) has bounded norm in the dual space of C!(99);

see more precisely (3.24) in the proof of Theorem 3.1. From the Banach-Alaoglu theorem, it now follows,
after extraction of a subsequence (still labeled by €), that there exists a bounded linear functional p on
C1(99) such that

1 8Cs e—0
4.1 NGy - od )
(4.15) v € CL(09), /(,QQ@(%)an)ws’em)
Also, due to Lemma 4.1, it follows that u(1) > 0, thus revealing that g is non trivial. Insertion of ¢(y) =
n(y)y(y) aai\,[/ (z,y) into (4.14) and application of (4.15) with ¢(y) = %(y)n(y)y(y) gﬁ/ (z,y) now gives
~ [ e o) G ) dst) = ey (1) G20 G o) + o)

which in combination with (4.13) leads to the desired representation formula (4.11). The uniformity of the
convergence of the remainder o(e(w)), when z is confined to a fixed compact subset of , follows as in the
proof of Theorem 3.1. O

Just as in Section 3 we may show that the distribution p is a non negative Radon measure compactly
supported “near” the sets w; in other words, the following analogue of Proposition 3.1 holds in the present
context, whose nearly identical proof is left to the reader.
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Proposition 4.1. The limiting distribution p introduced in Theorem 4.1 is a non negative Radon measure
on 02. Moreover, the support of p is contained in any compact subset K of 02 such that we C K fore >0
sufficiently small.

This proposition immediately leads to the following corollary to Theorem 4.1.

Corollary 4.1. Suppose d =2 or d = 3 and suppose we is a sequence of non-empty, open Lipschitz subsets
of 99, which are all contained in U'p and are well-separated from T, in the sense that (1.6) holds; let u.
denote the solution to (1.5). Assume that the quantity e(w.), defined by (4.1), goes to 0 as € — 0. Then
there exists a subsequence, still labeled by €, and a non-trivial, non negative Radon measure p on 982, whose
support is included in any compact subset K C 02 containing the w. for € > 0 small enough, such that the
following asymptotic expansion

8’11,0 ON

- 2o 2T (@) d
wele) = wofa) + ) | G TE o) (o) + o(e())
holds at any fized point x € Q2. The term o(e(w)) goes to zero faster than e(we) uniformly (in x) on compact

subsets of Q). The measure p depends only on the subsequence we, 2, and I'p.

Remark 4.3. From the physical viewpoint, the second term in the representation formula of Corollary 4.1
accounts for the potential created at x by a distribution of dipoles located at the “limiting position” of the
sets w.. We notice the sign change, when compared to the second term of the expansion in Section 3. A
calculation similar to that found in Remark 3.2 (and under the same assumptions regarding the source term
f) now leads to a non negative first term in the perturbation of the compliance, reflecting the intuitive fact
that the compliance of Q necessarily (asymptotically) increases when the homogeneous Dirichlet boundary
condition on w. is turned into a homogeneous Neumann condition.

5. AN EXPLICIT ASYMPTOTIC FORMULA FOR THE CASE OF SUBSTITUTING DIRICHLET CONDITIONS

In this section, we investigate a particular instance of the general situation of Section 3, where the homo-
geneous Neumann boundary condition satisfied by the background potential ug on the whole region I'y is
modified to a Dirichlet boundary condition on a subset w. C I'y taking the form of a vanishing “surfacic
ball”.

Without loss of generality, we assume that the origin 0 belongs to 'y, and that the normal vector n(0) at
0 coincides with the last coordinate vector eq. We select a smooth bounded domain @ C R?, and construct
a smooth diffeomorphism 7 : R? — R such that Q = T(0O), and

(i) The domain O lies inside the lower half-space H, and it coincides with H in a fixed open
neighborhood U of 0:
OCH, and ONU = HNU, where H := {x:(acl,...7xd) e RY, xd<0}.
(ii) T(0) =0 and VT(0) = Id.
Given such T and O, the subset w. C I'y is now defined as follows:

(5.1) we = T(D.), where D, :={x = (21,...,24-1,0) € OH, |z| < e},

for ¢ sufficiently small, see Fig. 2 for an illustration. We denote by 1"/1\\[ C 00 the boundary set fj\v =
T~Y(Ty), and purely for simplicity we also assume that O and T are selected in such aa way that T'
coincides with the identity mapping “far” from 0, so that in particular T=}(T'p) = I'p (in terms of the
original domain  this is achievable through the assumption that € lies below its tangent plane at 0).

The “background” and perturbed potentials ug and u. are the H(Q) solutions to the following equations:

—div(yVug) = f in Q, —div(yVue) = f in Q,
(5.2) ug =0 onI'p, and us =0 on I'p Uw,,
7%:0 on Iy, 7%:0 on 'y \ g,

where the source term f € C*(Q) is smooth. Invoking classical elliptic regularity results, we observe that
ug and u. are smooth, except in the vicinity of the points x € 9Q where boundary conditions change type.
More precisely, with ¥ = T'p N Ty
e The function ug is of class C* in a neighborhood of any point z € 2\ ¥;
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FIGURE 2. The setting in Section 5.

e The function u. is of class C* in a neighborhood of any point z € Q \ (X U dw,);

see for instance [14], §9.6, or [34].

We aim to derive a precise first order asymptotic expansion of u. when € — 0, thus exemplifying the
abstract structure of Theorem 3.1. We start by providing the complete analysis for the two-dimensional
case in Section 5.1. The analysis for the three-dimensional case, which is quite similar in many aspects, is
outlined in Section 5.2.

5.1. Asymptotic expansion of the perturbed potential u. in 2d
This section deals with the case d = 2, and our main result is

Theorem 5.1. The following asymptotic expansion holds at any point x € Q, x ¢ X U {0}:
1
(5.3 ela) = ) = 1O ON .0 0 ()

Proof. We proceed in four steps, relying on several intermediate, technical results, whose proofs are postponed
to the end of the section for the sake of clarity.

iy
|log ]

Step 1. We establish a representation formula for u. which relates its value at a point x € 9 “far” from
the inclusion set w, to its values inside w, by means of the fundamental solution N (z,y) to the background
operator, defined by (2.11).

Considering a fixed point = € , using the definition of N(z,y) and integrating by parts twice, we obtain

w() = / div, (7(y) V', N () e () dy
- /Q V)V N(z,9) - Vue(y) dy
= / v(y)aue (y)N(z,y) ds(y /f (z,y) dy,
o0

ony

where the second line follows from the facts that 'y(y) (sc y) =0 on 'y and u. = 0 on I'p; see (5.2).

Using the background problem (5.2) satisfied by uo and the boundary conditions for u. and N, we arrive at
the following formula, for any point x € 2

- ue(®) = wuola)+ / Q.

(y)N(z,y) ds(y)

(y)N(z,y) ds(y) .

Here we have taken advantage of the fact that ug satisfies homogeneous Neumann boundary conditions on
I'y to introduce the error r. = u. — ug in the last integral of the above right-hand side. Note that the
identity (5.4) extends to the case of points € 9Q, x ¢ ¥ U {0} in the sense of traces, provided ¢ is small
enough, since all the quantities involved are smooth at such points.
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Next, we introduce the mapped potentials vy := ug o T and v, := u. o T. A change of variables in the
variational formulations of (5.2) reveals that vy and v. are the unique H'(O) solutions to the problems

—div(AVyy) =g in O, —div(AVv.) =g in O,
(5.5) v =0 onI'p, and v, =0 onI'p UD,,
(AVwy) - n=0 onTy, (AVv.)-n=0 onIy\D,,

where g € C°(R?) and A € C*°(R?,R?*?) are the smooth function and the matrix field defined by

(5.6) 9(y) = | det(VT ()| f(T(y)) , and A(y) = |det(VT(y)) (T (y))VT(y)~ (VT (y)")~".

Recalling the definition (5.1) of w,, we now change variables in (5.4) and then rescale the resulting integral
to obtain

- (@) = uola)+ / (A(y)Vse(y)) - n(y) Nz, T(y)) ds(y)
5.7 B
ug(x) +/D we(2)N(z,T(e2)) ds(z) ,

where we have introduced s, := v. —vg = r. o T, and the quantity
(5.8) 0e(2) = e(AVs. -n)(ez) € H-Y2(Dy) .
The formula (5.7) leads us to study the asymptotic behavior of ¢, as € — 0.

Step 2. We characterize . as the solution to an integral equation. To this end, we essentially repeat the
derivation of Step 1, except that we now use an approximate, explicit fundamental solution instead of the
function N(z,y).

For any symmetric, positive definite matrix A, and any = € H, let L4(x,y) be a solution to the following
equation posed on the lower half-space H:

(5.9) { —divy (AVyLa(z,y)) = 0y= in H ,

AV, Ly(z,y) -n(y) =0 on 0H .

The next lemma provides an explicit expression for such a function; its proof is postponed to the end of the
present section.

Lemma 5.1. Let A be a symmetric, positive definite 2 x 2 matriz, and let M := A=Y2. Let G(x,y) be the
fundamental solution of the operator —A in the free space, defined in (2.3). The function

M_leg
(5.10) Ly(z,y) =|det M| (G(M%My) +G (M:c,My - 2y2W162|2>> , xFy,
satisfies the equation (5.9).
Remark 5.1. A straightforward calculation shows that, for x € OH, y € R?, y # z,
-1

€2

Mz — My| =Mz —-—M 2y ———
A IR

For a given point € H, we now consider the function y + L4(,)(z,y) (by substituting A(z) for A in
(5.10)) which satisfies

(5.11) { —divy (A(z)VyLg@m)(2,y)) = 0y=, in H,
A(x)VyL gy (z,y)-n(y) =0  on OH.
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For a point z € O, we obtain from (5.11) and integration by parts that

ve(@) = - /O div, (A(@)V, Law (@, 9))0e(y) dy

- / A@)Vy Lagey(@,y) - n(y)ve () ds(y) + / A(2)Vy Lace)(2,9) - Voe(y) dy
o0 (@]

= - / A(x)Vy La)(x,y) - n(y)ve(y) ds(y) + / (A(z) — A(y))VyLa)(z,y) - Voe(y) dy
20\U Q)

+ / AWV, La(@,9) - Voe(y) dy
O
= —/ A(x)VyL gy (x,y) - n(y)ve(y) dS(y)+/ (A(z) — A(y))VyLa)(z,y) - Voe(y) dy
dO\U o

+ /8 (A0 ) (3) L) ds(y) + /O 9(9) Lae (@, 9) dy

where the third line follows from the equation (5.11) satisfied by L 4(s)(z,y), and the fact that 00 NU =
OH NU. A similar calculation applied to vy instead of v. yields

vo(z) = —/ A(x)VyL s (x,y) - n(y)vo(y) dS(y)+/ (A(z) — A(y))VyLa)(z,y) - Voo(y) dy
dO\U o

+ / (AV0o - 1)(y) Lae () ds(y) + / 9(9) Lagey (,9) dy .
o0 (@)

Forming the difference of these identities, we get

se(a) = — / A@)Vy Ly (@, y) - n(y)se () ds(y) + / (A(x) — AW)Vy Lags) (.5) - V. () dy
dO\U o

+ / (AVse - n)(y) Lag)(z,y) ds(y) + / (AVse -n)(y) Lag)(z,y) ds(y) .
T'p D

Letting « tend to D, and invoking the boundary continuity of single layer potentials (as in the last term),
we obtain for a.e. z € D,

—vo(z) = — / A(@)Vy L g (2, y) - n(y)s=(y) ds(y) + / (A(z) — A(y))VyLaw) (2, y) - Vse(y) dy
20\U 1)

(5.12) + / (AVs. - n)(y) L) (2, y) ds(y) + / (AVs. - 1)(y) Lage) () ds(y) -

€

Rescaling the above equation, we finally obtain, for a.e. z € D
_UO(EI') = - /80\1,{ A(Ex)vyLA(sm) (El’,y) : n(y)se(y) ds(y)+/(9 (A(ELL') - A(y))vyLA(sx)(Exay) . vss(y) dy
+ / (AVs. -n)(y) Laea)(ex,y) ds(y) + / ©0e(2) La(er)(ex,€2) ds(2),
FD Dl

where ¢. € H~1/2(DDy) is the function (5.8) introduced in the course of Step 1. We recast this equation in
the form

(5.13) Tepe = —ug(0) + e
where T. : H-Y/2(D;) — H'/2(DD;) is the integral operator defined by

(5.14) Top(z) = / o(2) Lo (e, 2) ds(z) |
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and where the remainder 7. € H'/2(D,) is given by

519 ne(e) = ((0) ~eo(en)) + [ ATy Laenen,0) n(3)se0) )

— /(9 (A(ex) — A(y))VyLA(m) (ex,y) - Vse(y) dy — / (AVs. -n)(y) LA(W)(x, y) ds(y) .

