
MATH 300
Homework 5-Sols

(due Oct 18) Oct 11, 2024

Problem 1. Prove that for any two sets 𝐴, 𝐵, 𝐴 = 𝐵 if and only if 𝐴Δ𝐵 = ∅

Solution: Let us prove this by a double implication:

⇒ Suppose that 𝐴 = 𝐵, then 𝐴Δ𝐵 = 𝐴Δ𝐴 = ∅ by the set identities table.

⇐ Let us move to the contrapositive. Suppose that 𝐴 ≠ 𝐵, and let us

prove that 𝐴Δ𝐵 ≠. Let us split into cases:

(1) If there is 𝑥 ∈ 𝐴 such that 𝑥 ∉ 𝐵, then 𝑥 ∈ 𝐴 \ 𝐵 and by definition

of symmetric difference 𝑥 ∈ 𝐴Δ𝐵. Therefore 𝐴Δ𝐵 ≠ ∅

(2) The case that there is 𝑥 ∈ 𝐵 and 𝑥 ∉ 𝐴 is symmetric.

In any case 𝐴Δ𝐵 ≠ ∅.
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Problem 2. Compute the following sets. No proof required.

1.
{
𝑎 + 𝑏 : 𝑎 ∈ {0, 5}, 𝑏 ∈ {2, 4}

}
\ {7, 10} = {2, 4, 9}.

2. (1, 3) ∪ [2, 4) = (1, 4)

3. Z ∩ [0,∞) = N

4. N𝑒𝑣𝑒𝑛ΔN+ = {0} ∪N𝑜𝑑𝑑
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Problem 3. Let 𝑋 and 𝑌 be sets.

(i) Prove that 𝑌 \ (𝑌 \ 𝑋) = 𝑋 ∩ 𝑌.

(ii) Prove that 𝑋 ⊆ 𝑌 if and only if 𝑋 ∪ 𝑌 = 𝑌.

Solution

(i) Let us prove this by a double inclusion:

⊆ Let 𝑥 ∈ 𝑌(𝑌\𝑋). WTP 𝑥 ∈ 𝑋∩𝑌. By assumption, 𝑥 ∈ 𝑌 and 𝑥 ∉ 𝑌\𝑋a

and since 𝑥 ∈ 𝑌, it must follow that 𝑥 ∈ 𝑋 and therefore 𝑥 ∈ 𝑋 ∩ 𝑌.

⊇ Let 𝑥 ∈ 𝑋 ∩ 𝑌. WTP 𝑥 ∈ 𝑌(𝑌 \ 𝑋). Indeed, 𝑥 ∈ 𝑋 and 𝑥 ∈ 𝑌 and

therefore 𝑥 ∉ 𝑌𝑋. By definition of difference 𝑥 ∈ 𝑌 \ (𝑌 \ 𝑋).

Since we proved a double inclusion we conclude that 𝑌 \ (𝑌 \ 𝑋) = 𝑋 ∩ 𝑌.

(ii) Let us prove a double implication.

⇒ Suppose that 𝑋 ⊆ 𝑌. WTP 𝑋 ∪ 𝑌 = 𝑌, We will prove this set equality

by a double inclusion. Inclusion from right to left is clear. For the

other direction, let 𝑥 ∈ 𝑋 ∪ 𝑌, if 𝑥 ∈ 𝑌, then we are done. If 𝑥 ∈ 𝑋,

then since 𝑋 ⊆ 𝑌 then 𝑥 ∈ 𝑌 and again we are done.

⇐ suppose that 𝑋 ∪ 𝑌 = 𝑌 and let us prove that 𝑋 ⊆ 𝑌. Let 𝑥 ∈ 𝑋, WTP

𝑥 ∈ 𝑌. It follows that 𝑥 ∈ 𝑋 ∪ 𝑌, and since 𝑋 ∪ 𝑌 = 𝑌, then 𝑥 ∈ 𝑌
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Problem 4. Prove that if 𝐴 ∩ 𝐵 ⊆ 𝐶 and 𝑥 ∈ 𝐴 \ 𝐶, then 𝑥 ∉ 𝐵.

[Hint: Prove it by contradiction.]

Solution Suppose that 𝐴 ∩ 𝐵 ⊆ 𝐶 and 𝑥 ∈ 𝐴 \ 𝐶. WTP 𝑥 ∉ 𝐵. Suppose

towards a contradiction that 𝑥 ∈ 𝐵. By our assumption 𝑥 ∈ 𝐴 and 𝑥 ∉ 𝐶,

therefore 𝑥 ∈ 𝐴 ∩ 𝐵. Since 𝐴 ∩ 𝐵 ⊆ 𝐶, then 𝑥 ∈ 𝐶, this is a contradiction.
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