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1 Pricing via risk neutral expectation

1.1 Model with Poisson noise
1.1.1 Change of measure

Let N; be a Poisson process with rate X\. Supose we model the stock price as
dSt = C(Stdt + O'St,dMOf),

where M (t) = N; — At is a P-martingale. Note that here the only random source of
S; is from the jump process IV;.

From section 9 of lecture note 1, we also have
Sy = S(0) exp[(a — Aot + log(1 + o) Ny].

Let » > 0 be the interest rate. We want to find Q such that ¢S, is a Q

martingale. If that is the case, since

o —T

dSt = TStdt + O'St, (dNt - [)\ —

Jdt)

g

clearly we need N; to be a Poisson process with rate A=\— 2L, Since X must be

positive, a necessary condition (which implies no arbitrage for the model of ;) is

a—r

A — > (.

o



We then define
dQ = Z(T)dP;
Z(t) = expllog G) Ny — (A= Mt
Note that under QQ, we write the dynamics of S; as
S, = rSydt + oS, dM(t),
where M (t) = N, — Xt is a Q-martingale, which is equivalent to
S, = 5(0) exp[(r — Ao )t + log(1 + o) Ny].

1.1.2 Pricing of European call

Let V (t) denote the risk-neutral price of a European Call paying V(T') = (Spr — K)*

at time 7. Then by the risk neutral pricing formula, we have
V(t) =E%[e T (Sy — K)T|F(1)].
It remains to find an expression for V(). Clearly
S = Sy exp[(r — Ao)(T — t) + log(1 + o) (N — N;)].

So by the Independence Lemma, (Shreve’s Lemma (2.3.4)), we only need to eval-

uate

Y

o(t,z) = e " T-VEQ [(me(r—XJ)(T—t)-‘rlog(l—i-a)(NT—Nt) -~ K) +]

then we have V(t) = ¢(t, St).
Since Ny— N, has distribution Poisson(A(7'—t)) under Q, ¢(¢, x) has the expression

as an infinite sum, see Shreve’s formula (11.7.3). We won’t reproduce it here.

1.2 Model with compound Poisson noise
1.2.1 Change of measure

Suppose now that
dSt = OéStdt + O'St_dM<t),
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where M (t) = Q(t) —mt is a compensated compound Poisson process under P. Under
the risk neutral probability Q,

dS, = rSdt+ oS,_dM(t)
— (r — U%)Stdt + 0.5;_dQ);.

So clearly we need

(i) Q(t) to be a compound Poisson process under Q with EQ(Q(1)) = m.

(ii) r —om = a — om.

Note that (i) gives an equation for m. If Q(t) = .~ V; and under Q, N, is a
Poisson process with rate A and E(Y;) = i then

= .

So (ii) also gives an equation for X and f, the distribution of Y; under Q. From the
change of measure sections, we have seen how to choose Z(T') such that the conditions
(i) and (ii) are satisfied. Note that this choice may not be unique, as generally equation
(ii) has more than 1 unknowns. However, there is also a restriction on the solution
X>0. Soa simple application of linear algebra result to conclude that there are

infinitely many choices of risk neutral measures is not correct.

1.2.2 Pricing of European call option
Observe that
dS; = (r—om)Sidt + 0S;_dQ,
has the solution

S o= SO [ (14 0AQ(s))
0<s<t
N

- S(O)e(r—aﬁ%)tH(l_{_ay;)‘
i=1
Also for t < T
Nt
ST — Ste(’/‘—am)(T—t) H (1 _}_0-}/1)

1=N¢+1

Observe the important fact that HfiTNtH(l + oY;) is independent of F(t), where

F(t) is a filtration for Q(¢). We give an explanation in the next subsection.
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Thus V(t), the risk-neutral price of a European Call paying V(T') = (Sr — K)*

at time 7 for this model is

V() = EQUe TSy — K)F|F ()]

= C(t,St),
where
Nr
c(t,:c) — Q*T(T’t)]EQ [xe(rfam)(Tft) H (14_0-}/;) _K]+ )
i=N¢+1

Since Y; are independent of Ny — N, again we can condition on Np — N, = j,j =
1,2, ... to get

> MNT —t
C(t,iL‘) _ r(T—t) Z'L{ 7, $ 7)\(T t)[ ( j )]
7=0

where

k(] ) = EQ [(xe(r—aﬁz)(T—t) ﬁ(l toY;) — K)+:|.

