Math 622 Name (Print):
Spring 2015

Final Exam - Form A

05/12/2015

This exam contains 7 pages (including this cover page) and 4 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

You are required to show your work on each problem on this exam. The following rules apply:

e The parts of the problems are not necessarily .
Problem | Points | Score
connected. If you cannot do one part, you can
assume the result of that part, if needed, to do the . o5
next part.
e Organize your work, in a reasonably neat and 2 25
coherent way, in the space provided. Work scat-
tered all over the page without a clear ordering 3 25
will receive very little credit.
. . 4 25
e Mysterious or unsupported answers will not
receive full credit. Total: 100

e If you need more space, use the back of the pages;
clearly indicate when you have done this.
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1. Let X; have the dynamics

dX; = dt+ X, dWy
X0 = =z,

where o, o are given constants, W is a Brownian motion.

Let Y; have the dynamics

dY, = aYidt + cY,dW,
Yo = 1,

where ¢y, co are constants to be chosen.
(a) (5 points) Find d(X;Y;).
Ans:

d(X:Y:) = (aXeY: + Y + o X Yy)dt + (Xi Yy + co X Yy) dWs.

(b) (10 points) Observe from the above part that you can choose ¢y, ¢z so that the right hand
side of dX;Y; is free of terms involving X;. Moreover, we also know the explicit solution
for Y;. By choosing appropriate constants ¢y, co, solve for an explicit solution of X;.

Ans: Choosing co = —1 and ¢; = 1 we see that

d(X,Y;) = Yidt.

Therefore
t
XY, —z = / Y, du,
0
or
t
X = () o+ [ Vadu),
0
where
}/t — 6(61—1/2C%)t+02Wt
61/2t_Wt.

(c¢) (10 points) Now let X; have the dynamics

dXt = adt—i—aXt_dNt
XO = T,

where N, is a Poisson process, «,c are constants. Note that this is not the geometric
model that we considered for the stock model, since the dt term is just adt. Solve for an
explit solution of X;.

Ans: We can do the analysis as followed: If we let 0 < 17 < T5 < --- be the jump times
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of N; then it is clear that

Xy = xz4+at, 0<t<T]
(1+U)($+O&T1)+Oé(t—T1), T <t<Ty
= (14+0)2(z+afy) +a(l+o)(Ta—T)+alt—Ty), To <t<Ts,

and so on.

This is a correct answer. An alternative derivation which leads to a closed form formula
for X; is as followed: taking the motivation from the above parts, let ¢ be a constant to
be determined, we have

d(cNtXt) = acNtdt + ZCNSXS — CNS*XS_.
s<t

Observe that

N X, — N X = eV (XL + AX) - N X
N Xy (c 4 co —1).

Therefore if we choose ¢ = 14%0 then

1\ M 1\ M
— ) x| = dt.
<1+0> ¢ a<1—|—a>

t 1 Ns
X, =z(14+0)M +a(l + o)™ / < ) ds
o \l+o

It follows that

You should verify that this formula coincides with the other answer we derived above.

2. Let S(t) be the stock price denominated in Euro and N/ (t) be the price of the Euro money
market denominated in dollars. Their dynamics under the US domestic risk neutral measure
P is given as followed:

dS(t) = rS(t)dt+ o1S(t)dW (t) 4+ S(t—)d(N(t) — Xt)
AN'(t) = rNI(t)dt + oo NI (t—-)d(N(t) — \t),

where under P, W is a Brownian motion, N(t) is a Poisson process with rate X\, N(t) and W
are independent. 7,01, 09 are constants, r is the domestic interest rate.

(a) (5 points) Find the explicit solutions for S(t), Nf(t).
Ans: From the lecture note on Chapter 11

S(t) = S(0)exp [(r —A— %U%)t + oW (t) + N(t)log 2]

NY(t) = NT(0) exp [(r — Aoa)t + N(t)log(1 + 02)} .
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(b) (5 points) Define the foreign risk neutral measure as followed

- -/, D(T)NY(T)
PY(A) = B(La =)

Recall also the following: if we define a new measure PZ by
PZ(A) = E(1AZ(T)),

where
i N(T)
Z(T) = (A> e” AN

then N(t) is a Poisson process with rate A under PZ. Use this fact to show that N(t) is
a Possion process with rate A(1 + o) under PN
Ans:

!
Z(T) = W = exp |:—)\0'2T+N(T)10g(1 —1-02)}

— exp [{A — A1+ 02)}T + N(T){ log(A(1 + 02)) — log A}]

-\ N(T)
_ (A (AT
A )

where A = A(1 + 03). Thus by the change of measure result, N(¢) has rae A under PN 7



Math 622 Final Exam - Form A - Page 5 of 7 05/12/2015

¢) (5 points) Find the dynamics of SV T(t) := 29 under PV and show that it is a mar-
NT(t)

tingale under PN !

