MATH 300 Homework 7-Sols

Problem1. 1. f; : R — codom(f;), defined by fi(x) = {x2}.
Compute f1(5).

min(x) 4 €x
2. fo: P(N) — codom(f>), defined by f(x) = .

X else
Compute fr(Nepen) and fo({n € N | n?2 —2n +1 < 9}).

3. f3: NXZ — codom(f3), defined by f3((n,m)) = {x e N|n < x < m}.
Compute f3({1,5)) and f3((1, —1)).

Solution.

1. Ai(5) = {5%} = {25}
2. fZ(Neven) =0
L{neN|n?2-2n+1<9})=0
3. f3(¢1,5)) ={2,3,4}
f(1,-1)) =10
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Problem 2. For each of the functions from the previous exercise, find their

domain and codomain.
Solution.
1. dom(f1) =R, codom(f1) = P(R)
2. dom(fp) = P(N), codom(f2) = NU P(N)

3. dom(f3) = N X Z, codom(f3) = P(N)
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Problem 3. Define
fi:N>NXN, fin)=mn+1,n+2)
fL:N->N, fo(n)= n?
3 NXN—>Z, fs({n,m))=n—-m
firN—N, fim)=n+1
Determine if the following compositions are defined and compute them:
1. fio foand f> o fi.
2. frofr.and fzo f3
3. fao frand fr o fs.
4. fso fio frand fyo fo fo.
Solution.
1. iofr: N> NXN,(fiof)(n)=<n?>+1,n>+2>
f2 o f1 is undefined.
2. hofr: NN, (fr0f)(n)=n*
f3 o f3is undefined.
3. fao op: NN, (fyo fo)(n) =n*+1
frofa:N—>N, (fro fa)(n)=(n+1)>

4. fzofioo:N—=Z, (fs0 fiofo)(n)=-1
(fs 0 f3 0 f2)(n) is undefined
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Problem 4. For a function f : A — B and C C A define the pointwise image
of Cby f as
f’e=1{fle)lceC}

(a) Prove thatif f : A — Bis a function and C C A, then
(f"A)\(f"C) € f'[A\C].

(b) Give an example of sets A, B and a function f : A — B and a subset

C C A such that
(f"A\(f"C) # f[A\C].

(c) Prove thatif f : A — Bis an injection and C C A, then
(f"A)\(f"C) = f"[A\C].

Solution.

(@) Letb € f”A\ f”C. Since b € f”A, thereis a € A such that b = f(a).
Since b ¢ f"C,a ¢ C. It follows that 2 € A\ C. We conclude that

b= f(a) € f"[A\C].
(b) Let f : {1,2} — {1,2} defined by f(1) = f(2) = 1. Let A = {1,2}, and
C = {1}. Then
L2y ={1}, {1y ={1} = {1, 2} \ {1} = 0
Also
{1,2}\ {1} = {2} = f"[{1,2} \ {1}] = {1}

Hence

SUAL2EN {1} == {1} = f7[{1,2} \ {1}].
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(c) Suppose that f is injective and we would like to prove that

(f"A\(f7C) = fIA\CI.

By a double inclusion. In section (a) we proved C. For the other
direction, let x € f”[A\ C]. Then thereisa € A\ C such that f(a) = x.
By the definition of difference, we would like to prove that x € f”A
and x ¢ f”C. Since a € A, it follows that x = f(a) € f”A. Suppose
towards a contradiction that there is ¢ € C such that f(c) = x. Then
f(c) = f(a). Since f is injective, ¢ = a. However c € C and a ¢ C,

contradiction. Hence x € f”C.