=1

1.2.3 The independence of [’ "Nya1(1+0Y;) from F(t)

In the derivation above, we claim that Hl Nop1(1+0Y;) from F(t). This is not totally
obvious since the terms involve Ny, which is in F(¢). However, intuitively you can see
that this is believable because there are Ny — N, terms in the product, which consists
of Y;’s. Both Ny — N, and Y;’s are independent of F ().

Rigorously, we use the result mentioned in Lecture 2. That is if E(e*X|F) =
E(e*X) for all u € R then X is independent of F. We verify that this is the case

here. That is we want to show

E(eun,f\;TNt+1(l+0Y;) t> — E(euni\;TNt+1(l+UY;)>’vu c R

Observe that the above expression would be complicated to handle. But we can

simplify it by noting that we can instead show the independence of

NT NT
log ( IT a+ aﬁ)) = Y log(l +0Y))
i=N¢+1 i=N¢+1



with F;. Moreover,

uZl Ny +1log(1+aY H 6ulog 1+UY)

i=N¢+1

Thus we see that we can just prove this general claim for our purpose: let
X1, X5, beiid and be independent of N;,¢ > 0. Then

p( T1 xim) =2 I %) =£( TI %)

’LNt l—t

This indeed will be the statement we’ll prove for the rest of this proof. We have

E( 1N‘T[ Xi]]-"(t)):E<Nij[NtXi+Nt\}“(t)>.

i=N¢+1
Since Ny — N, is independent of F(t), by the Independence lemma,

N7 —N¢

B[ [T XewlF®)] = £(N),

where
Np—N;
f)=E[ [ Xissl-
i=1

We’ll be done if we can show

Note that

Np—N¢
E[ T Xl = D E[ [ XieklNr— Ny =j]P(Nr — N, = j)
=1 j i=1
J
— Z]E[HXHHNT—M:]'}P(NT—M:j)

= ZEH ik P(Np = N, = j)
- Z{E[XJ}P(NT—Nt:j),
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where the third equality is because of the independence of X;’s and Ny — N; and the
fourth equality is because of the identical distribution of X;’s.

Using the same conditioning technique, we can also show

E[Nﬁvt x] =Y {E[x)] }jP(NT — N =),

i=1 j

Thus f(k) = f(0) as required.

1.3 Model with Brownian motion and compound Poisson

noise
1.3.1 Change of measure

Suppose now that
dSt = OéStdt + USt_dW(t) + St_dM(t),

where M (t) = Q(t) —mt is a compensated compound Poisson process under P. Under

the risk neutral probability Q,

dSt = T'Stdt + O'St,d/WvOf) + St,dﬁ(t)
= (r—m)Sudt + 0S,_dW (t) + S,_dQ;,

where W(t) = W(t) + 0t is a Q Brownian motion and Q(t) is compound Poisson
with E2(Q(1)) = m.
Thus the equation that 6 and m have to satisfy is

r+o0—m=a—m.

Solving this equation for # and m and use the change of measure result discussed

above, we can find Q such that e™"S, is a Q - martingale.

1.3.2 Pricing of European call

Observe that

dS, = (r—m)Sdt + oS,_dW(t) + S,_dQ;,



has the solution

Hence for t < T,

Nt

wn II @+,

i=N¢+1

S = Spexp [(r — it — £0*)(T — ) + o (W(T) -

where we have the independence of W(T) — W (t) and | B N1 (1 +Yi) with respect
to F(t) and also with respect to each other.

Thus V' (t), the risk-neutral price of a European Call paying V(T') = (Sp — K)*
at time 7" for this model is

V() = E%e T 0(Sy — K)|F ()]

= C(t, St),
where
— Nt 4
ot x) = e—r(T—t)EQ[( (r—ii— L 02)(T—t)+o (W (1)~ W (¢)) I] a+v)- K) |-
i=N¢+1

To find an expression for ¢(t, ), we first condition on [ N1 (1+Y;) and use the

independence lemma to define a function k(t, ) as
1 _2 +
k(t,z) = e "R [(xe("’ﬁa JeroViY _ K) },

where Y has standard normal distribution. Note that we have an explicit expression
for k(t,z) from the Black-Scholes formula. Then

ct,z) = E2[k(T —t,ae ™™ l_T[ (1+Y7)].

i=N¢+1

Now again conditioning on Ny — N; = j and using the independence between Ys

and Np — N; we have

(1+Y5)].

