Homework 9-Sols
MATH 300

Problem 1. Prove thatif A~ Band B~ C then A ~ C.

Solution. Let f : A — B and g : B — C be bijections witnessing that
A ~ Band B ~ C. WTP there is a bijection 1 : A — C. Define h = go f,

we have proved that the composition of bijections is a bijection,
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Problem 2. Prove the following items:

1. N\ {2023,2024} ~ N,pen.

NI

n < 4046
Solution. Define f : Ny, — N\{2023,2024} by f(n) =

> 4046
2. P(N)\ {0} ~ P(N).
0 X = {0}
Solution Define f : P(N)\{0} — P(N),by f(X) = { {min(X) -1} |X|=1Amin(X) >0

X otherwise

3. (0,1) ~ (0, ).
Solution. Define f : (0,1) — (0, ) by f(x) = % -1
4. Zx[0,1) ~R.

Solution. Define f : Z % [0,1) = Rby f(z,r) =z + .

In all the above solutions you need to prove that the functions defined

are bijections.
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Problem 3. Prove that for every a < 8 real numbers (a, §) = (0,1). [Hint:
First stretch/shrink (0, 1) to have length p — a, then shift it by +c as we did

in class.]

Solution. Define f : (0,1) — (a,p) by f(x) = ( — a)x + a. Then
f is abijection and the inverse function is g : (a,f) — (0,1) defined by

g(y) =g
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Problem 4. Show that {0, 1} x N{0,1} = {0, 1}.
[Hint: Use the interleaving function F : (**{0,1})> — {0, 1} defined by

f(ﬂ) ne Neven
F(f g0 =1
g(%2) n € Ny
as the witnessing bijection. ]
solution. Let us prove that it is one-to-one, Suppose that F({f, g)) =
F((f’, g')), thisis a function equality and therefore forevery n, F({f, g))(n) =
F({f’, g"))(n). We want to prove that f = f’and g = ¢’. Letn € N,

f(n) =F(f, §)(2n) = F(f’', 8N (2n) = f'(n)

and therefore f = f’, similarily, let n € N then

g(n) =F(f,gN2n+1) =F(f’", ¢')2n +1) = g(n)

Let us prove that F is onto. Let i : N — {0,1} be any function, we
need to find (f, g) such that F((f,g)) = h. Define f(n) = h(2n) and
g(n) = h(2n + 1), then it is not hard to show that F({f, g))(n) = h(n) for
every n and therefore F((f, g)) = h.



