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Homework 6-solutions

(due November 4) October 28 2022

Problem 1. Prove that for any 𝑟, 𝑠 ∈ R, 𝑟 · 𝑠 ∈ R. (You can use problem 6

from HW5).

Solution. The product is defined by cases:

If 𝑥, 𝑦 ≥ 0 then 𝑥 · 𝑦 = 0 ∪ {𝑝 · 𝑞 | 𝑝 ∈ 𝑥, 𝑞 ∈ 𝑦, 𝑝, 𝑞 ≥ 0}.If 𝑥, 𝑦 < 0

then 𝑥 · 𝑦 = |𝑥 | · |𝑦 |. If 𝑥 < 0 ≤ 𝑦 or 𝑦 < 0 ≤ 𝑥 then 𝑥 · 𝑦 = −(|𝑥 | · |𝑦 |)

Once we have proven case (1), then since |𝑥 |, |𝑦 | are non negative, |𝑥 | · |𝑦 |
will be in 𝑅 and by HW5 problem 6, also −(|𝑥 | · |𝑦 |) and we will be done.

So let us prove case (1). Assume that 𝑥, 𝑦 ≥ 0 and then 𝑥 · 𝑦 = 0 ∪ {𝑝 · 𝑞 |
𝑝 ∈ 𝑥, 𝑞 ∈ 𝑦, 𝑝, 𝑞 ≥ 0}. It is clearly non-empty since for example −1 ∈ 𝑥 · 𝑦.

Also, if 𝑝∗, 𝑞∗ > 0 bound 𝑥, 𝑦 respectively, then for every 𝑧 ∈ 𝑥 · 𝑦, either

𝑧 < 0 < 𝑝∗𝑞∗, or 𝑧 = 𝑝 · 𝑞 for some 𝑝, 𝑞 ≥ 0 and 𝑝 ∈ 𝑥 and 𝑞 ∈ 𝑦. It follows

that 𝑝 < 𝑝∗ and 𝑞 < 𝑞∗ which in turn implies (since we are dealing with

positive rationals) that 𝑝 · 𝑞 < 𝑝∗ · 𝑞∗. Hence 𝑝∗ · 𝑞∗ bounds 𝑥 · 𝑦. To see

it is downward closed, let 𝑡 < 𝑧 ∈ 𝑥 ¤𝑦. if 𝑡 ≤ 0 then it is clearly in 𝑥 · 𝑦.

Otherwise, 0 < 𝑡 ≤ 𝑧 and therefore 𝑧 = 𝑝 · 𝑞 for some 𝑝, 𝑞 > 0 rationals.

where 𝑝 ∈ 𝑥 and 𝑞 ∈ 𝑦. Let 𝑞′ = 𝑧
𝑝 . Then 𝑧 = 𝑝 · 𝑞′ and since 𝑝 · 𝑞′ ≤ 𝑝 · 𝑞,

we have that 𝑞′ ≤ 𝑞 (since 𝑞, 𝑞′, 𝑝 are all positive). Since 𝑦 is a Dedekind

cut, 𝑞′ ∈ 𝑦 and therefore 𝑧 = 𝑝 · 𝑞′ ∈ 𝑥 · 𝑦. Finally we need to prove that 𝑥 · 𝑦
has no last element. Let 𝑞 ∈ 𝑥 · 𝑦. If 𝑞 < 0 then 𝑞 𝑞 <

𝑞

2 < 0 hence 𝑞

2 ∈ 𝑥 · 𝑦.

If 𝑞 ≥ 0, then there are 0 ≤ 𝑝1, 𝑝2, 𝑝1 ∈ 𝑥 and 𝑝2 ∈ 𝑦 such that 𝑞 = 𝑝1 · 𝑝2.

Since 𝑥, 𝑦 are dedekinf cuts, there are 𝑝1 < 𝑝′1 ∈ 𝑥 and 𝑝2 < 𝑝′2 ∈ 𝑦. Since

they are all positive, 𝑝1 · 𝑝2 < 𝑝′1 · 𝑝
′
2 ∈ 𝑥 · 𝑦 as wanted.

Problem 2. For each of the following statements provide an appropriate

function (no need to prove that your functions satisfy the required proper-
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ties):

1. R ≈ R \ {0}.

Solution. 𝑓 : R→ R \ {0}

𝑓 (𝑥) =


𝑥 − 1 𝑥 ∈ N+

𝑥 𝑜.𝑤.

2. Z ≈ N𝑒𝑣𝑒𝑛 \ {0, ..., 2023}.

Solution. Define 𝑓 : Z→ N𝑒𝑣𝑒𝑛 \ {0, ..., 2023} by

𝑓 (𝑛) =


2024 + 4|𝑛 | 𝑛 ≤ 0

2022 + 4𝑛 𝑛 > 0

3. N ×N ⪯ N{0, 1}

Solution. We saw in class one example 𝑓 (⟨𝑛, 𝑚⟩) = 00000... 1
𝑛th place

0...0 1
𝑛+𝑚th place

0....

Formally, 𝑓 (⟨𝑛, 𝑚⟩) : N→ {0, 1} is defined

𝑓 (⟨𝑛, 𝑚⟩)(𝑘) =


1 𝑘 ∈ {𝑛, 𝑛 + 𝑚}

0 𝑜.𝑤.