(- —t)) (T
c(t,x) :Ze 2 j! E@[ (T —t, ze” ™I~
J=0 1

J
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2 Pricing via partial differential difference equa-

tions
2.1 Heuristic
Suppose S; satisfies
dSt = OéStdt + O'Sth(t),

where M(t) = Ny — Mt is a compensated Poisson process under P.
From the change of measure section, we learned that under the risk neutral mea-

sure QQ, S; has the dynamic:

dS, = (r — o) Sydt + 0.S,_dN,,

where A = A — =+ and N is a Poisson process with rate X under Q.

The call option price V (t), where V(T') = (S — K)* can be written as

V() = E2[e (S — K)FIF()
= c(t,5),

where

ot,z) = e T-IRQ [(xe(r—Xa)(T—t)+log(1+a)(NT—Nt) _ K)*].

As in the Black-Scholes model, we want to derive an equation that c(¢, z) satisfies.

The key principle here is to apply Ito’s formula to e "¢(t, S;) to achieve
de "e(t, Sy) = f(t,c(t, S;))dt + something dM (t),
where M(t) is a Q-martingale. Then the equation that we look for is
f(t, c(t,Sy)) = 0.

The reason is that e "c(¢, S;) is a Q-martingale by definition. Therefore, its drift
has to be 0.



2.2 Model with Poisson noise

Suppose S; satisfies
dSt = O{Stdt + O'Sth(t),

where M (t) = Ny — At is a compensated Poisson process under P.
Apply Ito’s formula to e "*¢(t, S;), recognizing there is no Brownian motion com-
ponent, we have

! 0 0
—rt — s TU —ru___ —ru_—~
c(t, Sy) /0 re”"c(u, Sy)du + e atc(u Sy)du + e 5’

+ Z e "e(u, Sy) — c(u—, Sy-)]

:/e-m[ re(u, Su) + S(US) aa o(t, ) (r — Ao) S, | du
—c(u,

+ > e ).

O<u<t

(u, Su)dS(u)

We need to rewrite ) ,_,., e "™[c(u, Su) — c(u, S,—)] as it is not in differential
form. Two key observations will help us here:
(i) Su=(1+0AN(u))Sy— = (1 +0)S,—
(ii) c¢(u,S,) jumps at the same points as S,, which in turn jumps at the same
points as N(u). Again keep in mind that AN (u) =
Thus
Z e "e(u, Sy) — e(u, S,)] = Z e "e(u, Sy— (14 0)) —c(u, S,-)]

_ /0 e e(u, Sy (1 + 7)) = e(u, Su )N (u),

where the first equality uses observations (i) and second equality uses observation (ii).

Putting all these together gives
e te(t, S) = /te_r“[—rc(u S+ Lo, 8 + ZLe(t, S (r — 3015, du
t - 0 s Mu 8t &c y Mu u
t
+/ e "e(u, Su— (14 o)) — c(u, Sy—)]dN (u).
0

The last thing to do is to change dN(u) to dM(u) for some martingale M. This



is easy: we only need to subtract and add Adu to dN (u). So finally

! 9] 9, ~
c(t,Sy) = / e [ re(u, Sy) + —atc(u, Su) + —8$c(t, Su)(r—Ao)S,

c(u, Su_ (14 0)) = c(u, Sy )X | du

+/ e, Su_ (1 + 0)) — e(u Su_)dM (1)

0

- Oe re(u, Sy) + aat(uS) 83 c(t, S,)(r — Aa)S,

+[e(u, Su( +0)) — c(u, Su)])\] du
+/0 e "e(u, Su—(1 +0)) — c(u—, Sy—)|dM (u),

where in the second equality we uses the fact that we are integrating with respect to
du so using S,_ or S, gives the same result.
Now apply the principle in Section (2.1) we get

Theorem 2.1. The call option price c(t,x) in the model of this section satisfies the

differential difference equation

—re(t,x) + (‘ft (t,x)+ (r — Xa)x(%c(t,x)

+ MNe(t,z(1+0)) —c(t,2)] =0,0<t < T,z >0
co(T,x) = (x—K)t,z>0.