I'p

Step 3. We infer the asymptotic behavior of . from the analysis of the integral equation (5.13). The key
ingredients in this direction are the next two lemmas; for clarity, their proofs are postponed to the end of
this section.

Lemma 5.2. The quantity n. € H/?(Dy), defined in (5.15), satisfies
(5.16) ne <250 strongly in HY2(Dy) .

Lemma 5.3. The following asymptotic expansion holds

1 2
T.o— — (1o €+a/ ds — ———
ey tesel o) | eds =

Sl(pH E)—O%O,

sup ‘
H1/2 (Dl)

eeH1/2(Dy)
\Iw\\ﬁ,l/g(ml)ﬁl

where o = %log ~v(0) and Sy : ﬁ_1/2(ID)1) — HY?(Dy) is the self-adjoint operator defined by

1
(5.17) Sip() = 2/ log |z — ylp(y) ds(y), = €Dy .

By use of these results, the integral equation (5.13) may be rewritten
(5.18) ([loge| + a){we, 1) 4+ 2mS1¢0e + Repe = —my(0)up(0) + my(0)n.

where 7. converges to 0 strongly in H/2(Dy) and R. : H='/2(Dy) — HY/2(D,) is a sequence whose operator
norm converges to 0. The study of the approximate version (5.18) of our integral equation (5.13) is based
on yet another lemma, whose proof is also postponed.

Lemma 5.4.

(i) The operator Sy : H=Y/2(Dy) — HY2(Dy) is invertible.

(ii) For e > 0 small enough, the operator V. : H=1/2(Dy) — HY?(Dy), defined by

Vep = ([loge| + a){p, 1) + 2151,
1s invertible with the uniformly bounded inverse
_ 1 1 (oge| + ) (Sy 'g,1) 1
- 1 — 1 )
o 27+ (| loge| +a) (S, 11,1) 2

(Sl_ll, 1) = 27w /log2. In particular,

(5.19) Vol

_ (Si'g,1)
21 + (|loge| + a)(Sy'1,1)

(5.20) (Vg 1)

Since the operator norm of R, : H~Y/2(D;) — H'Y2(DD;) tends to 0, invoking (5.18), Lemma 5.4, and a

Neumann series for the solution of (5.18), we see that the function ¢, € H~'/?(ID;) satisfies
pe = —my(0)uo(O)V 1+ Vg
for a sequence 7. converging to 0 strongly in H'/?(ID;). In particular, there exists a constant C' such that
(5.21) ||Sﬁs||ﬁ—1/2(]@1) <C.
Moreover, using (5.20), we calculate
(e, 1) =my(0)uo(0)(V:1,1) + (Ve 1)

3(0)ua(0) + o
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which is the needed information about ¢. for the following Step 4.

Step 4. We pass to the limit in the initial representation formula (5.7). Since z does not belong to XU{0}, we
obtain from the estimate (5.21) and a Taylor expansion of the smooth function y — N(z,y) in a neighborhood
of 0

/D pe(2)(N(z,T(e2)) = N(2,0))ds(2)| < eellg-1/2m,)[IN (2, T(e)) = N(@,0)l[g1/2(p,)
' < Ce,
and so
ue(z) = uo(x) + </ gog(z)ds(z)> N(z,0)+ O(e) .
D1
Hence the desired expansion (5.3) follows from (5.22). O

We now provide the proofs of the missing links in the above analysis.

Proof of Lemma 5.1. We seek a function L a(xz,y) that satisfies, for any point x € H, and any smooth
function ¢ € C°(H),

(5.23) (z) = /H AV, La(z,y) - Vib(y) dy .

Introducing the symmetric, positive definite matrix M € R2%2 for which M ~2 = A, we may write the latter
requirement as follows

Vo € CH(). (o) = [ (MY, (o) - (V) dy
Changing variables and using test functions ¢ € C°(H) of the form ¥(y) = ¥(My), ¥ € C*(MH), we
arrive at

Vo e MH, Vi € C°(MH), () :/ |det M~V (La(M 'z, M~'2)) - Vib(z) dz .
MH

Therefore, it suffices that the function (x,y) — WLA(M’lx,M*Iy) be a Neumann function for the

Laplacian on the rotated half-space M H. Such a function can easily be constructed by reflection — more
precisely
1

.24 —_
(5:24) | det M|

LA(M_l'Ta M_ly) = G(x,y) + G(Qf, SM(y))7

where

) M_leg M_1€2
su(y) =y—2(y- (M~Tey| ) [M~Tey)

is the symmetric image of a point y € M H with respect to the hyperplane O(MH) (whose unit normal

vector equals U\A;II%ZI) The desired expression (5.10) for L4(x,y) follows immediately.
|

We next turn to the proof of Lemma 5.2 concerning the remainder 7..

Proof of Lemma 5.2. The definition of 7. as the right-hand side of (5.15) features four terms, which we
denote by I'(z), i = 1,...,4, respectively. We prove that each of these converges to 0 strongly in H'/?(ID;).
First, using the smoothness of vy near the point 0 together with the fact that vo(0) = u(0), we get

(5.25) IHz) = ug(0) — vo(ez) ==2% 0 strongly in H'/2(D,) .
Secondly, the term
(5.26) P = [ ooy AT (2,9) n(3)3:(0) )
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is an integral over the set 0O\ U, which lies “far” from .. Since the function (z,y) — A(ex)Vy L s(cq)(e2,y)
is smooth for x € D; and y € 9O \ U (uniformly with respect to ¢), and since s. — 0 strongly in H'(O) by
virtue of Lemma 3.2 ( Remark 3.1) and (2.15), it follows easily that I2(z) — 0 strongly in H'/?(DDy).

For the very same reason, the term

(527) 1@)i= = [ (AVs. 1)) Lo 1) ds(0)
D
also converges to 0 strongly in H'/?(ID;). Finally, we consider the term

(5.28) Bz) = - /O (A(cz) — AW)VyLaceny(e2,y) - Vse(y) dy .
Using Lemma 5.1 and the subsequent Remark 5.1, we see that, for x € Dy and y € O,
-1 M?(ex)(y — ex)
VL a(ex)(ex,y) = .
vhaen(En) = e A ) MGy — 22) P
As the matrix field A(y) is smooth, there exists a constant C' > 0 such that:
VeeD, yeO, |Alex)— Ay)|| < Clex —yl,

where || - || denotes any matrix norm. We then estimate

(5.29) 1)) < € [ [9s.0)ldy < Cllsllo) -
Invoking again Lemma 3.2 (Remark 3.1) and (2.15), we conclude that

113(2)] 29 0 uniformly in z € Dy |

which implies, in particular, the strong L?(D;) convergence of I2 to 0. It remains to prove that I3 converges
to 0 strongly in H'/2(ID;). To this end, we return to the formula Section 5.1, which reads

2 (2) =)= [ AITLaco ) n)e ) ds(0) + [ (AT5 ) Ly 0:0) d5(0)

D

+ [ (A5 ) Lago ) dsty), v €D,
I'n

where we have taken advantage of the fact that AVs. -n belongs to H~/2(D,) (and vanishes in I'y \D,) to

express the last integral in the above right-hand side as an integral on the whole set I' ;. Using the mapping
properties of the integral operator with kernel L 4(,)(z,y) (see Theorem D.1), we obtain

3(Z
IE (5)‘H1/2(DE) S C||85||H1(O) s

where we recall the definition (2.1) of the semi-norm |- |y1/2(p_). Changing variables in the definition of this
semi-norm to rescale the above left-hand side, we now get

‘Ig‘Hl/Q(]DJl) S CHSEHHl(O) .

We conclude from Lemma 3.2 ( Remark 3.1) and (2.15), that |I§|H1/Q(Dl)

that I3 converges to 0 strongly in L?(ID;), it follows that I? converges to 0 strongly in H'/2(ID;), which
completes the proof of the lemma. O

— 0. Finally, as we already know

We next turn to the proof of the approximation Lemma 5.3.

Proof of Lemma 5.3. Let D C R? be a smooth bounded domain, whose boundary 9D is a closed curve
containing D; as a subset. Since H1/2 (Dq) is the space of distributions in I; whose extension by 0 to 9D
belongs to H~1/2(8D), and since H'/?(ID1) is the space of restrictions to D; of elements from H'/2(9D) (see
Section 2.1), it is enough to prove that the asymptotic formula in the statement of Lemma 5.3 holds when
all the operators at play are seen as operators from H~'/2(dD) into H'/?(0D).
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To this end, let us first simplify the expression (5.10) for the function L (.. (ex,cy) featured in the
definition (5.14) of the operator T

vmvye]D)h $7éy7 10g‘M(€l‘)(€fL‘—€y)‘ :

-1
Lper)(ex,ey) = ————x=
A v) /| det A(ex)]
The matrix field A is given by (5.6), and its definition readily implies that A(ez) tends to v(0)I in C¥(V)
for any integer & > 0 and any relatively compact open neighborhood V of 0 in R?. Hence, T. may be
decomposed as:

1 2
5.30) T-o = ——(|loge| + « / ds + —=5
(5.30) T m(o)(l gel + a) Dl@ S0y

1 1
+ — loge| + / ds+ T, ,
(w\/detA(amﬂ W7(0)> (llogel+a) JD)l(p TR

where Tk, is the integral operator with kernel K.(z,z — y), and K. is given by

1 1
K (z,2):= 0) log |z| Y TE] log ’\/’7(0)M(E$)Z‘ .
The first two terms in the right-hand side of (5.30) correspond to the desired limiting behavior for T, and
the third term is easily seen to converge to 0 as an operator from H~/2(9D) into H'/?(0D). We then
focus on the operator Tk, . It is easy to verify that K. is a homogeneous kernel of class —1 in the sense of
Definition D.1. Hence, Theorem D.1 implies that Tk, maps H~'/2(0D) into H'/?(9D). Note that we may
modify K, in such a way that it vanishes outside a sufficently large compact set (since the definition of Tk,
only involves values K. (x,x — y) for x,y € dD). With this modification we have

o~ 8’8 e—0

Sup sup sup K. (z,z)] — 0,

la|<k geRd |z|=1 Oz 92P
I1BI<k

for any integer k. In view of Theorem D.1, Tk, converges to 0 in the operator norm

e—0
sup | Tr. el 12000y — 0,
peH—1/2(8D)
HSPHH_l/Q(aD)Sl

which finishes the proof. (]

Proof of Lemma 5.4. Proof of (i). Let D C R? be a smooth bounded domain, whose boundary 9D is a
closed curve containing D; as a subset. We also introduce another bounded Lipschitz domain V C R? such
that D € V, and a smooth cut-off function y € C2°(R?) such that y = 1 on a neighborhood of D and x = 0
on R\ V.