4.
{
𝑓 ∈ RR | ∃𝑖 ∈ {0, 1}, ∀𝑥 ∈ R \Q, 𝑓 (𝑥) = 𝑖

}
≈ {0, 1} × QR.

Solution. Denote the set by 𝐴. 𝐹 : 𝐴 → {0, 1} × QR defined by

𝐹( 𝑓 ) = ⟨ 𝑓 (
√

2), 𝑓 ↾ Q⟩
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Problem 3. Prove that{
𝑋 ∈ 𝑃(N) | N𝑒𝑣𝑒𝑛 ⊆ 𝑋

}
≈ 𝑃(N)

[Hint: First find a function from 𝑃(N) to 𝑃(N𝑜𝑑𝑑)]

Solution. Like in the proof that 𝐴 ≈ 𝐵 ⇒ 𝑃(𝐴) ≈ 𝑃(𝐵) we fix a bĳection

𝑓 : N → N𝑜𝑑𝑑, for example 𝑓 (𝑛) = 2𝑛 + 1, then 𝐹(𝑋) = 𝑓 ′′𝑋 is a bĳection

from 𝑃(N) to 𝑃(N𝑜𝑑𝑑). Explicitly, 𝐹(𝑋) = {2𝑛 + 1 | 𝑛 ∈ 𝑋}. Now define

𝐺 : 𝑃(N) → {𝑋 ∈ 𝑃(N) | N𝑒𝑣𝑒𝑛 ⊆ 𝑋} defined by 𝐺(𝑋) = N𝑒𝑣𝑒𝑛 ∪ {2𝑛 + 1 |
𝑛 ∈ N}. Check that this is a bĳection.

Problem 4. Let 𝐶(R) be the set of all continuous function 𝑓 : R→ R. Prove

that

𝐶(R) ⪯ QR

[Hint: use that fact thatQ is dense inR to prove that the restriction function

𝐺 : 𝐶(R) → QR defined by 𝐺( 𝑓 ) = 𝑓 ↾ Q is one-to-one.]

Solution. Let 𝐺 : 𝐶(R) → QR defined by 𝐺( 𝑓 ) = 𝑓 ↾ Q, let us prove that

it is one-to-one. Suppose that 𝑓 , 𝑔 are two continuous functions, such

that 𝑓 ↾ Q = 𝑔 ↾ Q. We need to prove 𝑓 = 𝑔. Let 𝑥 ∈ R, by density

of the rationals we can find a sequence (𝑞𝑛)∞𝑛=0 of rationals, such that

lim𝑛→∞ 𝑞𝑛 = 𝑥, then for each 𝑛, 𝑓 (𝑞𝑛) = 𝑔(𝑞𝑛) (since 𝑓 ↾ Q = 𝑔 ↾ Q). By

continuity,

𝑓 (𝑥) = lim
𝑛→∞

𝑓 (𝑞𝑛) = lim
𝑛→∞

𝑔(𝑞𝑛) = 𝑔(𝑥)

Problem 5. Prove that if 𝐴 ≈ 𝐵 and 𝐶 ≈ 𝐷 then 𝐴 × 𝐶 ≈ 𝐵 × 𝐷.

Solution. Let 𝑓 : 𝐴 → 𝐵 and 𝑔 : 𝐶 → 𝐷 be bĳections. Define ℎ : 𝐴 × 𝐶 →
𝐵 × 𝐷 ℎ(⟨𝑎, 𝑐) = ⟨ 𝑓 (𝑎), 𝑔(𝑐)⟩. Prove that ℎ is one-to-one. Let us prove for
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example that ℎ is onto. Let ⟨𝑏, 𝑑⟩ ∈ 𝐵 × 𝐷. Since 𝑓 , 𝑔 are onto, there are

𝑎 ∈ 𝐴 and 𝑐 ∈ 𝐶 such that 𝑓 (𝑎) = 𝑏 and 𝑔(𝑐) = 𝑑. Then ⟨𝑎, 𝑐⟩ ∈ 𝐴 × 𝐶 and

ℎ(⟨𝑎, 𝑐⟩) = ⟨ 𝑓 (𝑎), 𝑔(𝑐)⟩ = ⟨𝑏, 𝑑⟩.

Problem 6. Prove that for every 𝛼 < 𝛽 real numbers (𝛼, 𝛽) ≈ (0, 1). [Hint:

First stretch/shrink (0, 1) to have length 𝛽 − 𝛼, then shift it by +𝑐 as we did

in class.]

Solution. Define 𝑓 : (0, 1) → (𝛼, 𝛽) by 𝑓 (𝑥) = (𝛽 − 𝛼)𝑥 + 𝛼. It is not hard to

check that 𝑓 is one-to-one and onto.

Additional problems

Problem 7. Show that 𝑥 · (𝑦 + 𝑧) = 𝑥 · 𝑦 + 𝑥 · 𝑥 for every 𝑥, 𝑦, 𝑧 ∈ R.

Problem 8. Show that for every 𝑛 > 0, N𝑛 ≈ N. [Hint: Induction. you can

N ×N ≈ N.]

Problem 9. Show that N{0, 1}×N{0, 1} ≈ N{0, 1}. [Hint: see HW2 problem

5.]
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