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Math 350-Section #01 Final Exam

Name:

1. (10 pts) Let A be an orthogonal (real) matrix.
(a) Show that det(A) = £1. Given an example that is not the identity matrix.

(b) If Ais 2 x 2, and det(A) = —1, prove that A is diagonalizable.
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2. (10 pts) Given the matrix
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(a) Find its characteristic polynomial.
(b) Find its eigenvalues.
(c) Explain why symmetric real matrices are diagonalizable. [It will be graded on the

mathematical quality of the explanation.]

Answer:



3. (10 pts) Let T" be the linear transformation of V' = May2(C)
T(A) = 24 + 34

(a) Find a matrix representation of 7' (it will be a 4 x 4 matrix).
(b) Describe its eigenspaces.
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4. (10 pts) (a) Given that the 3 X 3 matrix A = [¢1|ca|cs] has determinant 5, find the
determinant of the matrix

B = [ca + csles + cier + ca + cs).

(b) Given that the 5 x 5 matrix A = [c1|ca|cs|ca|cs] has determinant d, find the
determinant of the matrix

B = [62 + (23|C3 + C4|C4 + 65|C5 + cl|c1 + CQ].

Answer:
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5. (10 pts) (a) Find an orthogonal matrix S such that S~1AS is diagonal, where
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(b) Use Part (a) to decide whether the equation 1022 + 6zy + 2y® = 18 represents an
ellipse, a parabola or a hyperbola.

Answer:
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6. (10 pts) Let V be an inner product space.

(a) If W is a subspace of V, what is the orthogonal complement W+? Prove that W+ is a
subspace.

(b) If T = pw is the projection mapping defined by W, prove that W and W+ are the
eigenspaces of 7' and that T is diagonalizable.

Look
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7. (10 pts) (a) What is the Cayley-Hamilton Theorem?

(b) Verify it for the matrix A = [ ; Z }
(c) Prove the (full) theorem.
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8. (10 pts) Given the matrix

1 -1

-4 2

A= 1 -1
1 -1

2 -1

) Find its reduced echelon form R of A.

(a
(b) Argue that R = E,,--- E1 A, where the E; are elementary matrices.
(c) What are the rank and the nullity of A. Explain why these two numbers always add to

the number of columns.

(d) Argue that the rows of R with pivots are linearly independent.
(e) Argue that the columns of A with pivots are linearly independent.

Answer:
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9. [10 pts| Let V be the vector space of all continuous real functions on [—1,1]. For
f(t),g(t) € V, define the product

1
(F(8), 9(t)) = / f@gteya

(a) Prove that this defines an inner product on V.

(b) Find an orthonormal basis for the subspace spanned by e?, e*.

Answer:



10. [10 pts] About Jordan canonical forms:

(a) What are they and explain some of its uses.
(b) What are the ideas that were introduced to enable the decomposition.

(c) Find [give all the steps] the Jordan decomposition of the complex matrix

1 2
a=[37]

Answer:




Q{uo S &/“’M .

.’T%,/ﬁ(%/
Wb A 2ugen |
) L matc
(/U YR Q”)

O 4 Vo ?
m&o J(éz CLL)VMMWW&

et Sk e st
SPEN-E-

g o0 et °

wcj\/c X

ON