The proof follows an idea in [62, 63]; it relies on the connection between S; and the single layer potential
Sp : H71/2(0D) — H{ (R?) associated with D, as defined in (2.4). More precisely

V(p c ﬁ_l/Q(]Dh), Sl@ = (SDQO)lth )

where the density ¢ in the right hand side is extended by 0 outside D;. We first show that S : H-1/? (D) —
H'/?(D;) is a Fredholm operator with index 0 by adapting the argument of the proof of Th. 7.6 in [49]. The
classical mapping properties of the single layer potential Sp imply that there exists a constant C' > 0 such
that for any density ¢ € H~1/2(ID;), the associated potential u = Spy € H}, (R?) satisfies

Ixullmr g2y < Cllollg-1/20p) -
Conversely, we infer from the jump relations (2.6) of the single layer potential that

O(xu)™  O(xu)~
(5.31) leller-1r2(am) = H (an) B (Bn) ’

< COllxul|gr re2) -
H-1/2(9D)
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Now, using again (2.6) together with integration by parts, we obtain that, for ¢ € H1/2 (Dy),

e = [ soppas = [ (230 -2 g

_Zz IV (xu)[? dx—/ A(xu)xu dz

R2\D

—/ IV (xu)* dz — / (Axu +2Vy - Vu)xu dz
R? R2\D

—/ IV (xu)|* dz — / (X(AX)U2 +2uVy - V(xu) — 2u2|Vx|2) dz ,
R2 R2\D

which we rewrite as
(5.32) / V(xu)* dz = —(S1p, ) — / (x(ax)u? + 20V x - V(xu) - 26*Vx[?) d .
R2 R2\D
The Cauchy-Schwarz inequality (and rearrangement) now implies the existence of a constant C' such that

IV OBy < C (ISl 2o llell -1,y + ullEaen )
A combination with (5.31), and insertion of u = Spy, yields the existence of a constant C' such that, for
arbitrary ¢ € H=/2(D;) (extended by 0 outside D)
(5.33) el i1/2,) = llell-120m) < C(I110llrrs2my) + 109201 ) -

Since the mapping H=Y/2(dD) > ¢ ~ Spy € H'(V) is continuous and the injection H'(V) — L*(V)
is compact, an application of Peetre’s Lemma B.1 to (5.33) reveals that S; has finite dimensional kernel
Ker(S1) € H-'/2(D;), and closed range Ran(S;) ¢ H'/?(D;). Finally, since S; is self-adjoint, it follows that
Ker(S;) = Ran(S;)*t, and so Ran(S;) = Ker(S;)* .
In summary Sp is a Fredholm operator with index 0.
In order to prove that S is invertible, it thus suffices to prove that it is injective on H=/2(D;). To

this end, let ¢ € H~/2(D;) be such that S;¢ = 0 on D;. We assume first that ¢ has mean 0, that is
(p,1) = faD ¢ ds = 0. Then, the associated single layer potential Spip : R? — R satisfies the decay property

(5.34) Spe(@)| = O (é) as || = o0;

see (2.9). From the same integration by parts which led to (5.32) (and which can now be carried out without
introducing a cut-off function x because of the decay property (5.34)), we obtain

(5.35) Sp) = 0=~ [ IV(Spp)l do.

and so Spy = 0 on R?. As a result,
_ 9(Spp)*  O(Spy)”
v on on
as desired. Finally, let us consider the general case where S = 0 but (¢, 1) does not necessarily vanish.
From Proposition C.1, the function ¢. € H~'/2(D;) defined by:
1

=0on dD,

(1) = —F/—=

2 ( l) ﬂ_m

is such that: loe2
(pe, 1) =1, and S1p. = (;g on D;.

s

Hence, the element @o € H~1/2(D;) defined by:

0o = — (p, L),
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satisfies the following properties:

log 2
1
5 (1),

so that (S1p0,00) = 0. The same calculation as in (5.35) reveals that ¢y = 0, and so ¢ = (p, 1)..
Eventually, since S1¢ = 0, we obtain (¢, 1) = 0, so that ¢ = 0, as desired.

<<p0a 1> =0 and 51@0 = _<<)07 1>Sl<pc = -

Proof of (ii). Both formulas (5.19) and (5.20) follow from simple calculations. O

Remark 5.2. A significantly simpler proof of Theorem 5.1 can be given, under the additional assumption
that the boundary 092 is completely flat in a fized neighborhood U of the w. (i.e. 02NU = 0H NU) and that
the conductivity v is constant in such a neighborhood.

5.2. Adaptation to the three-dimensional case

We proceed with the three-dimensional version of the general problem described at the beginning of this
section: the background and perturbed potentials uy and w. are still characterized by the equations (5.2),
and we look for the asymptotic expansion of u. as the size € of the subset w. C 012, defined by (5.1), vanishes.

The counterpart of Theorem 5.1 is the following. Since the proof is quite similar in most aspects, we only
elaborate on the differences.

Theorem 5.2. The following asymptotic expansion holds at any point x € Q, x ¢ L U {0}:
ue(z) = ugp(z) — 4ey(0)ug(0)N(z,0) + o(e) .

Proof. As in the two-dimensional case, we introduce the transported functions vy := ugoT and v := u.oT.
These are characterized as the unique H'(O) solutions to the problems in (5.5), which feature the smooth
matrix field 4 € C*°(R3, R3*3) and source term g € C°>°(R?) defined as in (5.6). We also introduce the error
re i=u. —ug € HY(Q) and its transformed version s. := v. — vg € H(O). The proof of the theorem again
proceeds in four steps.

Step 1. We construct a representation formula for u. in terms of the values of r. inside w.. Arguing as in
the first step of the proof of Theorem 5.1, we prove that, for any point x €

) = w0(w) + [ )5 )N ) dity)

We

an identity which also holds for z € 9§ in the sense of traces in H'/2(9Q). Performing a change of variables
based on the diffeomorphism 7" we arrive at

(5.36) ue(x) = ug(x) —|—/D we(2)N(z,T(e2)) ds(z) ,

where the rescaled density ¢, is given by

0. (2) = £2(AVs. - n)(ez) € H /(D) .

Step 2. We characterize . as the solution to an integral equation. To this end, again, we rely on a variant of
the representation formula (5.36) adapted to the function v., and obtained with the use of a special function
Y+ L a(g)(w,y) which satisfies, for given x € H

(5.37) { ~divy (A(2)Vy La@)(@,y)) = 6y=e in H,
A(x)VyLa(z,y) n(y) =0 on OH.

The construction of such a function is accomplished exactly as in the two-dimensional case; see (5.9) and
Lemma 5.1. The same calculations as in Step 2 of the proof of Theorem 5.1 then yield, for a.e. x € D,

—vp(z) = — / A(@)Vy L gy (2, y) - n(y)s:(y) ds(y) + / (A(z) — A(y))VyLaw) (2, y) - Vsc(y) dy
dO\U 1)

(5.38) + / (AVS. - n)(y) L) (2, y) ds(y) + / (AV. - 1)(y) Lags) () ds(y) .

€
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which, after rescaling, reads
“ufer) == [ AV Laen(em.9) 1(0)3:0) ds)+ [ (AGx) AW, LaceyE.0) - Vo) dy
U

+ /FD (AVs. - n)(y) Laes)(ex,y) ds(y) + / ©0:(2) La(ea) (€2, 62) ds(2) ,

Dy

for a.e. x € Dy. This can be recast in the form of an integral equation
(5'39) Tepe = _UO(O) + 7,
where the operator T : H=1/2(Dy) — H'/2(Dy) is defined by

Top(z) = / 0(2) Lo (e, 2) ds(z) |

and . € H'/?(D;) denotes the remainder

(5.40) 1.(x) = u(0) — volea) + /8 oy AL (2,0) n3)3:3) )

- /O (A(ex) — A(Y))VyLaea) (€2, ) - Vse(y) dy — / (AVs. - n)(y) La(es) (e, y) ds(y) .

I'p

Step 3. We analyze the integral equation (5.39) to obtain information about the asymptotic behavior of
@e. To this end, we rely on the following two lemmata, which are the exact counterparts of Lemma 5.2 and
Lemma 5.3 in the present 3d situation; their proofs are outlined at the end of this section.

Lemma 5.5. The remainder term n. € HY/?(Dy), defined in (5.40), satisfies
(5.41) Ne =% weakly in H'/?(Dy) .

Lemma 5.6. The following asymptotic expansion holds

2
(5.42) sup e||Tep — Slng =90,
peH~1/2(Dy) 5’7(0) H/2(Dy)
|\W\\371/2(D1)§1
where the operator Sy : H=Y/2(Dy) — HY2(Dy) is defined by
1 1
5.43 S = — T d D, .
(5.43) @)= g [ e dst), v Dy

Using this result in combination with the integral equation (5.39), we see that the function ¢, € H-1/2 (D)
satisfies the integral equation
£7(0)

g
(5'44) S1pe + Repe. = *57(0)’“0(0) + Tns ,

where R. : H~1/2(Dy) — H'/2(IDy) is a sequence of operators whose norms converge to 0 and the sequence
N converges to 0 weakly in H'/2 (Dq). The study of this approximate version of our integral equation (5.39)
relies on the following lemma, whose proof is also postponed.

Lemma 5.7. The operator Sy : H=Y/2(Dy) — HY2(Dy) is invertible.

It then follows from (5.44), Lemma 5.7, and the use of a Neumann series, that the function . € H~1/2(D;)
satisfies:

& ~
P = _57(0)%(0)5—11 +en

where 7. is a sequence converging to 0 weakly in H'/2 (D), and Sy 11 is the equilibrium distribution associated
with the operator Sy, which is explicitly given by (C.1) in Proposition C.1 of the appendix. In particular,
we infer from (C.2) that

(5.45) (pe; 1) = —4e7(0)uo(0) + 0 (e),
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which is the needed information about ¢. for the next step.

Step 4. We pass to the limit in the representation formula (5.36), which is valid for any point = € €,
x ¢ XU {0}. Arguing as in the final step of the proof of Theorem 5.1, we obtain

us(x) = up(z) + / we(2)N(z,0)ds(z) + o(e) ,
Dy
and the result follows from (5.45). O

We now provide a few details about the missing ingredients in the above proof.

Proof of Lemma 5.5. As in the proof of Lemma 5.2, we denote the four terms in the right-hand side of (5.40)

by Ii(x), i = 1,...,4. The exact same arguments as in the two-dimensional case show that I, I? and I
converge to 0 strongly in H'/2(D;), and we focus on the treatment of the last term
(5.46) 1) = = | (Aler) = AWV, Loy (c2.9) - V(o) dy

From the explicit expression for the function L 4(,) supplied by Lemma 5.1 and Remark 5.1, a simple
calculation yields, for x € D,

- 1 M?(ex)(y — ex)
VyLa(ea)(ex,y) = om\/det(A(ex)) M (ex)(y — ex)

Hence, using the Cauchy-Schwarz inequality and a switch to polar coordinates, we obtain

1
B < C / L Vsl dy
0\517 y| 12

1
C —d
([ otma) lsdmo)

< Cllsellaoy -

IN

Invoking Lemma 3.2 ( Remark 3.1) about the asymptotic behavior of s. together with the estimate (2.15),

we conclude that

113(2)] 29 0 uniformly in z € Dy |

and in particular,
(5.47) 121lz2my) =0 -

Let us now consider the H'/2(ID;) convergence of I3. To this end, we return to the formula Section 5.2,
which we rewrite

B(2) =)= [ A@TuLa @) @) ds(0) + [ (AT5m)0) Lo (9) d5)

D

" /A (AVs. -1)(y) Lags(2,9) ds(y), €D, .