2.3 Model with compound Poisson noise

Suppose S; has the dynamic:
dSt = (T — ﬁLO')Stdt + O'St_th,

where Q(t) is a compound Poisson process with rate E2(Q(1)) = 1. We also assume
that Q(t) = vaztl Y; where each Y; takes discrete distribution with values y1, ya, ..., Ym.-

Following the same procedure as the above section, apply Ito’s formula to e "c(t, S;)
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gives

t
e e(t,S;) = / —re_r“c(u,Su)dujLe"”“gc(u, Su)du—l—e_mgc(u, S,)dSe (u)
0 ot Ox

+ > e e(u, Su) — c(u—, S,-)]

— /t -m[— (1, 80) + L, ) + Le(t, $)(r — o) S, du
) Y g\ T/

+ ) e e(u, Su) — e, Su ).

Now by the Poisson process decomposition, we can write

= Z%Nz(t)

where each NV;(t) is a Poisson process with rate Xi, t=1,...,munder Q. An important

fact here is that since N;’s are independent, they do not jump at the same time. So
at all jump point of Q:

14+ 0AQ(t) =14 oy, AN;(t), for some i.

Thus we have,

Z e "e(u, Sy) — c(u, Sy-)] = Z e "e(u, Su—(1 4+ 0AQy)) — c(u, Sy-)]

_ Z[ Z 1+ayz))—c(u,5u_)]ANi(u)]
_ i{/ S (1+ 0y2)) = cfu, S, )JAN:(w)].

So
e et Sy) = /0 o [ —re(u, Sy) + %c(u, Su) + %c(t, S)(r —mo)S,
+ Z[c(u, Su(l 4 0y;)) — c(u, Su)]}\'l] du

n /0 e c(u, Sy) — c(u, Sy_)]dM (u),
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where

is a Q-martingale.

Setting the dt part to be 0 gives the following:

Theorem 2.2. The call option price c(t,x) in the model of this section satisfies the
differential difference equation

0 - 0
—re(t,z) + ac(t, x)+ (r— ma)x%c(t, )

+ ) Je(t.a(1+oy:) — et x)]Ai = 0,0 <t < T,z >0
=1

co(T,z) = (x—K)",z>0.

2.4 Model with Brownian motion and compound Poisson

noise

Suppose S; has the dynamic:
dSt = (r — m)S,dt + S,_dQ, + oS, dW (1),

where Q(t) is a compound Poisson process with rate E¢(Q(1)) = 1 and W(t) isa Q
Brownian motion. We also assume that Q(t) = 3., V; where each Y; takes discrete
distribution with values y1, 2, ..., Ym-

Following the same procedure as the above section, apply Ito’s formula to e "¢(t, S;)

gives

t
e et Sy) = / —re”"e(u, Sy)du + e"’“gc(u, Su)du + e’“‘gc(u, Su)dS(u)
0 825 a.T
1 o

_ *T"U,_ 2 o2 —ru B B
+5e 5w, Su)a” S (u)du+0<zu<te e, Sy) — e(u—, Su_)]

- 0 0 ~
= /0 e [— re(u, Sy) + ac(u, Su) + G_xc(t’ Su)(r —m)S,

19° 2 G2
45 ol $,)0* S (w) | du
t —~
+ / e""“%c(t, Su)SudW () + Y e [e(u, Su) — clu, Su-)].
0 O<u<t
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Follow the same exact analysis for » 7, _, ., e ™[c(u, S,) — c(u, S,—)] as in section
(2.3) we have

f 9 9
—rt _ —ru| _ — . o~
e "e(t,Sy) = /Oe [ rc(u,Su)—i—atc(u,Su)—l—axc(t,Su)(r m)S,
P2 800252 + 3 el Su(1 -+ 1) — el SR
anQCuauU Uu i:1cuau Yi ClU, Oy ) |Ai| AU
t a . t
+ / T {1, ,) S,V () + / e e(u, Su) — ofu, Su_ )M (u),
0 0
where
M(t) = Ni(t) = At
=1

is a Q-martingale.

