Math Reasoning- More Exercises

April 22,2024

Problem 1. Compute the following sets, prove your answer:
1. {neZ| (-5 -n<n}.
2. {xeR|Jy eR.In eNn+y?=x}
3. {Xu{0}| X e P(N)}.
4 {XePQ|XUNCZ}
5. {x eR||[x,x+1]NZ| <2}
Problem 2. Prove or disprove the following statements:
1. fA=A\BthenB = 0.
2. fA=A\Bthen ANB=0.
3. fAUB=AUCand ANB=ANCthenB =_C.
4. If AAC C AABthen ANC C B.
5. AN(BAC) = (AN B)A(ANC).
Problem 3. Let A, B, C, D be sets. Prove that
(AxB)\ (CxD)=[(A\C)xB]U[Ax(B\D)]
Problem 4. Prove the for any sets A, B:

AXB=BXAS[A=BVA=0VB=0]
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Problem 5. Let A and B be any sets
1. P(ANB) =P(A)N P(B).

2. Prove that P(AU B) = P(A)UP(B)ifand onlyif A C BV B C A.
3. P(A\ B) C {0} U (P(A)\ P(B))

4. Tt P(A) C P(A\ B) then AN B = 0.

Problem 6. Let f : A — B and ¢ : B — C be function. Prove or disprove
the following statements:
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. If g o f is injective the g is injective.

. If g o f is injective the f is injective.

. If g o f is surjective then f is surjective

. If g o f is surjective the g is surjective.

. If f is surjective and g is not injective then g o f is not injective

Problem 7. Determine if the following functions are injective/surjective/
bijective. If the function is invertible, compute its inverse.

1. f:N->N, f(n)=n?>-n+2.

3
4.
5
6

f

=

:R—>R,f(x):{ )

0 x=1
-1 x;&l'

X

:N— P(N), f(n)={keN | k <n}.
:NXN — P(N) f((n,m)) = {n, m}.
:NXN — P(N), f({n,m)) ={n,n+m}
. f

P(N) - P(Neven) X P(Nodd)r f(X) = <X N Neven/X N Nodd)-

Problem 8. Prove by induction the following claims:

e Foreveryn > 1,

2+4+6+---+2n=nn+1)
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e Foranyn > 1,

1-2V 42224322+ .. +Q2u+1)-22""1 =2 4. 2243

e Foranyn > 1,

3, +22"—1+1 21
8 e 21’1 - 2n

3,9,
274

e Foranyn > 1,

1 1 1 1

"+ m+Dm+2) T @n-12n 2

Problem 9. 1. Prove that for every n, we have n, (n + 1)2 are coprime.
2. Prove that for every n, 9" — 2" is divisible by 7.

3. Prove that 7 is divisible by 7 if and only if n? is divisible by 7

4. Prove that if V7 and V28 are irrational.

Problem 10. For any function f : R — R, denote by Ker(f) = {x € R |
f(x) =0}

1. Let f,g : R — T be any functions. Prove that if 0 € Ker(g), then
Ker(f) € ker(g o f).

2. Give an example of such f, g such that Ker(f) # Ker(g o f).
3. Forany f : R — Rand X C R, prove that Ker(f [ X) = Ker(f) N X.
4. Prove thatif f : R — R is a bijection then |Ker(f)| = 1.
5. Prove or disprove, if |Ker(f)| = 1, then f is a bijection.
Problem 11. 1. Prove the following logical identities:
@ ~(pep=pe g

b) (pAg)=r=-pVv(g=>r)
(c)p=>F=-p



dp=>T=T.
2. Decide whether the conclusion follows from the premises:

(@ Pre. : A= (B=C)
(b) Pre. 2: =BV (=C)

(c) Conclusion =B V —A.

3. Decide weather the conclusion follows from the premises:

(@) Pre. . AA (=B = C)
(b) Pre. 2:B = -A
(c) Conclusion: =C Vv —A.

Problem 12. Prove or disprove:
1.Vx,yeRx<y=3z€eQx<z+1l<y.
2. VAVB3X.P(ANX) =P(BnX).
3. Vx € Z.3y2y +1=x?>) = x+1 mod 3 =0.

Problem 13. Prove that for every n € Neyen, gcd(n, n +2) = 2.
[Hint: Prove gcd(n,n +2) > 2 and proceed towards contradiction].
Problem 14. Define for every set A C Rand x € R:
A+r:={a+r|acA}
1. Compute {1,7,-0.12} + 0.5. No proof required.

2. Let r € R be any number. Compute R + r, prove your answer.

3. Prove the following claim:

VireRZ+r=Z<rez

4. Prove or disprove: Vr e RN +r=N& r e N.