Ans:
NS _ 5(0) _ _ _1 2 i
sV ) = Nf(o)exp[( A1 — o) 20—1)t+o—1W(t)+N(t)1ogHUJ
— NI 7'”1_0.2712 = 1—o09
= S (O)exp[( )\1+02 201)t+01W(t)+N(t)10g<1+1+U2>}.
Therefore,

1_UQSNf

o, ()N ()~ Nt + o SN ()dW ()

asN' () =

. . ~Nf
is a martingale under PN’ .

(d) (10 points) Now suppose
AN/ (t) = rNS(t)dt + osN/ dW, + oo N7 (t=)d(N(t) — At).

That is we added a Brownian motion component to the dynamics of the foreign money
market. Find the dynamics of SV ! (t) :== S0 ynder PN’ and show that it is a martingale

TONF(®)
under PN
Ans: We now have
NI@t) = Nf(0)exp [(r — Ao — 1/2(03)2)t + o3 Wy + N(t) log(1 + 02)]
-\ N(T)
2(T) = (;) e~ (A=NT =5 (03) T+osWr

where A = A(1 4 o3). Therefore, under PN’ N(t) is a Possion process with rate A(1+ o)
and WtN f = V~Vt — ogt is a Brownian motion.

Moreover,
SN = 15;?3) exp [(—A(l —09) — %o—%)t + (o1 = o)W (1) +1/2(03)t + N(t) log { EJJ

= sV esp[(-4 o (01— 0320t + (o1 = 03) W (1) + (1) log (1 +i ;jj) ]
Therefore,

a5V (1) = 1228 (AN () — Nt + (o — 03) S (0T 1)

and it is a PNf martingale.
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3. Consider the following Hull-White model for interest rate under the risk neutral measure:

dR;, = —Rydt+ dW;
Ry = 0.
(a) (10 points) Find the explicit solution for Ry.
Ans: Since
d(@th) = etth,
we have

t
R, = 6_t[R0+/ euqu]
0

¢
= et/ e“dW,.
0

(b) (15 points) Find the explicit solution for B(0,T).

Ans: We have
T T u -
/ Ry,du = / e_“/ e’dWydu
0 0 0

T T ~
= / es/ e “dudWs

0 s

T ~
= /(1—@3T)dWs.

0

Thus — fOT Rydu has Normal (0,02) distribution where

T
0% = /0 (1 —e5"T)2ds.

Thus by the moment generating function formula,
B(0,T) = E(e— i Rudu> — (39%,

4. Suppose for all T, the zero coupon bond B(t,T') has the following dynamics under the risk
neutral measure:

dB(t,T) = R(t)B(t, T)dt — o*(t, T)B(t, T)dW,,

where o*(t,T) is given for all t,T and Z:0*(t,T) is well-defined.
Recall that the LIBOR rate with tenor § Ls(t,T') is defined as

B(t,T) = (1 + 6Ls(t,T))B(t, T + ).

(a) (10 points) Find the dynamics of Ls(t,7) under the risk neutral measure P (Note: NOT
under the forward measure P7*? as we did in class).
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Ans: We have shown, under P79,
dLs(t,T) = (1/8 + Ls(t, T))(0* (t, T + &) — o™ (t, T))dW;} +°.
Also from the change of numéraire result,
AWIT0 = AW, + o*(t, T + 8)dt.
Therefore,
dLs(t,T) = (1/5 + Ls(t, T))(c* (t, T 4 6) — o*(t, T))d(W; + o™ (t, T + 8)dt).

(b) (15 points) Suppose that o*(t,7) = T'—t, for all ¢, T Find an explicit solution for Ls(t, T)
in terms of Ls(0,T),d8 WL,
Ans: Observe that

d(1+06Ls(t,T)) 6dLs(t,T) = (1 + 6Ls(t, T)) (o™ (t, T + 6) — o*(t, T))dW L +°

= 6(1+6Ls(t,T))dW I+,

Therefore,
14 6Ls(t,T) = (1+ 0Ls(0,T)) e =20,
That is

Ly(t,T) = 5 [(14 6Ly (0,7)) PV =30 1]

7| =