Setting the dt part to be 0 gives the following:

Theorem 2.3. The call option price c(t,x) in the model of this section satisfies the
differential difference equation
0 1 0?

0 N 22
—rc(t,x) + Ec(t, x) + (r— m)m%c(t, x) + §$c(t, x)ox

+ > et (1 +y:)) — et )]\ = 0,0 <t < T,z > 0;

i=1

c(T,z) = (x—K)T,z>0.

2.5 A unifying approach via Levy measure

Note that all of the above derivations rely on the decomposition of a compound
Poisson process with discrete jumps into sums of individual Poisson processes. This
technique obviously does not work when we have a compound Poisson process with
continuous jump distribution. The way to handle this situation is via the concept of
the Levy measure. It will also help us write one single type of equation, called Partial
Integro-Differential Equation (PIDE), for all types of our noise, as long as they are
compound Poisson process plus a Brownian motion. For a more detailed treament of

Levy process with application to finance, see e.g. [2].
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2.5.1 The Levy measure

Definition 2.4. Let L; be a Levy process and A € B(R) be a Borel measurable subset
of the real line. Define

pr(A) == Y lapea;
0<s<t
that is, L (A) counts the number of jumps of L, up to time t, that have size in the set
A. We call pl(-) the Poisson random measure associated with the Levy process Ly .
Note that for a fived A, uF(A) is a counting process. Also define

v(A) = E(ub(4)).

We say v is the Levy measure associated with the Levy process Ly .

Remark 2.5. In the above definition, usually one would require that the point 0 is
“far away” from the set A, that is 0 ¢ A. This is because a Levy process L, can have
infinitely many small jumps close to 0, which in turn may make ut(A) to be infinite
if 0 € A. However, in the cases we’re dealing with, namely upto compound Poisson
process, this will not happen. The number of jumps of compound Poisson process in
any finite time interval [0,t] will always remain finite. So we do not have to include

this restriction in the set A, for ease of introduction to the material.

Observe that for a fixed A, uF has independent and stationary increment, which
is inherited from the Levy process L;. Therefore, uF(A) is a Poisson process with

rate
M =v(A) = E(ur(A)).

In other words, the Levy measure v measures the expected number of jumps of L,
of a certain height in a time interval of length 1. The height is determined by what
values of the set A you plug in to the measure v. We list what v is for the processes
we were familiar with in this chapter.

1. Poisson process with rate A:
v(dzr) = M1 (dx).

2. Compound Poisson process with rate A\ and discrete jumps 1, -+ , Y-

v(dx) = A Z PmOy,, (dz).

m=1
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3. Compound Poisson process with rate A and continuous jump distribution fy (z):
v(dz) = My (dx).

Remark 2.6. Note that in all of the above examples,

A= /R v(dz) = v(R).

This indeed will be the case for all compound Poisson processes: they have finite

Levy measure and the rate is equal to the Levy measure of the real line.

2.5.2 Integrating with respect to the random Poisson measure

For a Levy process L; with Levy measure v, adapted to a filtration F;. We define

/Ot/Af(S’x)ML(ds’dx) = Z J(5,AL)1AL en.

0<s<t

That is, the integral fot [ f(s,z)p"(ds, dx) is a pure jump process that jumps at
the same time as L, with the jump size f(s, AL;) if the jump of L happens at time s.

What will be important for us is the following martingale result:

Theorem 2.7. Let f(s,z,w) be a process with left continuous with right limit paths
adapted to the filtration F; satisfying certain integrability conditions. Then

t
| [ st s, do) - vidoyis
0Ja
1s a Fy-martingale.

Proof.  The proof starts by approximating f(¢, z,w) by simple processes of the form
Yo &e(t) o (x), where &(t) are F; measurable processes and ¢y, are deterministic
functions of . We prove the martingale property for these simple processes and prove

the general result by a convergence argument. For details see [1].