I'n

This identity, and the mapping properties of the integral operator with kernel L 4(,)(7,y) stated in Theo-

rem D.1 readily imply that
I (7)‘ < :
e i, S Cllsellar (o)

After a change of variables in the semi-norm | - |g1/2(p_), the above estimate yields

1
e2 |2 g2y < Cllsellm oy

and since ||s||g1(0) < Cez as a consequence of Lemma 3.2 ( Remark 3.1) and (2.15), it follows that the
function 72 is bounded in H'/2(ID;). Hence, up to a subsequence, it converges to a limit weakly in H'/?(DD;),
which is necessarily 0 by virtue of (5.47). Finally, by uniqueness of the weak limit (that is, regardless of the
chosen subsequence for the weak H'/2(ID;) convergence of I2), the whole sequence I? converges to 0 weakly
in H'/2(D;), which completes the proof. |

We next turn to the proof of the approximation Lemma 5.6.
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Proof of Lemma 5.6. Let D C R? be a smooth bounded domain whose boundary contains ;. The kernel
L p(cz) (€2, €y) of the operator T reads, for z,y € Dy, x #y

1 1
Lper(ex,cy) = ,
Al () = e M) (@ — 9]

see (5.10). Let us now recall from (5.6) that the matrix field A(ez) tends to v(0)I in C*(V) for any integer

k > 0 and any open, relatively compact neighborhood V of 0 in R3. T. may be decomposed as

2

Tp=—
T 50

where Tk, is defined as the integral operator with kernel K.(z,z — y), and K. denotes the following homo-
geneous kernel of class —1, in the sense of Definition D.1,

SISD + TKESD 5

1 1 1
2mer/det(A(ex)) |M (ex)z|  2mey(0)]2]

According to Theorem D.1, this operator maps H_1/2(6D) into H1/2(8D). For any integer £ > 0, we
furthermore have

K. (z,z):=

aa aﬁ e—0

Sup sup sup K. (z,z)] — 0.

la|<k zeRd |z]=1 Ox> 028
[BI<k

Here we have, again, “cut off” K. outside a sufficiently large compact set. In light of Theorem D.1, this
limiting behaviour implies that Tx_ converges to 0 as an operator from H~'/2(9D) into HY/?(8D), and so
as an operator from H~'/2(D;) into H*/?(ID;), which is the desired result. O

Sketch of proof of Lemma 5.7. The proof is very similar to that of Lemma 5.4, and we only point out the
differences. Repeating mutatis mutandis the argument presented in the two-dimensional case, one sees that
the operator S is still Fredholm with index 0, and so, it suffices to prove that it is injective. To achieve this,
let ¢ € H~/2(D;) be a density such that S;¢ = 0, and let u = Spg € H_(R?) be the associated potential.
Because of the decay properties at infinity (2.8) of the single layer potential in three space dimensions (which
hold even if (¢, 1) # 0), an integration by parts similar to that which led to (5.32), reveals that

0= <S1¢7¢>:—/Rg|vm2dx-

Hence u is constant on R3. Since |u(x)| — 0 as || — oo, it follows that u vanishes identically, and so does

¢ =— (g—:‘ﬁ - %_). This shows the injectivity (and thus the bijectivity) of Sj. O

6. AN EXPLICIT ASYMPTOTIC FORMULA FOR THE CASE OF SUBSTITUTING NEUMANN CONDITIONS

This section exemplifies the general physical setting of Section 4: we consider a smooth, bounded domain
Q in R?, whose boundary is made of two disjoint, open Lipschitz subregions I'p, T'y: 9Q =Tp UTy.
denotes the interface between I'p and I'y. The geometric setting is exactly as in Section 5, only with the
roles of I'p and T'y interchanged. The vanishing subset w. C I'p is of the same nature as in (5.1): it is the
image of the planar disk D, with radius € around 0 by the smooth diffeomorphism T that maps the domain
O (whose boundary is flat in a fixed neighborhood U of 0) onto 2. We also denote Ip= T-1T'p) and we
assume for convenience that T coincides with the identity mapping far from 0, so that T-!(I'y) = I'y. The
background potential and the perturbed potential, ug and u., respectively, are the solutions to the equations

—div(yVug) = f in Q, —div(yVus) = f in Q,
(6.1) 1{020 onI'p, and us =0 on I'p \ g,
7%2 on I'y, ’7%20 on I'y Uwe.

Our aim is to derive a precise first order asymptotic expansion of u. when € — 0. In order to emphasize the
similarity of this study with that conducted in Section 5, we use the same notation whenever possible. Our
main result is the following.
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Theorem 6.1. Let d =2 or 3 and let x € Q, x ¢ YU {0}. One has the asymptotic expansion

ue () = up(z) + age?y(0) == (0)=— (x,0) + o(e?) ,
on * " Ony
where the constant aq is given by
u { % ifd=2,
d= -

Sketch of the proof. As in the proof of (5.3), we proceed in four steps, introducing the difference r. :=
ue —up € HY(Q).
Step 1. We construct a representation formula for u. which only involves the values of r. inside w,, and the
fundamental solution N(z,y) to the background equation in (6.1).

To this end, let € Q be arbitrary; using the definition of N(z,y) and integrating by parts twice, we
obtain

_ / divy (v(y) Vy N (2, 9))ue(y) dy

Q
ON
| AW @) dsw) + [ 10N @) Vucl) dy
o0 g” Q
= [ W @) dsw + [ TN,
we ny Q
where the last line follows from the facts that

ue ()

ON Oug _
’y(y)a—n(x,y) =v(y)—=—(y)=0fory ey, N(z,y)=0fory €T'p and u.(y) =0fory e T'p \ w; .

on
Using that u. = u. — ug = r- on w, in the previous equation, we get for z € Q
ON
(62) ue(o) = uo(a) = [ A) g e )rely) ds(y)
We Yy

The above identity also holds for = € Q, x ¢ ¥ U {0} provided ¢ is small enough, since all the quantities
involved are smooth in a neighborhood of such points.

Next, we introduce the transformed potentials vy := ug o T and v, := us o T on the domain O. A change
of variables in the variational formulations for (6.1) reveals that vo and v. are the unique H'(O) solutions
to the equations

—div(AVyy) =g in O, —div(AVv.) =g in O,
(6.3) vo=0 onT'p, and Ue =0 onI'p\ D,
(AVwv)-n=0 onTy, (AVv.)-n=0 onITyUD.,
where g € C°(R?) and A € C*°(R%,R?*4) are the smooth function and the matrix field defined by
(6.4) g = |det(VT(y))|f(T(y)), and A(y) = [det(VT(y)|¥(T(y)VT(y)~ (VT (y))~" .
Changing variables in the integral featured in (6.2) and rescaling, we arrive at
ON
(65) uee) = (o) = [ AT (en) 3 Tlen)env) dsto)
1 Y

where we have introduced the function s, := r. o T, and the quantity ¢, € ﬁIl/2(]D)1) defined by
(6.6) pe(y) =" s (ey) -

This is the desired representation formula.

Step 2. We characterize ¢, as the solution to an integral equation. This arises from a representation formula
for u. which differs slightly from (6.5): it is obtained by repeating the derivation of Step 1, except that a
different, explicit fundamental solution L 4(,)(w,y) is used in place of N(xz,y). For any symmetric, positive
definite matrix A, and any « € H, let L4(z,y) be a solution to the following boundary value problem posed
on the lower half-space H

(6.7) { —divy (AVyLa(z,y)) = 6y=, in H,

’ Ly(xz,y)=0 on OH.
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An explicit formula for one such function is provided by the next lemma, whose proof is completely analogous
to that of Lemma 5.1 and is therefore omitted.

Lemma 6.1. Let A be a symmetric, positive definite d x d matriz, and let M := A=Y/2. Let G(x,y) be the
fundamental solution of the operator —A in free space, cf. (2.3). The function La(x,y) defined by
M—l
(6.8) L(z,y) = |det M| (G(Mx, My) — G(Mz, My — 2yd|M1:d|2> . xty,
d
satisfies (6.7).

For a point = € O, we obtain from two successive integrations by parts

vle) = = [ div,(A@)V, Ly o 0)e-) dy
= —/70 A(@)Vy Lo (@, y) - n(y)ve(y) ds(y) +/O(A(x) — AW)VyLaw)(z,y) - Vu:(y) dy
+ j (AVve - n)(y) La)(2,y) ds(y) + / 9W) L a)(z,y)dy .
00 o
The same calculation based on the function vy, instead of v., yields
vo(z) == [ A(x)VyLag)(z,y) n(y)vo(y) dS(y)+/ (A(z) = AY))VyLag) (2,y) - Vuo(y) dy
00 o

+ / (AV00 - 1)(y) Lae) (@, y) ds(y) + / 9(9) La (,9) dy .
o0 (@]

Forming the difference between these identities, and using the boundary conditions for vy and v. we obtain

(6.9) sc(z)=— g A(x)Vy Lo (z,y) - n(y)se(y) ds(y) + /0 (A(z) — A(y))VyLaw) (2, y) - Vsc(y) dy

+ / (AVs, - 1)(y) Lags) (2 ) ds(y) — / A@)Vy Ly (2,9) - n(y)se () ds(y).
dO\U D,

We now wish to take the trace of a co-normal derivative of the above identity on D.. This is possible owing
to the next lemma, whose proof is postponed to the end of this section.

Lemma 6.2. Let us define the operator M. : HY/2(D,) — H*(O) by

Mep(x) = 5 A@)Vy Lag)(2,y) - n(y)e(y) ds(y) -

There exists a constant C, depending only on the matriz field A(x) and the domain O such that, for all
¢ € HY2(D,),
[[Meoll (o) + [|dive (A(@) Ve (M)l L2(0) < Cllell gz, -

Using this lemma we obtain the following identity between elements of H~'/2(DD,):

—A(@)Vuo(z) -n(z) = — [ A@@)Vs (A@)VyLa)(@,y) n(y)) - n(z) se(y) ds(y)

I'n

+ /8(9\?,{ (AVs. - n)(y) A(I)VI(LA(I) (z,y)) - n(x) ds(y)

~ [ (4@ (A@T, Lago ) n(0) - n(a)) 52(0) ds)
We rewrite the latter as

(6.11) — A(x)Vuy(x) - n(x) = R; () + A(x)VK (x) - n(z) + R?(x) — / P(z,y) se(y) ds(y) ,

€
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where we have defined the following quantities on D,

(6.12) Rl(z):=— g A(2)Vy (A(@)VyLa)(z,y) -n(y)) - n(z) se(y) ds(y) ,

K.(z) = /O (A(x) — AW))Vy Lagoy (1) - Vs.(y) dy .

R¥(z) = / (AVs. - 0)(y) Al2)Vo(Lags (2.) - n() ds(y) |
dO\U

and the kernel

(6.13) P(z,y) = A(@)Va(A@)VyLaw)(z,y) -n(y) -n(x), z,yeD..
Rescaling (6.11), we finally arrive at the following integral equation on Dy
(9’11{)
.14 Tg e = a_ =)
(6.14) pe =10)52(0) +

where the unknown ¢. € HY/2(D;) is the quantity introduced in (6.6), the operator T : ﬁl/z(]D)l) —
H~'2(Dy) is defined by

(6.15) Tep(x) :/]D p(2) Pex,ez) ds(z) ,
and the remainder n. € H~1/2(ID;) is given by
(6.16) Ne(x) = ((AVUO -n)(ex) — 7(0)%(0)) + Rl(ex) + R?(ex) + (AV K. - n)(ex) .

Step 3. We study the integral equation (6.14) to obtain information about the limiting behavior of ¢, as
€ — 0. To this end, we estimate the remainder 7. and we approximate the operator T¢; this is possible due
to the following lemmata, whose proofs are detailed at the end of this section.

