Homework 2 (Due 2/3/2017)

Math 622

February 6, 2017

1. Consider a market with 2 risky assets S!,S? with dynamics under the physical

measure P:

ds; = 2rSidt+ S} 2w} +Wp?)
dS; = 0.5rSidt + SHW,! + 2W2).

Here W', W? are independent Brownian motions and 7 the risk free rate.
a) Is P a risk neutral probability?
Ans: No, since the drift term in S*, S? are not r.
b) Is the model arbitrage free? Explain.

The market price of risk equation is

2r—r = 201 +0,
05—r = 61+292

This equation has a unique solution so the model is arbitrage free.
¢) Is the model complete? Explain.
From part b, the model is complete.

2. (Correlation under change of measure)

Consider a two dimensional market model under the physical measure P:

dStl == O[lstldt + Stl (O’Hthl + 0_12th2)
dS; = o*Skdt + S} (opdW,' + edW}).

Here W1, W? are independent Brownan motions, all parametes are constants. Let
the risk-free rate be r.

a) Assume there exists a risk neutral probability P and parameters 6, 65 such that

—

Wi, =W} +0;it,i=1,2
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are Brownian motions under P. Write down the equations that 65,6, have to satisfy

(the market price of risk equation).
Ans:

The market price of risk equation is
Oéi —-Tr = (7,-191 + O'Z'QQQ,i = ]., 2.

b) Let
O'ﬂth + O—iZWE ;
vV oh + 0% ’

Show that B{,i = 1,2 are Brownian motions.

Bl = =1,2.

Ans: B is a sum of martingales, so it is a martingale. Since W1, W?2 are indepen-
dent, their co-variation is 0. Thus the quadratic variation of B’ is just

g z’21t +o z‘zzt ¢

oh + o '

Thus B?,i = 1,2 are Brownian motions by the Levy’s characterization.
¢) Denoting o; = \/0? + 02 we can rewrite the above market model as:

dS} = o'Sldt+ 0,5} dB;}
dS; = o?Sldt+ 0,S}dB;.
This effectively transforms the market model into one that only has one source of

noise for each risky asset. However, note that B!, B? here are NOT independent.

Indeed, prove that

011021 + 0120922

Cov(B}, Bf) = t #0.

0102
Since W' W2 are independent
) )
wl wl
011 Wy 021 W4
2 2’ 2 2
\/‘711 + 01y \/‘711 + 01
0110921 + 0120922

= t.
0102

2 2
012Wt 022Wt

2 2’ 2 2
\/‘711 + 01y \/‘711 + 01y

Cov(B},B}) = Cou( ) + Cou(

d) Define

ot + 0420
=
0

where 6;,7 = 1,2 are defined in part a). Show that
é; =Bl it i =1,2

2



are Brownian motions under P.

Ans:
S . oW} +0uWE 0461 + 0420s

Bi = Bj+yt= +
: t V0121+Uz22 V0121+Uz22
aﬂ/I/Iv/tl + O'iQ/WtQ

2 2
V01t 05

Now since Wf,z’ = 1,2 are Brownian motions under P the argument for ég being

Brownian motion is exctly the same as part b.

e) Show that the market model can be written as

dS} = rSidt+ 0,S'dB}
dS? = rS2dt+ 0,5%dB?.

This is the risk neutral version of the model in part c).
We have

r4+oy =14+ 0ab Fopb=r+a —r=da,

where the next to last equation is by part a. Thus this is the risk neutral version of
the model in part c).
f) Show that the covariance of B!, B? under P is the same as the covariance of

B', B? under the physical measure B, which is

0110921 + 012022t

0102

Ans: BZ and B; has the same form, except we replace VT/, in place of W;. Since
Wi (resp. W;) are Brownian motions under P (resp ]5) it is obvious that they have
the same covariance. The computation for the exact number is straightforward.

3. Shreve Exercise 5.14.
(i) Ans: Note that with dS; as given

dXt = At(TStdt + UStth) + T(Xt — AtSt>dt
Thus

d(e_TtXt) = B_Tt(—’I"Xtdt + dXt)
== AtO'Std/—th.



Hence e "X, is a P martingale.