2.5.3 Ito’s formula for jump processes, random Poisson measure version

Let X; be a process of the form
t t
X(t) = Xo + / a(s)ds +/ v(s)dWs + J(t),
0 0
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where J(t) is a compound Poisson process. Let f be a C''? function. Then

FE X)) = F(0,X0) + / fuls, X,)ds

+/fxstXC /fmsX 2(s)ds
+ Y f(s, X)) = f(s, Xoo)
0<s<t
_ f(O,XO)Jr/tft(s,Xs)ds
+/fxstXC /fmsX *(s)ds

+/O/R [F(s. X 2) = Fls. Xo0)] o (ds. dr).

The reason for the re-writing in the random Poisson measure version is clear: we

want to use the martingale result mentioned in the previous section. The equality
Z f(s, X,) / / (s, Xs— + ) — f(s,Xs,)}/ﬂ(ds,da:)
0<s<t

comes from the fact that the jumps of X comes from the jumps of J, and AX, = AJ;

at all jump times s.
2.5.4 PIDE for Euro call option with compound Poisson process and
Brownian motion noise
Now suppose S; has the dynamic:
dSt = rS,dt + o S,dW () + vS,_d(Q, — fit),

where we added a volatility component ~ in the compound Poisson part for generality,
even though this is not strictly necessary as it can be incoporated into the jumps of
@. This is the parameter o in the previous sections (2.2), (2.3).

Recall that applying the Ito’s formula, we have

t 0 0
frt . —ru | _ — _ =
c(t,Sy) = /0 e [ re(u, Sy) + 87jc(u, S.) + axc(t,Su)('r’ m)Sy

1o 22
+5 53¢ S.)0%S (u)]du
t a _ B
+/0 e %c(t Su)SudW (u) + E e "e(u, Sy) — e(u, Sy-)].

O<u<t
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Rewriting the term ) _, ., e7""[c(u, Sy)—c(u, S,—) using random Poisson measure
we have

Z e "e(u, Sy) —c(u, S,-) = Z e "e(u, Sy (1 +~vAQy)) — c(u, S,_)]

O<u<t O<u<t

= /O /Re_”‘[c(u, Su—(1+~x)) — c(u, Su—)]HQ(du7 dz).

Thus applying the martingale result, we have

t 0 0
—rt _ —ru| _ 5
c(t,Sy) = /0 e [ re(u, Sy) + —atc(u, Su) + _8xc(t’ Su)(r —m)S,

388—22 (u, S.)0*S*(u )]du+/t —ru
aa: (£, Su) S dW / / ~(T+vz)) — c(u, Suf)],LLQ(du, dx)

0
= [ et + etwsi+ 8‘9 (£, 5,)(r = M)S,
*%%cw Su)o’ 5% (u) + /R[cw, Su-(1+7w)) = c(u, Sy-)v(dr) | du

t
0 —~
+/0 e %c(t Su)SudW (u)

// (1+v2)) — c(u, Su)](p(du, dzx) — v(dz)du).
Therefore, c(t, z) satisfies the PIDE
et ) b elt) 4 (et a) + Sl )
re(t, x g C(t2) + (r —m cft,z) + 55 5clt, z)o"s

ox
+ /[c(t,x(l +7z2)) —c(t,z)|v(dz) = 0,0 <t < T,z > 0;
co(T,z) = (x—K)T,z>0.

In particular we have:

(i) If Q is a Poisson () process then v(dz) = Ad;(dz). Thus the PIDE becomes

1 9?

_. 0
c(t,x) + (r —m)x—c(t,x) + 3922

@ Ox
Me(t,z(1+7)) —c(t,x)] = 0.

—re(t,z) + c(t, v)o?x?
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(ii) If Q is a compound Poisson with discrete jumps then v(dz) = M X,,0,m(d2).
Thus the PIDE becomes

—re(t,z) + %c(t, x)+ (r— ﬁl)x%c(t, x) + 5@0(@ r)o'x
+ Y Amle(t, 21+ yym)) — clt, x)] = 0.

(iii) If @ is a compound Poisson with continuous jump then v(dz) = Af(z)dz.
Thus the PIDE becomes

2

0 . 0 10 5 9
—re(t,x) + &c(t, x) + (r — m)xa—xc(t, x)+ 5@6(15, r)o'x

+ /R et 21+ 72) — eft, D) Af(2)dz = 0.

You should verify that for cases (i) and (ii) the results are exactly as what we got
before in sections (2.2), (2.3).
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