Lemma 6.3. The remainder term n. € H='/2(Dy) defined in (6.16) satisfies

(6.17) ne <=2 0 weakly in H'2(Dy) .
Lemma 6.4. The operator T, in (6.15) satisfies the following expansion
2v(0
(6.18) sup e || T — ’yg )RlcpH =90 ,
e A /2(Dy) € H-1/2(Dy)

H‘PHFIl/Q(Dl)Sl

where the hypersingular operator Ry : HY/2(Dy) — H~Y/2(Dy) is defined by

1 / 1 .

on | T—zely)dsly) ifd=2,
2177 p, [z —yl? ) ds(y)

i ) m@(y) ds(y) ifd=3,

(6.19) Rip(z) =

and the above integrals are understood as finite parts; see Section 2.2.

Inserting the approximation (6.18) in the integral equation (6.14), the function ¢, € HY 2(D,) satisfies:

e uyg d~
(620) Rl@g + REQDE = ?%(O) +e€ Ne
for some sequence 7. € H_l/Q(]D)l) which converges weakly to 0, and some operators R, : f[l/Z(Dl) —
H1/2 (D7), which converge to zero in the operator norm. This integral equation can now be solved owing

to the next lemma, whose proof is also postponed to the end of this section.

Lemma 6.5. The operator Ry : HY/2(Dy) — H~Y/2(Dy) defined in (6.19) is invertible.
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Using this result together with Neumann series to invert the integral equation (6.20), we obtain the
existence of a constant C' > 0 such that

(6.21) H‘Pe”fpm(@l) < CEdv
as well as the following asymptotic expansion

¢! dug
2 On

where the explicit expression for the constant (R; '1,1) is given by Proposition C.1 (ii), (iv).

(6.22) (e, 1) = (0)(R7'1,1) +o(e?) ,

Step 4. We pass to the limit in the representation formula (6.5) for u.. Arguing as in the proof of Theorem 5.1,

that is, combining a Taylor expansion of the function z — 'y(T(Ez))é‘?TAi(ac7 T(ez)) with the estimate (6.21),
we obtain: '
ON d
ue(x) = uo(z) - pe(2) ds(z) | 7(0) 5= (x,0) +0(e%)
Dy Ty
e, 1 Oug ., ON d
= - 1.1 “0 0=
o) = G (AL 3(0) GO T (2.0) + 0fe”)

where the second line follows from (6.22). The explicit expressions for the constant (R;'1,1) in 2d and 3d
provided in Proposition C.1 (ii), (iv) lead to the statement of the Theorem. O

We conclude this section with the missing arguments in the above proof.

Proof of Lemma 6.2. The intuition behind the technical argument below is the following: if M.y was the
double layer potential associated with the operator v — div,(A(y)Vyu) (see Section 2.2), the quantity
div(AV(M.p)) would vanish exactly on O. Unfortunately, this is not the case since (z,y) — La(y)(,y) is
not the fundamental solution of this operator. However, the following calculations show that M.y is “not too
far” from this double layer potential, so that the terms of highest-order derivatives vanish in the expression
of div(AV(M.p)), and the lower-order terms can be controlled.

Before starting, let us introduce some notations. For the sake of clarity, we denote by L(A, z,y) := La(z,y)
the function defined in Lemma 6.1. The corresponding partial derivatives with respect to the entries aj
(j,k = 1,...d) of the matrix A, and with respect to the components x;, y; of x and y (i,= 1,...,d) are
denoted by aaafk, g—fi, g—i. Throughout the proof, r(p) € L?(O) stands for a remainder term, which may
vary from one line to the other, but which consistently satisfies the following estimate

Ir()llr20) < Cllell garem,y -

At first, using the expression for L(A(z),x,y) given in Lemma 6.1, we calculate

—1 (y—2)n(y) e g
7y/det A(z) [M (@) (y=2)? ifd=2,
= y—o)n() — jfg=3
2my/det A(z) 1M @) (y—2)° ,

(6.23)  A(x)VyL(A(z),z,y) - nly) = reRY yeD, z#y.

Recalling from Section 2.1 the definition of the space HY/? (De), and notably the fact that the associated
norm is |[ul| g1/2p_y = [|ullg1/2(00), Theorem D.2 then implies that Mo € H'(O) and that there exists a
constant C' > 0 independent of € such that

[[Meop|| 110y < C\|<P||ﬁ1/z(u)5) :
We now proceed to prove the estimate
(6.24) | dive (A(2) Ve (M)l 22(0) < Cllellga/2m,y -

For an arbitrary point « € O, the definition of M.y boils down to:

. Oy;
38

d
Mepla) = 3 asla) | (A pniu)e(s) dsto)



Since n;(y) = 0 on D, for ¢ = 1,...,d — 1, and since the matrix field A(z) is smooth and the function
y — L(A(z), z,y) satisfies homogeneous Dirichlet boundary conditions on OH, the above expression actually
simplifies into

oL
Map(o) = assle) [ 57 (Alz)2,0)(0) ds(y)
D. 9Yd
Taking derivatives, we now get, for t € O, and i =1,...,d ,
0 aadd OL
L Mep)@) = Ly [ 08 A,z y)e(y) dsy)
625) O O b oy
’ L
taanl) g ([ S (Aol ds(0) ) = Vi) o) + Wile)a)
L D, 9Yd
with obvious notations. We infer from this expression that
(6.26) div (A(2) Ve (Mep)) = div(A(z)V () + div(A(z)W ().

Each function V;(¢) is the multiple of a smooth function with a potential associated to the kernel g—i (A(x),z,y),
y € D.. A simple calculation, similar to (6.23), reveals that the latter is (the restriction of) a homogeneous
kernel of class 0 in the sense of Definition D.1. It then follows from Theorem D.2 that

V@10 < Cligllm ooy = Cllellas, -

and so
(6.27) div(A@)V (@) 220y < Cllell 1730, -
We then focus on the second term div(A(z)W(p)) in (6.26). A straightforward calculation yields, for € O,
d
0 0 oL
iv(A _ 9 (s o ([ oL,
AW = 3 ey ([ foctateetn ast)
d
0? oL
) 3 o) 05 ([ frtat. et ast)
d
02 oL
r(¢) + aqa(x) ijzzjl a;j(x) D0, ( . ayd( (), 7, y)p(y) ds(y)) ;

where we have used a similar argument to that used in the treatment of the functions V;(¢) to pass from
the first line to the second. Using the chain rule to proceed, we obtain
d

d a 2
WADW () = auls) Zaiﬂx);’%(Z 2010 [ g (Ale) . )ola) )

Oay 0
Py . 0aj,10Yq

i,j=1

(A(z), 7, y)p(y) dS(y)> +7(p)

d 2, 2
= o) Y Y @)@ [ G (Aol o)

i
(6.28) +aga(x) Z Z

d d a 3
ra() Y 3 oy G [ G (4w) m )ely) ds(y)

S

aakl 0 ( (92L
D

S50 ([ G ). els) ds))

d 3
+aalz) 3 ai(a) [ W(Au),x,y)so(y) ds(y) +r(9)

= (@) (Z1(0) + Zal0) + Zal) + Za(9)) + (i)

with obvious notations for Z,,,, m =1, ... ,4.
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We now remark that the function Z; () is a linear combination of integral operators with smooth coeffi-
9’L
. .o . aaklayd ’ . . . .
of class 0 in the sense of Definition D.1. Here, we use the fact that taking derivatives with respect to one of
the matrix entries ay; changes neither the order, the homogeneity, nor the parity of the function involved.

It then follows from Theorem D.2 that

cients; the kernels of these operators are y € D, and they are (restrictions of) homogeneous kernels

(6.29) 1Z1(P)l0) < Cllell 12 p,y -
By the same token, we obtain
(6.30) 1Z2(2)l|20) < Cllell g,y -

In order to estimate Z3(p), we rewrite this quantity as

d da ) L
V4 = ij i (/ A s Ly d >
o) = 32 3 050150 0 () Gy Ak 00 850
d d d
5)akl Bak/l/ / 63L
— a;i(x T T ——(A(2), x, ds ,
i7j2:1 szzl VT J( )8371 ( ) 817] ( ) D, aaklﬁak/l’ayd( ( ) y)%@(y) (y)

and arguing as above, we obtain

(6.31) [1Z3()l|L2(0) < C”‘PHﬁl/z(DE) ‘

This leaves us with the task of estimating Z4(¢). To accomplish this, we rewrite the equation (6.7) satisfied
by L(A,z,y) as
d

0%L _
ZaijW(A7x7y):05 xayeHa f?éy,
=1 Yi0Y;
note that this holds for an arbitrary, symmetric, positive definite matrix A € R4*?, with entries a;j. Due to
the symmetry property

Ve,ye H, x#y, L(A,x,y) = L(Ay,x),

it follows that

d
0?L _
ii——(A,z,y) =0, z,y€H, .
g;lagamiaxj( ,y) z,y T#Y

Substituting A(z) = {a;;(x)} for A and taking a derivative with respect to the y; variable, we get
d

9L
5(8) m— (A(w),2,9) =0 .
It follows that
(6.32) Zy(p)=0.
Combining the estimates (6.29) to (6.32) with (6.26) to (6.28) we obtain the desired conclusion. O

We proceed with the proof of Lemma 6.3.

Sketch of the proof of Lemma 6.3. Let us denote by Ii(x), i = 1,...,4 the four terms in the right-hand side
of (6.16). We prove that each of these contributions tends to 0 weakly in H~/2(ID;) as ¢ — 0.

At first, since vg is smooth and (AVwg - n)(0) = 7(0)%(0), the difference

1H@) = ((4V00 -0 ) —2(0) 52(0))

is easily seen to converge to 0 strongly in H /2 (D1). Furthermore, since the support of the integral

Rl(x) = - / A@)V, (A@)Vy Lage(@,y) -n(y) - nlz) se(y) ds(y)
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is “far” from D, the convergence properties of s. expressed in Lemma 4.2 (Remark 4.2) and (4.3) imply that
RL(x) converges to 0 uniformly for x in a fixed neighborhood of the sets D.; in particular, I?(z) = Rl(ex)
converges to 0 strongly in H~/2(D;). The same argument shows that I3(2) = R2(ex) also converges to 0
strongly in H~1/2(DDy).

This leaves us with the task of proving that I*(x) = (AVK. - n)(ex) converges to 0 weakly in H~/2(Dy).
Let us introduce a smooth bounded domain D C O, whose boundary contains ;. Furthermore, select D
so that D is bounded away from I'y and 0O \ U. Recalling the definition of H~'/2(D;) as the space of
restrictions to Iy of distributions in H~'/2(90) (see Section 2.1), it suffices to show that the vector-valued
function

o.(x) := (AVK.)(ex), z €D,
converges to 0 weakly in the Hilbert space
Hgiy(D) == {0 € L*(D)%, dive € L*(D)} .
We proceed in two steps to achieve this.

Step 1. We prove that o is a bounded sequence in Hgiy (D). To this end, we return to (6.9), which, for
x € D C O, reads

(6.33) s:(x) = - g A(2)VyLag) (2, y) - n(y)se(y) ds(y)

+ / (AVs. - 1)(y) Ly (@.y) ds(y) + Ke(z) — Mese (x),
dO\U

with
Ke(o) = [ (A@) = AWV, Laco o) - V(o) dy
and the quantity M.s. is as in Lemma 6.2. It follows from Lemma 6.2 that M.s. satisfies the following
estimate
|| Mese(@)]| 11 (0) + ||div(A(@)V (Mese))l[ L2(0) < Cllsellai/200) -
From (6.33), and the fact that D is bounded away from I'y and 0O \ U, we now see that the function K. (z)
satisfies the similar estimate

[|Ke|l 1 (py + ||div(A(z) VL) 22 (D) < Cllsel|m (o) -
Rescaling the above inequality (note that eD C D for ¢ sufficiently small) and using the estimate
d
Isell1 (o) < Cez
which follows readily from Lemma 4.2 (Remark 4.2) and (4.3), we now obtain
d d=2 . d
g2 HUEHLQ(D)J +¢e 2 ||d1VO’5||L2(D) < (Cez .