(ii) The equivlance of

Y; _ eth+(r—%a2)t

and
dY; = rY,dt + oY, dW,

and the implication of e "Y; being a P martingale is routine from Black-Scholes
model.
To check the claim

¢
S :Soyt+yt/ = ds
0 Ys
satisfying (5.9.7) we see that

t
dS, = SodY; + adt + ( / %ds)dw
0

S

a

t
= adt+ (Sp+ / % ds)(rY;dt + oY, dW,)
0 S

t t
- adt+(SoYt+Y}/ gds)rdt—l—(SoYH—Y}/ 2 ds)dW,
0 Y. 0 Y.

S S

= adt+ TStdt + UStWt

by definition of S;.

(iii) Keeping in mind that e~"'Y; is a P martingale and for s > t

Y1 _ oWt 2o (T—s)
Y.

is independent of F; we have

Yr

YS |]:t)d8

~ ~ ~ ¢ a T ~
E(Sp|F) = SoE(YTIE)+E(YT|ft)/ 7ds+a/ E(
0 S t

t T
_ Soer(T—t)Y; +€T(T_t)Y;/ %ds—i—a/ er(T—s)dS
t

0 S
t r(T—t) _ 1
= Spe' Ty, + eT(T_t)Yt/ s + u
0 Y5 r
r(T—t
_ prng LU o1
T
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’I‘(T—t)il)

(iv) Taking the differential of e"(T=9), 4 < gives

TS, — rdt) —ae"TVdt = oe" DS, AWt

is a martingale.
(v) From the result in part (iii)

1 — e—r(T—t))

BT~ K)F) = 5+ % _ g,

r

Thus

aler ™= — 1)

Forg(t,T) = "T85, +
,

= Futs(t, T),

again from the result in part (iii).
(vi) We consider the dynamics of a portfolio 7w holding a long position in S (A; =
1,0 <7 <T) with mgp = 0:

d7Tt = dSt — adt + (7Tt - St)rdt

We want to show mp = S — Forg(0,T) = Sy — e™1'Sy + a(e’T-1)

The dyanmics of 7; implies that

d(e "'m,) = e " S, dW,.
On the other hand,
d(e™Sy) = e " (—adt + UStth).
That is
de "'m) = d(e™"S;) + e "adt.

Integrating both sides gives:

1 — —rT
G_TTT('T — e—TTST _ SO + Cl( € )

That is

as required.



4. (An example of importance sampling) In this problem we want to compute P(Z >
5) using the Monte Carlo simulation technique of importance sampling, at the heart
of which is a change of measure. Here Z has standard Normal distribution. You will
need to use some programming language that can simulate the normal distribution.
You can choose whichever language you prefer.

a) Generate 10,000 independent standard Normal random random variables. Let
n be the number of realizations that has value > 5. Report n/10, 000.

Ans: Skip.

b) The answer you get in part a) should be 0. The reason is {Z > 5} has such a
small probability that even among 10,000 trials we are not likely to see 1 realization
that has value above 5 (a 5-standard deviation event). Repeat the question in a) with
100,000 trials and report n/100, 000.

Ans: Skip

¢) The idea of importance sampling is to sample under a more suitable distribution.
Suppose we want to calculate F(h(X)) where X has density function f(z). Let g(x)

be another density function to be determined. Then

B0C0) = [ g = [ O g0y, - p M,

That is we instead compute the expectation of % where X now has density g(x)

instead. Identify h(z), f(z), g(x) in the example where we want to compute P(Z > 5).
To decide g(z), let’s say we want to sample instead under a N(5,1) distribution.

Ans:

h(l’) = 1{$>5}

|
T = [ 2
i) Vor
1 @52

g(x) = oralil

d) Use the formula in part c¢) to estimate P(Z > 5) for 10,000 sample points.
Report your answer.

Ans: Skip.

e) In class we discuss the change of measure kernel for a general Normal random
variable X having N (u,0?) :

AN COVIES Pl



and
E(Y) =E(YZY)

for any random variable Y. Show that the formula in part ¢) can be viewed according
to this formulation as well. Identify Y, Z* when we want to estimate P(Z > 5) (don’t
confuse Z and Z* here).

Ans: We showed that if X has N(u,0?) distribution under P then X has N(u +

Ao?,02) under P. We re-write the change of measure formula as

E(Y) = E(y%).

Thus Y = h(X) = 1{x>5. We only need to verify that

ANRS COVE PRl f(X)

9(X)’

where f, g are given in part c. We also have = 0,02 =1 and + Ao?> =5 or A = 5.
Thus

25
7r = X7,

On the other hand,

2

1 —z

fX) _ R e
= —7 = .

g<X) \/%Tre_( 25>

Thus the two formulations are equivalent.



