Homework 6-solutions
MATH 361 (due November 4) October 28 2022

Problem 1. Prove that for any r,5s € R, r - s € R. (You can use problem 6

from HW5).

Solution. The product is defined by cases:

Ifx,y >0thenx-y=0U{p-q|lpex,qey, p,gq=20}Ilfx,y <0
thenx-y=|x|-|yl. fx<0<yory<0<xthenx-y=—(|x||y|)

Once we have proven case (1), then since |x|, |y| are non negative, |x| - |y|
will be in R and by HW5 problem 6, also —(|x| - |y|) and we will be done.
So let us prove case (1). Assume that x,y > O0and thenx -y =0U{p-q |
pex,qey, p,q =0} Itisclearly non-empty since for example -1 € x - y.
Also, if p*,g* > 0 bound x, y respectively, then for every z € x - y, either
z<0<pq,orz=p-gforsomep,q>0andp € x and q € y. It follows
that p < p* and ¢ < 4 which in turn implies (since we are dealing with
positive rationals) that p - g < p* - ¢*. Hence p* - g* bounds x - y. To see
it is downward closed, let t < z € xy. if t < 0 then it is clearly in x - y.

Otherwise, 0 < t < z and therefore z = p - q for some p, g > 0 rationals.
z
5
we have that g’ < g (since gq, g, p are all positive). Since y is a Dedekind

wherep e xand g€ y. Letg’' = 2. Thenz =p-g’andsincep-q' <p-q,

cut, 4" € y and therefore z = p-q’ € x-y. Finally we need to prove that x - y
has no last element. Letg € x - y. If g <O theng g < % < Ohence% EXx-y.
If g > 0, then there are 0 < p1,p2, p1 € x and p, € y such that g = p1 - p.
Since x, y are dedekinf cuts, there are p; < p| € x and p2 < p;, € y. Since

they are all positive, p1 - p2 < p; - p5 € x - y as wanted.

Problem 2. For each of the following statements provide an appropriate

function (no need to prove that your functions satisfy the required proper-
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ties):
1. R~ R\ {0}.
Solution. f : R — R\ {0}

x—1 xeN*
fx) =

X 0.W.
2. Z ~ Newen \ {0, ..., 2023}.
Solution. Define f : Z — Neyep \ {0, ..., 2023} by

2024 +4jn| n <0
f(n) =
2022 +4n  n>0

3. Nx N < 0,1}

Solution. We saw in class one example f({n, m)) = 00000... 1 0.0 1  O0....

nth place n+mth place

Formally, f({n, m)) : N — {0, 1} is defined

ke{n,n+m}
f((n,m))(k) =

0 ow.

4. {feRR|3ie{o,1}, Vx R\ Q, f(x):i}z{O,l}xQR.

Solution. Denote the setby A. F: A — {0,1} x YR defined by

F(f) = (f(V2),f 1 Q)
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Problem 3. Prove that
{X € POV | Newen € X} ~ PV
[Hint: First find a function from P(N) to P(N,44)]

Solution. Like in the proof that A ~ B = P(A) = P(B) we fix a bijection
f N — Nygq, for example f(n) = 2n + 1, then F(X) = f”X is a bijection
from P(N) to P(Nygq). Explicitly, F(X) = {2n +1 | n € X}. Now define
G :P(N) = {X € P(N) | Nepen € X} defined by G(X) = Negen, U {21 +1 |
n € N}. Check that this is a bijection.

Problem 4. Let C(R) be the set of all continuous function f : R — R. Prove
that
C(R) < °R

[Hint: use that fact that Q is dense in R to prove that the restriction function

G : C(R) — R defined by G(f) = f | Q is one-to-one.]

Solution. Let G : C(R) — 9R defined by G(f) = f | Q, let us prove that
it is one-to-one. Suppose that f, ¢ are two continuous functions, such

that f 1 Q = ¢ [ Q. We need to prove f = g. Let x € R, by density

o0

0 of rationals, such that

of the rationals we can find a sequence (g,)

lim, 0 gn = x, then for each n, f(g,) = g(qn) (since f 1 Q = g [ Q). By

continuity,
f() = lim f(g) = lim g(q,) = g(x)
Problem 5. Prove thatif A Band C ~ Dthen AXxC ~ B XxD.

Solution. Let f : A — Band g : C — D be bijections. Define h : AX C —
Bx D h({a,c) = (f(a), g(c)). Prove that h is one-to-one. Let us prove for
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example that & is onto. Let (b,d) € B X D. Since f, g are onto, there are
a € Aand c € C such that f(a) = b and g(c) = d. Then (a,c) € AX C and

h(Ka, c)) = (f(a),g(c)) = (b, d).

Problem 6. Prove that for every a < f real numbers (a, ) ~ (0,1). [Hint:
First stretch/shrink (0, 1) to have length g — a, then shift it by +c as we did

in class.]

Solution. Define f : (0,1) — (a, ) by f(x) = (8 — a)x + a. Itis not hard to

check that f is one-to-one and onto.

Additional problems

Problem 7. Show thatx - (y +z)=x-y+x-xforeveryx,y,z € R.

Problem 8. Show that for every n > 0, N” ~ N. [Hint: Induction. you can
Nx N~ N,]

Problem 9. Show that {0, 1} x*{0, 1} ~ M{0, 1}. [Hint: see HW2 problem
5.]