Hence, o, is a bounded sequence in Hg;y (D), and so, up to a subsequence (which we still index by ¢) it
converges weakly to a limit o* in this space.

Step 2. We prove that the weak limit ¢* is 0, and this task requires separating the cases d = 2 and d = 3.
When d = 3, we observe that, by definition,

(6.34) o-(z) = A(ex)VK.(z), where K. (z) := %Kg(ex) ,

and the same calculation as in the proof of Lemma 5.2 (see notably (5.29)) reveals that the quantity K. (x)
satisfies
|Ke(x)| < Cllsel|mr (o), forallz e D .

Hence, we obtain
/ |K.(2)]* dz < C€?,
D

which proves that

~ 0
I[Kc | 22Dy —0.
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It follows from (6.34) and the continuity of derivatives in the sense of distributions that ¢* = 0.

The case where d = 2 is a little more involved, and we need to estimate the quantity K. more carefully.
The argument performed for d = 3 in this case only allows us to infer that f(g is a bounded sequence in
L?(D); we also know from Step 1 that its gradient is bounded in L?(D)?, and so (up to a subsequence) K.
converges strongly to a function K* € L?(D), which we need to analyze further. For any point x € R? and
positive real number i > 0, we denote by B(xz, h) the open ball with radius h centered at z.

We observe that, for z,y € Dy,

Kelo) = Kl = 1| [ <<A<x> wt;f]\j B v
L__ M=
—(Ay) — T AG)) MW i vsg(z)> dz

Denoting by h := |z — y| we get, since B(y, h) C B(z,2h) C B(y,4h),

7) - - 2) ! M2<w><w—z>. 5(2)] d

|Ko(z) — Ko(y)] < 7T/B(Mhm (A=) \/detilM DG V@) d
1 Az 1 MQ(y)(y—z). ool as
+7T/B(y,4h)m(’) W) = A2 T amy MG — i ¥ )| ¢

+l/ |((A(z) = A(2)) VL) (x, 2) — (Ay) — A(2))V:Law) (4, 2)) - Vse(z)| dz
O\B(z,2h)
= Ji+J2+ J3,

with obvious notations. Due to the smoothness of the matrix field A

|J1] < C |Vse(2)| dz < Ch[|Vse||2(0ya
B(z,2h)NO

and a similar estimate holds for J,. When it comes to J3, we remark that for z ¢ B(x,2h)
2h<|r—=z|, h<|y-—z|, and %\x—z| <ly—z < g|x—z\ .
We now decompose
((A(@) = A(2))VaLag) (2, 2) — (Aly) — A(2))VaLag) (y,2)) = b1 + b2,
where
by = (A(2) = A(y))V:Law) (2, 2) and by = (A(y) — A(2)) (VaLa) (2, 2) = VaLagy)(y,2)) -

A simple calculation yields that




and regarding by, we calculate

‘b2| < C|Z_y| VZLA(:E)(x7z) \% LA(y)(yvz)|

= Cls- 1 M-z 1 My >< -~ 2)
\/TW )z —2)[2 /det(A(y)) IM(y)(z — y)[?
< Clz — x| ! ! ‘ (x)(x 2)
- Vdet(A(z)) \/det(A () || |M(z)(z —z)|?
+C|z — x| Miafa—n) M)y —2)
| M (x (|Z—a:)|2 M (y)(z —y)|?
< O OGP x><x1—2>—M2<y><y—lz>|
+C|Z_x||]\T ( )( _Z)| |M( )(Z—$)|2 - |M( )( _y)|2 '
Z— 2 xf z—xl? -
S Ot O ap MW@ -yl + Ol =l |M< G—aF  M)GE- P

h 1
< Ch+ +C 2]\Mx z—x)2 = |M(y) )12
|z — x| |z — z|
Ch 1 Ch
< 0h+‘Z_xl+c‘z_x||\M<m><z—x>|—|M<y><z—y>\| <Ch+

2 —=|

Summarizing, we now have

1
\J3\§C’h/ (—i—l) |Vse| dz |
O\B(z,2h) |z — x|

and so
1
1 2
‘J3| § Ch / D) dz ||V35||L2(O)2
O\B(z,2h) |z — 2|
1
M 2
dr
< Ch (/ ) HV55||L2(O)2
on T
1
< Chllogh|?||Vs||r2(0)2 -

With z and y replaced by ex and ey, for x,y € D, we now conclude

1/2
|K.(cx) — K.(ey)| < Cela —y||log |ex — eyl [|Vse] 1202 »

and so N B
|Ko(2) = K-(y)]* < Cla—yl*(|loge| + [log o —y||) [|Vse]|Z2 (02

< O2? (v — yPlloge| + |z — yl*[log o —yl]) ,

where we have used again Lemma 4.2 (Remark 4.2) and (4.3) to estimate ||VSE||%2(O)2. Integrating the

terms in the previous inequality and passing to the limit as ¢ — 0, we obtain

| ] 1@ =k @l dey =t [ [ |Re@) = B dmy =0,

which proves that K* is a constant function over D. This completes the proof of the fact that o* = 0, for
d=2.
O

Proof of Lemma 6.4. We only provide the proof in the two-dimensional case, the three-dimensional proof
being very similar.

Using the definition of the fundamental solution L4 (x,y) given by Lemma 6.1, we get, for arbitrary y € D,
and z € H, x # y,

1 —x
A@@)VyLa)(@,y) - nly) = — Sk

my/det A(z) |M(z)(y — z)|?
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Hence, a straightforward calculation yields the following expression of the kernel P(ez,ey) of the operator
T, defined in (6.13)

1 Aex)es - eg _ 2 Alex)es - eg 1
my/det A(ex) |M (ex)(ey — ex)|? m\/det A(ex)|M(ex)ey - e1]? [y — x|
and this immediately leads to

27(0) 9 2A(ex)es - eg
T.p(x) — Rip(x) =¢ —27(0) | Rip(x) .
pla) = ——Raip() T A M(en)er - er? 7(0) | Rip(x)

Since the matrix fields A(z) and M(zx) are smooth, with values A(0) = v(0)I and M (0) = ~(0)~*/?T at
x = 0, we have that

P(Eﬂf,gy): ‘T7y€]D)1a‘T7éy7

2A(ex)es - eg
Vdet A(ex)|M (ex)ey - e1|?
in order to verify Lemma 6.4 it thus suffices to show that the operator

Rip(z) = % /}D1 ﬁ@(y) ds(y)

—2v(0) < Ce;

¢t (Dy)

(interpreted in terms of finite parts) is a bounded operator from H'/2(Dy) into H~/2(D;). For this purpose
we can, unfortunately, not directly use the results from Appendix D, since the hypersingular kernel of
the above operator does not fit within that framework. To remedy this, we rely on a classical trick for
hypersingular operators of the form R;, using an alternate representation in terms of a homogeneous kernel

operator, and a surface differentiation operator (see e.g. [39], §1.2). More precisely, we observe that
1 0 (yl — T )
- —_ = forz,yeDy, z#y
e=oP oy \e—gp) OV EPL T 7Y

due to the fact that |z —y| = |z1 —y1| when z,y € D;. It follows that, for an arbitrary density ¢ € PNIV2(D1),

1 y1 — 1 Op
ngﬁ - o /]]])1 |$ _y|2 51/1 (y) dS(y) )

Yi1—x1
lz—y[?

where the right hand side represents a Cauchy principal value. The kernel fits within the framework

of Appendix D, and it gives rise to an operator of class 0, i.e., a bounded operator from H-1/2 (D;) into
H~'/2(D;). Since the operator ¢ — g—; is bounded from H'/?(D;) to H~'/?(D;), we conclude that R; is a

bounded operator from H/2(Dy) into H~/2(D;), as needed. O

Proof of Lemma 6.5. As in the proof of Lemma 5.4 we introduce a smooth bounded domain D C R¢, whose
boundary contains the set D1, and a bounded Lipschitz domain V' with D € V. We first prove that R; is a
Fredholm operator with index 0. To achieve this, let ¢ be an arbitrary element in H'/2(D;) (extended by
0 to all of D) and set u = Dpp € HL_(R?\ D). Using the jump relations (2.7), and then integrating by
parts on all of R? (which is possible because of the decay properties (2.10)) we obtain

)
(Ripg) = | So(ut —u)ds
(6.35) oD
- non |Vu|? dz .

Since
ol g1z, = 1@ = u)laz@p) < C<||vu||L2(Rd\8D) + ||U||L2(v)) ;
it follows from (6.35) that

el g2,y < C (IRl g-1/20,) + Pp¢llL2(v)) -
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It now follows as in the proof of Lemma 5.4 that R is Fredholm with index 0. Hence, we are left to show
that R; is injective. But if Ry¢ = 0 for some ¢ € H'/? (D), the previous calculation with « = Dp¢ yields

(Rip, ) = —/ Vul? dr =0,
RA\OD

so that u is constant on D and on R%\ D. Since u — 0 as |z| — oo, the value of this constant on R?\ D
must be 0. Since ¢ = u™ — u~ vanishes on 9D \ Dy, the value of this constant inside D is also 0; hence,
u=0and ¢ =u" —u~ =0, which completes the proof. O

7. CONCLUSION AND FUTURE DIRECTIONS

In this article, we have analyzed the asymptotic behavior of the solution to an elliptic partial differential
equation posed on a domain Q C R? when the accompanying boundary conditions change type on a van-
ishing subset w. of the boundary 0€2. More precisely, in the model context of the conductivity equation
complemented with mixed homogeneous Dirichlet and Neumann boundary conditions on the respective re-
gions I'p, 'y C 0N, we have derived a general representation formula for the asymptotic structure of the
potential u. when the homogeneous Neumann boundary condition is replaced with a homogeneous Dirich-
let boundary condition on an arbitrary “small” subset w. C I'y (and vice-versa, when the homogeneous
Dirichlet condition is replaced with a homogeneous Neumann condition on w, C I'p). Furthermore, in the
particular situation where w, is a vanishing surfacic ball, we have given precise, explicit asymptotic formulas
for u.. The present findings suggest various directions for further investigations.

e A natural extension of the present work is to investigate the case where the homogeneous Dirichlet
boundary condition on I'p, or the homogeneous Neumann boundary condition on Iy, is replaced by
yet another type of boundary condition on w,, for instance an inhomogeneous Neumann boundary
condition, or an inhomogeneous Dirichlet boundary condition. A perhaps even more interesting set-
ting involves a Robin boundary condition, and thus consists in investigating the asymptotic behavior
of the solution to the problem

—div(yVus) = f in Q,
U =0 onI'p ,
e =0 on 'y \ @w; ,
’y%lfj +ku, =0 on w,,

or the solution to the problem
—div(yVue) = f in Q,
ue =0 onI'p\w;,
’y% =0 onIy ,
’y%ﬁf +ku. =0 onw, .

The understanding of this limiting process, uniformly with respect to the parameter k& of the Robin
condition, would provide a key insight into the nature of the transition between the Dirichlet and
Neumann behaviors (established in this paper). In this spirit, see for instance [17, 26, 53] concerning
small volume asymptotic formulas, which are uniform with respect to the properties of the material
occupying the vanishing inclusions.

e Beyond the realm of the conductivity equation, the present study could be extended to other, more
challenging physical contexts, e.g., the system of linear elasticity — where homogeneous Dirichlet
boundary conditions account for “clamping” and homogeneous Neumann boundary conditions rep-
resent absence of traction.

e Last but not least, it would be interesting to explore the practical applications of these results. As
we have illustrated at in Remark 3.2, asymptotic formulas for the solution to “small” perturbations
of a “background” boundary value problem allow to appraise the sensitivity of a quantity of interest
(or a performance criterion) with respect to such perturbations. This idea plays into the concepts
of topological derivative [55] and “topological ligaments” [51, 24] in optimal design. In our context
it would allow us to appraise the sensitivity of a performance criterion with respect to the introduc-
tion of a new, “small” region supporting Dirichlet or Neumann boundary condition in the physical
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boundary value problem. Such a program appears especially interesting in the context of linear
elasticity, where it would significantly complement the study in [25]; see also [59].

Acknowledgements. The authors are grateful to Jean-Claude Nédélec, who pointed several useful refer-
ences concerning Sections 5 and 6 of this work. EB is partially supported by the ANR Multi-Onde. The
work of CD is partially supported by the project ANR-18-CE40-0013 SHAPO, financed by the French Agence
Nationale de la Recherche (ANR). This work was carried out while MSV was on sabbatical at the University
of Copenhagen and the Danish Technical University. This visit was in part supported by the Nordea Foun-
dation and the Otto M¢gnsted Foundation. The work of MSV was also partially supported by NSF grant
DMS-12-11330.

APPENDIX A. A CLOSER LOOK TO THE QUANTITY e(w)

The purpose of this appendix is to analyze more in depth the quantity e(w), defined in (4.1), and used
in Sections 4 and 6 to assess the “smallness” of a subset w of 92, when homogeneous Dirichlet boundary
conditions are replaced by homogeneous Neumann conditions. More precisely, we construct explicit quantities
which bound e(w), and which are not excessively conservative — quantities that do not require the solution
of any boundary value problems.

A.1. Some differential geometry facts

We shall need some basic facts from differential geometry on hypersurfaces in R?. All of these results are
well-known, however, some are not so easily found in the literature, and for the convenience of the reader
we include their proofs in this section. We refer to classical books, such as [27, 44], for further details.

Let © C R? be a smooth bounded domain. We first recall some terminology:

e The tangent plane to 02 at a point x € 9 is the hyperplane of R? which is orthogonal to the unit
normal vector n(z). The orthogonal projection P,v € T,0 of a vector v € R? onto T,,09 is given
by

Pov:=v— (v-n(z))n(z) .

)
e The length of a piecewise differentiable curve v : [a,b] — 09 is defined by

b
o) = / b (t)] dt |

where the derivative of ¢ ++ (¢) is calculated as that of an R%-valued function. This quantity is
obviously independent of the particular parametrization chosen for +.
e A differentiable curve 7 : [a,b] — I is called a (constant speed) geodesic segment joining the
endpoints y(a) and ~(b) if it satisfies:
Vi € (avb)a P’y(t)(ly/,(t)) =0.
e A geodesic segment v : [a, b] — 99 is called minimizing if £() < £(7) for any piecewise differentiable
curve (t) joining y(a) to y(b).
e The geodesic distance between two points x,y € 0 is defined by:
oy = it ().

v:[a,b] =89
v(a)=z, v(b)=y

e Likewise, the geodesic distance dist??(x, K) from a point 2 € dQ to a closed subset K C 9 is:
dist??(z, K) = inf d” :
ist™(z, K) = inf d™(z,y)

The distance between two points z,y € 9 can be measured either in terms of the (extrinsic) Euclidean
distance |z — y| of R? or by means of the (intrinsic) geodesic distance d??(z,y). It turns out that these
notions are equivalent in the present context, as stated in the next lemma.

Lemma A.1. There exists a constant ¢ > 0 which only depends on Q such that the following inequalities
hold:

Yo,y € 00, cd®(z,y) < |z —y| < d*(z,y) .
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Proof. The right inequality is obvious, and we focus on the proof of the left one. To this end, we introduce
a finite open covering {U; } i—1..N of the smooth, compact hypersurface 92 with the following property: for

each : = 1,..., N, there exist a convex open subset V; C R41 and a function f; : V; — R which is smooth
on an open neighborhood of V;, such that (up to a relabeling of coordinates in R?) the mapping

i Vid (21, xa-1) = (w1,...,24-1, fil21,. .., 2q-1)) € Us

realizes a diffeomorphism from V; onto U;. We also denote by § > 0 a Lebesgue number associated to this
covering, that is
Yw C 09, diam(w) <§ = wCU;forsomei=1,...,N,

where the diameter diam(w) := sup, ¢, [ — y| is understood in the sense of the Euclidean distance.
Now considering two given points x,y € 92, we distinguish two cases.

Case 1: |x —y| > §. By introducing the quantity M := sup d??(p,q), we obtain
P,qE0Q

M
", y) <M < lo—yl .

Case 2: |x —y| < §. Then z and y belong to a common open subset U;, and we let Z,y be the points in
Vi such that = 0;(Z) and y = 0;(y). We also introduce the differentiable curve y(t) = 0;,(Z + t(y — 7))
connecting x to y. It follows from the very definition of the geodesic distance d?*(z,y) that

Pz,y) < / NIORUOL
/0 VGGG - D) VGG -5)G -7 G- dt .

Fori=1,...,N and Z € V;, we introduce the eigenvalues 1 < X{(2) < ... <\, (%) of the (d —1) x (d—1)
matrix Vo;(2)'Vo;(2), and

— . i o
M := max_ sup \;_;(2) < 0.
7‘:1*"'7N3€V4,

The bound M depends only on the properties of the hypersurface 9Q2. We now have
d*(z,y) < VMIZ -5 < VMlz —y|
as desired. ([l

We recall the definition and the main properties of the exponential map, exp,, at a point x € 02
e The mapping exp,, : U — 01 is defined on an open neighborhood U of 0 in the tangent plane 7,0
by the formula:
where ¢t — ~y(t,x,v) is the unique geodesic curve on 02 passing through = at ¢ = 0 with velocity wv:
(A1) v(0,z,v) = z, and v'(0,z,v) = v.
e For any point = € 01, there exists a number riyj(x) > 0 — the injectivity radius of z — such that exp,
is a diffeomorphism from the (d — 1) dimensional ball B(0, rinj(z)) C T,09 onto the geodesic ball
Baﬂ(xa 71inj(p)) = {y € aﬂa daQ(xvy) < ’rinj(x)}
on 0. In particular, exp, : B(0, rinj(x)) C T002 — 0Q is a local chart for 02 around z.
e At an arbitrary point z € 012, the following identity holds:
(A.2) d?(z,exp,(v)) = |v], wve B(0, 7inj(z)) C T,,09.

e Since 0f2 is smooth and compact, there exists a number ri,; > 0 — the injectivity radius of 9§2 — such
that for all x € 99, rin; < rinj(z).

Let us finally state a useful consequence of the change of variables formula, applied to the exponential

mapping.
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Lemma A.2. Let f € L] _(99); then for any point x € O and r < rin;(x),

[ it = [ fexp, g do.
BoQ(z,r) B(0,r)
where B(0,r) is the ball with center 0 and radius v in T,08), and g is given by
9(v) 1= \Jdet(My; (), Mi(v) = (dexp,(v)(e)) - (dexp,(v)(e)), ij=1....d =1,

is bounded uniformly from below and above by positive constants which depend only on the properties of 0f).
The tangent vectors dexp, (v)(e;) € Texp, (v)0S2 featured in these equations are given by

d
dexpx(v)(ei) = &")’(1, T,V + sei)

)

s=0
where t — y(t, z,v) is the unique geodesic passing through x at t = 0 with velocity v, see (A.1).
A.2. Derivation of “geometric” upper bounds for the quantity e(w)

Throughout this section w is an open Lipschitz subset of 9€). w lies strictly inside I'p, and the setting is as
in Section 4. We start with the following result.

Lemma A.3. Let w be an open Lipschitz subset of I'p C OS2, which is well-separated from Ty, i.e. (1.6)
holds. There exists a constant C' > 0, depending only on Q, I'p and duni, such that

w) < C/w pwl(x)

where p,(x) denotes the weight function defined by

ds(z)

1
Vo € w, wx::/ —— ds(y) .
pu(z) aa\w\fﬁ—md )

Proof. Let us introduce the solution ¢ € H'(Q) to (4.4); it follows from a simple adaptation of Lemma 4.1
and integration by parts that

(A.3) e(w) < C/ V¢ Pdr = C/ ¢ds,
Q w
where the constant C depends only on 2, I'p and dpyjn.

A slight generalization of the argument leading to the estimate (2.2) in Section 2.1, using that ¢ vanishes
on I'p \ @, gives that for some constant C, depending on Q, I'p and din

1/2
(A1) ([ cPoe) as@)) < Cllclnsany
A combination of (A.3) and (A.4) now yields

ew) < c/c ds(e

< c(/wpmlds> (/|< 2 ds<>)/2

1/2
< ¢ ( [ puter ds<x>) ¢l oy

< C (/w po(z) 7! ds(x))l/2 (ISR

Adapting the proof of Lemma 4.1, we may prove

1< @) < Ce(w)l/Q )
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and after insertion of this into the last line of the previous estimate (and cancellation), we obtain

()2 < C ( [ a0 ds<x>>m ,

which is the desired conclusion. O

Let us introduce the notation

1
D(w) = /w —5 ds).

It follows from Lemma A.3 that D(w) is an upper bound for e(w) (up to constants involving the chosen
domain € and the regions I'p, I'y of its boundary), which has the appealing feature that it depends solely
on the geometry of w. We believe there are many interesting examples where D(w) is equivalent to e(w);
actually we have provided such an example in Section 6. For this reason we also find it useful to derive an
equivalent, but simpler, expression for the measure D(w). The remainder of this subsection is devoted to
this task, and we start with a lemma.

Lemma A.4. Let w be an open Lipschitz subset of OS2. There exists a constant ¢ > 0, which depends only
on 0L, such that

c/ dist?? (2, 0w) ds(z) < D(w) .

Proof. The lemma follows immediately, by integration over w, if we prove that, for all points x € w
(A.5) cdist? (2, 0w) < py(z)~t .

To achieve this goal, we distinguish between two cases, depending on the size of dist? (z, Ow) relative to the
injectivity radius ri,; of 0.

Case 1: dist?@(z, dw) > riyj. From the definition of p,(z) and Lemma A.1, we have

ds(y)
oo\w A%z, y)?

IN

pu(2) ¢

_— ds
dist?? (2, 0w)? Jo )
C 1

rd=1 Qist?% (z, 0w)

inj

dist?(z, Ow) ’

where the constant C' is changing from one instance to the next, but depends only on 02, and not on w.
Hence, (A.5) holds in this case.

Case 2: distaﬂ(x,aw) < 7inj- The exponential mapping exp, induces a diffeomorphism from the ball
B(0, dist?®(z, w)) C T,0 onto the geodesic ball BY?(z, dist?®(x, dw)). Since B??(z,dist??(z, dw)) lies
inside w, it follows that

ds(y)

pu(z) < C S0 ~d
DO\ B (., dist?® (z,0w)) A0 (,y)?

(A.6)

c s [ _dsy)
OO\ B2 (x,7in5) do (z,y)? B9 (7)) \ BO? (z,dist?? (z,0w)) dm(ﬂ?a y)?

As in Case 1, the first integral in the above right-hand side is easily estimated by

(A_7) / L@S%S ¢ 1 ¢
9 in,

Q\ B2 (z,7inj) daﬂ(x;y>d inj 7“;1;1 distaﬂ(m,(?w) B diStaQ(Jf,aW) .
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As for the second integral, the exponential change of variables of Lemma A.2, followed by a change to polar
coordinates yields

/ ds(y) < C du
B9 (7)) \ BO? (z,dist?? (z,0w)) Aoz, y)d ~ B(0,7in;)\ B(0,dist? (z,0w)) daQ(ﬂf,eXPx(u))d
du
- Tl
B(0,7in;)\ B(0,dist?% (x,0w))
(AS) Tinj ' tds—2
< C —dt
dist?9 (x,0w)) t
1
= Clo—a 7w~ > :
dist™*(z,0w))  Tinj
A combination of (A.6) to (A.8) leads to
C
w x S . A0, -~ < b
po(®) dist?? (2, Ow)
which is exactly (A.5), thus completing the proof of the lemma. |

The reverse inequality is more subtle, and it holds only under additional assumptions on the set w C 9€2.
Let us introduce a few related definitions.

Definition A.1. Let w C 0N be an open Lipschitz subset. The set w is called geodesically convex if for any
two points p,q € w, there exists a unique minimizing geodesic segment v : [0,1] — 9 joining p to q, with
7([0,1]) C w.
Definition A.2. Let w C 9 be a geodesically convex, open Lipschitz subset.
e For any p € Ow, the tangent cone C, C T,00 to w at p is defined by
C, = {v € 1,09, exp, <t|v> € w for some 0 <t < Tinj(p)} u{o} .
v
o For any p € Ow, an open half-space H C T,,082 is called a supporting half-space for w at p if Cp C H.

The following result generalizes well-known properties of convex subsets of the Euclidean space R¢, in
terms of supporting hyperplanes, to the setting of geodesically convex subsets of 9. It is a summary of the
contents of Proposition 1.8 and Lemma 1.7 in [18]; see Fig. 3 for an illustration.

Proposition A.1. Let w C 092 be a geodesically convex, open Lipschitz subset of OS2, and let p € dw. Then,
the tangent cone C, C T,,082 to w at p satisfies

Cp\ {0} =(H; ,

where the intersection is taken over all the supporting half-spaces of w at p.
In addition, if there exists ¢ € w and a minimal geodesic segment 7 : [0,1] — 9Q from q to p such that
() = dist?(q, dw), then C, \ {0} is ezactly the open half-space

(A.9) H={veT,00, v-(—(1)) >0}.
We are now in a position to establish an equivalence between D(w) and a much simpler integral over w.

Lemma A.5. Let w be a geodesically convex, open Lipschitz subset of O). Then
c/ dist??(z, dw) ds(x) < D(w) < C’/ dist??(z, Ow) ds(z) ,

where the positive constants ¢ and C depend only on 0N2.

Proof. The lower bound was already established in Lemma A .4, so it only remains to prove the upper bound.
Let € w be given, and let p € w be a point minimizing the geodesic distance from x to dw:
§ := dist?(z, Ow) = d??(z, p) .
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FI1GURE 3. Illustration of the various objects attached to a geodesically convex open subset
w C 09 (on the right) the tangent cone Cp, to the point pi; (on the left) the point q is
such that d?(ps, q) = d%*(q,0w), and so the half-space H C T),,0Q which is normal to the
velocity vector w = /(1) of the associated minimizing geodesic v is exactly the tangent cone
to w at pa.

Let H denote the set
H = {expp <t|z|) v € H and 0 <t < rip; } ,

where H is the supporting half-space to w at p characterized by (A.9). Due to Proposition A.1, we also
obtain the following estimate

(A.10) pw(w):/(9 ds(?ﬂz/g ds(y)

Q\w |z — y|d 92 (p,rinj )\ H |z —y|d

Since the geodesic distance d?*(z,y) between 2 and any point y € 9 is always larger than the corresponding
Euclidean distance |z — y|, we conclude that

pu(z) > /B ds(y)

92 (p,rinj)\'H dag(xvy)d .

Using the change of variables of Lemma A.2 based on the exponential mapping B(O,Tinj) C T,00 —
BaQ(I% Tinj) C 0, we then get

dy

pu(z) = C B

N {y€B(0,rinj), y1>0} d@Q (Jf, epr(y))d

where y = (y1,...,ya—1) are the coordinates of the integration variable y in an orthonormal frame of 7,09,

with the first coordinate vector being the outer normal to H. The triangle inequality for the geodesic
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distance, and a change of variables yields

C / dy
{yGB(O,rinj), Y1 >0} (5 + daQ (p7 epr(y))d
dy

C

67/ - 1700 d
{y€B(0,rin;), y1>0} (1 + 5d (p, expp(y))

C dz

Ti

w), 50} (14 1d92(p, exp,(52))

PW($> >

g {ZGB(O,

Let £ > 0 be the maximum length of a geodesic segment on 952; obviously § < ¢, and so

c dz
pule) 2 H {zeB(0,5p1), 2150} (14 +d9( (6 ))d
(A.11) c =20, A ) D, €Xpploz

i

§ J{zeno,51), >0} (1+|2))

In the last line we have used that, according to (A.2)
d?(p, exp,(6z)) = 6d?(p, exp,(z)) = 0|z|, as long as dz € B(0, ;) ,

together with the fact that [2| < “2 implies d|z| < S7inj < Tinj. The estimate (A.11) immediately shows

that there exists a constant ¢ > 0 which depends only on the properties of 992 (and not on the set w) such

that
c

> .
Ve ew, po(z)> (. 00)

Finally, this gives

= Lsx 8937(,«) s(x
D) = [ —dsta) < € [ a%@,00) ds(o)

which is the desired upper bound. O

Remark A.1. Combining Lemma A.3 with Lemma A.5, we immediately obtain that the “capacity” e(D.)
of the planar disk D, with center 0 and radius & defined in (2.14) satisfies the estimate

e(D.) < Cye? ifd=2, and e(D.) < C3e® ifd =3,

for some universal constants Cy and Cs.

APPENDIX B. THE PEETRE LEMMA

For the convenience of the reader, we recall Peetre’s lemma, which provides a convenient sufficient condition
for an operator to be Fredholm; see for instance [56], [17] (Chap. 2, §5.2), and also [64] for the precise version
below, an interesting proof and useful application examples.

Lemma B.1. Let (E,|| - ||g) be a Banach space, (F,|| - ||r) and (G,]|| - ||¢) be normed vector spaces. Let
A:E — F and B: E — G be bounded operators satisfying the following conditions:

(i) There exists a constant C > 0 such that,
vue B, [ulls < C(llAullr + ||Bullq).

(ii) The operator B is compact.

Then, A has closed range in F' and finite-dimensional kernel in E.
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ApPPENDIX C. EQUILIBRIUM DISTRIBUTIONS

In this appendix, we collect some useful results from the literature about the equilibrium distributions asso-
ciated with certain integral operators.

Proposition C.1. Let D; C R? be defined by Dy := {:c = (21,...,74-1,0) € R, |2| < 1}. Then,
(i) If d = 2, the function ¢ € ﬁ[‘lm(ID)l) defined by

2
Y(z,0) € Dy, =
(e 0) € B, o) = T
satisfies
L [ logla— ylé() dy =1 forze Dy, and [ o) de = =
- T — =1 forx an z)dx = .
27 I, g Yyo\y) ay 1, - log 2
(i) If d = 2, the function ¢ € HY2(D) defined by
V(z,0) € Dy, ¢(z) =—-2¢/1—22
satisfies
1 1
—f.p./ T—®(y)dy =1 for v € D1, and / ¢(x)de = —7 .
27 10 Joi\@—na-tn) 1€ =Yl Dy
(iii) If d = 3, the function ¢ € H=Y/2(Dy) defined by
4
C.1 V(z,0) € Dy, ¢(z) = ———
satisfies
(©2) S [ w1 free Dy and [ o) ds(a) =8
. — —_— =1 forx , an x)ds(z) =8.
dm Jp, |z =yl e ! D,

(iv) If d = 3, the function ¢ € H/2(Dy) defined by
1

Ve e Dy, ¢(z) = —;\/1 —|z|?

satisfies

1 2
—f.p./ ———¢(y)dy =1 for x € Dy, and o(x)ds(x) = —= .
47 1350 Jo\B(am) 17— Yl3 @) ' Ds (z) ds(z) 3

The two-dimensional results (i) and (ii) can be proved by means of conformal mapping techniques; see
[49], Exercises 8.15 and 8.16. The item (iii) is a fairly well-known result about the capacitance of a flat disk in
3d, and we refer to [10] Exercise 3.3, or to [22] for an elegant proof using the connection with Abel’s integral
equation. Finally, for the item (iv), we refer to the articles [42, 48]; see also [60] where these results are used
to build a series expansions for the hypersingular operator, for the purpose of operator preconditioning.

Remark C.1. Let us comment about the physical significance of the formulas in Proposition C.1. The
points (i) and (i) are concerned with the Newtonian potential. In particular, the equilibrium distribution ¢
is the charge distribution on Dy which ensures that the induced electrostatic potential is constant (equals 1)
on 1. The total charge fDl p ds associated with this distribution corresponds to the Newtonian version of
the capacity of D1.

The points (it) and (iv) are perhaps a little more unfamiliar. The function ¢ is the dipole distribution on
Dy which ensures that the induced electric current through Dy is constant (equals 1). The quantity f]Dh ¢ ds
is the associated total dipole charge.
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APPENDIX D. SOME USEFUL RESULTS ABOUT INTEGRAL OPERATORS WITH HOMOGENEOUS KERNELS

In this section, we collect some useful properties of integral operators whose kernels satisfy specific homo-
geneity properties. This material is taken from Chap. 4 in [52].

Definition D.1. Let m be a non negative integer; a homogeneous kernel of class —m is a function K(x,z) €
C>® (R4 x R?\ {0}) which satisfies the following properties:

e For all multi-indices o, B € N%,

0% 08
sup sup

————K(x,2)| <00 .
z€R? |z|=1 Oz 928 ( ’ )

e For all x € RY and all index B with |3| = m, the function z — %K(w, z) is odd and homogeneous

of degree —(d — 1), i.e.,

ol o8 ol ol

Z )= 2 Z —4—d-1) 7

825K(x’ z) = aZBK(m,z), and GzﬁK(x’tz) =t azﬁK(x’Z) .
To each homogeneous kernel, it is possible to associate an integral operator Tk, acting on functions

@ :0D — R, via the formula

vz € RY 2z € R\ {0}, ¢t >0,

(D.1) Trp(z) = K(z,z — y)p(y) dy.
oD

The following result specifies the mapping properties of this integral operator.

Theorem D.1. Let D C R? be a smooth bounded domain, and let K(z,z) be a homogeneous kernel of class
—m, with associated operator T defined in (D.1). Then for each s € R, the mapping Tk defines a bounded
operator

Ty : H*(dD) — H*™(9D)

that is, there exists a constant Cs p x such that

Vo € H*(OD), [[Tk¢l||gs+m@op) < Cs,p,xll@llH:0D) -

The constant Cs p i, that is, the operator norm of Tk : H*(0D) — H*T"™(0D), depends only on s, D, and
the kernel K. It can be estimated by

o~ 98

9z 928 (@ 2)

(D.2) Cs.p.xk < Csp sup sup sup
a5k 2€0D |2|=1

)

where k is a non negative integer which only depends on the space dimension d, and Cs p is a constant which
depends only on d and the domain D.

Remark D.1. The above statement is Th. 4.3.1 in [52]. In that reference, the continuity constant of the
mappings T : H*(OD) — H*T™(0D) is not stated explicitly, but formula (D.2) is obtained by tracking the
dependence of this constant with respect to K throughout the proof.

We finally state the following result about the potential operator induced by a homogeneous kernel of
class —m; see [23] and [29] (Lemma 21.7).

Theorem D.2. Let D C R? be a smooth bounded domain, and let K (x,z) be a homogeneous kernel of class
—m. Then for each s € R, the associated potential operator:

Trp(z) = - K(z,r —y)p(y)dy, x¢ D,

1 _—
is a bounded mapping from H*(dD) into HS*™2(D) and Hlsothrz(Rd \ D). For any compact subset
L eR? \ D, there exists a constant Cs p k.1 such that,

v@ 6 Hg(aD)7 ||TKS0HH<+WI+%(D) + HTKSOHH<+TYI+%(L) S CS7D7K7L||SOHHS(8D)~
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